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Abstract. We numerically examine the flow of superconducting vortices in
samples containing square pinning arrays in which a band of pins is removed.
When a drive is applied at an angle with respect to the band orientation, we find
that the vortex depinning initiates in the pin-free channel. The moving vortices
form a series of quasi-one-dimensional shear bands that begin flowing in the bulk
of the pin-free channel, and the motion gradually approaches the edge of the
pinned region. The consecutive depinning of each shear band appears as a series
of jumps in the velocity-force curves and as sharp steps in the spatial velocity
profiles. When a constant drive is applied parallel to the pin-free channel along
with a gradually increasing perpendicular drive, the net vortex velocity decreases
in a series of steps that correspond to the immobilization of bands of vortices,
and in some cases the flow can drop to zero, creating a field effect transistor
phenomenon. These results should also be relevant to other types of systems that
exhibit depinning in the presence of inhomogeneous pinning.

http://arxiv.org/abs/1908.07606v1


Vortex Shear Banding Transitions in Superconductors with Inhomogeneous... 2

1. Introduction

When a solid is subjected to a shear force, the dynamic response can be characterized
by constructing a stress-strain curve. As the strain increases from zero, the system
remains in a solid state with a linearly growing stress, and when the strain is large
enough, the system yields and starts to flow as bonds between the constituent particles
break. In many cases, for strains above yielding, the stress saturates or even decreases
with increasing strain [1, 2, 3]. Yielding can occur via shear banding or shear
localization, in which only a portion of the sample is moving while other portions
remain stationary, or it can occur via the development of a smooth velocity gradient
throughout the sample [4, 5]. The behavior at yielding varies depending on the rate
of change of the strain as well as on whether the system is crystalline, polycrystalline,
or amorphous.

Another phenomenon that has similarities to the yielding transition is the
depinning transition for a collection of particles driven over a random or periodic
substrate [6, 7]. Under an increasing drive, the system can remain pinned until
a critical drive is reached above which flow initiates. The motion can be elastic,
with each particle maintaining the same neighbors, or plastic, with continuous
rearrangements of the particles. When the substrate is composed of pinning sites,
individual particles can be trapped directly at the pinning sites or indirectly through
interactions with pinned particles. For solids undergoing yielding, it is only particle-
particle interactions that produce resistance to flow, and in materials with a higher
shear modulus, a larger force must be applied in order to induce yielding. In some
cases, systems that undergo depinning can also exhibit a yielding transition, such as
vortices in type-II superconductors in a Corbino geometry, which exerts a nonuniform
force on the vortex lattice [8, 9, 10, 11, 12, 13]. If the vortices remain elastic and
rotate as a solid object, the velocity of an individual vortex increases linearly with
its distance r from the center of the disk. If plastic flow occurs instead, the vortices
disorder, exhibit liquid behavior, and have a velocity that decays as 1/r. Both of these
behaviors have been observed in experiment [8] and simulations [9]. The simulations
indicate that there is a critical current or rotation rate required to induce a transition
to the plastic flow state, which is accompanied by the proliferation of topological
defects in the vortex structure [9, 14]. Since the vortices form a triangular lattice in
the absence of pinning, shear banding can also occur in which a band of vortices flow
together as a rigid body at one velocity while other bands of vortices flow at different
velocities, and there can be locking and unlocking transitions between the different
moving bands due to the spatial periodicity of the vortices. Simulations by Lin et

al. showed dynamical locking and dynamical commensurability effects for vortices in
mesoscale Corbino disks [15]. Experiments by Okuma et al. for vortices in a Corbino
geometry with an additional ac drive produced Shapiro steps, interpreted as resulting
from a shear banding effect in which vortices near the center of the sample depin first,
followed by laminar flow at higher drives [12, 16]. There are also studies of shearing
effects for vortices interacting with pinning sites inside a Corbino geometry [17] or
with a single easy flow channel embedded in strong pinning [18]. For inhomogeneous
pinning, composed of a region of strong pinning coexisting with a channel of weak
or no pinning, the vortices in the weakly pinned channel move first under an applied
drive, forming a velocity gradient with the fastest flow at the center of the weakly
pinned channel and zero flow at the edge of the more strongly pinned region [19, 20].
Another particle-based system in which similar shear effects can occur is a rotating
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ring of trapped colloidal particles embedded in a background of free particles, where
the relative motion of the background particles exterior or interior to the moving ring
can be measured. Experiments performed with this geometry also reveal laning or
shear banding effects [21, 22, 23].

In this work we use numerical simulations to show that vortex shear banding
can be achieved without a Corbino geometry and with a uniform drive when the
substrate consists of a strip of strong pinning coexisting with a pin-free channel. We
focus on a square pinning array in which a group of adjacent rows of pins have
been removed. Such a substrate could be created experimentally using artificial
pinning structures [24, 25, 26, 27], patterned irradiation [28], or controlled thickness
modulations [29, 30, 31, 32, 33]. The vortices in the pin-free channel easily depin as
an elastic solid under a parallel applied driving force. When the drive is applied at an
angle with respect to the pin-free channel, we find strong shear banding effects, with
flow initially occurring only at the center of the pin-free channel and the vortices near
the edges of the channel remaining immobile. As the drive increases, a series of shear
banding transitions occur as additional rows of vortices in the pin-free channel depin,
producing signature jumps in the velocity-force curves and steps in the spatial velocity
profile. Under a constant parallel drive and gradually increasing perpendicular drive,
the longitudinal velocity passes through a series of drops as the shear banding effects
become stronger until there is a transition to a state in which the vortices flow in both
the parallel and perpendicular directions. Interestingly, the flow of vortices within
the pinned portion of the sample in this case is strictly in the perpendicular direction
due to a dynamical symmetry locking with the square pinning array. Under some
conditions, we find that application of a perpendicular drive can send the longitudinal
velocity sharply to zero, similar to a field effect transistor in which the current response
changes sharply under an applied field. Our results could be tested in superconductors
with artificial pinning arrays where a portion of the pinning sites have been removed,
in samples with a step in the sample thickness, or in systems with a gradient in the
pinning density or strength [27, 34, 35]. Although our results are for a vortex system,
they should be general to other particle like systems where spatially inhomogeneous
pinning can arise, such as skyrmions in chiral magnets and colloidal systems.

2. Simulation

We consider a superconducting system with a square pinning lattice of lattice constant
a where half the pinning sites are removed and Nv vortices are present, as illustrated
in Fig. 1. We use a rigid vortex approximation in which the dynamics of vortex i is
governed by the following overdamped equation of motion:

η
dRi

dt
= Fvv

i + F
vp
i + Fx

D + F
y
D (1)

The damping constant is η, which we set equal to unity. The vortex-vortex
interactions are repulsive and the sum of the vortex-vortex forces on vortex i is
Fvv

i =
∑

j 6=i F0K1(Rij/λ)R̂ij . Here K1 is the modified Bessel function which
decays monotonically, Rij = |Ri − Rj | is the distance between vortices i and j,

R̂ij = (Ri −Rj)/Rij , λ is the penetration depth, F0 = φ2
0/(2πµ0λ

3), φ0 is the flux
quantum, and µ0 is the permittivity. The pinning sites are modeled as parabolic traps

of radius Rp = 0.35λ and force Fvp
i =

∑

k(FpR
(p)
ik /rp)Θ(rp −R

(p)
ik )R̂

(p)
ik . Here Θ is the

Heaviside step function, Fp is the maximum force exerted by the pinning site, R
(p)
k is
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Figure 1. Illustration of the sample geometry. Pins (open circles) are placed in
a square array, and half of the pinning sites are removed (top portion of sample).
Vortex positions (dots) are obtained through simulated annealing and drives are
applied parallel, Fx

D
(blue arrow), and perpendicular, F y

D
(red arrow), to the x

axis.

the location of pinning site k, R
(p)
ik = |Ri −R

(p)
k |, and R̂

(p)
ik = (Ri −R

(p)
k )/R

(p)
ik . All

forces are measured in units of F0 and lengths in units of λ. We choose the vortex
density such that the number of vortices would match the number of pinning sites
if the entire pinning lattice were present, B/Bcomplete

φ = 1.0, where Bcomplete
φ is the

matching field for the full pinning array. Since half of the pinning sites are missing,
our vortex density is B/Bφ = 2.0, where Bφ is the matching field for the half pinning

array. We set the pinning density to Bcomplete
φ = 0.4/λ2. The net drive FD is applied

at an angle to the x axis and is given by FD = F x
Dx̂− F y

Dŷ.
The initial vortex positions are obtained using a simulated annealing protocol in

which we start at a high temperature with the vortices in a liquid state and slowly
cool the sample to T = 0. After the initialization, we apply a driving force that
is increased in increments of ∆FD. We spend 20000 simulation time steps at each
increment to ensure that the system has reached a steady state, and we measure the
average vortex velocities in the parallel, 〈Vx〉 = N−1

v

∑Nv

i vi · x̂, and perpendicular,

〈Vy〉 = N−1
v

∑Nv

i vi · ŷ, directions. We focus on the case Fp = 0.75 and consider a
range of drives over which depinning of the vortices trapped at the pinning sites is
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Figure 2. The average velocity 〈Vx〉 vs Fx
D

for the system in Fig. 1 at F y

D
= 0.1.

The leftmost vertical dashed line indicates the transition from a pinned to a
flowing state and the other two dashed lines mark transitions between different
shear banded flowing states. The letters a, b and c correspond to the values of
Fx
D at which the images in Fig. 3 were obtained.

negligible. This model has previously been used to study vortex pinning and dynamics
in systems with uniform pinning or conformal pinning arrays, where commensurability
and enhanced pinning effects appear [34, 36, 37, 38].

3. Vortex Banding

Figure 1 illustrates the sample geometry with B/Bφ = 2.0, where almost all of the
pinning sites are occupied. The arrows indicate the direction of the driving forces F x

D

and F y
D, which give a net drive magnitude of F =

√

(F x
D)2 + (F y

D)2 applied at an angle
θ = tan−1(F y

D/F x
D) to the x axis. In Fig. 2 we plot 〈Vx〉 versus FD for the system in

Fig. 1 at a fixed F y
D = 0.1. The velocity-force curve shows three jumps that correspond

to transitions between different vortex flow patterns. For F x
D < 0.00085, the system is

in a pinned state and the vortices in the pin-free channel are trapped by the interactions
with the pinned vortices along the edges of the channel. For 0.00085 ≤ F x

D < 0.0058,
shear banded flow occurs as illustrated in Fig. 3(a) for FD = 0.004, where there are
three rows of immobile vortices just above the pinned region. This is followed by an
upward jump in 〈Vx〉 at FD = 0.0058 to a state in which there is only a single row of
immobile vortices in the pin-free channel, as shown in Fig. 3(b) at FD = 0.0125. This
flow state persists over the range 0.0058 ≤ F x

D < 0.0208, after which another upward
jump in 〈Vx〉 occurs and all of the vortices in the pin-free channel flow, as shown in
Fig. 3(c) at F x

D = 0.025. For increasing perpendicular drive F y
D, we find that the

number of immobile rows in the pin-free channel increases, as illustrated in Fig. 3(d)
for a sample with F y

D = 0.125 at F x
D = 0.004, just above depinning, where four rows

of vortices are motionless.
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Figure 3. Pinning site locations (open circles) and vortex positions (dots) and
trajectories (lines) obtained over a fixed time period for the system in Fig. 2 with
F y
D

= 0.1. (a) At Fx
D

= 0.004, there is a band of vortex motion in the upper
part of the sample and three of the rows in the pin-free channel are immobile.
(b) At Fx

D
= 0.0125, there is only one row of immobile vortices in the pin-free

channel immediately adjacent to the pinning sites. (c) At Fx
D = 0.025, all of the

vortices in the pin-free channel are flowing. (d) In a sample with F y

D
= 0.125, at

Fx
D = 0.004 just above depinning, there are four rows of immobile vortices near

the edge of the pinned channel.

In Fig. 4 we plot the spatial average velocity profiles 〈V loc
x 〉 vs y for the system in

Fig. 2 for the four different phases. The local average velocity is given by 〈V loc
x 〉(y) =

N−1
loc

∑Nv

i (vi · x̂)Θ(ǫ − |ryi − y|), where ǫ = 0.5a and Nloc =
∑Nv

i Θ(ǫ − |ryi − y|).
In the pinned state at F x

D = 0.0005, 〈V loc
x 〉 is zero across the entire system, while at

F x
D = 0.004 where there are three immobile rows in the pin-free channel, there is a

step in the velocity at the edge of the flowing band of vortices. The velocity is not
uniform across the flowing band but is slightly smaller next to the immobile rows,
and we find that the outer moving row undergoes a phase slip with respect to the
remaining moving rows. At FD = 0.0125, where there is one immobile row in the
pin-free channel, the band of finite 〈V loc

x 〉 has extended nearly to the boundary of the
pinning region, and the velocity of the outer moving row is again lower than that of
the rest of the moving band. At F x

D = 0.025, all of the vortices in the pin-free channel
are moving and the band of finite 〈V loc

x 〉 reaches its widest extent, but the vortex rows
closest to the pinning continue to move more slowly than the other vortices. The drop
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Figure 4. The spatial profile of the average local velocity 〈V loc
x 〉 vs y for the

system in Fig. 2 in the four different phases. The dashed vertical line indicates
the edge of the pinned region. From bottom to top, Fx

D = 0.0005 (dark blue) in
the pinned phase, Fx

D = 0.004 (light blue) in a state with three immobile rows in
the pin-free channel, Fx

D = 0.0125 (green) in a state with one immobile row, and
Fx
D

= 0.025 (red) where all the vortices in the pin-free channel are flowing.

in 〈V loc
x 〉 at large y is due to the presence of the pinned region on the other side of the

periodic boundary. We note that for all of these values of F x
D, 〈Vy〉 is zero.

We now introduce some terminology for the different states. We denote the
pinned state as phase P, while in phase M, all of the rows in the pin-free channel are
flowing. In phase I, there is one immobile row of vortices in the pin-free channel, in
phase III, there are three immobile rows, and so forth. For the parameters considered
here, we have not observed a situation in which there are two immobile rows in the
pin-free channel. In Fig. 5 we plot a series of 〈Vx〉 versus F

x
D curves for FD

y = 0.025,
0.0375, 0.05, 0.1, 0.125, 0.15, 0.1625, and 0.175. At F y

D = 0.025, there is only a single
transition from the pinned phase P to phase M in which all the vortices in the pin-free
channel are moving. For F y

D = 0.0375, the pinned phase P is followed first by phase
III and then by phase M, while for F y

D = 0.1, the sequence of states is phase P to
phase III to phase I to phase M. When F y

D = 0.125, the system transitions from the
pinned phase P to phase IV in which there are four immobile vortex rows, followed by
phase I and then by phase M, which appears near F x

D = 0.3. At F y
D = 0.15, we find

a transition from phase P to phase V, where there are five pinned rows of interstitial
vortices as illustrated in Fig. 6(a). A transition to phase I occurs at a much higher
drive of F x

D = 0.055. For F y
D = 0.1625, the pinned phase P is lost and the system

is initially in a random guided flow, where the particles flow in both the x and y
directions in the pin-free channel but in only the y direction in the pinned region.
This state is illustrated in Fig. 6(b) for a system with F y

D = 0.175 and F x
D = 0.015.

For sufficiently large F x
D, the F y

D = 0.1625 system can transition from phase R to
phase I, but when F y

D > 0.1625, the system remains in phase R and there are never
immobile vortex rows in the pin-free channel.
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Figure 5. 〈Vx〉 vs Fx
D

for samples with, from top to bottom, FD
y = 0.025

(purple), 0.0375 (dark blue), 0.05 (light blue), 0.1 (dark green), 0.125 (light
green), 0.15 (yellow), 0.1625 (orange), and 0.175 (red). For Fx

D
= 0.175, we find

a disordered flow phase R where there is motion in both the x and y directions,
as illustrated in Fig. 6(b). The curves have been shifted vertically for clarity.

x(a)

y

x(b)

y

Figure 6. Pinning site locations (open circles) and vortex positions (dots) and
trajectories (lines) obtained over a fixed time period. (a) Phase V at Fx

D = 0.004
and F y

D
= 0.15, where there are five immobile vortex rows in the pin-free channel.

(b) The random guided phase R at F y
D

= 0.175 and Fx
D

= 0.015, where motion
in the pin-free channel is in both the x and y directions, while the motion in the
pinned region is strictly in the y direction.
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Figure 7. The spatial profile of the local velocities 〈V loc
x 〉 (blue) and 〈V loc

y 〉
(red) vs y for the phase R flow in the system from Fig. 6(b). Within the pinned
region, the flow is strictly in the y direction, while in the pin-free channel, the flow
is in both the x and y directions. For clarity, the 〈V loc

y 〉 curve has been scaled
down by a factor of two.

To further characterize the phase R flow, in Fig. 7 we plot the spatial velocity
profiles 〈V loc

x 〉 and 〈V loc
y 〉 versus y for the flow pattern illustrated in Fig. 6(b). Within

the pinned region, the vortices are moving strictly in the y-direction, while in the
pin-free channel, the vortices are moving in both the x and y directions. We note that
the 〈V loc

y 〉 curve has been reduced by a factor of two for clarity.
In Fig. 8 we plot the dynamic phase diagram as a function of F x

D versus F y
D for the

system from Fig. 6, highlighting the pinned phase P, phases I, III, IV, and V, phase M
in which all vortices in the pin-free channel are moving, and the random guided flow
phase R. We note that for finer intervals of F y

D or a larger system, there will likely be
additional phases corresponding to six, seven, and higher numbers of immobile vortex
rows in the pin-free channel. For higher values of F x

D than what is considered here,
there are additional phases that occur when the vortices at the pinning sites begin to
depin, which is beyond the scope of this work. We also note that in general we do
not observe a continuous velocity gradient in our system. This is probably a result of
the triangular ordering of the vortices within the pin-free channel, which causes the
system to behave like a sheared triangular solid breaking along its easy shear direction.
If the system were in a liquid or amorphous state, it could be possible to obtain a
continuous velocity gradient with no well-defined shear bands.

4. Shearing Dynamics for Perpendicular Driving and Field Effect

Transistor

We next consider the case where the driving force along the x or parallel direction is
fixed while the drive along the y or perpendicular direction increases. Although the net
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Figure 8. The dynamic phase diagram as a function of Fx
D

vs F y
D

for the
system in Fig. 6. P: pinned phase (yellow); V: five immobile vortex rows in
the pin-free channel (orange); IV: four immobile vortex rows (green); III: three
immobile vortex rows (dark blue); I: one immobile vortex row (purple); M: motion
of all vortices in the pin-free channel (light blue); R: random guided flow in the
entire sample (pink).
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-0.1
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M III IV V R(a)

(b)

Figure 9. (a) 〈Vx〉 vs F y

D
for the system in Fig. 2 at a constant Fx

D
= 0.0125,

showing a series of drops corresponding to transitions among phases M, III, IV,
V, and R. (b) The corresponding 〈Vy〉 vs F y

D
, showing that 〈Vy〉 only becomes

finite in phase R.
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Figure 10. (a) 〈Vx〉 vs F y
D

at fixed Fx
D

= 0.0025 for a system with a higher

pin density of Bcomplete

φ
= 0.6/λ2. The letters a to d indicate the drives at which

the images in Fig. 11 were obtained. (b) 〈Vx〉 vs F y

D
for the same system at fixed

Fx
D

= 0.00025, where there is a transition into a pinned state with 〈Vx〉 = 0.

force F =
√

F x
D

2 + F y
D

2
is increasing, the net velocity 〈V 〉 =

√

〈Vx〉2 + 〈Vy〉2 generally

decreases in a series of steps as more rows of vortices become immobile. In Fig. 9 we
plot 〈Vx〉 and 〈Vy〉 versus F

y
D for the same system in Fig. 2 at fixed F x

D = 0.0125. When
F y
D = 0, the system is in phase M, with all the vortices in the pin-free channel flowing.

As F y
D increases, 〈Vx〉 gradually decreases, with a downward jump near F y

D = 0.105
marking the transition into phase III. This is followed by two more drops in 〈Vx〉 at
the transitions into phases IV and V, and at F y

D = 0.17, the system enters phase R,
where 〈Vy〉 becomes finite and the velocities in both directions show large fluctuations.
In phase R, 〈Vx〉 begins to increase with increasing F y

D. For other values of F x
D, we

observe a similar trend with drops in 〈Vx〉 marking the transitions among different
phases; however, for this pinning density, we do not find a phase in which 〈Vx〉 goes
to zero. For denser pinning, it is more difficult for the vortices to enter the pinned
region, and it is possible to observe a reentrant pinning effect.

In Fig. 10(a) we plot 〈Vx〉 versus F y
D for a system with fixed F x

D = 0.0025

but denser pinning of Bcomplete
φ = 0.6/λ2 at the same filling of B/Bφ = 2.0. For

0 < F y
D < 0.075, the system is in phase M with all the vortices in the pin-free channel

flowing, as illustrated in Fig. 11(a) at F y
D = 0.05. There is a jump down in 〈Vx〉 at the

transition to a phase in which there are three immobile rows of vortices in the pin-
free channel, which appears over the range 0.075 < F y

D < 0.1435 and is illustrated in
Fig. 11(b) for F y

D = 0.1. When 0.1435 < F y
D < 0.2, there are six immobile vortex rows

in the pin-free channel, as shown in Fig. 11(c) at F y
D = 0.15. For 0.2 < F y

D < 0.22,
an upward jump in 〈Vx〉 is accompanied by a transition to a state with five immobile
vortex rows in the pin-free channel. At higher F y

D, the system enters region R, as
illustrated in Fig. 11(d) at F y

D = 0.225, where the vortices only flow along the y
direction within the pinning region.

In Fig. 10(b) we plot 〈Vx〉 versus F y
D for the same system as in Fig. 10(a) but

at a smaller value of FD
x = 0.0025. Here the system is initially in phase M before

transitioning to a pinned state with 〈Vx〉 = 0. Eventually, when F y
D is large enough

(not shown), the system enters phase R flow. The sharp drop down in the velocity at
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Figure 11. Pinning site locations (open circles) and vortex positions (dots) and
trajectories (lines) obtained over a fixed time period for the system in Fig. 9.
(a) At F y

D
= 0.05, all the vortices in the pin-free channel are flowing. (b) At

FD
y = 0.1, there are three immobile vortex rows in the pin-free channel. (c) At

F y
D

= 0.15, there are six immobile vortex rows in the pin-free channel. (d) Phase
R at F y

D
= 0.225.

the onset of phase P is similar to what is observed in a field effect transition, where an
increase in driving can cause a sharp transition in the current flow, or the vortex flow
in this case. In general, as the density of pinning sites increases, the range of driving
over which this field effect transistor phenomenon occurs becomes wider.

5. Summary

We numerally examine vortices in a system with a square pinning array where half
of the pinning sites have been removed to form a pin-free channel. When a drive
is applied at an angle with respect to the channel, we find that the vortices in the
channel depin in a series of transitions among different shear banded flow phases. The
vortex velocity exhibits a sequence of steps corresponding to the quantization of the
number of rows of moving vortices. As the component of the driving force parallel to
the channel increases, the depinning of individual rows of vortices produces steps in
the velocity-force curve. When the component of the driving force perpendicular to
the channel increases, the number of immobile vortex rows in the pin-free channel also
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increases. A gradient in the velocity of the moving vortices appears in the pin-free
channel, with vortices close to the edge of the channel moving more slowly than those
in the center of the channel. When the perpendicular drive is large enough, there is a
transition to a state in which the vortices move both parallel and perpendicular to the
pin-free channel; however, the vortices within the pinned part of the sample move only
perpendicular to the orientation of the pin-free channel. If the parallel driving force
is fixed and the perpendicular driving force is increased, we find a series of downward
steps in the longitudinal velocity as the number of immobile vortex rows increases,
and in some cases it is even possible for the increasing perpendicular drive to produce
a complete suppression of vortex motion in a field effect transistor phenomenon. In
addition to vortices, our results should be general to other particle-based systems with
inhomogeneous pinning, such as colloids and skyrmions.
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