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REAL HYPERSURFACES IN THE COMPLEX PROJECTIVE
PLANE SATISFYING AN EQUALITY INVOLVING §(2)

TORU SASAHARA

ABSTRACT. It was proved in Chen’s paper [3] that every real hypersurface in the
complex projective plane of constant holomorphic sectional curvature 4 satisfies
9
4
where H is the mean curvature and §(2) is a d-invariant introduced by him. In
this paper, we study non-Hopf real hypersurfaces satisfying the equality case of
the inequality under the condition that the mean curvature is constant along
each integral curve of the Reeb vector field. We describe how to obtain all such
hypersurfaces.

8(2) < ZH” +5,

1. INTRODUCTION

For a Riemannian m-manifold M with m > 2, Chen [2] introduced in the early
1990s the following invariant:

3(2)(p) = 7(p) — inf{K(7) | 7 is a plane in T,M},

where 7 is the scalar curvature and K () is the sectional curvature of w. If m = 3,
then §(2)(p) is equal to the maximum Ricci curvature function Ric on M defined
by Ric(p) = max{S(X,X) | X € T,M, ||X|| =1}, where S is the Ricci tensor. For
general d-invariants, see [4] for details.

It was proved in [3] that every real hypersurface in the complex projective space
CP" of complex dimension n and constant holomorphic sectional curvature 4 satisfies

(2n —1)2(2n — 3)
(1.1) 0(2) < 0 —1)
where H denotes the mean curvature. A real hypersurface in CP™ is said to be
§(2)-ideal if it attains equality in (L)) at each point. Chen [3] completely classified
d(2)-ideal Hopf real hypersurfaces in CP™. In [7], the author proved that a non-Hopf
real hypersurface with constant mean curvature in CP? is §(2)-ideal if and only if it
is a minimal ruled real hypersurface. In this paper, we classify §(2)-ideal non-Hopf
real hypersurfaces in CP? whose mean curvature is constant along each integral
curve of the Reeb vector field.

H? +2n% -3,

2. PRELIMINARIES

Let M be a real hypersurface in the complex projective space CP". We denote by
J the almost complex structure of CP™. For a unit normal vector field IV, the vector
field on M defined by & = —JN is called the Reeb vector field. If £ is a principal
curvature vector at every point of M, then M is said to be Hopf.
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Let # be the holomorphic distribution defined by H = [,/ {X € T, M | (X,§) =
0}, where (-,-) denotes the metric of CP™. If H is integrable and each leaf of its
maximal integral manifolds is a totally geodesic complex hypersurface, then M is
said to be ruled. .

Denote by V and V the Levi-Civita connections on M and CP", respectively.
The Gauss and Weingarten formulas are respectively given by

VxY =VxY + (AX,Y) N,

VxN = —-AX
for tangent vector fields X, Y and a unit normal vector field NV, where A is the
shape operator with respect to N. The function H = trA/(2n — 1) is called the
mean curvature. If it vanishes identically, then M is said to be minimal.

For any vector field X tangent to M, we denote the tangential component of JX
by ¢X. Then by the Gauss and Weingarten formulas, we have

(2.1) Vxé = pAX.

We denote by R the Riemannian curvature tensor of M. Then, the equations of
Gauss and Codazzi are respectively given by

(2.2) RIX,Y)Z =(Y,Z)X — (X, Z)Y + (Y, Z) ¢X — (X, Z) pY
—2(X,Y) ¢Z + (AY, Z) AX — (AX, Z) AY,
(2.3) (VxA)Y — (VyA)X = (X&) ¢Y — (Y, &) ¢X —2(¢X,Y) .

3. 0(2)-IDEAL REAL HYPERSURFACES

Applying [3, Theorem 5] to real hypersurfaces in CP", we have the following
general inequality.

Theorem 3.1. Let M be a real hypersurface in CP™. For any point p € M and
any plane ™ C T, M, we have

(2n —1)2(2n — 3)

(3.1) T — K(n) < H? +2n% —3—3(Jep, e)?,

- 4(n —1)

where {e1,es} is an orthonormal basis of m. The equality sign in (BI) holds at a
point p € M if and only if there exists an orthonormal basis {e1,ea,...,e2,-1} at p
such that the shape operator at p is represented by a matriz

a B 0 ... 0

B v 0 ... 0
(3.2) A= 0 0 p ... 0 |,

00 0 ... u

where o + v = .
The following Corollary immediately follows from Theorem [B.11
Corollary 3.1 ([3]). Let M be a real hypersurface in CP™. Then, we have

(3.3) 5(2) < (2n —1)*@2n - 3)

H? +2n% —
e T +ant =3
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at each point of M. The equality sign in [B3]) holds at a point p € M if and only if
there exists an orthonormal basis {e1,ea,...,ea,—1} at p such that

(1) (Jey,e2) =0,

(2) K(e1 Ne2) = infK,

(3) the shape operator at p is represented by a matriz B2) with o+ v = p.

Remark 3.1. It follows from (BI]) that if (1) and (3) in Corollary Bl hold, then
(2) is automatically satisfied.

A real hypersurface in CP" is said to be §(2)-ideal if it attains equality in (B.3])
at each point. In [3], Chen proved that a Hopf real hypersurface in CP™ is §(2)-
ideal if and only if it is an open part of one of the following hypersurfaces: (i) a
geodesic sphere with radius 7/4 in CP", (ii) a tubular hypersurface with radius
r=tan"!'((1 4 v5 — V2 +2v/5)/2) over a complex quadric curve @ in CP2,

We now present a class of §(2)-ideal non-Hopf hypersurfaces in CP?.

Example 3.1. Suppose that a(s), 8(s), v(s) and p(s) satisfy

B'=B+7*+pula—2y) +1,

, (= —ay—1)
T 3

on an open interval I C R, where (s) are nowhere zero. According to Theorem 5
in [5], there exists a smooth immersion ® : I x R? — CP? determining a non-Hopf
real hypersurface in CP2, such that the shape operator A is represented by (B.2)
with respect to an orthonormal frame field {£, X, X}, where ¢X = 0/0s. The
distribution D spanned by ¢ and X is integrable, and ® maps the R2-factors onto
the D-leaves. Clearly, the mean curvature of the hypersurface is constant along each
integral curve of the Reeb vector field.

If « +~v = p on I, then Corollary B and Remark Bl imply that ® is §(2)-ideal.
In particular, if « = = p =0 on I, then trA =0 and (AX,Y) = 0 for any tangent
vector field X, Y on M orthogonal to £, and hence ® is minimal ruled (see [I], p.445]
and [6]).

Remark 3.2. Substitution of a + v = p into ([3.4) gives a autonomous system. It
follows from Picard’s theorem that for given initial values «a(sg) = g, B(s0) = Po,
v(s0) = o with Sy # 0 and ag + v # 0, the initial value problem of ([B.4]) with
o+~ = p has a unique solution satisfying 8 # 0 and o+ # 0 on some open interval
containing sg. Therefore, there exist infinity many 0(2)-ideal real hypersurfaces in
CP? which are non-Hopf and non-minimal.

(3.4)

+ B(2y + ),

Remark 3.3. Let M be a real hypersurface in the complex hyperbolic space CH™

of constant holomorphic sectional curvature —4. Then we have

(2n —1)2(2n — 3)
4(n—1)

5(2) < H? +6 — 2n%

The equality sign of the inequality holds identically if and only if M is an open part
of the horosphere in CH? (see [3]).



4. MAIN RESULT
The following theorem is the main result of this paper.

Theorem 4.1. Let M be a 6(2)-ideal non-Hopf real hypersurface in CP?. If the
mean curvature is constant along each integral curve of the Reeb vector field, then
M is locally obtained by the construction described in Example Bl

Proof. Let M be a §(2)-ideal non-Hopf real hypersurface in CP2. Let {e1, e2,e3} be a
local orthonormal frame field described in Corollary Bl We put £ = pey + ges +1es
for some functions p, ¢ and r. It follows from (Jej,ez) = 0 that r(Jes, e1) =
r(Jes,eq) = 0. If r # 0, then { = e3. However, this contradicts (Jej,ez) = 0.
Hence, r = 0 holds, that is, £ lies in Span{ej,es}. We may assume that e; = £ and
Jey = e3. From (3) of Corollary Bl we see that the shape operator satisfies the
following;:

(4.1) AL = (p—7)§ + Bea, Aey =vex + BE, Aes = pes.
Let © be an open set where 8 # 0. We work in Q. Using (1)) and ([@.1l), we get
(4.2) Ve, & =ve3, Ve & = —pea, Vel = fBes.

Since (Ve;, ej) = —(Vej, e;) holds, by (2] we have

(4.3) Ve,e2 = K1€3, Veyea = kgeg + pu§, Vees = Kaes,

' Ve,e3 = —k1ea — €, Vezez = —roea, Vees = —rzep —
for some functions k1, ko and k3.

Assume that the mean curvature H = p/3 is constant along each integral curve
of the Reeb vector field &, that is,

(4.4) £u=0.

From (@), (£2), (£3) and the equation ([Z3]) of Codazzi, it follows that
(4.5) eat = 0,

(4.6) e3y = (v — k1 + By + 2p),

(4.7) esf = =72+ Bry — 2y + p? + 2,

(4.8) e =&,

(4.9) ey = =B,

(4.10) Br1+ (0 =)k = 82 +79° — 1,

(4.11) Ko = 0,

(4.12) es(n—) = B(ks — 2 — ).

Taking into account (@II), the equation (22]) of Gauss for (R(es,e3)es,es) and
(R(&, e)es, ea) yields

(4.13) e3k1 = 2y + K3 4 (7 + p)Ks + 4,
(414) flil — €2K3.

Using (£2), (@3), (£4) and ([@3) we have

(4.15) 0= [e2,&]p = (Ver€ — Veea)u = (v — ka)esp.

Thus, we obtain that v = k3 or egu = 0.
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Case (a): ez = 0 on an open subset U C Q. In this case, combining ([£4]) and
(£X) implies that p is constant, that is, the mean curvature is constant on U. Hence,
by virtue of [7, Theorem 1.2], we conclude that U is minimal ruled.

Case (b): 7 = k3 on an open subset V' C Q. In this case, since V,,& — Veea =0
holds, the distribution D spanned by & and ey is integrable. Eliminating esy from

(6] and ([{LI12), we obtain

(4.16) esp = (v — p)k1 + Bv.
Equations (@10 and (£I3)) become

(4.17) Br1 =B +29" —py — 1,
(4.18) esk1 = ke + 2+ 3y + 4,
respectively. From (£9]) and (£14]), it follows that
(4.19) Ry = —E£B.
Elimination of k; from ([@1) and [@I7) leads to

(4.20) esf =B +~4% = 3yu+pu® + 1.

Using (42), (£3), (@9), (£8), [@I1), (£19) and (£20]), we have the following:
e3(€B) = (V€ — Vees) B+ &(e3)
= (v — )€y + B(EB) +E(B° +9% = 3y + 2 + 1)
(4.21) =3B(£B) + B3y — 4p)¢,

e3(§7) = (Ves€ — Vees)y +&(es)
= (n=7)EB + B(E7) + £y — wm + By + 2))]
(4.22) = (4 = 7B + (28 + K1)87.
Differentiating (AI7) with respect to &, and using ([£4]) and (£19]), we obtain
(4.23) (k1 = 3B)EB + (n — 47)éy = 0.

Moreover, differentiating ([4.23]) with respect to es, we have
(4.24) (esr1 —3e3B)E + (k1 — 3P)es(EP) + (esp — dezy)Ey + (n — 4v)es(§y) = 0.
Substitution of (4.0, (£10), (£18), (£20), (£21) and [@22) into [@24]) gives
(4.25) (K7 — 128 + 29 + p® — Bpy + 3Ky + 1)EB + (681 — 208y — dyk1)éy = 0.
Equations ([£.23) and ([£25) could be rewritten as
(420 (e ) (&) = (6):
where the components of the square matrix are given by

ap = K1 — 3B,

a2 = p— 4y,

ag1 = K3 — 1282 + 29 + p® — Sy + 38k + 1,

agz = 66u — 208y — dyk1.

We divide Case (b) into two subcases.
Case (b.1): ajjas2 — asjaiz # 0 on an open neighborhood V; of a point p € V.
In this case, by ([@26]), we have {8 = £y = 0. It follows from (X)) and (L9) that
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eafl = egy = 0. This, together with ([@4]) and (£3]), implies that all the components
of the shape operator A are constant along the D-leaves. Moreover, equations (4.0]),
(7)) and (£I12) imply that B4) with a+~ = p, where d/ds stands for the derivative
with respect to es. Note that the existence of such a hypersurface is guaranteed by
Example Bl

Case (b.2): aj1a22 — asja;2 = 0 on an open neighborhood V5 of a point p € V.
In this case, eliminating 1 from this condition and ({ZI7) yields

(4.27) p1(y, ww? + p2(y, ww + p3(v, 1) =0,

where w = /32, and p; are polynomials given by

p1 = 167 —4p,
p2 = 167° — 247y + 8yp® — i — 2y,
ps = —pu(2y* —yp — 1),

Differentiating (£.27]) with respect to es, and using ([@.6), (ALI6]) and ([@20]), we obtain

k1(128* — 128% 0 + 24B8°7° — 56877 1 + 378%yu® — 28%y
—56%u% + 267 — 40° — dy p + 1777 + 49
— 119208 + 2yp* — 6yp® — y + 2° + )

(4.28) + 7635 4 163° 1 + 1208343 — 1928%~% 1 + 378312
+ 6233y — 28313 — 20831 + 2887° — 1526~
+ 169537 1?4 3637 — 7687° 1 — 4865 i + 188y*
+42Byp® — By — 2Bp° — 108° — 48y

Eliminating x1 from (£28]) and ([@I7), we get
(4.29) a1(y, )e” + a2y, w? + a3(v, )w + qa(y, 1) = 0,

where w = /32, and ¢; are polynomials given by

q =88y + 4y,
g2 =168~ — 284~% 1 + 86yu? + 48y — Tud — 64,
q3 =727 — 2929 1 + 31632 + 1273 — 1344213

+ 1492+ 25yt — 3yp® — 20° — 3p® — 5y,

qa =(p =727 == 1)*(20% + 5y — 2% — 1),

The resultant Ry (7, p) of the left-hand sides of ([A27]) and ([@29]) with respect to w
is found to be the following polynomial:

7

Ri(v, p) = 32(dy — p) (29 — yp — 1)° (153678 + Zgi(u)vi),
=0



where g; are polynomials given by

go = 3u® — 8u° + 64",

g1 = —T8u" +60u° + 523,

go = 72008 + 204p* + 16042,

g3 = —3040p° — 10163 + 1124,
g4 = 6752 + 5761% + 32,

g5 = —91521% — 608,

g6 = 82562 — 192,

g7 = —4480u.

Case (b.2.i): 4y — pu = 0 on an open subset V51 C V5. Differentiating this
condition with respect to es, and using ([£0]), (£I6]) and (£I7)), we obtain

67> — 9720 +3(u? + 262 — 1)y + (682 +3)u = 0.
Eliminating v from this equation and 4y — u = 0 yields
w(9pu® + 20832 + 72) = 0,

which shows that 4 =y = 0 and hence V5; is minimal ruled.
Case (b.2.ii): 292 —yu —1 = 0 on an open subset Vas C Va. Differentiating this

condition with respect to es, and using ([A.0)), (£16]) and [@IT), we get
67" — 1191+ (6p* + 667 — 3)y° + (4 + 387 — p°)y — p* — B = 0.
Eliminating + from this equation and 2y? — yu — 1 = 0, we have
B2 (2pt + 154% — 9) =0,

which implies that p is a non-zero constant because of 8 # 0. However, this contra-
dicts [7, Theorem 1.2]. Therefore, V55 is an empty set.

Case (b.2.iii): f(y,p) = 153678+ZZ:0 gi(1)y* = 0 on an open subset Vag C Vs.
We differentiate this condition with respect to es, and use (£6), ([AI6]) and (AIT).
Then, putting w = 52, we obtain
w(7808~% — 6464~ ;1 — 185675 1% — 176075 + 19744~° 1i® — 2160~° 1
— 24576~ it — 284071 1 + 2409 + 16304~ 1° + 444~ 1% + 664~
+ 44443 1 + 66473 1 — 5826728 — 122442t + 484~4% 12 + 9397
+ 66715 + 158y — 518 + 54u° 4 14u)

+ 78087 — 26560~° 1 4 48256~5 1% — 5664~° — 59296~ 113

+ 1208077 11 + 50976~° u* — 1725675 1% + 112075 — 31888~°1°
+ 18356~ 1% + 3607° 11 + 13998+ 115 — 11596~ 11t — 960~ 12
— 120~v* — 37957 17 4 6138+ 1® + 4343 13 — 208+

+ 5287218 — 2511~2u® — 1346~2 p* + 9072 1 — 27y

+ 480" + 386yu® + 200y1% — 2718 + 648 + 38u* = 0.

(4.30)
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Computing the resultant of the left hand sides of (£27]) and (@30 with respect to

w, we obtain
18

(29 =y —1) Y hi(p)y' =0,
=0
where h;(u) are polynomials given by

ho =1377p1" — 452717 + 12841° + 472813
+ 1468t — 49087,

hi = — 660608 + 143388 + 455041 — 7437612
— 901760 — 2451248,

he =1397709u'" — 18236071'° — 1459380112 — 146496
+ 2895967 + 1198287,

hy = — 173087460 + 11826810 + 14566216, + 6035952440
+ 2043336° + 7638165,

hy =1407247081*° — 40031364, — 73716152t — 29812064,°
— 63057281 + 5110244°,

hs = — 801068376 + 5660649612 + 232622128110 + 618039364°
— 373203215 — 1748096,

he =33366810241"% + 314324481 — 555418672° — 7877905647
+ 7995776° — 24760964°,

hy = — 1052944588812 — 118321664110 + 108945731248 + 687638081
+ 4847488t — 430976142,

hs =25909096832 ' — 5417592321 — 165297862447 + 61590404°
+ 1464115243 + 6259204,

hg = — 5085610572810 + 31605852165 + 18529038085 — 128791552,
+ 1259520012 + 230400,

h1o =80930532864° — 819938816017 — 1406354176 + 711247364
— 3322880y,

hi1 = — 1054511626248 + 140295526408 + 551636480u* — 6040320042
— 3379200,

hia =1129051668481" — 175200747524° + 3176908801 — 40262656,

hiz = — 98991538176, + 16388972544,* — 53711052842 + 27381760,

his =70233264128;° — 114639872004 + 4412620804,

his = — 39343300608 4 567983308812 — 109936640,

hig =16633511936,° — 1843052544,

hi7 = — 483167436812 + 243859456,

hig =T675576324.
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Since Case (b.2.ii) does not occur, we have Z}io hi(p)y* = 0. The resultant Ro(u)
of f(vy,p) and zilio hi(1)y* with respect to v is given by

Ry () = p*k(p),

where k() is a polynomial in p with constant coefficients of degree 116. Since the
explicit form of k(u) is not important for the argument, we do not list it. Thus, we
deduce that u is constant, that is, the mean curvature is constant. According to [7}
Theorem 1.2], we conclude that Va3 is minimal ruled.

Consequently, M is locally obtained by the construction described in Example
Il The proof is finished.
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