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THE p-CYCLE OF HOLONOMIC D-MODULES AND

QUANTIZATION OF EXACT ALGEBRAIC LAGRANGIANS

CHRISTOPHER DODD

Abstract. LetX = An be complex affine space, and let T ∗X be its cotangent
bundle. For any exact Lagrangian L ⊂ T ∗X, we define a new invariant,
A, living in DivQ/Z(L). We call this invariant the monodromy divisor of L.
We conjecture that the existence of a finite order character of π1(L) whose
monodromy is exactly A defines an obstruction to attaching a holonomic DX -
moduleM associated to L - here, the association goes via positive characteristic
and p-supports. In the case where H1

dR(L) = 0, we prove this conjecture, and
then go on to show that the set of such holonomic DX -modules forms a torsor
over the group of finite order characters of π1. This proves a version of a
conjecture of Kontsevich. As a consequence, we deduce that the group of
Morita autoequivalences of the n-th Weyl algebra is isomorphic to the group
of symplectomorphisms of T ∗An. This generalizes an old theorem of Dixmier
(in the case n = 1) and settles a conjecture of Belov-Kanel and Kontsevich in
general.
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1. Introduction

It is an overarching theme of symplectic geometry that one should study a sym-
plectic manifold via the geometry its Lagrangian submanifolds. Often, this takes
the form of associating to a symplectic manifold (X,ω) a category C, linear over
some field K, whose objects are Lagrangian submanifolds (possibly equipped with
extra structure) and whose morphisms are determined by the intersection theory
between Lagrangians (suitably interpreted).

Of course, this is easier said than done, and the details of the construction of
C will vary substantially, depending on the precise set-up in which one works. If
X is a C∞-manifold, then the Fukaya category Fuk(X) is the traditional answer
for the corresponding category; c.f. e.g., [Sei], [FOOO]. In addition, one can also
consider categories build out of micro-local sheaves (as in [NZ],[T], [Gu]), or out of
modules over a suitable ring of pseudo-differential operators (as in [Tsy]). Generally
speaking, an object in the relevant category attached to a Lagrangian is called a
“quantization” of it. Arbitrary elements of the category C define not just smooth
Lagrangian submanifolds, but rather Lagrangian cycles (e.g., formal sums over K
of Lagrangian submanifolds).

Despite the differences between these approaches, several common themes do
emerge. In order to construct C in general, one needs to assume that K is a very
large ring- often, it is the Novikov field of formal power series with real exponents.
However, the situation simplifies substantially if X is an exact symplectic manifold;
i.e., there is a one form θ such that dθ = ω. In fact, for the purposes of this paper,
one may suppose that X is a cotangent bundle. In this case, one can consider the
class of exact Lagrangians; i.e., Lagrangians L for which θ|L is an exact one-form.
In this setting, one can often construct C over a much smaller ring of coefficients,
such as R (or even Q or Z), in the case of the Fukaya category this is discussed
in the introduction to [Sei]. The situation simplified further if we place certain
cohomological conditions on L. In the C∞ case, a typical demand is that L is
orientable, admits a spin structure, and that the Mazlov class mL (which is a map
π1(L)→ Z which depends on the embedding L ⊂ X) vanishes. In case this happens,
then we should expect that each local system on L gives rise to a distinct object of
C.

Now suppose that X is a complex algebraic or analytic variety, equipped with a
complex algebraic (or holomorphic) symplectic form. The above constructions are
not directly available. However, there is a robust theory of deformation quantization
of algebraic varieties, which is the analogue of [Tsy] in this situation. In particular,
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one may find an (often canonical; c.f. [Ko2]) sheaf of flat C[[h]]-algebras Ah which
satisfies Ah/h=̃OX . It is crucial here that Ah be non-commutative, for we demand
that the bracket on Ah recover the Poisson structure on OX via the formula

{f, g} ≡
1

h
[f, g] mod(h)

for any local sections f, g ∈ Ah (here f̄ denotes the image of f in OX , and similarly
for g). Then one may expect that a suitable derived category of modules over Ah

is an algebraic analogue of the kind of category we considered above; these matters
have been taken up extensively in the monograph [KS], where, essentially, they
confirm this expectation for complex analytic symplectic varieties (c.f. also [DS]
for the basic result on quantization of Lagrangians in this context).

In the algebraic context, the analogous result appears in the paper [BGKP].
Suppose, for simplicity that our symplectic variety is of the form T ∗XC for a smooth
affine1 complex variety XC. Then a natural quantization (and the one of interest
in this paper) is the sheaf of h-differential operators Dh. If L ⊂ T ∗X is a smooth
Lagrangian, then we are looking for a C[[h]]-flat Dh-module Lh such that Lh/h is
a line bundle L on L. The main theorem of [BGKP] in this context is that such
an Lh exists iff c1(L) =

1
2 (c1(ωL/X)) inside H2

dR(L). In this case, the set of such
modules is a torsor over the group of isomorphism classes of (OL[[h]])

∗-torsors on L
equipped with a flat connection (this the analogue of the set of rank 1 local systems
in this context).

In the remarkable paper [Ko], Kontsevich has introduced a totally different per-
spective on the algebraic version of this question. We let XC be a smooth affine
complex algebraic variety, and T ∗XC its cotangent bundle. The first insight here is
that there is already a well defined category which can be thought of as “quantiz-
ing” the geometry of T ∗XC: namely, the category of holonomic DXC

-modules. The
question is how to construct a correspondence between holonomic DXC

-modules
and suitable Lagrangians. The main idea of [Ko] is to do this via reduction to
positive characteristic.

Let MC be a holonomic DXC
-module. We may select a commutative ring R,

which is a finitely generated Z-algebra, and a scheme X which is smooth over S =
Spec(R), such that X×S Spec(C)=̃XC. Localizing R if necessary, one may also find
(c.f. 1.2 below) a sheaf M of DX -modules, flat over R, such that M⊗R C =MC.
We call suchM an R-model forMC.

Then, for any algebraically closed k of positive characteristic, and any point
Spec(k)→ S, one may base change to obtain a DXk

moduleMk. Now, DXk
is is a

sheaf of algebras with a very large center; more precisely, we have an isomorphism
Z(DXk

)=̃O
T∗X

(1)
k

, and DXk
is Azumaya over Z(DXk

) (by [BMR], chapter 2)2.

By taking the support of Mk, considered as a sheaf on T ∗X
(1)
k , counted with

appropriate multiplicities, one associates to Mk a cycle in T ∗X
(1)
k , called the p-

cycle. It was conjectured in [Ko], conjecture 2, and proved by T. Bitoun ([Bi])
that the variety underlying this cycle, called the p-support, is Lagrangian, for all
p >> 0. In [Ko], Kontsevich goes on to outline a program in which these Lagrangian
subvarieties can be fit together to form some kind of cycle for MC; which he calls

1In fact, there is a version of their result when XC is not affine, but the cohomological obstruc-
tion is slightly more complicated to state, c.f., [BGKP], theorem 1.1.4

2Here T ∗X
(1)
k is the Frobenius twist of T ∗Xk
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the “arithmetic support.” Furthermore, he conjectures that this cycle provides, in
various senses, a very refined invariant ofMC. This arithmetic support is no longer
a Lagrangian cycle inside T ∗XC, but rather lives over a certain very large ring C∞
defined by putting together all of the reductions mod p of all of the rings R over
whichMC admits a model (c.f. [Ko], section 2.2 for details).

Natural questions arising out this set-up, then, are: which Lagrangian cycles are
the arithmetic supports of holonomic D-modules?

When does the arithmetic support live over a smaller field (than C∞)?
Can one characterize the set of D-modules with the same arithmetic support?
To make the second question more rigorous, we give, following [Ko], the

Definition 1.1. 1) Let LC ⊂ T ∗XC be a Lagrangian subvariety. After choosing
an appropriate finitely generated ring R we may suppose LC=̃L ×S Spec(C) for
some L ⊂ T ∗(X/S) which is smooth over S = Spec(R). Then, after base changing
to Spec(k), for an algebraically closed field k of positive characteristic for which

R→ k, we can look at L
(1)
k ⊂ T

∗X
(1)
k .

LetM be an R-model forMC. We say thatMC has constant arithmetic support

equal to LC if, for any such M, R as above, the p-support of Mk is equal to L
(1)
k

for all k of characteristic p >> 0.
2) In this situation, let {LC,i}si=1 be the components of LC. We say the multi-

plicity of MC (along LC,i) is r if Mk is generically a vector bundle of rank pr on
Lk,i for p >> 0.

It is not hard to see that if these conditions hold for one such R, and one
particularR-model, they hold for all of them. So we can refine the last two questions
by asking: for a given Lagrangian subvariety LC, is there a holonomic D-module
which has constant arithmetic support equal to LC (say, with fixed multiplicities)?
Is there a parametrization of the set of such?

Before discussing this question further, we should note that, in a special case,
there is a precise conjecture of Kontsevich (this is [Ko], conjecture 5) about this
question:

Conjecture 1.2. Suppose that LC is a smooth Lagrangian and the singular ho-
mology Hsing

1 (LC,Z) = 0. Then there is a unique holonomic DXC
-module MC

with constant arithmetic support equal to LC, with multiplicity 1. We further have
Ext1(MC,MC) = 0.

In fact, in a private communication, Kontsevich expressed the idea that this
conjecture is probably too ambitious. He expects that, by analogy with the case
of algebraic quantization discussed above, LC should have to satisfy the condition
that there is a line bundle L with c1(L) =

1
2 (c1(ωL/X)).

Although we cannot prove this conjecture, in this paper, we will define and study
a different obstruction for LC. I do not know the exact relationship between the
two obstructions, but the one defined here appears to be stronger. Our obstruction
is defined for smooth, exact algebraic Lagrangians, which, by analogy with the case
of symplectic manifolds, seem to yield the simplest version of the theory. To explain
where this obstruction comes from, we begin by recalling that the answer to both
of the above questions is known in a special case. Before stating it, let us note that
if LC = XC, then the equations for LC are given (locally) by {∂i = 0}ni=1, where
{∂i}ni=1 is a set of coordinate derivations. Therefore, for MC to have constant
arithmetic support equal to LC means that Mk is locally annihilated by {∂pi }

n
i=1.



THE p-CYCLE OF HOLONOMIC D-MODULES AND QUANTIZATION OF EXACT ALGEBRAIC LAGRANGIANS5

This condition is classically known as having p-curvature 0 (and is well studied).
One has:

Theorem 1.3. Let LC = XC ⊂ T ∗XC. Then a holonomic DXC
-module MC has

constant arithmetic support equal to LC, with multiplicity 1, iffMC is a line bundle
with flat connection, which has regular singularities, and whose associated mon-
odromy representation is a finite-order character of π1(LC).

This was proved by Chudonovsky-Chudonovsky, [CC], theorem 8.1, when X is
a curve, following the foundational work of Katz ([Ka]). Further, the deduction of
the result in the general case from the curve case, was given in [Ka5] (c.f. the proof
of theorem 10.5). Another elegant proof of the theorem was given by Bost, in [B],
corollary 2.8 (in fact, he proves an analogous result for a G-bundle with connection,
where G is any solvable group. The above theorem is the case G = GL1). If one
removes the condition that the multiplicity be 1, then the analogue of this theorem
is the famous Katz-Grothendieck conjecture (c.f. [Ka5]), which is open in general.
This suggest that the analogue of a coefficient local system in this context is a local
system with finite monodromy group. This leads us to the

Conjecture 1.4. Suppose LC is a smooth Lagrangian. Then the set of all holo-
nomic DXC

-modules with constant arithmetic support of multiplicity 1 equal to LC

is a pseudo-torsor over π∗, the group of finite order characters of π1(LC).

Now let us return to a smooth, exact Lagrangian LC. Let f on LC be such that
df = θ|LC

. Below we will prove

Proposition 1.5. (c.f. Lemma 2.15 below) There is an open subset UC ⊂ T ∗XC

whose inverse image LUC
in LC is open and dense; and a DUC

-module EC with
constant arithmetic support LUC

, of multiplicity 1.

In fact, the construction of EC is not difficult; for instance, if π : LC → XC is
dominant, then UC is the set over which π is finite etale, and EC = π∗(e

f ) where
ef is the line bundle with flat connection given by ∇(1) = df . In this case the fact
that EC has constant arithmetic support is a direct calculation (c.f. [Ko], section
2.5).

Thus if we suppose 1.4 is true, then if LC admits anMC with constant arithmetic
support of multiplicity 1 equal to LC, the “difference” of the two modules MC|UC

and NC will be a finite order character of π1(LUC
). Such a character will have a

finite monodromy around each component of the divisor LC\LUC
.

Below, we given an unconditional construction of a Q/Z-valued divisor on LC

which (conjecturally)3 will yield the monodromy around each component of the
divisor LC\LUC

. This divisor is defined in terms of deformations of OLC
to the

world of λ-connections (this is essentially a rephrasing of the notion of Dh-module
discussed above). We call the resulting output (an element of DivQ(LC)/DivZ(LC))
the monodromy divisor of LC. Now we can state:

Conjecture 1.6. Suppose LC is a smooth, exact Lagrangian. Then there exists a
holonomic DXC

-moduleMC which has constant arithmetic support equal to LC, with
multiplicity 1 iff there exists a finite-order character of π1(LUC

) whose monodromy
around each component of LC\LUC

is equal to the monodromy divisor of LC.

3This is related to another conjecture of Kontsevich, according to which all of the D-modules
we are discussing should be of the so-called motivic-exponential type. We’ll elaborate in 2.3 below
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Together with 1.4, this would provide a complete description of the structure of
the set of D-modules whose arithmetic support is LC. Currently, this conjecture
seems out of reach.

As mentioned above, the condition that there exists a finite-order character of
π1(LUC

) whose monodromy around each component of LC\LUC
is equal to the

monodromy divisor of LC, is related to the notion of “quantization” in the sense
of modules over Dh. In fact, this condition implies the existence of an “order 2”
deformation of OLC

(c.f. 2.23 below) with very special properties. If this deforma-
tion extends to a deformation to arbitrary orders, then, by the main theorem of
[BGKP], the condition c1(L) =

1
2 (c1(ωL/X)) would be satisfied. I suspect, though

cannot at the moment prove, that this is the case.
Now let us state the main theorem of the paper:

Theorem 1.7. Let XC be a smooth affine variety. Let LC ⊂ T ∗XC be a smooth, ir-
reducible Lagrangian subvariety. Suppose H1

dR(LC) = 0 (in particular, LC is exact);
and suppose that there exists a finite-order character of π1(LUC

) whose monodromy
around each component of LC\LUC

is equal to the monodromy divisor of LC.
Then there exists an irreducible holonomic DXC

-module MC which has constant
arithmetic support equal to LC, with multiplicity 1. Furthermore, the set of such
DXC

-modules forms a torsor over π∗, the (finite) group of finite-order characters of
π1(LC). Furthermore, each such DXC

-module M′C satisfies Ext1(M′C,M
′
C) = 0.

Remark 1.8. In a previous version (arxiv:1510.05734, v.1 and v.2) of this work, a
different version of this theorem was claimed; namely, I claimed that MC exists
under the condition that H0(Ω2

L
) = 0 for L being (any) normal crossings compact-

ification of L. Although this is an interesting condition, the argument presented
there did not work, and I suspect that the result stated there is not correct. In
fact, I discovered the current version of the argument by analyzing the error in the
previous version. Personal and world events of the past few years have contributed
to a delay in getting the corrected version written up; for this I apologize.

As explained in [Ko] and [BKKo], this higher dimensional version has a number
of interesting consequences, including a description of the Picard group of the Weyl
algebra. To see why the theorem must apply here, we note the

Corollary 1.9. Suppose LC ⊂ T ∗XC is as in the previous theorem; and suppose

Pic(LC) = 0. Then for any Q-divisor
∑

i

αiEi on LC there is a closed one form φ

on LUC
, with log poles along any compactification of LUC

, whose monodromy about
Ei is e2πiαi ; in particular,MC as in the previous theorem always exists in this case.

Proof. The condition is equivalent to asking that C[LC] is a UFD; i.e., any prime
divisor is principal. If fi is a function whose zero set is exactly Ei, with multiplicity
mi, then we can set

φ =
∑

i

αi

mi

dfi
fi

and this is a closed one-form which satisfies the condition. �

Now we can briefly explain the application (some details are provided in Section 6
below). Recall that MAut(D), where D is any algebra, is the group of isomorphism
classes of invertible D − D-bimodules (the group operation is tensor product). By
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Morita theory, this isomorphic to the group of autoequivalences of the abelian
category Mod(D).

On the other hand, consider the group of algebraic symplectomorphisms of the
symplectic variety T ∗Am

C . Taking the graph of such a morphism, φ, yields a La-

grangian subvariety Lφ
C of T ∗Am

C × T
∗Am

C =̃T ∗A2m
C ; here, we note that the isomor-

phism uses the opposite of the usual symplectic structure on the second factor of

T ∗Am
C . By construction Lφ

C=̃A2m
C and so satisfies the assumption of the previous

corollary. Thus we obtain a unique D2m=̃Dm ⊗Dop
m -moduleMφ

C corresponding to

Lφ
C. One verifies that the bimodule corresponding to the Lagrangian Lφ−1

C is the

inverse bimodule to Mφ
C. Combining this fact with the ideas of [Ts] and [BKKo]

allows one to conclude

Theorem 1.10. There is an isomorphism of groups

Symp(T ∗Am
C )→̃MAut(Dm)

This proves [BKKo], conjecture 6. We remark that, in the case m = 1, it is
known that MAut(D1) = Aut(D1). In this case the theorem is due to Dixmier in
[Di]. Its reproof in [ML] using positive characteristic techniques is, in a sense, the
starting point for everything done here.

In a related development, in the paper [KBEY], a proof of the statement that

Aut(Dm)→̃Symp(T ∗Am
C )

was given, also making use of reduction to positive characteristic. Their technique
emphasizes the topological structure of the automorphism group on the left (con-
sidered as an ind-scheme), and, as far as I can tell, there seems to be almost no
overlap between the two methods. However, combining the two maps does show
that every element of MAut(Dm) is the bimodule attached to an automorphism of
Dm, and in particular that all such bimodules are free of rank 1 as left Dm-modules.

1.1. Key ideas of the paper. Each chapter of the paper contains an introduction
which summarizes its contents; therefore, instead of repeating that summary here,
we’ll just outline some of the key ideas that appear. Let XC be a smooth irreducible
variety and let LC ⊂ T ∗XC be an irreducible, smooth, exact Lagrangian.

In chapter 2 (Section 2), the key idea is the construction of a certain Dλ-module
Eλ (see the section directly below for our conventions on Dλ-modules) on an open
subset UC ⊂ XC. The associated module Eλ/λ (over OT∗UC

) is simply OLUC
.

Further, E1 solves the quantization problem over LUC
- in particular, after reduc-

tion to an algebraically closed field k of large positive characteristic, the p-support

of E1|U is equal to L
(1)
k |Uk

). Constructing Eλ requires a bit of knowledge about the
structure of LC, and this is contained in Theorem 2.3 (see also the introduction to
Section 2).

In general, E1 will not extend to a D-module on XC whose arithmetic support
is exactly LC. In order to measure this failure, we first look at the corresponding
failure of the associated infinitesimal4 λ-connection Eλ/λ2 to extend to a deforma-
tion of OLC

. We show in Theorem 2.11 than this failure is measured by a rational
number attached to each codimension 1 component of LC\LUC

. This yields the
definition of the monodromy divisor, and sets up the obstruction class used in the

4We use this terminology as it is a module over R[λ]/λ2
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paper. The (a priori, somewhat surprising) fact that all of the obstruction informa-
tion is contained in the reduction mod λ2 is explained by the p-curvature formulas
appearing in 2.17 (c.f. also the remarks at the end of 2.3). Let me also mention
here Lemma 2.21, which explains why, after reduction to k, the object Eλ,k does
extend to a suitable quantization of Lk (in other words, there is no obstruction
theory in characteristic p).

In chapter 3, we pursue the idea of lifting the module constructed in Lemma
2.21. The key idea, as explained in the introduction, is to compactly the whole
situation so as to limit the space of possible lifts. One must then wrestle with the
problem of putting the correct “conditions at infinity” on the resulting meromorphic
connections. The “toy model” for this is the case of Higgs sheaves (i.e., λ-connections
for which λ = 0) and it is handled in 3.1; this leads to the definition of the key
object, a θ-regular Higgs bundle. The abstract deformation theory5 for such bundles
is developed in 3.3.1 and 3.3.3; I would like to emphasize that the proof of the
key technical result (Lemma 3.35) depends on the precise formulation of the θ-
regularity condition over R[λ]/λn (in 3.30). The existence of deformations, for a
suitable collection of θ-regular Higgs sheaves, is ensured by the vanishing of the
obstruction class constructed in chapter 2 (c.f. 3.38). Furthermore, the condition
that H1

dR(LC) = 0 is then used to ensure that deformations, if they exist, are unique
(c.f. Theorem 3.39). Finally, going from formal deformations to actual algebraic λ-
connections requires an application of Grothendieck’s existence theorem in formal
geometry (c.f . the proof of Theorem 3.45); so this again uses the fact that we
have compactified X . The result is a family of connections over an open subset
UC ⊂ XC, indexed by line bundles on L|UC

with flat connection (whose associated
monodromy group is finite) each of which has constant arithmetic support (equal
to L|UC

).
Chapter 4 is of a completely general nature, and can be read independently of

the rest of the paper. It investigates certain natural questions about connections in
mixed characteristic, i.e., over a variety XWm(k) which is smooth over a truncated
Witt ring Wm(k) of the perfect field k. The key ideas here are twofold- first, we
consider the construction of an object (the so-called pm-curvature) attached to a
vector bundle E with flat connection on XWm(k) whose reduction to XWm−1(k) is
locally trivial. Just as the usual p-curvature measures the failure of a vector bundle
with flat connection over Xk to be locally trivial, this invariant measures the failure
of E to be locally trivial (c.f. 4.10). The proof makes essential use of Berthelot’s

higher differential operators D
(i)
Xk

, and the computation of their center found in
[GLQ]. The other key idea of the chapter is that, if one has a smooth Lagrangian

Lk ⊂ T ∗Xk, and a splitting bundle Mk of DXk
along L

(1)
k , then the problem of

understanding its local lifts is reducible to the case of understanding lifts of the
trivial connection; in particular, the above-mentioned theory of the pm-curvature
actually has an analogue in this case (c.f. 4.15). This is obtained via the study of a
certain completion of the algebra of differential operators in mixed characteristic,
and automorphisms thereof, c.f. 4.6.

Chapter 5 combines the ideas of the previous three chapters to prove Theorem
1.7. A few of the results proved along the way may be surprising- let me men-
tion here the proof of Theorem 5.1 (at the end of 5.1), in which it is shown that,

5from Higgs sheaves to λ-connections over R[λ]/λn
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under suitable circumstances, an isomorphism of connections on formal schemes
can be extended to an isomorphism of algebraic connections; the same idea is used
again in the proof of Theorem 5.14. In addition, let me mention the essential
use of higher-order differential operators and the Riemann-Hilbert correspondence
for unit F -crystals (due to Katz, [Ka4], and Emerton-Kisin [EK]); this ultimately
comes from the use of the pm-curvature construction, which produces from two lo-
cally isomorphic connections (over W (k)) a line bundle (on L|Uk

) which is equipped
with the action of the Grothendieck differential operators D(∞). Thus the compar-
ison between the (abelianization of the) etale fundamental group of LUC

and the
(abelianization of the) ordinary fundamental group of LUC

lurks behind the proof of
Theorem 5.14; since this group is finite (under the assumption that H1

dR(LC) = 0),
the theorem is especially easy to state (and use).

1.2. Notations and Conventions. Throughout, R will be an integral domain of
finite type over Z, which is a subalgebra of C. Unless otherwise specified, undeco-
rated letters such as X , Y , Z will denote schemes over S = Spec(R). k will denote
an algebraically closed field of positive characteristic. Decorated letters such as
XC and Xk will denote the base change of X to C, and, relative to a morphism
k → Spec(R), the base change of X to k. As most of our objects get base-changes
to different characteristics, we insist on the subscripts throughout, with the (rela-
tively rare) exception of various intermediate objects which have no hope of being
base changed. Products of schemes are always taken over the ground ring.

We shall, on occasion, make use of the theory of complex analytic spaces; we
abuse notation slightly and use the same letter for a scheme over C and its associated
analytic space (the context will make it clear which we mean).

IfM is an object on X (such as a coherent sheaf or D-module), the lettersMC

andMk will denote the base change (to C and k, respectively).
If ϕ : X → Y is a morphism, we will denote by the same letter the induced

morphism ϕ : XC → YC and ϕ : Xk → Yk; since we always decorate the varieties,
this should (hopefully) cause no confusion. If Z → Y is a closed embedding, we
shall often denote the base change by X |Z .

If X → S is a smooth map, then we have the relative tangent sheaf TX/S and

the relative differential forms Ω1
X/S ; these will be vector bundles on X , and, taking

the relative spectrum over X of the symmetric algebras of these bundles yields the
relative cotangent and tangent bundles, respectively. The enveloping algebra of the
sheaf TX/S is denoted DX/S , the sheaf of relative differential operators6.

Over the schemeX×A1, we have also the sheafDλ,X/S of λ-differential operators,
satisfying the relation [ξ, f ] = λ · ξ(f) for any derivation ξ and function f ; here λ is
the coordinate on A1. Modules over Dλ,X/S are equivalent to (flat) λ-connections;
i.e., quasicoherent sheaves equipped with a map

∇ :M→M⊗OX [λ] Ω
1
X/S [λ]

satisfying ∇(fm) = λdf · m + f · ∇(m), as well a ∇ ◦ ∇ = 0. After inverting λ,
these become equivalent to relative connections over S ×Gm. After setting λ = 0,
this becomes the category of Higgs sheaves on X . As λ is a central parameter,
we can also take the quotient by λn and obtain λ-connections over R[λ]/λn, and,
taking the inverse limit, λ-connections over R[[λ]]. The algebra Dλ̂ := limDλ/λ

n

6Note in particular that these are differential operators without divided powers
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has the additional property that it can be “micro-localized” to a sheaf on T ∗X ;
more precisely, for each open subset U of T ∗X there is a functorially associated
algebra Dλ̂(U) so that, if Dλ̂(T

∗X) = Dλ̂(X) (c.f. [HO], chapter 4 for a detailed
introduction). In particular, every coherent sheaf over Dλ̂ comes with a support
inside T ∗X ; this is simply the support of the associated coherent sheaf over T ∗X ,
obtained via the identification Dλ/λ=̃π∗(OT∗X).

This paper often uses the basic technique of “spreading out” objects over C
to objects defined (and flat) over R; after possibly extending R. We do this for
finite type quasiprojective schemes over C (and morphisms between them), as well
as for coherent D-modules (and Dλ-modules). In general, any finite type scheme
quasiprojective scheme over C can be defined over R by taking R to contain all
coefficients of defining equations. Similarly, any locally finitely presented D or
Dλ-module can be defined over R by taking R to contain all of the coefficients
involved in a given presentation. The flatness over R is justified by an appeal to
Grothendieck’s generic freeness lemma ([Eis], Theorem 14.4). In particular, any
finite type algebra over R can be made free over R after localization at a single
element.

Let us explain how this works for D-modules; for convenience7, we will assume
X is affine. If MC is a finite-type DXC

-module, then necessarily MC admits a
good filtration F ·(MC) (by [HTT], proposition 2.1.1). In particular, gr(MC) is a
finitely generated graded module over T ∗XC. Such a good filtration can be chosen
by choosing F 0(MC) to be any OXC

-submodule of MC which contains a set of
DXC

-module generators for MC; and setting F i(MC) = F i(DXC
) · F 0(MC). In

particular, a good filtration can be defined over R. Applying again [Eis], Theorem
14.4 (the last sentence) to gr(M), we obtain that, after localizing R, gr(M) has
each component free over R. But then M is free over R as well. Similar remarks
apply to Dλ-modules.

Over C, we shall follow the notations and conventions of [HTT] concerning al-
gebraic D modules and the functors between them; the one exception is that, if
j : UC ⊂ XC is an open inclusion of smooth complex varieties, and MUC

is an
irreducible holonomic DUC

-module, we denote by j!∗(MUC
) the unique irreducible

holonomic DXC
-module extending MUC

. We will use the notation

∫

ϕ

for the D-

module pushforward over a morphism ϕ : X → Y , in addition, the same symbol
will denote the pushforward of Dλ-modules (as defined, e.g., in [CDK], chapter 2;
we note that the parameter λ is there denoted h).

Over a field, the cotangent bundle is equipped with a standard one-form, we

shall denote α; the two-form dα = ω is given in local coordinates by

n∑

i=1

dxi ∧ dyi

(where n = dim(X)).
We shall sometimes encounter the following situation: we have a map ϕ : XF →

YF (where F is a field of any characteristic) between smooth F -varieties. This
yields a correspondence:

T ∗YF ← YF ×XF T
∗XF → T ∗XF

7and because it suffices for the applications needed in this paper
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We shall denote these maps dϕ : YF ×XF T ∗XF → T ∗XF and prϕ : YF ×XF

T ∗XF → T ∗XF , respectively. We remark that if ϕ is finite etale, the map dϕ is an
isomorphism, and thus we can (and shall) speak of the induced map T ∗YF → T ∗XF .

When working over a field of positive characteristic, k, we have that the center of
the algebra Dλ,Xk

is isomorphic to O
T∗X

(1)
k

[λ]. This gives rise the to the phenome-

non of p-support (or p-curvature), namely, considering the moduleM as a sheaf over
O

T∗X
(1)
k

[λ], or, the commutative subalgebraOXk
⊗O

X
(1)
k

Z(Dλ,Xk
)=̃O

Xk×
X

(1)
k

T∗X
(1)
k

[λ] ⊂

Dλ,Xk
. In other words, M also comes equipped with a map Ψ :M→M⊗OXk[λ]

(F ∗Ω1

X
(1)
k

)[λ], here F : Xk → X
(1)
k is the relative Frobenius.

In the case whereM is a line-bundle with λ-connection, the formula is especially
nice; namely, if we consider ∇(1) = ϕ (on OXk

[λ]), then Ψ(1) = ϕ(p) − λp−1C(ϕ),
where ϕ(p) is the image of ϕ under the semi-linear isomorphism Ω1

Xk
[λ]→̃Ω1

X
(1)
k

[λ],

and C is the Cartier map Ω1,cl
Xk

[λ]→ Ω1

X
(1)
k

[λ].

Finally, we specialize to the case where X = An. In this case, there is a group
Spn of linear symplectomorphisms acting (on T ∗An), and they act also on the
global sections of Dλ,An , by identifying the span of {x1, . . . , xn, ∂1, . . . , ∂n} with the
vector space T ∗An, and letting λ go to λ. Following Belov-Kanel and Kontsevich
([BKKo], proposition 7.2), after passing to k for k of suitably large characteristic,
the resulting automorphism of Z(Dλ,An

k
) = O(T∗An

k )
(1) [λ] is simply given by the

action of σ(1) × id on (T ∗An
k )

(1) × A1
k.

1.3. Acknowledgements. The author would like to thank Maxim Kontsevich and
Dima Arinkin for some helpful email conversations.

2. The Monodromy Divisor of an Exact Lagrangian

Let XC be an irreducible, smooth complex variety, and LC ⊂ T ∗XC be a smooth
irreducible exact Lagrangian subvariety. In this chapter we define, and prove the
basic properties of, the obstruction class to quantizing LC which is considered in
this paper (the monodromy divisor). In order to do this, we need a basic structure
theorem about exact Lagrangians inside T ∗XC. To motivate the formulation, let
us recall the following result about holonomic D-modules:

Theorem 2.1. Let MC be a holonomic DXC
-module, supported along the closed

subvariety ZC ⊂ XC. Then there is an open subset UC ⊂ XC so that UC ∩ ZC is
dense in the smooth locus of ZC, and a vector bundle with flat connection (VC,∇)
on UC ∩ ZC so that

MC|UC
=

∫

ι

VC

where ι : UC ∩ ZC → UC is the inclusion.

For a proof, c.f. [HTT], lemma 3.1.6 and lemma 3.2.5.
Now let us consider what this means for the arithmetic support ofMC|UC

. Take
flat R-models for all the varieties and D-modules appearing above, and consider
R→ k where k is a perfect field k of positive characteristic. As VC is a vector bundle,
so too is its reduction Vk; this forces the p-support of Vk to be a Lagrangian inside
T ∗(Zk ∩ Uk) which is finite over Zk ∩ Uk. To ease the notation set U ′k = Zk ∩ Uk.
Then
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Lemma 2.2. We may form the smooth morphism

(dι)∗ : (U ′)
(1)
k ×U

(1)
k

T ∗U
(1)
k → T ∗(U ′)

(1)
k

and if N is an D-module over Z ′k, whose scheme-theoretic p-support is L′k ⊂

T ∗(U ′)
(1)
k , then the module

∫

ι

N is scheme-theoretically p-supported on the scheme-

theoretic inverse image (d∗ι)−1(L′k).

The proof of this is straightforward (we also state a generalization in Lemma
2.14 below).

Now suppose that the projection LC → XC has image equal to ZC. From the
above results, we see that, ifMC is a holonomic D-module with constant arithmetic
support equal to LC, then, after restricting to UC for some open UC we must have
LC = (d∗ι)−1(L′C) for some Lagrangian L′C ⊂ T

∗(Z ′C); here we denote d∗ι : Z ′C ×UC

T ∗UC → T ∗Z ′C the natural map. In fact, we shall show in Theorem 2.3 below
that every exact Lagrangian has such a structure, over s suitable open subset UC.
Furthermore, in 2.2 we actually show that such a D-module exists on the open
subset UC (it is an elementary result). Moreover, we construct a deformation of this
module into the world of λ-connections, called Eλ,C. The λ-connection Eλ,C/λ

2 may,
therefore, be considered as an infinitesimal deformation of OLUC

. This deformation
may fail to extend from LUC

to a all of LC, and we shall see in Theorem 2.11 that
this failure takes the form of a Q/Z-valued divisor on LC. The failure of this divisor
to be equal to the monodromy of a suitable flat connection on LUC

is the obstruction
to quantization considered in this paper.

Finally, we would like to make a remark on the content of Theorem 2.3 from the
perspective of symplectic geometry. One has that

T ∗Z ′C ← Z ′C ×UC
T ∗UC → T ∗UC

is a Lagrangian correspondence; i.e., the image of Z ′C×UC
T ∗UC in T ∗Z ′C×T

∗UC=̃T
∗(Z ′C×

UC) is Lagrangian. Therefore, one expects to be able to construct Lagrangians in
T ∗UC from Lagrangians in T ∗Z ′C by taking fibre product with this correspondence.
That this exactly what the theorem does in the case of the Lagrangian LC.

2.1. The Generic Structure of an exact Lagrangian. In this subsection, we
discuss the structure of an irreducible exact Lagrangian in a the cotangent bundle of
a smooth affine8 variety over C. Let LC ⊂ T

∗XC be this Lagrangian. If π : LC → XC

is the projection, denote by ZC the closure of the image of π. Since we are in
characteristic 0, we have, by [H], Chapter 3, Corollary 10.7, that π is generically
smooth; i.e., we may select an open affine subset UC ⊂ XC, intersecting ZC in a
nonempty way, such that on U ′C := UC ∩ ZC the morphism π−1(U ′C) = LU ′

C
→ U ′C

is smooth. The main goal of this subsection is to prove

Theorem 2.3. From the closed embedding ι : U ′C → UC one obtains the affine space
bundle dι∗ : U ′C ×UC

T ∗UC → T ∗U ′C. Then, after possibly shrinking the open subset
UC, there is a smooth exact Lagrangian L′C ⊂ T ∗U ′C, which is finite etale over U ′C,
and such that the following holds: regarding U ′C ×UC

T ∗UC as a closed subscheme
of T ∗UC, we have that LU ′

C
= (dι∗)−1(L′C) (here (dι∗)−1 is the scheme-theoretic

inverse image).

8We could start with a more general XC, but the main result of this section concerns only an
open subset of XC, which we may as well take to be affine
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To prove this, we will to analyze the behavior of f on LC, with respect to the
map π. We begin with the

Lemma 2.4. Let l be a closed point of LU ′

C
, and consider the map dπl : Tl(LC)→

Tπ(l)(U
′
C). Then df vanishes on ker(dπl). Therefore, if we set Fl = π−1(π(l)) ⊂

LU ′

C
, we have that f is constant on connected components of Fl.

Proof. Let il : Fl → LC denote the inclusion. By the smoothness of π on π−1(U ′),
we have that Fl is a smooth subvariety of LC. Furthermore,

i∗l (df) = i∗l (

n∑

i=1

yidxi) =

n∑

i=1

yi(l)i
∗
l (dxi) = 0

where the last equality follows from the fact that i∗l (dxi) = 0 for all i; which in
turn follows from the fact that Fl ⊂ T ∗l (X), the cotangent fibre over the point
l. Since, by smoothness, the kernel of dπl is the image of the natural inclusion
dil : Tl(Fl)→ Tl(L), the result of the first sentence follows; the second follows from
df |Fl

= 0 since we are in characteristic 0. �

Recall that if f is any regular function on a smooth variety YC we may associate
the subvariety Γ(df) ⊂ T ∗Y , known as the graph of df , which, as a subvariety of
T ∗Y is (locally) defined by the equations

{∂− < df, ∂ > |∂ ∈ TY }

where <,> denotes the pairing between tangent vectors and one-forms. By defini-
tion this is an exact Lagrangian, since on Γ(df) we have df = θ.

Corollary 2.5. Consider the natural map LU ′

C
×U ′

C
T ∗(U ′C) → T ∗(LU ′

C
). Since

LU ′

C
→ U ′C is smooth, this map is a closed embedding. Then the subvariety Γ(df) ⊂

T ∗(LU ′

C
) is contained in the image of LU ′

C
×U ′

C
T ∗(U ′C).

Proof. Over a given point l ∈ LU ′

C
, the subspace of T ∗l (LU ′

C
) in the image of LU ′

C
×U ′

C

T ∗(U ′C)→ T ∗(LU ′

C
) consists of those functionals {v : Tl(L)→ C} which are trivial

on ker(dπl). By the previous proposition, df is such a functional, at each l. The
result follows. �

From this, we may deduce

Corollary 2.6. Consider the natural projection pr : LU ′

C
×U ′

C
T ∗(U ′C) → T ∗(U ′C).

After possibly replacing U ′C by a smaller open subset of ZC, we have that the image
of Γ(df) in T ∗(U ′C) is a smooth Lagrangian subvariety, L′C. The regular function f
induces a regular function f ′ on L′C, such that f ′ ◦ pr = f , and we have df ′ = θ|L′ ,
i.e., L′ is exact in T ∗U ′C. The natural projection π′ : L′C → U ′C is finite etale.

Proof. Since π : LU ′

C
→ U ′C is surjective, we may represent any (closed) point in U ′C

as π(l) for some l. As above, denote the fibre over this point by Fl. By Lemma
2.4, for each p ∈ Fl, the linear functional dfp : TpL → C induces a functional
on Tπ(p)U

′
C = Tπ(l)U

′
C, i.e., a point in T ∗π(l)U

′. Since f is constant on connected

components of Fl, the collection

{dfp|p ∈ Fl}

considered as a set of points in T ∗π(l)U
′
C, is a finite set. However, by definition, the

set of all such points is the set-theoretic image of (the closed points of) Γ(df) in
T ∗(U ′C). This shows the quasi-finiteness of the projection L′C → U ′C.
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To obtain finer information, we recall that, by generic base change for etale
cohomology ([Fu], section 9.3) we have that, after possibly shrinking U ′C , we may
select an an etale neighborhood Sl of π(l) ∈ U ′C so that the variety LSl

:= Sl×U ′

C
LU ′

C

is a disjoint union

r⊔

n=1

Vn, where each Vn is a smooth connected variety, which is

smooth over Sl; and such that the fibers of each map Vn → Sl are connected. The
pull-back of f to each Vn yields a regular function fn, which is constant on the
(connected) fibre of pr : Vn → Sl. By Lemma 2.7 below, we see that there exists a
regular function f ′n on Sl such that fn = f ′n ◦ pr.

Now we consider Vn ×Sl
T ∗Sl. Since the map Vn → Sl is smooth, we may, as in

2.5, regard Vn×Sl
T ∗Sl ⊂ T ∗Vn; as in that corollary we have Γ(df ′n) ⊂ Vn×Sl

T ∗Sl.
By definition the image of the projection map Γ(dfn)→ T ∗Sl is precisely Γ(df ′n), a
smooth exact Lagrangian subvariety of T ∗(Sl). Furthermore, since the map Sl →
U ′C is etale, it yields a map T ∗Sl → T ∗U ′C. Then the variety L′ consists of the
union, over all n, of the images of the Γ(df ′n) inside T ∗U ′C.

After possibly discarding a closed subset, we see that L′C is a smooth, exact
Lagrangian, with finite etale projection to U ′C, as claimed. The existence of the
global regular function f ′ now follows from Lemma 2.7 below, and the exactness
statement follows as it is true after passing to an etale cover. �

In the above, we used the following, well-known

Lemma 2.7. Suppose that φ : Z →W is a smooth surjective morphism of smooth
connected complex varieties. Let f be a regular function on Z which is constant
along the fibers of φ. Then there exists a regular function f ′ on W such that
f = f ′ ◦ φ.

Finally, we give the

Proof. (of Theorem 2.3) We have defined L′C and shown it is an exact Lagrangian
above. Since dι∗ is a smooth map with connected fibres, it follows that both
subschemes L′C and LU ′

C
are reduced and irreducible of the same dimension. It

we show d∗ι(LU ′

C
) = L′C, then this yields LU ′

C
⊂ (d∗ι)−1(L′C) which immediately

implies the result.
So, let l′ ∈ L′C ⊂ T

∗U ′C. By the construction of L′C in 2.6, there is some l0 ∈ LU ′

C

so that l′ = (π(l0), dfl0) where we regard dfl0 : Tπ(l)U
′
C → C. It follows directly that

(dι∗)−1(l′) = {φ : Tπ(l)(U)→ C|φ|Tπ(l)(U ′) = dfl0}

Now consider any l ∈ LU ′

C
. We consider l as an element of T ∗π(l)(UC). We have

dι∗(l) = (π(l), φl), where φl ∈ T ∗π(l)(U
′
C) is obtained by restricting l to Tπ(l)(U

′
C).

To prove the corollary we must show that φl = dfl.
We have the surjective map

dπ : Tl(T
∗UC)→ Tπ(l)(UC)

and by definition we have l ◦ dπ = θ, where θ is the canonical one-form on T ∗UC.
Furthermore, the restriction of θ to Tl(LU ′

C
) ⊂ Tl(T

∗UC) is exactly dfl, by our

choice of f . On the other hand, the subspace dπ(Tl(LU ′

C
)) ⊂ Tπ(l)(UC) is exactly

Tπ(l)(U
′
C), since LU ′

C
→ U ′C is a smooth morphism. Therefore, the restriction of

l : Tπ(l)(UC) → C to Tπ(l)(U
′
C) agrees with dfl, and we deduce that φl = dfl, as

required. �
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Let us note that, in the case where LC → XC was already a dominant morphism,
we have done nothing. The image of Γ(df) in T ∗(UC) is precisely LC. What we have
shown, essentially, is that if we allow ourselves to change the underlying variety,
the general case reduces to this one.

2.2. The monodromy divisor of an exact Lagrangian. We continue with the
notation of the previous section. Let us explain how the above results allow us to
construct a natural quantization of LC over the open subset UC.

Recall that we constructed a regular function f ′ on L′C such that df ′ = θ′|L′ .
Thus we may define the λ-connection (OL′

C
[λ], df ′) for which ∇(1) = df ′ (c.f. 1.2

for our conventions on λ-connections). Further, since the map π : L′C → U ′C is finite
etale we may define

E ′λ,C := π∗(OL′

C
[λ], df ′)

and

Eλ,C :=

∫

ι

E ′λ,C

Note that this Dλ-module depends only on the one form θ′ = df ′, and not on f ′

itself; the fact that θ = df ′ will become crucially useful when we compute in positive
characteristic below, but it is unnecessary to actually define Eλ.

By Theorem 2.3, we have Eλ,C/λ=̃OLUC
; here, we are considering Eλ,C/λ as a

sheaf over DU,λ/λ=̃OT∗UC
. Finally, we let j∗(Eλ,C) denote the push-forward of

this module to XC- it is a coherent Dλ-module. Note that, if we choose a finitely
generated Z-algebra R such that all the objects in question are defined over R, we
obtain an R-model which we denote Eλ.

Our goal in this section is to describe the “micro-local singularities” of this mod-
ule, at least to first order in λ. Over U , Eλ has no singularities. We let E := L\LU .
Shrinking U if necessary, we can arrange that this is a principle divisor in L, and
we let {Ei}si=1 denote the components. Let {xi} denotes the generic point of the
component Ei,C, and, with i fixed, we let z denote a local uniformizor in O{xi}.

Lemma 2.8. The sheaf OLC
admits a deformation to a C[λ]/λ2 flat Dλ/λ

2 module,

ẼC. Thus we obtain a one-form

ψ = [ẼC]− [Eλ,C] ∈ Γ(Ω1
LUC

)

For each component Ei,C, we obtain an element [ψEi,C
] ∈ Ω1

LC,{xi}
[z−1]/Ω1

LC,{xi}
,

which is independent of the choice of ẼC.

Proof. As Dλ is flat over C[λ], we have (c.f. [Stacks], tag 08VQ) the set of iso-
morphism classes of deformations of OLC

to a λ-connection over C[λ]/λ2 (i.e., a

module over Dλ/λ
2) is a pseudo-torsor over Ext1T∗XC

(OLC
,OLC

)=̃Γ(Ω1
LC

), with the

obstruction to lifting given by a class in Γ(Ω2
LC

); and the analogous statements
are true for OLUC

. We have just seen that OLUC
admits a deformation, namely

Eλ,C/λ2. Thus the obstruction class in Γ(Ω2
LUC

) vanishes. On the other hand, as

he obstruction class is constructed via an injective resolution in the category of
sheaves of Dλ/λ

2-modules (c.f. [Stacks], tag 08L8) and so the class is compatible
with restriction to LUC

. Since LUC
is an open dense affine inside LC, we have that

the map Γ(Ω2
LC

)→ Γ(Ω2
LUC

) is injective. Therefore the obstruction class in Γ(Ω2
LC

)

vanishes as well.
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So, let ẼC denote some deformation of OLC
to a λ-connection (over C[λ]/λ2).

Then the difference [Eλ,C/λ2] − [ẼC|UC
] of the isomorphism classes of Eλ,C/λ2 and

ẼC|UC
is an element of Γ(Ω1

LUC

), which we denote by ψ. While ψ is not unique,

choosing a different deformation Ẽ ′C amounts to adding a one-form, which is the
restriction of a form in Γ(Ω1

LC
), to ψ. Thus, the polar term of ψ along each compo-

nent of the divisor EC, is independent of the choice of ẼC, and therefore uniquely
determined by Eλ,C. �

Remark 2.9. As written, this element [ψEi,C
] depends on the structure of Eλ,C as

a lift of OLUC
. Altering this structure amounts to multiplying the map Eλ,C/λ →

OLUC
by a unit α ∈ O∗LUC

. This changes the class ψ by adding
dα

α
; this alters

the element [ψEi,C
] by a term of the form α

dz

z
for α ∈ Z. When we consider the

monodromy divisor below, we shall see that such terms disappear.

Example 2.10. The following example of the phenomenon in the previous lemma
is worth keeping in mind. Suppose L ⊂ T ∗A1 is given by ξ2 − x (here x is the
coordinate on A1 and ξ is the coordinate in the cotangent direction) Then the map
π : L→ A1 is a double cover of the line, branched at the origin. A Dλ/λ

2-module

ẼC which lifts OL is given as follows: as a module over R[x] = Γ(OA1), ẼC is free of

rank 2, with basis {e1, e2}. The action of d =
d

dx
is given by de1 = e2, de2 = xe1.

When one sets λ = 0, d becomes ξ and this is simply the structure of OL as a
module over R[x, ξ]. The module Ẽ is the λ-version of the Airy connection.

On the other hand, the natural meromorphic connection structure on the bundle
π∗(OL, df) is computed as follows: we have df = 2z2dz where z is the coordinate
on L (so that z2 = x). Pushing forward to A1 gives a rank two bundle whose
λ-connection is (

0 x
1 λ

2x
−1

)
dx

in the basis {1, z} of π∗(OLC
). So, if we compute the difference between ẼC and

π∗(OLC
, df) in the torsor of lifts of π∗(OLC

), we obtain the one-form
1

2

dz

z
on LUC

.

Our goal is to characterize these polar terms as follows:

Theorem 2.11. Let Ei,C be a component of the divisor EC = LC\UC. Then we
have

[ψEi,C
] = α

dz

z
for some α ∈ Q; i.e., [ψEi,,C

] is a one-form with log poles and rational residue along
each component of EC.

The proof of this will require a few steps, and the key point is to reduce mod
p and look at the p-curvature of a one-form closely related to ψ. Before carrying
this out, it is useful to have a purely local characterization of ψEi,C

, at any point

x ∈ Ei,C. Recall that the sheaf Dλ,XC
/λ2 can be naturally extended to a sheaf on

T ∗XC (via the micro-localization); for any point x ∈ T ∗XC the projection π induces
an isomorphism on stalks

(Dλ/λ
2)x→̃(Dλ/λ

2)π(x)
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After completing at π(x), a choice of local coordinates induces an isomorphism

(D̂λ/λ
2)π(x)→̃(D̂n,λ/λ

2)π(x)

where Dn,λ is the λ-deformed nth Weyl algebra; i.e. the C[λ]-algebra generated by
{z1, . . . , zn, ∂1, . . . , ∂n} with relations [∂i, zj] = λδij , [zi, zj] = 0 = [∂i, ∂j ]; and the
completion is at the ideal (z1, . . . zn, ∂1, . . . , ∂n).

Let T̂ ∗XC,x denote the formal completion of T ∗XC at the point x. It follows

that we may choose an automorphism, σ : (D̂λ/λ
2)x → (D̂λ/λ

2)x, whose reduction

mod λ is a symplectomorphism, σ′ : T̂ ∗XC,x → T̂ ∗XC,x, so that σ′(L̂)x projects

isomorphically onto X̂π(x).
Now suppose that x ∈ LC is a closed point in the smooth part of the divisor

EC = LC\UC. Let {z1, . . . , zn} be local coordinates at x so that EC = {z1 = 0}
near x.

Then we have

Proposition 2.12. Let x ∈ LC be a point in the smooth part of the divisor EC =

LC\UC. Let σ : (D̂λ/λ
2)x → (D̂λ/λ

2)x be as above; and denote

ĵ∗(Eλ)/λ
2 := (D̂λ/λ

2)x ⊗(Dλ/λ2)x j∗(Eλ/λ
2)

Then we have an isomorphism

σ∗ĵ∗(Eλ)/λ
2=̃C[[z1, . . . , zn]][z

−1
1 ][λ]/(λ2)

under which the (D̂λ/λ
2)(x)-module structure is given by a flat λ-connection of the

form

∇(1) = λ · ψP + ψO

where ψP =
n∑

s=1

m∑

j=1

z−j1 (
∑

I

aIz
i2
2 · · · z

in
n dxs), where I ranges over multi-indices

(i2, . . . , in), and the sum is finite; and ψO ∈ Ω1
C[[z1,...,zn]]

[λ]/(λ2). The residue

class [ψP ] in Ω1
C[[z1,...,zn]][z

−1
1 ]
/Ω1

C[[z1,...,zn]]
is unique, up to the addition of terms

of the form mz−11 dz1 where m ∈ Z; and after adding such a term it agrees with
ψEi,C,x; the power series expansion of ψEi,C at x, where ψEi,C is defined above. In
particular, this term does not depend on the choice of σ.

Proof. The choice of σ′ ensures us that

σ′∗ĵ∗(Eλ)/λ=̃C[[z1, . . . , zn]][z
−1
1 ]

where we have chosen the numbering so that x1 defines the completion at x of the
divisor E. The isomorphism

a : σ∗ĵ∗(Eλ)/λ
2=̃C[[z1, . . . , zn]][z

−1
1 ][λ]/(λ2)

follows immediately, as j∗(Eλ) is flat over λ. The action of the coordinate derivations
endows this module with the structure of a flat λ-connection, and writing out ∇(1)
in coordinates yields the expression ∇(1) = λ · ψP + ψO. For this choice of σ,
this expression is unique up to changing the isomorphism a, which amounts to
multiplication by a unit in C[[z1, . . . , zn]][z

−1
1 ][λ]/(λ2). Any such unit is of the form
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u = zm1 (1 + q) + λr where m ∈ Z, q ∈ C[[z1, . . . , zn]], and r ∈ C[[z1, . . . , zn]][z
−1
1 ].

Multiplying by u changes the connection by adding

λ
du

u
= λmz−11 dz1 + λ(1 + q)−1dq

which alters the class [ψP ] ∈ Ω1
C[[z1,...,zn]][z

−1
1 ]
/Ω1

C[[z1,...,zn]]
by adding λmz−11 dz1.

To relate this to our construction of ψEi,C
; we let Ẽ denote any deformation

of π∗(OL) to a Dλ/λ
2-module. Let ̂̃E be the micro-localization of Ẽ at x. After

applying the automorphism σ, we have that σ∗(̂̃E) is a deformation of L̂C; i.e.,

σ∗(̂̃E)=̃C[[x1, . . . , xn]][λ]/(λ2), equipped with a flat connection ∇̃. The restriction

of the one-form ψ = [Eλ/λ2]− [Ẽ |U ] to the formal neighborhood of x can therefore
be computed as

1

λ
(∇− ∇̃)(1)

where ∇ is the flat connection of σ∗ĵ∗(Eλ)/λ2. Thus the polar term ψP of ∇ is
equal to the polar term of ψ, in the formal neighborhood of x, which implies the
proposition. �

In order to prove Theorem 2.11, we shall in fact show that the one-form ψP takes

the form α
dz1
z1

. The key to doing this, in turn, is to use the theorem of Katz [Ka],

theorem 13.0, to limit the shape of the singularities via reduction mod p. Recall
that the theorem reads

Theorem 2.13. (Katz) Let ψ be a closed one-form on a smooth algebraic variety
Y (over R). Let R → k, where k is an algebraically closed field of characteristic
p, and consider induced form ψ on Yk. Suppose that the p-curvature of ψ is 0 for
all such k of sufficiently large characteristic. Then the flat connection defined by ψ
has regular singularities and quasi-unipotent monodromy.

Concretely, this means that if Y is a smooth compactification of Y , and D is an
irreducible divisor in Y \Y , then at the generic point of D we have

ψ = α
dz

z
+ ψ0

where z is a local equation for D and ψ0 has no singularizes.

In fact, in loc. cit. the theorem is only stated when Y is a curve; however, the
properties of having regular singularities and being quasi-unipotent are testable via
curve restriction (c.f., e.g., [HTT], section 6.1).

We are going to show that, at least locally, we can choose a one-form which
satisfied the conditions of Katz’s theorem, and whose whose poles agree with the
polar term ψP of 2.12.

The first step is the following straightforward description of the behavior of the
p-support under basic maps:

Lemma 2.14. 1) Suppose π : Xk → Yk is a finite etale morphism of smooth
schemes over k; then we may form the finite etale morphism

d∗π : T ∗X(1) ×k A
1 → T ∗Y (1) ×k A

1
k
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and if M is an Dλ-module over Xk, whose scheme-theoretic p-support is Zk ⊂

T ∗X
(1)
k ×k A1, then the module

∫

π

M = π∗M is scheme-theoretically p-supported

on the scheme-theoretic image (d∗π)∗(Zk).
2) Suppose ι : Xk → Yk is a closed embedding. Then we may form the smooth

morphism

d∗ι : X
(1)
k ×

Y
(1)
k

T ∗Y
(1)
k ×k A

1
k → T ∗X

(1)
k ×k A

1
k

and if M is an Dλ-module over Xk, whose scheme-theoretic p-support is Zk ⊂

T ∗X
(1)
k ×k A1, then the module

∫

ι

M is scheme-theoretically p-supported on the

scheme-theoretic inverse image (d∗ι)−1(Zk).

From this, we conclude:

Lemma 2.15. (c.f. [Ko], section 2.5) The scheme-theoretical p-support of Eλ is

equal to L
(1)
Uk
× A1

k ⊂ T ∗U
(1)
k × A1

k; in fact, Eλ is a vector bundle of rank pn over
this subscheme.

Proof. The p-support of the λ-connection (OL′ [λ], df ′) is precisely Γ(df ′)(1) × A1
k.

Indeed, for any local derivation we have

∂(1) = ∂(f ′) · 1

and so; if ∂ satisfies ∂[p] = 0, then

∂p(1) = (∂f ′)p + λp−1∂p−1(∂f ′) = (∂f ′)p

so that ∂p − (∂f ′)p annihilates Nλ. Thus we see directly that (OL′ [λ], df ′) is a
vector bundle on Γ(df)(1) × A1

k. Now apply Lemma 2.14. �

In fact, there is, essentially, a converse to this result, characterizing λ-connections

with p-curvature equal to L
(1)
Uk
× A1

k:

Lemma 2.16. Let Pλ be a vector bundle with λ-connection on Uk, such that
Pλ/λ is the Higgs bundle corresponding to OLUk

. Suppose also that the scheme-

theoretical p-support of Pλ is equal to L
(1)
Uk
× A1

k ⊂ T
∗U

(1)
k × A1

k. Then there exists

a λ-connection ∇′ on OLUk
[λ] such that Pλ=̃π∗(OLUk

[λ],∇′). The p- support of

(OLUk
[λ],∇′) is equal to Γ(df)(1).

Proof. Since we have a closed immersion LUk
→ T ∗Uk, we also have a closed

immersion LUk
×Uk

LUk
→ LUk

×Uk
T ∗Uk→̃T ∗LUk

(the last isomorphism follows
because LUk

→ Uk is etale). It follows that Γ(df) ⊂ T ∗LUk
is a component of

LUk
×Uk

LUk
.

Since π∗Pλ is p-supported on the image of L
U

(1)
k

×
U

(1)
k

L
U

(1)
k

×A1
k, the component

Γ(df)(1) corresponds to a summand, Lλ, of π∗Pλ. Looking at the stalk of Lλ as

a sheaf on T ∗L
(1)
Uk
× A1

k, one sees that it is a vector bundle of rank pn. Therefore

Lλ is a line bundle on LUk
× A1

k. Further, Lλ/λ is the Higgs bundle on T ∗LUk

corresponding to π∗OLUk
|Γ(df) = OΓ(df). Since the projection Γ(df) → LUk

is

an isomorphism, we see that Lλ/λ=̃OLUk
, which implies Lλ=̃OLUk

[λ]. It has a

connection ∇′.
Now, by adjunction, the projection morphism π∗Pλ → Lλ corresponds to a

morphism Pλ → π∗Lλ; by regarding both sheaves as sheaves on L
(1)
Uk
× A1

k this is
easily seen to be an isomorphism; and the result follows. �
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We’ll need another general result about line bundles with flat λ-connection; which
have a prescribed p-curvature:

Proposition 2.17. Let Yk be a smooth k-scheme, and suppose (OYk
[λ],∇1) and

(OYk
[λ],∇2) are two flat λ-connections on the trivial bundle; suppose (∇1−∇2)(1) ∈

λ · Ω1
Yk

. Let ∇
(p)
1 ,∇

(p)
2 : OYk

[λ] → Ω1

Y
(1)
k

[λ] denote the resulting p-curvatures, and

suppose ∇
(p)
1 = ∇

(p)
2 . Then we have (∇1 −∇2)(1) = λψ where ψ ∈ Ω1

Yk
is a closed

one-form with p-curvature 0. In particular, ∇1 and ∇2 are locally isomorphic as
λ-connections.

Proof. Write

(∇1 −∇2)(1) =

m∑

i=1

λiψi

Then since both ∇1 and ∇2 are flat we have 0 =
m∑

i=1

λidψi so that each dψi = 0.

We shall show ψj = 0 for all j > 1 and ψ1 has p-curvature 0.
By the basic formula for the p-curvature of a line bundle, we have that the

p-curvature is additive; i.e. the p-curvature of the flat connection

(OYk
[λ],∇1)⊗ (OYk

[λ],∇2)
∗

which takes 1 to (∇1 −∇2)(1) is ∇
(p)
1 −∇

(p)
2 = 0. Working locally, pick coordinate

derivations {∂j}
n
j=1 and write

∂j · 1 =

m∑

i=1

λiψi,j

where ψi,j ∈ O; this is the action of Dλ on the module associated to the connection
(OYk

[λ],∇1)⊗ (OYk
[λ],∇2)

∗. Then

∂pj · 1 =

m∑

i=1

λpiψp
i,j +

m∑

i=1

λp−1+i∂p−1j (ψi,j)

If this is zero, then, looking at the highest term in λ, we see ψp
i,j = 0 for all i > 1;

which gives ψi,j = 0 for all i > 1. Looking at the i = 1 term, we also obtain

ψp
i,j + ∂p−1j (ψi,j) = 0. As this holds for all j, we obtain the result about ψ. Finally,

to obtain the last statement, note that by Cartier descent there exists, locally on

Yk, an invertible function u so that ψ =
du

u
. But then the λ-connections ∇1 and

∇2 = ∇1 + λ
du

u
are isomorphic on the open subset where u is defined. �

Let’s proceed to the

Proof. (of Theorem 2.11) To start off, we note that it suffices to prove the result
after taking an embedding ι : XC → YC, where YC is another smooth affine variety.
In that case, we have the correspondence

T ∗XC
ρ
←− XC ×YC

T ∗YC
p
−→ T ∗YC

where ρ is smooth and p is a closed immersion. The exact Lagrangian LC is replaced
by L′C = ρ−1(LC) ⊂ T

∗YC; from the construction of Nλ, one sees directly that L′C is
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an exact Lagrangian and we have that

∫

ι

Eλ is exactly the Dλ-module associated (by

the construction at the beginning of this section) to L′C ⊂ T
∗YC. Furthermore, if Ẽ

is a flat C[λ]/λ2-deformation of LC on XC, then

∫

ι

Ẽ is a flat C[λ]/λ2 deformation

of L′C. Therefore, if ψ ∈ Γ(Ω1
LUC

) denotes the difference class [Ẽ ] − [Eλ/λ2], then

ρ∗ψ will be the difference class [

∫

ι

Ẽ ]− [

∫

ι

Eλ/λ
2]. Thus, by the construction given

in Lemma 2.8, we see that it suffices to prove the result for L′C.
Thus we may, and will, assume that XC = An

C; from now on denote L′C by

LC and replace

∫

ι

Eλ by Eλ. Fix a component E1,C of LC, and choose a point

x ∈ Esm
1,C. Let σ be a linear symplectomorphisms of T ∗An

C such that the differential

of the projection map dπ : T (σ(LC))x → An
C,π(x) is an isomorphism at x. This

implies that π : σ(LC) → An
C is dominant. Thus, applying the constructions of

the beginning of this section to σ(LC), we obtain an open subset U ′C ⊂ An
C and

Dλ-module Ẽλ = eg on U ′C; here dg = θ|σ(LC), such that Ẽλ/λ = OLU′

C

. We shall

assume (shrinking U ′C if needed) that σ(E1,C) is in the complement of σ(LC)U ′

C
.

Now, the complement of U ′C in An
C is a divisor D′C, whose inverse image in σ(LC)

is a divisor E′C. The singular locus of E′C is a codimension 2 subset of σ(LC).
Therefore, by replacing x by a nearby point (in the classical topology)9 on Esm

1,C, we

can again suppose that x is in the smooth part of E′C.
Now we employ the result of 2.12: since the projection to XC is an isomor-

phism at x, the micro-localization σ̂∗Eλ/λ
2 can be regarded as a rank one free

C[[z1, . . . zn]][z
−1
1 ][λ]/(λ2) module with flat C[λ]/λ2-connection; and [ψP ] is the po-

lar part of this connection evaluated at 1 (divided by λ). In addition, we have

that the micro-localization of Ẽλ/λ2 = eg at x can be regarded as a rank one free
C[[z1, . . . zn]][z

−1
1 ][λ]/(λ2) module with flat C[λ]/λ2-connection; this connection has

no pole at x; since dg = θ and the projection to Am
C is an isomorphism at x. Thus

to compute [ψP ] we can look at the difference between the one-form associated to

σ̂∗Eλ/λ2 and the one-form associated to ̂̃Eλ/λ2.
To compute this difference, in turn, we can employ 2.17. Choose a finite type

Z-algebra R over which everything in sight is defined and flat. We have that the
one-form ψ on LU ′ , which is the difference [σ∗Eλ/λ2]− [Ẽλ/λ2], is therefore defined
over R. Now base change to a perfect field k. According to [BKKo], section 7,
proposition 2, the p-support of σ∗(j∗Eλ) is equal to σ(LUk

). Restricting to U ′k, and
applying Lemma 2.16, we have that σ∗Eλ|U ′

k
is isomorphic to π∗(OLU′

k

,∇′), where

∇′ is a connection whose p-support is Γ(dg)(1). On the other hand, we have, by

definition, Ẽλ = π∗(OLU′

k

,∇) where ∇(1) = dg. So, we may apply 2.17 to see that

(∇′−∇)(1) is a one-form which flat and has p-curvature 0. On the other hand, up

to adding a term of the form
du

u
, this one form is simply the reduction of ψ to k.

As this is true for all fields k, we conclude that ψ is closed (as its reduction to k is
for all k) and, by Katz’ theorem quoted above, the associated connection is regular

9this is allowable because, during the proof of Lemma 2.8, we have seen that [ψP ] is completion
of the the polar part of an algebraic one-form on UC. So the result only depends on the behavior
of ψ at the generic point of Esm

1,C .
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singular with quasi-unipotent monodromy; but this implies that the polar term of
ψ is as desired. �

So, we may now make the

Definition 2.18. The monodromy divisor of LC ⊂ T ∗XC is the image in DivQ(LC)/DivZ(LC)

of
∑

i

αiEi on LC, where Ei are the components of EC and αi is the rational number

appearing in Theorem 2.11; associated to any (and hence every) point in Esm
C ∩Ei.

By 2.12 this is a well-defined element of DivQ(LC)/DivZ(LC).

Remark 2.19. Let us note that further shrinking UC does not alter the monodromy
divisor. For, if we an additional component to E over which Eλ/λ

2 extends to a
deformation of OLC

. Then, by 2.12, the resulting one-form will have no poles along
any such divisor. So the resulting monodromy divisor is the same as the original
one.

As explained in the next subsection, this divisor will be the obstruction to quan-
tization that we consider in this paper. It will be useful to note the following
compatibility:

Lemma 2.20. Suppose g : XC → YC is a closed immersion of affine varieties.
There is a smooth morphism d∗g : XC ×YC

T ∗YC → T ∗XC, as well as a closed
immersion ι : XC ×YC

T ∗YC → T ∗YC. If LC ⊂ T ∗XC is an exact Lagrangian, then
so is ι((d∗g)−1(LC)). The monodromy divisor of ι((d∗g)−1(LC)) is the pullback of
the monodromy divisor of LC, under the smooth morphism d∗g.

This follows directly from the construction. Now, let us record the following fact
which will be used in the next chapter:

Lemma 2.21. Let Eλ be as above. Then for all k of characteristic p >> 0, Eλ,k
can be extended to a Dλ-module Ẽλ,k which is scheme-theoretically supported on

L
(1)
k × A1

k, and such that Ẽλ,k/λ is a line bundle on Lk. The set of (isomorphism

classes of) such Dλ-modules is a torsor over Pic(L
(1)
k ).

Proof. As Eλ,k is a vector bundle on L
(1)
Uk
×A1

k, there exists an extension Ẽλ,k which

is scheme-theoretically supported on L
(1)
k × A1

k and torsion-free; restricting to a

codimension 2 open and pushing forward as needed, we can suppose that Ẽλ,k is a

reflexive sheaf on L
(1)
k × A1

k. Thus we have an injection Ẽλ,k/λ → L for some line
bundle L on Lk, and this injection is an isomorphism is codimension 2. We want
to show it is an isomorphism everywhere. By pushing forward along an inclusion
Xk ⊂ Am

k we can suppose Xk = Am
k from the start. Choose some x ∈ Lk. After

applying a suitable linear symplectomorphism, we can suppose that the projection

π : Lk → Am
k is an isomorphism at x. By assumption the completion ̂̃Eλ,k of Ẽλ,k

at the ideal of {x} × A1
k ⊂ L

(1)
k × A1

k is reflexive. On the other hand, by [H3],
proposition 1.6, a sheaf is reflexive iff it is torsion-free and equal to its pushforward

over an open subset whose complement has codimension 2. Thus we see that ̂̃Eλ,k
can be regarded as rank 1 reflexive coherent sheaf with λ-connection on ÔAm,π(x)[λ].

But any such sheaf is a line bundle, which shows that ̂̃Eλ,k/λ is a line bundle, which
implies the claim.
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For the second statement, we first prove that any two such modules, say Ẽλ,k
and Ẽ ′λ,k, are locally isomorphic. After inverting λ, the result of the previous

paragraph implies that Dλ[λ
−1] is a split Azumaya algebra on L

(1)
k × (A1

k\{0}) with

Ẽλ,k[λ−1] and Ẽ ′λ,k[λ
−1] are splitting bundles. Therefore they differ by the action

of an element of Pic(L
(1)
k × (A1

k\{0}))=̃Pic(L
(1)
k ); in other words, there is an open

affine covering of L
(1)
k , {Ui}, such that Ẽλ,k[λ−1] and Ẽ ′λ,k[λ

−1] are isomorphic on

{Ui × (A1\{0}}. Restricting attention to such a Ui, we may regard both Ẽλ,k and

Ẽ ′λ,k as Dλ- lattices inside Ẽλ,k[λ−1]. Multiplying these lattices by powers of λ as

needed, we may suppose that Ẽλ,k ⊂ Ẽ ′λ,k, with quotient annihilated by a power

of λ, and also that the induced map Ẽλ,k/λ → Ẽ ′λ,k/λ is nonzero. But this is a
nonzero map of line bundles on the integral scheme Lk; hence injective. Thus the
quotient Ẽ ′λ,k/Ẽλ,k is λ-torsion-free; since it is also annihilated by a power of λ it

must be 0 and so Ẽλ,k = Ẽ ′λ,k as desired.
Next we claim

EndDλ
(Ẽλ,k)=̃OL

(1)
k

[λ]

There is a map O
L

(1)
k

[λ] → EndDλ
(Ẽλ,k) given by the action of the center Z(Dλ),

which by assumption factors through O
L

(1)
k

[λ]. On the other hand, the induced map

O
L

(1)
k

[λ, λ−1]→ EndDλ[λ−1](Ẽλ,k[λ
−1]) is an isomorphism since Dλ[λ

−1] is Azumaya

and Ẽλ,k[λ−1] is a splitting bundle. Thus we have inclusions

O
L

(1)
k

[λ] ⊂ EndDλ
(Ẽλ,k) ⊂ OL

(1)
k

[λ, λ−1]

Further, since Ẽλ,k is a coherent sheaf on L
(1)
k ×A

1
k, any endomorphism of it satisfies

a monic polynomial with coefficients in O
L

(1)
k

[λ]. Since O
L

(1)
k

[λ] is integrally closed

we deduce O
L

(1)
k

[λ] = EndDλ
(Ẽλ,k).

In sum, we see that the set of isomorphism classes of Dλ-modules which are

scheme-theoretically supported on L
(1)
k ×A1

k, and whose reduction mod (λ) is a line
bundle on Lk, form a torsor over

H1(Aut(Ẽλ,k))=̃Pic(L
(1)
k × A1)=̃Pic(L

(1)
k )

as desired. �

2.3. Invariance. Now we can introduce our obstruction to the quantizing LC

Definition 2.22. Let
∑

i

αiEi be the monodromy divisor of LC. We say that LC

is unobstructed if there exists a line bundle with flat connection (K,∇) on LUC
,

with finite monodromy group, whose monodromy around the component Ei of E
is equal to −αi (inside DivQ(LC)/DivZ(LC)).

As mentioned in the introduction, this condition should be the obstruction to
finding a DXC

-module with constant arithmetic support LC, of multiplicity 1. The
rest of the paper is devoted to understanding this question. For now, we’ll just
prove the following useful characterization:

Proposition 2.23. Let LC ⊂ T ∗XC be an exact Lagrangian, with monodromy
divisor

∑
αiEi. Then LC is unobstructed iff there is an open subset VC ⊂ LC
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whose complement has codimension 2, a Dλ/λ
2(VC)-module Pλ,C, which is flat over

C[λ]/λ2, such that Pλ,C/λ
2 is a line bundle on VC, and which satisfies the following:

for any R-model Pλ, and for all k of characteristic p >> 0, Pλ,k|Uk
can be lifted to

a k[λ]-flat Dλ,k-module P̃λ,k which is scheme-theoretically supported on L
(1)
Uk
× A1

k.

Proof. Suppose LC is unobstructed. Momentarily shrinking UC if necessary, there
is a closed one-form φ on LU and so that the flat connection on OLUC

, defined

by ∇(1) = φ, which has a finite monodromy group and whose monodromy, in

DivQ(LC)/DivZ(LC), is equal to −
∑

i

αiEi. So we can deduce the existence of

Pλ,C as follows: over UC define [Pλ,C] = [Eλ/λ2]− φ (as a deformation of the Higgs
sheaf π∗(OLC

)). Let x be a closed point contained in the smooth part of EC. By

2.12, after applying an automorphism of D̂λ,x/λ
2, we have the description

σ∗ ̂j∗(Pλ,C)=̃C[[z1, . . . , zn]][z
−1
1 ][λ]/(λ2)

equipped with a flat λ-connection. By its very definition, Pλ,C has been chosen

so that this connection has a pole of the form
mdz1
z1

for some m ∈ Z. Therefore,

multiplying the basis element by z−m1 we obtain a basis over which the λ-connection
has no singularity; and therefore an extension of the λ-connection Pλ,C to a bundle
with λ-connection over a formal neighborhood of x. We can then consider the
subsheaf of j∗(Pλ,C) consisting of sections whose image in the completion at x is
contained in this extension. Doing this over each component, we obtain an open
subset VC ⊂ LC of codimension 2, a line bundle L on VC, and a Dλ/λ

2-module Pλ,C

which deforms the Higgs sheaf corresponding to L on VC. Since φ has p-curvature
0 for all p >> 0, the condition on the reduction mod p of Pλ|U follows from 2.17.

For the converse, choose an open affine U ′ ⊂ U on which Pλ/λ is the trivial
bundle. Then [Pλ|U ′ ] − [Eλ/λ2|U ′ ] is a one form φ on U ′, and, arguing as in the
proof of Theorem 2.11 we see that dφ = 0 and that the reduction mod p of φ
has p-curvature 0 for all p >> 0. Thus, by Theorem 1.3, φ defines a finite order
connection on U ′, and by construction res(φ) =

∑
αiEi, and the result follows. �

Here is a very useful consequence:

Corollary 2.24. If LC ⊂ T ∗Am
C is an exact Lagrangian, then the condition that

LC is unobstructed is invariant under linear symplectomorphism; i.e., it is satisfied
for LC iff it is satisfies for σ(LC), when σ is some linear symplectomorphism of
T ∗Am

C . Therefore, Theorem 1.7 holds iff it holds for X = Am and in the case where
LC → XC is dominant.

Proof. The first part follows immediately from the previous proposition and the
invariance of the p-curvature under linear symplectomorphisms of T ∗Am. For the
second sentence, note that, if XC ⊂ Am

C , then Kashiwara’s equivalence of DXC
-

modules and DAm
C

modules supported on XC reduces the theorem to Am
C . �

Finally, to finish out this section, we give a few remarks about the meaning of the
obstruction. According to [Ko], conjecture 6, any D-module with Ext1(M,M) =
0 should be of the extended motivic exponential type. Roughly speaking, this
means that M is obtained from modules of the type ”ef” by the basic D-module
operations: pushing forward, pulling back, tensor product, etc. As ef admits an
extension to a λ-connection, which has constant p-support in λ for all p >> 0,
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one can conjecture that the same is true of M. If this is so, then the “difference”
betweenM and E should be visible mod λ2 (via 2.17).

3. Meromorphic Connections

Consider an irreducible smooth exact Lagrangian L ⊂ T ∗X . In the previous
chapter, specifically Lemma 2.21, we have seen that, for any k, we can find some

DXk
-module E which is a splitting bundle for L

(1)
k . In fact, we found a Dλ-module

Eλ, specializing to E at λ = 1, whose p-curvature is equal to L
(1)
k × A1

k. We want
to lift E (in fact, Eλ ) to something in characteristic 0. There are several problems
with doing so, both of which we shall solve by employing a compactification.

The first problem is the very large space of possible deformations. Choose a mor-

phism R → W (k) lifting R → k. As E is a splitting bundle for L
(1)
k , deformations

of E over W2(k) are indexed by Ext1(E , E)=̃Ω1

L
(1)
k

(for this isomorphism see Lemma

4.14 below); the same holds for infinitesimal deformations and every level. Further,
even if one is able to single out a particular sequence of deformations, taking the
inverse limit yields an object over the formal scheme XW (k); there is no guarantee
that it comes from an algebraic D-module on X .

Passing to a suitable compactification of X will allow us to both limit the
space of deformations, and then, once one has a suitable object over W (k), al-
gebrize it via Grothendieck’s existence theorem in formal geometry. We wish
to compactify in such a way that the set of deformations becomes a torsor over
H0(Ω1

L
(1)
k

)⊕H1(O
L

(1)
k

), where L is a suitable compactification of L. The assump-

tion that H1
dR(LC) = 0 then forces H0(Ω1

L
(1)
k

)⊕H1(O
L

(1)
k

) = 0 for k of sufficiently

large characteristic; thus allowing us to construct unique infinitesimal deformations
to all orders. There is also the issue of obstructions to deforming. This is why we
need λ-connections instead of just ordinary connections, as we will deal with the
obstruction in the world of λ-connections using precisely the assumption that the
Lagrangian is unobstructed, c.f. 3.38 below.

Let us give here the basic set-up for how this is done. Then we will discuss a bit
more the contents of the different sections of the chapter.

We suppose that the projection LC → XC is dominant. Therefore, there is an
open set UC ⊂ XC such that L|UC

→ UC is finite etale. Let DC be the hypersurface
XC\UC. As we are in characteristic 0, we may invoke resolution of singularities to

deduce that there is a birational projective map ϕ : X̃C → XC so that ϕ−1(DC) is

a global normal crossings divisor in X̃C. The map ϕ is an isomorphism over UC,
and we shall write UC ⊂ X̃C for ϕ−1(UC). This implies that T ∗UC is an open dense

subset inside T ∗X̃C. In addition, we can further compactify X̃C to X̃C, such that

X̃C\X̃C is also a normal crossings divisor, whose union with D̃C, also denoted D̃C,
is normal crossings as well.

Since L|UC
→ UC is a finite map, we may define LC to be the normalization of X̃C

inside K(LC). Then LC →
˜̄XC is a finite map, which is simply equal to L|UC

→ UC

upon restriction to UC.
For later use, we shall need a few technical assumptions, which can always be

arranged after further blowing up.
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Assumption 1. For each componant Ei,C of Ei,C, the valuation associated to Ei,C

defined a divisor in X̃C

Let ẼC denote the complement of LUC
in LC. Then ẼC is a divisor in LC, and

π : ẼC → D̃C is onto; in particular the birational map LC 99K LC extends over the
generic point of each Ei,C, and is therefore an open immersion on an open subset,
whose complement has codimension ≥ 2 in LC.

Definition 3.1. Let Ẽi,C be a component of ẼC. We say that Ẽi,C belongs to LC

if the generic point of Ẽi,C is in the image of the map LC 99K LC.

With this in hand, we can now state our second technical assumption:

Assumption 2. Let Ẽi be a componant of the divisor E ⊂ L, which belongs to L.
Let D̃i be the image of Ẽi under π. Then, if D̃j is another componant of D̃ which

has nonempty intersection with D̃i, we suppose that there is no componant of Ẽ
belonging to L whose image under π is equal to D̃i.

This can be arranged by blowing up intersections of divisors inside X̃C.
Now we may choose a ring R ⊂ C, finitely generated over Z, so that XC, X̃C,

LC,LC and D̃C all admit R-models. We choose such models now and denote them
X , X̃, L, L,D̃,Ẽ; extending R as necessary, we may also suppose that each of these
models has an R-point. We may also suppose that the function f belongs to Γ(OL).

Further, sinceR is a finite type Z-algebra, after localizing at an integer it becomes
smooth over Z. Thus we may suppose that all schemes appearing here (except L)

are smooth over Z, and, in particular, are regular schemes. We may suppose ˜̄L is a
normal scheme.

In 3.1 below, we will construct a family (indexed by rank one reflexive coherent

sheaves on L) of meromorphic Higgs bundles on X̃, which capture well the “behavior
at infinity” of L. we call them θ-regular at infinity; or just θ-regular for short. The
definition is chosen so that infinitesimal deformations of such Higgs bundles (which
have the same proscribed behavior at infinity) are in bijection with H0(Ω1

L
) ⊕

H1(OL) (which is in particular 0 in the case of interest to us, c.f. Theorem 3.39
below.

In 3.2, we deform the θ-regular Higgs sheaves to λ-connections in positive char-
acteristic, essentially by the method of Lemma 2.21. However, we have to keep
track of the behavior at infinity in a way that parallels the discussion of the pre-
vious section; we obtain in particular 3.19 for a θ-regular connection in positive
characteristic. Such connections have a residue, and, once one fixes it, the resulting

collection is a torsor over rank one reflexive coherent sheaves on L
(1)

k (c.f. 3.24).
In 3.3, we fully develop the theory of infinitesimal θ-regular connections, whose

definition over R[λ]/λn is modeled after the constructions of the previous section.
Here we show the aforementioned results about uniqueness of infinitesimal defor-
mations (when H1

dR(LC) = 0). We also use the unobstructedness condition to

construct a family of θ-regular sheaves over R[λ]/λ2, denoted L⋆Mλ,2 (indexed by
line bundles with finite order connection on LU ). After reduction mod p these con-
nections match up with the ones constructed in the previous section; this allows us
to kill the obstructions to lifting L ⋆Mλ,2 to obtain a family of λ-connections over
R[λ]/λn (this is carried out in 3.3.3), and then a family of λ-connections over over
R[[λ]]; denoted by L ⋆Mλ̂ In particular, we can conclude that, after reduction to
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k, each L ⋆Mλ̂,k is the λ-adic completion of a unique N λ,k which was constructed
in 3.2.

In 3.4, we show that if N λ,k is a meromorphic λ-connection over X̃k, whose

completion along (λ) agrees with L ⋆Mλ̂,k, then N λ,k admits a unique lifting to

N λ,Wm(k) for each m (the fact that the completion along (λ) is already known
to admit such a lifting is used crucially). Taking the inverse limit, we obtain an

algebraic vector bundle with λ-connecton over X̃W (k) (c.f. Theorem 3.45).
Finally, in 3.5, we show that these constructions “agree” for different fields k.

More precisely, we have the following: if N is a θ-regular Higgs sheaf over X̃, which
is the reduction mod λ of a λ-connection of the form L ⋆Mλ̂, then, if we have

R → W (k), we have constructed a λ-connection N λ,W (k). Then, after possibly
extending R, there is a vector bundle with connection on U , N1, so that

N1 ⊗R W (k)=̃N λ,W (k)

Furthermore, if R → W (k′) is any other map to an algebraically closed field of
positive characteristic, then we also have

N1 ⊗R W (k′)=̃N λ,W (k′)

In particular, N1 is constant arithmetic support equal to LU (c.f. Theorem 3.46 for
details).

3.1. Higgs Sheaves . We suppose that the projection LC → XC is dominant.
Therefore, there is an open set UC ⊂ XC such that L|UC

→ UC is finite etale.

Definition 3.2. Let L be any line bundle on LUC
; equip it with the Higgs field

given by the one form df . Via the BNR correspondence of [BNR], the fact that
LUC

⊂ T ∗UC implies that the bundle π∗L := NL is equipped with a canonical
Higgs field, denoted Θ. Said more concretely, the fact that LUC

⊂ T ∗UC means
that π∗(OLUC

) inherits the structure of a module over π∗(OT∗UC
) which is the

symmetric algebra of the tangent sheaf. The associated action of tangent vectors
yields the aforementioned Higgs field Θ.

Most of the time, the line bundle L will be implicit, and we will simply write N .
Let L be a line bundle on LU .
We would like to study how the Higgs bundle N = π∗(L) degenerates as we

approach the divisor D̃C. The key to doing this is Abhyankar’s Theorem; to state
it, let x ∈ D̃ be any closed point, let Nx be an open neighborhood of x in which D̃
is defined by local coordinates {zi}

d
i=1. Recall that LU → U is a finite etale cover

of degree r > 0, and, after localizing R at r, it is a tamely ramified cover at each
point of U .

For any integer l > 0, define the affine scheme N
(l)
x as the Spec of

O(Nx)[y1, . . . , yd]/(yi − zli). Then we have finite flat morphism pl : N
(l)
x → Nx.

Theorem 3.3. (Abhyankar’s Theorem) After possibly shrinking Nx, there exists

l > 0 so that the base change of LU → Nx∩UC over the map pl : N
(l)
x → Nx extends

to a finite etale cover πl : L̃
(l) → N

(l)
x .

The proof of this theorem may be found in [SGA1], chapter 13, appendix 1. Let

us consider the consequences for N . If j : U → X̃ denotes the inclusion, we can

consider j∗N as a Higgs sheaf on X̃.
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Given the map pl : N
(l)
x → Nx as in Theorem 3.3, we may further consider

the pullback p∗l (j∗N ) as a Higgs sheaf on N
(l)
x ; we note that this sheaf is natu-

rally a sheaf of modules over the sheaf of rings O
X̃C

[y−11 , . . . , y−1m ], where, as above

{y1, . . . , ym} are defining equations of the components of D̃ near xi.
By construction, the sheaf p∗l (j∗N ) admits an action of the group Gl. Then we

have the

Proposition 3.4. After passing to an etale neighborhood Vx of x, for any point
x′ ∈ Vx, the Higgs sheaf p∗l (j∗N ) decomposes, as a Higgs sheaf, as a direct sum of

rank one free modules Ox′,Vx [y
−1
1 , . . . , y−1m ], equipped with pairwise distinct Higgs

fields. The group Gl acts by permuting the summands.

Proof. We have the commutative diagram

L
(l)
U

p
′

l−−−−→ LU

πl

y π
y

N (l) pl−−−−→ N

By Theorem 3.3, the etale map πl : L
(l)
U → N extends to a Gl-equivariant etale

map πl : L
(l) → N (l). After passing to a further Gl-equivariant etale cover V

(l)
x of

N (l), the cover πl splits (Gl-equivariantly). On the other hand, the Gl-invariant
subalgebra of the Henselization ofN (l) at x is the Henselization ofN at x. Therefore

we may suppose that V
(l)
x = Vx ×N N (l) for some etale neighborhood Vx of x. By

construction we have

(3.1) L(l) ×N(l) V (l)
x =̃

r⊔

i=1

V (l)
x

and the induced action of Gl permutes the components.
Now we examine the Higgs sheaves. Pulling everything back to Vx, we have the

isomorphisms

p∗l (j∗NVx) = p∗l ((π)∗L|U(l)
x
)=̃(πl)∗(p

′
l)
∗L|

U
(l)
x

where U
(l)
x is the inverse image of U in V

(l)
x . By definition, (p′l)

∗L|
U

(l)
x

is a rank one

Higgs bundle on L
U

(l)
x

. After pushing forward to V
(l)
x , we obtain a rank one Higgs

bundle j∗(p
′
l)
∗L|

U
(l)
x

over O
V

(l)
x

[y−11 , . . . , y−1d ]. On the other hand, as noted above,

the sheaf p∗l (j∗NVx) is obtained from j∗(p
′
l)
∗L|

U
(l)
x

by applying the pushforward πl.

Thus (3.1) now implies that the bundle is a direct sum of rank one Higgs bundles.
To see that the corresponding Higgs fields are pairwise distinct, note that the

map V
(l)
x → U is etale. Therefore the closed immersion

LU ⊂ T
∗U

pulls back to a closed immersion

L(l) ×N(l) V (l)
x ⊂ T ∗V (l)

x

so the result follows from (3.1). �

Given this, we make the
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Definition 3.5. LetN
′
be an extension of the Higgs bundle p∗lN to aGl-equivariant

meromorphic Higgs bundle on N (l). Let {ei}ri=1 denote a Gl-equivariant basis of
N ′

V
(l)
x

[y−11 , . . . , y−1d ] on which the Higgs fields acts diagonally (which exists by 3.4).

Then N
′
is said to be θ-regular at infinity (at x) if N

′

V
(l)
x

has a basis {ei} whose
localization at {y1, . . . , yd} is {ei}.

Fixing such a basis for each closed point, we let [Θ]x (or simply [Θ] if the point

x is understood) denote the matrix of the Higgs field of N
′

x in this basis. It follows
immediately (from the fact that the ei are eigenvectors for the Higgs field) that this
matrix is diagonal; let θi ∈ Ω1

N̂
(l)
x

denote the (i, i) entry of [Θ].

To motivate this definition, we give the

Example 3.6. As in the proof of 3.4, we let πl : L
(l) → N

(l)
x be the etale cover

from Theorem 3.3. Then, for any line bundle L on L(l), we have the meromorphic
Higgs sheaf (L, df). By pushing forward under the etale map πl we see that (πl)∗L

inherits the structure of a meromorphic Higgs bundle. If we set N
′
= (πl)∗L, we

obtain (by the proof of 3.4) that N
′
is θ-regular at infinity.

From the construction, we see that the eigenvalues of the Higgs field on this
(πl)∗L correspond to the distinct components of the completion of L(l) along the
fibre π−1l (x).

Next, we consider the descent of such bundles to X̃. Since V
(l)
x → Vx is finite

flat, each Gl-isotypic componant of N
′
is a vector bundle over Vx. So we can make

the

Definition 3.7. Let N be an extension of N to a meromorphic Higgs bundle on

X̃. Then N is said to be θ-regular at infinity if, for each point x ∈ X̃\U , and any
etale neighborhood Vx as in Theorem 3.3, there is a Gl-equivariant meromorphic

Higgs bundle N
′
on V

(l)
x which is θ-regular at infinity,

N = (N
′
)Gl

Let Picr(L) denote the group of isomorphism classes of rank 1 reflexive coherent
sheaves on L- these are equivalent to line bundles on the codimension 2 smooth
open subset of L. Then we have

Proposition 3.8. Let L ∈ Picr(L). Then (L, df) is a meromorphic Higgs sheaf,

and π∗(L, df) is a Higgs bundle on X̃, which is θ-regular at infinity.

Proof. The result is clear over U . Let x ∈ X̃\U and let N
(l)
x → Nx be as above.

Then since L is a line bundle in codimension 2 on L̃, we can pull it back (in

codimension 2) under pl : L
(l) → L̃|N(l) ; the resulting object extends uniquely to a

Gl-equivariant line bundle L′ on L(l) (by [H3], proposition 1.8; since L(l) is a regular
scheme). We have (L′)Gl = L. By 3.6 (πl)∗L′ is θ-regular at infinity. Therefore so
is

((πl)∗L
′)Gl = π∗(L)

as claimed. �

Our next goal is the converse to this theorem; which can be considered a BNR
correspondence with singularities:
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Theorem 3.9. There is a bijection between Picr(L) and the set of Higgs bundles

which are θ-regular at infinity on X̃; it is given by L → π∗L.

In order to prove this, we first show:

Lemma 3.10. Let N be a Higgs sheaf on X̃ which is θ-regular at infinity; and
let End(N ) denote the sheaf of endomorphisms of N which respect the Higgs field.
Then we have

End(N )=̃π∗OL

as sheaves of algebras on X̃.

Proof. Over U we have that N = π∗(L) where L is a line bundle on LU . Since
LU → U is etale, the natural action of OLU on L induces a map π∗(OLU ) →
End(N ). As this map is an isomorphic etale locally (in particular after pullback to
LU ), it is already an isomorphism.

AsN is a vector bundle, restriction of endomorphisms yields an inclusion End(N ) ⊂
π∗j∗OLU

; therefore End(N ) is commutative sheaf of domains, whose function field

is everywhere equal to K(L). Since End(N ) is a coherent sheaf over X̃, it must be

contained in the normalization of X̃ in K(L), which is π∗OL. We must therefore

show that the resulting map End(N )→ π∗OL is surjective.

Choose a point x ∈ X̃\U , a neighborhood Nx of x (as in Theorem 3.3) and a

finite flat cover N
(l)
x → Nx. The θ-regularity condition implies that there is N

′
on

N (l) so that (N
′
)Gl = N . After pulling back to V

(l)
x we have

N
′

V
(l)
x

=

r⊕

i=1

O
V

(l)
x
· ei

Since the Higgs field acts on the {ei} with distinct eigenvalues, the endomorphisms

of this Higgs sheaf are

r⊕

i=1

O
V

(l)
x

=̃O
L(l)×

N(l)V
(l)
x

(here we used (3.1)).

Now, if s is any local section of π∗OL, it can be regarded as a Gl-invariant local

section of OL(l) , and hence, after pulling back to V
(l)
x , it yields an endomorphism

of N
′
, which is equivariant with respect to the Gl-action. But the map

End(N
′
)Gl → End((N

′
)Gl) = End(N )

is clearly surjective (consider the decomposition into character spaces). Therefore
the section s is contained in the image of the map End(N )→ π∗OL as required. �

Now we proceed to the

Proof. (of Theorem 3.9) We have already seen (in 3.8) that each such π∗L is θ-
regular at infinity. So we must prove the other direction. Let N be θ-regular at
infinity.

By the usual BNR correspondence, N is isomorphic to π∗(LU ) for a unique line
bundle LU on LU . An application of flat base change yields

π∗(j∗LU )=̃j∗π∗(LU ) = j∗N

Now, using this isomorphism, for any open subset V ⊂ L we define

L(V ) := {s ∈ (j∗LU )(V )|π∗(s) ∈ N}
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this is a sheaf on L which extends U . By Lemma 3.10, this is a sheaf of OL-modules.
We now check that it is a reflexive coherent sheaf.

Let x ∈ X̃\U . By definition, there is an etale neighborhood Vx of x, a root cover

V
(l)
x → Vx and a Higgs bundle N

′
on V

(l)
x so that N = (N

′
)Gl . There is a Gl-

equivariant line bundle L(l) on L(l) ×N(l) V
(l)
x |U so that N

′
|
V

(l)
x |U

= (πl)∗(L
(l)

V
(l)
x |U

).

Further, the Higgs bundle N
′
splits as a direct sum of line bundles with Higgs field.

Therefore, if we consider the analogue of the above construction for N
′
and define

L(l)(V ) := {s ∈ (j∗L
(l)

V
(l)
x |U

)(V )|π∗(s) ∈ N
′
}

then we see that L(l) is a Gl-equivariant line bundle on L(l) ×N(l) V
(l)
x . But then

since N = (N
′
)Gl we see that LVx = (L(l))Gl which shows that the pullback of L

to an etale neighborhood of each point is a reflexive coherent sheaf; this implies the
result. �

Remark 3.11. The definitions and constructions in this section extend, in the ob-

vious way, to reflexive coherent Higgs bundles on X̃F , where F is either a field of
characteristic zero with R ⊂ F , or F = k, a perfect field such that there is a map
R→ k.

To finish this section, we give a convenient result (to be used later) about the

etale local structure of the of the Higgs bundleN , and the finite flat map π : L→ X̃,
at a point x ∈ D.

Corollary 3.12. 1) Let x ∈ D be any point. There is an etale neighborhood Vx of
x so that the scheme LVx is a disjoint union of its components

LVx =
⊔

i

LVx,i

each map LVx,i → Vx is finite flat, and the restriction to a neighborhood of the
generic point of any component of D, is itself a disjoint union of branched covers.

2) Let N be θ-regular at infinity, and let x ∈ D̃ be the generic point of the

intersection of some components of D̃. There is an etale neighborhood ϕ : Vx → X̃
of x, and a direct sum decomposition

ϕ∗N =
⊕

i

N Vx,i

into sub meromorphic Higgs sheaves, indexed by the components LVx,i, such that

N Vx,i=̃π∗(OLVx,i
, df)

Proof. The second part clearly follows from the first and Theorem 3.9; so we prove

the first statement only. Let p : V
(l)
x → Vx be as in Theorem 3.3; so that L(l) → V

(l)
x

is a disjoint union of isomorphisms. Fix local coordinates {y1, . . . , yd, zd+1 . . . , zn}

on V
(l)
x , so that that action of Gl =< g1, . . . , gd > is given by gi · yi = ζyi, for a

primitive lth root of unity ζ (and zi = yli) for 1 ≤ i ≤ d. Fix an orbit O of Gl on

the components of L
(l)
Vx
→ V

(l)
x . Call the members of the orbit {Z

(l)
i }. So, for each

i, if we write θi = θ1dy1 +
∑

j≥2

θijdzj , then the equations for Z
(l)
i inside T ∗V

(l)
x are

given by {∂s − θis}
n
s=1.
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Consider the diagram of schemes

T ∗V (l)
x ← T ∗Vx ×Vx V

(l)
x → T ∗Vx

where the first map is dp∗ and the second map is projection along the second factor.
Then we choose coordinates on these spaces so that O

T∗V
(l)
x

= O
V

(l)
x

[ξ1, . . . , ξn],

and O
T∗Vx×VxV

(l)
x

= O
T∗V

(l)
x

[ξ′1, . . . ξ
′
n]; and the map dp∗ is given by the identity on

O
T∗V

(l)
x

and ξj → ξj for j > d while ξi → lzl−1i ξ′i for i ≤ d. Thus the inverse image

of the subscheme (ξ1 − θi1, ξ2 − θi2, . . . ξn − θin) inside T ∗Vx ×Vx V
(l)
x is given by

(lzl−11 ξ′1 − θi1, . . . , lz
l−1
d ξ′d − θd1, ξd+1 − θi1, . . . .ξn − θ

′
in).

Now define Z ′i ⊂ T
∗Vx×VxV

(l)
x to be the reduced closure of the subscheme defined

by (ξ′1 −
1

lzl−11

θ′i1, . . . , ξ
′
d −

1

lzl−1d

θ′d1, ξd+1 − θ
′
i(d+1), . . . ξn − θ

′
in) inside T ∗(Vx\D)×Vx

(V
(l)
x \D). The projection to the base V

(l)
x is an open immersion away from the in-

tersection of divisors; it surjects onto the complement of the intersection iff zl−1j

divides θij for all 1 ≤ j ≤ d. Either way, if we now consider the union (over i ∈ O)

of all Z ′i, we obtain a reduced subscheme of T ∗Vx×VxV
(l)
x with smooth components,

whose components are permuted by the group Gl.

Now, consider the scheme Z
′

i, which we define to be the integral closure of

O
V

(l)
x

inside OZ′

i
; this is a smooth scheme which is isomorphic to V

(l)
x . Since the

projection map T ∗Vx ×VX V
(l)
x → T ∗Vx is simply the quotient by Gl, we see that

we have attached to the orbit O, the scheme LVx,O, which is the quotient

LVx,O = (
⊔

i∈O

Z
′

i)/Gl

As scheme LVx is the union of these schemes, this implies the result (where LVx,O

is labelled LVxi in the statement). �

In fact, this proof gives slightly more, as the map
⊔

i∈O

Z ′i → T ∗Vx ×Vx N
(l)
Vx

ex-

tends to a rational map
⊔

i∈O

Z
′

i 99K T
∗Vx ×Vx N

(l)
Vx

; taking the quotient by Gl then

yield the rational map LVx 99K T ∗Vx.

Definition 3.13. Let {x} be the generic point of a component of D̃, and let Vx be

an etale neighborhood of {x} as above. Let LVx =
⊔
LVx,i be the decomposition

into components, and let LVx,i 99K T
∗Vx be the rational map constructed directly

above. Then we say that LVx,i is embedded in T ∗Vx if the rational map above

extends to a closed immersion on LVx,i .

3.2. θ-regular λ-connections in positive characteristic. In this section, work-
ing in positive characteristic, we construct natural deformations of the θ-regular
Higgs sheaves encountered in the previous section, to objects which we call θ-regular
λ-connections. As our ultimate goal is to construct D-modules with a certain p-
curvature, the λ-connections we consider will have a strong p-curvature constraint;
and we will end up with a very small family of objects- in fact, under the assump-
tion that H1

dr(L) = 0, we will see that each θ-regular Higgs bundle admits at most
one deformation to a θ-regular λ-connection (c.f. 3.27 below).
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Before giving the details, let us consider the problem to be solved. Looking at
Theorem 3.9, one sees that, for the simplest θ-regular Higgs sheaf π∗(OL), there is a
very natural meromorphic λ-connection one can associate to it- namely π∗(OL[λ]),
which is equipped with the λ-connection ∇(1) = df . However, this connection may
not be the one we seek to solve the quantization problem. This is because, wherever

the map L → X̃ is branched, the λ-connection π∗(OL[λ]) has singularities when
λ 6= 0. So, if the map L→ X is a branched cover (as in 2.10), this bundle will have
singularities along the branchings, and is therefore not a good candidate to solve
the quantization problem.

On the other hand, over the locus U where LU → U is etale, the bundle π∗(OL[λ])
behaves as expected (as detailed in 2.2 above). So we seek to extend this bundle to

an object on all of X̃ which has no “unexpected” singularities. In this section we
accomplish this over k, where k is an algebraically closed field of positive charac-
teristic.

To set things up, let (L,∇) be any line bundle on LUk
, equipped with a λ-

connection such that the Higgs field on L/λ is given by df ; and such that (L,∇) is
locally isomorphic to the connection given by

∇(1) = df

(there is at least one such, namely (O,∇) where ∇(1) = df).

Definition 3.14. Define a λ-connection on U via Nλ,L = π∗(L,∇). We set
Nλ̂ := lim

n
(Nλ/λ

n). Let N := Nλ/λ, this is the Higgs bundle (attached to L)

that we constructed in the previous section.

As above, we will almost always suppress the subscript L.
The sheaves Nλ are locally isomorphic to the sheaf Eλ which we considered in

2.2 above; recall that it was defined to be π∗(OLUk
, df). In particular, by Lemma

2.15 we have:

Lemma 3.15. The sheaf Nλ,k, considered as a sheaf on T ∗U
(1)
k ×A

1 via the identifi-

cation Z(Dλ)=̃OT∗U
(1)
k

[λ], is scheme theoretically supported on L
(1)
Uk
×A1

k. Similarly,

Nλ̂,k is scheme-theoretically supported on L
(1)
Uk
× Â1

k.

Let us consider how to obtain the correct extension of these objects to X̃k. We

will first work in codimension 2, obtaining a reflexive coherent sheaf on X̃k, and
then show that the resulting object is a bundle in Theorem 3.25 below. We have

Lemma 3.16. Let x ∈ D̃sm
k . Then there is an etale neighborhood ϕ : Vx → X̃k of

x in which we have a direct sum of λ-connections

ϕ∗(j∗Nλ) =
⊕

i

j∗(Nλ)Vx,i

where j : Uk → X̃k is the inclusion, and each summand j∗(Nλ)Vx,i is p-supported

along a component of the inverse image of L
(1)
k × A1

k inside (T ∗(Vx,k)
(1) × A1)\D̃.

In particular, the summands are indexed by components of LVx × A1
k.

Proof. If we consider ϕ∗(j∗Nλ) as a sheaf on T ∗V
(1)
x,k ×A1

k. It is p-supported along

the inverse image of L
(1)
k ×A1

k. Over (T ∗Vx,k
(1) × A1)\D̃, this scheme is a disjoint
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union of components, indexed by orbits of the group Gl on the components of the

scheme L(l) ×N(l) V
(l)
x (by 3.12). Thus the action of the center of Dλ on ϕ∗(j∗Nλ)

induces the claimed decomposition. �

This reduces the problem of extending the sheaf ϕ∗(j∗Nλ) to a bundle on Vx
to the problem of extending each individual summand j∗(Nλ)Vx,i. There are two
distinct cases that we have to deal with, according to weather or not the associated
component LVx,i is embedded in T ∗Vx (c.f. 3.13). In fact, as our only need in this
paper is to control the behavior our connection on L itself, we can cut things even
finer:

Definition 3.17. Let x ∈ D̃sm
k and consider the decomposition LVx =

⊔
LVx,i into

components. As each map LVx,i → Vx is a branched cover, each component LVx,i

contains a single component of the divisor Ẽk. We shall say that the component is
of type I if LVx,i is embedded in T ∗Vx and the component of Ẽk in LVx,i belongs
to Lk (as in 3.1). We say that the component is of type II in every other case.

Now we can construct the (first incarnation of) the extensions we are looking
for:

Proposition 3.18. For each Nλ as above, there is a reflexive coherent extension,
N λ, with the following property: let x be the generic point of a component of D̃k.

There is an etale neighborhood ϕ : Vx → X̃k of x, on which N λ is a bundle, and
for which we have a direct sum of bundles with meromorphic λ-connection

ϕ∗(N λ) =
⊕

i

(N λ)Vx,i

whose restriction to Vx\D̃k agrees with the decomposition of Lemma 3.16. If the
summand (N λ)Vx,i corresponds to a component of type I, then we have that this
summand is a bundle with λ-connection; i.e., it has no singularities. If the sum-
mand (N λ)Vx,i corresponds to a component of type II, then we have (N λ)Vx,i =

(N
′

i,λ)
Gl where N

′

λ is a Gl-equivsriant bundle on V
(l)
x with meromorphic connec-

tion, which has a basis {ej} on which Gl acts transitively, so that

∇(ej) = θjej

where θj are the one-forms defined in 3.5.

The meromorphic Higgs sheaf N λ/λ is θ-regular at infinity in codimension 2.

In other words, we take the naive kind of λ-connection (where we imitate the
definition of θ-regular Higgs bundle) when we are in type II, but we need to do
something different in type I in order to get a bundle without singularities.

Proof. Consider the generic point {x} of a component of the divisor D̃k. By flat
descent, to obtain a bundle we can work in an etale neighborhood of each such {x}.
We apply Lemma 3.16 to get the decomposition

ϕ∗(j∗Nλ) =
⊕

i

(j∗Nλ)Vx,i

Now we shall explain how to define an appropriate sub-bundle of each j∗(Nλ)Vx,i.
First, suppose that the corresponding component LVx,i,k is of type I. This implies
that the center of Dλ,Vx acts on j∗(Nλ)Vx,i through a quotient which is a finite
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flat module over OVx [λ]. Thus any coherent Dλ,Vx -submodule of j∗(Nλ)Vx,i is also
coherent over OVx [λ].

Choose a finite locally free module F over OVx [λ] such that F [z−1] = ϕ∗(j∗Nλ)i
(here z is a local coordinate for ϕ−1(D̃)). Let G be he coherent Dλ,Vx -submodule
generated by F . By the above it is contained in z−MF for some M > 0. Let G′

denote {m ∈ ϕ∗(j∗Nλ)i|λim ∈ G for some i > 0}. Then G′ is a Dλ,Vx -submodule,
clearly contained in z−MF , and hence also coherent over Vx,k ×A1

k. By the choice
of G′ we have that the map

G′/λ→ j∗(Nλ)Vx,i/λ

is injective. Thus G′/λ is a torsion-free coherent sheaf over Vx which is supported
along LVx,i ⊂ T ∗(Vx,k). After replacing G′ by its double dual over OVx [λ] if neces-

sary, we see, applying (the proof of) Lemma 2.21, that G′ is a bundle over Vx,k×A1
k,

which is coherent over Dλ,Vx ; i.e., it is a bundle with λ-connection, without singu-
larities. The reduction mod λ of this bundle is a Higgs bundle, necessarily supported
along the image of LVx,i in T ∗Vx (as this is so generically); therefore, by the BNR

correspondence, it is the pushforward of a line bundle on LVx,i.

Now suppose the component LVx,i is of type II. Then, after taking the lth root

pullback V
(l)
x,k → Vx,k (along D̃k), we have that j∗(Nλ)Vx,i becomes isomorphic to

a direct sum of line bundles with connection. Thus we may choose an extension

of this sheaf to a direct sum of line bundles with meromorphic connection on V
(l)
x,k.

Then taking Gl-invariants yields an appropriate sub-bundle of j∗(Nλ)Vx,i.
Now, we have defined a bundle on U × A1 (namely Nλ ) and sub-bundles of

j∗(Nλ)Vx,i along the an etale cover of the generic point of each component of the

divisor D̃k. Thus, after restricting to an open subscheme whose complement has
codimension 2, faithfully flat descent yields a bundle, and we may push forward to

obtain a reflexive coherent sheaf on X̃k × A1
k. To obtain the last sentence, note

that we proved it above (at the generic point of a divisor) for (N λ)Vx,i in type I,
and for type II it follows immediately from the construction. �

Now, in order to proceed (and, eventually, to match these constructions with
those of the previous chapter), we shall need to have an action of the category of
locally trivial log connections on the set of N λ. The above construction is not quite
flexible enough to allow us to do this; essentially, we need to be able to change the
“monodromy” along components of the divisor Ẽk ⊂ Lk. Therefore, we make the

Definition 3.19. Let N λ be a reflexive coherent sheaf with λ-connection on X̃k×
A1

k, whose restriction to Uk × A1
k is equal to a bundle of the type defined in 3.14.

We say that N λ is θ-regular at infinity if, for each x which is the generic point of

a component of D̃k, there is an etale neighborhood ϕ : Vx → X̃k so that

ϕ∗(N λ) =
⊕

i

(N λ)Vx,i

whose restriction to Vx\D̃k agrees with the decomposition of Lemma 3.16. If the
summand (N λ)Vx,i corresponds to a component of type I, then we demand that
this summand is of the form

zα · Vλ
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where Vλ is a bundle with λ-connection, α ∈ Z, and the terminology is as follows:
we have j∗(Nλ)Vx,i=̃π∗(L) where L is a line bundle on LVx,i. Thus j∗(Nλ)Vx,i has
an action of π∗OLVx,i

, and so we can rescale any sub-bundle by a power of z, which

is a local coordinate on LVx,i.

If the summand (N λ)Vx,i corresponds to a component of type II, then we have

(N λ)Vx,i = (N
′

i,λ)
Gl whereN

′

λ is aGl-equivariant bundle on V
(l)
x with meromorphic

connection, which has a basis {ej} on which Gl acts transitively, so that

∇(ej) = (θj + λβ
dz

z
))ej

where θj are the one-forms defined in 3.5 and and β ∈ Fp.

We note that the integer α appearing in the first part of the definition in unique,
up to adding a multiple of p. Indeed, as we have seen during the proof of Lemma
2.21, the bundle Vλ is unique up to multiplication by a power of λ, and up to
rescaling by an element of O

L
(1)
Vx,i

. As this bundle is supposed to equal Nλ after

restriction to Uk, we see that the power of λ must be 0, and that the rescale by an
element of O

L
(1)
Vx,i

must be a rescale by zpn · u where u is a unit. Therefore Vλ is

unique up to multiplication by by an element of the form zpn.
From this definition we see that each λ-connection which is θ-regular at infinity

comes with a “residue,” which is an Fp-divisor in Lk. More precisely, we have

Definition 3.20. Let N λ be a λ-connection which is θ-regular at infinity. To N λ

we attach an Fp-divisor supported on Ẽk as follows: let Ei be a component of Ẽk,

living over some component D′kof D̃k. After passing to an etale neighborhood Vx
of the generic point of D′k, we have that Ei is contained in a unique component

LVx,i of LVx . If LVx,i is of type I, then we have (N λ)Vx,i = zαVλ for some α ∈ Z,

and we attach αEi, where α is the image of α in Fp. If LVx,i is of type II, then we

have N λ = (N
′

i,λ)
Gl where N

′

λ = π∗(L,∇ + λβ dz
z ), and we attach βEi. The sum

over all these divisors is the residue of N λ.

Before proceeding, we record for later use the

Remark 3.21. Suppose W ⊂ X̃k × A1
k is an open subset. Then if Pλ is some

vector bundle with meromorphic λ-connection on W , we can extend the notion of
θ-regularity to Pλ, by noting that the construction of 3.18 is completely local.

Now we can classify θ-regular λ-connections. We start with the analogues of
Lemma 3.10 and Theorem 3.9 for θ-regular λ-connections:

Lemma 3.22. Let N λ be strongly θ-regular at infinity. Let End(N λ) denote the
sheaf of endomorphisms of N λ which respect the λ-connection. Then

End(N λ)=̃π∗OL
(1)
k

[λ]

Proof. As in the proof of Lemma 3.10, one easily obtains an injective morphism

End(N λ)→ π∗OL
(1)
k

[λ]

which is an isomorphism over Uk. To show that it is surjective, let W denote an

open subset of X̃k of codimension 2 over which N λ is a bundle; and j : W → X̃k
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the inclusion. Note that

j∗EndOW (N λ|W )=̃EndO
X̃k

(N λ)

which implies that the same holds for End(N λ). Thus it suffices to prove the result
over W . To do that, we can work locally and pull back to the etale neighborhood
Vx of {x}, the generic point of some component of D̃k. We can then use the
decomposition

ϕ∗Nλ =
⊕

i

(Nλ)Vx,i

For a summand of type II, then by definition (Nλ)Vx,i is the Gri -invariants inside
a direct sum of line bundles with connection; and we can proceed in an identical
manner to the proof of Lemma 3.10. In the type I case, we can apply the argument of
Lemma 2.21 to see that the endomorphisms are equal to π∗OL

(1)
Vx,i

[λ], as needed. �

Next, we have the following consequence, the analogue of Theorem 3.9:

Theorem 3.23. The set of θ-regular λ-connections with a given residue is a torsor

over Picr(L
(1)

k ).

Proof. First, we note that there is a θ-regular connection which has any given
residue. To see it, take the θ-regular connection N λ of 3.18, and then modify
it at the generic point of each component of D̃k as follows: let Vx be an etale
neighborhood of the generic point of a component of D̃k, so that we have the
decomposition

(3.2) ϕ∗N λ =
⊕

i

(Nλ)Vx,i

Then, by rescaling each summand by an appropriate power of the uniformizor
in LVx,i, we can arrange the residue to be any divisor (supported in Ẽk) with
coefficients in Fp.

Now, let Nλ and Pλ be two meromorphic λ-connections which are θ-regular at
infinity, with the same residue. We start by showing that they are locally isomorphic
over an open subset of codimension 2. Over the open subset U this is true by
definition. Let’s examine the situation over the generic point {x} of a component

of D̃k. There, we have the etale neighborhood ϕ : Vx → X̃k, and we have the
decomposition (3.2) and its analogue for Pλ.

If we are in type II, we have (Nλ)Vx,i = (N
′

i,λ)
Gl for a bundle N

′

i,λ on N
(l)
k which

possesses a basis of eigenvectors for the connection; and the same for (Pλ)Vx,i. So
the result follows immediately (from the fact that both the p-curvature and the
residue are fixed). If we are in type I, we have that (Nλ)Vx,i and (Pλ)Vx,i are λ-
connections without singularities; or a multiple of such a connection by a power of
the uniformizor. Then the proof of Lemma 2.21 shows that (Nλ)Vx,i=̃(Pλ)Vx,i as
claimed.

Therefore, N λ and Pλ are locally isomorphic in the etale topology over an open
subset of codimension 2. Applying the previous lemma, we see that Hom(N λ,Pλ)
is, locally in the etale topology, isomorphic to π∗(OL

(1)
k

[λ]); therefore this is true in

the Zariski topology as well and we see that N λ and Pλ are locally isomorphic in
codimension 2.



THE p-CYCLE OF HOLONOMIC D-MODULES AND QUANTIZATION OF EXACT ALGEBRAIC LAGRANGIANS38

Thus, over an open subset V of codimension 2, the set of all θ-regular λ-
connections is a torsor overH1(Aut(N λ)) = H1(π∗(Oπ−1(V (1))[λ])

∗)=̃H1(O∗
π−1(V (1))

).

But this is just the group of line bundles on π−1(V (1)) ⊂ L
(1)

k . Since any θ-regular
λ-connection is a pushforward of its restriction to codimension 2, the result fol-
lows. �

Now we would like to consider the case where the residue is not fixed. Let
Picr(L, Ẽ,∇) denote the group of reflexive coherent sheaves of rank 1 with log

connection with respect to Ẽk on Lk, of trivial p-curvature. In 7.5 below, we
show that to give an element (L,∇) ∈ Picr(Lk, Ẽk,∇) is to give an element L′ ∈

Picr(L
(1)

k ), and embedding of sheaves F ∗L′ → L and for each component Ẽi of Ẽk,

an element of {0, . . . , p− 1} so that z−αF ∗L′ = L at the generic point of Ẽi. With
this in hand, we can show

Corollary 3.24. The set of θ-regular λ-connections is a torsor over the group
Picr(L, Ẽ,∇). If N λ is strongly θ-regular with residue A, and (L,∇) is such a log

connection, whose residue along Ẽk is given by B =
∑

i

βiẼi, then the residue of

the strongly θ-regular sheaf (L,∇) ⋆ N λ is A + B. Further, if (N λ)/λ = π∗(L′)
(in codimension 2) via Theorem 3.9, then we have ((L,∇) ⋆N λ)/λ=̃π∗(L⊗L′) in
codimension 2.

Proof. Let L′ ∈ Picr(L
(1)

k ) be associated to (L,∇), as discussed above. We can
define the action of such a bundle as follows: first, act by the line bundle L′ ∈

Picr(L
(1)
k ) as in the previous theorem to obtain a θ-regular bundle L′ ⋆Nλ, whose

residue is equal to that of N λ.
Now we argue as in the proof of Lemma 3.26; let the notation be as in the that

proof. So we have

ϕ∗(L′ ⋆Nλ) =
⊕

i

(L′ ⋆Nλ)Vx,i

For each i, we let α be the element of {0, . . . , p − 1} associated to the divisor

Ẽi by the construction of 7.5. If we are in type I, then we modify (L′ ⋆Nλ)Vx,i to

z−α(L′⋆Nλ)Vx,i. If we are in type II, then we have (L′⋆Nλ)Vx,i = (L′⋆N
′

i,λ)
Gl where

L′ ⋆ N
′

λ possesses a basis {ei} as in 3.19.. We modify this bundle by multiplying
each basis element by z−α. The required properties of the action follow directly
from the construction. �

Now, the final major result we need about θ-regular connections is:

Theorem 3.25. Let N λ be θ-regular at infinity. Then N λ is a vector bundle. In

particular, N λ/λ is a θ-regular Higgs sheaf on all of X̃k.

This follows immediately from the following lemma, in which we show that N λ

is, etale locally, the Gl-invariants inside some vector bundle- which we explicitly
construct, on a root cover.

Lemma 3.26. Let x be a point of X̃k which is contained in the intersection of
exactly m components of D̃k. Then there is an etale neighborhood of x, ϕ : Vx,k →

X̃k , and a vector bundle N
′′

λ on V
(l)
x,k, so that ϕ∗N λ = (N

′′

λ)
Gl .
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Proof. Let ϕ : Vx,k → X̃k be the etale morphism of 3.12. Let {z1, . . . , zn} be

local coordinates on Vx, for which D̃ is given by {z1 · · · zm = 0}. We have the
decomposition

ϕ∗Nλ =
⊕

i

(Nλ)Vx,i

according to p-curvature. We can work with one summand at a time, and the
only nontrivial case is the one where the component LVx,i embeds into T ∗Vx,k
over {z1 = 0} (i.e., LVx,i is type I). Here we are using assumption 2 concerning

the structure of L, which says in particular that any type I divisor does does not
intersect another.

Consider the partial root cover V
(0,l...,l)
x,k → Vx,k (where we take lth roots of

{z2, . . . zm}). We denote by L
(0,l,...,l)
Vx,i,k

the scheme whose structure sheaf is the inte-

gral closure of O
V

(0,l...,l)
x,k

inside O
V

(0,l...,l)
x,k ×Vx,k

LVx,i,k

[w−11 · · ·w
−1
m ]. Then L

(0,l,...,l)
Vx,i,k

→

V
(0,l...,l)
x,k is a G(0,l,...,l)-equivariant finite map, where G(0,l,...,l) is the (m − 1)-fold

product of cyclic groups of order l, acting in the obvious way on {z2, . . . , zm}.
As all of the divisors living above {z2 · · · zm = 0} are type II, we have that

(Nλ)Vx,i[z
−1
1 ] = (N

′

i,λ[z
−1
1 ])G(0,l,...,l) whereN

′

i,λ[z
−1
1 ] is aG(0,l,...l)-equivariant mero-

morphic connection, with a basis which is an eigenbasis for the connection on which

G(0,l,...,l) acts transitively. We may now extend this sheaf to a sheaf N
′

i,λ, which

is a reflexive meromorphic λ-connection on V
(0,l,...,l)
x,k constructed by the method of

3.18. In other words, it is a bundle whose connection form has no singularities,
along {z1 = 0}; we can readjust the residue by multiplying by a power of z1 as

needed. Then we have (Nλ)Vx,i = (N
′

i,λ)
G(0,l,...,l) .

Let p : V
(l)
x,k → V

(0,l...,l)
x,k be the root cover along w1. Then we claim that p∗N

′

i,λ is

a Gl-equivariant vector bundle with (p∗N
′

i,λ)
Gl = (Nλ)Vx,i. Note that it is reflexive

as the pullback of a reflexive sheaf under a flat morphism is reflexive.

To prove that it is actually a vector bundle, we first note that p∗N
′

i,λ[z
−1
2 , . . . , z−1m ]

is a vector bundle on V
(l)
x,k\{z2 · · · zm = 0} × A1

k by the argument of Lemma 2.21-
we showed there that a reflexive coherent λ-connection, whose reduction mod λ is a
line bundle on a smooth variety L (in codimension 2), and whose p-support is con-
tained in L(1)×A1

k, is actually a bundle. Its reduction mod (λ) is equal to the free

module p∗N
′

i,λ = p∗π∗(LL(0,l...,l)
Vx,i

), where L is the trivial line bundle on L
L

(0,l...,l)
Vx,i

,

with G(0,l,...l)-action given by some character. The projection L
(0,l...,l)
Vx,i

→ V
(0,l...,l)
x,k

is a finite map, branched over {z1 = 0} and etale after removing {z1 = 0}. It
follows that we can choose a basis of π∗(LL(0,l...,l)

Vx,i

) which consists of eigenvectors

for the action of G(0,l,...l). The same is therefore true after pulling back to V
(l)
x,k, and

so we obtain a basis {e1, . . . , er′} of p∗π∗(LL(0,l...,l)
Vx,i,k

) which consists of eigenvectors

for Gl. In particular, each ei has no zeros on L
V

(l)
x,i,k

.

Now, we claim that there is a set of elements {ẽ1, . . . , ẽr′} ⊂ p∗N
′

i,λ[z
−1
2 , . . . , z−1m ]

on which Gl acts by a character, which lift {e1, . . . , er′}, and which have no zeros

on V
(l)
x |Uk

×A1
k. To see this, we first rescale the ẽi by powers of {z2, . . . , zm} until
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the subgroup G(0,l,...,l) acts trivially. Then, note that there is a decomposition

p∗N
′

i,λ[z
−1
2 , . . . , z−1m ] =

⊕

χ

(p∗N
′

i,λ[z
−1
2 , . . . , z−1m ])χ

of p∗N
′

i,λ[z
−1
2 , . . . , z−1m ] into submodules on which G(l,0,...,0) acts with character

χ. Each of these submodules is a vector bundle over O
V

(0,l...,l)
x

[λ]. So apply-

ing Lindel’s theorem ([Li], Theorem on the bottom of page 1), we see that each

(p∗N
′

λ,i[z
−1
2 , . . . , z−1m ])χ is induced from O

V
(0,l...,l)
x,k

. In particular, we can choose

lifts {ẽi} to sections, on which G(l,0,...,0) acts by a character, and which have no

zeros on V
(0,l,...,)
x |Uk

×A1
k; i.e., when regarding them as sections of the pushforward

of p∗N
′

λ,i[z
−1
2 , . . . , z−1m ] to V

(0,l,...,l)
x . As V

(l)
x |Uk

× A1
k is an etale G(l,0,...,0)-cover of

V
(0,l,...,)
x |Uk

× A1
k and G(l,0,...,0) acts by a character on each section ẽi, this implies

that these sections, when regarded as elements of p∗N
′

i,λ[z
−1
2 , . . . , z−1m ], have no

zeros on V
(l)
x |Uk

× A1
k. Now we may again rescale by powers of {z2, . . . , zm} to see

that we can lift the original {ei}r
′

i=1.

Now choose a collection {fi}r
′

i=1 of eigenvectors for ∇ inside p∗N
′

i,λ[z
−1
1 ] which

are a basis for it it as a bundle, on which Gl acts transitively. We may write any of

the sections ẽi ∈ p∗N
′

i,λ[z
−1
2 , . . . , z−1m ] as a sum of eigenvectors of the form

r′∑

j=1

αjfj

(now working inside p∗N
′

i,λ[z
−1
1 , z−12 , . . . , z−1m ]). Since the action by Gl is transitive,

we see that each ratio
αj

αj′
is a root of unity. From this and the non-vanishing

condition for the section ẽi, it follows that, αj ∈ (O
V

(l)
x

[z−11 , z−12 , . . . , z−1m , λ])∗ =

(O
V

(l)
x

[z−11 , z−12 , . . . , z−1m ])∗ for all αj ; and since the reduction mod λ of each such

section is contained in p∗N
′

i, we see that in fact αj is contained in O
V

(l)
x,k

[z−11 ];

therefore, the sections {ẽ1, . . . , ẽr′} are contained in p∗N
′

i,λ (since this sheaf is
reflexive, to check that these are sections we only have to check it in codimension

2; i.e., after inverting each zi), and in fact these sections must generate p∗N
′

i,λ[z
−1
1 ]

as the change of basis matrix between the {ei}ri=1 and the {fi}ri=1 has nowhere
vanishing determinant.

To see that {ẽi}r
′

i=1 actually generate p∗N
′

i,λ, it is enough to check it in codimen-
sion 2; as a sub-bundle of full rank of a reflexive coherent sheaf, which is equal to
the whole sheaf in codimension 2, is equal to it everywhere. Since {e1, . . . , er′} are

a basis for p∗N
′

i, it follows that p∗N
′

i,λ/λ→ p∗N
′

i is surjective, and therefore10 an

isomorphism and that {ẽi}
r′

i=1 generate in an open neighborhood of V
(l)
x ⊂ V

(l)
x ×A1

k;

however, by the previous paragraph they also generate p∗N
′

i,λ[z
−1
1 ]; so they gener-

ate in codimension 2 as required. �

Finally, to finish off this section, we note:

Corollary 3.27. Suppose H0(Ω1
Lk

) = 0. For each L ∈ Picr(Lk) there is at most

one N λ, with a given residue, for which N λ/λ = π∗(L).

10Since Nλ is reflexive, by, [HL] corollary 1.1.14 , Nλ/λ is torsion-free
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Proof. There is a natural map Picr(L
(1)

k )→ Picr(Lk) which is given by the Frobe-
nius pullback. By Theorem 3.23 and Theorem 3.9, we have to show that this map

is injective. So, suppose L′ ∈ Picr(L
(1)

k ) satisfies F ∗L′=̃OLk
. By Cartier descent,

applied over the smooth locus L
sm

k , we obtain a flat connection on OL
sm
k

, for which

∇(1) ∈ H0(Ω1
L

sm
k

). But since Lk is a V -manifold, we have H0(Ω1
L

sm
k

) = H0(Ω1
Lk

) =

0. Therefore the connection is trivial, and we see that L′
L

sm,(1)
k

=̃O
L

sm,(1)
k

. Since L′

is reflexive, we must have L′
L

(1)
k

=̃O
L

(1)
k

. �

3.3. Infinitesimal θ-regular Connections. In this subsection, we give the defi-
nition of a θ-regular λ-connection, in the case of λ-connections over R[λ]/λm. Unlike
in the case of positive or mixed characteristic, we cannot start with a description of
our object over U and then extend it; instead, we demand that our λ-connection is
θ-regular as a Higgs sheaf (when m = 1), and then specify conditions “at infinity.”
The strong assumptions on vanishing of cohomology will then ensure that we get a
unique object for each m.

This definition is fairly technically involved, but (we hope) the constructions of
the previous section can act as motivation. After giving the definition, we’ll go on
the discuss the local deformation theory, and then turn to proving the uniqueness
and existence of deformations in this context. This proof, in turn, relies on reduction
mod p, and therefore on the results of the previous section.

Before giving the definition, we recall the following: suppose π : L→ X is a finite
morphism of varieties, which is a branched cover over a smooth divisor D ⊂ X , let
E = π−1(D). Then, if Ω1

X(D) denotes log one-forms along D, we have a canonical
isomorphism π∗(Ω1

X(D))=̃Ω1
L(E). Therefore, if L is a coherent sheaf on L, we have

π∗(L ⊗ Ω1
L(E))→̃π∗(L)⊗ Ω1

X(D)

Now suppose L is a line bundle. Then, if ϕ is a section of Ω1
L(E), ϕ yields a map,

which we shall also call ϕ : L → L⊗ Ω1(E). Applying π∗ we obtain a map

π∗(ϕ) : π∗(L)→ π∗(L)⊗ Ω1
X(D)

If we pick a basis of π∗(L), we get a matrix of log one-forms which we shall denote
Aϕ.

Now letN λ,n denote a meromorphic λ-connection overR[λ]/λn, which isR[λ]/λn-

flat. Suppose that N λ,n/λ is a Higgs bundle which is θ-regular at infinity. We’re
going to adapt 3.19. To begin with, we should give a version of Lemma 3.16. Before
stating it, note that Nλ,n can be regarded as a sheaf on U via micro-localization.

Lemma 3.28. Let x ∈ D̃sm. Then there is an etale neighborhood ϕ : Vx → X̃ of x
in which we have a direct sum of λ-connections

ϕ∗(j∗Nλ,n) =
⊕

i

j∗(Nλ,n)Vx,i

where j : U → X̃k is the inclusion, and each summand j∗(Nλ)Vx,i is supported

along a component of the inverse image of L inside T ∗(Vx)\D̃. In particular, the
summands are indexed by components of LVx .

This follows immediately from the decomposition of 3.12, as we demand N λ,n/λ
is θ-regular at infinity (and λ is nilpotent). So, we can proceed to the
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Definition 3.29. We say that N λ,n is weakly θ-regular at infinity if, for each x

which is the generic point of a component of D̃, there is an etale neighborhood

ϕ : Vx → X̃ so that

ϕ∗(N λ,n) =
⊕

i

(N λ,n)Vx,i

whose restriction to Vx\D̃k agrees with the decomposition of Lemma 3.28.
1) If the summand (N λ,n)Vx,i corresponds to a component of type I, then we

demand that there is a rational number α so that, for any basis, the matrix of the
connection satisfies

[∇] = Θ + λAαdz
z

+ λ2Φ

where Θ and Φ is a matrices of one-forms with no poles, and Aαdz
z

is the matrix

of one forms described directly above (with respect to the reduction of our given
basis to (N λ,n)Vx,i/λ = π∗(L)).

2) If the summand (N λ)Vx,i corresponds to a component of type II, then we

have (N λ,n)Vx,i = (N
′

i,λ,n)
Gl where N

′

λ,n is a Gl-equivariant bundle on V
(l)
x with

meromorphic connection, which has a basis {ej} on which Gl acts transitively, so
that

∇(ej) = (θj + λβ
dz

z
))ej

where θj are the one-forms defined in 3.5 and and β ∈ Q.

Let us note that this definition (in type I) does not depend on the choice of basis;
in other words, if the description given there holds in one basis it holds in all of
them. To see this, we rewrite the condition as follows: consider the Higgs field Θ
on (N λ,n)Vx,i/λ, let the matrix of Θ in the given basis be [Θ]. Then

[∇]− [Θ] = λAαdz
z

+ λ2Φ

If we change basis, both [Θ] and λAαdz
z

are altered by conjugation, and the condition

that Φ has no poles is still satisfied.
We can therefore define the residue of N λ,n, denoted res(N λ,n), as the Q-divisor

determined by αE if E is a divisor in a component LVx,i of type I, and βE in type

II. In type I, if α = 0 then we have that (N λ,n)Vx,i is a bundle with λ-connection
(with no singularities).

We note that this definition makes sense over any field k to which R maps, if
we modify it by demanding that the numbers α and β live in k. In particular,
if we consider the θ-regular connections N λ,k of the previous section, then they
necessarily satisfy the definitions; this follows from looking at the condition for
divisors of type I satisfied by N λ,k (that the bundle is zα · Vλ, where Vλ has no
singularities); writing this out in a basis gives the form Aαdz

z
considered in the

definition above.
However, the connections N λ,k also satisfy extra rigidity conditions, which are

not automatically satisfied in the infinitesimal case. That is because, when we
don’t demand that our bundles extend all the way to k[λ], there could be “extra”
infinitesimal deformations. We need to guarantee that these don’t occur.

To do this, consider a point x ∈ X̃ which is contained in exactly m components
of D̃. Recall that, by assumption 2 concerning the structure of L, we can suppose
that at most 1 component of D̃ containing x has a component of type I (in L) living
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above it. If no such components are of type I, then, in fact, the above definition is
already enough.

So, let Vx be an etale neighborhood of x and let {z1, . . . , zm} be local equations

for the components of D̃, and suppose that, over the generic point of {z1 = 0},
there is a component of LVx , called LVx,i of type I . Consider the partial root cover

V (0,l,...,l)
x → Vx

which consists of taking lth roots of the variables {z2, . . . , zm}. This scheme is acted
upon by G(0,l,...,l), a product of cyclic groups of order l. Arguing exactly as in 3.12,

we see that there is disjoint union of schemes {L
(0,l,...,l)
Vx,i

}, equipped with an action

of G(0,l,...,l), and G(0,l,...,l)-equivariant projections π(0,l,...,l) : L
(0,l,...,l)
Vx,i

→ V
(0,l,...,l)
x .

Note that these schemes are obtain from the smooth scheme L
(l)
Vv

by the action of
a single cyclic group of order l, and are therefore smooth themselves. The orbits
under the action of G(0,l,...,l) yield the components LVx,i.

Then, there is a G(0,l,...,l)-equivariant line bundle L on
⊔

i

L
(0,l,...,l)
Vx,i

so that

N Vx = (π(0,l,...,l))∗(L, df)
G(0,l,...,l)

as Higgs bundles.
Furthermore, we can decompose

(π(0,l,...,l))∗(L, df) =
⊕

i

(π(0,l,...,l))∗(L|L(0,l,...,l)
Vx,i

, df) :=
⊕

i

N
′

i

Now, let

N
′

λ,n =
⊕

i

(N
′

λ,n)i

be an R[λ]/λn-flat deformation of
⊕

i

N
′

i.

Definition 3.30. We say that N
′

λ,n is θ-regular at infinity each summand (N
′

λ,n)i

satisfies conditions analogous to those of 3.29; i.e., if (N
′

λ,n)i corresponds to a com-
ponent which is embedded over {z1 = 0}, then we demand that the first condition
of 3.29 is satisfied etale locally at the generic point of {z1 = 0}, and in all other
cases we demand that the second condition of 3.29 is satisfied etale locally at the
generic point of {z1 = 0}; in all cases we demand that this second condition is
satisfied etale locally at the generic point of {zi = 0} for i 6= 1.

We say that our bundle N λ,n is θ-regular at infinity if, for each xin exactly

m components of D̃, there is a bundle N
′

λ,n on V
(0,l,...,l)
x so that (N λ,n)Vx =

(N
′

λ,n)
G(0,l,...,l) . Note that that (the proof of) Lemma 3.26 ensures that, after

passing to k, the bundles N λ/λ
n satisfy this condition. Furthermore, in the sections

directly below, we’ll see that this definition gives us good control over the local
deformation theory of N λ,n.

3.3.1. Local Deformation theory. We turn now to understanding the local structure
of deformations of a θ-regular bundle. To set the stage for these results, let us begin
by working over U . We have a useful general result which is similar in spirit to
Lemma 2.16.
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Lemma 3.31. Let U ′ ⊂ U be an affine open subset. Then the set of (isomorphism
classes of) deformations of Nλ,n(U

′) is a pseudo-torsor over π∗Ω
1
L(U

′)=̃Ext1U ′(N ,N ).
Further, we have that Nλ,n|U ′=̃π∗Lλ,n where Lλ,n is a line bundle with λ-connection
over R[λ]/λn on LU ′ . The obstruction to deforming Nλ,n|U ′ is a class in π∗Ω

2
L(U

′).

Proof. As LU ′ → U ′ is etale, the scheme LU ′ ×U ′ LU ′ has the diagonal LU ′ as
a component. Since the Higgs bundle N|U ′ is scheme-theoretically supported
along LU ′ ⊂ T ∗U ′, the Higgs bundle π∗N|LU′

is supported along LU ′ ×U ′ LU ′ ⊂
T ∗LU ′=̃LU ′ ×U ′ T ∗U ′. Thus there is a summand of π∗N|LU′

which is scheme-
theoretically supported along LU ′ ⊂ LU ′ ×U ′ LU ′ ; i.e. this summand is a line
bundle (L, η) where the one-form η has graph equal to LU ′ ⊂ T ∗LU ′ .

If we write π∗N|LU′
= L⊕E , then E is a Higgs bundle supported on the comple-

ment of LU ′ in LU ′×U ′LU ′ ; therefore Ext1(L, E) = 0. Thus any formal deformation
of π∗N|LU′

is a direct sum of deformations of L and E ; so we may write

π∗Nn,λ|LU′
= Ln,λ ⊕ En,λ

where Ln,λ is a line bundle with λ-connection over R[λ]/λn on LU ′ . Thus the
projection π∗Nn,λ → Ln,λ yields by adjunction a map Nn,λ → π∗Ln,λ; this map is
an isomorphism mod λ by Theorem 3.9, and hence an isomorphism by Nakayama’s
lemma.

Thus, the set of deformations is a torsor over Ext1U ′(N ,N )=̃Ext1LU′
(L,L)=̃Ω1

L(LU ′);
while the obstruction is given by choosing any lift of Lλ,n and taking the differential
of the λ-connection. �

Now we consider the situation near a suitable point in D̃. In the following we
fix a Q-divisor and consider θ-regular λ-connections whose residue is equal to this
fixed divisor.

Lemma 3.32. 1) Let {x} be the generic point of a component of D̃. Let n ≥ 1.
Suppose that N λ,n is a θ-regular λ-connection over R[λ]/λn. Then there is an etale

neighborhood ϕ : Vx → X̃ so that set of θ-regular deformations of ϕ∗N λ,n is a

pseudo-torsor over π∗Ω
1
LVx

. The obstruction to deforming ϕ∗N λ,n is a class in

π∗Ω
2
LVx

.

2) Suppose {x} is the generic point of the intersection of m components of D̃,

for some m ≥ 2. Then here is an etale neighborhood ϕ : Vx → X̃ so that set of
θ-regular deformations of ϕ∗N λ,n is a pseudo-torsor over π∗Ω

1
LVx

.

Proof. 1) First suppose {x} is the generic point of a component of D̃. Write

ϕ∗N λ,n =
⊕

i

N λ,n,i

a decomposition as in 3.29. Then either N λ,n,i is Gl-invariants inside some direct
sum of line bundles with meromorphic connection (in which case the proof of the
result is exactly as in the previous lemma); or, N λ,n,i is of type I; in other words,
up to adding the monodromy term λAαdz

z
, the bundle has a connection which is a

deformation of π∗(OL,Vx,i , df). This, in turn, is a Higgs bundle corresponding to the
line bundle on a smooth Lagrangian. In this case, deformations form a pseudotorsor
over

Ext1Vx,i
(π∗(OL,Vx,i , df), π∗(OL,Vx,i , df))=̃π∗Ω

1
LVx
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with an obstruction class in π∗Ω
2
LVx

. So we obtain the lemma over the generic point

of a component of D̃.
2) Now suppose {x} is the generic point of the intersection ofm components of D̃.

Let {z1, . . . , zm} denote local equations for the components of D̃. Then either N λ,n

is simply Gl-invariants inside a sum of line bundles on the root cover V
(l)
x , in which

case the result is obvious; or this is only true near the divisors {zi = 0} for i > 1.

In that case, we can argue by pulling back under the root cover V
(0,l,...,l)
x → Vx

(where the we take the lth root of each of {z2, . . . , zm}).
To carry this out, consider the decomposition

N
′

λ,n =
⊕

i

(N
′

λ,n)i

where N
′

λ,n is the bundle appearing in 3.30, and each N λ,n,i is a deformation of the

Higgs sheaf π∗(OLVx,i
, df) appearing in 3.12. Then N

′

λ,n is G(0,l,...,l)-equivariant

vector bundle on V
(0,l,...,l)
x ; whose restriction to the generic point of each component

of D̃ (except {z1 = 0}) is a direct sum of eigenvectors for the connection.

Suppose we have a θ-regular deformation N
′

λ,n+1,i of N
′

λ,n,i = p∗N λ,n,i. Then

N
′

λ,n+1,i[(z2 · · · zm)−1] is a flat deformation of the free module N
′

λ,n,i[(z2 · · · zm)−1],

and the set of isomorphism classes of such deformations are a torsor over π∗(Ω
1
LVx,i

[(z2 · · · zm)−1]).

Consider a section φ of π∗(Ω
1
LVx,i

) ⊂ π∗(Ω
1
LVx,i

[(z2 · · · zm)−1]). We have that

N
′

λ,n+1,i ⊂ N
′

λ,n+1,i[(z2 · · · zm)−1] is a sub-bundle (with θ-regular meromorphic λ-

connection). The deformation N
′

λ,n+1,i[(z2 · · · zm)−1] + φ is the same bundle, with
the connection structure modified by adding a term of the form λnΨ for a suitable

operator Ψ. So we can can define the meromorphic λ-connection N
′

λ,n+1,i + φ by
adding the term λnΨ to the connection form. It follows (by looking at an eigenbasis

for the connection in a neighborhood of each component of D̃) that the deformation

N
′

λ,n+1,i + φ is θ-regular at infinity as required. �

3.3.2. Construction of θ-regular sheaves over R[λ]/λ2. Now we will, for the first
time in this chapter, employ the assumption that our Lagrangian L is unobstructed
(in the sense of 2.22), in order to construct a family of θ-regular λ-connections over
R[λ/λ2]. We start with a purely local construction, which allows us to match the
definition of θ-regularity in this chapter with the constructions of chapter 2.

Lemma 3.33. In the notations of 3.13, suppose LVx,i is embedded in T ∗Vx (here,

Vx is an etale neighborhood of the generic point {x} of a component of D̃). Let

Eλ,2 = π∗(OLV,xi[λ]/λ
2). Then there is an extension Ẽλ,2 of Eλ,2|LVx,i\D̃

to a bundle

with meromorphic connection, in which the matrix for the connection has the form

[∇] = Θ + λAαdz
z

as in 3.29; in particular, α ∈ Q.

Proof. Consider the log one form β
dz

z
on LV,xi (here, z is coordinate of Ẽ), where

β ∈ Q is arbitrary. Then, we can define a λ-connection

Eλ,2|LVx,i\D̃
+ [β

dz

z
]
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where + denotes the action of Ω1
LVx,i\D̃

on the torsor of infinitesimal deformations

of π∗(OLV,xi\D̃
, df). We know from Lemma 2.8 and Theorem 2.11, that, for appro-

priate choice of β, this object extends to a λ-connection on all of Vx, which deforms
π∗(OLV,xi). Call this λ-connection E ′λ,2. In any basis, the matrix for the connection,
call it M , has no singularities. But then the matrix M + λAαdz

z
defines a new flat

λ-connection on E ′λ,2, and if we set β = −α we obtain the result. �

With this is hand, we can construct a θ-regular λ-connection in codimension 2:

Corollary 3.34. There is an open subset V ⊂ X̃, whose complement has codimen-
sion 2, on which there is a sheaf Ẽλ,2 which satisfies the conditions of 3.29 at the
generic points of divisors.

Proof. Start with the meromorphic λ-connctionEλ,2 := π∗(OL̄[λ]/λ
2, df). For any

type II divisor, this sheaf satisfies the θ-regularity condition automatically; and we
can modify it at the generic points of divisors of type I by the previous lemma to
obtain a θ-regular sheaf on an open subset V as required. �

Now, we want to extend Ẽλ,2 to a θ-regular bundle on all of X̃ . For this, we’re
going to use the deformation theory of the previous subsection to prove:

Lemma 3.35. Suppose H1(OL) = 0 = H0(Ω1
L
). Let Ẽλ,2/λ = π∗(L, df) as a Higgs

sheaf on V (here, L is a line bundle on LV ). Then, there is a unique deformation
of π∗(L, df) to an R[λ]/λ2-flat λ-connection on V , which is locally isomorphic to

Ẽλ,2, and which extends to a θ-regular bundle on all of X̃.

Proof. Consider the set of isomorphism classes of deformations of π∗(L, df), on V .

If Fλ,2 is any such, then by Lemma 3.32, the difference [Ẽλ,2]−[Fλ,2] yields a section
of Ω1

LV
(i.e., we can define such a section locally, and they must agree on overlaps).

As H0(Ω1
L
) = H0(Ω1

LV
) = 0, we see that Fλ,2 and Ẽλ,2 are locally isomorphic, as

deformations. Therefore, there is an open cover {Vi} of V on which we have a

collection of isomorphisms ϕi : Ẽλ,2 → Fλ,2 . This yields sections αij ∈ O(LVi∩Vj ),

so that the maps ϕi ◦ϕ
−1
j are given by multiplication by 1 + λαij . Thus we obtain

a class in
H1(OLV )=̃H

0R1j∗(OLV )

where the last isomorphism uses H1(OL) = 0. Conversely, this module clearly acts
on the set of deformations by modifying the transition maps.

Now, the sheaf R1j∗(OLV ) is concentrated at points of codimension 2 in L\LV ,
and there are only finitely many of these. So, if we can show that we can locally
modify Ẽλ,2 to a sheaf which is θ-regular at infinity about each such point, then we
obtain the desired extension.

Let {x} be such a point. We shall assume that {x} is the intersection of two

components of D̃, call then D1 and D2, the other cases being similar (but simpler).
As usual, the only interesting case is where there is a component LVx,i of LVx which

is of type I over one of the divisors, say D1. Pulling back to the root cover V
(l,0)
x ,

we can perform the analogous construction for Ẽλ,2 on V
(l,0)
x to obtain a sheaf Ẽ ′λ,2

on V
(l,0
x \{x} whose G(0,l)-invariants are equal to Ẽλ,2. We have the decomposition

Ẽ ′λ,2 =
⊕

i

(Ẽ ′λ,2)i
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according to the support of the sheaf Ẽ ′λ,2 in T ∗V
(l,0)
x (the sum is over components

of L
(l,0)
Vx

). Then, as above, the space of deformations of Ẽ ′λ,2 which are locally

isomorphic to it, are a torsor over R1j∗(OL
(l,0)
Vx

). As L
(l,0)
Vx
→ V

(l,0)
x is a branched

covering of smooth varieties (along D1), we have an injection

(3.3) R1j∗(OL
(l,0)
Vx

)→ R1j∗(EndO
V

(l,0)
x

(π∗OL
(l,0)
Vx,i

))

This is because the map O
L

(l,0)
Vx

→ π∗π∗OL
(l,0)
Vx,i

is a split injection of bundles; and

these cohomology groups can be described as

(3.4) O
L

(l,0)
Vx

[(z1z2)
−1]/O

L
(l,0)
Vx

z−11 +O
L

(l,0)
Vx

z−12

(and the analogous formula for EndO
V

(l,0)
x

(π∗OL
(l,0)
Vx,i

)). On the other hand, we can

attach to Ẽ ′λ,2 a canonical class in R1j∗(EndO
V

(l,0)
x

(π∗OL
V

(l,0)
x ,i

)), which measures

its failure to extend to a bundle on all of V
(l,0)
x . We want to know that this class

is in the image of Lemma 3.33. However, this is the case after reduction mod p

for all p >> 0, because Ẽ ′λ,2,k is locally isomorphic to N
′

λ,k/λ
2, which extends to

a bundle on V
(l,0)
x . Therefore, it must be true over R, as follows from the explicit

description of the groups R1j∗(OL
(l,0)
Vx

), R1j∗(EndO
V

(l,0)
x

(π∗OL
(l,0)
Vx,i

)). Thus we can

make the required modification of Ẽλ,2, and it is unique by the injectivity of the
map (3.3). �

Remark 3.36. The previous proof shows the necessity of the θ-regularity condition

(as opposed to only considering weak θ-regularity). If we did not pull back to V
(l,0)
x

in the previous proof, we could repeat all the steps until we got to the map

R1j∗(OLVx
)→ R1j∗(EndO

V
(l,0)
x

(π∗OLVx,i))

As far as I can tell, this map is not injective in general.

From now on, we abuse notation and replace Ẽλ,2 with the correct extension

to X̃ constructed above. Note that, for k of characteristic p >> 0, the reduction
mod p of this sheaf agrees with N λ/λ2 for a suitable N λ; this is because of the
construction of N λ as a modification of Eλ = π∗(OL[λ], df).

Next, we need to define an action of a suitable group of line bundles with log
connection (with respect to Ẽ) on LV , on a subset of the set of θ-regular connections.

In positive characteristic, we used locally trivial connections. Here, we’ll consider
all connections whose monodromy group is finite; this implies in particular that we
suppose that the residue of the log connection is rational. When H1

dR(LV ) = 0, the
latter condition actually implies the finiteness of the associated monodromy group.
At any rate, let Picfin(LV , Ẽ) denote this group. We have

Proposition 3.37. Let (L,∇) ∈ Picfin(LV , Ẽ), and suppose it has associated

residue B =
∑

βiẼi. Then there is a θ-regular connection over V , (L,∇) ⋆

Ẽλ,2, whose residue is given by B + res(Ẽλ,2). This operation defines an action

of Picfin(LV , Ẽ) on the subset of (isomorphism classes of) θ-regular connections of

type (L,∇) ⋆ Ẽλ,2. We have

((L,∇) ⋆ Ẽλ,2)/λ = L ⋆ Ẽλ,2/λ
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where the object on the right is the action of line bundles on L on θ-regular Higgs
sheaves given by Theorem 3.9.

Proof. Over U , we have that Ẽλ,2 = π∗(O[λ]/λ2, df). So we can define the required
sheaf as π∗(L[λ]/λ2, df + λ∇). Here, we are using the fact that (L[λ], λ∇) is a line
bundle with λ-connection). Let us consider extensions of this to V . Let x be the

generic point of some component of D̃; employ the notation of 3.12. If LVx,i → Vx
is a component of type II, then we have

Ẽλ,2 = π∗(OL
(l)
Vx,i

[λ]/λ2, df + λβdz)Gl

where L
(l)
Vx,i

is a suitable union of the components of the etale cover L
(l)
Vx
→ V

(l)
x .

The connection (L, λ∇) extends to a line bundle with log connection on L
(l)
Vx

(as

L
(l)
Vx
→ LVx,i is a Gl-cover), and so we can define

L ⋆ Ẽλ,2 = π∗(LL(l)
Vx,i

[λ]/λ2, df + λβdz + λ∇)Gl

which is a θ-regular extension of π∗(L[λ]/λ2, df + λ∇).
Now consider the case where LVx,i → Vx is a component of type I. Since the

line bundle (L[λ], λ∇) has trivial p-cuvature after reduction mod p, we see (by
employing the exact proof of Theorem 2.11 and thenLemma 3.33), that the con-
nection j∗π∗(LLVx,i [λ]/λ

2, df + λ∇) extends to a bundle LLVx,i ⋆ π∗(LLVx,i) which

is θ-regular along the divisor Ẽ.
As the line bundle (L,∇) defines a connection with finite order, we have that

(L,∇) is locally trivial after reduction mod p (and its residue is in Fp if we take

p >> 0. Thus the sheaf (L,∇) ⋆ Ẽλ,2 agrees with a sheaf of the type (L,∇) ⋆N λ,2,
where the action is the one defined in Theorem 3.23. Therefore this sheaf extends
to one which is θ-regular at infinity on all of X̃ (as this is true mod p for p >> 0).

This defines the action as claimed, the formal properties follow immediately. �

Now let use the unobstructedness condition to define the bundles we want to
study. Choose a line bundle with log connection (K,∇) on L with finite mon-
odromy group, whose residue (when restricted to L) is equal to the negative of the
monodromy divisor of L. Then we make the

Definition 3.38. We define the θ-regular connectionMλ,2 on V to be (K,∇)⋆Ẽλ,2.

The choice of (K,∇) is arbitrary, up to twist by a character of the fundamental
group of LC. Thus we could equally well consider any of the bundles (L,∇) ⋆Mλ,2

where (L,∇) has trivial monodromy along each divisor in L. There is, as far as I
know, no canonical choice ofMλ,2.

3.3.3. θ-regular connections over R[λ]/λn. In this subsection we impose the condi-
tions H0(Ω1

L
) = 0 = H1(OL). Under this condition we’ll show the following

Theorem 3.39. Let Mλ,2 be as in 3.38. Then for any (L,∇) ∈ Picfin(LV , Ẽ),

the θ-regular λ-connection (L,∇) ⋆Mλ,2 admits, for each n > 2, a unique lift to a
θ-regular λ-connection over R[λ]/λn.

To prove this, we need to show that deformation theory works as expected in this
setting. Suppose we have found our unique Mλ,n for some n ≥ 2 which deforms

Mλ,2 (identical arguments will work for deformations of (L,∇) ⋆Mλ,2). We say
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that Mλ,n is locally liftable if, for each x ∈ X̃ , there is an etale neighborhood Vx
of x on whichMλ,n lifts to a θ-regular connectionMλ,n+1.

Lemma 3.40. The λ-connection Mλ,n is locally liftable.

Proof. First suppose the point x ∈ U . Choose any lift of the bundle Mλ,n|U
to a bundle with (not necessarily flat) λ-connection over R[λ]/λn+1. The curva-
ture of this connection can be regarded as an OU -linear map from Mλ,n/λ

n to

Mλ,n/λ
n ⊗OU Ω2

U , which does not depend on the choice of lift. To show that it

vanishes, we can reduce mod p. But there, we have thatMλ,n,k must be isomorphic

toMλ/λ
n for some θ-regular bundleMλ on X̃k (because this is true when n = 2,

and by the induction assumption, deformations are unique). But this λ-connection
lifts toMλ/λ

n+1, which shows that the curvature vanishes.

Now suppose x ∈ D̃sm. Then we can employ a very similar argument to the
above, working in Vx, and locally lifting the components in the decomposition

(Mλ,n)Vx =
⊕

i

(Mλ,n,i)Vx

Finally, suppose x ∈ D is in the intersection of more than one component. Pull

back to V
(0,l,l,...,l)
x ; and letM

′

λ,n denote a θ-regular bundle there whose G(0,l,l,...,l)-

invariants areMλ,n. As above we can locally liftM
′

λ,n in codimension 2. Therefore,

the obstruction to liftingM
′

λ,n|V (0,l,l,...,l)
x \{x}

is a class in H1(Ω1

V
(0,l,l,...,l)
x \{x}

). (c.f.

the proof of the lemma directly below). But, arguing as in Lemma 3.35, we see that
this class vanishes if it does so mod p for p >> 0, which it must as a deformation

exists there. Then, to see that this lift (on V
(0,l,l,...,l)
x \{x}) can be extended to all

of V
(0,l,l,...,l)
x , we act by a class in H1(O

L
(0,l,...,l)
Vx

), exactly as in the proof of Lemma

3.35. �

Now let’s show that local liftability implies liftability:

Lemma 3.41. There is a lift ofMλ,n to a θ-regular λ-connection over R[λ]/λn+1.

Proof. The previous lemma gives us local liftability. Choosing a collection of local

lifts on an etale cover {Ui} of X̃, we know from Lemma 3.32 that their differences
(on Uij) live in Ω1

LUij

. Thus the obstruction to making these local lifts locally

isomorphic is a class in H1(Ω1
L
). But this group is finite over R, so to test the

vanishing we can test mod p, where it clearly holds (becauseMλ,n does lift). Then,
the obstruction to gluing these local isomorphisms is a class in H2(OL). But this
class again vanishes by reduction mod p. �

Now we can give the

Proof. (of Theorem 3.39) We’ve seen the existence already. For uniqueness, note
that any two such lifts are locally isomorphic because H0(Ω1

L
) = 0, and therefore

the set of such lifts forms a torsor over H1(OL) = 0 as needed. �

3.4. Lifting to W (k). We continue with the assumption that H0(Ω1
L
) = 0 =

H1(OL). In the previous section we have constructed a family of bundles with
λ-connection over R[[λ]]

(L,∇) ⋆Mλ̂ := lim
n
(L,∇) ⋆Mλ,n
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indexed by log connections with finite monodromy group. This bundle has the
property that it is the completion at (λ) of a (necessarily unique, by 3.27) θ-regular
connection N λ,k.

In this section we will “algebrize” this construction to make a family of bundles
with λ-connection over W (k)[λ], where k is an algebraically closed field of suitably
large characteristic. The first main result reads

Theorem 3.42. Let R→ k where char(k) = p, and choose a lift of this map to R→
W (k). Then for each m ≥ 1 there is a bundle with λ-connection (L,∇)⋆Mλ,Wm(k)

over X̃Wm(k) × A1
Wm(k) which is a flat deformation of (L,∇) ⋆Mλ,k, and whose

completion at (λ) is isomorphic to (L,∇) ⋆Mλ̂,Wm(k).

The basic structure of the proof is as follows: first we define an object in codi-
mension 2 in a a way similar to 3.18. Then we use the deformation theory to modify
it at points of codimension two as needed (as in the proof of, e.g., Lemma 3.35).
The starting point is the following

Lemma 3.43. Let {x} be a closed point of D̃sm
Wm(k), and let Vx be an etale neighbor-

hood of x; suppose that the component LVx,i embeds into T ∗Vx. Then, after possibly
shrinking Vx, the λ-connection π∗(OLVx,i

[λ], df)|Vx,Wm(k)\D̃
admits an extension to

a bundle with λ-connection on all of Vx (with no singularities).

The proof, which is built around the ideas of chapter 2, is somewhat technical,
and uses a “forward reference” to Lemma 5.3. To begin, consider the coherent sheaf

with λ-connection

∫

π

(OLVx,i [λ], df) : = Fλ.

Let Vx,i → Am be a closed embedding, and denote by L′ the Lagrangian defined

by (dι∗)−1(LVx,i); replace also Fλ with

∫

ι

Fλ. Choose a point y in the smooth part

of E′, and let σ : T ∗Am → T ∗Am be a linear symplectomorphism so that σ(L′)
projects isomorphically onto Am in a formal neighborhood of σ(y). We can (and
will) assume σ is chosen as a composition of simple coordinate transpositions, as
specified at the beginning of 5.1. We can apply the automorphism σ to obtain Fσ

λ

and then complete along (λ) to obtain a micro-local sheaf on T ∗Am; we can then

formally complete at σ(y) to obtain a module F̂σ
λ̂,W

which is a coherent D̂λ̂-module.

Here D̂λ̂ denotes the quantization of a formal disc, i.e., the formal completion along
(x1, . . . xm, ∂1, . . . , ∂m, λ) of the mth Weyl algebra Dm,λ.

Then we have

Lemma 3.44. Let z1 denote a local coordinate of σ(E′). The module F̂σ
λ̂,W

[z−11 ] is

a line bundle over R[[z1, . . . , zn, λ]][z
−1
1 ], whose natural connection is meromorphic

in z1 (i.e., there is a power M so that zM1 ∇ preserves a generator e of this line
bundle). Further, there is an generator e of the line bundle so that

∇(e) = αλ
dz1
z1
e+ ue

where u is a one form with no poles, and α ∈ Q.

Proof. The fact that the connection is meromorphic is a consequence of Lemma
5.3. Once this is known, we can argue as we did in chapter 2. Namely, choose
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a line bundle with connection, denoted eg, over D̂λ̂, whose reduction mod p has
p-curvature equal to σ(L′k)[[λ]] for all R → k; this is possible as L′ is an exact
algebraic Lagrangian, so we can apply the construction at the beginning of Section

2 and then micro-localize. Then the module F̂σ
λ̂,W

[z−11 ]⊗ e−g is a line bundle over

R[[z1, . . . , zn, λ]][z
−1
1 ], possessing a meromorphic connection, whose reduction mod

p has p-curvature 0 for all p >> 0.
Now look at the polar term Ψ of the connection, computed in the basis e. This

is a finite sum of terms, whose p-curvature is computed by the formula

Ψp + λp−1
n∑

i=1

∂p−1i (Ψi)dzi

where Ψi is defined via

Ψ =

n∑

i=1

Ψidzi

and by Ψp we mean

n∑

i=1

Ψp
i dzi.

Then, the condition that the p-curvature vanishes immediately implies that the
connection is is log with respect to z1, and the coefficient of z−11 satisfies ap−1 =

λp−1a−1 after reduction mod p for p >> 0; thus the result follows (just as in [Ka],
section 13). �

Now this yields the

Proof. (of Lemma 3.43) It is enough the prove the existence of such an extension
after embedding into Am and applying an automorphism σ. But then it follows
from the previous result, as the reduction of α ∈ Q mod pm is an element in Z/pm

for all p >> 0, so we may rescale the generating element {e} by a power of z to
obtain a connection which extends across {z1 = 0}. �

Now we turn to the

Proof. (of Theorem 3.42) Since we have Lemma 3.43 at our disposal, we can mimic
the argument of 3.18 to obtain an extension N λ,Wm(k) of π∗(OL[λ], df) over an

open subset V ⊂ X̃Wm(k) whose complement had codimension 2, and which has
the required properties there.

To extend to all of X̃Wm(k), we use the argument of Lemma 3.35; namely, the

failure to extend N λ,Wm(k) to a Wm(k)-flat sheaf which deforms (L,∇)⋆Mλ,Wm(k)

and whose completion is (L,∇) ⋆Mλ̂,Wm(k), is given by a collection of sections [o]x

of R1j∗(EndO
V

(l,0)
x

(π∗OL
(l,0)
Vx,i,k

)[λ]) over points {x} of codimension 2 (the notation

is as in Lemma 3.35). We wish to show that these sections are in the image of

η : R1j∗(OL
(l,0)
Vx,k

[λ])→ R1j∗(EndO
V

(l,0)
x

(π∗OL
(l,0)
Vx,i,k

)[λ])

But, after passing to the completion at (λ), the corresponding sections ofR1j∗(EndO
V

(l,0)
x

(π∗OL
(l,0)
Vx,i,k

)[[λ]])

are in the image of the map

η̂ : R1j∗(OL
(l,0)
Vx,k

[[λ]])→ R1j∗(EndO
V

(l,0)
x

(π∗OL
(l,0)
Vx,i,k

)[[λ]])
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precisely because the completion of N λ̂,Wm(k) can be readjusted at points of codi-

mension 2 to make (L,∇) ⋆Mλ̂,Wm(k); therefore [o]x is in the image of η as re-

quired. �

Denote by (L,∇) ⋆ M̂λ,W (k) the inverse limit of the sheaves (L,∇) ⋆Mλ,Wn(k)

constructed in the previous proof. A priori, this is a family of λ-connections on the

formal completion (along the ideal (p)) of the scheme X̃W (k) × A1
W (k). However,

we in fact have:

Theorem 3.45. There is a vector bundle with λ-connection (L,∇) ⋆Mλ,W (k) on

X̃W (k) × A1
W (k), whose p-adic completion is isomorphic to M̂λ,W (k).

After inverting the prime p, we obtain a vector bundle with λ-connection (L,∇)⋆

Mλ,K on X̃K × A1
K .

Proof. For notational simplicity, we’ll give the proof for Mλ,W (k); the identical
argument works after acting by a line bundle. From Grothendieck’s existence the-
orem in formal geometry (c.f. [Ill]), we must show that eachMλ,Wm(k) extends to

a coherent sheaf (Mλ,Wm(k))
′ on X̃Wm(k) × P1

Wm(k), so that

(Mλ,Wm(k))
′/pn−1=̃(Mλ,Wm−1(k))

′

and so that the λ-connection extends to an operator on (Mλ,Wm(k))
′. To see this,

consider the λ-connection Eλ,Wm(k). After inverting λ, we can regard this as a

λ−1-connection, which degenerates to a Higgs sheafM∞,Wm(k) as λ−1 → 0. When

changing from λ-connections to modules over D[λ, λ−1], the λ-connection ∇(e) =
df · e becomes ∇(e) = (λ−1df) · e (c.f. 1.2); and it follows that M∞,Wm(k) is a

torsion free sheaf on X̃Wm(k) which, in codimension 2, is equal to the Higgs sheaf

π∗(L), equipped with the trivial Higgs field. We want to show thatM∞,Wm(k) is in

fact a bundle; then the fact that its reduction to Wm−1(k) is M∞,Wm−1(k) follows
directly.

We start with the case of m = 1. Let {x} ∈ X̃k be a point which is in the

intersection of exactly m components of the divisor D̃k. Let Vx be an etale neigh-
borhood of {x}, and call the coordinates of these components {zi}mi=1. We’re going
to prove that there is a bundle with k[[λ−1]]-connection on Vx, call it Fλ−1 , which
is locally isomorphic toM

λ̂−1,k
in codimension 2 on Vx; here,M

λ̂−1,k
denotes the

λ−1-adic completion of the extension of Mλ,k to X̃k × P1
k. In fact, this is enough

to prove the result; because we can then look at the sheaf

Hom∇(Fλ−1 ,M
λ̂−1,k

)

which is a reflexive coherent sheaf over the formal scheme L
(1)
Vx

[[λ−1]], which in

codimension 2 is locally isomorphic to O
L

(1)
Vx

[[λ−1]] (by Lemma 3.22, applied to

M
λ̂−1,k

). But any reflexive coherent sheaf on a regular (formal) scheme which is

generically a line bundle is a line bundle; so there is an everywhere non-vanishing
section of this sheaf which is necessarily an isomorphism between Fλ−1 andM

λ̂−1,k
.

Let us now construct Fλ−1 . We construct a bundle with meromorphic connection
Fλ−1,n = Fλ−1/(λ−1)n for each n ≥ 1 by induction on n; the induction assumption
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being that Fλ−1,n and M
λ̂−1,k

/λn are isomorphic on {Vi}, where the union of

the {Vi} is a set whose complement has codimension 2. When n = 1 we set
Fλ−1,1 = π∗(L), a bundle with trivial Higgs field. Supposing Fλ−1,n has been
constructed, let Hn+1 be any lift of Fλ−1,n to a meromorphic connection, whose

poles along each {zi} have order bounded by the order of the poles ofM
λ̂−1,k

. The

set of isomorphism classes of such deformations is a torsor over

End(π∗(L))⊗ Ω1
VX

(n1D1 + · · ·+ nmDm)

where the bundle Ω1
VX

(n1D1 + · · ·+ nmDm) denotes one-forms with poles in D̃ of
order along Di bounded by ni (we do not have to take a cohomology group because
the Higgs field is trivial).

We can therefore consider [Hn+1|Vi ]− [M
λ̂−1,k

/λn+1|Vi ] as a section of the above

bundle on Vi, and these sections agree on the overlaps Vi∩Vj . Since the union of Vi
has complement of codimension 2, we obtain a section on all of Vx, and modifying
the bundle Hn+1 by this section yields Fλ−1,n+1.

Now suppose m > 1. Proceed by induction on m. The sheaf M
λ̂−1,Wm(k)

deforms the bundleM
λ̂−1,Wm−1(k)

in codimension 2, and therefore, looking at local

cohomology, yields the section of a sheaf supported on points of codimension 2.
But this section vanishes after inverting λ−1, because M

λ̂−1,Wm(k)
[λ] is a vector

bundle. So the class vanishes already, andM
λ̂−1,Wm(k)

is a bundle as required. �

3.5. Arithmetic Support. Now we devote ourselves to understanding the arith-
metic support of the objects (L,∇) ⋆Mλ,K which we have constructed in the
previous theorem. As this object is an algebraic λ-connection over a field of charac-
teristic 0, we can spread out and define (L,∇)⋆Mλ,F over a field F which is finitely
generated over Q, and then over the ring R (after possibly extending R). Denote
the corresponding object (L,∇) ⋆Mλ. Our goal in this section is to show this
object has constant p-support for p >> 0. To that end, let k′ be an algebraically
closed field of positive characteristic l, with R→ k′.

Since R is assumed smooth over Z, we can choose for each m ≥ 1 a morphism
R → Wm(k′) which lifts the chosen morphism R → Wm−1(k

′). If R/l → k′ is
injective, then the map R→W (k′) is flat.

Theorem 3.46. 1) With notation as above, the base change (L,∇) ⋆Mλ,k′ is

θ-regular at infinity, and satisfies (L,∇) ⋆Mλ,k′/λ=̃L ⋆Mk′ . In particular, the

λ-connection (L,∇) ⋆Mλ,k′ is the unique θ-regular λ-connection over k′ whose

reduction mod λ is L ⋆Mk′ .
2) Let F be a field of characteristic zero, suppose that (L,∇)⋆Mλ,F and (L,∇)⋆

M
′

λ,F are two vector bundles with λ-connection, both of which arise from the con-
struction of Theorem 3.45, for possibly different primes. Then, after possibly ex-
tending F , we have

(L,∇) ⋆M1,F |UF =̃(L,∇) ⋆M′1,F |UF

as algebraic connections on UF . In particular, all of the connections (L,∇) ⋆
M1,F |UF have constant arithmetic support, equal to LUF , of multiplicity 1.

As in the previous section, for notational convenience we just prove the result
forMλ,F , the case of (L,∇) ⋆Mλ,F being identical. We start with
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Lemma 3.47. For each m ≥ 1, the sheaf Mλ/λ
m is θ-regular at infinity over

R; when m = 1 we have Mλ/λ=̃M. Therefore, for any k′ as above, the comple-
tion Mλ̂,k′

(along (λ)) agrees with the completion along (λ) of the λ-connection

constructed in 3.18

Proof. By construction we have Mλ/λ=̃M, and for each m ≥ 1 we have that
Mλ,E/λ

m is θ-regular at infinity, for some field extension E of F = Frac(R) (we
can take E to be any field which contains Frac(W (k)) for the k which we used
to construct Mλ,W (k)). We shall show that this implies Mλ/λ

m is θ-regular at
infinity.

First, we note that is is enough to prove this over an open subset V whose
complement has codimension 2. For, if we suppose (by induction) that Mλ/λ

m−1

is θ-regular at infinity, then the failure ofMλ/λ
m to extended to a sheaf on all of X̃

is given by classes in the cohomology group H0(R1j∗(OLVX,i
)) (where the notation

is as in Lemma 3.35). These classes vanish after base changing to a field extension,
which implies that they already vanish (for instance, by the explicit description of
the cohomology groups given in (3.4)).

Now we must show that Mλ/λ
m|V is θ-regular for any m ≥ 2. To see this, we

first note that, since Mλ/λ
m is a Dλ-module on U , by micro-localization we can

consider it as sheaf on T ∗U . AsM is supported along L ⊂ T ∗U , so isMλ/λ
m. Let

x ∈ D̃ be a point which is contained in a single component of D̃. Let ϕ : Vx → X̃
be an etale neighborhood as in 3.12; and let z be a local coordinate for D in Vx.
Consider the sheaf ϕ∗(Mλ/λ

m). By the condition on the support, we have

ϕ∗(Mλ/λ
m)[z−1] =

⊕

i

(Mλ/λ
m)i[z

−1]

where (Mλ/λ
m)i[z

−1] is the subsheaf of elements supported on LVx,i\D̃. So if

m ∈ ϕ∗(Mλ/λ
m) is any section, it admits a unique representation m =

∑
imi

where mi ∈ (Mλ/λ
m)i[z

−1]. On the other hand, we have

ϕ∗(Mλ,E/λ
m) =

⊕

i

(Mλ,E/λ
m)i

sinceMλ,E/λ
m is θ-regular, and (Mλ,E/λ

m)i[z
−1] is supported along LVx,i,E\D̃E.

So each mi ∈ ϕ∗(Mλ,E/λ
m) ∩ ϕ∗(Mλ/λ

m)[z−1] = ϕ∗(Mλ/λ
m) (the last equality

sinceMλ/λ
m is a bundle near x). Thus we see that there is a decomposition

ϕ∗(Mλ/λ
m) =

⊕

i

(Mλ/λ
m)i

according to the support.
Now we must check that each summand satisfies the conditions for θ-regularity.

As always there are two cases to consider. In type I, we require that (Mλ/λ
m)i,

after possibly adding a term of the form Aα dz
z

, for some α ∈ Q, is a flat connec-

tion with no singularities. But this follows immediately from the corresponding
condition for (Mλ,E/λ

m)i. In type II, we take the pullback of π∗(Mλ/λ
m)i un-

der the cyclic cover π : V
(l)
x → Vx. In this case we need to show that π∗Mλ,Vx,i

is spanned by a Gl-invariant set of eigenvectors for the connection. Any section
m ∈ π∗(Mλ/λ

m)i[z
−1] has a unique representation m =

∑
j mj as a sum of eigen-

vectors for the connection; this follows by looking at the support. Arguing as



THE p-CYCLE OF HOLONOMIC D-MODULES AND QUANTIZATION OF EXACT ALGEBRAIC LAGRANGIANS55

above, using the fact that (Mλ,E/λ
m)i is θ-regular at infinity, we see that each

mj ∈ π∗(Mλ/λ
m)i as required. �

This lemma gives us control over the behavior ofMλ̂,k′
. We’re going to use the

geometry of the Hilbert scheme to obtain similar control over Mλ,k′ . We recall

that, by projectivizing the fibers of T ∗X̃k′ → X̃k′ , the variety T ∗X̃k′ admits a

smooth, projective compactification which we will denote T ∗(X̃k′).

We consider the reduced closure (Lcl
k′)(1) of (Lcl

k′)(1) inside T ∗(X̃k′)
(1)

. Then we
have the following

Lemma 3.48. Let I ⊂ O(T ∗(X̃k′ )(1)×A1
k) be the ideal sheaf I = Ann(j∗(Mλ,k′ |Uk

)).

Let I ⊂ O(T ∗(X̃k′)
(1)
× A1) be the ideal sheaf of the scheme theoretic closure

of I (i.e., f ∈ I if the restriction of f to T ∗(X̃k′)(1) × A1
k is in I). Then

O(T ∗(X̃k′)
(1)
× A1)/I is a flat deformation (over A1

k′) of O(Lcl
k′ )(1).

Proof. This follows easily from the fact that Mλ,k′ |Uk
is flat over k′[λ]. �

We need one more piece of information to proceed. We recall some notions from
[H2], chapter 1.2: let Yk′ ⊂ Zk′ be a closed immersion of schemes over the field

k′. Suppose that we have a subscheme Ỹ ⊂ Zk′ × k′[ǫ]/ǫn which specializes to Yk
at ǫ = 0. Then an infinitesimal deformation of Ỹ is a k′[ǫ]/ǫn+1-flat subscheme

Ỹ ′ ⊂ Zk′ × k′[ǫ]/ǫn+1 which specializes to Ỹ . The set of such deformations is

isomorphic to H0(NYk′
) := H0(HomYk′

(I/I2, OYk′
)) where Yk′ = Ỹ ×k′[ǫ]/ǫn k

′

(this is [H2], Theorem 2.4).
This implies that infinitesimal deformations are parametrized by a coherent sheaf

which is torsion free over Yk′ . Therefore, if Yk′ is an integral scheme and a defor-
mation is trivial at the generic point of Yk′ , then it is trivial on all of Yk′ . This we
conclude:

Corollary 3.49. Consider the λ-adic completion of the sheaf O(T ∗(X̃k′ )
(1)
×A1)/I

(of Lemma 3.48). Then this completion is trivial (over k′[[λ]]) as a deformation of

(Lcl
k′)(1).

Proof. Since Mλ̂,k′
is θ-regular at infinity, it is the λ-adic completion of a unique

M
′

λ,k′ which is strongly θ-regular at infinity. Therefore, the restriction of this sheaf

to T ∗U
(1)
k′ [[λ]] is scheme-theoretically supported along L

(1)
Uk

[[λ]]. So the λ-completion

of O(T ∗(X̃k′ )
(1)
×A1)/I becomes trivial (as a deformation of L

(1)
Uk

) when restricted

to T ∗U
(1)
k . So the remarks directly above imply the result. �

Now, recall the Hilbert scheme

Hilb
Lcl

k′

which is the scheme representing the functor which assigns to any k′-scheme Tk′ the

set of subschemes of T ∗(X̃k′)×Tk′ , flat over Tk′ , whose Hilbert polynomial is equal

to that of Lcl
k′ × Tk′ . (c.f., e.g., [Ni] for a very complete introduction). We have, by

taking support, that the bundleMλ,k′ defines a morphism A1
k′ → Hilb(Lcl

k′
)(1)

(i.e.,

the p-support is flat over k′[λ]). The completion of this map at {0} is necessarily
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the trivial map by the corollary. Since Hilb
(Lcl

k′
)(1)

is quasi-projective, we see that

the morphism A1
k′ → Hilb(Lcl

k′
)(1)

is the trivial morphism; i.e., it maps every element

in A1
k′ to (Lcl

k′)(1). Therefore the (closure in T ∗(X̃k′ )×A1
k′ of the) p-support of this

bundle is necessarily (Lcl
k′)× A1

k.
We now have the

Proposition 3.50. 1) We haveMλ,k′=̃π∗(Lλ,k′ ) where Lλ,k′ is a line bundle with

λ-connection on LUk′
whose p-curvature is equal to Γ(df)(1) × A1

k′ .

2) The bundle Mλ,k′ is strongly θ-regular at infinity.

Proof. 1) This follows immediately from Lemma 2.16 and the remarks directly
above.

2) This is similar to Lemma 3.47. It suffices to check the condition in codimension

2 sinceMλ,k′ is reflexive. Let {x} be the generic point of a component of D̃k′ , and

let ϕ : Vx → X̃k be an etale neighborhood of {x}, so that

ϕ∗Mk′ =
⊕

i

MVx,i

as in 3.12. By 1), the action of the p-curvature gives a decomposition

ϕ∗Mλ,k′ [z−1] =
⊕

i

Mλ,Vx,i[z
−1]

(where z is a local coordinate for ϕ−1(D̃)). Let m ∈ ϕ∗Mλ,k′ . Then we have a

unique representation m =
∑

imi where mi ∈ Mλ,Vx,i[z
−1]. On the other hand,

the bundle ϕ∗Mλ̂,k′
is θ-regular at infinity; so that there is a decomposition

ϕ∗Mλ̂,k′
=

⊕

i

Mλ̂,Vx,i

according to the action of p-curvature. So, regarding m as a section of ϕ∗Mλ̂,k′
,

we see that each mi ∈ ϕ∗Mλ̂,k′
. But ϕ∗Mλ̂,k′

∩ ϕ∗Mλ,k′ [z−1] = ϕ∗Mλ,k′ , so we

see that each mi ∈ ϕ∗Mλ,k′ . So we have a direct sum decomposition

ϕ∗Mλ,k′ =
⊕

i

Mλ,Vx,i

which lifts the analogous one for ϕ∗Mk′ .
Now we must check that each summand satisfies the conditions for θ-regularity.

By looking at the l-curvature (or, the reduction mod (λ)) we see that each summand
is attached to a unique component LVx,i of LVx . As always there are two cases to
consider: first, if we are in type I. In this case, we require that, up to a action by
zα, Mλ,Vx,i, is a flat connection with no singularities. Now since Mλ̂,Vx,i

has no

singularities, we see thatM(λ),Vx,i (the localization ofMλ,Vx,i at (λ) ) also has no
singularities.

Now, we move on to type II, and complete the proof below. In this case, we

take the pullback of π∗Mλ,Vx,i under the cyclic cover π : V
(ri)
x → Vx. In this case

we need to show that π∗Mλ,Vx,i is spanned by a Gr′ -invariant set of eigenvectors

for the connection. Any section m ∈ π∗Mλ,Vx,i[z
−1] has a unique representation

m =
∑

j mj as a sum of eigenvectors for the connection (it is induced by the action
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of l-curvature). Arguing as above, using the fact thatMλ̂,Vx,i
is θ-regular at infinity,

we see that each mj ∈ π∗Mλ,Vx,i as required.

So, applying this over all components of D̃k′ , we see that there is an open subset

W ⊂ X̃k′ × A1
k′ so that Mλ,k′ |W is θ-regular at infinity (as explained in remark

3.21). Clearly Uk′ × A1
k′ ⊂ W , and, by what we have already seen, W ∩ X̃k′

contains an open subset whose complement has codimension 2. Therefore W has

codimension 2 in X̃k′ × A1
k′ .

Now, applying the proof of Theorem 3.23 to strongly θ-regular λ-connections
over W , with a given residue mod λ2, we see that the set of such connections is

parametrized by Pic((π(1))−1(W )) where π(1) : L
(1)

k′ ×A1
k′ → X̃k′×A1

k′ is the natural

map. As this group is isomorphic to Pic(L
(1)

k′ × A1
k′ ) = Pic(L

(1)

k′ ), it follows that

each θ-regular λ-connection on W extends uniquely to one on all of X̃k′ ×A1
k′ , and

the result follows. �

Now we give the

Proof. (of Theorem 3.46) We have just proved 1). To prove 2), we consider the

meromorphic λ-connection (Mλ,F ) ⊗ (M
′

λ,F )
∗. We can spread it out over R. By

what we have just shown, there is an isomorphism Mλ,k→̃M
′

λ,k for all k of large

enough characteristic. Therefore the module H0
dR((Mλ,F ) ⊗ (M

′

λ,F )
∗) must be

nonzero; i.e., there is a nonzero map of meromorphic λ-connectionsMλ,F →M
′

λ,F .
Now set λ = 1. In this case, we have that M1,F and M′1,F are both irreducible

connections on UF - indeed, we have seen both have an irreducible arithmetic sup-
port of multiplicity 1, which is equal to LUF (which is finite flat over UF ). Therefore
the irreducibility follows from Bitoun’s theorem ([Bi], theorem 2.21), and the fact
that the module is a bundle over UF follows from the fact that it is so after reduc-
tion mod p for p >> 0. Thus any nonzero morphism between these connections is

an isomorphism. So there is a mapM1,F →M
′

1,F which becomes an isomorphism
over UF as claimed. �

4. Some P-adic Micro-local Theory

In this chapter, we will establish some general results on “micro-local analysis” in
the p-adic case. There are many things one might mean by this, but our intention
(serving the interests of the paper) is to study the deformations (over Wm(k))
of some DXk

-module M, which is a splitting bundle for a smooth Lagrangian

L
(1)
k ⊂ T ∗X

(1)
k (to avoid tricky issues with symplectic forms, we’ll assume in this

section that char(k) > 2). Assuming that Xk admits a flat lift to a smooth formal
scheme XW (k), what can be said about lifts ofMk? Looking at the “canonical case”

of L
(1)
k = X

(1)
k , Mk = OXk

and lifts to W2(k), we have a given flat lift, namely

OW2(k). For any other flat lift, say NW2(k), we shall see below11 in 4.9that there

is a natural invariant (the p2-curvature) which measures the failure of NW2(k) to
be locally isomorphic to OW2(k). As with the usual p-curvature, it is given by a
suitable differential form.

11Under the assumption that NW2(k) it itself the reduction mod p2 of a further lift
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We shall then go on to see that there is a similar structure in the general case.
Namely, if we fix a lift MW (k) of Mk, then any other lift over Wm(k) can be
compared toMWm(k) via a version of the pm-curvature; which vanishes iff the two
lifts are locally isomorphic; c.f. 4.15. The set of lifts which are locally isomorphic
to MWm(k) form a torsor over the group of lifts which are locally isomorphic to
OWm(k). The key to transferring from the case of the trivial connection to the
general case is the use of automorphisms of differential operators (defined in the
local case) to move any Lagrangian to one which (locally) projects isomorphically
to Xk ⊂ T

∗Xk. We develop the requisite theory in 4.1 directly below.

4.1. Local Structure of Differential operators. We begin by working formally

locally around a point in L
(1)
k . Our aim is to show that, after suitably completing

and applying an automorphism, all modules supported along L
(1)
k (and their lifts)

look trivial. In fact, we go a little bit further in classifying such D-modules in
directly below; making heavy use of the results of this section.

We are going to work with the formal scheme XW (K), as well as T ∗XW (k), the for-

mal cotangent bundle12- in other works, the direct limit of the schemes T ∗XWm(k).
We shall be working with differential operators on XW (k). Following Berthelot’s

conventions, the usual (PD differential operators) will be denoted D
(0)
XWm(k)

, instead

of DXWm(k)
. This is because, in this chapter, we will also be making use of the higher

level differential operators D
(i)
XWm(k)

for i ≥ 0, and we will need to distinguish them.

Definition 4.1. We let D̂
(0)
XW (k)

:= lim
m
D

(0)
XWm(k)

(this is following [Ber1]).

To set things up, let x be any k-point of T ∗Xk. By the infinitesimal lifting
property, the point x lifts to a W (k)-point x of T ∗XW (k); we shall regard x as a
compatible collection of Wm(k) points of T ∗XWm(k) for each m.

More concretely, we let {x1, . . . , xn} be local coordinates at π(x) ∈ Xk, and
{x1, . . . , xn, ξ1, . . . ξn} be local coordinates at x ∈ T ∗Xk. As the construction is
local, we may shrink Xk and assume that the inclusion

k[x1, . . . , xn, ξ1, . . . , ξn] ⊂ OT∗Xk

is etale. We may further suppose that these coordinates are chosen so that, under
the natural Poisson bracket, we have {xi, xj} = 0 = {ξi, ξj} and {xi, ξj} = δij
for all i and j. The k-point x yields an ideal of the form mx = {xi − ai, ξj −
bj}1≤i,j≤n, where {ai} and {bi} are in k. Then we may lift these local coordinates
to local coordinates on the formal scheme T ∗XW (k), which we will also denote by
{x1, . . . , xn, ξ1, . . . ξn}. The choice of point x corresponds to a choice of 2n-tuple
(A1, . . . , An, B1, . . . , Bn) in W (k) which lifts (a1, . . . , an, b1, . . . , bn).

Definition 4.2. We let nx ⊂ D
(0)
XWm(k)

be the two-sided ideal generated by the

central elements {(x1−Ā1)
pm

, . . . , (xn−Ān)
pm

} and {(∂1−B̄1)
pm

, . . . , (∂n−B̄n)
pm

}

(here Āi and B̄j denote the image of Ai and Bj in Wm(k))13. Let D
(0)
XWm(k),x̂

denote

12As opposed to the algebraic cotangent bundle, given by taking the relative spec of the sheaf
of continuous derivations

13This ideal depends only on x ∈ T ∗X, and not on the choice of lift x. This is because, if a, b
are any elements of a commutative Wm(k)-algebra R, then a ≡ b mod p implies ap

m
= bp

m
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the completion of D
(0)
XWm(k)

along nx. Define

D̂
(0)
XW (k),x̂

:= lim
m
D̂

(0)
XWm(k),x

For each m ≥ 1 we have an algebra morphism D
(0)
XWm(k)

→ D
(0)
XWm(k),x̂

, which in the

limit yields D̂
(0)
XW (k)

→ D̂
(0)
XW (k),x̂

.

Here we have used the (easy) fact that the algebra

Z :=Wm(k)[(xi−Āi)
pm

, (∂j−B̄j)
pm

]1≤i,j≤n is central inside D
(0)
XWm(k)

. As D
(0)
XWm(k)

is finite flat over Z, we see that

D
(0)
XWm(k),x̂

=̃D
(0)
XWm(k)

⊗Z Ẑ

where Ẑ is the completion of Z along ((xi−Āi)
pm

, (∂j−B̄j)
pm

). It follows that each

D
(0)
XWm(k), x̂

is flat over Wm(k), and that natural map D
(0)
XWm(k),x̂

→ D
(0)
XWm−1(k),x̂

is

onto for each m (as Ẑ can also be described as the completion of Z along ((xi −

Āi)
pm′

, (∂j − B̄j)
pm′

) where m′ ≥ m is any integer). Thus D̂
(0)
XW (k),x̂

is a W (k)-flat

p-adically complete algebra such that

D̂
(0)
XW (k),x̂

/p=̃D
(0)
Xk,x̂

In fact, it is not difficult to describe this algebra as a more traditional completion

of D̂
(0)
XW (k)

:

Lemma 4.3. The elements

{(x1 −A1)
p, . . . , (xn −An)

p, (∂1 −B1)
p, . . . , (∂n −Bn)

p, p}

generate a proper two-sided ideal I ⊂ D̂
(0)
XW (k)

, and there is an isomorphism of the

completion of D̂
(0)
XW (k)

along I with D̂
(0)
XW (k),x̂

. In particular, the algebra D̂
(0)
XW (k),x̂

is

flat over D̂
(0)
XW (k)

, and so the functor N → N̂x := N ⊗
D̂

(0)
XW(k)

D̂
(0)
XW (k),x̂

is exact.

Proof. Without loss of generality we can take all Ai and Bi to be 0. To obtain
the first statement, we must show that any element in the left ideal generated by
{xp1, . . . , x

p
n, ∂

p
1 , . . . , ∂

p
n, p} is also in the right ideal generated by these elements.

This, in turn, follows directly from the fact that for any Φ ∈ D̂
(0)
XW(k)

, we have

[Φ, xpi ] = pΦ′ for some Φ′ ∈ D̂
(0)
XW(k)

(and similarly for ∂pi instead of xpi ).

Now, let (D̂
(0)
XW (k)

)̂I denote the completion of D̂
(0)
XW (k)

along I. For each m ≥ 1

one obtains a map

(D̂
(0)
XW (k)

)̂I/p
m → (

̂
D

(0)
XWm(k)

)
(I/pm)

where the latter algebra denotes the completion of D
(0)
XWm(k)

along I/pm; from the

fact that p is nilpotent in D
(0)
XWm(k)

and the fact that nx is generated by powers of

elements in I/pm, one sees directly that this algebra is isomorphic to D
(0)
XWm(k), x̂

.

Since (p) ⊂ I, we have that (D̂
(0)
XW (k)

)̂I is p-adically complete, and so we can take

the inverse limit to obtain a map

(D̂
(0)
XW (k)

)̂I → D̂
(0)
XW (k),x̂
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of p-adically complete algebras. The reduction mod (p) of this map an isomorphism

(both sides are identified with D
(0)
Xk,x̂

), so this map is surjective by the complete
Nakayama lemma. Thus we obtain an exact sequence

0→ K → (D̂
(0)
XW (k)

)̂I → D̂
(0)
XW (k),x̂

→ 0

and since D̂
(0)
XW (k),x̂

is clearly p-torsion free we obtain that K/p = 0; since K is an

ideal in the noetherian, p-adically complete ring (D̂
(0)
XW (k)

)̂I , K is also p-adically

complete and so K = 0 as desired. �

This allows us to prove

Lemma 4.4. Let N be a finite D̂
(0)
XW(k)

-module. Then there is an isomorphism

N̂ =̃D̂
(0)
XW (k),x̂

⊗
D̂

(0)
XW (k)

N =̃ lim
m

(D
(0)
XWm(k),x̂

⊗
D

(0)
XWm(k)

N/pmN )

where N̂ denotes the completion of N along I.

Proof. The first isomorphism is standard (c.f., e.g., [AtM] proposition 10.13). For
the second; note that for each m ≥ 1 there is an isomorphism

(D̂
(0)
XW (k),x̂

⊗
D̂

(0)
XW (k)

N )/pm→̃D
(0)
XWm(k),x̂

⊗DXWm(k)
N/pmN

→̃(
̂
D

(0)
XWm(k)

)
(I/pm)

⊗
D

(0)
XWm(k)

N/pmN→̃(N̂/pmN )(I/pm)

where the latter denotes the completion of N/pmN along I/pm. Further, since

(N/Ij)/pm(N/Ij)=̃(N/pmN )/(I/pm)j

for all j ≥ m, we also have

(N̂/pmN )(I/pm)=̃N̂/p
mN̂

Since N̂ is p-adically complete, the result follows. �

Essentially by definition, the algebra D̂
(0)
XW (k),x̂

depends only on the formal local

neighborhood of x:

Lemma 4.5. There is an isomorphism D̂
(0)
XW (k),x̂

=̃D̂
(0)

AW (k), 0̂
where AW (k) denotes

the p-adic completion of An
W (k).

Proof. For each m ≥ 1 we have an automorphism of D̂
(0)
XW (k),x̂

which fixes OXWm(k)

and takes ∂i → ∂i −Bi. This automorphism yields an isomorphism

D
(0)
XWm(k),x̂

=̃D
(0)
XWm(k),ŷ

where y is the image of x under T ∗Xk → Xk ⊂ T ∗Xk. Taking the limit of these
automorphisms yields

D̂
(0)
XW (k),x̂

=̃D̂
(0)
XW (k),ŷ

Now let y = π(x) ∈ Xk. There is an etale morphism XW (k) → AW (k) which sends
the W (k)-point y to 0. Such a morphism induces a map

D̂
(0)
AW (k)

→ D̂
(0)
XW(k)

which is easily seen to induce the required isomorphism. �
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Now we can analyze what happens to a module under a suitable choice of auto-

morphism. Let Nk denote a D
(0)
Xk

-module, which is a splitting bundle for D
(0)
Xk
|
L

(1)
k

near some given point x ∈ L
(1)
k . Suppose NW (k) is a p-adically complete, p-torsion-

free lift of Nk to a D
(0)
XW (k)

-module. Then:

Proposition 4.6. There is an isomorphism Ψ : D
(0)
Xk,x̂
→̃D

(0)

An
k ,0̂

under which N̂k =

D
(0)
Xk,x̂

⊗DXk
Nk corresponds to the standard module ÔAn

k ,0
over D

(0)

An
k ,0̂

. There is a

lift of this isomorphism to an isomorphism Ψ′ : D̂
(0)
XW (k),x̂

→̃D̂
(0)

AW (k), 0̂
under which

N̂W (k) corresponds to ÔAW (k),0. The analogous statement holds over Wm(k) if we

replace NW (k) with a flat lift NWm(k) over Wm(k).

Proof. By the previous lemma, there is an isomorphism D
(0)
Xk,x̂
→̃D

(0)

An
k ,0̂

which can be

lifted to D̂
(0)
XW (k),x̂

→̃D̂
(0)

AW (k), 0̂
. By [BKKo], section 5.2, one sees that the induced map

on centers, ZΦ : Ô
T∗X

(1)
k ,x
→̃Ô

T∗A
n,(1)
k ,0

preserves the natural symplectic structures

on both sides . Thus the formal subscheme L̂
(1)
k,x ⊂ (T̂ ∗Xk)

(1)
x corresponds, under

ZΦ, to a smooth formal Lagrangian subscheme of ÔT∗A
n,
k

(1),0, which we shall also

call L̂
(1)
k,x.

We now identify A2n
k with the tangent space to 0 in T ∗An

k ; it carries a natural

symplectic form. Let lk ⊂ A2n
k be the tangent space to L̂

(1)
k,x. We may apply an

element σ̃ of the linear symplectic group Sp(A2n
k ) to interchange lk with T0(An

k ),
the tangent space to An

k ⊂ T ∗An
k . Further, by completing its standard action on

D
(0)
An

k
, Sp(A2n

k ) also acts on D
(0)

An
k ,0̂

. The induced action on the center is given via the

p-th power isomorphism Sp(A2n
k )=̃Sp(A2n

k )(1). Therefore we obtain an isomorphism

Φ : D
(0)
Xk,x̂

→ D
(0)

An
k ,0̂

, so that Φ∗(M̂k) is module, over D
(0)

An
k ,0̂

whose p-support, as a

subscheme of (T̂ ∗An
k )

(1)
0 , has tangent space equal to T ∗0 (A

n)(1).

Let Ŝ
(1)
k denote the p-support of Φ∗(N̂k); so that the ideal of Ŝ

(1)
k corresponds,

under ZΦ, to the ideal of L̂
(1)
k . Then the induced projection map

Ŝ
(1)
k → (Ân

k )
(1)
0

is an isomorphism. Therefore the module N̂k, when regarded as a module over the

center Ô(T∗An
k
)(1),0, is a free module of rank pn over Ô(An

k
)(1),0 ⊂ Ô(T∗An)(1),0. Since

ÔAn
k ,0

is finite free of rank pn over Ô(An
k )

(1),0. we see14 that N̂k is a free of rank 1

over ÔAn
k
,0. Thus we may write N̂k = ÔAn

k
,0 · e for some element e. We have

(4.1) ∂ie = ḡie

for 1 ≤ i ≤ n. Computing the p-th power yields

∂pi e = (ḡpi + ∂p−1i (ḡi))e

so that Ŝ
(1)
k is defined by the equations {∂pi − ḡ

p
i − ∂

p−1
i (ḡi)}1≤i≤n. This implies

that each function ḡpi + ∂p−1i (ḡi) is contained in the maximal ideal of ÔAn
k ,0

.

14It is clearly reflexive by [H3], proposition 1.6; since the generic rank is 1 it is free
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Choosing a lift of σ̃ to a linear symplectomorphism of T ∗An
W (k), we see that we

can choose an isomorphism D̂
(0)
XW (k),x̂

→̃D̂
(0)

AW (k), 0̂
under which N̂W (k) corresponds to

a free rank 1 module ÔAn
W (k)

,0 · e; write

∂ie = gie

for 1 ≤ i ≤ n. We now claim that there is an automorphism σ of D̂
(0)
An

W (k)
,0 which

preserves ÔAn
W (k)

,0 and satisfies

∂i → ∂i − gi

Indeed, we have

(∂i − gi)
p = ∂pi − g

p
i − ∂

p−1
i (gi) + pΦ

for some Φ ∈ D̂
(0)

AW (k), 0̂
; and the above discussion implies gpi + ∂p−1i (gi) = g̃i + pα

where g̃i is contained in the ideal of ÔAn
W (k)

,0 generated by {xp1, . . . , x
p
n}, and α ∈

ÔAn
W (k)

,0 is some function. In particular, we see that (∂i − gi)
p is topologically

nilpotent in D̂
(0)
XW (k),x̂

→̃D̂
(0)

AW (k), 0̂
. Therefore the map which sends xi → xi and

∂i → ∂i − gi does extend to an automorphism of D̂
(0)
XW (k),x̂

→̃D̂
(0)

AW (k), 0̂
as claimed;

but then composing with this automorphism proves the result. The case where
W (k) is replaced by Wm(k) is essentially identical. �

Here is a typical corollary. To state it, recall from [SV] that the center of D
(0)
XWm(k)

is isomorphic to the ring of Witt vectors on themth Frobenius twist of the cotangent

bundle of Xk; Wm(T ∗X
(m)
k ).

Corollary 4.7. Let m ≥ 1, and let NWm(k) be a Wm(k)-flat D
(0)
XWm(k)

-module

such that NWm(k)/p is is a splitting bundle for D
(0)
Xk
|
L

(1)
k

. Then, under the ac-

tion of Z(DXWm(k)
)=̃Wn(OT∗X

(m)
k

), NWm(k) is scheme-theoretically supported along

Wm(L
(m)
k ).

Proof. As this can be checked formally locally, we can apply the previous proposi-
tion and assume Lk = Xk ⊂ T ∗Xk. Choose local coordinates {x1, . . . , xn, ∂1, . . . ∂n}
on Xk. Then the proof comes down to checking that the annihilator of any flat
deformation (over Wm(k)) of OXk

is exactly the ideal generated by

{∂p
m+1

1 , . . . , ∂p
m+1

n , p∂p
m

1 , . . . , p∂p
m

n , . . . , pm∂p1 , . . . , p
m∂pn}

But this this a straightforward computation. �

4.2. Locally trivial connections in mixed characteristic. In this section, we
discuss the theory of the pm-curvature alluded to above. Let k be a perfect field
of positive characteristic, and let Xk be a smooth k-scheme. Let X be a flat lift

to W (k). Let D̂
(i)
X denote Berthelot’s ring of differential operators of level i on X

(c.f. [Ber1]); recall that this is a W (k)-flat p-adically complete sheaf of algebras;

we denote D̂
(i)
X /pn := D

(i)
XWn(k)

. If X is affine, then we have also the algebra D
(i)
X ,

the algebra of finite order differential operators generated by operators of order
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≤ pi. It is not p-adically complete and does not glue to a sheaf on X, however, if X

possesses local coordinates, then we do have D
(i)
X /pn=̃Γ(D

(i)
XWn(k)

).

We recall ([GLQ], proposition 3.6) that the center Z(D
(i)
Xk

) is isomorphic to

O
T∗X

(i+1)
k

. Furthermore, by [GLQ], theorem 3.7, D
(i)
Xk

is Azumaya over its center.

Let I ⊂ Z(D
(i)
Xk

) denote the ideal sheaf of X
(i+1)
k ⊂ T ∗X

(i+1)
k . If D

(i)
Xk

denotes the
reduction by the central ideal generated by I, then this is a split Azumaya algebra

(the splitting bundle is OX); and so we see that a D
(i)
Xk

-module is locally trivial

(i.e., locally isomorphic to a finite direct sum of copies of the D
(i)
Xk

-module OX) iff

it is a vector bundle, equipped with an action of D
(i)
Xk

, for which the ideal I acts
trivially.

Theorem 4.8. Let (E ,∇) be a vector bundle with flat connection on X; set En :=
E/pn. Suppose that (En−1,∇) := (En/pn,∇) is a locally trivial connection. Then

for each j ∈ {1, . . . , n} the bundle Ej := E/pj inherits an action of D
(n−j)
XWj(k)

. The

connection En is locally trivial iff Ej is locally trivial over D
(n−j)
XWj (k)

for each j; in

turn, this holds iff Ej is locally trivial over D
(n−j)
XWj (k)

for some j ∈ {1, . . . , n}.

Setting j = 1, we see that En is locally trivial iff E1 is locally trivial over D
(n−1)
Xk

;
by the above remarks, this holds iff the ideal I ⊂ O

T∗X
(n+1)
k

acts trivially on E1.

Proof. When n = 1 this is trivial, so we may assume n > 1. As all statements are
local, we may suppose that we have coordinate derivations {∂1, . . . , ∂d} on Xn, and
that En is trivial as a vector bundle.

As the D
(0)
Xk

-module E1 has p-curvature 0, we see that ∂pi (E) ⊂ p · E . Thus the

operators ∂
[p]
i =

∂pi
p!

act also on E , and so we get an action of D
(1)
X on E . Thus

En−1 inherits an action of D
(1)
XWn−1(k)

. This action is independent of the choice of

coordinates, and so exists when Xk is not affine.
By induction, since E2 is a locally trivial connection, we may suppose that the

D
(1)
Xk

-module En−1/pn−1=̃E1 is locally trivial. Therefore we have (∂
[p]
i )p = 0 on E1.

As (
∂pi
(p!)

)p =
∂p

2

i

(p!)p
we see

∂p
2

i

(p!)p
preserves E ; therefore, as above, we can obtain an

action of
1

p

∂p
2

i

(p!)p
(and therefore an action of ∂

[p2]
i ) on En−2. Thus En−2 inherits an

action of D
(2)
XWn−2(k)

. Iterating this construction proves the first claim.

As for the second, it is clear that if En is locally trivial then so if each Ej . For
the converse, proceed by downward induction on j. Since En−1 is locally trivial as
a connection, we can choose a basis {ei}

m
i=1 of En for which

∂j(ei) =

m∑

s=1

pn−1αis,jes



THE p-CYCLE OF HOLONOMIC D-MODULES AND QUANTIZATION OF EXACT ALGEBRAIC LAGRANGIANS64

for some αis,j ∈ OXk
(identifying pn−1OXWn(k)

with OXk
). Applying ∂p−1j to this

equation yields

∂pj (ei) =

m∑

s=1

pn−1(∂p−1j αis,j)es

So the D
(1)
XWn−1(k)

-module action on En−1 is given, in the basis {ei mod pn−1}mi=1

(which we will again denote by {ei}), by ∂j(ei) = 0 and

∂
[p]
j (ei) = −

m∑

s=1

pn−2(∂p−1j αis,j)es

If we suppose that this D
(1)
XWn−1(k)

-module is trivial, then we can choose a basis in

which ∂p−1j αis,j = 0 for all i, j, s. However, the one-form

m∑

s=1

d∑

j=1

∂p−1j αis,jdzj · e
∗
i ⊗ es ∈ End(E1)⊗ Ω1

Xk

is exactly the Cartier operator applied to the one-form ψ =

m∑

s=1

d∑

j=1

αis,jdzje
∗
i ⊗ es ∈

End(E1)⊗Ω
1
Xk

; i.e., it is the image of ψ in H1
dR(End(E1)) under the Cartier operator

for the trivial connection E1. If this vanishes, then there is a matrix A ∈ End(E1)
with dA = ψ, and changing basis by (1+ pn−1A) trivializes the connection (En,∇).

Now, suppose En−1 is trivial overD
(1)
XWn−1(k)

, and consider the action ofD
(2)
XWn−2(k)

on En−2. To compute this, we start with the previous formula for ∂
[p]
j ei, and write

−∂p−1j αis,j = βp
is,j for some βis,j ∈ OXk

. Using the fact that [∂
[p]
i , gp] = (∂i(g))

p

for all g ∈ OXk
, we repeat the above computation to arrive at

∂
[p2]
j (ei) = −

m∑

s=1

pn−2((∂
[p]
j )p−1βis,j)es

and as above the triviality of this D
(2)
XWn−2(k)

-module is equivalent to the triviality

of En−1 as a D
(1)
XWn−1(k)

-module. Continuing in this way proves this theorem. �

It is useful to specialize the construction to the case of line bundles. Suppose, in
fact that we are working with the trivial line bundle on XWn(k), with connection

∇(1) = pn−1ψ

where ψ is an arbitrary closed one-form in Ω1
Xk

; i.e., we make no assumption on

the liftability of the connection. We can look at the sequence ψ(i) ∈ Ω1

X
(i)
k

defined

as follows: ψ(1) = image(ψ) ∈ H1
dR(Ω

1
Xk

)=̃Ω1

X
(1)
k

. If ψ(1) is closed15, then we

define ψ(2) = image(ψ(1)) ∈ H1
dR(Ω

1

X
(1)
k

)=̃Ω1

X
(2)
k

. If this is closed, we define ψ(3)

analogously, and we continue on to ψ(n−1). Then we make the

15which is guaranteed if the connection is liftable
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Definition 4.9. The pm-curvature of ψ, denoted Ψ, is the p-curvature of ψ(m−1),
i.e.

Ψ = (ψ(m−1))p − C(ψ(m−1)) ∈ Ω1

X
(m)
k

Where C : Ω1,cl

X
(m−1)
k

→ Ω1

X
(m)
k

denotes the Cartier operator.

The condition that the {ψ(i)} are defined is guaranteed by the existence D
(j)
XWj(k)

-

module structure of Theorem 4.8 is defined for all j ∈ {0, . . . ,m − 1}; i.e., the

coefficients of the one form ψ(i) are determined by the action of the operators ∂
[pi]
j .

Thus the above construction yields

Corollary 4.10. Let ψ ∈ Ω1
Xk

be such that {ψ(i)}m−1i=1 are defined (for instance, if
the one-form is liftable to W (k)). Then the pn-curvature Ψ = 0 iff there is some
u ∈ Ω1

XWm(k)
such that

du

u
= pm−1ψ

It should be remarked right away that the consideration of the operators {ψ(i)}m−1i=1

is not new- indeed, they have been considered in Illusie’s fundamental work on the de
Rham-Witt complex ([Ill2], section 2.2), and the previous corollary can be deduced
from the results of that work. However, the connection with higher differential
operators seems to be new. Finally, we record the

Remark 4.11. The theory works in an identical fashion in the relative situation;
e.g. for vector bundles with connection over DXk

[λ, λ−1] or DXk
[[λ]][λ−1].

4.3. Local Lifts of Connections. In this subsection we consider the structure
of lifts of a given D

(0)
Xk

module M̃k, which we assume to be a splitting bundle for

L
(1)
k . To that end, fix a Wm(k)-flat D

(0)
XWm(k)

-module M̃Wm−1(k) which lifts M̃k;

suppose this module admits a lift to a Wm(k)-flat D
(0)
XWm(k)

-module, M̃Wm(k). We

start with

Lemma 4.12. We have End∇(M̃Wm(k))=̃Wm(O
L

(m)
k

)

Proof. The action of the center yields a map Wm(O
L

(m)
k

) → End∇(M̃Wm(k)). To

show its an isomorphism, we can work formally locally. Then we can apply 4.6 and
the analogous fact for the trivial connection OXWm(k)

. �

Now we can analyze the structure of the set of lifts:

Proposition 4.13. For a fixed lift M̃Wm(k), then the subgroup of (isomorphism
classes of) line bundles with locally trivial connection on LWm(k), acts simply tran-

sitively on the set of lifts which are locally isomorphic to M̃Wm(k).

Proof. Recall from 7.5 we have an equivalence between line bundles with locally

trivial connection on LWm(k) and line bundles on Wm(L
(m)
k ), given by pulling back

under the natural inclusion O
Wm(L

(m)
k )
→ OLWm(k)

. To each such line bundle we

can associate an open affine cover {Ui} and an element αij ∈ O∗
Wm(U

(m)
ij )

. We also

have isomorphisms of D
(0)
XWn(k)

-modules ψij : MWn(k)(Ui)|Uij→̃MWn(k)(Uj)|Uij .

By Lemma 4.12, αij acts on MWn(k)(Uj)|Uij , and so, by the cocycle condition for
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{αij}, we can obtain a new D
(0)
XWn(k)

-module by replacing ψij with αij ·ψij ; whence

the result. �

We’ll also need

Lemma 4.14. We have Ext1
D

(0)
Xk

(M̃k,M̃k)=̃Ω1

L
(1)
k

as sheaves on T ∗X
(1)
k .

Proof. By assumption we have that D
(0)
Xk
|
L

(1)
k

is a split Azumaya algebra, and that

M̃k is a splitting bundle. Let L
(1)
k,m denote the mth infinitesimal neighborhood

of L
(1)
k in T ∗X

(1)
k . We claim that D

(0)
Xk
|
L

(1)
k,m

is also split. To see this, recall

from [Mi], chapter 4, theorem 2.5, that there is for any scheme Y an injection

Br(Y ) → H2
et(Y,Gm) (here Br(Y ) denotes the Brauer group). Since L

(1)
k is affine,

the nilpotent immersion L
(1)
k → L

(1)
k,m induces an isomorphism

H2
et(L

(1)
k,m,Gm)→̃H2

et(L
(1)
k ,Gm)

Therefore the class of D
(0)
Xk
|
L

(1)
k,m

in Br(L
(1)
k,m) must be trivial as claimed.

Furthermore, as isomorphism classes of splitting bundles on L
(1)
k,m form a torsor

over Pic(L
(1)
k,m)=̃Pic(L

(1)
k ), we see that these splitting bundles can be chosen com-

patibly with the restriction from L
(1)
k,m to L

(1)
k,m−1. Taking the inverse limit yields

a splitting bundle. ̂̃Mk, for DXk
on L̂

(1)
k , the full formal neighborhood of L

(1)
k in

T ∗X
(1)
k . Therefore, there is an equivalence of categories

QCoh
L

(1)
k

(T ∗X
(1)
k )→ QCoh

L
(1)
k

(D
(0)
Xk

)

where the left hand side denotes quasi-coherent sheaves on T ∗X
(1)
k which are set-

theoretically supported on L
(1)
k and the right hand side denotes quasi-coherent

D
(0)
Xk

-modules which are set-theoretically supported on L
(1)
k . The functor is F →

̂̃Mk ⊗O
T∗X

(1)
k

F . Thus we obtain an isomorphism

Ext1DXk
(M̃k,M̃k)=̃Ext

i

T∗X
(1)
k

(O
L

(1)
k

,O
L

(1)
k

)

and setting i = 1 implies the result. �

Now we’ll apply the theory of the pm-curvature, developed above in 4.2, to this
situation:

Proposition 4.15. Let ÑWm(k) be another lift of M̃k, and suppose that ÑWm−1(k)

and M̃Wm−1(k) are locally isomorphic. Then there is a one-form Ψ ∈ Ω1

L
(m)
k

which

vanishes iff ÑWm(k) and M̃Wm(k) are locally isomorphic.

Proof. By assumption, there exists an open affine cover {Ui} of Lk, so that there are

isomorphisms ψi : M̃Wm−1(k)(Ui)=̃ÑWm−1(k)(Ui). Via these isomorphisms, we can
regard both MWn(k)(Ui) and NWn(k)(Ui) as being lifts of NWn−1(k)(Ui); then the

class [MWn(k)(Ui)]− [NWn(k)(Ui)] is an element ϕi ∈ Ext1Ui
(M̃k,M̃k)=̃Ω1

L
(1)
k

(Ui).

Pick a closed form ϕ′i ∈ Ω1
Lk

(Ui) whose image in Ω1

L
(1)
k

(Ui) is ϕi. We claim that,
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in the notation of 4.9, the one-forms {(ϕ′i)
(j)}m−1j=0 are all defined. To see this, note

that this condition is checkable formally locally. So, applying 4.6 (which reduces
the question to the case of lifts of line bundles with connection) the result follows
from the fact that MWn(k) and NWn(k) are both liftable to W (k). Therefore, we
can take the pm-curvature Ψi; which a priori depends on the choice of ψi.

Now we look at what happens when we change the map ψi. Suppose we

have α ∈ O∗
Wm−1(U

(m−1)
ij )

. Writing α = gp
m−1

1 + pgp
m−2

2 + · · ·+ pm−2gpm−2 for gi ∈

OUij,Wm−1(k)
, we see that, if α̃ ∈ OUij,Wm(k)

is a lift of α, then
dα̃

α̃
∈ pm−1Ω1

Uij,Wm(k)
=̃Ω1

Uij,k
.

Denote the image of this closed one-form in Ω1

L
(1)
k

(Ui) by [
dα

α
].

Then, if we alter the map ψi by replacing it by α·ψi for some α ∈ O∗
Wm−1(U

(m−1)
ij )

,

then this has the effect of replacing ϕi with ϕi + [
dα

α
]. To prove this, we may work

(formally) locally and apply 4.6 to reduce to proving the analogous statement for
line bundles with connection on LWm(k), where it is a direct computation. In
particular, replacing ψi by α · ψi does not alter the one-form Ψi, because adding

[
dα

α
] corresponds to replacing the line bundle whose pm-curvature we are calculating

with an isomorphic one, and the pm-curvature depends only the isomorphism class
of the line bundle. It follows that this construction glues, and we obtain a one-form
Ψ in Ω1

L
(m)
k

.

Clearly if ÑWm(k) and M̃Wm(k) are locally isomorphic then Ψ = 0. Conversely,

suppose Ψ = 0. Choose {Ui} as above and pick ϕ′i whose image in H1
dR(Ui) is

ϕi. Then, by 4.10 there is some unit u ∈ OLWm(k)
with pm−1ϕ′i =

du

u
. But this

equation implies that ū, the image of u in OLWm−1(k)
satisfies dū = 0; in other

words ū ∈ O∗
Wm−1(U

(m−1)
ij )

. Altering the map ψi to ū · ψi then alters ϕi to 0, which

shows that ÑWm(k)(Ui)=̃M̃Wm(k)(Ui) as required. �

5. Quantizations of L

The main goal of this chapter is to finish the proof of Theorem 1.7. Let us
recall that, in Theorem 3.46, we have constructed a family of meromorphic con-

nections on X̃C, whose restriction to UC has constant arithmetic support (equal
to LUC

). This family was indexed by line bundles with log connection on LC with
finite monodromy group. Amongst these we can consider those which have trivial
monodromy along each divisor in LC. Since H1

dR(LC) = 0, this gives us a finite col-

lection of connections, which we denoted {(L,∇)⋆M1,C} (the choice of a particular

M1,C is for notational convenience only).

Now, each such (L,∇) ⋆M1,C|UC
is an irreducible flat connection. Thus we may

consider the intermediate extension, which is an irreducible holonomic D-module
on XC; let us denote these holonomic D-modules by (L,∇) ⋆MC, and (again for
notational convenience), let us fix our attention on one of these modules,MC. We
want to calculate its arithmetic support; i.e., the p-support ofMk for char(k) >> 0.

To accomplish this, we’ll use the method of 2.2, and apply a linear symplecto-
morphism σ to analyze the situation at a given point. It is not obvious that the
resulting object, Mσ, is the specialization at λ = 1 of a θ-regular λ-connection.
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However, this is true, and we’ll use the theory developed in Section 4 to show it.
Namely, we’ll first construct a suitable θ-regular λ-connection, and the, we’ll use
the theory of the pm-curvature to see that for p >> 0, the p-adic completion of
Mσ (over some open subset) is isomorphic to the p-adic completion of a suitable
θ-regular λ-connection, specialized to λ = 1. Somewhat surprisingly, this turns out
to be enough to show that the two D-modules are actually isomorphic (c.f. the
proof of Theorem 5.1 below). Once this is done, the calculation of the p-support
follows; at least in codimension 2; and then in general by the results of 5.2 below.
The same technique turns out to be the key point in showing that the action of
π∗ is transitive on the set of all D-modules with constant arithmetic support equal
to LC, with multiplicity 1; as a by-product, we’ll see that they all come from the
construction of the lemma above.

We shall, as usual, suppose that R is smooth over Z, so that any morphism
R→ k lifts to a flat morphism R→W (k).

5.1. Analysis of Mσ. Now we can begin the proof that MC has constant arith-
metic support. We start with some preliminaries over R. Fix a component E′ of
the divisor E = L\LU . Choose an embedding X ⊂ Am, and a linear symplecto-
morphism σ of T ∗Am such that the projection T ∗Am → Am is an isomorphism in
a formal neighborhood of σ(E′) in σ(L). For later use, we shall specify that σ is of
a particular form. Let {x1, . . . , xm, ξ1, . . . , ξm} be standard coordinates on T ∗Am.
Then we demand that

σ = σ1 ◦ σ2 ◦ · · · ◦ σr

where σi is either the linear map which swaps ξr and ξs (for some r and s), or the
map which swaps xt and ξt (for some t). It is elementary to see that there is a σ,
inducing an isomorphism on a formal neighborhood of some point in E′,sm, which
factors this way.

In particular, the projection σ(L)→ Am is dominant; and we have a function f ′

on σ(L) so that df ′ = θ|σ(L). In particular we can apply the notation and results

of the previous chapter to this situation; let P̃m denote a suitable modification of
Pm (e.g., satisfying the assumptions laid out in 3.1).

ReplaceM with

∫

i

M. Let U ′ ⊂ Am be an open subset over which σ(L)|U ′ → U ′

is finite etale. Note that Mλ(U) can be extended a coherent Dλ-module to all of
X , and then we can apply σ∗, and restrict to U ′; shrinking U ′ if necessary we have
that the result, call it Mσ

λ , is a bundle on U ′. We now replace σ(L) with L and
σ(E′) with E′, to ease notation. By our assumptions on σ, we have that the image
of E′ is a divisor D′ in Am.

The main aim of this section is to prove the following preliminary result:

Theorem 5.1. There is a θ-regular λ-connection Nλ, whose residue along E′ is 0,
so that N1|U ′=̃Mσ

1 |U ′ .

In the next subsection, we’ll show how this implies the main result on the p-
support ofM. Meanwhile, the proof of this theorem will use all the tools developed
in the previous chapters.

Proposition 5.2. Let the notations be as above. For each n ≥ 1, Mσ
λ/λ

n extends

to a θ-regular meromorphic connection on P̃m, denoted Nλ,n. The residue of this
connection is trivial along E′.
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Proof. When n = 1 this is clear asMσ
λ/λ is a line bundle on σ(L)U ′ ; i.e.,Mσ

λ/λ =
π∗(L, df ′) for some line bundle L on LU ′ . Shrinking U ′ if necessary (for the last
time), we’ll assume L = OLU′

.

When n = 2, we have (by Lemma 3.31) Mσ
λ/λ

2 = π∗(L, df ′ + λψ) where ψ
is a one-form on LU ′ . As σ is a linear symplectomorphism, we have (as in the

proof of Theorem 2.11) that Mσ
λ,k has p-curvature equal to σ(L

(1)
k ) × A1

k for all k
of characteristic p >> 0. Therefore, applying the argument of 2.17, we see that
ψ is a closed one-form of p-curvature 0 for p >> 0. It follows that the one-form
ψ has regular singularities with rational monodromy around each divisor of σ(L).
Along a given component of σ(L)\σ(L)U ′ , this monodromy measures the failure
of Mσ

λ/λ
2 to extend to a flat deformation of a line bundle on σ(L) (as in 2.12).

However, Mσ
λ/λ

2 certainly does extend to a flat deformation of a line bundle on
σ(L), since Mλ(U)/λ2 extends to a deformation of a line bundle on L. Thus
this monodromy vanishes on each component of σ(L)\σ(L)U ′ . Now, applying the
argument of Lemma 3.35 one deduces the existence of Mσ

λ,2, with residue trivial

along E′ (as the projection of E′ ⊂ T ∗X to X is generically an isomorphism, the

blowup X̃ → X is an isomorphism at the generic point of π(E). Thus we see that
E′ must correspond to a component of LVx,i which is embedded, and the residue

ofMσ
λ,2 at E′ is equal to the residue of Mσ

λ,2 at E′, which is trivial).

Now, let n > 2. By induction, we shall assume that Nλ,n−1 exists, and that

we have found an isomorphism Nλ,n−1|U ′=̃N σ
λ /λ

n−1. Applying Theorem 3.39, we

see that there is a unique θ-regular deformation N λ,n of Nλ,n−1. By the general

deformation theory, we have that [Nλ,n|U ′ ]−[Mσ
λ/λ

n] = ψn for some ψn ∈ Ω1
σ(L)|U′

;

explicitly, if we write Nλ,n|U ′ = π∗(O[λ]/λ
n, ϕ), then Mσ

λ/λ
n = π∗(O[λ]/λ

n, ϕ +
λn−1ψn). These two connections are isomorphic iff there exists some g ∈ OLU′

with

dg = ψn; the isomorphism is given by multiplying a generator by 1 + λn−2g.
On the other hand, the reduction to k of both Nλ,n|U ′ and Mσ

λ/λ
n extend to

λ-connections over k[λ] with p-curvature equal to σ(L
(1)
k )×A1

k (the former by 3.27,

the latter by definition, since it is θ-regular at infinity). So N λ,n,k|U ′ andMσ
λ,k/λ

n

are isomorphic as λ-connections. But this implies that ψn,k = dg for some function
g. Therefore ψn is a closed one-form, whose image in the de Rham cohomology
group H1

dR(LU ′,k) is 0 for all k. Then, using the canonical injection

H1
dR(LU ′)/p→ H1

dR(LU ′,k)

we see that ψ̄n ∈ p · H1
dR(LU ′) for all primes p in R. (we use ψ̄n to denote the

image of ψ in de Rham cohomology) As we show below in Lemma 7.12, the group
H1

dR(LU ′) is a direct sum of finite type R-modules. This shows that ψ̄n is a torsion
class in H1

dR(LU ′); which means it is a sum of pr-torsion classes for finitely many
primes. Using the canonical surjection

H0
dR(LU ′,Wr(k))→ pr − tors(H1

dR(LU ′))

we see that, along any irreducible divisor E′′ ⊂ Ẽ, if ψn has a pole, then (up
to adding an exact one-form) it must be a sum of terms of the form of the form

paz−(p
b−1)dz (where zis a local coordinate for E′′, b ≥ 1, and a ≥ 0 is a suitable

power with a ≤ b).
We claim that, for large p, no such description of the poles is possible. If this is

so, then ψ̄n is the image of a function in H0
dR(LU ′,Wr(k)) which has no poles along
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any divisor in LWr(k), which implies ψ̄n = 0 as required to finish the induction step
of the proof.

To prove this claim, consider the completion Mσ
λ̂
, as a sheaf on T ∗U ′. As it is

supported along LU ′ , it follows that, after possibly pulling back along a root cover,
for each irreducible divisor E ⊂ P̃m\U ′, there is a decomposition

Mσ
λ̂
[z−1] =

⊕

i

̂O[λ, z−1] · ei

where z is a local equation for E, and ̂O[λ, z−1] · ei is the λ-adic completion of
O[λ, z−1], equipped with some λ-connection. A priori, this connection has the form

∇(ei) =
∑

m∈Z

αmz
m · ei

where αm → 0 in the λ-adic topology as m → −∞. However, as proved directly
below, we actually have αm = 0 for m < N , for some fixed negative number
N ; for some choice of {ei}. We also have that Nλ,n[z

−1] admits an analogous
decomposition, as it is θ-regular at infinity. Changing the basis {ei} to another
such basis allows us to add a term of the form λn−1du, however, since ψ̄n 6= 0
we see that we cannot obtain ψn this way. So, for p > |N |, we cannot add ψn to
the connection form of (Mσ

λ/λ
n)[z−1] to obtain the connection form of Nλ,n[z

−1].
Thus ψn cannot have any poles and the result follows. �

The proof above required a technical result. To state it, we introduce some
terminology. Let U be an open subset of Am and let LU ⊂ T ∗U be a smooth exact
Lagrangian whose projection to U is finite etale, of rank r. Let Fλ be a coherent
Dλ-module on Am, so that Fλ/λ|U =̃π∗(OLU ) as Higgs bundles. Let {x} be the

generic point of an irreducible divisor in P̃m and let Vx be an etale neighborhood

of {x}, with V
(l)
x a root cover along the divisor; denote by ϕ : V

(l)
x → P̃m. Then,

exactly as in 3.1, the Higgs bundle π∗(OLU ) satisfies the following:

ϕ∗π∗(OLU )[z
−1] =

r⊕

i=1

Li[z
−1]

where z is the local coordinate for the divisor and Li[z−1] is a meromorphic Higgs
bundle of rank 1. In other words, by Abhyankar’s theorem, the Lagrangian breaks
up into r distinct pieces near {x}, possibly after a root cover.

Then we say that Fλ is micro-locally decomposable if there is a decomposition

ϕ∗F̂λ[z−1] =

r⊕

i=1

F̂i[z−1]

where F̂λ[z−1] is the λ-adic completion of Fλ[z
−1] and F̂i[z−1] are line bundles

with meromorphic λ-connection; i.e., there is some ei ∈ F̂i[z−1] which generates it
and for which ∇(ei) ∈ z

−Nei for some N ∈ N.
As indicated in the previous proof, the fact that such a decomposition exists,

without the meromorphicity condition, is obvious on general grounds. Weather or
not it always exists, is not clear to me a this time. However, we have

Lemma 5.3. Suppose Fλ is micro-locally decomposable, and let σ be a linear sym-
plectomorphism of T ∗Am of the type considered at the beginning of the chapter.
Then Fσ

λ is also micro-locally decomposable.
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Proof. By definition, Fσ
λ is defined as the tensor product

Fσ
λ := Dσ

λ ⊗Dλ
Fλ

where Dσ
λ is the invertible (Dλ,Dλ) bimodule defined by the automorphism σ.

Under the isomorphismDλ⊗R[λ]Dλ=̃DA2m,λ we may regardDσ
λ as aDA2m,λ-module,

and the we may rewrite the above in terms of the Dλ-module operations:

Fσ
λ :=

∫

p2

Dσ
λ ⊗

L
O

A2m [λ] p
∗
1Fλ

where p1, p2 are the two projections from A2m = Am×Am to Am (this is a general
fact about application of bimodules to D-modules).

Now, suppose σ is the symplectomorphism which interchanges ξi and xi. Then
Dσ

λ is the DA2m,λ-module exp(xi + yi); i.e., it is a line bundle with λ-connection
where ∇ acts on the generator e as edxi+edyi. And if σ is the symplectomorphism
which interchanges ξi and ξj , then Dσ

λ is the DA2m,λ-module exp(xiyi). So, in either
case it follows directly that the DA2m,λ-module

Dσ
λ ⊗

L
O

A2m [λ] p
∗
1Fλ = Dσ

λ ⊗OA2m [λ] p
∗
1Fλ

is micro-locally decomposable, as a module over DA2m,λ. But then the result for Fσ
λ

follows as well, as the pushforward over p2 of a bundle with meromorphic connection
is easily seen to be meromorphic. �

Let N λ denote the unique algebraic θ-regular λ-connection whose reduction mod
λn is Nλ,n (constructed via Theorem 3.45). Fix k of characteristic p >> 0. For

each m ≥ 1 we are going to compareMσ
λ,Wm(k) with N λ,Wm(k). In fact we have

Corollary 5.4. For each m ≥ 1, the λ-connections Mσ
λ,Wm(k) and N λ,Wm(k) are

locally isomorphic over U ′Wm(k) × A1
Wm(k).

Proof. We proceed by induction on m, for m = 1 is is clear by looking at the
p-support (and using 2.17). For m > 1, we start by inverting λ and applying
the theory of the pm-curvature (via 4.11) to the connections Mσ

λ,Wm(k)[λ
−1] and

N λ,Wm(k)[λ
−1]. Thus we obtain an element Ψ ∈ Ω1

(LU′

k
)(m) [λ, λ

−1]. Further, since

Mσ
λ̂,Wm(k)

=̃N λ̂,Wm(k) (by the previous proposition), we see that the image of Ψ in

Ω1
(LU′

k
)(m) [[λ]][λ

−1] vanishes. So Ψ vanishes also, and we see that Mσ
λ,Wm(k)[λ

−1]

and N λ,Wm(k)[λ
−1] are locally isomorphic.

To see that they are locally isomorphic over all of U ′Wm(k)×A
1
Wm(k), note that, as

they are both flat over Wm(k), any map whose reduction mod p is an isomorphism
is an isomorphism. We have a natural map

Hom(Mσ
λ,Wm(k),N λ,Wm(k))/p→ Hom(Mσ

λ,k,N λ,k)

The right hand side is a line bundle over O
L

(1)

U′

k

[λ] (since we already know thatMσ
λ,k

and N λ,k are locally isomorphic on U ′k×A1
k). The left hand side is a coherent sheaf

overO
Wm(L

(m)

U′

k
)
[λ], and it is a line bundle there; to see this, note that by flat descent

it can be checked after passing to U ′Wm(k)[λ, λ
−1] and U ′Wm(k)[[λ]] where the result

is clear as the two sheaves are locally isomorphic on each of these pieces.



THE p-CYCLE OF HOLONOMIC D-MODULES AND QUANTIZATION OF EXACT ALGEBRAIC LAGRANGIANS72

LetH denote the image of the above map, it is a subO
L

(m)

U′

k

-module ofHom(Mσ
λ,k,N λ,k),

and we have

O
L

(1)

U′

k

⊗O
L
(m)

U′

k

H → Hom(Mσ
λ,k,N λ,k)

is an isomorphism; again by checking it on the same flat cover. Therefore H locally
contains a non-vanishing section of the line bundle Hom(Mσ

λ,k,N λ,k), which is
necessarily an isomorphism, and the result follows. �

Now, applying End(Mσ
λ,Wm(k))=̃OWm(L

(m)

U′

k
)
[λ], we see that the two sheavesMσ

λ,Wm(k)

and N λ,Wm(k) define a unique line bundle on Wm(L
(m)
U ′

k
)×A1

Wm(k). Since Wm(L
(m)
U ′

k
)

is affine and is an infinitesimal deformation of a regular scheme, we see that

Pic(Wm(L
(m)
U ′

k
)× A1

Wm(k))→̃Pic(L
(m)
U ′

k
× A1

k)→̃Pic(L
(m)
U ′

k
)→̃Pic(Wm(L

(m)
U ′

k
))

Ans so our line bundle is the pullback of a unique line bundle on Wm(L
(m)
U ′

k
); we

therefore obtain via 7.4, a line bundle with connection (KWm(k),∇) on LU ′

Wm(k)
.

Taking the inverse limit, we obtain a line bundle with continuous connection (KW (k),∇)
on the formal scheme LU′

W(k)
.

Corollary 5.5. The connection (KW (k),∇) is trivial on LU′

W (k)
; i.e., it is isomor-

phic to OL
U′

W (k)

with the standard connection. Therefore M̂σ
W (k)→̃N̂W (k), where ?̂

denotes the p-adic completion.

Proof. By construction we have, for eachm ≥ 1, thatMσ
λ,Wm(k)=̃π∗(OLU′

Wm(k)

[λ], ϕm)

where ϕ is a closed one-form in Ω1
LU′

Wm(k)

[λ], and similarlyNλ,Wm(k)=̃π∗(OLU′

Wm(k)

[λ], ϕ′m).

As the map LU ′ → U ′ is etale, a (local) isomorphism between these connections
corresponds to a (local) isomorphism between the connections (OLU′

Wm(k)

[λ], ϕm)

and (OLU′

Wm(k)

[λ], ϕ′m); as is seen by pulling back along LU ′

Wm(k)
→ U ′Wm(k).

If we set ψm = ϕ′m − ϕm, then, because Mσ
λ,Wm(k) and Nλ,Wm(k) are locally

isomorphic, we have that ψm is a closed one form which is locally trivial, i.e.,

ψm = λ
du

u
locally on LU ′

Wm(k)
. In particular we have ψm = λψ0,m, where ψ0,m ∈

Ω1
LU′

Wm(k)

. The form ψ0,m defines a flat connection, which is precisely KWm(k).

Taking the inverse limit over m, we obtain a closed one form ψ0 ∈ Ω1
L

U′

W (k)

which

defines the connection (KW (k),∇).
Now, by construction there is an isomorphism

Mσ
λ/λ

2=̃Nλ/λ
2

of λ-connections over U ′R. Base changing to U′W (k), we obtain an isomorphism

M̂σ
λ,W (k)/λ

2=̃N̂λ,W (k)/λ
2

or, equivalently,

π∗(OLUW (k)
[λ]/λ2, ϕ)→̃π∗(OLUW (k)

[λ/λ2], ϕ+ λψ0)
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where ϕ is the inverse limit of the ϕm, and we’ve used ϕ′m = ϕm +λψ0,m. But this

means that there is a unit u in OLUW (k)
so that λ

du

u
= λψ0which shows that the

connection defined by ψ0 is trivial as required. �

Now we proceed to the

Proof. (of Theorem 5.1) We are going to show that, for any k of large enough

characteristic, we have a nonzero morphism (N
′

1,W (k)|UW (k)
) → Mσ

1,W (k)|UW (k)
.

Since both of these are irreducible flat connections over Frac(W (k)), after enlarging

R we obtain the desired isomorphism. Let VW (k) := N
′

1,W (k) ⊗ (Mσ
1,W (k))

∗. This

is an algebraic vector bundle with flat connection on U ′W (k). Let V̂W (k) denote its

p-adic completion. Then, we have the short exact sequence

0→ VW (k) → V̂W (k) → QW (k) → 0

whereQW (k) is a module with flat connection overOUW (k)
on which p acts invertible.

Thus we obtain the long exact sequence

H0
dR(QW (k))→ H1

dR(VW (k))→ H1
dR(V̂W (k))→ H1

dR(QW (k))

and Lemma 7.12 implies that H1
dR(VW (k)) is p-adically seperated. Thus the first

map in this sequence is zero, and we see that the induced map

p− tors(H1
dR(VW (k)))→ p− tors(H1

dR(V̂W (k)))

is an isomorphism. On the other hand, since VW (k) is flat over W (k) we have

H·dR(Vk)=̃H·dR(VW (k))⊗
L
W (k) k. Therefore we have the short exact sequence

H0
dR(VW (k))/p→ H0

dR(Vk)→ p− tors(H1
dR(VW (k)))

and the analogous one for V̂W (k). Therefore the map

H0
dR(VW (k))/p→ H0

dR(V̂W (k))/p

is an isomorphism. Further, since N
′

1,W (k) and Mσ
1,W (k) become isomorphic after

p-adic completion, we see that H0
dR(V̂W (k)) 6= 0 (in fact H0

dR(V̂W (k)) =W (k) as can

be easily seen from the fact that both N
′

1,W (k) and Mσ
1,W (k) are flat deformations

of a splitting bundle on LU ′

k
). Therefore H0

dR(VW (k)) 6= 0 and the result follows. �

5.2. Calculation of the p-support. Now we prove the first main assertion of
Theorem 1.7; namely, that M has constant arithmetic support. Let XW (k) denote
the formal completion of XW (k), considered as an affine formal scheme. As in 4.1,

we let D̂
(0)
XW (k)

denote the p-adic completion of DXW (k)
; it is a sheaf of noetherian,

coherent algebras on XW (k). We let UW (k) denote the formal scheme which is the
p-adic completion of UW (k); let j : UW (k) → XW (k) denote the inclusion. Finally, let

M̂W (k) denote the p-adic completion ofMW (k), and M̂U,W (k) the p-adic completion
ofMU,W (k). Then, in 7.3 below, we prove

Theorem 5.6. The natural map M̂W (k) → j∗(M̂U,W (k)) is injective.

Now, M̂U,W (k)/p is a splitting bundle for DUk
|
L

(1)
Uk

. As we know from Lemma

2.21, this splitting bundle extends to a splitting bundle on all of L
(1)
k . Our next
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theorem shows that (at least one such) extension admits a lift to W (k). To state
this theorem, we recall from [SV] that the center of DXWn(k)

is isomorphic to the
ring of Witt vectors on the nth Frobenius twist of the cotangent bundle of Xk;

Wn(T
∗X

(n)
k ). In particular, the underlying topological space of Spec(Z(DXWn(k)

))

can be identified with that of T ∗X
(n)
k .

Theorem 5.7. 1) There is an open subset V of T ∗Xk, whose intersection with Lk

has complement of codimension 2 inside Lk, and such that Mk|V (1) is a splitting

bundle for L
(1)
k ∩ V

(1). For each n ≥ 1, MWn(k)|Wn(V (n)) is scheme theoretically

supported along Wn(L
(n)
k ∩ V (n)), and is a Wn(k)-flat deformation of Mk|V (1) .

2) Let j : V → T ∗Xk denote the inclusion. Then, for each n ≥ 1, j∗(MWn(k)|Wn(V (n)))

is a flat deformation of j∗(Mk|V (1)), which is a splitting bundle on L
(1)
k . The mod-

ule
lim
n→∞

j∗(MWn(k)|Wn(V (n))) := M̃W (k)

is therefore a p-adically complete, p-torsion-free, finite D̂
(0)
XW (k)

-module M̃W (k) such

that M̃W (k)/p is a splitting bundle on L
(1)
k . Further, there is an isomorphism

D̂
(0)
UW (k)

⊗̂
D̂

(0)
XW (k)

M̃W (k)→̃j∗(M̂U,W (k))

where the term on the left denotes the p-adic completion of D̂
(0)
UW (k)

⊗
D̂

(0)
XW(k)

M̃W (k).

In particular, there is a map M̂W (k) → M̃W (k) given by taking the inverse limit
of the natural maps

MWn(k) → j∗(MWn(k)|Wn(V (n)))

This map is surjective.

Combining these two theorems yields immediately

Theorem 5.8. There is an isomorphism M̃W (k)=̃M̂W (k). In particular, the p-

support ofMk is L
(1)
k , with multiplicity 1; in factMk is a splitting bundle for DXk

along L
(1)
k

Now we proceed to the

Proof. (of Theorem 5.7) 1) As in the previous section we fix a component E′ of the
divisor E = L\LU , and a σ so that the projection T ∗Am → Am is an isomorphism
in a formal neighborhood of σ(E′) in σ(L). Then, there is a component D′ of
Am\U ′ so that E′ → D′ is generically an isomorphism.

Then, by Theorem 5.1, we have thatMσ is the restriction to U ′ of the reduction
mod (λ − 1) of Mσ

λ, which is θ-regular at infinity. Let M̃σ
1 denote the DAm -

submodule of j∗(Mσ
1 ) generated by Mσ

1 |Am . Then, localizing R as needed, we

have σ∗M ⊂ M̃σ
1 , with cokernel flat over R. Thus we can suppose σ∗MWn(k) ⊂

M̃σ
1,Wn(k)

for all k with R→ k, and all n ≥ 1.

By the θ-regularity, we have for each n ≥ 1 a decomposition

(Mσ
λ)Wn(k) =

⊕

i

(Mσ
λ)Wn(k),i

in an etale neighborhood Vx,Wn(k) of the generic point of D′Wn(k)
, and the sum

is over components of the normalization σ(L) of P̃m in K(σ(L)) which live over
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D′. Since σ(L) is smooth, we see that this collection of components includes each
component of σ(L) which lives over D′, including E′. This implies that the compo-

nent containing E′ is embedded in T ∗(P̃m), with trivial residue. Therefore, by the

θ-regularity condition, the summand (M̂σ
λ)Wn(k),i which corresponds to E′ is itself

a line bundle with λ-connection over ÔD′

Wn(k)
[λ]. Similarly, by the choice of residue

in Theorem 5.1, the summands corresponding to other components of σ(L) living
above D′ are vector bundles with λ-connection, while the remaining summands
correspond to divisors in σ(L)\σ(L). Taking the inverse limit, the same holds over
W (k).

Now we show that, after pulling back to Vx, we have the decomposition

(5.1) M̃1,k =
⊕

i,finite

(Mσ
1 )k,i ⊕

⊕

i,infinite

(Mσ
1 )k,i[z

−1]

where the first sum runs over divisors in σ(L), while the second runs over divisors

in σ(L)\σ(L), and {z = 0} is a local equation for D′.
To see it, use the fact that, after taking a suitable root cover, each (Mσ

1 )Wn(k),i

(for i infinite) becomes a direct sum of line bundles with connection, where the con-

nection is of the form
d

dz
e = fi · e where fi has a pole in z. The D̂

(0)
Vx,W (k)

-module16

generated by (Mσ
1 )W (k),i := limn(Mσ

λ)Wn(k),i is therefore equal to ̂(Mσ
1 )W (k),i[z−1].

For i finite each (Mσ
1 )W (k),i is already a vector bundle with connection. So we see

that the DVx,W (k)
-module generated by {(Mσ

1 )W (k),i}, which is the p-adic comple-

tion of M̃1,Wk)|Vx,W (k)
, is given by

⊕

i,finite

(Mσ
1 )W (k),i ⊕

⊕

i,infinite

̂(Mσ
1 )Wk),i[z−1]

Thus M̃1,k|Vx , which is the reduction mod p of the p-adic completion of M̃1,W (k)|Vx,W (k)
,

is exactly given by (5.1) above.

This implies that the D-module M̃σ
1,k, after restriction to an etale neighborhood

of the generic point of D′, has p-support equal to σ(L
(1)
k ); and in fact is a line

bundle when restricted to σ̂(E′)k. Thus σ∗Mk is torsion free of rank 1 over σ(L
(1)
k )

near σ(E′)k, and is therefore a line bundle in a neighborhood of the generic point of

σ(E′)k. Since E′ and σ were arbitrary, we see thatMk is a vector bundle on L
(1)
k

in codimension 2, which is the first statement of 1); the second follows as MWn(k)

is flat over Wn(k).

2) SinceMk|V (1) is a splitting bundle on V (1), which has codimension 2 in L
(1)
k ,

it follows (since D is split on L
(1)
k by Lemma 2.21) that j∗(Mk|v(1)) is a splitting

bundle on all of L
(1)
k . To obtain the mixed-characteristic result, it suffices to show

that j∗(MWn(k)|Wn(V (n))) is a flat deformation of j∗(Mk|V (1)). To do so, choose a

closed point x ∈ Lk. Let e be a local section of j∗(Mk|V (1)) near x which generates
it as a D-module. We have the canonical morphismMk → j∗(Mk|V (1)). We claim
that this morphism is a surjection.

To prove this, we apply the D-module duality functor

DE = RHom(E ,D) ⊗ ωXk
[n]

16here the Vx is the p-adic completion of Vx
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SinceMk is the reduction of a holonomic DXC
-module, we have that DMk is con-

centrated in degree 0. The same is also true for j∗(Mk|V (1)); this can be seen di-

rectly from the fact that j∗(Mk|V (1)) is a splitting bundle for L
(1)
k . Furthermore, we

can apply all of the above constructions to the irreducible DXC
module DMC; which

is the IC extension of the dual vector bundleM∗|UC
. This yields a splitting bundle

j∗(M∗k|V (1)), which is the dual to j∗(Mk|V (1)), and a map DMk → j∗(M∗k|V (1)).
Taking the dual of this map, we obtain a map j∗(Mk|V (1)) → DDMk = Mk.
Composing with Mk → j∗(Mk|V (1)) we get an isomorphism on j∗(Mk|V (1)) (this
follows by restricting to V (1), where this map is clearly an isomorphism). Therefore
Mk → j∗(Mk|V (1)) is a surjection as claimed; indeed, it is a split surjection.

Now we proceed to prove point 2) by induction on n. Assume that j∗(MWn−1(k)|V (n−1))
is a flat deformation of j∗(Mk|V (1)) and thatMWn−1(k) → j∗(MWn−1(k)|W (n−1)) is
onto. Choose an element ē ∈ MWn−1(k) whose image in j∗(MWn−1(k)|V (n−1)) is a
generator (over DXWn−1(k)

). Let e ∈ MWn(k) be a lift of ē; we denote also by e its

image in j∗(MWn(k)|V (n)) We have the exact sequence

0→ j∗(p · MWn(k)|V (n))→ j∗(MWn(k)|V (n))→ j∗(Mk|V (1))

The right hand map is surjective, as the image of e under Mk → j∗(Mk|V (1))
generates it. By the induction hypothesis, j∗(p · MWn(k)|V (n)) is generated by the
image of pe, which implies j∗(p · MWn(k)|V (n)) = p · j∗(MWn(k)|V (n)). Therefore

j∗(MWn(k)|V (n))/p · j∗(MWn(k)|V (n))→̃j∗(Mk|V (1))

So MWn(k) → j∗(MWn(k)|V (n)) is onto by Nakayama’s lemma, and the image of e

generates j∗(MWn(k)|V (n)). Now, let m ∈ j∗(MWn(k)|V (n)). If m ∈ ker(pn−1·), then
m ∈ ker(j∗(MWn(k)|V (n))→ j∗(Mk|V (1))) sinceMWn(k)|V (n) is Wn(k)-flat. There-
fore m ∈ image(p·); so j∗(MWn(k)|W (n)) is flat over Wn(k) by induction, and the re-

sult follows. The surjectivity of the map M̂W (k) → M̃W (k) := lim
n
j∗(MWn(k)|W (n))

now follows from the complete Nakayama lemma. �

5.3. Torsor Structure. The results of the previous section ensure that we have
constructed a finite collection of holonomic DXC

-modules, {K ⋆MC}, where K is
indexed by the character group π∗ of π1(LC). We now turn to checking that,
first, each distinct K defines a distinct holonomic D-module, and, second, that any
holonomic D-module of constant arithmetic support equal to LC is isomorphic to
such a K ⋆MC. In fact, both statements will drop out of the same argument, and
so we turn to checking the second statement first.

Let NC be a D-module with constant arithmetic support equal to LC (with
multiplicity 1). Our first task is to use this information about the arithmetic support
to constrain the “behavior at infinity” of NC. We let N denote an R-model of NC,

and we let NC denote an extension of NC to a meromorphic connection on X̃C.

Lemma 5.9. Let {x} be the generic point of some component of D̃. Let ϕ : Vx → X̃

be an etale neighborhood, and V
(l)
x → Vx a root cover. Let ϕ(l) : V

(l)
x → X̃ denote

the composed morphism. There is a decomposition

(ϕ(l))∗N̂ [z−11 ] =

r′⊕

i=1

Ô
V

(l)
x

[z−11 ] · ei ⊕ N̂ [z−11 ]reg
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(as in 7.2; here V̂
(l)
x denotes the completion of V

(l)
x along the divisor D̃). We write

∂jei = αijei.

1) After possibly renumbering, the (nonzero) image of αi in Ô
V

(l)
x

[z−11 ]/Ô
V

(l)
x

·z−11

agrees with the image of θij in Ô
V

(l)
x

[z−11 ]/Ô
V

(l)
x

· z−11 .

2) Let R→W (k). For any m ≥ 1, there is a decomposition

(5.2) N̂Wm(k)[z
−1
1 ] =

r⊕

i=1

O ̂
V

(l)

x,Wm(k)

[z−11 ] · ei

of meromorphic connections (i.e., we have ∇(ei) = ψiei for one-forms ψi ∈ Ω1
̂

V
(l)

x,Wm(k)

[z−11 ])

such that, for 1 ≤ i ≤ r′, we have that ei agrees with the ei of the decomposition
written above, and for i > r′ the one-form ψi has log poles.

Proof. After reduction to k, the assumption on the p-curvature implies that we
have a decomposition

N̂ k[z
−1
1 ] =

r⊕

i=1

Ô
V

(l)
x,k

[z−11 ] · ei

of meromorphic connections; if we write ∇(ei) = ψiei, then we have ∇(p)(ei) =
(ψp

i −C(ψi))ei; hence this is a complete set of eigenvectors for the operators {∂pi }
n
i=1;

further, we have (ψp
i −C(ψi)) = θpi . On the other hand, the elements αp

i−(∂z1)
p−1αi

are amongst the eigenvalues for the operator ∂pz . Writing αi = ai,mz
−m + · · · +

ai,2z
−2 + ai,1z

−1 + a0 (where a0 has no poles in z) shows that

αp
i − (∂j)

p−1αi = api,mz
−mp + · · · api,2z

−2p + (api,1 − ai,1)z
−p + a′0

(where a′0 has no poles in z). Comparing these two sets of eigenvectors thus gives
1). For 2), the decomposition (5.2) follows from the fact that there are no nontrivial
extensions between the distinct connections {Ô

V
(l)
x,k

[z−11 ] · ei}ri=1. Comparing with

the reduction to Wm(k) of the decomposition

N̂ [z−11 ] =

r′⊕

i=1

Ô
V

(l)
x

[z−11 ] · ei ⊕ N̂ [z−11 ]reg

we see that the eigenvectors must agree, for each operator {∂i}ni=1 and the result
follows. �

Now we are going to attach an element of π∗ to NC. Recall from (the proof of)
[Bi], theorem 3.1.1, that Nk is a pure sheaf for all k of characteristic p >> 0. In

particular, since the p-support of Nk is the smooth scheme L
(1)
k , we see that Nk

is torsion-free as a sheaf on L
(1)
k , and hence a vector bundle in codimension 2. As

DXk
is split on L

(1)
k , and Nk has multiplicity 1, we see that in fact Nk is a splitting

bundle for L
(1)
k in codimension 2. As splitting bundles form a torsor over L

(1)
k , there

is a unique line bundle K′k on L
(1)
k such that K′k ⋆ Nk = Mk (in codimension 2).

Let (Kk,∇) := F ∗K′k be the locally trivial connection on Lk attached to K′k.
Let us consider how to lift this to mixed characteristic. We note that, since

NWn(k) is a deformation of Nk for each n ≥ 1, it follows from 4.7 that NWn(k) is

scheme theoretically supported on Wn(L
(n)
k ).
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Proposition 5.10. For each n ≥ 1, the sheaves NWn(k) and MWn(k) are locally

isomorphic in codimension 2 on Wn(L
(n)
k ); thus there is a line bundle (KWn(k),∇)

with locally trivial connection (in codimension 2 on LWn(k)) such that KWn(k) ⋆
MWn(k)=̃NWn(k); further, (KWn(k),∇) is a lift of (Kk,∇).

Proof. For n = 1 this is discussed above; we proceed by induction and suppose
we have constructed KWn−1(k). Applying the construction of 4.15, we obtain a

one-form Ψ ∈ Ω1

V
(n)
k

, where Vk is an open subset of codimension 2.

We claim that ψ has log poles along each divisor in LWn(k). Consider a compo-

nent Ei of LWn(k)\LWn(k). Let the image of Ei in X̃Wn(k) be a divisor Di. Then,

we can apply (5.2) over the generic point of Di; after pulling back to V̂x we have

N̂Wn(k)[z
−1
1 ] =

r⊕

i=1

O ̂
V

(l)

x,Wn(k)

[z−11 ] · ei

with ∇(ei) = γi for some γi ∈ Ω1
̂
V

(l)
x

[z−11 ] with the constraints on the poles of γi

listed in Lemma 5.9. By the same token, we have

M̂Wn(k)[z
−1
1 ] =

r⊕

i=1

O ̂
V

(l)

x,Wn(k)

[z−11 ] · ei

with ∇(ei) = δi ∈ Ω1
̂
V

(l)
x

[z−11 ] with the same constraints. In particular, by Lemma

5.9, this difference has log poles. Computing the pm-curvature, we see that Ψ has
log poles as well. Since Γ(Ω1

L
(n)
k

(Ẽ(n))) = 0 we see that Ψ = 0. Applying 4.13 we

deduce that (KWn−1(k),∇) lifts to a locally trivial (KWn(k),∇), as desired. �

Remark 5.11. In characteristic 0, the assumption that H1
dR(LC) = 0 implies that

any line bundle with connection on LC, which has regular singularities, has finite
order as a connection. The above proof gives the analogous result in mixed char-
acteristic: any line bundle with connection on LWn(k), which has log poles along

each divisor in LWn(k), is locally trivial as a connection.

From this result we can deduce the

Corollary 5.12. For each n ≥ 1, the line bundle (KWn(k),∇) admits the structure
of an F s module for some s > 0 (which does not depend on n). Further, KWn(k)

extends uniquely to an F s-module on all of LWn(k). Under the Riemann-Hilbert
correspondence for unit F -crystals, this sheaf corresponds to a representation of

πab,p′

1 (Lk) into GL1(Wn(Fps)).

Proof. Let Vk ⊂ Lk be the open subset of codimension 2 occurring in the previous
lemma. By the previous lemma and Theorem 4.8, we see that each KWn(k) ad-

mits the structure of a module over D
(∞)
VWn(k)

. By induction on n, we deduce that

j∗(KWn(k)) is a line bundle on LWn(k): this is clear for n = 1, and for n > 1 we note
that the cokernel of the natural map j∗(KWn(k))→ j∗(Kk) must be 0 since j∗(Kk)

is a simple D
(∞)
Lk

-module (being a line bundle); so the result follows by induction.

We shall analyze this D(∞)-module structure. According to [Haa], section 4,

giving a D
(∞)
Lk

-module structure on Kk is equivalent to giving an infinite sequence

of line bundles {K
(i)
k }i≥0 with K

(0)
k = Kk and isomorphisms F ∗K

(i)
k →̃K

(i−1)
k . In
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particular, each K
(i)
k possesses infinitely many pth roots. On the other hand, since

H1(OLk
) = 0, we have that Pic(Lk) is a finitely generated abelian group; therefore

the same is true of Pic(Lk). So each K
(i)
k lives in the finite set of finite order

elements of Pic(Lk). Thus we must have K
(i)
k =̃K

(i+s)
k for some i and some s > 0;

but then we have K
(j)
k =̃K

(j+s)
k for all j by applying Frobenius descent. Thus Kk

has the structure of an F s-module.
Now let us lift this to KWm(k). Since Lk is smooth affine we may choose a

lift of Frobenius to LWm(k); and, by [Ber3], corollary 2.3, the D
(∞)
LWm(k)

-module

KWm(k) determines an infinite sequence {K
(i)
Wm(k)}i≥0 with K

(0)
Wm(k) = KWm(k) and

isomorphisms F ∗K
(i)
Wm(k)→̃K

(i−1)
Wm(k). Each K

(i)
Wm(k) is necessarily a flat deformation

of K
(i)
k , which makes it unique as a line bundle (since Lk is affine). The we again

have K
(j)
Wm(k)=̃K

(j+s)
Wm(k) for all j. Thus by the Riemann-Hilbert correspondence for

unit F -crystals (c.f. [EK], corollary 16.2.8) there is associated a representation of
πab
1 (LWm(k))→̃π

ab
1 (Lk) into GL1(Wm(Fps)). Since GL1(Wm(Fps)) has order prime

to p, we see that this representation factors through πab,p′

1 (Lk) as claimed. �

Corollary 5.13. Suppose (KC,∇) ⋆MC=̃MC for some (KC,∇). Then (KC,∇) is
the trivial connection.

Proof. Since (KC,∇) ⋆MC has constant p-curvature equal to LC, with multiplicity
1, the previous corollary gives, for any k of characteristic p >> 0, a line bundle Kk

with an F s-structure. Comparing the constructions, is is clear that this line bundle
is simply the reduction to k of (KC,∇)|LC

in this case. But since (KC,∇)⋆MC=̃MC,
we see that this is the trivial bundle for p >> 0. This shows that the associated

representation of πab,p′

1 (Lk) is trivial for p >> 0, which implies that the monodromy
representation associated to (KC,∇) is also trivial, as desired. �

Now we prove

Theorem 5.14. There is a unique (KC,∇) so that NC=̃(KC,∇) ⋆MC. In partic-
ular, the set of such NC is a torsor over π∗.

Proof. The uniqueness follows from the previous corollary. For the existence, note
that, due the set π∗ being finite, we must have some (KC,∇) and an infinite set of
primes for which KWn(k) ⋆MWn(k)=̃NWn(k) (for all n). Therefore, for such k, the
p-adic completions of these two connections are isomorphic, and we can apply (the
proof of) Theorem 5.1 to conclude. �

5.4. Ext Vanishing. Finally, we turn to the last part of Theorem 1.7:

Theorem 5.15. We have Ext1(MC,MC) = 0. The same is true upon replacing
MC by any (KC,∇) ⋆MC.

We’ll simply prove the result forMC, the proof for (KC,∇)⋆MC being identical.
Consider an extension PC of MC by itself. Let PC be an extension of PC to

a reflexive meromorphic connection on X̃C, which is a self extension of MC in
codimension 2. Let P be an R-model for PC and P be an R-model for PC. We
have
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Lemma 5.16. Let {x} be the generic point of some component of D̃. Let ϕ :

Vx → X̃C be an etale neighborhood, and V
(l)
x → Vx a root cover, for which the

decomposition

(ϕ(l))∗P̂[z−11 ] =

2r′⊕

i=1

Ô
V

(l)
x

[z−11 ] · ei ⊕ P̂[z
−1
1 ]reg

(as in 7.2) holds. Write ∂jei = αijei.
1) After possibly renumbering, for i ∈ {1, . . . , r′} the image of αij and αi+r′,j in

Ô
V

(l)
x

[z−11 ]/Ô
V

(l)
x

· z−11 agrees with the image of θij in Ô
V

(l)
x

[z−11 ]/Ô
V

(l)
x

· z−11 .

2) Let R→ k. There is a decomposition

(5.3) P̂k[z
−1
1 ] =

2r′⊕

i=1

Ô
V

(l)
x,k

[z−11 ] · ei ⊕
r−r′⊕

i=1

P̂ i[z
−1
1 ]reg

of meromorphic connections (i.e., we have ∇(ei) = ψiei for one-forms ψi ∈ Ω1
̂
V

(l)
x,k

[z−11 ])

such that, for 1 ≤ i ≤ r′, we have that the image of ψi in Ω1
̂
V

(l)
x

[z−11 ]/Ω1
̂
V

(l)
x

· z−11

agrees with the image of θi in Ω1
̂
V

(l)
x

[z−11 ]/Ω1
̂
V

(l)
x

· z−11 ; and each P̂i[z
−1
1 ]reg is a rank

2 log-connection which is a self-extension of a line bundle with log connection.

This follows directly from the proceeding characterization ofMR, as well as the

eigenvalue decomposition of M̂k[z
−1
1 ] (just as in the proof of Lemma 5.9) Now let

us give the

Proof. (of Theorem 5.15) First we shall show that the extension Pk is trivial for
each k of characteristic p >> 0. To do so, note that Pk defines a class φ in
Ext1(Mk,Mk)=̃Ω1

Lk
. We claim that φ has log poles along each component of the

compactification L. If not, then then φ must have a pole of order ≥ 2 on some

component Ei of LWn(k)\LWn(k). Let the image of Ei in X̃k be a divisor Di. Then,

we can apply (5.3) over the generic point of Di; after pulling back to V̂
(l)
x,k we have

P̂k[z
−1
1 ] =

2r′⊕

i=1

Ô
V

(l)
x,k

[z−11 ] · ei ⊕
r−r′⊕

i=1

P̂ i[z
−1
1 ]reg

On the other hand, we have the decomposition

M̂k[z
−1
1 ] =

r′⊕

i=1

Ô
V

(l)
x,k

[z−11 ] · ei ⊕
r−r′⊕

i=1

M̂i[z
−1
1 ]reg

where ∂z1ei = αi and each M̂i[z
−1
1 ]reg is a line bundle with log-connection; note

that each summand corresponds to a component of the formal completion of L
(l)

over V
(l)
x . So the extension P̂k[z

−1
1 ] is given by taking M̂k[z

−1
1 ] ⊕ M̂k[z

−1
1 ] and

adding the restriction of φ (to the corresponding component) to the connection

form. Since the poles of order ≥ 2 in P̂k[z
−1
1 ] match those in M̂k[z

−1
1 ]⊕M̂k[z

−1
1 ],

we see that φ has log poles.
On the other hand, we have H0(Ω1

L(Ẽ)) = 0. So φ = 0, and the extension Pk is
trivial as claimed.
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Now consider the class [PU ] ∈ Ext1(MU ,MU ). AsMU is a bundle over U , the
R-module Ext1(MU ,MU ) is the first cohomology group of the de Rham complex
forMU ⊗OUM

∗
U , which is a complex of free R-modules. Thus for any ring A such

that R → A we have that Ext1(MUA ,MUA) is the the first cohomology of the
de Rham complex for MUA ⊗OUA

M∗UA
. Applying this with A = R/p, from the

spectral sequence for the base change from R to R/p we obtain the injection

Ext1(MU ,MU )/p→ Ext1(MUR/p
,MUR/p

)

and from the discussion in the previous paragraph we deduce that the image of
[PU ] in Ext1(MUR/p

,MUR/p
) is 0. Thus the image of [PU ] in Ext1(MU ,MU )/p is

0 as well. As this is true for all p >> 0, then, using the fact that Ext1(MU ,MU )
is a direct sum of finite type R-modules (by Lemma 7.12), we see that [PU ] defines
a torsion class. Thus the image of [PU ] in Ext1(MUC

,MUC
) must be 0 as well.

Thus PUC
is a split extension. Furthermore, PC = j!∗(PUC

) (this follows from
MC = j!∗(MUC

)). So PC is a split extension as well and we are done. �

6. Applications

In this section we present some basic applications of Theorem 1.7. We’ll start
by explaining how the famous Abhyankar-Moh theorem can now be derived from
D-module theory, in particular Arinkin’s construction of rigid local systems. Then
we’ll give the promised application to the Weyl algebra.

6.1. Abhyankar-Moh Theorem. In this subsection we make some brief remarks
about the relation of the m = 1 case of Theorem 1.7 and the Abhyankar-Moh
theorem about embeddings of A1

C into A2
C. As it turns out, the two theorems are

essentially equivalent. To see why, we recall (one version of) the statement of the
theorem: let {x, y} be standard coordinates on A2

C. Then:

Theorem 6.1. (Abhyankar-Moh) Consider any embedding i : A1
C → A2

C. Then
there exists an automorphism a of A2

C such that a ◦ i is the standard embedding of
the x-axis. We can choose a so that the Jacobian J(a) = 1.

This is essentially ([AM] theorem 1.6); we remark that the claim about choosing
J(a) = 1 is not mentioned there; however, if one has found an a as in the statement
of the first sentence of the theorem, then J(a) = c is necessarily a constant function
on A2

C. Multiplying a on the right by the transformation given by y → y and
x → c−1x yields an automorphism with J = 1 whose action on the x-axis is the
same as that of a.

Further, we assume throughout the rest of this section that the image of i, called
LC, has a dominant projection to the x-axis A1

C. If not, the image of i is simply a
line in A2

C for which the theorem is easy.
To see why this applies to our situation, we recall that there is a natural map

Aut(DAm
C
)→ AutSymp(A

2m
C )

constructed in [ML] (for m = 1) and then [Ts] and [BKKo] in general (see the
subsection directly below for more on this). Here, the group on the right is the
group of algebraic symplectomorphisms of A2m

C when equipped with the standard
symplectic form.

In the case m = 1, this map is known to be an automorphism from [ML]; in
addition, in this case, the group on the right is simply the group of automorphisms
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of A2
C whose Jacobian is equal to 1. Furthermore, in this case the construction of

the inverse map

AutSymp(A
2
C)→ Aut(DA1

C

)

can be done quite explicitly; namely, it is known17 that the group AutSymp(A2
C) is

generated by SL2(C) and transformations of the form
{

x→ x

y → y + f(x)

}

where f(x) is an arbitrary polynomial. One sees quite directly that both SL2(C)

and all of these elements act on DA1
C

by replacing y with
d

dx
everywhere in the

formulas; after checking some relations this yields the required map. Furthermore,
one may see quite directly that, given an automorphism a of A2

C which goes to

a′ ∈ Aut(DA1
C

), after reduction mod p, a′ acts on Z(DA1
C

)=̃k[xp, (
d

dx
)p] by a(1).

Indeed, this is the key to the proof of the automorphism given in [ML].
So, given a curve LC isomorphic to A1

C inside A2
C, the element a from the previous

theorem may be used to construct a D-module: namely, we take a∗OX , which, by
construction, will have constant arithmetic support equal to LC.

On the other hand, the one dimensional case of Theorem 1.7, combined with the
main theorem of Arinkin’s paper [A], may also be used to reprove the Abhyankar-
Moh theorem. Namely, Arinkin extends Katz’s constructive algorithm for rigid
irreducible connections to the irregular case, thus yielding a finite procedure which
constructs MC from OX . Let us recall corollary 2.5 of that paper:

Theorem 6.2. (Arinkin) Let MC be a rigid irreducible connection on some open
subset UC ⊂ P1

C. Then MC can be constructed out of OA1
C

by a sequence of operations

of the following types:
a) Tensor by a rank one connection.
b) Pullback by an automorphism of P1

C.
c) Fourier transform.

Because MC has no singularities except at {∞}, the only allowable rank one
local systems have no singularities except at {∞}, and hence are of the form ef

for some f ∈ O(A1
C). Similarly, the only allowable automorphisms of P1

C are those
which fix {∞}; i.e., the multiplication by a constant.

Now let us consider the effect on the arithmetic support of each of the three
operations in the corollary. So, suppose we have a D-module NC with constant
arithmetic support LC. Tensoring by ef corresponds to the operation

LC → LC + df

Now consider the automorphism ac defined by multiplication by con A1
C. Let ãc be

the automorphism of A2
C defined by x → cx and y → c−1y. Then the pullback by

ac corresponds to the operation

LC → ã∗c(LC)

Finally, the Fourier transform corresponds to

LC → r∗(LC)

17Due, I believe, to Dixmier and reproved, e.g., in [ML]
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where r is the automorphism x→ y, y → −x of A2
C. Each of these three operations,

therefore, moves the arithmetic support by the action of an automorphism of A2
C

(and it follows from the previous discussion that these elements generate the au-
tomorphism group). Therefore, our proof of the one-dimensional case of Theorem
1.7 combined with Arinkin’s theorem, reproves the Abhyankar-Moh theorem.

6.2. Autoequivalences of the Weyl Algebra. In this section we will prove
Theorem 1.10. First, following [BKKo] and [Ts], we recall the following

Theorem 6.3. There is a natural map from the group MAut(Dm,C) of Morita
autoequivalences of the Weyl algebra Dm,C to the group AutSymp(T

∗Am
C ) of sym-

plectomorphisms of T ∗Am
C .

In fact, the proof is a very quick consequence of the existence and uniqueness
theorems and the results of the cited papers. Let us briefly recall the relevant set-
up, following the notation of [Ts] (the way of [BKKo] is extremely similar): first,

he introduces the field Q
(∞)
U which is a subfield of the ring

∏
F̄p

where the product ranges over all prime numbers, and the U denotes a principle

ultrafilter on the set of primes. The field Q
(∞)
U is isomorphic, non canonically, to

C. Then the main construction of [Ts] (proposition 7.1) goes as follows: given any
endomorphism φ of the Weyl algebra Dm,C, one may regard it as an endomorphism
of D

m,Q
(∞)
U

. From this it follows that there exists a family of endomorphisms φp of

Dm,F̄p
(for some infinite set of primes) whose limit is equal to φ. But then each φp

gives an endomorphism of Z(Dm,F̄p
) = T ∗(An(F̄p))

(1) which respects the symplectic
form. In this way we have a natural map

End(D
m,Q

(∞)
U

)→ End(T ∗Am

Q
(∞)
U

)

which is therefore equivalent to a map

End(Dm,C)→ End(T ∗Am(C))

Now, instead of starting with an endomorphism of Dm,C, we could have started
with an invertible bimodule over Dm,C; i.e., a Dm,C bimodule AC such that there
exists a Dm,C bimodule B with A ⊗Dm,C

B=̃Dm,C. Applying the same technique,
one obtains a map

MAut(D
m,Q

(∞)
U

)→ Corsymp(T
∗Am

Q
(∞)
U

)

where on the right hand side we have the monoid of symplectic correspondences of
T ∗Am, i.e., the monoid (under composition of correspondences) of coherent sheaves
on T ∗Am

Q
(∞)
U

×T ∗Am

Q
(∞)
U

whose support is a Lagrangian subvariety. The image under

this map will consist of invertible correspondences, and in fact it is not hard to show
the

Lemma 6.4. The group of invertible symplectic correspondences of T ∗Am
k (where k

is any algebraically closed field) is isomorphic to the group of symplectomorphisms
of T ∗Am

k .
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Thus we obtain the promised map MAut(Dm,C) → Autsymp(T
∗Am

C ). Since
T ∗Am

C is an affine space, the underlying variety of every invertible symplectic corre-
spondence will satisfy the cohomology vanishing assumptions of Theorem 1.7; thus
to each one we may associate a unique Dm,C bimodule by the existence and unique-
ness theorems; and so we deduce that the map MAut(Dm,C)→ Autsymp(T

∗Am
C ) is

an isomorphism; this proves Theorem 1.10.

7. Appendix

Here we gather together a few general results which we need in body of the text,
but which do not seem to exist in the literature in the form we need.

7.1. Spectral Splitting and decomposition of meromorphic connections

over R. In this section we give the versions of two well-known facts about mero-
morphic connections -the spectral splitting lemma and the BNR correspondence
that we use in this paper. Since these have not quite appeared in the form that
we need, we include proofs. Let us begin with the spectral splitting lemma; whose
statement (and proof) we essentially take from [BV], in a generalized form.

The set up here is as follows: Let Y = Spec(A) be an affine scheme, smooth over
R, which possesses coordinates {z1, . . . zn}, and coordinate derivations {∂1, . . . , ∂n}.

Let Â be the completion of A along (z1). Let V be a free Â-module such that V [z−11 ]
is equipped with a flat connection ∇.

For some r ∈ Z we have the morphism ∂1 : V → zrV . If we suppose r ≤ −2,
then we have, for all v ∈ V , ∂1(z1v) = v + z1∂1(v) ∈ zr+1V . Therefore we obtain a
morphism

∂̄1 : V/z1 → zr1V/(z
r+1
1 V)=̃V/z1

which is an endomorphism in the category of vector bundles. Therefore, after
possibly shrinking Y and passing to a finite etale cover, we can suppose that there
is a basis of V/z1 for which ∂̄1 is upper-triangular. In particular, the action of ∂1
satisfies a generalized eigenspace decomposition

V/z1 =
⊕

i

(V/z1)i

for which, if {αi} are the eigenvalues, we have αi − αj are units in A for i 6= j.
Then we have

Lemma 7.1. 1) (Spectral Splitting) With notation as above, we have a direct sum
decomposition

V =
⊕
Vi

such that Vi/z1 = (V/z1)i and the action of ∂1 preserves Vi[z
−1
1 ] to Vi[z

−1
1 ].

2) The subspaces Vi are also preserved under the action of the {∂2, . . . , ∂n}.

Proof. 1) We shall construct the required decomposition inductively inside V/zm1 V
and then take the limit; for m = 1 there is nothing to prove.

Consider the induction step for m ≥ 2. Each V/zm1 V is a module over A/zm1 ,
and we obtain a map

∂1 : V/zm1 V → zr1V/z
r+m
1 V→̃V/zm1 V

We obtain that V/zm1 V is a module over the ring (A/zm1 ) < Θ > which has the
relations

[Θ, a] = zr1∂1(a)
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Now, by induction the (A/zm−11 ) < Θ >-module V/zm−1V spits as a direct sum
which lifts the generalized eigenspace decomposition V/z1. Write

V/zm−11 V =
⊕

(V/zm−11 V)i

Now, since V/zmV is free as an A/zm-module, we may choose a direct sum
decomposition of V/zmV as an A/zm-module which lifts the given decomposition
of V/zm−1V ; let {πi} denote the associated projection operators; they are A/zm-
linear but may not commute with Θ. So, we write

Θ(v) = v + zmT (v)

where T : V/zV → V/zV is A/z-linear; in the above, v denotes the reduction of v to

V/z1. Using this, one computes that the A/z-linear map
1

zm1
(πiΘ−Θπi) : V/z1 →

V/z1 takes (V/zV)l to (V/zV)i for l 6= i and (V/zV)i to
⊕

s6=i

(V/zV)s. In other words,

if we consider
1

zm1
(πiΘ−Θπi) as an element of End(V/zV)=̃

⊕

s,t

(V/zV)s ⊗ (V/zV)∗t ,

then this element is contained in
⊕

s6=t

(V/zV)s ⊗ (V/zV)∗t .

On the other hand, if we consider [∂1, ·] as an endomorphism of End(V/zV), then
the subspaces (V/z1V)s ⊗ (V/z1V)

∗
t are the just the generalized eigenspaces, with

eigenvalue αs − αt. Since each such eigenvalue is assumed to be a unit (for s 6= t),

we see that ∂1 is surjective on (V/z1V)s ⊗ (V/z1V)
∗
t when s 6= t. In particular, we

see that
1

zm1
(πiΘ−Θπi) is in the range of [∂1, ·]. This implies that if we modify

the maps πi to π̃i = πi + zmSi, where Si : V/z1 → V/z1 are chosen so that

[Si, ∂1] =
1

zm1
(πiΘ−Θπi)

then [π̃i, ∂1] = 0.
In sum, we have shown that the projectors πi ∈ End(A/zm−1

1 )<Θ>(V/z
m−1V) lift

to elements π̃i ∈ End(A/zm
1 )<Θ>(V/z

mV). But the natural map

End(A/zm
1 )<Θ>(V/z

mV)→ End(A/zm−1
1 )<Θ>(V/z

m−1V)

has a nilpotent kernel, so the classical lifting of idempotents theorem ([Lam], Theo-
rem 21.28) implies that in fact the πi lift to a complete set of orthogonal idempotents
in End(A/zm

1 )<Θ>(V/z
mV); which gives the required decomposition.

2) To show this, we recall from [Ma2], lemme 4.2, that the analogous result
holds, for the canonical decomposition of V [z−11 ], with respect to ∂1, after passing
to small neighborhood (in the analytic topology) of a generic closed point in DC.
But the canonical decomposition clearly refines the decomposition that we have
constructed. So the subspaces are preserved by {∂2, . . . ∂n} after passage to some
faithfully flat ring extension; therefore they are preserved already over A. �

Now we give the main application of this result: let X be a smooth scheme over
R, and let (V ,∇) be a vector bundle with connection of rank r on X . Suppose that
X is a smooth compactification of X , and let D be an irreducible divisor in X.
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Take an extension V to a meromorphic connection on X, which we assume to be a
vector bundle over the generic point of D; let {z1 = 0} be a local equation for D.

Writing U = Spec(A), we have the finite flat cover Um := A[y]/(y − zm). We
use the same notation when replacing U by any etale neighborhood U ′. Finally, let

Ûm denote the z-adic completion18 of Um, considered as a formal scheme. Then we
have

Corollary 7.2. There is a finite etale neighborhood U ′ → U , and an integer m ≥ 1,

so that, after pulling back to Û ′m, we have

V̂m =

n′⊕

i=1

V̂m,i ⊕ V̂m,reg

where the V̂m,i are vector bundles with meromorphic connection, where the connec-

tion takes the form ∇ = αiI +∇′ where αi ∈ Ω1[z−11 ] is a one-form over Û ′m, ∇′

is a connection with log singularities, and V̂m,reg is a bundle over OÛm
with log

singularities.

Before proving this, we recall the main technical result from [BV], in a form
suitable for this situation. Namely, let F be an algebraically closed field of char-
acteristic 0, and consider a free module W of rank r over F [[z]], so that that
W [z−1] is equipped with the action of an operator ∂/∂z, which is continuous (for
the z-adic topology) and satisfies the Leibniz rule. For each m > 0 we choose
an m’th root of z, denoted y, and we have the finite flat map F [[z]] → F [[y]]. Set
Wm := F [[y]]⊗F [[z]]W . ThenWm[z−1] admits an action of ∂/∂y := m·ym−1(∂/∂z),
which is again continuous and satisfies the Leibniz rule.

Pick a basis for W and write

[∂/∂z] =

∞∑

i=r

ziAi

where [∂/∂z] is the matrix of the action of ∂/∂z, and the Ai are n × n matrices
over F . We refer to Ar as the leading term of [∂/∂z]. Suppose r ≤ −2, and n > 1.
Then

Proposition 7.3. (Babbitt-Varadarajan) If Ar 6= 0 is nilpotent, there is an m > 0
so that Wm admits a basis in which the matrix of ∂/∂y has leading term Ar′ , for
some r′ ≤ r, and Ar′ has at least two distinct eigenvalues.

This is proposition 4.6 in [BV] (c.f. also the proof of Theorem 6.3 in loc. cit). It
is the key point in their approach to the formal reduction theory; once the leading
term has more than one eigenvalue, one may apply the spectral splitting lemma to
show that the connection is a direct sum of connections of smaller rank. Using this
result, we modify their technique to give the

Proof. (of 7.2) Let OD be the local ring of the subscheme D. Let ODC
be the

local ring of DC in XC. After completing along (z), the ring ÔDC
is a complete

DVR of equicharacteristic 0, and therefore isomorphic to C(D)[[z]], where C(D)
denotes the function field of DC, which is the residue field of ODC

. The previous

18equivalently, the y-adic completion
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proposition therefore applies in this setup, at least after passing to the algebraic
closure of C(D).

Let V be as in the statement of the corollary, let VD be its localization at D;
this is a finite free module over OD. Choosing some basis for VD, we obtain a basis
for VD⊗OD ODC

. If the connection has log singularities, we are done; so we assume
this is not the case. Let Ar denote the leading term for the action of ∂1 in this
basis; if r ≥ −1 then V is regular along D, so we may suppose r ≤ −2.

Let C(D)′ be a finite field extension of C(D) in which Ar has a generalized
eigenspace decomposition. So, after replacing R with a finite ring extension, there is
a finite etale neighborhood U ′ of the generic point of D over which Ar is defined and
has a generalized eigenspace decomposition. Localizing as needed, we may assume
that the differences between distinct eigenvalues are units in U ′. Therefore, applying
Lemma 7.1; we see that if there are two distinct eigenvectors then the completion

V̂D[z−1] splits along the generalized eigenspace decomposition. Therefore we may
suppose there is a single generalized eigenspace of dimension > 1, with eigenvalue
α. Replacing the action of ∂/∂z by ∂/∂z − zrα, we see that we may suppose Ar is
nilpotent.

If Ar 6= 0, then applying 7.3, we see that there exists m > 0 and a finite etale

extension ÔD′

C
of ÔDC

so that, after pulling back to ÔD′

C
[y]/(ym − z), the module

VDC
⊗ODC

ÔD′

C
[y]/(ym−z) admits a basis, for which the leading term of [∂/∂y] has

a generalized eigenspace decomposition with more than one eigenvalue. Let {ei}
denote the image of this basis in

(VDC
⊗ODC

ÔD′

C
[y]/(ym − z))/y=̃(VDC

/z)⊗C(D) C(D)′

Then, again extending R if needed, we may find an etale neighborhood U ′ of D so
that, V(U ′m) has a basis whose reduction mod y is equal to {ei}. Since the leading
term of [∂/∂y] only depends on the reduction mod y, we see that the leading term
of [∂/∂y] has a generalized eigenspace decomposition with at least two eigenvalues.
Thus as above we may split the connection again.

If, on the other hand, Ar = 0, then the connection ∇−zrdz has a leading term of
strictly smaller degree. If this leading term is still ≤ −2 we may repeat the above;

if it is ≥ −1 then this connection is of the form V̂m,i (for the action of ∂1 only).
Thus we arrive at a place where, as a module for ∂1, there is a decomposition

V̂m =

n′⊕

i=1

V̂m,i ⊕ V̂m,reg

where ∂1 acts on V̂m,i as αI +M , where α is a function with poles in z1 of order

≥ 2, at M has only log poles; and ∂1 acts on V̂m,reg with log poles in z1. Further,

each of these summands is preserved under {∂2, . . . , ∂n}. This tells us that V̂m,reg is

already a log connection. Now consider V̂m,i. After inverting finitely many integers

in R, we can find a function g such that
∂g

∂z1
= [α], where [α] is the sum of the

terms in α whose order in z1 is ≤ −2. Then the meromorphic connection e−g⊗V̂m,i

has log singularities, which is exactly the result. �
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7.2. Marked Descent of Line bundles in mixed characteristic. In this sec-
tion we provide a few useful general facts about locally trivial vector bundles with
connection in mixed characteristic. In positive characteristic, such bundles are ex-
actly the ones with p-curvature zero, and, via the famous Cartier descent theorem
([Ka], theorem 7.2) these are the bundles with connection arising from Frobenius
pullback. We provide analogues of these statements in mixed characteristic. Fi-
nally, to close out this appendix we give some basic results about Frobenius descent
in mixed characteristic, and we explain the “marked” Frobenius descent of line bun-
dles.

To set things up, recall that the kernel of the differential d : OXWm(k)
→ Ω1

XWm(k)

is isomorphic to O
Wm(X

(m)
k )

, the structure sheaf of the mth Witt vectors of X
(m)
k

(a local section (g1, . . . , gn) of O
Wn(X

(n)
k )

is sent to gp
m

1 +pgp
m−1

2 + · · ·+pmgm). We

let Φ : O
Wm(X

(m)
k )
→ OXWm(k)

denote the inclusion. Then the result reads

Proposition 7.4. The functor Φ∗ induces an equivalence between vector bundles

on Wm(X
(m)
k ), and vector bundles with locally trivial connection on XWm(k). The

inverse is given by E → ker(∇ : E → E).

Now suppose XWm(k) is equipped with a normal crossings divisor, DWm(k). Let
(L,∇) be a line bundle with log connection (with respect to DWm(k)). Suppose
that the restriction of (L,∇) to UWm(k) := XWm(k)\DWm(k) is locally trivial. Then
(L,∇) must have residues in Z/pm, and in fact, near a point which is contained in
s components of the divisor DWm(k), the one-form of the connection can locally be
written as

s∑

i=1

αi
dzi
zi

for αi ∈ Z/pm (this can be shown by induction on m, using the method of proof of
Theorem 4.8). So we have

Corollary 7.5. There is a bijection between line bundles with log connection on

(XWm(k), DWm(k)) which are locally trivial on UWm(k), and line bundles on Wm(X
(m)
k ),

along with an element of {0, 1, 2, . . . , pm − 1} which is attached to each component
of DWm(k).

Proof. To a line bundle with log connection (L,∇) we attach ker(∇). By the local

form of the connection above this is a line bundle on Wm(X
(m)
k ), and along each

component of DWm(k) we attach the unique element α ∈ {0, 1, 2, . . . , pm−1} so that
zα ·L is preserved under the connection (here z is a local equation for DWm(k)). �

7.3. V -filtrations over R, applications. In this subsection, we’ll develop the
general theory of V -filtrations for R-models of holonomic D-modules. As an appli-
cation, we’ll prove the missing injectivity statement (Theorem 5.6) in the proof of
Theorem 5.8; as well as the important technical lemma Lemma 7.12.

Suppose EC is a holonomic D-module on a complex algebraic variety YC, and
let t ∈ C[Y ] be a regular function on YC, such that there is a derivation ∂ on Y
satisfying ∂(t) = 1. In particular, the map t : YC → A1

C is smooth; and we have
the smooth variety XC = t−1(0). Then for each U ⊂ YC, we have the sequence of
ideals {(t)k}k∈Z where by convention we have (t)k = O(U) for k < 0. We then set

(7.1) V≤k(DYC
(U)) = {Q ∈ DY (U)|Q · (t)j ⊂ (t)j−k for all j ∈ Z}
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This is a separated, exhaustive, multiplicative filtration on the sheaf DYC
, for which

t ∈ V≤−1(DY ), ∂ ∈ V≤1(DY ), and

V≤0(DYC
)/V≤−1(DYC

)=̃i∗(DXC
[t∂])

(where i : XC → YC is the inclusion). As usual, there is the notion of a filtered
module over this filtered ring; and such a filtration is called good if its associated
graded is a locally finitely generated module over gr(DYC

). We shall denote the
associated graded module by gr(EC); each graded summand gri(EC) is naturally a
module over V≤0(DYC

)/V≤−1(DYC
), and hence, by the above, a DXC

-module with an
action of the operator t∂. In the holonomic case, this operator acts via a generalized
eigenspace decomposition; in fact, summarizing the main theorems of [MS], sections
4.3 and 4.4, we have

Theorem 7.6. The module EC possesses a unique good filtration V≤i(EC) (called
the Kashiwara-Malgrange filtration) such that each gri(EC) = V≤i(EC)/V≤i−1(EC) is
annihilated by an operator of the form

m∏

l=1

(t∂ + 1 + αi,l)
sl

for which i−1 < Re(αl) ≤ i. Each gri(E) is a coherent (in fact, holonomic, by [MS]
4.6.3) DY -module. Further, the collection of all {αi,l} which appear in the above
operators consists of integer shifts of some finite subset of {z ∈ C|−1 < Re(z) ≤ 0}.

From these conditions, one can deduce that t : V≤i(EC) → V≤i−1(EC) is an
isomorphism for all i ≤ 0, and that ∂ : gri(EC)→ gri+1(EC) is bijective for i ≥ 1 (c.f
[MS], lemmas 4.5.1 and 4.5.4). In particular, V≤1(EC) generates EC as a D-module.

Now we explain how to build analogous filtrations for modules over R. Suppose
that we are given R-models for everything in sight. Then certainly the definition
(7.1) makes sense for DY . We have

Lemma 7.7. After possibly localizing and extending R, the filtration V≤i(EC)∩E is
a good filtration (with respect to V≤i(DY )). We have that t : V≤0(E)→ V≤−1(E) is
an isomorphism, and ∂ : gri(E) → gri+1(E) is a bijection for i ≥ 1. In particular,
V≤1(E) generates E as a DY -module.

Proof. By definition each V≤i(EC) is coherent over V≤0(DYC
). So, after possibly

localizing and extending R, choose coherent V≤0(DY )-models V≤i(E) inside E for
V≤i(EC) when i = {−1, 0, 1}; we can suppose, after localizing R, that t · V≤0(E) ⊂
V≤−1(E). We have that V≤−1/(t ·V≤0(E)) is a torsion R-module; since it is coherent
over V≤0(DY ) we can localize R again and suppose it is 0. By generic freeness we
can also suppose that gri(E) is free over R, for i = {0, 1}.

Now, define V≤i(E) := ∂i−1 · V≤1(E) for i ≥ 1 and V≤−i−1(E) := ti · V≤−1(E) for
i ≥ 0. We have DY · V≤1(E) ⊂ E is an inclusion of coherent DY -modules which
becomes an equality after passing to the fraction field of R. Thus it is an equality
after localizing R at some element, and so we can suppose DY · V≤1(E) = E . It
follows that we have defined an exhaustive, good filtration on E over V·(DY ).

Next, we need to show V≤i(E) = V≤i(EC) ∩ E . Clearly V≤i(E) ⊆ V≤i(EC) ∩ E for
all i. Let m ∈ E be any section, and suppose m ∈ V≤i(EC) for some i ≥ 1. Since
E = DY · V≤1(E) we can write

(7.2) m = ∂r ·m1 +Φ ·m2
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where r ≥ 0, m1,m2 ∈ V≤1(E), and Φ ∈ V≤r−1(DY ). If r + 1 > i, then the
image of m in grr+1(EC) is 0. Therefore (7.2) implies that the image of m1 in
gr1(EC) is 0, since ∂r : gr1(EC) → grr+1(EC) is a bijection. But we have that that
gr1(EC) = gr1(E) ⊗R C, and gr1(E) is torsion-free over R, so that the image of m1

in gr1(E) is also 0. So in fact m1 ∈ V≤0(E) and we can rewrite (7.2) with r replaced
by r − 1. Continuing in this way, we eventually an expression for m as in (7.2) in
which r = i − 1, which forces m ∈ V≤i(E). So we see that V≤i(E) = V≤i(EC) ∩ E
for all i ≥ 1. Further, if i = 0 we see that m ∈ V≤1(E) ∩ V≤0(EC). This implies
m ∈ V≤0(E) since gr1(EC) = gr1(E) ⊗R C and gr1(E) is free over R. We can then
repeat the argument for i = −1 to deduce V≤−1(E) = V≤−1(EC) ∩ E .

We now have to show V≤i(E) = V≤i(EC) ∩ E for i < −1. By definition V≤i(E) =
t−i−1 · V≤−1(E) for any such i, and since multiplication by t is injective on all of
V≤−1(E), we see that t−i−1· is an isomorphism V≤−1(E)→̃V≤i(E). The same holds
for V≤i(EC). So we see that each V≤i(E) is free over R and we have V≤i(E) ⊗R

C→̃V≤i(EC) and gri(E) ⊗R C→̃gri(EC). Now we proceed as above, arguing by in-
duction on i.

To finish the proof of the lemma, we need to show that ∂ : gri(E)→ gri+1(E) is
a bijection for i ≥ 1. It is onto by definition. Further, since V≤i(E) = V≤i(EC) ∩ E ,
we have that gri(E)→ gri(EC) is injective, so the result follows from the analogous
one for EC. �

Now we want to apply this to the inclusion E → E [t−1] := F . Although the
complexification FC is coherent, the DY -module F generally will not be. However,
it is coherent over DY [t

−1]. We have

Lemma 7.8. Let V≤i(F) = V≤i(E) for all i ≤ 1, and V≤i(F) = t−i+1 · V≤1(F) =
t−i+1 · V≤1(E) for all i > 1. Then, after possibly localizing and extending R, this is
an exhaustive filtration of P over V·(DY ). Each V≤i(F) is coherent over V≤0(DY ),
and V≤i(F) = V≤i(FC) ∩ F = V≤i(EC) ∩ F for all i. In particular, the filtered
inclusion E → F is strict.

Proof. Choose coherent V≤0(DY ) modules V≤i(F) ⊂ F (for i = {0, 1,−1}) satisfy-
ing V≤i(F) ⊗R C = V≤i(FC). As in the previous proof, localizing R as needed, we
can suppose gri(F) is free over R, for i ∈ {0, 1}, that gri(F) ⊗R C = gri(FC) (for
i ∈ {0, 1}) and that t · V≤0(F) = V≤−1(F). Define V≤i(F) = t−i+1 · V≤1(F) for all
i > 1, and V≤i(F) = t−i · V≤0(F) for all i ≤ 0. Clearly V≤i(F) ⊂ V≤i(FC) ∩ F for
all i.

Now, suppose x ∈ V≤i(F), and its image in FC is contained in V≤i−1(FC).
Multiplying by an appropriate power of t, we may assume i ∈ {0, 1}. But then
since gri(F) is free over R, and gri(F)⊗R C = gri(FC) we see that x ∈ V≤i−1(F).
So V≤i(F) = V≤i(FC) ∩ F for all i. Since FC = EC and V≤i(E) = V≤i(EC) ∩ E , we
see that the filtered inclusion E → F is strict. Further, after localizing R again, we
can suppose V≤1(F) = V≤1(E) and V≤0(F) = V≤0(E). This implies the description
of the filtration given in the lemma; further, since V≤1(F) is coherent over V≤0(DY )
we see that each V≤i(F) is coherent over V≤0(DY ).

Finally, note that
⋃

i

V≤i(F) ⊂ F
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is an inclusion of coherent DY [t
−1]-modules, which becomes an equality on passing

to C. So it is an equality after localizing R, and the filtration is indeed exhaustive.
�

Now we turn to the proof of 5.6. To set things up, we recall that we are consid-
ering a coherent DX -module M ⊂ j∗(MU ) which is a model for j!∗(MUC

). Now,
the DXR-module j∗(MU ) is, in general, not coherent; however, it becomes coherent
after passing to Frac(R). Therefore we may consider a coherent DX -module

∫

j

MU ⊂ j∗(MU )

which is a lattice for j∗(MUR)⊗RF (where F = Frac(R)). Then the main theorem
of this section is

Theorem 7.9. For all p >> 0, the p-adic completion of the map

∫

j

MUW (k)
→ j∗(MUW (k)

)

is injective.

We point out that this directly implies the

Proof. (of Theorem 5.6) Localizing R if necessary, we may suppose that there is an

injectionM→

∫

j

MU . Since these are both coherent DX -modules, the Artin-Rees

lemma implies that the p-adic completion of this map is injective; similarly, the p-

adic completion ofMW (k) →

∫

j

MUW (k)
is injective. By the above, the p-adic com-

pletion of

∫

j

MUW (k)
→ j∗(MUW (k)

) is injective also; since MUR is coherent over

DUR , the p-adic completion ofMUR⊗RW (k) is precisely j∗(DUW (k)
⊗̂DUW (k)

MUW (k)
),

and the result follows. �

Recall that we denote by g : XR → A1
R the function whose zero set is the

complement of UR. Let Γ ⊂ XR ×R A1
R denote the graph. We have Γ=̃XR and we

let i denote the inclusion of Γ into XR ×R A1
R. To analyze the inclusion

∫

j

MUR ⊂

j∗(MUR), it will be necessary to consider the D-module push-forward under i. We
have the

Lemma 7.10. Suppose that the p-adic completion of the map i∗

∫

j

MUW (k)
→ i∗j∗(MUW (k)

)

is an injection. Then Theorem 7.9 is true.

Proof. For each r ≥ 0, we have the submoduleNr := pr · i∗j∗(MUW (k)
) ∩ i∗

∫

j

MUW (k)
,

and we denote byNr,m (form ≥ 0) the image ofNr inside (i∗

∫

j

MUW (k)
)/pm. Then

the injectivity statement of the lemma is that, for each m ≥ 0, we have
⋂

r≥0

Nr,m = 0

Now, Let y be a function on XR ×R A1
R such that Γ is the (scheme-theoretic) zero

set of y; let ∂y be a derivation such that ∂y(y) = 1. Then we have isomorphisms
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(of DXR -modules)

i∗

∫

j

MUW (k)
=̃
∞⊕

i=0

∫

j

MUW (k)
· ∂iy

and

i∗j∗(MUW (k)
)=̃

∞⊕

i=0

j∗(MUW (k)
) · ∂iy

Therefore, if the condition
⋂

r≥0

Nr,m = 0 holds then the analogous statement must

hold for the inclusion

∫

j

MUW (k)
→ j∗(MUW (k)

) as it is a summand (in the category

of W (k)-modules) of the inclusion i∗

∫

j

MUW (k)
→ i∗j∗(MUW (k)

). �

This lemma allows us to replace the function g by the coordinate function t :
X × A1 → A1. Let Y = X × A1; to ease notation we denote P := i∗j∗(MU ) and

Q := i∗

∫

j

(MU ) ; the natural injection Q → P will be called ι. We have that Q

is finitely generated over DY and P = Q[t−1] is finitely generated over DY [t
−1]; in

addition P ⊗R F = Q ⊗R F . We consider the V -filtrations on these modules as
developed above.

To use them, we first prove the following general

Lemma 7.11. Let (EW (k), V ) be a p-torsion-free DYW (k)
-module, filtered with re-

spect to V·(DYW (k)
). Let Rees(EW (k)) =

∞⊕

i=∞

V≤i(EW (k)) be the associated Rees mod-

ule, graded by putting V≤i(EW (k)) is degree i, and equipped with the action of the op-
erator τ of degree 1 which acts by including V≤i(EW (k)) in degree i into V≤i+1(EW (k))
in degree i+ 1. Then there is an embedding

̂Rees(EW (k))→
∞∏

i=−∞

̂(V≤i(EW (k)))

where ?̂ denotes p-adic completion

Proof. There is a canonical embedding

ι :

∞⊕

i=∞

V≤i(EW (k))→
∞∏

i=−∞

V≤i(EW (k))

and we denote the cokernel by C. An element x = (xi)i∈Z is not in the image of ι iff
xi 6= 0 for infinitely many i. Since each component is torsion-free over W (k), this
implies that rx is not in the image of ι for all r ∈ W (k)\{0}. So C is torsion-free
over W (k) as well. Thus we obtain short exact sequences

(

∞⊕

i=∞

V≤i(EW (k)))/p
m → (

∞∏

i=−∞

V≤i(EW (k)))/p
m → C/pm

for all m. Taking the inverse limit, we see that

̂
(

∞⊕

i=∞

V≤i(EW (k)))→
̂

(

∞∏

i=−∞

V≤i(EW (k)))



THE p-CYCLE OF HOLONOMIC D-MODULES AND QUANTIZATION OF EXACT ALGEBRAIC LAGRANGIANS93

is an injection. In addition, one sees directly that the natural map

(

∞∏

i=−∞

V≤i(EW (k)))/p
m → (

∞∏

i=−∞

V≤i(EW (k))/p
m)

is an isomorphism. A moment’s thought also shows that the map

∞∏

i=−∞

̂(V≤i(EW (k)))→ lim
m

(

∞∏

i=−∞

V≤i(EW (k))/p
m)

is an isomorphism. Thus we obtain

̂
(

∞∏

i=−∞

V≤i(EW (k)))=̃

∞∏

i=−∞

̂(V≤i(EW (k)))

whence the result. �

Now we can give the

Proof. (of Theorem 7.9) Let C be the cokernel of QW (k) → PW (k). We have

ker(Q̂W (k) → P̂W (k)) = lim
←
C[pn] where C[pn] is the pn-torsion submodule. Let

V≤i(QW (k)) := V≤i(Q) ⊗R W (k) and similarly for P . Then these are exhaustive,
good filtrations of QW (k) (and PW (k)) over V·(DYW (k)

). Since R→W (k) is flat, we
see that QW (k) → PW (k) is a strict inclusion with respect to these filtrations.

For each i, we have that V≤i(QW (k)) ⊂ V≤i(PW (k)) is an inclusion of finite
V≤0(DYR)-modules. Thus the Artin-Rees lemma implies

̂V≤i(QW (k))→ ̂V≤i(PW (k))

is also injective; hence the same is true of the natural map

∞∏

i=−∞

̂V≤i(QW (k))→
∞∏

i=−∞

̂V≤i(PW (k))

Therefore the previous lemma now implies ̂Rees(QW (k))→ ̂Rees(PW (k)) is injective.
Since QW (k) → PW (k) is strict, Rees(C) is the cokernel of Rees(QW (k)) →

Rees(PW (k)). So the above implies lim
←

Rees(C)[pn] = 0. We shall show that this

implies lim
←
C[pn] = 0. For each n we have a short exact sequence

Rees(C)[pn]
τ−1
−−→ Rees(C)[pn]→ C[pn]

Since lim
←

Rees(C)[pn] = 0, to prove lim
←
C[pn] = 0 we must show that τ − 1 acts

injectively on R1 lim
←

Rees(C)[pn]. Recall that this module is the cokernel of

η :
∞∏

n=1

Rees(C)[pn]→
∞∏

n=1

Rees(C)[pn]

where η(c1, c2, c3, . . . ) = (c1 − pc2, c2 − pc3, . . . ). Now, since each Rees(C)[pn]

is graded, we may define a homogenous element of degree i in

∞∏

n=1

Rees(C)[pn]

to be an element (c1, c2, . . . ) such that each cj has degree i. Any element of
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d ∈
∞∏

n=1

Rees(C)[pn] has a unique representation of the form

∞∑

i=0

di where di is

homogenous of degree i (this follows by looking at the decomposition by grading
of each component). Since the map η preserves the set of homogenous elements of

degree i, we have η(

∞∑

i=0

di) =

∞∑

i=0

η(di).

Suppose that (τ − 1)d = η(d′). Write d =
∞∑

i=j

di where dj 6= 0. Then

(τ − 1)
∞∑

i=j

dj = −dj +
∞∑

i=j+1

(τdi−1 − di) =
∞∑

i=0

η(d′i)

So we obtain dj = −η(d
′
j), and di = τdi−1 + η(d′i) for all i > j, which immediately

gives di ∈ image(η) for all i; so d ∈ image(η) and τ − 1 acts injectively on coker(η)
as required. �

Now, we’ll give the other key application of the V -filtration theory:

Lemma 7.12. Let E be a DAn module such that EC is holonomic. Then, after
possibly localizing R, we have that, Hi

dR(E) is a direct sum of finite type R-modukes.
For all R → W (k), the same is true of Hi

dR(EW (k)). Therefore this W (k)-module
is is p-adically separated for all.

The statement of the lemma holds also over any affine algebraic variety.

Proof. The second sentence follows from the first by choosing an embedding into
affine space. So we assume we are working over An from now on.

After taking the Fourier transform of E , it suffices to show that Ljι∗(EW (k)) is
p-adically seperated for each j, where ι : {0} → An

W (k) is the inclusion. To see

this, we’ll use the V-filtration on E as presented above in . Let {t1, . . . , tn} be the
coordinates on An; we thus have n distinct V -filtrations on DAn (each of which is
actually a grading), and the ith one has deg(ti) = −1 and deg(∂i) = 1.

Consider E with the V filtration with respect to t1. We have that t1 : V≤0(E)→

V≤−1(E) is an isomorphism. Therefore the complex E
t1−→ E is quasi-isomorphic

to E/V≤0(E)
t1−→ E/V≤−1(E). Now, we claim that the V -filtration is split on both

E/V≤0(E) and E/V≤−1(E). To see this, we localize R so that all of the differences
between the roots of the characteristic polynomial of t1d1 on gr0(E) and gr1(E) are
units in R. Then the module V≤1(E)/V≤−1(E) splits as gr0(E)⊕gr1(E) by using the
eigenspace decomposition. Now we can split the filtration on any V≤i(E)/V≤−1(E)

by using the subspaces dj1 · gr1(E) for 0 ≤ j ≤ i.
Therefore, if we denote by gr(1)(E) the associated graded of E with respect to

this V filtration, we also obtain that E/V≤0(E)
t1−→ E/V≤−1(E) is quasi-isomorphic

to gr(1)(E)
t1−→ gr(1)(E).

If ι1 denotes the inclusion {t1 = 0} → An, we have shown Lι∗1(E)=̃Lι
∗
1(gr(1)(E)).

It follows that Li∗(E)=̃Li∗(gr(1)(E)).

Now, each graded piece gr
(1)
i (E) is a coherent R < t2, . . . , tn, ∂2, . . . , ∂n > module

(which is holonomic upon passing to C) and we have isomorphisms gr
(1)
i (E)=̃gr

(1)
0 (E)

for all i < 0 and gr
(1)
i (E)=̃gr

(1)
1 (E) for all i > 1. Thus we may choose simultaneous
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R-models for each gr
(1)
i (E) which possess V -filtrations with respect to t2. Setting

V≤t(gr(1)(E)) =
⊕

i

V≤t(gr
(1)
i (E))

then puts a V -filtration (with respect to t2) on gr(1)(E). Arguing as above we obtain
Li∗(gr(1)(E))=̃Li∗(gr(2)(gr(1)(E))); and (gr(2)(gr(1)(E)) is a Z2-graded module, with

each (gr
(2)
i (gr

(1)
j (E)) coherent overR < t3, . . . , tn, ∂3, . . . , ∂n > (and holonomic upon

passing to C).
Continuing in this way, we deduce

Li∗(E)=̃Li∗(gr(1)(E))=̃Li∗(gr(2)(gr(1)(E)))=̃ . . . =̃Li∗(gr(n)(· · · gr(2)(gr(1)(E)))

The last module here is a Zn-graded module, which has the property that each
multi-degree is finite and flat over R. Base changing to W (k), we obtain

Li∗(EW (k))=̃Li
∗(gr(n)(· · · gr(2)(gr(1)(EW (k))))

The last complex can be computed via the Koszul complex with respect to {t1, . . . , tn},
which has homogenous differentials (after shifting the grading appropriately). Thus
we see that each Ljι∗(EW (k)) is a direct sum of modules whose p-torsion is bounded;
and the result follows immediately. �
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