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Abstract

In this paper, we studied the finite time anti-synchronization of master-
slave coupled complex-valued neural networks (CVNNs) with bounded asyn-
chronous time-varying delays. With the decomposing technique and the
generalized {, co}-norm, several criteria for ensuring the finite-time anti-
synchronization are obtained. The whole anti-synchronization process can
be divided into two parts: first, the norm of each error state component will
change from initial values to 1 in finite time, then from 1 to 0 in fixed time.
Therefore, the whole time is finite. Finally, one typical numerical example is
presented to demonstrate the correctness of our obtained results.
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1. Introduction

Neural networks have been widely studied in the last thirty years and
found a large number of applications tightly associated with their dynami-
cal behaviors in many fields, such as signal processing. pattern recognition,
optimization problems, and associative memories [1]-]4]. However, although
real-valued neural networks(RVNNs) have achieved great success in many ar-
eas, they likely perform worse in some physical related applications, such as
2D affine transformation. As an extension of RVNNs, complex-valued neural
networks(CVNNs) have complex-valued states, complex-valued connection
weights, and complex-valued activation functions, which make them more
complicated. By virtue of the characteristic of complex number, CVNNs can
be applied to many physical systems related with electromagnetic, quantum
waves, ultrasonic, light and so on. Moreover, CVNNs make it possible to deal
with the problems which simple RVNNs cannot solve. For example, as far as
we know, it is infeasible to solve the XOR problem with only one signle real-
valued neuron, but it can be solved with the complex-valued one[5]. Besides,
it is natural to deduce CVNNs to more complicated quaternion-valued neu-
ral networks (QVNNs). Therefore, many scholars are attracted to study the
dynamical behaviors and properties of CVNNs, see [11],[22]-[27],[29, 130, 133].

Synchronization (SYN), which is a special case of dynamical behaviors,
has been extensively studied in the recent past because of its significant role
in combinatorial optimization, image processing, secure communication [6]
and many other fields since it was proposed by Pecora and Carroll [7]. Under

the concept of “drive-response”, various kinds of SYN have been put forward

so far, such as generalized SYN [8], phase SYN [9], lag SYN [10] and so



on. In fact, there is another interesting phenomenon in chaotic oscillators,
anti-synchronization (A-SYN), when A-SYN happens, the sum of two cor-
respond state vectors can converge to zero. It can be used in many fields.
For example, in communication system, the system’s security and secrecy
can be deeply strengthened by transforming from SYN and A-SYN periodi-
cally in the process of digital signal transmission [12]. Hence, further study
of A-SYN for dynamical systems is of high significance in both theory and
practice |13, |14, [15].

On the other hand, in physical realization, time delay is inevitable owing
to the time cost on amplifier switching and information transmission between
different nodes, and it can cause undesirable impact theoretically. Thus, syn-
chronization problem under time delay is also a hot research topic [16]-[21)].
In [16, [17], the authors propose a new way to investigate the SYN of a class
of linearly coupled ordinary differential systems. In [18], the global exponen-
tial SYN of linearly coupled neural networks with impulsive disturbances is
solved by using differential inequality method. In [19], the exponential SYN
of memristor neural networks (MNN) with time-varying delays is proved
based on fuzzy theory, while [20] solves the exponential A-SYN of MRNN
with bounded delays by using differential inclusions and inequality technique.
For CVNN, the SYN problem is much more difficult to solve than that of
RVNN, and the biggest challenge is how to choose an appropriate activation
function [22]. According to Liouville’s theorem, any regular analytic func-
tion cannot be bounded unless it reduces to a constant. Thus, activation
functions in CVNNs cannot be bounded and analytic simultaneously. One

common technique is to decompose the complex-valued activation functions



to its real and imaginary parts, as a result, the original CVNNs are sepa-
rated into double RVNNs, many results have been obtained by applying this
method, see [22]-[30]. In [24, 27], the authors investigate the u-stability of
CVNNs with unbounded time-varying delays when f(z) can be expressed
as f(z) = fB(x,y) +ifl(x,y), where 2 = z + iy. [26] considers the ex-
ponential stability problem for CVNN with time-varying delays, sufficient
criteria are obtained based on the matrix measure method and Halanay in-
equality method, and in [28], the exponential SYN and A-SYN problems of
complex-valued MNN with bounded delays are also solved with these two
mathematical tools. [29] investigates the exponential stability for CVNNs
with asynchronous time delays by decomposing and recasting an equivalent
RVNN, some sufficient conditions are given under three generalized norms.
[30] studies the A-SYN of complex-valued MNN with bounded and derivable
time delays.

It should be noted that, the SYN problems presented above are under
the concept of classic asymptotic SYN. In fact, based on the convergence
time, synchronization can be divided into another three types: finite time
SYN, fixed time SYN [31]. Compared with asymptotic SYN, they are more
important and easier to be realized and verified in real situations. In [32], the
authors reveal the essence of finite time and fixed time convergence by dis-
cussing the typical function ¢(V) = p~*(V). In [33], the authors investigate
the problem of finite time SYN for CVNNs with mixed delays and uncer-
tain perturbations. In [34], the finite time A-SYN of MNN with stochastic
perturbations is addressed by using differential inclusions and linear matrix

inequalities (LMI). In [12,135], the authors investigate the finite time A-SYN



of RVNNs with bounded and unbounded time-varying delays by dividing the
whole process into two procedures. In [36], the finite time A-SYN problem
for the master-slave neural networks with bounded time delays is considered
by combining two inequalities with integral inequality skills. As far as we
know, there are few works devoted to the finite time A-SYN problem for
CVNNs with time delays.

Motivated by the aforementioned discussions, in this paper, we aim to
solve the finite time A-SYN of CVNNs with asynchronous time-varying de-
lays with generalized {&, oo}-norm, Lyapunov functional, and inequality tech-
nique. The considered master-slave CVNNs are decomposed into their real
and imaginary parts respectively. By designing a proper control law, some
criteria are given for the finite time A-SYN process.

In the follwing, we give the organization structure of the rest part of this
paper. In Section 2] we give the model description and decomposition, apart
from this, some definitions, assumptions, and notations used later are also
presented. In Section [3] we give some criteria for the finite time A-SYN for
our model, and the proof . In Section M one detailed numerical simulation
is given to demonstrate the correctness of our obtained results. Finally, we
summarize this paper and discuss about our future works in Section

Notations Throughout this paper, R™*" and C™*™ denote any m X n
dimensional real-valued and complex-valued matrices, where C is the set of
complex numbers. For any vector o = (j)1xn, j = 1, ,n, denote ol as

the transposition of «, and denote || = (|a;])1xn-



2. Model description

At first, we present some matrices to show the property of the dot product
operation between any two complex-valued numbers a and b, where a =
a® +ia’,b = b% 4 ib'.

Define a 2-dimensional matrix
1 R | g1l
M = =M"+iM", (1)
where
M = M=

0 -1 10

Definition 1. For any two complex numbers a and b, denote

a=(a® a7, b= "7, (2)

then
a-b=a"Mb=a" M+ ia" M"b (3)

1.€.,
ab = (@M%, a" M'b)T = (™" — o'V, o™ + "o (4)

In the following paper, this property is utilized to reduce the redundancy
of the calculation and representation.

Consider the following CVNN with asynchronous time-varying delays:

k=1

&5(t) = —djas(t) + ) agfilen(t) + ) by (an(t — mu(t) + H; - (5)



where z; = :Ef + ZZE]I € C is the state of j-th neuron, j = 1,---,n; D =
diag(dy, - - - ,d,) € R™™ with d; > 0 is the feedback self-connection weight
matrix; f;(-) : C — C and g;(-) : C — C are complex-valued activation
functions without and with time delays; matrices A = (aj;) € C*" and
B = (bj,) € C™*" represent the complex-valued connection weight matrices
without and with time delays; 7;,(¢) is bounded, asynchronous, and time-

varying with 0 < 7;,(t) < 7; H; € C is the j-th external input. The initial

functions of (&) are given by
z;(0) = ©;(0) = @f(ﬁ) —l—i(I)jI-(@), for 0 € [-7,0], j=1,---,n
For convenience, we denote

Fil@it) = fi(@n(t), Gir,, (1) = gi(@n(t — 7(2))), (6)

then according to rule ([Bl), CVNN (@) can be decomposed into two equivalent
RVNNs:

n

:bf(t) = —djzc +Zang fk x;t) +Z ]kMng'rk x;t) +Hf> (7)
k=1

n

#l(t) = —d;al(t) + Za LM f(ast) > b M G (25t) + HL(8)

k=1 k=1

Let (B) be the master system, then the slave system is defined as

y;(t) = —djy;(t) + Z%kfk (yn(t)) + Zbﬂcgk (y(t — 7j(1))) + Hj + u;(?)
k=1
9)
with the initial state
y;(0) = ;(0) = O(0) +iv(), forfe[-7,0, j=1,---,n

7



The control scheme u;(t) € C, j = 1,---,n is designed to be only de-
pending on the system state at the present time and will be defined later.

Similarly, CVNN (@) can be decomposed into two equivalent RVNNs:

() = —dyR(t) + Y ah MR fulyit) + > b M G, (i t) + HE + uli(t),
k=1 k=1

(10)
i) = —dyl () + > ah M filyit) + > b M G, (yit) + HY + ul(t).
= k=1
(11)

Denote e;(t) = z;(t) + y;(t) be the j-th component of A-SYN error be-

tween networks (B) and (@), then one can get

é;(t) = — dje;(t +Z%k(fk x;t) + fi(y; ))

_'_ijk(ngjk(x;t) _'_ngjk(y;t))) +2Hj +uj(t)7 j=1--,n

k=1

Similarly, denote eff(t) = zf(t) 4+ y*(t) and el(t) = x}(t) + y](t), then

system (I2) can also be decomposed as

ef(t) = — djeli( ZajkMR <fk zit) + fi (y;t))
AT (@W«c; 0+ G, 1)) 42+ ). (13)
k=1

(1) = — dyel(t) + 3 ah ! (fk@:; AT t>)
k=1

3 M (G, 31 +§mjk<y;t>) vorl wul(r). (1)
k=1



As for the measurement of the A-SYN error, we choose the following

generalized {¢, co}-norm in this paper.

Definition 2. ([37]) For any vector v(t) = (vi(t),va(t), -+ ,v,(t))T € R™L,

its {&, 00}-norm is defined as:

[0 (®)l.00y = max{l&; v, (2)[}, (15)

where & = (&, ,&)T with & > 0, j = 1,--- ,n. Obviously, when & =

(1,---, )T, this {£, oo}-norm is the conventional co-norm.
Now, we give some assumptions on the activation functions.

Assumption 1. Assume fi.(xy) and gx(zx)can be decomposed into real and
imaginary part as fi(xy,) = [l D) +ifH(xl 2l) and gi(zx) = gf (2f, 1)+

igh(xf al), ff and gi are all odd functions, for { = R, I, i.e.,

R I R

fk(Ik’xk) _fk( —xi), gﬁ(%’xk) = —gi(_% ) _fi) (16)

Assumption 2. Suppose that fi and gi. are Lipschitz-continuous with respect

010 J2%4
Ntz 1t2
k

to (w.r.t.) each component, i.e., there exist positive constants Ve s

U1,y = R, I, such that
af (Ik ) xk)

Lo
ox),

1
)< <ope, | e
Ly

. PR . . .
Using these constants A%, k,'?, we can define four matrices which will

be used in the following analysis:

o (e o[
Y W

B NE NI B IR I

Ak = ZR JI;I D= VZR VZI (18)
Ak Ak Yk Yk



3. Main results

In this section, we prove that the error systems (I3]) and (I4]) can achieve
A-SYN in finite time.
At first, let us define the external controller u;(t) = ul(t) + iul(t) as

uji () = —sign(ef' (1)) [Tlef’ (O] + pjles (0)]” + 777 (19)

uj(t) = —sign(e;(t)) [Tijle; ()] + pile; (O] + 7] (20)

J

where 0 < 8 < 1, 1j, pj, 0j, I, pj, n; will be defined in the next theorem.

Theorem 1. Assume Assumptions 1 and [2 hold, error systems (13) and
(74) will achieve A-SYN in finite time if there exists a vector

£= (61,6, & 01,02, 00)T >0 (21)

such that for any j =1,2,--- ,n, the following inequalities hold:

Ry > = dy + ({afi} {=al YA AR + €715 (alk], ol DO, )T

J 7

+ &Y g Ak o) + & Z|b]k|rk (& 01), (22)
k#j

i > = dj + 67 & (ol |, [l DR NIRYT 4 ({al 1, {af } ) N XEDT

+ 67> lajlAe (G, o) +¢1Z|]k|rk€ka¢k) ; (23)
k#j

> (= dy+ () - YO N
(6716751 (1, al, DR, ALTYT

+
LY AT o) ——j) , (24)
k#j

10



5 > ( 4, + (fal} ", {al) ) AT
(€97 (Jal, [a (AR ATR)T
Lol Y R 1)T—ﬁj) , (25)

k#j
T >y [0 Te(1, 1) + 2| HE, (26)
k=1
W > b1, )T + 2| H]], (27)
k=1

where a™ = max(0,a). There are two important time points, where Ty de-
notes the first time the {&, oo}-norm of the errors in (I3) and (1)) have all
crossed over 1, Ty denotes the first time the error values all become 0. Ezact

values of Ty and Ty will be given in the proof.

Proof: For real-valued systems (I3) and (I4), if sup ( max |e (s)]) <1

—r<s<0 J=1

and sup ( max lef(s)]) < 1, then we can deduce that T1 = 0. Otherwise,
<0 ‘J=lm

—TS

by conditions ([22) and ([23), we can choose a constant e > 0 small enough so

that

(e = d; — 1) + ({aff )} {=ai d DN+ &7 (aff), laf, O, AT
+& ;awmk &, ) +51”Z|bjk|rk (&, 00)" <0, (28)
(e = dj — 1i5) + &5 & (laf;], |af DT N + ({af; 3 {5} 0"

+ 7Y [l Ak dn)" + 65 e ”Z| bh T (&, )" < 0. (29)

k#j
For all ¢ > 0, denote

Eq(t) = (ex's ez - ey en,en,7 0 ep)"

) n ) n



with

1B (Ol = max { max {7 1ef(O)}, max {jo;'el®]} ) (30)

and

ME(®) = sup Gﬂa@mwﬁ- (31)

t—r<s<t

Obviously, e[ el (t)| < M(Ex(t)), and e[¢; el (t)] < M(Eq(t)).

In the following, we only discuss the condition e“|§j_16f(t)| < M(Eq(t)).
The other case can also be discussed with the same process.

(I) If et e (t)] < M(Ey(t)) for all j = 1,---,n, we know that there
must be a constant §; > 0 with which e€s|§j_lef(s)| < M(Ey(t)) and M (E;(s)) <
M(E;(t)) for s € (t,t + 7).

(II) If there exist an index jy and a time point o > 0 such that
e &= tel (fo)| = M(Ex(ho)), (32)

then one gets

et| R
¢ MEW) dele= (t)]
oodt | at |

ee“‘)\eR| + e“‘)&gn(e_ ) - { —d- e— + Z M (fk z;to) + J?k(y;t_o))
T R~ iy -~ iy R
+ ; b}@kM (ngjOk (ZIZ’, tO) + ng}Ok (y7 tO)) + 2H30

Jo' g Jo' g

— sign(ef) (7, K]+ 7 2 + 7, ) |
gefto{(e — ds )|e2 (fo)| + sign(ed JaZ MR< (z3t0) + f;o(y;t_o))

JoJjo

+ 3 fa (s o) + Firlys o)l

k3o

12



+Z‘ k| |ng xtO)"—ng (yQt_())‘+2|H£‘

_ —\ B _
- T @) - 7 el -, |

Jo' 4o

<] (6= dp e @] + ({0, . {al  FY N N8 )

Jojo

+ (lagl | laj o DO XD el %)|+Z\5§Jkl7\k|€k(%)|

JoJjo Jojo Jo Jo
k#3jo
n
ST S~ _
b Y B ol ) - e )
k=1

=5;0<e — d e e (1)
S L Y ()]

JOJO JOJO

+¢;,(laf= | s I)(ARI,A”)T e o-el (1)

jO]O jOﬁO Jo Jo

+> [, [ Ardiag (&, o )e (& e (o), o ek (o))

k3o

Z| oI Crdiag (&, dp)e " Tior

(& Iem (o)l %Wem ( )\)T—%Oﬁgoeﬁ%%‘olleﬁ(%)\
<6 {(e= d5, =) + (e} (el PO T
F €0 (al | ol DO NN 4 &0 S 0T Re(6e, o)

k3o

- “D Tl )" }||eﬁt0E1<fo>||{@+oo}

<0
Otherwise, 65t|¢j_16]]-(t)| < M(FE4(t)), there also exists two cases, and the

derivation procedure is similar to the content above, so it is omitted here.

13



Therefore, for all ¢ > 0, M(F1(t)) is non-increasing and M(FEi(t)) <
M(E;(0)), which means that
jmin {&7 e s ([ max lefi(s)]) < M(Eq(t)) < M(Ey(0))
ie.,
max {§;}M(£:(0))

<=
t Srlils)q(JHllaX |e (s )D o ectt=7)

Thus, as time ¢ increases, sup ( max lefi(s)]) would be less than 1.
t—r<s<t J=
max {ﬁj}M(El(O))

We denote T as the first time point such that = ey = 1, and
1
sup max |e (s)]) <1 fort > TF, here
t—7<s<t J=L-
TE =¢'ln ( max {fj}M(El(O))) + . (33)
-7: 7”'7”

mmax {¢;}M(E1(0))
Similarly, we denote the first time point that == ’

_ I
T =1lasTy,

and sup ( max \e (s)]) <1 fort>T{, here
t—r<s<t J=L-

1! = i {0 M(E0) + 7 (34)

Denote T} = max (T, TI), the absolute values of real-valued error sys-
tems (I3) and (I4) are all no more than than 1 for ¢ > T;. It completes the
first part of the proof.

In the following, we prove the values of error systems will flow from 1 to
0 no more than time 1.

Pick two small constants p*, p* > 0 such that for all j =1,--- ,n,
0<p'< ggl{ﬁj — (— dj + ({afi}t, {—al, } ) (A, N T

14



+ (67 6) 7 (Jalf | lad, DO, AT (35)

b D WoRR by ——j)+} (36)

k#j

and

0<pt <ot (= (a0 AT

+ (& L) P t(lak,l, Ia ) (AT AT (37)
1 +
Lol Y A ,N)T—ﬁj) } (39)
k#j
Denote
p = min(p*, p"). (39)

For all ¢t > T3, denote

elR()1-8 eR(1=B ol (4)1-8 el ($)1-8 T
E2<t>:(1<t> LA dm e )

=5 1=F 1= 14
with
L lef@)? L lef @ ?
1By = mo { s 167500, o {0500 )
(40)
and
V(EBx(t)) = sup ([ E2(s)llig,00r + p5) (41)

t—7<s<t

\)\ le]

Obviously, &'~ i~ pt < V(Es(t)) and ¢;'=

+ pt <V (Es(t)).
Similar to the procedure in the first part, we Wlll first discuss the case

thtgl‘ ' Lt <V(Es(8),j = 1,2, n

15



| et

(1) If &5 ! + pt < V(Es(t)), there must be a constant do > 0 such

that & ST s < V(Ey(1)), and V(Ea(s)) < V(Ea(1)) for s € (t,t+65).
(I11) If there exist an index j; and a time point #; > T) such that
\&—@)P s —
5_ T : + pt1 = V(FE3(t1)), then we have
o WE) <7"3?1(”'1_5 +6.0t)
dt g, dt\ 1= A P
IR @] - dleE @)+ () Ll YN N8 )
I RI \IINT| I (T ~T N 15 (T
(| Jal OB ATl ()] + 3 [T IRl ()
k#j1
~ o T s = R oF B_ =R
3 Tl ]+ 21— T, )] = 75 ) -
+&.p (42)
From (40), we have
- R (18
@I _ 1 0]
Fo1—-p —h 1-p5
ie.,
o A
Pl @l @) k=10 (43)

Moreover, note that  sup ( max |e (s)]) <1, and as long as
Ti—7r<s<Ty J=1r

sup  ( max |e (s)]) <1, then

t—r<s<t J=Llr
et — @) <1, k=1, ,n (44)
Similarly, we can also get that
T el < €7 B @) (45)

16



Therefore, combining with (42)-(43]), one can get

gjlwt:m
S|ej—.’j<t‘1>|-ﬁ{ ds [ (0)] + ({af= }*, {—ak = Y)Y OER METIeE (7))
+ (Jaf= | ol = DO NN (6215 ) lel (7))
£ Y[ Rading(67 61 (&fl ef @) 67 \e£<t‘1>|)T

k 75;1

— - — —\ B
+Z\ TV DT + 217 = el @) - el — 7t}

+&p
ﬂeﬁw‘ﬁ{( (a1 (PR AT
+(674)7 (a | 5 DOG1 X"
TS R 0T ) @)

k#j1
(S mmo - b (<7, +e0)
S( —d- + ({aﬁi}ﬂ {—al - YF)(ARR \IR)T

ﬁl]l J1 J1

+(¢21€- )71 (Jaf |, ol I)(AEI,AH)T

JiJ1 Jl]l J1 J1
+
Z‘ SR o) —7@1) +(—f7;-1+531ﬂ) <0
k#j1

1leff (S)\

which implies that there must exist o2 > 0 such that & —i— ps <

5_‘1"117 + pty holds for all s € (t1,t + 72).
el (1)~
1-8

For the other condition gbj_l + pt < V(E5(t)), it can be analysed

17



in the same way, so it is omitted here.

Thus, we conclude that

min {f 1} max w
j=1,~ 1-p

10418
min {¢;'} max w

j:17---7n ] j:17---7n ]. - 5

+ pt <V (Ey(t)) < V(Ey(Ty))

+pt < V(Ey(t)) < V(Ey(Th))

ie.,
max (B0 < (1= 8) max & sup|[Ba(s) gy — plt — 1))
J=1,n Jj=1,n T —1<s<Ty

mas ({0 < (1= 8) max oy (s Ea(s) ey — plt ~ T1))

J= —7<s<Th
It is obvious that max leff(t)] and max lef(t)] will decrease to 0, denote
J=1yn J=Ln
T; as the first time they all become 0, then max ef(To)|'? = 0 and
J=Ln

max |ef(T2)|'~” = 0. Thus we obtain
j=1,n

1
ST R o

here min{¢} = min{ nllin {&}, Irllin {¢;}}, which means that, the absolute
J=lem il oot

value of real-valued error systems will flow from 1 to 0 no longer than 75. It

completes the proof. [ |

Remark 1. If we do not consider the effect of sign, i.e., the condition for f
in (17) is replaced by the Lipschitz condition, i.e.,

‘af (xk ) Ik)
ot

then the conditions (22)-(23) in Theorem 1 are replaced by the following:

<A, (47)

i > —dj + €;1<Z |a]k|Ak &, gbk + Z| ]k|rk §k>¢k) ) (48)

18



n

iy > —ds + 67 (3 R Ra(G 007 + 30 B0 ITa(G 007 (49)
k=1 k=1

1 R B U
) > mar (0, ~d; + € Z QIR 0T — ) (50)
T
pj > max(O —d; —l—qf)B ! Z ‘Cljk|Ak P ) — Mj) (51)

Remark 2. When & = (1,--- ,1)T and the CVNN is RVNN, then it becomes
the case discussed in [12], so this paper can be regarded as a generalization

of the result in [12].

Remark 3. In fact, the problem can be solved without using the matrix rep-
resentation, but the advantage of the matriz method is that it can be easier to
be extended to higher dimension neural networks, such as quaternion-valued

neural networks [38].

Remark 4. SYN can also be solved by the same process as in this theorem,
and in some aspect, the process is easier than A-SYN, interested readers are

encouraged to complete the proof.

Remark 5. In this paper, we deal with the A-SYN by decomposing the CVNN
into RVNNs, in order to compensate the condition that the time-varying delay
1s asynchronous. In fact, we can also solve this paper by regarding the CVNN
as a whole, but in this case, the time-varying delay should be restrict to be

the same, which will be considered in our following papers.

4. Numerical simulations

In this part, a numerical example is given to show the correctness of our

results.
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Consider a two-neuron master-slave CVNN described as follows:

(

t1(t) = —dizy(t) + ann fr(z1(t)) + arafo(xa(t))
+b1191 (1 (t — 711(t))) + br2ga(xe(t — 12(t))) + Hy
o(t) = —dawa(t) + as1 fi(21(t)) + an fa(x2(1))
+02191(21(t — T21(¢))) + baaga(a(t — T22(t))) + H (52)
Ui(t) = —diyi(t) + ann fi(yi(t)) + ara fo(ya(t))
+b1191 (1 (E = T11(8))) + br2ga(y(t — T12())) + Hi + wa
U2(t) = —daya(t) + an fi(y1(t)) + az fo(y2(1))
02191 (Y1 (t — T21(1))) + bazga(ya(t — T22(t))) + Ha + us

\

where z; :xf%—z’x;, Yj :yJRjLiyJI», 1=1,2,dy=05,dy=1

1.2+0.2: 08+1.2:¢
1+1.5: 04+0.2

02+12¢ 02+0.8¢ )

1.0+7 02+04:

A= (ajk)2><2 =

B = (bjk)2><2 =

1 —exp(—zl —2x) 1 —exp(—2zf — i)
i
1 +exp(—alt —22l) 1+ exp(— 2:ck — i)’

R I R I R I
o +x, + 1 — ot + a2, — 1 JeB 4+ ol 1] = |zB+ 2l —1
gk(xk) | k k |2| k k | Z| k k |2| k k |’

et et — 0.5 1 1
1+et’ L+et 7 2 T4 cos(108)]” 7 1+ |sin(10t)]

fr(xg) =

1 = T12 =

obviously 7,,(t) <7 =1for j,k=1,--- ,n,

Hy =0.1+0.14,

Hy = 0.2+ 0.2i,

d(0) = (®1(0), P2(0))" = (—1 —2i,1.5 — 1.5))7,60 € [-1,0],
W) = (U1(0), Vo (0))" = (5+ 5.4i, —5.4 — 3.51)",0 € [-1,0]
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Figure 1: Real part trajectories of error system (62)) without control.

and with some simple calculations, we have

_ 0.5 1 ~ 1 0.5 _ ~ 1 1
Ay = A = JIp=T%= , k=12
1 0.5 05 1 1 1

Figures[Iland 2lshow the trajectories of error system (52) without control,
as time increases, it is obvious that system cannot achieve anti-synchronization
even they are at the equilibrium point.

Then we choose & = (£1,&2, ¢1,02)T = (0.4,0.8,0.5,0.6)T, 3 = 0.5, and
from calculations, inequalities (22)-(27) are:

7y > 14.675, 71 > 11.9, Ty > 7.531, Tiy > 10.008,
7> (12,681 — 7i,)* =0, 5> (8244 — i)t =0,
7 > (2.665 — )" = 0, Gy > (4.393 — fin)" =0,
m=>5m=>5, M >6.6, 15>6.6
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e'(t)

Q)
—— e

Time t

Figure 2: Imaginary part trajectories of error system (B2)) without control.

as a result, the control scheme can be defined as follows,

;

\

ult = —sign(ef!(t)) [18]ef(¢)] + 0.2]ef(¢)|*° + 5],

uf = —sign(e} () 151l (5] + 020e} (1] + 5]. 5
ull = —sign(ef(t)) [1O|e2 ()| + 0.4|el(#)|%® + 6.6],

ub = —sign(ed(t))[12|e(t)] + 0.4]ed(2)[*® + 6.6]

Figures Bland [4] show trajectories of error system (52) with above control,

we can see that error system reaches anti-synchronization in finite time.

In our proof part, we use the {£, oo}-norm as a measure, the defined error

function (B0])

will flow from initial value to 1 in finite time, then decrease to

0 in fixed time theoretically. Figure Bl shows the trajectories of {£, co}-norm

errors under different random initial values. Actually, as we have discussed

in the proof process, the theoretical finite time 77 and 75 can be calculated

directly. Pick ¢ = 0.25, p = 0.4, which makes inequalities (28], (36]), and
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Figure 3: Real part trajectories of error system (52]) under control scheme (B3)).
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Figure 4: Imaginary part trajectories of error system (B2) under control scheme ([G3)).
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Figure 5: Imaginary part trajectories of error system (B2) under control scheme ([G3)).

([BY]) holds, from ([B3]) and ([34]), we have

Ty =TF =0.25""1n(0.8 % 10) + 1 = 9.318,
1

T, —
704-04-(1-05)

+ 17 =21.818

which means that system (52]) will achieve finite time A-SYN no longer than
T5. However, we find that there is some distance between the theoretical
result and the practical one. That is to say, the intensity of control (53 is
too high and can be smaller while system (52]) can still achieve finite time A-
SYN. Figures [0l and [7] show the trajectories under the following control with
parameters ; = 0.18, 17 = 0.15, 01 = p1 = 0.02, 712 = 0.1, 10 = 0.12,p; =

p1 = 0.04 and other parameters are not changed.
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Figure 6: Real part trajectories of error system (52]) under weaker control parameter.
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Figure 7: Imaginary part trajectories of error system (B2]) under weaker control parameter.
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5. Conclusion

In this paper, the A-SYN problem for CVNNs with bounded and asyn-
chronous time delays is investigated. By decomposing the CVNNs toto multi
equivalent RVNNs and utilizing the {£, co}-norm, we give some sufficient cri-
teria for A-SYN. Finally, in numerical simulation part, we present an example
to show the validity of these obtained criteria. It is worth noting that, the
method using in this paper can be extended to solve both SYN and A-SYN
problem for higher dimensional neural networks, such as quaternion-valued
neural networks, the generalized norm also has some other choices, and we
can also solve the problem by regarding the CVNN as a whole rather than

decomposing it into several parts. These will be studied in our future work.

References

[1] L.O. Chua, L. Yang, Cellular neural networks: Applications, IEEE Trans. Circuits
Syst. 35(10):1273-1290, 1988.

[2] A. Cochocki, R. Unbehauen, Neural networks for optimization and signal processing,

1st ed. New York, NY, USA:Wiley. 1993.

[3] Y.V. Pershin, M.D. Ventra, Experimental demonstration of associative memory with

memristive neural networks, Neural Netw. 23(7):881-886, 2010.

[4] T. Kohonen, G. Barna, R. Chrisley, Statistical pattern recognition with neural net-
works: Benchmarking studies, In IEEE Inter. Conf. Neural Netw. 1:61-68, 1988.

[5] T. Nitta, Solving the xor problem and the detection of symmetry using a single
complex-valued neuron, Neural Netw. 16(8):1101-1105, 2003.

26



[6] T. Yang, L.O. Chua, Impulsive stabilization for control and synchronization of chaotic
systems: theory and application to secure communication, IEEE Trans. Circuits Syst.

I: Funda. Theory. Appl. 44(10):976-988, 1997.

[7] L.M. Pecora, T.L. Carroll, Synchronization in chaotic systems, Phys. Rev. Lett.
64(8):821-825, 1990.

[8] N.F. Rulkov, M.M. Sushchik, L.S. Tsimring, H.D.I. Abarbanel, Generalized synchro-
nization of chaos in directionally coupled chaotic systems, Phys. Rev. E. 51(2):980-994,
1995.

[9] M.G. Rosenblum, A.S. Pikovsky, J. Kurths, Phase synchronization of chaotic oscilla-
tors, Phys. Rev. Lett. 76(11):1804-1807, 1996.

[10] M.G. Rosenblum, A.S. Pikovsky, J. Kurths, From phase to lag synchronization in
coupled chaotic oscillators, Phys. Rev. Lett. 78(22):4193-4196, 1997.

[11] J. Hu, J. Wang, Global stability of complex-valued recurrent neural networks with

time-delays, IEEE Trans. Neural Netw. Learn. Syst. 23(6):853-865, 2012.

[12] L.L. Wang, T.P. Chen, Finite-time anti-synchronization of neural networks with

time-varying delays, Neurocomputing. 275:1595-1600, 2018.

[13] J. Hu, S. Chen, L. Chen, Adaptive control for anti-synchronization of chua’s chaotic
system, Phys. Lett. A. 339(6):455-460, 2005.

[14] A.L. Wu, Z.G. Zeng, Anti-synchronization control of a class of memristive recurrent

neural networks, Commun. Nonlinear Sci. Numer. Simul. 18(2):373-385, 2013.

[15] D. Liu, S. Zhu, K.L. Sun, Anti-synchronization of complex-valued memristor-based

delayed neural networks, Neural Netw. 105:1-13, 2018.

[16] W.L. Lu, T.P. Chen, Synchronization analysis of linearly coupled networks of discrete
time systems, Phys. D: Nonlinear Pheno. 198(1-2):148-168, 2004.

27



[17] W.L. Lu, T.P. Chen, New approach to synchronization analysis of linearly coupled
ordinary differential systems, Phys. D: Nonlinear Pheno. 213(2):214-230, 2006.

[18] J.Q. Lu, D.W.C. Ho, J.D. Cao, J. Kurths, Exponential synchronization of lin-
early coupled neural networks with impulsive disturbances, IEFE Trans. Neural Netw.

22(2):329-336, 2011.

[19] A.L. Wu, Z.G. Zeng, X.S. Zhu, J. Zhang, Exponential synchronization of memristor-
based recurrent neural networks with time delays, Neurocomputing. 74(17):3043-3050,
2011.

[20] G.D. Zhang, Y. Shen, L.M. Wang, Global anti-synchronization of a class of chaotic

memristive neural networks with time-varying delays, Neural Netw. 46:1-8, 2013.

[21] B. Zhang, F.Q. Deng, S.L. Xie, S.X. Luo, Exponential synchronization of stochas-
tic time-delayed memristor-based neural networks via distributed impulsive control,

Neurocomputing. 286:41-50, 2018.

[22] B. Zhou, Q.K Song, Boundedness and complete stability of complex-valued neural
networks with time delay, IEEE Trans. Neural Netw. Learn. Syst. 24(8):1227-1238,
2013.

[23] R. Rakkiyappan, J.D. Cao, G. Velmurugan, Existence and uniform stability analysis
of fractional-order complex-valued neural networks with time delays, IFEE Trans.

Neural Netw. Learn. Syst. 26(1):84-97, 2014.

[24] R. Rakkiyappan, G. Velmurugan, J.D. Cao, Multiple u-stability analysis of complex-
valued neural networks with unbounded time-varying delays, Neurocomputing. 149:594-

607, 2015.

[25] R. Rakkiyappan, G. Velmurugan, X.D. Li, Complete stability analysis of complex-
valued neural networks with time delays and impulses, Neural Proc. Lett. 41(3):435-468,
2015.

28



[26] W.Q. Gong, J.L. Liang, J.D. Cao, Matrix measure method for global exponential
stability of complex-valued recurrent neural networks with time-varying delays, Neural

Netw. 70:81-89, 2015.

[27] W.Q. Gong, J.L. Liang, J.D. Cao, Global p-stability of complex-valued delayed neural
networks with leakage delay, Neurocomputing. 168:135-144, 2015.

[28] H.B. Bao, J.H. Park, J.D. Cao, Matrix measure strategies for exponential syn-
chronization and anti-synchronization of memristor-based neural networks with time-

varying delays, Applied Math. Comput. 270:543-556, 2015.

[29] X.W. Liu, T.P. Chen, Global exponential stability for complex-valued recurrent
neural networks with asynchronous time delays, IEEFE Trans. Neural Netw. Learn.

Syst. 27(3):593-606, 2016.

[30] D. Liu, S. Zhu, K.L. Sun, Global anti-synchronization of complex-valued memristive

neural networks with time delays, IEEE Trans. Cybern. 49(5):1735-1747, 2019.

[31] S.P. Bhat, D.S. Bernstein, Continuous finite-time stabilization of the translational

and rotational double integrators, IEEE Trans. Autom. Control. 43(5):678-682, 1998.

[32] W.L. Lu, X.W. Liu, T.P. Chen, A note on finite-time and fixed-time stability, Neural
Netw. 81:11-15, 2016.

[33] C. Zhou, W.L. Zhang, X.S. Yang, C. Xu, J.W. Feng, Finite-time synchronization of
complex-valued neural networks with mixed delays and uncertain perturbations, Neural

Proc. Lett. 46(1):271-291, 2017.

[34] W.P. Wang, L.X. Li, H.P. Peng, J. Kurths, J.H Xiao, Y.X. Yang, Finite-time anti-
synchronization control of memristive neural networks with stochastic perturbations,

Neural. Proc. Lett. 43(1):49-63, 2016.

[35] L.L. Wang, T.P. Chen, Finite-time and fixed-time anti-synchronization of neural

networks with time-varying delays, Neurocomputing. 329:165-171, 2019.

29



[36] Z.Q. Zhang, T. Zheng, S.H. Yu, Finite-time anti-synchronization of neural networks
with time-varying delays via inequality skills, Neurocomputing. 356:60-68, 2019.

[37] T.P. Chen, Global exponential stability of delayed hopfield neural networks, Neural
Netw. 14(8):977-980, 2001.

[38] X.W. Liu, Z.H. Li, Global p-stability of quaternion-valued neural networks with
unbounded and asynchronous time-varying delays, IEEE Access. 7:9128-9141, 2019.

30



	1 Introduction
	2 Model description
	3 Main results
	4 Numerical simulations
	5 Conclusion

