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ON INSTABILITY OF RADIAL STANDING WAVES FOR THE
NONLINEAR SCHRODINGER EQUATION WITH
INVERSE-SQUARE POTENTIAL

VAN DUONG DINH

ABSTRACT. We show the strong instability of radial ground state standing
waves for the focusing L2-supercritical nonlinear Schrédinger equation with
inverse-square potential

iOru + Au+ clz| " %u = —|ul%, (t,z) € R x RY,

2
where d > 3, u : R x R* = C, ¢ # 0 satisfies ¢ < A\(d) := (%) and
% <a< diz'
[On stability and instability of standing waves for the nonlinear Schrodinger
equation with inverse-square potential, arXiv:1805.01245] where the stability

This result extends a recent result of Bensouilah-Dinh-Zhu

and instability of standing waves were shown in the L2-subcritical and L2-
critical cases.

1. INTRODUCTION

In the last decade, there has been a great deal of interest in studying the nonlinear
Schrédinger equation with inverse-square potential, namely

i0pu 4 Au + clz|?u = plu|u, (t,r) € R x RY, (1.1)

where d > 3, u : R x R? — C, ¢ # 0 satisfies ¢ < \(d) := (%)2, u € R and
a > 0. The nonlinear Schrodinger equation (1.1) appears in a variety of physical
settings, such as quantum field equations or black hole solutions of the Einstein’s
equations (see e.g. [8, 9, 19]) and quantum gas theory (see e.g. [1, 26, 27]). The
mathematical interest in the nonlinear Schrédinger equation with inverse-square
potential comes from the fact that the potential is homogeneous of degree —2 and
thus scales exactly the same as the Laplacian. Recently, the equation (1.1) has been
intensively studied (see e.g. [2, 3, 4, 7, 12, 13, 20, 21, 24, 28, 32] and references
therein).

In this paper, we consider the L?-supercritical nonlinear Schrédinger equation
with inverse-square potential, namely

0w+ Au+cz|2u = —|u|®u, (t,z) € R xR
u(0) = wuoe€ HY,
where d > 3, u : Rx R? — C, up : R? — C, ¢ # 0 satisfies ¢ < A(d) and
4 4
1< a< g5
The main purpose of this paper is to study the instability of radial ground state
standing waves for (1.2). Before stating our result, let us recall known results related

(1.2)
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to the stability and instability of standing waves for the nonlinear Schrodinger-like
equations. The stability of standing waves for the classical nonlinear Schrédinger
equation (i.e. ¢ =0 in (1.2)) is widely pursued by physicists and mathematicians
(see e.g. [14] for reviews). To our knowledge, the first work addressed the orbital
stability of standing waves for the classical NLS belongs to Cazenave-Lions [10] via
the concentration-compactness principle. Later, Weinstein in [29, 30] gave another
approach to prove the orbital stability of standing waves for the classical NLS.
Afterwards, Grillakis-Shatah-Strauss in [17, 18] gave a criterion based on a form
of coercivity for the action functional (see (1.4)) to prove the stability of standing
waves for a Hamiltonian system which is invariant under a one-parameter group
of operators. Since then, a lot of results on the orbital stability of standing waves
for nonlinear dispersive equations were obtained. For the nonlinear Schréodinger
equation with a harmonic potential, Zhang [31] succeeded in obtaining the orbital
stability of standing waves by the weighted compactness lemma. Recently, the
orbital stability phenomenon was proved for the fractional nonlinear Schrodinger
equation by establishing the profile decomposition for bounded sequences in H*®
(see e.g. [25, 33]). The instability of standing waves for the classical NLS was
first studied by Berestycki-Cazenave [5] (see also [11]). Later, Le Coz in [22] gave
an alternative, simple proof of the classical result of Berestycki-Cazenave. The key
point is to establish the finite time blow-up by using the variational characterization
of the ground states as minimizers of the action functional and the virial identity.
For the Schrodinger equations with more general nonlinearities, this method does
not work due the the lack of virial identities. In such cases, one may use a powerful
tool of Grillakis-Shatah-Strauss [17, 18] to derive the instability of standing waves.

Recently, the authors in [4] succeeded, using a profile decomposition theorem
proved by the first author [2], to establish the stability of standing waves for (1.2)
in the L2-subcritical regime and the instability by blow-up in the L2-critical regime.
The main goal here is to extend these results to the L2-supercritical case but only
for radial ground state standing waves.

Throughout this paper, we call a standing wave a solution of (1.2) of the form
e, where w € R is a frequency and ¢, € H' is a nontrivial solution to the
elliptic equation

_A(bw + W(bw - C|x|_2¢w - |¢w|a¢w =0. (13)
Note that the existence of positive radial solutions to the elliptic equation
—A¢+ ¢ —clz[ 2o —|¢|“¢ =0
was shown in [21, Theorem 3.1] and [13, Theorem 4.1]. By setting ¢, (z) =

(\/o_.))g o(y/wz), it is easy to see that ¢, is a solution of (1.3). This shows the
existence of positive radial solutions to (1.3).
Note also that (1.3) can be written as S/ (¢, ) = 0, where

w
Sw(v) = E(v) + §HUII%2

1.4)
1 w T (
= 5”“”?'{61 + 5”””%2 - Q—H”UHL;%
is the action functional. Here
IIUH?;cl = [|Voll72 — clllz|~ ol|72 (1.5)

is the Hardy functional.
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We denote the set of non-trivial radial solutions of (1.3) by
Aradw = {v € Hig\{0} : S, (v) =0},
where H}ad is the space of radial H' functions.

Definition 1.1 (Radial ground states). A function ¢ € Ayaq, is called a radial
ground state for (1.3) if it is a minimizer of S, over the set A,aq,. The set of
radial ground states is denoted by G;aq,.,. In particular,

grad,w = {¢ € Arad,w : Sw(¢) < Sw (1)), Y € Arad,w} .
We have the following result on the existence of radial ground states for (1.3).

Proposition 1.2. Let d > 3, ¢ # 0 be such that ¢ < A(d), % <a< ﬁ and w > 0.
Then the set Grad,w s not empty, and it is characterized by

Gradw = {v e HL \{0}, : S.(v) =d(rad,w), K (v)= O} ,
where
Ko(v) = O3S (M) 5oy = 0l +wlivllZe = IlvlzE
is the Nehari functional and

d(rad,w) := inf {S,(v) : v e H!,\{0}, Ku,(v)=0}. (1.6)

rad

We refer the reader to Section 2 for the proof of the above result.

Remark 1.3. Recently, Fukaya-Ohta in [15] studied the instability of standing
waves for the nonlinear Schrédinger equation with an attractive inverse power po-
tential, namely
i0pu + Au + |z %u = —|uP "y,

Where7>0,0<a<min{2,d}and%<p—1< Asifd>3and 3 <p—1<ooif
d = 1or d = 2. The potential V(x) = ||~ belongs to L"(R?) + L>=(R?) for some
r > min{1,d/2}. This special property allows them to use the weak continuity of
the potential energy (see e.g. [23, Theorem 11.4]) to prove the existence of non-
radial ground states. In our case, the inverse-square potential V(z) = c|z|~2 does
not belong to L (R%) + L>(R%), so the weak continuity of potential energy is not
applicable to our potential. At the moment, we do not know how to show the
existence of non-radial ground states for (1.3). We hope to consider this problem
in a future work.

Let us now recall the definition of the strong instability.

Definition 1.4 (Strong instability). We say that the standing wave e™“'¢, is
strongly unstable if for any € > 0, there exists ug € H' such that |[ug — ¢u ||z < €
and the solution u(t) of (1.2) with initial data ug blows up in finite time.

Our main result of this paper is the following:

Theorem 1.5. Let d > 3, ¢ # 0 be such that ¢ < A\(d), 3 < a < 725, w > 0 and
®w € Grad,w- Then the standing wave solution e“wto, of (1.2) is strongly unstable.

To our knowledge, the usual strategy to show the strong instability of stand-
ing waves is to use the characterization of ground states combined with the virial
identity. However, in the presence of the inverse-square potential, the existence of
ground states is well-known. However, the regularity as well as the decay of ground
states are not yet known. Therefore, it is not known that the ground states ¢,
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belongs to the weighted space ¥ := H' N L2(|z|?>dz) in order to apply the virial
identity. This is a reason why we only consider the instability of radial ground state
standing waves in this paper. If one can show that ¢, € 3, then one can study the
instability of non-radial ground state standing waves.

The proof of Theorem 1.5 is based on the characterization of the radial ground
states and the localized virial estimates. Thanks to the radial symmetry of the
ground state, we are able to use the localized virial estimates derived by the second
author in [13] to show the finite time blow-up. We refer the reader to Section 3 for
more details.

The rest of the paper is organized as follows. In Section 2, we give the proof of
the existence of radial ground states for (1.3) given in Proposition 1.2. The proof
of our main result-Theorem 1.5 will be given in Section 3.

2. EXISTENCE OF RADIAL GROUND STATES

In this section, we give the proof the existence of radial ground states for (1.3)
given in Proposition 1.2. The proof of Proposition 1.2 follows from several lemmas.
Let us denote the w-Hardy functional by

He,(v) = [lvl7 + wllvlZ2.
Using the sharp Hardy inequality
M)~ oll7e < [VollZe,

we see that for ¢ < A(d) and w > 0 fixed,

Hy(v) ~ ||v]l7- (2.1)
We note that the action functional can be rewritten as
1 o 1 o
S,(v) = =K, — 0|92, = —— K, H,(v). (2.2
(v) = FKul0) + 5 gy W = g Ko + g g Halo): (22

Let us start with the following result.
Lemma 2.1. d(rad,w) > 0.

Proof. Let v € HL \{0} be such that K, (v) = 0. By the Sobolev embedding, (2.1)
and the fact H,(v) = [[v]|$17., we have

[0 Fare < Chlloll3n < CaHy,(v) = Ca|lv||§i2,

for some C7,C3 > 0. This implies that

at2
o 2 o 1 «

- > - =

ety 2 557 <02>

Taking the infimun over v € HL ;\{0}, we obtain d(rad,w) > 0. O

We now denote the set of all minimizers of (1.6) by
Miad,w == {v e HL \{0} : K, (v)=0, S,(v) = d(rad,w)} )

Lemma 2.2. The set Myaq,., @5 non-empty.



INSTABILITY RADIAL STANDING WAVES 5

Proof. Let (vj)n>1 be a minimizing sequence of d(rad,w), i.e. v, € H} \{0},

K,(v,) = 0 and S,(v,) — d(rad,w) as n — oo. Since K, (v,) = 0, we have

H,,(vy) = ||vn$%2, for any n > 1. Using (2.2), the fact S, (v,) — d(rad,w) as

n — oo implies that

a a

7Hw n) = 57 . a\

et ) = 35

as n — 0o0. We infer that there exists C' > 0 such that

2(a+2)
o

vl 72 — d(rad, w),

H,(v,) < d(rad,w) + C,

for all n > 1. It follows from (2.1) that (v,)n,>1 is a bounded sequence in H_ ;.
Using the compact embedding H} ; < L*"2| there exists vo € H} ; such that

vp — vy weakly in H' and strongly in L2 as n — oo.
Writting v,, = vg + 7, where 7, — 0 weakly in H! as n — co. We have
K(vn) = Hy(vn) — an”%ji = Hy(vo) + Hy(rn) — an”%ji +on(1),
as n — oo. Here 0,(1) means that o0,(1) — 0 as n — oo. Since K, (v,) = 0 and
H,(rn) >0 for all n > 1, we get
H,(vo) < anH%ji + on(1),
as n — oo. Taking the limit n — oo, we obtain

2(a+2)

H,(vg) < d(rad,w).

Since v, — vg strongly in L**2, it follows that

a . o 2(a+2
oot = tim o2 = 29 P raa o)

We thus get K, (vo) < 0. Now suppose that K, (vg) < 0. We have for > 0,

Kuo(po) = 1 Hoy(vo) — 1[I 532

It is easy to see that the equation K, (uvg) = 0 admits a unique non-zero solution

1

o Hw(’l)o) “
o=\ 1T otz
HUOHLQ+2

Since K, (vp) < 0, we have ug € (0,1). By the definition of d(rad,w) and (2.2), we
get

o) o
d(rad,w) < Sy (povo) = me(UOUO) = H(Q)me(UO)
o
- <
< ot 2)Hw(vo) < d(rad,w),

which is a contradiction. Therefore, K, (vg) = 0. Moreover,

S, (vo) = >

2(a+2)

This shows that vy is a minimizer of d(rad,w). The proof is complete. O

o352, = d(rad, w).

Lemma 2.3. M;ad.w C Grad.w-
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Proof. Let ¢ € Myaaw. Since K, (¢) = 0, we have H,(¢) = ||¢]|17.. Since ¢
is a minimizer of d(rad,w), there exists a Lagrange multiplier ¢ € R such that
S!(¢) = pK.,(¢). We thus have

0= Ku(9) = (S,(9), ¢) = n(K(9). 8) .-
It is easy to see that
K[ (¢) = —2A¢ + 2w¢ — 2|z 26 — (a + 2)[|*¢.
Therefore,
(KL(0),¢) = 2Ho(9) — (a +2)[l9]1 722, = —alol|5d2: < 0.

This implies that x4 = 0, hence S/, (¢) = 0. In particular, we have ¢ € Ayaq,. To
prove ¢ € Grad,w, it remains to show that S, (¢) < S, (v) for all v € Ayaq,- To see
this, let v € Ayad,- We have

Ko (v) = (S, (v),v) = 0.
By definition of Mad w, we have S, (¢) < S, (v). The proof is complete. O
Lemma 2.4. Gad.w C Miadw-

Proof. Let ¢ € Grad,w. Since Miyad . is not empty, we take ) € Myaq . By Lemma
2.3, 19 € Grad,w- In particular, S, (¢) = S, (¢). Since ¢ € M;ad w, We get

Sw(d) = S, () = d(rad, w).

It remains to show that K, (¢) = 0. Since ¢ € Ayad,, we have S/ (¢) = 0, hence
K, (¢) = (S,,(¢), ¢y = 0. Therefore, ¢ € Myaq, and the proof is complete. O

Proof of Proposition 1.2. Proposition 1.2 follows immediately from Lemmas 2.2,
2.3 and 2.4. O

3. INSTABILITY OF RADIAL STANDING WAVES

In this section, we give the proof of the instability of radial ground state standing
waves given in Theorem 1.5. Let us start by recalling the local well-posedness in
the energy space H' for (1.2) proved by Okazawa-Suzuki-Yokota [24].

Theorem 3.1 (Local well-posedness [24]). Let d > 3, ¢ # 0 be such that ¢ < A\(d)
and % <a< ﬁ. Then for any ug € H', there exists T € (0, +00] and a mazimal
solution u € C([0,T), H') of (1.2). The mazimal time of existence satisfies either
T =+o00 or T < 400 and

limy |[Vu(t)] 22 = oo.

Moreover, the local solution enjoys the conservation of mass and energy

M(u(t)) = / Jut, 2)|2dx = M (ug),

B(t) =5 [ IVutt.o)Pdo— 5 [ el ?lutt.o)de — 5 [ lu(t.0)*de
= E(uo),
forany t € [0,T).
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We refer the reader to [24, Proposition 5.1] for the proof of the above result. Note
that the existence of local solution is based on a refined energy method of the well-
known energy method proposed by Cazenave [11, Chapter 3]. The uniqueness of
local solutions follows from Strichartz estimates proved by Burg-Planchon-Stalker-
Zadel [7].

We next recall the so-called Pohozaev’s identities for (1.3). We give the proof
for the reader’s convenience.

Lemma 3.2. Letw > 0. If ¢, € H' is a solution to (1.3), then
¢ullf +wlidulls — leullziz: =0,

and

d 2 dw 2 d a+2
(1-5) houly - Shulia + 5 l0u 522

Proof. Multiplying both sides of (1.3) with ¢, and integrating over R¢, we obtain
easily the first identity. Let us prove the second identity. Due to the singularity of
the inverse-square potential at zero, we multiply both sides of (1.3) with x - V¢,
and integrate on P(r, R) := {vr € R? : r <|z| < R} for some R > r > 0. We have

—/ Ay, (x - Vo, )dx = / Vo, V(x-Vo,)dr — / |V¢)w|2(:17 -nq)dS
P(r,R) P(r,R)

0B,

- / |Vl (z - m2)dS,
0Br

where mq = —= is the unit inward normal at x € 9B, and ny = % is the unit
outward normal at x € 9Br. We also have

d 1
/ Vo, V(z-Ve,)dr = (1 — —) / |V oo|?dx + —/ Voo |*(z - ni)dS
P(r,R) 2) Jp@rRr) 2 JoB,

1

+—/ Voo | (x - ngy)dS.
2 JoBg

Thus,

d 1
[ souteVoyto=(1-5) [ (VoPdar-y [ vepemas
P(r,R) 2) Jp@rR) 2 JoB,

1
——/ Voo |*(z - m2)dS.
2 JoBx
Similarly,
dw w
w/ bw(x -V, )dr = -5 |, |2da + 5/ | |? (2 - m1)dS
P(r,R) P(r,R) 9B,

w

42 / I6u[2(@ - 2)dS,
2 JoBr
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and
_ d _
—c/ |z| ™2 ¢, (z - Voo, )dr = —c <1 — 5) / || 2| | da
P(r,R) P(r,R)
c _
5 [ el louP (o mas
OB,
c _
5 [ kel naas,
OBRr
and finally

d
- 3|00 (x - Vi, )da = / 6|7 2dn
/P@,R)' R s Y

1 a+2
_a+2/BBT|¢w| (¢ -11)dS

1
a+2

/ 6] (2 - n2)dS.
OBRr

Adding the above identities, we get

d B dw
(1--) / |V¢w|2dx—c/ 12| ¢ [2de ——/ (b [2d
2 P(r,R) P(r,R) 2 Jper)

d +2
o|ot2de =1 L(R), (3.1
s [ el e = 1)+ B(R), )
where
1 w
B =3 [ 1VeuP nds =35 [ oo mds
2 Jog, 2 Jog,
E -2 2 . L a+2 .
wg [ o s & g [ el s
= — 1 2_8 2 E —2 2 L a+2
= ([ 3IT0 = ol + Slel ol + el s
and
1 w
5(3):5/ |V¢w|2(x~n2)dS—§/ 60,2 (z - 12)dS
c —2 2 1 a+2
_ w . dS _ w . dS
g [ o s ¢ o [ e
_ 1 2 W 2, G -2 2 1 at2
([ 0P Gl + Slel o+ pleuiias)).
Denote
_l 2 W 2 6 -2 2 1 at2
A() = 31960 = Shouf? + Slel 2 10uf? + —loul".
We have

/BA(%)dx - /01 /6& A(¢,)dSdr < o, (3.2)
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where B is the unit ball in R?. Hence, there exists a sequence r, — 0 such that
rn/ A(py)dS — 0 asn — oo.
4B,

Indeed, if

liminfr A(py)dS =c¢ >0,
r—0 9B,

would not be in L'(0,1), which contradicts to (3.2). On the other hand, since

then

A )dz = /0 T AGu)dSdR < o,

Rd dBr
there exists a sequence R,, — +0o0o such that

Rn/ A(¢,)dS — 0 asn — oc.
9Br

This implies that I (r,) — 0 and Is(R,,) — 0 as n — oo. Now substituting r by r,
and R by R,, in (3.1) and taking n — oo, we obtain the second identity. The proof
is complete. ([

Throughout this section, we denote the functional

Q) = o1y, = g lvlsE
Note that if we take
v z) = )\%v()\x), (3.3)
then we have
oAz = ollze, 90z = Mol
el = Allelolzs, oA lgers = AT fulgars.
Thus, )
2 da
5u0Y) = Sl + S el - 2 el
and

Q(v) = OMSu(®M)],_, -

Lemma 3.3. Let d > 3,c# 0 be such that c < \(d), 3 < a < 745 and w > 0. Let
¢w S grad,w- Then

Su(dw) = nf{S,(v) : ve Hy\{0},Qv) =0}

Proof. Let dy, := inf{S,(v) : ve€ HL, \{0},Q(v) = 0}. Thanks to the Pohozaev’s
identities, it is easy to check that S, (¢.) = Q(¢,) = 0. By the definition of d,,,

Su(Pw) > dn. (3.5)
We now consider v € HL ;\{0} be such that Q(v) = 0. If K,(v) = 0, then by
Proposition 1.2, S, (v) > S, (¢.). Assume that K, (v) # 0. Let v* be as in (3.3).
We have

da
Eo(0) = N ollf, +wllvlZ: = XF o]l 752
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We see that lim_,¢ K., (v*) = wljv]|2. > 0. S1nce o > 2, we have limy_, 4o K, (v}) =
—00. Thus, there exists Ao > 0 such that K, (v* ) = 0. By Proposition 1.2, we get
S, (v*) > S, (¢). On the other hand, a direct computation shows that

d __ «
MSu () = )\||U|\§'{Cl - m)\ | ] o
da do o
=A (||U|%Q - m)\ 2 2|U||Lfffz) :

The equation 9,5, (v*) = 0 admits a unique non-zero solution

llld ™
M= —F——
< TatD ||v|%i'fz>

which is equal to 1 since Q(v) = 0. It follows that 95, (v}) > 0 it A € (0,1)
and 9)S,(v*) < 0 if A € (1,00). In particular, We get S (v*) < S, (v) for any
A > 0and A # 1. Since \g > 0, it follows that S,,(v*?) < S,,(v). This implies that
Sw(v) > Sy (o) for any v € HE ;\{0}, Q(v) = 0. Taking the infimum, we obtain

Suw(dw) < dy. (3.6)
Combining (3.5) and (3.6), we prove the result. O
Let ¢, € Grad,w. We denote

Biadw = {v € Hpg\{0} + Su(v) < Su(6w), Q(v) < 0}

Lemma 3.4. Let d > 3,c# 0 be such that c < X(d), 3 < o < 745 and w > 0. Let
w € Gradw- Then Brad is invariant under the flow of (1.2), that is, if uo € Bredw,
then the corresponding solution u(t) to (1.2) with u(0) = ug satisfies u(t) € Brod,w
for any t € [0,T).

Proof. Let uy € Brad,w- By the conservation of mass and energy,
Sw(u(t)) = Sw(ug) < Sw(dw), Vtel0,T). (3.7)

It remains to show that Q(u(t)) < 0 for any ¢ € [0,T). Suppose that there exists
to € [0,T) such that Q(u(tg)) > 0. By the continuity of ¢t — Q(u(t)), there exists

€ (0,0 such that Q(u(t;)) = 0. By Lemma 3.3, S, (u(t1)) > Sw(¢,) which
contradicts to (3.7). O

Lemma 3.5. Let d > 3,c# 0 be such that c < \(d), 3 < a < %5 and w > 0. Let
(bw S grad,w- ]fU € Brad,o.J7 then

Q(v) < 2(Sw(’U) - Sw(¢w))
Proof. Let v* be as in (3.3). Set g()\) := S, (v*). We have
A2 w AT o
g(A) = _||”H §HU||2L2 - a—HHUHLﬁz,

do da _ Q)
! )\ - )\ 2' —_ 7}\ 1 a+2 = —
g ( ) ||UH 1 2(0[—'—2) 2 || HL&+2 A )
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and

11
d2a2 da -
(A (V) = 2A|lv[l;, — 4(T+2)A Ea O] s

do da_ da(da —4)
2 1 a+2 1 a+2
2 (Molly, - gV ol ) - S
da(da —4) | aa
=2g'(\) - ST TNE o382,
g( ) 4( +2) H ”L F2
Since da > 4, we see that

(Ag' (V)" <29'(N),
Since Q(v) < 0, the equation 95, (
tion Ay € (0 1)
Ao (OrS. (v

VA > 0. (3.8)

) = 0 admits a unique non-zero solu-
Taking the integration over Ao and 1 and note that Q(v'0) =

)‘/\ N = =0, we get
Q) = Q™) < 2(Su(v) — Su(v™)) < 2(Su(v)
Here, the last inequality comes from the fact Q(

= Su(dw))-

) = 0. The proof is complete. O
The key ingredient in showing the strong instability of radial standing waves is

to use localized virial estimates to establish the finite time blowup. Let us recall
localized virial estimates related to (1.2). Let 8 : [0,00) — [0, 00) be such that
r2 ifo<r<1, y
0(r) = { const. ifr > 2. and 0"(r) <2 forr >0.

The precise constant here is not important. For R > 1, we define the radial function

pr(@) = ¢r(r) = R*(r/R), r=al.
We define the virial potential by

(3.9)
Vor(t) := /¢R(I)|u(t,x)|2d:c. (3.10)

Lemma 3 6 (Radial virial estimate [13]). Let d > 3, ¢ # 0 be such that ¢ < A(d),
< a< d 5, B> 1 and pr be as in (3.9). Let u: I x R? — C be a radial solution
to (1.2). Then for any t € I,

d? 4do
7z Ven(t) < 8[lu(®)lIF, —

— @32 + 0 (R

®IE,)
(3.11)
u(®)lf,) (

3.12)
2(da — 4)|Ju(t) 3, + O (3*2 +

= 8Q(u(t)) + O ( -
= 4daFE(u(t)) —

“lu)lf,) -
(

3.13)
The implicit constant depends only on ||ug||rz2,d and «. Here A = O(B) means
there exists a constant C' > 0 such that A= CB

We refer the reader to [13, Lemma 5.4] for the proof of the above result
We are now able to prove our main result
Proof of Theorem 1.5.

Let € > 0, w > 0 and ¢, € Gradw. Since ¢ = b, in H
as A — 1, there exists Ao > 1 such that ||¢,

#)°|| g < e. By decreasing \g if
necessary, we claim that (bé” € Brad,w- To see this, we first notice that Q(¢,) =0
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This fact follows from the Pohozaev’s identities related to (1.3) given in Lemma
3.2:

4—(d-2)a 4—(d-2)x

2 _ at2 _ 2

wloulls = g e lith = T ey G

On the other hand, a direct computation shows

A \? 2 w 2 AT +2
Sw(dy) = 7”%”@ + §||¢wHL2 - Q—HH%H%MM

do  jaaz, g Q(43)
NSu(d)) = )\H%H?{g —m)\ T |Gl gdz. = T

It is easy to see that the equation 955, (4)) = 0 has a unique non-zero solution

2

lealZ, T
T PR -
3a+2) | Pwll otz

The last inequality comes from the fact Q(¢,,) = 0. This implies in particular that

S, ()) >0 if Ae (0,1),
S, ()) <0 if X e (1,00),

from which we get S,(¢)) < Su(¢,) for any A > 0,A # 1. Since Q(¢)) =
AI\S.,(9)), we also have

Q(#}) >0 if A e (0,1),
Q(p)) <0 if A€ (1,00).

As an application of the above argument, we have

Su(d)) < Su(dw), Q) <.

This shows that (;530 € Brad,w and the claim follows.

By Theorem 3.1, there exists a unique solution u € C([0,T), H') to (1.2) with
initial data u(0) = ug = ¢)°, where T > 0 is the maximal existence time. Since
ug = ¢)° is radial, it is well-known that the corresponding solution is also radial.
The rest of this note is to show that u blows up in finite time. It is done by several
steps.

Step 1. We claim that there exists a > 0 such that Q(u(t)) < —a for any t € [0,7).
Indeed, since Brad,, is invariant under the flow of (1.2), we see that u(t) € Brad,w

for any ¢t € [0,7). By Lemma 3.5, we get

Q(u(t)) < 2(Su(u(t)) = Su(dw)) = 2(Su(85°) — Su(@w))-

This proves the claim with a = 2(S,,(¢w) — S.(¢2°)) > 0.
Step 2. We next claim that there exists b > 0 such that
2
dt?
for any ¢t € [0,T"), where V,,(t) is as in (3.10). Indeed, since the solution wu(t) is
radial, we apply Lemma 3.6 to have
d? _ _ (d=Da a
i Venlt) < 4daB(u(t) - 2(da — Y]u(®), +0 (B2 + B~ 5= Ju(w)]3,)
for any ¢t € [0,7) and any R > 1. The Young inequality implies for any € > 0,

Ver(t) < =0, (3.15)

—Da a 2(d—1)a

-~ 2 o
R~ = ||u(t)||12-{61§e|\u(t)|@cl+e % g
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Note that in our consideration, we always have 0 < a < 4. We thus get
d2
de?
for any ¢t € [0,7T), any R > 1, any € > 0 and some constant C' > 0.

To see (3.15), we follow the argument of Bonheure-Castéras-Gou-Jeanjean [6].
Fix t € [0,T) and denote

Von(t) < AdaB(u(t)~2(da—4)[u()]| 3, +Cellu(t)|4,+0 (B2 + w2 B3,

_4da|E(ug)| + 2
= doa —4 '
We consider two cases.
Case 1.

e} %, < .

Since 4daE(u(t)) —2(da—4)[Ju(t)[|%, = 8Q(u(t)) < —8a for any ¢ € [0,T), we have
d? 9 o 2d-Da
ﬁV“’R(t) < —8a+Ceu+O(R +e TR Taa )

By choosing € > 0 small enough and R > 1 large enough depending on €, we see
that
2
@V@R (t) < —4a.
Case 2.
lu()l1%, > o
In this case, we have

AdoE(ug) — 2(dor — ) [u(t) || < =2 — (dov — 4)|\u(t)||§ﬁ.

2
1%
Thus,

d2
dt?
Since da — 4 > 0, we choose € > 0 small enough so that

dao—4—Ce > 0.

Vou(t) < =2 = (da = 4)[u(®) 3, + Cellu(t)|%, + 0 (R72+ e ™7 R57=7).

This implies that

d? _9 __a o 20d-Da
5 Von(t) < =240 (R e TR RS ) .
We next choose R > 1 large enough depending on € so that
d2
o2 Ven(t) < —1.

Note that in both cases, the choices of ¢ > 0 and R > 1 are independent of ¢.
Therefore, the claim follows with b = min{4a, 1} > 0.
Step 3. By Step 2, the solution u(t) satisfies

d2
dt?
for any ¢ € [0,T). The convexity argument of Glassey (see e.g. [16]) implies that
the solution blows up in finite time. The proof is complete. O

Vor(t) < -b<0,
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