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ON THE EXISTENCE OF PRIMITIVE NORMAL ELEMENTS OF
RATIONAL FORM OVER FINITE FIELDS OF EVEN
CHARACTERISTIC

HIMANGSHU HAZARIKA, DHIREN KUMAR BASNET, AND GIORGOS KAPETANAKIS

ABSTRACT. Let ¢ be an even prime power and m > 2 an integer. By F,, we denote the
finite field of order ¢ and by Fgm its extension degree m. In this paper we investigate the
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existence of a primitive normal pair (o, f(a)), with f(z) = %_j“ € Fym (), where
r+e
the rank of the matrix F' = 8 Z Z € May3(Fym) is 2. Namely, we establish sufficient

conditions to show that nearly all fields of even characteristic possess such elements, except

for <(1) 1 8) if ¢ = 2 and m is odd, and then we provide an explicit list of possible and

genuine exceptional pairs (g, m).

1. INTRODUCTION

Given an even prime power ¢ and an integer m > 2, we denote by F,, the finite field of
order ¢ and by F,m its extension field of degree m. A generator of the (cyclic) multiplicative
group F7,, is called primitive. It is well-known that, for any finite field IF,, there are ¢(q — 1)
primitive elements, where ¢ is Euler’s phi-function. Further, an F,-basis of Fyn» of the form
{a, a?, aqz, . ,aqn%l} is called a normal basis and « is called normal or free.

The readers are referred to [12] and the references therein for the existence of both primitive
and free elements. The simultaneous occurrence of primitive and free elements in F,m is given
by the following theorems.

Theorem 1.1 (Primitive normal basis theorem, [5]). For any prime power q and positive
integer m, the finite field Fym contains some element which is simultaneously primitive and
free.

At first, this result was proved by Lenstra and Schoof in [I1]. Later on, by implementing
a sieving technique that was initially introduced by Cohen [16], Cohen and Huczynska [5]
provided a computer-free proof.

Theorem 1.2 (Strong primitive normal basis theorem [6]). InFm, there exists some element
« such that both o and o~ are primitive and free, unless (q,m) is (2,3),(2,4), (3,4), (4,3)
or (5,4).
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Tian and Qi were the first to provide this result in [I3], for m > 32. Later on Cohen
and Huczynska [6] completed the proof up to the above form, again by using their sieving
technique.

The next theorems, which extend to rational functions, were given by Kapetanakis |9, [10]
by employing the aforementioned sieving technique.

a b
d

€ GLy(F,), with the condition that if A has exactly two non-zero entries and q is odd, then

the quotient of these entries is a square in Fym. Then there exists some a € Fym such that

both o and ao
ca +

Theorem 1.3 ([9]). For odd prime power q > 23, an integer m > 17 and A =

are simultaneously primitive and normal.

Theorem 1.4 ([10]). Let q be a prime power, n > 2 an integer and some matriz M =

(CCL Z) € GLy(F,), where M # ((1) }) if g =2 and m is odd. There exists some primitive

a € Fyn such that o and 2 are both simultaneously normal elements of Fym over F,.

co+

The existence of a primitive element o € IF, such that f(«) is also primitive for an arbitrary
quadratic in F,[z] has been completely resolved in [2].

Theorem 1.5 ([2]). For all ¢ > 211, there always exists an element a € Fym such that «
and f(a) are both primitive, where f(x) = ax® + bz + ¢ with b*> — 4ac # 0.

In this paper, we extend of Theorem [I.3l We solve the existence question for elements
a of F,m that both a and f(«) are simultaneously primitive and normal over F,, where
2
f(z) = % € F,m(z) such that the F' = g Z g) € Myy3(F m) has rank 2.
For a = 0, the results are already discussed in [12], hence throughout this paper we assume
a # 0. We call the pair (¢, m) a primitive normal pair if the field F,m contains such elements.
In particular, we prove the following results, where m’ is odd such that m = 2¥m/, k > 0.

Theorem 1.6. For the finite field Fm of even characteristic, suppose m’ is such that m’|q—1.
Then there exists an element o in Fym, such that both o and f(a) are simultaneously primitive
)
normal in Fym over F,, where f(x) = %, with a,b,c,d,e € Fym, a # 0, and

T +e
dx 4 e # 0 unless (q,m) is one of the pairs (2,2), (2,4), (2,8), (2,16), (4,2), (4,3), (4,4),
(4,6), (4,8), (4,12), (8,2), (8,4), (8,7), (8,8), (8,14), (16,2), (16, 3), (16,4), (16,5), (16,6),
(16,15), (32,2), (64,2), (64,4), (128,2), (256,2), (512,2) or (1024,2).

Theorem 1.7. Let F,m be a finite field of even characteristic and m' ¥ ¢ — 1. Then there
exists an element o in Fym, such that both o and f(«) are simultaneously primitive normal
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%ﬁifjﬁ with a,b,c,d,e € Fyn, a # 0, and dz + ¢ # 0
X

unless (q,m) is one of the pairs (2,3), (2,5), (2,6), (2,7), (2,9), (2,10), (2,11), (2,12),
(2,13), (2,14), (2,15), (2,18), (2,20), (2,21), (2,24), (2,30), (4,5), (4,7), (4,9), (4,10),
(8,3), (8,5), (8,6) or (32,3).

In addition, we employ explicit computational methods and show that the pairs (2,2),
(2,3), (2,4), (2,5), (2,6), (4,2) and (4,6) appearing above are genuine exceptions, while,
2

in Fym over Fy, where f(z) =



based on computational evidence, we conjecture, that they are actually the only genuine
exceptions, see Conjecture

This work is heavily influenced by the the work of Lenstra and Schoof [I1], while character
sums plays a very crucial role. Further, we adjust the sieving technique, provided by Cohen
and Huczynska [5] 6], in our setting.

In Section B we estimate a lower bound for existence of primitive normal pair. Then
in Section ] by using "the prime sieve technique", we weaken the sufficient condition for
more efficient results. In Section [, we apply the existence conditions on fields of even
characteristic for each and every possible case and complete the proofs of Theorems and
[L7 In Section B, we employ computers to further investigate the actual situation with the
pairs posing as possible exceptions on Theorems and [L71 We conclude this work with
the statement of two related conjectures in Section [7l

2. PRELIMINARIES

Under the rule foa = Y a;a? and f = Y a;x’ € Fyfz] for a € Fym; the additive group
i=1 i=1
of Fym is an F,[z]-module. The Fj -order of o € Fym, is the monic F,-divisor ¢ of ™ — 1 of
minimal degree such that g o « = 0, which we define as Order of a and denote by Ord(«).
It is clear that the free elements of Fym are exactly those of Order ™ — 1.

The multiplicative order for v € F},. is denoted by ord(a) and « is primitive if and only
if ord(a) = ¢ — 1. Furthermore, it follows from the definitions that ¢ — 1 and 2™ — 1 can
be freely replaced by their radicals ¢y and fy := x™° — 1 respectively, where my is such that
m = mop®, where a is a non negative integer and ged(mg, p) = 1.

Throughout this section we present a couple of functions that characterize primitive and
free elements. To represent those functions, the idea of character of finite abelain group is
necessary.

Definition 2.1. Let G be a finite abelian group. A character x of G is a group homomor-
phism from G into the group S! := {z € C : |z| = 1}. The characters of G form a group
under multiplication called the dual group or character group of G, that is denoted by G and
is isomorphic to G. The character y, defined as xo(a) = 1 for all a € G is called the trivial
character of G.

In a finite field Fym, the additive group Fym and the multiplicative group F.. are abelian
groups. Throughout this paper we call the characters of the additive group F,m additive
characters and the characters of Fy.. multiplicative characters. Multiplicative characters are

extended from F},, to Fgm by the rule x(0) = {0’ %f X7 X0, Furter, since Iﬁ;: = o, Iﬁ;:
1, if x = xo.
is cyclic and for any divisor d of ¢ — 1 there are exactly ¢(d) characters of order d in IE/'Z:.
Let e|¢™ — 1, then o € Fym is called e-free if dle and o = 3¢, for some 8 € Fym implies
d = 1. Furthermore « is primitive if and only if @ = 3% for some 8 € Fym and d|g™ — 1
implies d = 1.
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For any e|¢™ — 1, following Cohen and Huczynska [0, [6], we express the characteristic
function for the subset of e-free elements of ;.. as follows:

pe o O(e Z Zxd
de

where 0(e) := ¢(:), 1 is the Mobius function and x4 stands for any multiplicative character
of order d. For any e|¢™ — 1, we use “integral” notation due to Cohen and Huczynska [5, [6],

for weighted sums as follows
w(d)
[ = ¥ EGTw

d‘qm—l d‘qm 1

Then the characteristic function for the subset of e-free elements of F;.. becomes,

Pe Q> 9(6)/Xd(a).
dle
Again, for any monic [ -divisor g of 2™ — 1, a typical additive character ¢, of F,-order g
is one such that 1,0 g is the trivial character of Fym and g is of minimal degree satisfying this
property. It is well-known that there are ®(g) characters 1,, where ®(g) = (F,[x]/gF,[z])*
is the analogue of the Euler function over F[z].
Then the characteristic function for the set of g-free elements in Fym, for any g|z™ — 1 is

given by
Qo @ Z wa
flg

where O(g) := qi(g(g), the sum runs over all additive characters ¢y of F-order g and 4’ is

the analogue of the Md&bius function which is defined as follows:

(4) {(—1)3, if g is the product of s distinct irreducible monic polynomials,
Hig) =

0, otherwise.

We use the “integral” notation for weighted sum of additive characters as follows

/¢f ZM ZW

flg flg

Then the characteristic function for the set of g-free elements in F,m, for any g|z™ — 1, is
given by

Kg @ — @(g)/qbf(a)

>From [13], we have the following about the typical additive character. Let A be the canoni-
cal additive character of F,. Thus for a € F, this character is defined as A\(a) = exp?™"(@)/p,
where T'r(«) is the absolute trace of a over F,,.

Now let ¢y be the canonical additive character of Fym, which is simply the lift of A to

Fym, ie., ¢Yo(a) = A(Tr(a)), @ € Fgm. Now for any 6 € F;m, let 15 be the character defined
4



by ¥s5(a) = ¢y(da), @ € Fym. Define the subset A, of Fym as the set of § for which 5 has
[F-order g. So we may also write 15, for ¢5, where 6, € Ay. So with the help of this we can
express any typical additive character 1, in terms of s, and further we can express this in
terms of canonical additive character .

In the following sections we will encounter various character sums and a calculation, or at
least an estimation, for them will be necessary. The following lemmas are well-established
and provide such results.

Lemma 2.1 ([12], Theorem 5.4 - Orthogonality relations). For any nontrivial character x
of a finite abelian group G and any nontrivial element o € G, the following hold:

Zx(a) =0 and Zx(a) =0.

aeG Xea

Lemma 2.2 ([14], Corollary 2.3). Take two nontrivial multiplicative characters x1,x2 of
Fom. Let fi(x) and fa(x) be two monic co-prime polynomials in F m|x], such that none of
fi(w) is of the form g(x)°r X fori =1,2; where g(x) € Fym[x] with degree at least 1. Then

|3 alhexelf@)] < (m+n— 1),

OCEIqu
where ny and ny are the degrees of largest square free divisors of fi and fo respectively.

Lemma 2.3 (|7], Theorem 5.6). Let x and ¢ be two non-trivial multiplicative and additive
characters of the field Fym respectively. Let §,& be rational functions in Fm(z), where
§ # BH" and & # HP —H + 3, for any H € Fym(x) and any f € Fym, and n is the order of
x. Then

S XF@)0(6()] < [deg(®uc) + ko + b — ks — g™,
a€cFm\S
where S denotes the set of all poles of § and &, &, denotes the pole divisor of &, ko denotes
the number of distinct zeroes and poles of § in the algebraic closure Fym of Fym, ki denotes
the number of distinct poles of & (including infinite pole) and ko denotes the number of finite
poles of §, that are also zeroes or poles of &.

Lemma 2.4 ([7]). Let fi(z), fo(x), ..., fs(z) € Fym[z] be distinct irreducible polynomials.
Let x1, X2, ---, Xs be multiplicative characters and 1 be a non trivial additive character of
Fym, then

Z X1 (FL@))x2(fo(y) - xs(fs @) ()| < kg™,

yeFgm ft(y)#0
where k =Y deg(f;).
i=1
Definition 2.2. For a non-trivial additive character 1 of the finite field Fym, the sum
K(¢;a,b) == Z Y(aa + ba™t),

aGF;m

where a,b € Fym is called a Kloosterman sum.
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Lemma 2.5 ([3], Theorem 5.45). If the finite field Fym has a non-trivial additive character
Y and a,b € Fym are not both zero, then the Kloosterman sum satisfies

|K (¢;a,b)| < 2¢™2.

3. A LOWER BOUND FOR M (eq, e, g1, g2)

In this section, we try to estimate the number of the elements o € F;m such that both «
and f(«) are simultaneously primitive normal elements in F;m over F,. We consider ¢ an
even prime power, i.e. ¢ = 2¥, where k is a positive integer. Take e, e such that ey, ep|¢g™ —1
and gi, g2 such that gy, go|2™ — 1. Let M(eq, €2, g1, g2) be the number of o € Fym, such that

)
« is both e;j-free and gi-free and f(«) is es-free, go-free; where f(z) = %_f—i_c and the
r+e
matrix M = 8 Z’ “) e Msy3(F m) is of rank 2. In particular, for our purposes, it suffices

to prove that M(eq, es, g1,92) > 0.

For convenience, we use the notations w(n) and g4 to denote number of prime divisors of
n and the number of monic irreducible factors of g over F, respectively. Furthermore, we
write W (n) := 2¢(™ and Q(g) := 29%.

ar® +bx +c , a b c
Theorem 3.1. Let f(x) = e € Fym(z) such that the matriv M = <0 d e)
€ May3(Fym) is of rank 2 and f(x) # yx, yz® for any y € Fym. Suppose e, ey divide g™ — 1

and g1, go divide ™ — 1. If M # <(1) } 8) when ¢ = 2, m is odd and

(3.1) q% > AW (e1)W (€2)2(91)2(g2),

then m(61, €2, 91, gg) > 0.
In particular, if

(3.2) g™ > AW (¢ - 1)2Q™ - 1)2,
then M(¢g™ — 1,¢™ — 1, 2™ — 1,2 — 1) > 0.

Proof. First we establish the result for d # 0. >From the definition we have,

(33)  Mler.es g1, ) = 0(e1)0(e2)0(01)O(g2) / / SCtans Xans Py o),

dile1 hi|g1
dalez halgo

where

S (X Xos Unrs ) = D> X (@)X, (F(@))00n, (@), (f (@)

aGIqu
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As there exists some [y, I € {0, 1, ..., ¢™ — 2}, such that x;, (o) = xgm_1(al), fori =1, 2
and ¥p, (@) = Ym_1(Bi), for some f; € Fym for ¢ = 1, 2, we have the following expression:

S(Xd17Xd27 7vthwhz) = Z Xt]m—l(all (f(a))l2>¢wm—1((ﬁla) + 52.]0(0‘))

a€lf m
= Z qu—l ¢wvrl 1( ( ))
aE]F m
where §(x) = xll(%ﬁ“)l? and &(z) = fr1z+ o (amdﬁﬁc) for some [y, I, € {0, 1, ..., ¢"—

2} and /61, BQ E ]F m .
If § # pH7 1 and & £ H —H+ P, for any H € Fym(z) and § € Fym, then Lemma 23]
implies

(34) ‘S(de Xdz s ¢h1 ) whg)‘ S 4qm/27

unless all the four characters are trivial.

m

Now we consider the case § = 97" 1, for some $ € Fym(z) and 3 € Fym. Then § = g—;,

for some $;, $2 coprime polynomials over Fym. It follows that ' (az? + bz + c)l25§gm_l —
B(dz + e)2H? ™" and this implies H1 ~'|(dz + e)®2, hence $), is constant. Then comparing
the degrees of both sides we have I; + 2ls =ls + ki(¢™ — 1), where k; is the degree of £,
and this gives [; = 0 or 1 i.e. $1(x) = a’x + . When k; = 1 then [; must be non-zero,
otherwise I, = ¢ — 1, a contradiction. Now,

(35) (al’2+bl’—|—c)l2 _ ﬁ(dl’—i-€)l2%qm_1xqm_l_l17

where B(z) = 9H1(z)/x € F,lz], a constant polynomial. Comparing both sides we have
c = 0. After putting this in the equation, this is possible only if ged(dx + ¢, ax +b) = 2 + §
and ¢™ —1 = Iy + l,. In this case f(x) = %x, which is a contradiction. Hence k; = 0 and
ll - l2 - O

Next, let §; = 0 and By # 0. Then,

do + e

i (s () )|

y70

[S(Xars Xda Uy W) Z bam 1 (52 ac +ba+c))

By Lemma 2.5 we have

|S(Xd1a Xd2>wh1>wh2)| < qu/2 < 4qm/2.
Similarly, if 8; # 0 and B = 0, by applying Lemma 2.1 we have

‘S(Xdp Xd27¢h17¢h2)| = Z q/Jxm—l(ﬁla) S 1< 4qm/2

aE]qu
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If both 5 and Sy are non-zero, then we can proceed as follows:
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|S(Xd1> Xd2>¢h1,¢h2)| = a;g@qu—l (ﬁla + 52(00;(1—:_(;4'0))
_ B | Baa Brae®  be L [Bab Bie
O )
2
S (G ) v (B - e)r)
y7#0

Lemma yields
|S(Xd1a Xda» whm wh2)| < qu/2 < 4qm/2.

If & =9 —$H+ 3 for some $H € Fym(x) and for some f € Fym, then we write = %,
where H; and H, are co-prime polynomials. Continuing this, we have the following.

Bix(dx + €) + Pa(ax® +bx +¢)  HY — HHY ' + pHY
dr +e B H?Y '

Immediately from the restriction on the rational polynomial % we get (dx + e) is co-
prime to fyz(dz + €) 4 By(az® + bz 4 ¢) and hence HY is co-prime to H” — H{HY™' + BHY.
Then dx+e = HY, which is a contradiction as d # 0. It follows that & = 0, i.e. f; = 2 = 0.

Additionally if at least one of I, I, is non-zero, then 2" (ax? + bx + ¢)2(dx + €)?" ~17"2 has
at most 4 distinct roots and is not of the form H7" 7!, for § € Fym(x) and 8 € Fym. Then
from Equation (8.5) we have

S(Xdys Xdos Uy Vny) = Z Xgm—1 (Oéll(CEOé2 + ba + ) (dz + e)qm_l_b) .

aFt—¢

>From Lemma we have the bound [S(Xd,, Xdys Uy Uny )| < 2¢™% < 4q™/2.
In all of the above cases, Equation (8.3)) gives M(ey, €2, g1, 92) > 0 if

q" > 1+4¢™ (W (en)W (e2)Q(91)2g2) — 1) ,

hence a sufficient condition is ([B.I]). This concludes the d # 0 case.
Next, we deal with the case d = 0. Then f(x) = % = %$2 + gz +<= a12% + b + ¢
and

(36)  Mler,eng1,92) = 6en)0(e2)0(91)0(g2) / / SOt Xapr Vs )

dileihilg1
daleg halga



Where
S(Xdl » Xda» whn th Z Xdl Xd2 ))¢h1 (O‘)th (f(Oé))

= Z Xar (@) Xay (f (@), (@), (@)
= Z Xar (@) Xay (f () (¥n, U, ) (),

and vy, (7) = n,(f(x)) for all z € Fym
Now, if (Xa,; Xds» (¥ ¥},) = ¥r) # (X0, X0, %0), then we consider following cases.
o If ¥y, ¢y, = 1y is non trivial character, then applying Lemma 2.4 we have

|S(Xd1a Xdz> ¢h1 ) wh2)| = |S(Xd1> Xdz> wh)| < qu/2 < 4qm/2
o If 9y, 1}, = 1y is the trivial character v, then following Lemma 23] we have

1S (X s Xdas sy Uno)| = 1S (Xay»> Xan, Y0)| < 2¢™% < dg™>.

i FinaIIY7 if Xdi = Xd2 = X0 then |S(Xd1> Xdz s whm ¢h2)| = |S(X0a X0, ¢h)| = 0.

Hence |S(Xdy, Xda» Uhes Uno)| < 4¢™% 3 (Xays Xao» ¥n) # (Xos X0, %0), wWhere ¥, = iy, ), .
Then, from Equation (B.6]) we have that a sufficient condition for M(ey,es, g1,92) > 0 is

given by (B.1)).

In particular setting e; = e; = ¢™ — 1 and ¢ = ¢go = 2™ — 1, we obtain the sufficient

condition (3.2)).

Finally, we briefly consider the case ¢c; = 0i.e. ¢ =0. Then f(r) = a12*+bx = z(ayx+by),
where a1, b; € Fym with by # 0. This time we have

m(€17€2,g1,92) = 9(€1>9(€2)@(91)@(92)/ / S(Xdlvxdszhnwfn)’

dile1 h2|g2
dalez hilgy
where
S(Xch » Xda» 1/}h1 ) th Z Xd1 XdQ CLlOé + bl th Z de Xdz a o+ bl)wh( )
CMGF m QE]F m
with X4y = Xay Xdy- Now, from Lemma 2.4
|S(Xd17 Xda» 1/}h171/}h2 Z de XdQ a1+ bl)djh( ) < 2qm/2 < 4qm/2
CMGF m
and the conditions ([B.1]) and (B.2]) follow as before. O

110
01 0)°
are not simultaneously normal. Again, for m odd this case is trivially true. Hence we exclude
this matrix from our claim.

In the next section, we apply the results on primes dividing ¢ — 1 and irreducible poly-
nomials dividing ™ — 1 for enhanced results. As already mentioned, this technique was first

introduced by Cohen and Huczynska in [5, [6].
9
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4. THE PRIME SIEVE TECHNIQUE

We begin this section with the sieving inequality, as established by Kapetanakis in [10],
which we adjust properly.

Lemma 4.1 (Sieving Inequality). Let d be a divisor of ¢ — 1 and py,ps,...,p, be the
remaining distinct primes dividing ¢™ — 1. Furthermore, let g be a divisor of ™ — 1 such
that g1, ga, - . . , g are the remaining distinct irreducible factors of ™ —1. Abbreviate M(q™ —
1,q" =1, 2™ —1,2™ — 1) to M. Then

k

=1 =1 i=1
k

i=1
Theorem 4.2. With the assumptions of Lemmal[{.1], define

"1 A
0=1- QZE — QZ—qdeQ(gi)
=1 =1

and 2n+2k—1
6= +19 — +2
Suppose ¥ > 0. Then a sufficient condition for the existence of an element o € Fym such
24+b
that both « and f(a) = % are simultaneously primitive normal over Fym, where
a+e

: a b c\ . . 1 1 0\ .

the matriz M = is of rank 2 and if (q,m) = (2, odd) then M # is
0 d e 010

(4.2) ™2 > AW (d)*Q(g)*S.

Proof. A key step is to write (4])) in the equivalent form

i

N zi; <£m(d, dpi.g.9) - (1 - %) M, d’g’g))

7

(43) M> ; (znt(pid, d,g,9) (1 - 1) m(d, d,g,g>)

k
1
+ Zl (Wt(d, d7 glgvg) - (1 - W) Qﬁ(d, d,g’g))

k

1
+ ; (im(d, d,g,9:9) — (1 — —(gi)) Mm(d, d,g,g)) +99M(d,d, g,9).

qdeg

On the right side of (4.3), since ¥ > 0, we can bound the last term below using (3.]).
Thus

(4.4) M(d, d,g,9) = 1992(d)92551)q?(q7§ —AW*(d)2(g)).



Moreover, since 8(pid) = 0(p)0(d) = (1~ L) and O(gig) = ©(9:)0(9) = (1~ ki)
we have from (3.3)),

1 1
m(pld7 dag>g) - (1 - 5) m(da d>gag) = (1 - _) 92@2 A”d /ulg S(Xpid1>Xd2>wh1a¢h2)'

) 7

dald "~ halg
and
1 1
M(d, d, gig, 9)— (1 — W) M(d,d,g,9) = (1 — qdeg@i)) 0°6? /Zg3/22gS(XdUXdzawgihlawhg).
Hence, as for (3.1)),
'smm-d, ta0)- (1= 1) Madoo)| < 1 (1 1) P@OV () - W)W
(4.5) _ (1 _ %) 62(d)W2(d).
. d0.9) = (1= g ) M) < 4 (1 1) (D6H0) () - ) 20)
1
(4.6) =4 <1 - W) 0%(9)Q%(g)-
Similarly,
47 g - (1) Mandgo| <4 (1- ) P@eaw
and
1 1
(4.8) ‘im(d, d, 9i9,9) — (1 - W) m(d, dvg7g>‘ < 46%(d) (1 - M) 0%(9)*(g).

Inserting (4.4), (45), (£.7) and (£.8)) in (£3)) and cancelling the common factor 6%(d)©?(g),

we obtain (4.2]) as a condition for 91 to be positive (since 9 is positive). This completes the
proof. O

We conclude our paper by discussing all the possible cases for fields of characteristic 2.

5. SOME ESTIMATIONS FOR FIELDS OF EVEN CHARACTERISTIC

The prime purpose of this section is to analyse the conditions (3.2) and (£2) for the
existence of elements of desired properties in fields of even characteristic. Towards that,
we express the pairs (¢, m) with the desired properties with extending and developing the
techniques employed in [13|, [14] and [7] by the functions presented earlier, leading us to
character sums. We have already defined such pairs (¢, m) as primitive normal pair.

Also, it is worth mentioning that due to the complexity of the character sums and their
fragile behaviour on fields of different orders, it is necessary to distinguish a few cases de-
pending on the order of the prime subfield. Henceforth, we assume that ¢ = 2*, where k is
a positive integer.
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From now on we use the concept of the radical of m i.e. m’ and the radical of ™ — 1 which
is 2™ — 1. Where m/ is such that m = 2Fm/, where ged(2,m’) = 1 and k is a non-negative
integer. In fact, when m’ = 1, trivially & is positive.

We split our computations in two cases:

e mlg—1
em'fqg—1

Notice that, in the former case, 2™ — 1 splits at most into a product of m/ linear factors
over F,. The following result is inspired from Lemma 6.1 of Cohen’s work [4].

Lemma 5.1. For ¢ = 2% where k > 1, let d = ¢™ — 1 and let glz™ — 1 with g1, 9s,...,9r
be the remaz'm'ng distinct irreducible polynomials dividing x™ — 1. Furthermore, let us write

v:=1- Z deg(g) and G = ;1 +2, with Y > 0. Let m = m' 2, where k is a non-negative
integer and ged(m/,2) = 1. If m'|q — 1, then

2¢> — 6g +aq + 4
aq —2q + 2

G =

Y

where m' = %. In particular, & < 2¢>.

We also need the following. We use this result in the next case and all the subsequent
cases, unless stated otherwise.

Lemma 5.2 (Lemma 6.2, [4]). For any odd positive integer n, W (n) < 6.46 n'/>, where W
has same meaning as stated earlier.

From Theorem it is clear that some concepts regarding the factorization of ™ — 1 can
be used in order to effectively use the results of the previous section. Such as if m/|q — 1,
then 2™ — 1 splits into m/ distinct linear polynomials. Throughout this section we use prime
sieve technique result to establish the rest.

Lemma 5.3. For f(x) € Fyu(z), such that f(z) = x or f(z) = 2?, we have M(¢™ —1,¢™ —
L™ —1,2™—1) > 0.

Proof. The proof follows from Lemma 4.1 of [I1I]. Since ¢ is even, ¢™ — 1 is odd, hence
both « and f(«) are simultaneously primitive. Similarly, since m’ is odd, a and f(«) are
simultaneously normal. U

5.1. Proof of Theorem Taking ¢ = 1 in Inequality (£2]) and applying Lemma [(.2]
we have the sufficient condition

gio > 334¢%
Then for m’ = ¢ — 1, the inequality transforms to
¢ 2 > 334,
which holds for ¢ > 64.
Next, we consider ¢ = 32 and m = m’ = ¢—1 = 31. Then, by factorizing, w(27*¢ —1) = 12

and the pair (¢,m) = (32, 31) satisfies the condition (4.2). Hence F3ps: contains an element

a such that both o and f(«) are simultaneously primitive normal with the given conditions.
12



In order to reduce our calculations, we now consider the range 19 < m’' < qg—l, for

g > 64. Then, by Lemma B we have & < (2¢ + 2). Hence Inequality (4.2]) is satisfied if
¢"1 > 167(2¢ + 2) and this holds for m/ > 19.

When m' = qg—l, then 6 < ¢ and then the condition becomes qml—al_1 > 167 and this
holds for m’ > 19. Since m' = 19 # % for any ¢ = 2*, we may leave this case.

Next, we investigate all cases with m’ < 19. In the next part, we set d = ¢™ — 1, g = 1
unless mentioned otherwise.

Case 1, m’ = 1: Then m = 2/. Initially we take j > 2. To check the condition we take
g =X + 1. In that case ¥ = 1 and & = 1. Then the inequality becomes
5
qr > 334.

For ¢ = 2, the condition holds for 7 > 7. Again for ¢ = 4, j > 6; for 8 < ¢ < 32,
j > 5; for 64 < g < 29 5 > 4; for 21 < ¢ < 2%, 5 > 3 and for ¢ > 2% the
condition holds for j > 2. So we calculate the rest of the pairs (¢, m) by calculat-
ing w = w(¢g™ — 1), i.e., the number of distinct prime divisors of ¢" — 1. Hence it
suffices to check that ¢™/2 > 4 - W (g™ — 1)? - 22, where W (g™ — 1) = 2¥. The pairs
(2,4), (2,8), (2, 16), (4,4), (4,8), (8,4), (8,8), (16,4), (32, 4), (64, 4), (128, 4), (512,4) do
not satisfy the condition. We take taking ¢ = 1 and appropriate value of d and we
apply the sieve condition to verify (128,4), (512, 4) as primitive normal pairs and
declare the rest as possibly exceptional pairs.

Now we discuss the case when m = 2. Then any pair (g,2) is primitive normal
pair if and only if it is a primitive pair, i.e., there exists a in F2 such that both «
and f(«) are simultaneously primitive elements of F 2. For all ¢ such that ¢* — 1 is a
Mersenne prime (the primes which are of the form 2/ — 1 for some positive integer j
are called Mersenne primes) except (2,2), all the elements of 7, are primitive except

the identity and hence pairs (¢, 2) are primitive normal pairs. However, (2,2) does
of f(z) =2*+z+ 1, i.e., f(a) =0 is not primitive when « is primitive.

Next, we employ the sufficient condition ¢'/° > 668, which holds for ¢ > 27 and for
the remaining pairs we use sieve condition (£.2)) to test the existence of the property.
When d = ¢®> — 1 and g = x + 1, the condition holds for all ¢ = 2*, where k = 13,17
and k£ > 19. Again choosing appropriate d as in Table [I, we conclude that among
the above pairs; (211,2), (212,2), (21, 2), (2'%,2), (2'9,2), (2'®,2) are primitive normal
pairs and the rest are possible exceptions.

Summing up, we have the following possibly exceptional pairs: (2,2), (2,4), (2,8),
(2,16), (4,2), (4,4), (4,8), (8,2), (8,4), (8,8), (16,2), (16,4), (32,2), (64,2), (64,4),
(128,2), (256,2), (512,2) and (1024, 2).

Case 2, m’ = 3: In this case, m is of the form m = 3 -2/, where j is a positive integer
and ¢ = 2% for some k > 1. For g = 4, take g = ™ — 1 so that & = 1 and the
sufficient condition is 4% > 167 x (2%) , which holds for j > 5. Hence the pairs un-
der the above condition are primitive normal pairs except (4, 3), (4,6), (4,12), (4,24)
and (4,48). After employing the sieving condition (4.2)), see Table [I, we conclude
that (4,24),(4,48) are primitive normal pairs and (4, 3),(4,6), (4,12) are possible
exceptional pairs.

not fit into this category as F, = and the primitive elements of F, are roots

13



Then we take g = 1. For ¢ = 16, & < 22 the sufficient condition is q% > 3672.8,
which holds for 57 > 4.
For ¢ = 64,256, & < 7.51 and m/|q — 1, the condition holds for j > 3. Again for

1024 < ¢ < 2%, & < 7.029 and we need to check q% > 1251.95, which holds when
j > 2. For 2! < ¢ < 2% & < 7.0001 and the condition holds for 5 > 1; and for
q > 2% such that m'|q — 1 the condition holds for j > 0.

We calculate the remaining pairs by taking ¢ = 2* — 1 and using W (g™ — 1),
Q(z® — 1). So the condition is ¢™/? > 4 - W (g™ — 1)% - (2%)%, which all but the pairs
(16,3), (16,6), (64,3), (64,6), (256, 3), (1024, 3), (2'2,3), (2!, 3), (220, 3) fail to satisfy.
Now we choose suitable values of g and d to declare (16, 12), (16,24), (64, 3), (256, 3),
(1024, 3), (2'2,3), (2'%,3) and (22°, 3) as primitive normal pairs, as shown in Table [II

So, we have the following pairs as possible exceptional pairs: (4, 3), (4,6), (4,12),
(16,3) and (16,6).

From now on assume m = m'2’ with j > 0.

Case 3, m’ = 5: Here m = 5 - 27, with non-negative integer j. As there are 5 distinct
factors of 2™ —1, so by calculation we have ¢ > 0 if ¢ > 16. Then & < 26 for ¢ = 16

and the sufficient condition is q% > 4340.09 which holds for j > 3.

For ¢ = 256, & < 11.7627, and sufficient condition is q% > 1963. This holds
when j > 2. Again, 4096 < ¢ < 2% and m/|q — 1, the condition is q% > 1843.57
and holds for 7 > 1. When ¢ > 2%! and m/|q — 1 the condition holds for j > 0.

Taking g = #°—1, we check the remaining pairs for the inequality ¢™/2 > 4-22%.(25)?
and have the following as possible exceptional pairs (16,5), (16, 10), (256, 5), (2'2,5).
Then we choose proper d and g, and verify condition (£2) and have (16, 10), (256, 5), (2'2,5)
are primitive normal pairs. Then the pair (16,5) is a possible exception.

Case 4, m' = 7: Here m = 7 -2/, with non-negative integer j. Let g = z™ — 1 for
q =8, then ¥ =1 and & = 1. Then the sufficient condition is q% > 2736128 which
holds for j > 4.

For ¢ = 64, take ¢ = 1 and & < 18.64, then sufficient condition q% > 3112.8
holds for j > 2. Again, ¢ = 512,2!%2,21% & < 15.3655 and the condition holds for
j > 1. For ¢ > 2'% whenever m'|q — 1 the condition holds for j > 0.

Taking g = 27 — 1, we check the remaining pairs for the inequality ¢™/? > 4 - 2% .
(27)2. After a calculation, we conclude that all the pairs are primitive normal pairs
except the pairs (8,7) (8,14).

Case 5, m' = 9: Here m = 9 - 2/, with non-negative integer j. As m’ = 9, there are 9
distinct factors of 2™ — 1. When g =1 we have ¥ > 0 if ¢ > 32. Then & < 38.2667
for ¢ = 64 and the sufficient condition is q% > 6387.72 which holds for j > 2.

For ¢ = 2'2, sufficient condition holds for j > 1. When ¢ > 2% and m/|q — 1 the
condition holds for j > 0.

Taking g = 2°—1, we check the remaining pairs for the inequality ¢™/? > 4-22<.(29)?
and take pair (64,9), which does not satisfy the inequality. After calculating with
suitable values of d and g, as shown in Table [Il we conclude that (64,9) is also a
primitive normal pair, i.e., all the pairs are primitive normal.
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Case 6, m’ = 11: Here m = 11-27, with non-negative integer j. As there are 11 distinct
factors of 2™ — 1, so by calculation for g = 1 we have ¢ > 0if ¢ > 32.

For ¢ = 2'%, & < 27.3585 and sufficient condition q% > 4566.86 holds for j > 1.
When ¢ > 2! and m'|q — 1 the condition holds for j > 0.

Taking g = 2™ — 1, we check the remaining pairs for the inequality ¢™/? > 4 -2%.
(21)2 then we have 3 possible exceptional pairs. By calculating with suitable values
of d and g = 2™ — 1, we conclude that all the pairs are primitive normal.

Case 7, m' = 13: Here m = 13 - 27, with non-negative integer j. As there are 13
distinct factors of ™ — 1, by calculation, we have ¥ > 0 if ¢ > 32. For ¢ > 64 and
m’|q — 1, take g = 1 then & < 44.1053 and the sufficient condition holds for j > 0.
We conclude that all the pairs are primitive normal.

Case 8, m’ = 15: Here m = 15-27, with non-negative integer j. As m’ = 15, there are
15 distinct factors of g = ™ — 1. For ¢ = 16, the sufficient condition for existence
of primitive normal element is ¢*>?'/** > 167 - (2!°)2. This condition holds for j > 3.

For ¢ = 256, and g = 1 we have & < 56.882 and the sufficient condition q% >
9446.06 holds for j > 1. When ¢ > 256 and m/|¢q — 1 the condition holds for 7 > 0.

Taking ¢ = ' — 1, we check the remaining pairs on the inequality ¢™/? > 4 -
222 (215)2 and we obtain (16, 15), (16, 30), (256, 15) as possible exceptional pairs. By
calculating with compatible values of d, ¢g in the prime sieve condition ([L2), we get
that (16,30), (256, 15) are primitive normal pairs. Hence we declare (16,15) as an
exceptional pair.

Case 9, m’ = 17: Here m = 17-27, with non-negative integer j. As there are 17 distinct

factors of 2™ — 1, by calculation, for g = 1, we have ¥ > 0 if ¢ > 64.

When ¢ > 64, the sufficient condition is q% > 12085.5 which holds for 5 > 0
whenever m/|qg— 1. Hence we have that all the pairs of this case are primitive normal.

For each of the individual pairs (¢, m) listed above that do not satisfy the sufficient condi-
tion based on Lemma[5.2] we can test them further by means of the sufficient condition (4.2)
after factorising completely ™ — 1 and ¢™ — 1 and making a choice of polynomial divisor
g of ™ — 1 and factor d of ¢" — 1. In practice, the best choice is to choose p,...,p, and
sometimes, the “largest” irreducible factors gy, ..., gr of 2™ — 1 to ensure that ¢ is positive
(and not too small). Here the multiplicative aspect of the sieve is more significant. Table [I]
summarizes the pairs in which the test yielded some positive conclusion. This concludes the
proof.

5.2. Proof of Theorem [1.7. For our next main theorem, we need the following well-known
facts, see [12, Theorem 2.47]. Let u be the order of ¢ mod m’. Then 2™ — 1 is a product of
irreducible polynomial factors of degree less than or equal to u in F,[x]; in particular, u > 2
if m’t ¢ — 1. Let M be the number of distinct irreducible polynomials of 2™ — 1 over F, of
degree less than u. Let o(g, m) denotes the ratio

M
o(g,m) := pont

where mo(q, m) = m'o(q, m’).
From Proposition 5.3 of [5], we deduce the following bounds.

Lemma 5.4. Suppose ¢ = 2*. Then the following hold.
15



m/2

(gm) |[d]|n| g |k| 6 q AW (d)*Q%(g)A
(1284) |3 [ 5| #+1 |0]21.9523 16384 1404.95
(512,4) [15] 6 | =+ 1 | 0320531 | 262144 8435.99
27,2) |33 a+1 |0] 7.6329 2048 188.506
(22,2) [15] 4 | 2 +1 |0]18.1107 1096 1159.08
2%2) [ 3|5 | «+1 |0|21.9523 16384 1404.95
252 [3 |5 | a+1 |0]22.0596 32763 1411.81
(2%2) |3 4] z+1 |0]16.7511 65536 1072.07
(2% 2) [15] 6 | +1 |0]32.0531| 262144 8135.09
(424) [15| 7 | 2°—1 0342484 1.6777 x 107 140283
(4,48) |15 10| 2°—1 | 0]50.3795 | 2.81475 x 10 | 206354
(16,12) [15| 7 | 2°—1 | 0| 34.2484| 1.6777 x 107 140283
(16,24) | 15[ 10| 25 —1 | 0| 50.3795 | 2.81475 x 107 | 206354
643) |3 |3 | #+1 |2]19.3369 512 309.39
(2563) | 15| 4 | 41 |2]|28.2612 1096 152.179
(1024,3) [ 3 | 5 | 2°—1 | 0] 22.0596 32763 22539
22.3) [15| 6 | 2°—1 |0 |32.9531 | 262144 134976
(25°.3) (15| 7 | 2° —1 | 0] 34.2484 | 1.67772 x 107 140231
(2%03) [15| 9 | 2°—1 |0 |82.2883 | 1.07374 x 10° 337053
(16,10) | 3 | 6 | 2°—1 |0 60.7588 | 1.04858 x 10° 005472
(256,5) | 3 | 6 | 2°—1 | 0]60.7588 | 1.04858 x 10° 005472
(22.5) [15| 9 | 2° —1 |0 |87.8157 | 1.07374 x 10° | 5.75500 x 10°
(828) |15[10| 2" —1 |0 49.0678 | 4.39805 x 10° | 5.14313 x 107
(856) | 15| 15| a7 —1 | 0] 106.643 | 1.03428 x 10% | 1.11828 x 10°
(64,9) | 3|5 | 2°—1 |0 17.4747 | 1.34218 x 10° | 7.32042 x 107
(16,30) | 15 |13 | 2 — 1|0 | 293.517 | 1.15292 x 10 | 2.01703 x 107
(256,15) | 15 [ 13 | 2 — 1| 0 | 293.517 | 1.15292 x 10 | 2.01703 x 107

TABLE 1. Pairs (g,

corresponding test yielded a positive conclusion.

m) appearing in the proof of Theorem [ in which the

e 0(2,3) = % 0(2,5) = % 0(2,9)==2;0(2,21) = Zi otherwise o(2,m) < %
e 0(4,9) = % o(4,45) = 45,' otherwzse 0(4 m) < %

e 0(8,3) =0(8,21) = i; otherwise o(8,m) < 1.

o If ¢ > 16, then o(q,m) < 3.

In, to develop suitable sufficient conditions, we need Lemma 7.2 from [4].

Lemma 5.5. Assume that ¢ = 2% and m is a positive integer such that m' ¥ ¢ — 1. Let
u(> 1) stand for the order of ¢ mod m’. Let g be the product of the irreducible factors of
™ — 1 of degree less than u. Then, in the notation of Lemma5.1l, we have & < m/.

We need few more conditions, which we can derive from Lemma 4.2 of [§].

Lemma 5.6. For anyn,a € N, W(n) < by,,n', where by, = W and p1, pa, ...

are the primes < 2% that divide n and W has the same meaning as before.
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From these we immediately derive the lemma below.

Lemma 5.7. Forn € N and

(i) a =6, W(n) < 37.4683n'/9,

(ii) a =8, W(n) < 4514.7n'/8,

(iii) a = 14, W(n) < (5.09811 x 1057)n!/14,
where W has the same meaning as earlier.
Lemma 5.8. Let ¢ = 2, M # (1) 1 8) and m' { q — 1, then there exists an element
a € Fym such that a, f(«) are simultaneously primitive and normal over Fy, i.e., (g, m) are
primitive normal pairs except, possibly, the pairs (2,3), (2,5), (2,6), (2,7), (2,9), (2,10),
(2,11), (2,12), (2,14), (2,15), (2,18), (2,21), (2,24), (2,30).

Proof. First, let m’ = 3. Then 2’ — 1 can be factorised into one linear and one quadratic
factor. Then the condition becomes 2™/19 > 2672, which holds for m > 114. Next let
m = 96. Then w = 12 and the condition is ¢™/? > 226 which holds. But the re-
maining pairs (2, 3), (2,6), (2,12),(2,24), (2,48) do not satisfy the above condition. We per-
form further research on these pairs by taking compatible d and ¢ in the sieve condition
(42) as demonstrated in Table 2] and conclude that (2,48) is primitive normal pair and
(2,3),(2,6),(2,12),(2,24) are possible exceptional pairs.

Again, if m’ = 5, then 2/ — 1 can be factorised into one linear and one fourth degree
polynomial. Then the condition becomes 2™/1° > 2672, which holds for m > 114. Thus,
for the remaining pairs a condition is ¢™/? > 2276 and by calculating w(¢™ — 1) = w, we
have the following exceptional pairs (2, 5), (2, 10), (2, 20), (2,40). Again from Table 2 we can
conclude that the only possible exceptional pairs are (2,5), (2, 10), (2, 20).

For m' = 9, 2/ — 1 is a product of one linear, one quadratic and one sextic polynomial
and the condition is 2™/ > 10688, which holds for m > 134. For the remaining the
pairs we use the condition ¢™/? > 2%*8 and by calculating the value of w, we have the
following exceptional pairs (2,9), (2, 18), (2,36). From Table 2l we can conclude that (2, 36)
is a primitive normal pair and hence final possible exceptional pairs are (2,9) and (2, 18).

Now, for m’ = 21, 2’ — 1 is a product of one linear, one quadratic, two cubic and two
distinct sextic polynomials. Then the condition is 2™/ > 684032 and the condition holds
for m > 194. For the remaining pairs we use the condition ¢™/? > 2%*+14 and by calculating
the value of w(¢™ — 1) = w, we have the following exceptional pairs (2,21),(2,42), from
which we can declare the pair (2,42) as primitive normal pair from Table 2l Hence the ony
possible exceptional pair is (2, 21).

For the remaining pairs i.e. ¢ =2, m'{¢— 1 and m’ # 3, 5, 9, 21, we consider two cases,
viz. (i) m is odd and (ii) m is even.

Case (i): m is odd. We apply Lemma[5.5to obtain the condition ¢™/? > 4.22.22ma(@m).
m. Then by Lemmas (.4 and (.7, the condition transforms to 27/42 > 1.03991 - 10'3%.m,
which holds for m > 19577. Let m < 19576, then w < 1620, and, by applying these on the
condition 2/6 > m2%*2 we conclude that the condition holds for m > 19538. Maintaining
the flow we have that the condition holds for m > 19333.

For the remaining pairs we calculate the exact value of w and able to detect 37 pairs where
m="7,11,13, 15,17, 19, 23, 25, 27, 29, 31, 33, 35, 37, 39, 41, 43, 45, 47, 51, 53, 55, 57, 59, 65,
67, 69, 71, 73, 75, 77, 79, 81, 135, 165 and 225; which don’t satisfy the condition. Again for
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d = ¢™—1and g = 2™ —1, applying the prime sieve we are able to declare 20 of them as prim-

itive normal pairs. Then by choosing compatible d and ¢ (as shown in Table[2]) we are able to

determine another 13 pairs (2,17), (2, 19), (2, 23), (2, 25), (2, 27),(2,29), (2, 31), (2, 33), (2, 35),

(2,39), (2,45), (2,51) as primitive normal pairs. Hence, we conclude that following are the

possible exceptional pairs (2,7), (2,11), (2,13), (2, 15).
Case (ii): m is even. Once again, we shall break this discussion into two parts.

4| m: Then by Lemma B.7) W (g™ — 1) < 37.4683 ¢™/% and for 4|m, o(q,m) < m/24. Then
to show M(¢™—1,¢™—1,2™—1,2™—1) > 0 it is sufficient to show 2"/'? > 5615.49m,
which holds for m > 248. Then we calculate the exact value of w and check the condi-
tion 25™/12 > 229%2 for m < 143 and identify the pairs (2, 28), (2, 44), (2, 52), (2, 56), (2, 60)
which do not satisfy the condition. But from Table 2] we can conclude that all of
them are primitive normal pairs. Hence in this particular case all pairs (¢, m) are
primitive normal pairs.

4 m: From LemmaB.7 W (g™ — 1) < 4514.7 ¢™/® and in this case (g, m) < m/12. Now, a
sufficient condition for the existence of a primitive normal pair is 2"/12 > 8.153 x 107,
which holds for m > 420. For the remaining pairs we use the prime sieve condition
[@E2) for d = ¢™—1 and g = 2™ —1 and identify the pairs (2, 14), (2, 22), (2, 30), (2, 70)
which fail to satisfy the condition. Again, by observing the condition (4.2)) for appro-
priate values of d and g we are able to identify the pairs (2,22), (2,70) as primitive
normal pairs; the calculations are listed in Table 2l Hence the only possible excep-
tional pairs are (2,14) and (2, 30).

The proof is now complete. O

The following lemma is derived from Lemma 5.6l
Lemma 5.9. Forn € N, W(n) < 1.10992 - 10° n*/1° and W (n) < 4.24455 - 104 /1,

Lemma 5.10. For ¢ = 4 and m’ ¥ ¢ — 1, all the pairs (g, m) are primitive normal pairs,
except for the possible exceptional pairs (4,5),(4,7),(4,9), (4,10).

Proof. We shall start this discussion with the case m’ = 45. In this case ™ is a product
of 3 linear, 6 quadratic, 2 cubic and 4 sextic factors. Let g be the product of the linear
factors, then ¥ = 0.5927 and & = 20.56. After this, the sufficient condition becomes
4m/10 > 167 - (2%)2 - 20.56, which holds for m > 90. When m = 45, then w = w(4™ — 1) = 11
and the pair (4,45) satisfies the condition 4™/2 > 2%+8 .920.56. Hence (4,45) is also a
primitive normal pair.

Now we are heading towards the next case, which is m’ = 9. Then ™ — 1 is a product
of 3 linear and 2 cubic factors. Now we take g as the product of three linear factors, then
¥ = 0.9375 and & = 5.5. These yield the condition 4™/ > 167 - (23)? - 5.5, which holds for
m > 144.

For the remaining pairs we verify the sufficient condition 4™/ > 22¢%8.5 5 by calculating
the exact value of w. After this, we can conclude that the pairs (4, 36), (4,72) are primitive
normal. From Table 2] we conclude that (4, 18) is also a primitive normal pair, thus the only
possible exceptional pair is (4, 9).

Next we have the case ¢ = 4, m’' 1 ¢ — 1 and m' # 9,45. At first we consider m even.
In this case o(q,m) < m/10 and by Lemma 59 W (g™ — 1) < 1.10992 - 10° ¢™/*°. Hence a

sufficient condition for our purpose is 4™/° > 4.83296 - 10'® m, which holds for m > 174. For
18



the remaining pairs we use the condition 42™/® > 22+2m and calculate w = w(4™—1) explic-
itly. Among the remaining pairs, (4, 10), (4, 14), (4, 20), (4,22), (4, 28), (4, 30) do not satisfy
the condition. Again for appropriate values of d and ¢, (4, 14), (4,20), (4, 22), (4,28), (4, 30)
satisfy the sieve condition as given in Table 2l Hence the only possible exceptional pair is
(4,10).

Now, we consider the case m odd. Here o(q,m) = 1/5 and from Lemma we have
W (g™ — 1) < 4.24455 - 10" g™/, Then the sufficient condition is 4™/!' > 7.20647 - 10% m,
which holds for m > 597. Afterwards, we use the condition 4°7/10 > 2%%2p to test
the remaining pairs by calculating the w = w(¢™ — 1). The pairs (4,5), (4,7), (4,11),
(4,13), (4,15), (4,25), (4,27), (4,29), (4,33), (4,35) and (4, 39) do not satisfy the condition.
Now we take d = ¢" — 1 and ¢ = 2™ — 1 in the prime sieve condition (£.2)) and detect
(4,27),(4,29), (4,33) and (4,39) as primitive normal pairs. Again, by choosing compatible
values of d and ¢ in condition (£.2)) (as shown in Table[2)) we conclude that all of the remaining
pairs are primitive normal pairs. This concludes the proof. O

Lemma 5.11. Let g = 8 and m' t q—1, then all the pairs (q,m) are primitive normal pairs,
unless (q, m) is one of the pairs (8,3),(8,5) and (8,7).

Proof. We begin our discussion with m/ = 3. Then 2™ — 1 is a product of a linear and
a quadratic polynomial. If we take g to be the linear polynomial, then ¥ = 0.96875 and
G < 3.04. It follows that a sufficient condition for the existence of primitive normal pair
is 8™/10 > 167 .22 .3.04 and this holds for all m > 48. For the remaining pairs we use
the condition 8™/2 > 2%+4.3 04 by explicitly calculating the value of w. Then the pairs
(8,3),(8,6), (8,12) are the ones which fail to satisfy the inequality. By choosing appropriate
values of d and ¢ in condition (4.2)), as shown in Table 2] we conclude that (8,3) is the only
possible exceptional pair.

For the next stage we choose m’ = 21, that is, ™ —1 is product of one linear, one quadratic,
two cubic and two sextic polynomials. We choose g as the product of the linear and the
quadratic factor. Then ¥ = 0.992172 and & < 9.06 which yields the sufficient condition
8m/10 > 167 - (2%)% - 9.06, which holds for m > 84. Then the condition 8"/2 > 2%+10.9 06
comes into play to detect the primitive normal pairs by taking the exact value of w. From
this, we declare that the remaining pairs (8,21), (8,42) are also primitive normal pairs.

Now, we are heading for the final stage, i.e., ¢ = 8, m' { ¢ — 1 and m’ # 3,21. Form
Lemmas [5.4 and 5.6} we have o(g,m) < 1/5 and W (g™ — 1) < 37.4683¢™/°. Tt follows that
for the existence of primitive normal pairs, a sufficient condition is 8™/3° > 5616m, which
holds for m > 202.

For the remaining pairs, we use the condition 81/30 > 22¢%2;; by determining the value of
w. Form < 201, w < 85 this holds for m > 164. Next we take m < 163 and then w < 72. For
these the condition holds for m > 140. Now repeating the above process we get that the con-
dition holds for m > 92 and among the remaining pairs (8, 5), (8,9), (8, 10), (8, 11), (8, 15), (8, 20)
are the ones which fail to satisfy the condition. Then choosing appropriate value of [ and
g = 2™ —1 in condition (Z2) we are able to declare all but the pair (8, 5) as primitive normal
pairs.

Our proof is now complete. O

Lemma 5.12. Let ¢ > 16 and m' t ¢ — 1, then all the pairs (q,m) are primitive normal
pairs, unless (q,m) = (32,3).
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Proof. We shall break the discussion into 4 cases (I-IV). LemmalE.4 implies, that ¢(¢q,m) < 3
in all four cases. Furthermore, we take g to be the product of irreducible polynomials dividing
2™ — 1 of degree less than u.

Case I: ¢ = 16; For this case we apply Lemma B.7i.e. W (g™ —1) < 4514.7¢"/%. Then to
show M(¢™—1,¢™—1,2™—1,2™—1) > 0 it is sufficient to show that 16™/12 > 8.15265-107m,
which holds for m > 110. We use the condition 16™/2 > 22%*+2m to test the remaining pairs
by plotting value of w and conclude that the pairs (16,7), (16,9), (16,11), (16,13), (16, 14),
(16,18) and (16,21) fail to satisfy the condition. Further, we choose compatible [ and
g = 2™ — 1 in condition ([E2) and conclude that all of them, except (16,7), are primitive
normal pairs. Finally, from Table 2 we obtain (16, 7) is also a primitive normal pair.

Case II: ¢ = 32; From Lemma [5.7 we have W (g™ — 1) < 37.4683¢™/? and proceeding as
above with the sufficient condition 327/3° > 1403.87m, which is true for all m > 103. For rest
of the pairs we use the condition 32"7/30 > 22942 which proves that all the pairs (g, m) are
primitive normal pairs unless (¢, m) is one of the pairs (32, 3), (32, 5), (32, 6), (32,9), (32, 10),
(32,12). Furthermore applying the prime sieve condition (4.2)) for compatible [ and g =
2™ — 1, we confirm that all of them are primitive normal pairs except (32,3).

Case III: ¢ = 64; Using Lemma 5.7 we have W (g™ — 1) < 37.4683¢™/? and for
M(g™ —1,¢™ —1,2™ — 1,2™ — 1) > 0 the sufficient condition is 64™/'® > 5601.03m, which
is true for all m > 49. We use the condition 64718 > 2242 to investigate the existence
of the property in the rest of the pairs and conclude that all the pairs (¢, m) are primitive
normal pairs unless (¢, m) is (64,5) or (64,10). Later applying the prime sieve condition
([E2) for compatible [ and g = ™ — 1, we confirm that all of them are primitive normal
pairs.

Case IV: ¢ > 128; Lemma [5.7 yields W (g™ — 1) < 37.4683¢™/? and for
M(g™ —1,¢™ —1,2™ — 1,2™ — 1) > 0 it is sufficient to show that ¢"™/® > 1403.87 - 22™/3m,
which is true for all ¢ > 128 and m > 18. We use the condition ¢™/? > 220t2+2m/3 t0 test
the existence of the property in rest of the pairs (149 in total) and all the pairs (¢, m) are
primitive normal pairs except (128,3). Then, from Table 2] we confirm that all of them are
primitive normal pairs. This concludes our proof. O

As an immediate consequence of the above results, we obtain Theorem [L.7]

6. A FEW COMPUTATIONAL RESULTS

In this section we comment on the situation with the possible exceptional pairs that appear
in Theorems and [L7l In particular, we wrote a script in SAGEMATH, with the purpose
of explicitly verifying whether the pairs in question are, in fact, genuine exceptions.

For every pair (g, m), our script first fixes a primitive element o € F,m and then for every
quintuple a, b, c,d,e € Fym with a # 0 and dz + e # 0, it checks whether there exists some
power o with ged(i,¢™ — 1) = 1 of a (hence a primitive element), such that o' is normal
ac® +ba + ¢

do+e
just compute the corresponding multiplicative order and for the normality check, we use [12,
Theorem 2.39]. If this search is successful for every valid quintuple, then the pair (¢, m) is
not an exception, while if it fails, even for one valid quintuple, the pair (¢, m) is a genuine
exception.

over F, and is primitive and normal over F,. For the primitivity check, we
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m/2

(gm) | d |n g k| A q 3W(d)*Q(g)A
(2,48) | 105 |6 T+ 1 1708428 | 1.67772" 72543
240) | 3 |6 I 2 82.1256 | 1.04858 x 10° | 21031.1
(2,36) | 15 |6 1 0]32.0531 | 262144 134976
242) | 3 |5 21 0| 15.0379 | 2.09751 x 10° | 163204
2,17) [¢" =10 T+ 1 2[5.04762 | 362.039 323.048
(2,19) [¢" =10 T+ 1 1[3.00001 | 724.077 192.001
2.23) | 47 |1 T+ 1 2 7.00084 | 2896.31 118.63
2,25) | 81 |2 T+ 1 210.0408 | 5792.62 642.611
220 | 7 |2 T+ 1 30223026 |  11585.2 1433.13
(2,29) | 233 |2 2P 1 0]5.00834 | 231705 1282.14
231) [¢"—1]0 T+ 1 6| 19.6 16341 1254.4
233) | 7 |2 T+ 1 1]35.7918 | 92631.9 2290.68
(2,35) | 31 |3 7+ 1 5| 47.4422 | 185364 3036.3
239) | 7 |3|(@+ D)@ +ax+1)]3]13.3057| 741455 3106.26
245) | 7 |5+ D)@ +x+1)]6]32.9687 | 593164 x 10° | 8439.99
250) | 7 |4 T 1 0] 0.14684 | 4.74531 x 107 | 9.59166 x 10°
228) | 3 |5 T+ 1 2 66.6522 16384 1265.74
24 | 3 |6 2T 1 0| 24.8377 | 4.1943 x 10° 6358.45
252) | 3 |6 2B 1 0] 22.0983 | 6.71089 x 107 | 5657.16
(2,56) | 15 |6 =1 0] 16.988 | 2.68435 x 10° | 17395.6
(2,60) | 15 |9 2P =1 0] 82.2883 | 1.07374 x 10° | 5.39285°
22) | 3 |3 2T 1 0] 7.6329 2048 1954.02
2,70 | 3 |3 25 =1 0 | 24.8631 | 3.43507 x 10™ | 1.62043 x 10°
418) | 16 |6 | (x+ D)@ +ao+1)|1]421079| 2062144 12.1079
@i | 3 |5 v+ 1 2| 35.4555 16384 9260.15
420) | 3 |6 2 —1 0] 60.7588 | 1.04858 x 10° | 15554.3
422) | 3 |6 2T 1 0| 24.8377 | 4.1943 x 10° 6358.45
428) [ 3 |7 =1 0| 40.9888 | 2.68435 x 10° | 419725
(430) | 15 |9 2B =1 0| 82.2883 | 1.07374 x 10° | 5.30285 x 10°
@i) | 3 |3 2T 1 0] 7.6329 2048 1954.02
413) | 3 |2 2B -1 0| 5.00293 8192 1280.75
415) | 3 [5| @+ D)@ +x+1)]3]|44.2638 32763 113327
425 | 3 |6 2B =1 0] 16.8495 | 3.35544 x 107 | 17253.9
(4,35) | 33 |7 T+ 1 5| 31.9641 | 3.43506 x 10 | 2045.7
®6) | 3 |3 T+ 1 1 [14.7136 512 235.408
812) | 15 |6 =1 0]32.0531 | 262144 33744
16,7) | 3 |5 T+ 1 2 ]30.8825 16334 1976.43
(1283) 7 |2 21 0]5.06649 |  1448.15 1297.02

TABLE 2. Pairs (¢, m) appearing in the proof of Theorem [[.7] in which the
corresponding test yielded a positive conclusion.

21




Unfortunately, the extremely high number of such quintuples, even for “small” numbers,
seems to create an impenetrable obstacle for a complete solution, with the exception of the
pairs (2,2) and (2,3). On the other hand we managed to examine a respectable number of
quintuples for all the other pairs and collected useful data.

In Table B] we present the pairs (¢, m), for which we found counter examples, while in
Table [d], we present those for which we did not find counter examples.

(q,m) f counter-example checked /exceptional 5-ples
2.2) P ratl (@,0,0,a, ) 720,252
(2,3) 4z +1 (a,0,0,a,0® + a) 28224 /8295
2,4) e (@,0,0,0,0° + a?) 64513,22109
2,5) D+ 1 (@,0,a,0,q) 53345,/52
2,6) |2°+2'+23+2+1](a,0,0,0%a° +a' +a+1) 21857/77
(4,2) o+l (a,0,a, 0, a® + a?) 266115/1985
(4,3) |2®+2' + 23+ +1 (,0,0,a, @) 47708/152
Notes:

(1) aisaroot of f € Fyx].
(2) For the pairs (2,2) and (2, 3) the search was exhaustive.

TABLE 3. Results of the computer test, where counter-examples were found.

Due to the large number of quintuples that we checked, without finding any counter-
example, for the pairs (¢,m) that appear in Table @ we believe that the only genuine
exceptions to the problem we considered in this paper are the pairs that appear in Table [3
In other words, based on our computational evindence, we state the following.

Conjecture 6.1. Let Fym be a finite field of even characteristic. Then there exists an element
a in Fym, such that both o and f(o) are simultaneously primitive normal in Fgm over F,,
24+
where f(z) = %, with a,b,c,d,e € Fym, a # 0, and dv+e # 0 unless (g, m) is one

r+e
of the pairs (2,2), (2,3), (2,4), (2,5), (2,6), (4,2) or (4,6), with these pairs being genuine
exceptions.

7. SOME CONJECTURES ON RATIONAL FUNCTIONS

The following conjectures are extensions of the theorems given by Cohen, H. Sharma and
R. Sharma in [15]. For a finite field F,m and a rational function f(z) € Fym(z), we denote
by deg(f) the sum of the degrees of f; and f, if f(z) = f1/fe and f1, fo are relatively prime
polynomials. The following conjectures are based on the results obtained during various
experiments performed on similar rational forms as in this paper, some of which are studied
briefly and will be discussed extensively in our next papers. Due to significantly large number
of finite fields and very fragile behavior of its properties, a large scale analysis is required to
establish our claims and this will be the focus of our subsequent study.

Conjecture 7.1. Take f € Fym(z) and write f = f1/fs, where fi, fo are relatively prime
polynomials over Fgm. Let n > 2 be the degree of f, such that n = ny + ng, where ni,ny are

degrees of fi and fy respectively. Then there exist an element o € Fym such that both o and
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(q,m) | checked 5-ples | (g, m) | checked 5-ples
2.7) 11400 2.8) 0067
(2,10) 12894 (2,11) 6504
(2,12) 1330 (2,13) 1765
(2,14) 9534 (2,15) 2003
(2,16) 2093 2,18) 1104
2, 20) 1460 2,21) 575
(2,21) 829 2,30) 371
@, 4) 78278 @,5) 95082
(4,6) 16072 @7) 19732
(4,9) 24391 (4,9) 1892
(4, 10) 12001 (4, 12) 1399
®.2) 211944 ®.3) 163528
8, 4) 64654 8.5) 67844
8,6) 37279 8,7) 11706
3,9 16416 8, 14) 1177
(16,2) 202189 (16,3) 79012
(16, 4) 70934 (16,5) 28604
(16,6) 21965 (16, 15) 235
(32,2) 189487 (32,3) 126253
(64,2) 133395 (64, 1) 12129
(128,2)| 163368 (256, 2) 141196
(512,2)| 135355 | (1024,2)| 106349

TABLE 4. Results of the computer test, where counter-examples were not found.

f(@) are simultaneously primitive normal elements of Fym over F, if
" > (2n - 2)W (g™ — 1)*Q(z™ — 1)?,
provided the followings hold:

(i) f(z) is not of the form ax'g"(x), where i is an integer, 1 # h | ¢™ — 1 and a € F}..
(ii) If ny # ng, then p{ ny, where p is the characteristic of Fym.

Further, one can apply the prime sieve, see Section ], to improve the above bound, leading
to the next conjecture.

Conjecture 7.2. The sufficient condition for existence of an element o in Fym such that
(q,m) is a primitive normal pair is ¢™/% > (2n — 2)W(d)?Q(9)?S.
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