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Abstract. In this paper we continue the study of positive scalar curvature (psc) metrics
on a depth-1 Thom—Mather stratified space My, with singular stratum SM (a closed man-
ifold of positive codimension) and associated link equal to L, a smooth compact manifold.
We briefly call such spaces manifolds with L-fibered singularities. Under suitable spin as-
sumptions we give necessary index-theoretic conditions for the existence of wedge metrics of
positive scalar curvature. Assuming in addition that L is a simply connected homogeneous
space of positive scalar curvature, L = G/H, with the semisimple compact Lie group G
acting transitively on L by isometries, we investigate when these necessary conditions are
also sufficient. Our main result is that our conditions are indeed sufficient for large classes
of examples, even when My and SM are not simply connected. We also investigate the
space of such psc metrics and show that it often splits into many cobordism classes.
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1 Introduction

This paper continues a program begun in [10, 15], and our previous paper [14] (hereafter called
Part I), to understand obstructions to positive scalar curvature on manifolds with fibered sin-
gularities, for metrics that are well adapted to the singularity structure.

As in [14], the stratified spaces (or singular manifolds) My that we study are Thom—Mather
pseudomanifolds of depth one, where we take the two strata to be spin. Topologically, Ms; is
homeomorphic to a quotient space of a compact smooth manifold M with boundary OM.
The manifold M is called the resolution of My, and the quotient map M — My is the identity
on the interior M of M , and on OM, collapses the fibers of a fiber bundle ¢: OM — BM, with
fibers all diffeomorphic to a fixed manifold L, called the link of the singularity, and with base 5M
sometimes called the Bockstein of M (by analogy with other cases in topology). While we do
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treat the general case for some of our results, we shall eventually adopt the main geometric
assumptions from [14], namely that the bundle ¢ comes from a principal G-bundle p: P — M,
for some connected semisimple compact Lie group G that acts transitively on L by isometries
for some fixed metric gy, and thus OM = P x¢ L. The transitivity of the action of G on L
means that L = G/H is a homogeneous space which comes with a metric g;, with constant pos-
itive scalar curvature, which we normalize to be the same as that of a sphere of the dimension
¢ =dimL.

Given a Lie group G and a link L = G/H as above, we say that a fiber bundle £ — B with
a fiber L is a geometric (L, G)-bundle if its structure group is G, where G acts on L by isometries
of the metric gy

An adapted metric g on My, will be defined by the following data: a Riemannian metric gys
on M, which is a product metric dt? + ggps in a small collar neighborhood M x [0,¢) of the
boundary dM, a connection V* on the principal G-bundle p, and a Riemannian metric ggas
on BM. We require the metrics gr, gam and ggy to be compatible in the sense that the
bundle projection ¢: (OM, garr) = (BM, gsar) is a Riemannian submersion with fibers (L, gr,).
Furthermore, since the structure group G of the bundle ¢: OM — BM acts by isometries of
the metric gr, we can make the special metric g7, on the fibers orthogonal to the metric ggas
lifted up to the horizontal spaces for the connection VP. Then My is the result of gluing
together the Riemannian manifold M and a tubular neighborhood IV of SM along their common
boundary OM. The complement of M in N will look like a fiber bundle over M whose fibers
are open cones (0, R) x L, where R is the radius of the cones. We require these fibers to be
actual metric cones with the metric dr? + r2gy, (which is actually a warped product metric on
the product of L with the interval (0, R)), transitioning smoothly near r = R to a product
metric dr? + Cgy, for a suitable positive constant C. In this paper, we allow for M and SM to
have non-trivial fundamental groups; the simply-connected case was considered in Part I [14].
Throughout this paper we assume that the link L = G/H is a simply connected homogeneous
space, where (G is a compact semisimple Lie group acting on L by isometries of the metric gz,
and where

scaly, = scalge = £(¢ —1). (1.1)

This normalization makes the cone on L scalar-flat with respect to the metric dr? 4+ r2g7. This
will be important for our eventual existence results since this will guarantee that if ggys has
positive scalar curvature, then we can make the scalar curvature uniformly positive on the
tubular neighborhood of M. In this setting, it is easy to see (since L is simply connected) that
m1(OM) = m(SM), and then Van Kampen implies that 71 (Myx) = w1 (M).

Theorem 1.1 (obstruction theorem). Let My be an n-dimensional compact pseudomanifold
with resolution M, a spin manifold with boundary OM . Assume the following:

(1) M is a spin manifold with boundary OM fibered over a connected spin manifold SM,
(2) the fiber bundle ¢: OM — SM is a geometric (L, G)-bundle.

LetT' = m (M), T'g = m(BM). Assume g is an adapted Riemannian metric on My, and let gy be
the restriction of g to M. Then there are two “alpha invariants”, generalized indices of Clifford
algebra-linear Dirac operators,

agyl(M, gMm) € KOn( :,R(F)) and arﬁ(ﬁM) e KO, (C:,R(FB))-

The indices agyl(M, gn) and o8 (BM) do not depend on a choice of adapted metric g, and they
both vanish if there exists an adapted psc metric on Ms;.
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Remark 1.2. In our case we fix the metric g on L and the connection on the bundle
¢: OM — BM coming from a connection V? on the principal bundle p: P — M. (This is
harmless since the space of such connections is contractible.) Then an adapted wedge metric g
on My is determined (up to contractible choices) by a metric ggps (which then determines the
metric ggps) and by an extension g of ggns to M. Thus the space of adapted wedge metrics
on My is contractible, and from the analytic properties of Dirac operators we then obtain that
the cylindrical a-class acy1(M, gar) is independent of g (once the metric ggas has been fixed).
Hereafter, we will omit the metric g from the notation. Notice that there is also a wedge a-class
al,(Ms, g) defined by considering the Dirac operator on the regular part of the pseudomani-
fold My. This is also independent of g for (L, G)-fibered pseudomanifolds. The two classes

Eyl(M ) and « (Mg) are equal if the metric ggas is psc. However, in more general situations,
the wedge a-class ol,(Msy,, g) and the cylindrical a-class aCyI(M gnr) both depend on the choice
of metric g and they are in general different. We shall make all this very precise in the next
section.

Now we are ready for the existence result.

Theorem 1.3 (existence theorem). Let My be an n-dimensional compact pseudomanifold with
resolution M, a spin manifold with boundary OM. Assume the following:

(1) M is a spin manifold with boundary OM fibered over a connected spin manifold SM,
(2) the fiber bundle ¢: OM — SM is a geometric (L, G)-bundle.

LetT' = m (M), I'g = m(BM). Furthermore, assume n > £+ 6, where { = dim L, and that one
of the following condition holds:

(i) either L is the boundary of a spin G-manifold L equipped with a G-invariant psc metric g;,
which is a product near the boundary and satisfies g;|r, = 91,

(1) or the embedding OM — M induces an isomorphism on 71, and moreover, OM = M x L,
where L is an even quaternionic projective space, and QSpm(BF) 18 free as an QP _module.

Then, provided the Gromov-Lawson—Rosenberg conjecture holds for the groups I' and I'g, the
vanishing of the invariants

agi(Ms) € KOy (Cip(T))  and  of#(BM) € KO, (Cyg(Ts))
implies that My, admits an adapted psc metric.

Remark 1.4. We notice that the condition (i) holds when L is a sphere, an odd complex
projective space, or when L = G.

In the last part of this paper, Section 6, we begin to analyze the homotopy type of the
space R (My) of adapted metrics of positive scalar curvature on My, in the case where this
space is non-empty. One of the key results is the following.

Theorem 1.5. Let My, be an (L,G)-fibered spin pseudomanifold, and assume that My, admits
an adapted psc metric. Fix a connection VP on the associated principal G-bundle over M.
Let resy: R (Mys) — RT(BM) be the forgetful map sending a psc metric g on My, interpreted
as a pair (gar, gam ), to the metric gapr on BM. Then resy is surjective onto RT(BM), and it
has a (non-canonical) section. In particular, there is a split injection of the homotopy groups
of RY(BM) into those of RY(Ms).
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We use this result to detect non-trivial homotopy groups of the space R} (Msx). Namely,
we let My, = M U —N(BM), as before. Once we fix a base point, a metric g9 € R}, (My),
it determines corresponding metrics ggnr0 € RT(BM) and garo € R (M)gy,, o (Where ganro is
given by the metric ggaro and gr). Then we have index-difference homomorphisms:

inddiffy,,,  : 7 (RT(BM)) = KOgin—s
and

inddiffy,,, ;7 (RT(M)ggpro) = KOgint1,
where KOy, is the k-th coefficient group for real K-theory (equal to Z for k a multiple of 4
and Z/2 for k = 1,2 mod 8); see Section 6 and [11, 24]. According to Theorem 1.5, we can

choose a splitting
Tq (R;Z(ME)) =Ty (R+ (M)gaM) ©mq (R+(5M)) .

(For ¢ = 1 one might get a semidirect product instead of a direct sum, as there is no obvious
reason why the fundamental group should be abelian.) In particular, we prove the following
result (see Corollary 6.7 for more details):

Theorem 1.6. Let My, be a spin (L, G)-fibered compact pseudomanifold with L a simply con-
nected homogeneous space of a compact semisimple Lie group, and n — £ — 1 > 5, where
dimM = n, dimL = £. Assume that My, admits an adapted psc metric. Then the compo-
sition

g (R (My)) == g (R*(M)g,,,) & g (R (BM))

inddiff @inddiff

KOq+n+1 S KOquan

18 surjective rationally and onto the 2-torsion.

We address the more general case when My, has non-trivial fundamental group in Corolla-
ries 6.8 and 6.9.

2 K O-obstructions on L-fibered pseudomanifolds

2.1 KO,-classes on L-fibered pseudomanifolds

Let (Myx,g) be a Thom—Mather space of depth one, endowed with an adapted wedge metric g.
We denote as usual by SM the singular locus of My, and by L the link. The resolved manifold,
a manifold with fibered boundary, will be denoted by M.

Remark 2.1. We emphasize that for now the fibration ¢: OM — SM is assumed to be just
a smooth fiber bundle with a fiber L, without any restriction on the structure group of that
fibration. Then we say that (Msy, g) is an L-fibered pseudomanifold, as opposed to an (L, G)-
fibered pseudomanifold, which is the special case when the structure group G of the fibration
¢: OM — M acts on L by isometries of a certain metric g;. However, the relevant ana-
lytical constructions and results concerning the Dirac operators we need are well-studied and
understood even for the general case of L-fibered pseudomanifolds.
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Recall that My, = M Uy (—N(BM)), where N(BM) is the tubular neighborhood of the
singular locus, which is also the total space of a fiber bundle

(L) — N(BM) — BM (2.1)

with fiber equal to the cone over the link L. This also determines a smooth fiber bundle ¢: dM —
BM which is a restriction of the bundle (2.1) to the link L. We denote by T(OM/SM) — M
the corresponding vertical tangent bundle. As in [14, Section 2.3] (to which we refer for further

details) we fix a connection on the fiber bundle L — oM 2 BM. The metric g on My, restricted
to the regular part of N(SM) is assumed to have the following structure:

g=dr® +1°gonr /a0 + ¢ gsn + O(r)

with r denoting the radial variable along the cone and where the isomorphism between the
horizontal bundle H of the chosen connection and ¢*T'(SM) has been used. (In this general
setting we employ the notation gx,p for a metric on the vertical tangent bundle of a smooth
fiber bundle X — B.)

The resolved manifold M inherits two metrics: the restriction of g to M, a Riemannian
metric of product type near the boundary, denoted gp;, and the extension of the metric g
on M= M5 to the wedge metric on the wedge tangent bundle “TM — M. (This was defined
in [4, Section 4] and in [2] under the alternate name incomplete edge tangent bundle; see again
Part I [14, Section 2.3] for a quick introduction to the wedge tangent bundle). We assume that M,
or equivalently M, is given a spin structure. This fixes a spin structure on (OM, ggar) also.
Then we assume that SM is also spin and fix a spin structure for (8M, gsar). This also fixes
a spin structure for the vertical tangent bundle T(OM/BM) — M endowed with the vertical
metric gons/gnm -

Let us recall some basic facts in spin geometry. We refer to [31, Chapter II, Section 7] for
further details. Let C¥,, denote the Clifford algebra, and ¢: Spin,, — Hom(C¥,,, C¥,,) the repre-
sentation given by left multiplication. Then we denote by @, (M) the bundle given by Pypyin xC¥y,
(here Pypiy is the principal Spin(n)-bundle defined by the spin structure). There is a fiberwise
action of C¥,, on @,(M) on the right which makes @,(M) a bundle of rank one C¥,-modules.
The bundle @, (M) inherits a Levi-Civita connection V. Let 3, be the associated C¢,-linear
Atiyah-Singer operator; thus, by definition, 3, = cl o V. The operator %, has the usual local
expression

Dy = Z cl(ej)Ve].

J

with {e;} a local orthonormal frame of vector fields and {e’} the dual basis defined by the
metric. 3, is a Z/2-graded odd formally self-adjoint operator of Dirac type commuting with the
right action of C¥,. For this operator the Schrodinger—Lichnerowicz formula holds:

1
Py = V'V + 5,

with k4 denoting the scalar curvature of g. See again [31, Chapter II, Section 7] and also [42]
for more details on this crucial point.

Notation. Unless absolutely necessary we shall omit the reference to the wedge metric g in the
bundle and the operator, thus denoting the C¥¢,-linear Atiyah—Singer operator simply by

P: O (M, @(M)) — C (M, G(M)).

Moreover, we shall often use the shorter notation @ instead of @(M ).
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As in Part I, we can regard 3 as a wedge differential operator of first order on L?(M, &),
initially with domain equal to CZ°(Msy®, &) C L?(M, @) (more on this below). We are looking
for self-adjoint C¥,-linear extensions of this differential operator in L?(M, @).

We are assuming that OM is a fiber bundle of spin manifolds, L — dM % BM, and we
fix a connection on this bundle so as to have a well-defined notion of horizontal and vertical
subspaces. Consequently

S(OM) ~ &(OM/BM)@e*&(BM),

where @ denotes the graded tensor product. Extending work of Bismut and Cheeger on fib-
rations of spin manifolds, see [9, Section 4], Albin and Gell-Redman made a careful study of
the Levi-Civita connection near the singular stratum of a depth-one spin pseudomanifold — see
Sections 2.2 and 3.1 in [2]; this study implies the following structure of 3 near the singular
stratum:

¢ 1 . N~
D = cl(dr)d, + cl(dr)E + ;%M/ﬁM ©Id+1d @ Pg), + B (2.2)
with £ = dim L, Byps/55s the vertical family of Atiyah-Singer operators on the fibration
L — M % BM,

’)i)ﬁ s an explicit horizontal operator, and 8 a bundle endomorphism which is O(r). Formula (2.2)
can be rewritten as

¢ . -
P=r! (Cl(dr)rﬁr + cl(dr)§ + Ponr/pm®Ld + rld@Pg,, + r€B>

and exhibits 3 as a wedge differential operator of order 1: B = r~ '8¢, with 3° an edge differential
operator. See Part I and of course [2] for an introduction to edge and wedge operators. With
a small abuse of notation, widely used in family index theory, we denote by 3 the generic
operator of the vertical family %yys/g1s and by specy2(%y) its spectrum.

The following result has been discussed in Part I:

Theorem 2.2. Assume that
specr2(Pr) N (—-1/2,1/2) = o for each fiber L. (2.3)
Then the following holds:
(i) The operator B with domain C° (Mg ®, @) C L*(M,@) is essentially self-adjoint.

(7i) Its unique self-adjoint extension, still denoted by 3, defines a Cl,-linear Fredholm operator
and thus a class a,(My, g) in KOy, with n = dim Mx,.

As explained in Part I, (i) and (i7) are direct consequences of the analysis developed in [2]
(which builds in turn on the slightly more complicated case of the signature operator on Witt
spaces, see [4]). The main step is the construction of a Cl,-linear parametrix for an opera-
tor 3 satisfying (2.3); this is based crucially on the construction of a parametrix for the edge
operator 3¢ associated to 8, using Mazzeo’s edge pseudodifferential calculus [35].

The following result also follows directly from [2] and from the Schrédinger—Lichnerowicz
formula, which is valid for 3:

Theorem 2.3. If the tubular neighborhood of the singular stratum (N(,BM), g\N(ﬂM)) has non-
negative scalar curvature, then (2.3) holds. See [2, Theorem 1.3].

If (Mgeg, g) has psc everywhere then (2.3) holds (this is clear from above, given that (N(BM),
g]N(ﬁM)) has psc) and the unique self-adjoint extension 3 is L?-invertible; in particular

ayw(Ms,9) =0 in KO,.
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Definition 2.4. We shall say that the stratified spin pseudomanifold (Msy, g) is geometric- Witt
if the metric g is such that specy2(%r) N (—1/2,1/2) = @ for each fiber L.

This notion is taken from [2], where it is applied to any generalized wedge Dirac operator.

If (Ms, g) does not satisfy (2.3) but is such that the vertical metric ggar/gar is of psc along
the fibers, then we can still define a wedge-alpha class a,(Mx,g9) € KO,. Indeed, by the
Schrédinger—Lichnerowicz formula applied to the vertical family we know that there exists € > 0
such that

specr2(Pr) N (—€,6) = for each fiber L. (2.4)

From (2.4) we can achieve condition (2.3) above by rescaling the vertical metric ggar/gar- (This
requires some adjustments in order to glue the rescaled metric around the singular locus SM
to the original metric on the complement of N(SM), along the lines of [16, Appendix 6].)
We obtain in this way a wedge-alpha class for 3 by considering the wedge-alpha class of the
operator associated to the rescaled metric.

There is a different (and in fact preferable) realization of this class that makes use of a natural
self-adjoint domain defined for any wedge Dirac operator with invertible vertical family along the
fibers of the boundary fibration. This is the so called vertical APS domain, see [1, Definition 2.3].
By applying the definition to our case we thus obtain a closed self-adjoint extension of 3, deno-
ted Dyaps(®). Following [1] one proves that on this domain 3 admits a parametrix, that is,
an inverse modulo compacts, which can be used in order to see that (%, Dyaps(®)) is a Cly,-
linear Fredholm operator on its domain endowed with the graph norm. We obtain in this way
a class oy, (My, g) € KO,; one can prove that the class defined through the vertical APS domain
and the class defined by the operator associated to the rescaled metric are in fact equal. See [1,
Remark 4.10] for a sketch of the argument.

Definition 2.5. We shall say that the stratified spin pseudomanifold (Msy, g) is psc- Witt if the
metric g is of psc along the links, i.e., if the vertical metric gypr g induces on each fiber L
a metric of psc.

Given a psc- Witt stratified spin pseudomanifold (My,g) we define its wedge alpha class
in KO,, by considering the C/,-linear Fredholm operator (’)7), DVAPS(@)).

Remark 2.6. In this article, which concentrates on (L, G)-pseudomanifolds, with L = G/H
a simply connected homogeneous space and G a compact semisimple Lie group acting on L
by isometries, we do not need to consider the vertical APS domain Dyaps(®) or, equivalently,
the rescaled metric. Indeed, the proof of [2, Theorem 1.3] shows that (2.3) is automatic when
scal;, = scalge = /(¢ — 1), which is the normalization we have adopted, see (1.1). Put it
differently, for the purposes of this article we can and we shall exclusively treat the geometric-
Witt case.

Theorem 2.7. Let (Ms,g) be a geometric-Witt spin pseudomanifold. Then there is a well-
defined fundamental class [3,] € KO, (Msy).

Proof. Following [19, Section 11], [40, Section 7.1] consider A, the algebra of smooth functions
on M that are constant along the fibers of M 2> SM; there is a dense inclusion A < C(Xy).
Once a parametrix for 8 is constructed, one obtains the existence of the fundamental class
in KO,(Ms) by proceeding exactly as for the signature operator on Witt spaces — see [4,
Section 6.2], but taking A as a dense subalgebra of C(My) instead of the subalgebra of Lipschitz
functions employed in [4, Section 6.2]. The details are very similar and thus we omit them. W

Remark 2.8. As usual, we have a,(M,g) = m[%,], with 7m the mapping of the compact
pseudomanifold My to a point.
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Remark 2.9. We remark that the wedge a-class and the fundamental class [$,] are unchanged
if g(t), t € [0,1], is a 1-parameter family of adapted wedge metrics that are geometric-Witt for
any t € [0,1]. This is in fact a special case of Theorem 2.17 below.

Remark 2.10. Theorem 2.7, Remarks 2.8 and 2.9 also hold when (My, g) is psc-Witt, with the
condition in Remark 2.9 being that g(¢) is psc-Witt for each t € [0,1]. As we shall not use this
case, we do not discuss the details.

2.2 C*-algebras and KO classes associated to 33

In this second part of our work we would like to bring in the fundamental group of the pseu-
domanifold My. In fact, we will begin, more generally, with Galois I'-covering spaces since this
approach is more general and simplifies the techniques.

Let I" be a discrete group. A I'-cover of My, will be denoted by Mg I My,. We shall keep the
notation ]\72 — My for the universal cover of Myx. We notice that the I'-cover Mg has a natural
structure of depth-1 pseudomanifold, with strata equal to the inverse image of the strata of My
through the projection map 7. See [40] and [39] for more on this background material. Hence,
the singular stratum SM" of Mgl is a I'-cover of S M,

I - 8M" = M

with a link diffeomorphic again to L; similarly, the regular part (Mg )reg of Mg is a I'-cover of the
regular part Mgeg of Ms.. Even if our Galois cover is the universal cover of Ms;, then SMT need
not be, in general, the universal covering B]\v4 of M. A similar remark applies to the two regular
parts.

Finally, if M" is the resolution of Mg then it is easy to see that MT' is in a natural way
a Galois covering of M. The interior of M is clearly a Galois I'-cover of the interior of M. If

L— oM M

is the boundary fibration of M and L — dMY 5 SMY is the boundary fibration of M and
if 7 denotes the quotient map induced by the action of I', then there is a commutative diagram

oMY =~ oM

b ]
BMY "= BM

with OMT 5 OM inducing a diffeomorphism between the fiber of pr over € SM' and the
fiber of p over 7(z). In the sequel we shall always endow Mg, or rather its regular part, with
the lift of an adapted wedge metric on M; this metric extends as a I'-equivariant wedge metric
on all of the resolution M'; we denote this I'-invariant metric by gr. Let us assume once again
that M and BM are spin; then also M' and SMT will be spin. Consequently, My, ® and (M%)"®
are spin.

Let Br be the associated T'-equivariant Cl,,-linear Atiyah—Singer operator. Notice that since
the link of Mg is again L the analysis to be developed for understanding the properties of $r is
obtained by combining the usual analysis of I'-equivariant operators on I'-covers of smooth com-
pact manifolds and the wedge analysis on compact stratified spaces. This principle is explained
in detail in [39].

! As we have denoted the singular locus of Ms by BM, we denote the singular locus of ML by sM?T.
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For the next theorem, however, we shall rather use the Mishchenko-Fomenko operator asso-
ciated to @. Define the Mishchenko bundle V := ML xp C*3(T), a bundle of finitely gene-
rated projective Cp(I')-modules of rank 1 over the whole Ms,. By definition Dur is equal
to @ twisted by V restricted to the regular part of Msx.. We shall also refer to this operator
as the Atiyah—Singer—Mishchenko operator and if necessary we shall denote it more precisely
by $wr,g. We shall also consider the associated edge-operator, 5, obtained by twisting 3*
by the Mishchenko bundle V.

Theorem 2.11. Let M and BM be spin and let g be a wedge adapted metric. Consider a Galois
I'-cover Mg of Mx, and endow the regular part with the associated I'-equivariant metric gr as
above. Let us assume that (Msx, g) is geometric- Witt. Consider the Atiyah—Singer—Mishchenko
operator @MF,Q. Then there is a unique self-adjoint extension of @Mpvg, with domain denoted
D(Pwur,g) such that the following hold:

(1) the pair (Pur,g, D(Prir,g)) defines an unbounded Kasparov (R, Crrl'®Cly,)-bimodule and
thus an index class Ind,, (@Mp,g, Mg) e KKO, (R, C:7RF),' as usual we identify the group
KKO, (]R, C;:RF) with the isomorphic group KO, (C’:’RF),

(2) if g has psc everywhere then Ind,, (@MF,g, Mg) =0 in KO, (C:,RF),

(3) if ass: KO,(BI') = KO, (C’:RF) is the assembly map and if f: My, — BT is the classi-
fying map of the I'-cover, then

ass(f+[By]) = Indy (Purg, M3 in KOn(Cygl).

Sketch of the proof. The proof is an easy adaptation of the corresponding result for the
signature operator on Witt spaces, see [4, Proposition 6.4, Theorem 6.6], and for this reason we
shall be brief. The operator @y acts on the sections of @ ® V. Since the Mishchenko bundle
on the tubular neighborhood of the singular locus SM is the pull-back of a bundle on SM,
we see that the analysis to be developed in order to understand Py is no more difficult than
the one already developed for 3. More precisely, following the proof of [4, Proposition 6.4],
we see that Ny(%r), the normal operator of & at ¢ € M is equal, up to conjugation
by a bundle isomorphism, to Ng¢(%) ® Idc+,r and so its invertibility properties, that are crucial
in the analysis developed in [2], are a consequence of those already established for Ny(9).
The proof now proceeds parallel to the one given in [4, Section 6.3] for the signature operator
on Witt spaces. Notice that in (2) we use again the fact that a metric which is psc everywhere
is psc in (N(BM), g|N(6M)) and thus geometric-Witt. |

Notation. We shall briefly denote the index class Ind,, (@MF,ga Mg ) as

ol (Ms, g) € KO, (Crgl).

r

In case we want to be very precise about the Galois cover Mg involved in the definition of this
class we shall also write

ol (Ms, g, f) € KO, (C:7RF), where f: My — BT and ML = f*ET.

Remark 2.12. Similarly to Remark 2.9, the class ol (Msx,g) € KO, (C’:’RI‘) is unchanged
if g(t), t € [0,1], is a 1-parameter family of adapted wedge metrics that are geometric-Witt for
any t € [0,1]. This is in fact a special case of Theorem 2.17 below.

Remark 2.13. The above results can also be established for psc-Witt pseudomanifold, either by
using the vertical APS domain or by rescaling in the fiber direction on the boundary. We shall
not need this more general case.
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Remark 2.14. The existence of a fundamental class [$] € K.(Ms) and of a class ol (Msy, g) can
be established more generally for spin pseudomanifolds of arbitrary depth, assuming of course
suitable Witt conditions along the links. This is based heavily on the general edge pseudodif-
ferential calculus developed by Albin and Gell-Redman in [1]. Details will appear in [3].

2.3 Cylindrical KO-theory classes and a gluing formula

We decompose
My = M Upy (—N(BM))  and  Mg® = M Uy (—N(BM)™8).

Let g be an adapted wedge metric on My. Denote by gas the Riemannian metric equal to the
restriction of g to M and by gn(gar) the metric equal to the restriction of g to N(BM), the
collar neighborhood of the singular stratum. By assumption,

gn ey = dr® + 2 gonrar + pFgpn + O(r).

Recall that an adapted wedge metric g is such that gy and gn(gas) are of product type in
a collar neighborhood of M. We make the hypothesis that g is geometric-Witt and that the
whole metric ggps is of psc. Now attach an infinite cylinder to M along the boundary OM and
extend the metric to be constant on the cylinder; similarly, attach an infinite cylinder to N (5M)
and extend the metric. Because of the hypothesis that ggps is of psc we have well defined classes

Indey1 (Puir,gags M), Indeytw (PMFgx(sary N(BM)Y)  in KO.(Crigl).

For the existence of the cylindrical class on MT we refer the reader to [18, 33, 47] and referen-
ces therein. The existence of the index class Indgyi (@MF,N (BM )F) follows from the above
theorem and these references.

Notation. We shall briefly denote the above index classes as
agyl(Ma gm) and Oégyl,w (N(ﬁM), gN(BM)) € KO, (C:,]RF)'

Proposition 2.15. Under the same assumptions as above, namely that g is geometric- Witt and
that glanr is of psc, the following gluing formula holds:

ay,(Ms, 9) = aga(M, gar) + @ty (N(BM), gnsany) - in KOL(Crgl).
Consequently, if (N(BM),gN(BM)) if of psc then
ol (Mg,g) = agyl(MF,gM) in KO,(Crgl). (2.5)

Proof. The existence of these classes has been discussed above. The gluing formula has been
discussed for the signature operator on Witt and Cheeger spaces by Albin—Piazza [5], based on
a well known technique due to Bunke — see [18]; the same arguments, with minor modifications,
apply here. |

2.4 Spin bordism of geometric-Witt pseudomanifolds

It is well-known that in the smooth context the Fredholm index of the spin-Dirac operator
and the index class of the spin-Dirac operator twisted by the Mishchenko bundle define group
homomorphisms

ind: QP" 7, Indp: QPY(BI) — K,.(C'T), (2.6)
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where for the numeric index we limit ourselves to n = 4k. More generally, the « invariant of the
Atiyah—Singer operator 3 defines a group homomorphism

a: QPN KO,

while the ol -invariant of the Atiyah-Singer-Mishchenko operator @y defines a group homo-
morphism

r

o' OPM(BL) — KO, (Cjgl).

The results for the spin-Dirac operator, see (2.6), is well known and treated in several references.
See for example the detailed treatment in [7] and its extension to the C)T-index class in [32].
For the passage to the Atiyah—Singer operator, see [31, Chapter IV, Section 4, equation (4.3)]
and [42] or, for a purely analytic argument, the appendix to this paper, Section A.

Definition 2.16. Let (My,g) and (Ms,, ¢') be two spin-stratified pseudomanifolds of dimen-
sion n and let us assume that they are both geometric-Witt. Let (Wyx,g) be a spin-stratified
pseudomanifold of dimension (n + 1) with collared boundary and adapted wedge metric, also
of product-type near the boundary, such that 0Ws, = My U (—M3;) and glawy, = gUg’. We shall
say that (Ws, g) provides a geometric-Witt bordism between (Msy;, g) and (Mg, ¢’) if the adapted
wedge metric g is globally psc-Witt.

If T is a discrete group as above and f: My, — BI' and f': M{, — BT are classifying maps,
then we shall say that (Msy, g, f) is geometric-Witt bordant to (Mg, ¢', f) if there exists (Wy, g)
as above and a continuous map F: Wy — BT restricting to f and f’ on the boundary. We use
the notation (Wx, g, F): (Mx, g, f) ~ (M5, ¢, f') for such a geometric-Witt bordism. Notice
that f, f" and F define in a natural way Galois coverings Mg , (M’E)F, Wg and thus Mishchenko
bundles on My, M{, and Wx. We denote briefly by @vr and 3} the corresponding Atiyah—
Singer—Mishchenko operators on My, and M.

Theorem 2.17. If there exists a geometric- Witt bordism (Ws, g): (Ms, g) ~ (M%,,4'), then
w(Ms, g) = (M, ¢') in KO.

If there exists a geometric-Witt bordism (Wx, g, F): (Msx, g, f) ~ (M, ¢, f'), then
ay(Ms, g, f) = ay(M, g, f))  in KO, (Cgl),

where we recall that the above classes are defined in terms of M& = f*ET and (M) = (f/)*ET.

Sketch of proof. Once an analytic proof of the spin-bordism invariance is given in the smooth
closed case, the argument for geometric-Witt pseudomanifolds is the same. For this reason, we
just give a sketch of the argument. Indeed, by general principles, the proof is reduced to a collar
neighborhood of the boundary where the two directions, the one of the boundary and the one
normal to the boundary, are completely decoupled. Now, for smooth spin manifolds we have
provided a purely analytic proof of the spin-bordism invariance of the a-class and of the o' -class
in the appendix;? it is very easy to extend this proof to the geometric-Witt case, exactly as it is
done for the signature operator on Witt pseudomanifolds in order to establish the Witt-bordism
invariance of the signature index and of the C'T' signature-index class. See the proof of [4,
Theorem 7.1]. [

Remark 2.18. One can extend Definition 2.16 to the psc-Witt case and the analogue of Theo-
rem 2.17 holds.

2This is well known to the experts, but we could not pin down a quotable reference.
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3 KO-obstructions on (L, G)-fibered pseudomanifolds

In this section we shall finally meet the obstructions to the existence of a wedge metric of psc on
an (L, G)-fibered pseudomanifold. We treat first the general case of L-fibered pseudomanifolds
and then specialize to the case of (L, G)-fibered pseudomanifolds; the latter are the pseudoman-
ifolds for which we shall prove an existence theorem.

3.1 KO-obstructions for general L-fibered pseudomanifolds

Let I' be a finitely generated discrete group, and assume that Mg is a I'-cover of an L-fibered
pseudomanifold My, = M Ugy (—=N(BM)). If My, admits an adapted wedge metric of psc then
we know that My is geometric-Witt and ol (Ms,g) = 0 in KO.(Cyg(T)). See Theorems 2.3
and 2.11(2). Since (N(BM),gnsm)) is of psc we also have that ay,(Ms,g) = aEyI(M, guM)
in KO, (C’:’RF). See Proposition 2.15, and in particular (2.5).

Summarizing, if ¢ is an adapted wedge metric of psc on an L-fibered pseudomanifold of dimen-
sion n, then the following necessary condition is fulfilled:

ag(Mg,g) = acryl(M, gum) =0 in KOn( :,R(F))'

Consider now the singular locus of Mg , denoted SM". We already observed that the cove-
ring map Mg — My induces a I'-cover SM" — BM. Consider the Atiyah-Singer operator
on (M, ganr) and let us denote it by @gﬁ v - We also have an Atiyah—Singer-Mishchenko operator
ZD&F P obtained by twisting @gﬁM with the Mishchenko bundle associated to the I'-cover

I' - M"Y — BM. We can consider Ind(@f/[F,gﬁM,ﬁMr) in KOn_g_l(ij’R(F)) that we denote,

as usual, by o' (BM, gsm)- Since SM is a closed smooth spin manifold we can in fact adopt the
notation o' (M) € KO, _y_1 (C:R(F)), given that this class does not depend on the particular
choice of the metric ggps. See [42]. Unless further assumptions are made on the fibration
L — OM — BM we cannot infer that also o (M) = 0in KO,,_¢_; (C;‘,R(F)), where £ = dim L.

In the next section, on the other hand, we shall specialize this discussion to the case of (L, G)-
fibered pseudomanifolds and get consequently more precise information.

3.2 KO-classes on (L, G)-fibered pseudomanifolds

We follow the notation of the previous section but we now assume that My is an (L, G)-fibered
pseudomanifold endowed with an adapted wedge metric g. We know that (My, g) is geometric-
Witt — see Remark 2.6. By Theorem 2.11 there exists a well defined wedge-alpha class ol (Msy, g)
in KO, (C}g(T)). Moreover, from Theorem 3.5 of Part 1 (item (1)) we know that glaas is of

psc and so we also have a cylindrical class aEyI(M ,gMm) € KO, (C;f R(F)). As already remarked
in the Introduction, the space of adapted wedge metrics on an (L, G)-fibered pseudomanifold is

contractible. Thus ol (Mys,g) € KO, (C’:,R(I‘)) does not depend on the choice of the adapted

wedge metric g. See Remark 2.12. Similarly, the cylindrical « class agyl(M , gu) does not depend

on the choice of g; indeed, if g and ¢’ are two adapted wedge metrics joined by a l-parameter
family of adapted wedge metric, then gps and g}, are joined by a path of metrics that are
uniformly of psc on the boundary OM. The result then follows from well-known properties of
index classes on manifolds with cylindrical ends. See for example [26] or [34]. Thus we can
adopt the notation

ab(Ms) and ol (M)

for the two classes.
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Finally, we remark that under the assumption that (8M, gsn) is of psc, the equality
a’LFU(ME’g) = O[Eyl(Mng)

holds generally; indeed, in this case the wedge metric g restricted to N(SM) has psc — see again
Theorem 3.5 of Part I (item (2)) — and thus the result follows from Proposition 2.15.

Assume now that our (L,G)-fibered pseudomanifolds is endowed with an adapted wedge
metric of psc. We then certainly have that

ay(Ms, 9) = aga(M,gy) =0 in KOn(Cp(I))

since this is true even in the general L-fibered case. However, in this particular case, because of
Theorem 3.5 of Part I (item (3)), we have additionally that

o (BM)=0€ KOp_y—1(Cigr(I).

This discussion proves the obstruction theorem, Theorem 1.1 in the introduction.
Our task in the next two sections will be to show that under suitable additional assumptions
these necessary conditions for the existence of an adapted wedge metric of psc are also sufficient.

Recall now that for these special pseudomanifolds we have defined a bordism theory
Qipm’(L’G)_fb(—); see Part I, Section 4. We end this section by observing that in this special
case of (L,G)-fibered pseudomanifolds we can frame the alpha classes of this section in the

following elegant way.

Proposition 3.1. Let Qipin’(L’G)_fb(—)

defined homomorphisms:

be the singular spin bordism group. Then we have well-

b : @PMEATBr) o KO, (Crg(T))
by PO By & KO, (Chp(D),
of: QPO (B 5 KO, (Cra(T)). (3.1)

Proof. Let [My, f: My — BT € Qipin’(L’G)_fb(BI‘). We know that (L, G)-fibered pseudoman-
ifolds are geometric-Witt. Fix an adapted wedge metric g on My, and set

a{v([MEa f:Ms — BF]) = O‘{U(MEM(]vf) € KO*( :,]R(F))
By definition, bordant elements in the group Qipin’(L’G)_fb(BF) are in fact geometric-Witt bor-
dant. Thus the first result follows immediately from Theorem 2.17. Regarding the cylindrical
class, exactly the same arguments given for the oy invariant in Part I, apply to agyl , thus
showing that

cyl*

is well defined.

Regarding (3.1): we have a homomorphism Spr: BT') — Q,_,—1(BT), associ-
ating to [Msy, f: My, — BT the class [BM, f|gar: BM — BT']. The homomorphism (3.1) is
obtained by composing this homomorphism Spr with the well-known alpha homomorphism for
closed spin manifolds. Thus ag [Ms, f: My, — BT is equal to the Cp(I')-index of the Atiyah—
Singer—Mishchenko operator @f/IF 951 obtained by twisting @gﬂ v Wwith the Mishchenko bundle

associated to the I'-cover I' — SM" — SM defined by flgar: BM — BT it is therefore well
defined. |

spin,(L,G)-fb
- (
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3.3 Fundamental groups and K O-obstructions for (L, G)-fibered
pseudomanifolds

We assume now that I' = 71 (My). We also consider m(SM). In this section we want to be
particularly precise about the discrete groups involved in the various Galois coverings.

e In all of this section we assume that My, has an adapted wedge metric g of psc.

Under this assumption we observe that (M, gys) is of psc and we certainly have that

am M) (Mg, g) = 0 = ol M (M gar)  in KOL(Clp(m(Mx))),

where the first class is relative to A /M;, the universal cover of My, and the second class is relative
to M™ (M=) the restriction of My, to the inverse image of M. Also, since BM admits a metric
of psc, we also have, as already remarked,

o™ M=) (BA) =0 in KOp_—1(Crg(m(Ms))),

T

where this class is relative to the w1 (My)-cover of M obtained by taking the restriction of My,
to the inverse image of M (this is in fact the singular locus of My). In addition we also have

r

O/fl(BM)(ﬂM) =0 in KOn_e—1(C*,R(771(5M)))’

where this class is relative to BY\/J , the universal cover of M, w1 (BM) — [/37\/4 — BM, and it is
defined in terms of Pyip (8M), the operator @gﬁ o twisted by the Mishchenko bundle

BM Xy sary Crg(m1(BM)).

We remark that if L is simply connected (for example a sphere, complex or quaternionic pro-
jective space, or complex Grassmannian), then the fibration L — 9M 2, BM gives that
ws: M (OM) — m(BM) is an isomorphism; moreover, the tubular neighborhood N of M
has a deformation retraction down to BM. An easy application of Van Kampen’s theorem then
proves that

1 (Myx) ~ m (M).

Thus in this case there are exactly two fundamental groups to keep track of, m (Myx) = m (M)
and 71 (BM).

We summarize the index obstructions when L is 1-connected and we take into account the
fundamental groups, in the following proposition.

Proposition 3.2. Let My, be a (L, G)-fibered pseudomanifold. Assume that L is 1-connected so
that w1 (Myx) = m(M). Let g be an adapted wedge metric of psc on My,. We endow M with the
metric gy == g|ar. Under the above hypothesis we have the following vanishing results:

am M) (Mg, g) = T M (M,gar) =0 in KO (Ch(mi(Ms))),

™M=V BM) =0 in KOp_g—1(Ch(m1(Ms))),

oM EMY =0 in KO,_—1(Cj,(m(8M))),

where the first two classes are relative to ]\A/[;, the universal cover of My, and to its restriction
to the inverse image of M respectively; the third class is relative to the restriction of My to the
wnverse image of BM , and the fourth class is defined in terms of BM , the universal cover of BM .
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4 Relevant surgery and bordism theorems

4.1 The case of a single fundamental group

We need two simple generalizations of our results from Part I [14, Theorems 4.6 and 4.7].
Given a simply connected link manifold L and a simply connected Lie group G, acting on L,
we consider (L, G)-singular spin pseudomanifolds My, where My, = M Ugps N(SM), and the
manifolds M and M have non-trivial fundamental groups. The first case to analyze is when
the pseudomanifold My, and its strata M and SM have the same fundamental group I'. While
this case is also covered by the more complicated case to be treated below in Section 4.2,
we have separated this case out because the argument is simpler and clearer. In particular,
such an My, determines an element in the bordism group Qipin’(L’G)_fb(BF). In more detail, this
means that there are maps {: My, — BI' and {g: BM — BT such that the following diagram of
isomorphisms is commutative:

£
m1(My) r

A (€8)+
Z* (&lnr)« (4'1)

m(M) <2— (M) —Z= 7 (BM).

Here i: M — My, j: OM — M are canonical embeddings.

Theorem 4.1 (a refined surgery theorem). Assume G is a simply connected Lie group, L is
simply connected and spin, and I' is a discrete group. Let the element x € Qipin’(L’G)_fb(BI’)
be represented by two (L, Q)-singular spin pseudomanifolds : My, — BT and &': M{, — BT’
of dimension n > 6 + £, where My, = M Uy —N(BM), M = M' Uy —N(BM') are given
together with maps {g: BM — BI' and {l’B: BM’' — BT and with structure maps f: SM — BG
and f': BM — BG. Assume the pseudomanifold My, and its strata M and BM have the same
fundamental group T, i.e., (4.1) is a commutative diagram of isomorphisms.

Then there exists an (L, G)-bordism Wx: My, ~ Ms,, Wy, = W Ugw N(BW) over BT, with
a structure map f: BW — BG restricting to the structure maps on BM and BM', such that the
pairs (BW, M) and (W, M) are 2-connected.

Remark 4.2. We emphasize that the maps ¢': My, — BI" and £5: M’ — BT are not assumed
to be isomorphisms on fundamental groups; the only requirement here is that (Mg, ¢, {’B) rep-

resents the same bordism class z € Qipin’(L’G)_fb(BF) as (Ms,€,&g).

Proof. We start with some (L, G)-bordism Wy: My ~ M, over BI'. In particular, we have
maps : Wy, — BT and £3: fW — BT such that |y, = € and &glgum,, = &5-

Remark 4.3. For future use, we recall that Wy = W Uy, N(BW), where W is a manifold
with corners: OW = 9OW UMW, where

oW =mu-M, 90OW)=-0(8WW)=0MuL-0M,

and the (L,G)-fiber bundle MW is given by the map f: SW — BG, where flam = f
and f|gar = f'. Then we denote by

dWs = 0OW Uy N(O(BW)) = My U M.
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By assumption, the maps £ and &g induce isomorphisms of fundamental groups. As already
remarked, the restrictions &| My = ¢ and &g pML = §’5 may not be isomorphisms on 7. However,
the commutativity of the diagrams

T (W) & r T1(BW) @; r
T % and )l A*
(M) m(BM)

(with the vertical arrows induced by the inclusions) implies that the homomorphisms &,:
m (W) — T and (£3).: m1(BW) — T are surjective.

Then the first step is to do surgery on SW to make the pair (8W, BM) 2-connected. We begin
by killing the kernel of 71 (W) — I'. This proceeds as in the proof of [14, Theorem 4.7], the
point being that since this kernel maps trivially to w1 (BT'), the surgery can be done over BI'
without any extra effort. After taking care of the fundamental group, the situation is the same
as in [14, Theorem 4.7]. The process for making the pair (W, M) 2-connected is completely
analogous. |

Once we have established Theorem 4.1, we get a corresponding bordism theorem; see Theo-
rem 4.6 from Part I.

Theorem 4.4 (a refined bordism theorem). Assume G is a simply connected Lie group, L is
stmply connected and spin, and I" is a discrete group. Let the element x € Qipin’(L’G)_fb(BF)
be represented by two (L, Q)-singular spin pseudomanifolds £: My, — BT and &: M3, — BT
of dimension n > 6 + £, where Myx, = M Ugyr —N(BM), M, = M’ Ugpr —N(BM') are given
together with maps {g: BM — BI' and f’ﬁ BM' — BT and with structure maps f: M — BG
and f': BM — BG. Assume the pseudomanifold My, and its strata M and M have the
same fundamental group T', i.e., (4.1) is a commutative diagram of isomorphisms. Furthermore,
assume My, has an adapted psc metric g'.

Then there ezists an (L,G)-bordism Wy : Ms, ~» M{. over BT together with an adapted
psc metric § which is a product metric near the boundary 0Ws, = MsU—M, such that g\M/E =g4.
In particular, Ms, admits an adapted psc metric g.

4.2 The case of two fundamental groups

Next, we would like to address the natural situation when the fundamental groups of M and M
are different. For that, we need to redo some of the bordism theory of [14, Section 4] and fix
two discrete groups I'g and I' and a homomorphism 6: I'3 — I'. This data will be held fixed,
and we consider pseudomanifolds My = M Ugys —N(BM) with (L, G)-fibered singularities®
but now I'g is the fundamental group of SM and OM and I' is the fundamental group of M,
and 0: I'g — I' is the map of groups induced by the inclusion. To describe a bordism group

QP (LG (Bry %o BT, we need maps £: M — BT and £5: BM — BT such that the
following diagram commutes:

0 PB

r
(&a)+
5*] ? T(gﬂ)*

m(M) <Z— 7 (0M) 2= 7 (BM).

3Where as before L and G are simply connected and G acts transitively on L.
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(Here £ = £g o p.) In the case of interest, since L is simply connected, p,: 7 (0M) — w1 (BM),
&:mM — T, and (£g)«: m1(BM) — I'g are all isomorphisms. Notice that in our case, as already
remarked, by Van Kampen’s theorem, the fundamental group of My, is 71 (M) *5, (gar) m1(BM) =
1 (M) =T.

Definition 4.5. Fix a group homomorphism ¢: I's — I'. We define Qflpin’(L’G)_fb (BI‘g LN BF)

to be the bordism group of n-dimensional closed (L, G)-singular spin pseudomanifolds My, where
My, = M Ugpyr —N(BM) is equipped with maps {: M — BT and £g: BM — BI'z such that the
diagram

BT bo BT

¢ s 9]

M ~2— oM —2~ BM

commutes up to homotopy (here {5 = £g o p). A bordism

(WEaga 5,3) (Mzafafﬂ) e (Mé7€/7§£3)7

between such objects is an (L, G)-singular spin pseudomanifold Wy = W Usw N (BW) with the
boundary dWs, = My, U —Mj, given together with maps {: W — BI' and £3: fW — BT’z such
that

fm =¢, =& &slpm = s, Eslamr = 5.

Remark 4.6. Note that, in general, W here is a manifold with corners with oW = 9OW U
oMW, where 8(0)W08(1)W = OMU—OM’ and dVW has an (L, G)-fibration structure over SW,
so that the map &y is just the bundle projection followed by £g.

Remark 4.7. Together with structure maps f: M — BG, f': BM' — BG and f: BW — BG,
we obtain a spin bordism (f x&g: pW — BG x BI‘g) between (f x £g: M — BG x BI'g) and
(f x &: BM’ = BG x BTg).

Remark 4.8. Let My, = M Uy —N(BM) be as above, i.e., mM =T, m0OM = m M =T'g,
and the homomorphism 6: I'3 — I' coincides with the one given by the inclusion OM — M.
Then there is a canonical map u: My — BT such that u|y = &, and U‘N(,BM) is given by the

composition N(SM) proj, BM 5—/B> BTI's % BT. This construction defines a natural forgetful
map

Qepin (LG (pr g B0 pr) -5 epin(1.G)-b (BT
which sends (Ms, €,&p) to (Msx,u) as above.

To generalize the arguments in [14] for proving existence of well-adapted positive scalar
curvature metrics in some cases, we now need an exact sequence into which the bordism group
of Definition 4.5 will fit. In general this is quite complicated, so we only do an easy case as
follows.

Theorem 4.9. Let szin’(L’G)_fb (BFB LN BF) be a bordism group as in Definition 4.5. Assume

that L is a G-equivariant spin boundary, i.e., that there is a spin G-manifold L with OL = L
(as G-manifolds). Then there is an exact sequence of bordism groups

0 — QP (Br) L QPin (LA (pry B9 pry By ospin (BT, x BG) — 0. (4.2)
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Proof. First of all, note that the assumption on L gives the surjectivity of 3. For if the map
BM — BTz x BG represents an element of O°", | (BI'gz x BG) and we form the associated
(L, G)-bundle

L X BT

|

BM —= BT x BG,

then by replacing L by L, we get a spin manifold X of dimension n with boundary X, fibering
over BM with fiber L and fiber bundle projection p. Now we have a commutative diagram

X 2. BMm BIg
T
X - gM — Bry 2% pr.

The result is a spin manifold X with boundary X, representing a class in
i - 0
Qspin (LA (B g 5 BT,

mapping under 3 to the class of SM — BI'g x BG.

The map i: QP"(BT) — QPm (LG (BI'g 4 BT) just comes from thinking of a closed
manifold as a manifold with empty fibered singularities. We need to show this map is injective.
Suppose M 5 Br represents a class in Qflpin(BF). Suppose it bounds as a manifold with (L, G)-
fibered singularities (in the bordism group in the center). Since M and SM are empty, that
means we have an (L, G)-singular spin pseudomanifold with boundary Wy = W Ugy N (W)
with the boundary 0Ws, = M and maps £: W — BT, &: 0OW — BI'g and £s: BW — BI'g
such that |y = & Also, in this case, there are no corners, i.e., X = oMW is disjoint from
W = M. Now we want to modify W to convert it to a manifold with boundary exactly equal
to M. Once again, we use the assumption that L is a spin G-boundary to build an (f, G)-ﬁber
bundle X over SW bounding X, and W Uyuyy, X is our required null-bordism of M. Thus the

class of M % BT was already zero in QP (BT).
Finally, we need to prove exactness in the middle. Suppose given My defining a class in

Qi (LG (g, B2 pr)

with [fM — BI'g x BG] trivial in szinhl(BFﬁ X BG). Choose a spin manifold Y bounding SM,
with a map to BI'g x BG extending the original map on SM. Form the associated (L, G) fiber
bundle X over Y. Now by gluing —X to M along the common boundary M we get a closed
spin n-manifold M; with a map to BI' coming from M. Indeed, this map extends over —X via

the composite X — BI'g 5% Br. Then M represents the same class as My, because
W = (M x [0, 1]) Uanrx {1} X
is a bordism between them in the sense of Definition 4.5. [ |

Theorem 4.10 (surgery theorem, general version). Assume G is a simply connected Lie group,
LY is simply connected and spin, 0: I's — I' is a group homomorphism, and n > 6 + (. Let

T € Qipin’(L’G)_fb(BFg LN BF) be represented by two (L,G)-singular spin pseudomanifolds
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(Ms,§,8p), My = M Ugyy —N(BM), and (Mg, &', &5), My, = M" Ugne —N(BM') given together
with maps

§g: BM — Bl'g, and 523: BM' — BTg,
such that & miM — T and (&g)+«: m1BM — I'g are isomorphisms. Then there exists an (L, G)-
bordism

(Ws,&,8p): (Ms,&,8p) ~ (Ms, £, €5),
as in Definition 4.5 with the additional property that the pairs (W, M) and (W, M) are 2-con-
nected.

Proof. Start with an (L, G)-bordism Wy : My, ~» My, in the sense of Definition 4.5. We have
a commutative diagram

1 (BW)

|

7T1(W)

N

7T1(5M) i> 7['1(M) — I FB:

where the composite m1(8M) — w1 (W) — I'g (along the top triangle) is an isomorphism, and
thus the homomorphism 71 (8W) — I'g is surjective. The first step is to do surgery on SW
to make the pair (SW, M) 2-connected. We begin by killing the kernel of the surjection
m1(BW) — I'g, just as in the proof of Theorem 4.1, so that the inclusion of SM — W induces
an isomorphism on ;. Once this is done, we have an exact sequence

ma(BM) = ma(BW) — ma(BW, BM) 2 w1 (BM) =5 7 (BW).

Then we need to do surgery on certain embedded 2-spheres in SW, generating mo(SW, SM).
These embedded 2-spheres have trivial normal bundle because of the spin assumption, and map
null-homotopically to the classifying space BG (since the Lie group G is simply connected, hence
automatically 2-connected — 7y of any Lie group vanishes — and thus BG is 3-connected). So the
necessary surgery is possible. The process for making the pair (W, M) 2-connected is completely
analogous. |

The following result is a straightforward generalization of known bordism results for psc metrics.
Here Theorem 4.10 provides all the necessary tools.

Theorem 4.11 (bordism theorem, general version). Assume G is a simply connected Lie group,
LY is simply connected and spin, 0: I's — I' is a group homomorphism, and n > 6 + £. Let
T € Qflpin’(L’G)_fb(BFg LN BF) be represented by two (L,G)-singular spin pseudomanifolds
(Ms,§,85), My, = M Uy N(BM), and (M’E,g,f/’@), M, = M' Uy N(BM') given together
with maps

& M — BT, §g: BM — Bl'g and ¢: M — BT, 5/’3 BM' — Bl

such that &: miMs, — T and (§3)«: mBM — T'g are isomorphisms. Furthermore, assume My,
has an adapted psc metric g'. Then there exists an (L, G)-bordism

(Wzaga gﬁ) (MEafvgﬁ) ~ (Mlzvé',?g,,@)’

together with an adapted psc metric g which is a product metric near the boundary 0Wy =
My, U =My, such that g\M/Z = ¢'. In particular, My, admits an adapted psc metric g.

Proof. This proceeds like the proof Theorem 4.6 from Part I, using Theorem 4.10. |
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5 The existence theorem in the non-simply connected case

In this section we will use the results from Section 4 to obtain existence theorems for well-
adapted positive scalar curvature metrics on singular pseudomanifolds in suitable cases. These
results are parallel to those in [14, Section 6], but without the assumption that M and OM are
simply connected. However, we will have to assume something about the fundamental groups.
We denote by Bott® a simply connected spin 8-manifold with A\—genus 1, which one can take to be
Ricci-flat [27]. This is often called a “Bott manifold”, because taking the product with it in spin
bordism corresponds, after applying the a-transformation to KO, to the Bott periodicity map

KO, 5K Oy+s. Let I' be a discrete group. We need the following definitions.

(GLR) A group T' satisfies the Gromov-Lawson—Rosenberg conjecture (GLR conjecture) if
a closed connected spin manifold M with dimension n > 5 and fundamental group I'
admits a psc metric if and only if the generalized index ol (M) € KO, (C*(T)) of the
Dirac operator (i.e., the Atiyah—Singer—-Mishchenko operator) on M vanishes.

(*GLR) A group I satisfies the stable Gromov—Lawson—Rosenberg conjecture (*GLR conjecture)
if for any closed connected spin manifold M with fundamental group I', the vanishing
of the generalized index ol (M) € KOn(Cp(I')) implies that M x (Bottg)k admits
a psc metric for some sufficiently large k.

We recall that Stolz ([45] and [46, Section 3]) sketched a proof that the *GLR conjecture holds
whenever the Baum—Connes assembly map is injective, which is true for a very large class of
groups (conjecturally, all groups!). The GLR conjecture is satisfied for a more restricted class
of groups, but including free groups, fundamental groups of oriented surfaces, and free abelian
groups (as long as one takes n bigger than the rank of the group). It also holds [13] for finite
groups with periodic cohomology, which includes finite cyclic groups and quaternion groups. But
it fails for some groups [20, 43]. Our first main result is a generalization of [14, Theorem 6.3].
Recall the setting:

We fix a simply connected homogeneous space L = G/H, where G is a compact semisimple
Lie group acting on L by isometries of the metric g1, where scal,, = scalge = ¢(¢ — 1), where
¢ =dimL.

Theorem 5.1. Let My, be an n-dimensional compact pseudomanifold with resolution M, a spin
manifold with boundary OM . Assume the following:

(1) M is a spin manifold with boundary OM fibered over a connected spin manifold BM ,
(2) the fiber bundle ¢: OM — SM is a geometric (L, G)-bundle.

LetT' = m (M), T'g = m(BM). Furthermore, assume n > £+ 6 and that the following condition
holds:

e the link L is a spin G-boundary of a G-manifold L equipped with a psc metric g which is
a product near the boundary and satisfies gi|r = gL

Then, provided both groups I' and I'g satisfy GLR conjecture, the vanishing of the invariants

ag1 (M, gar) € KO, (Crp(I)) and  o"P(BM) € KO, (C}g(Ts))

.
implies that My, admits an adapted psc metric.

Proof. Before we start with the proof we emphasize that under the assumptions above the
index aEyI(M ) is well defined, independent of the chosen adapted wedge metric g; see Remark 2.9
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and Proposition 3.1. According to Theorems 4.11 and 4.9, it suffices to show that the bordism
class*

[My)] € QPn(HG0(pr, P prr)

is a sum of classes of pseudomanifolds with well-adapted positive scalar curvature metrics.
We use the exact sequence (4.2). Since al#(8M) = 0 and I's satisfies the GLR conjecture,
and since dimfM = n — ¢ — 1 > 5, the manifold SM admits a psc metric. Then, since the
fibration ¢: OM — BM is a geometric (L, G)-bundle; we can identify M with P xg L, where
P — BM is the corresponding principal G-bundle. We use a bundle connection on P to con-
struct a well-adapted psc metric on the tubular neighborhood N of M in My. In particular,
we obtain a psc metric on the boundary ON, where the (L, G)-fiber bundle 0N — SM is also
a Riemannian submersion.

We use the G-manifold L which bounds L to construct an L-bundle M’ = P xg L over M
associated to the above principal G-bundle P — M. By assumptions, L is given a psc metric
gr which is a product metric near L = L. Then M’ has a bundle metric of positive scalar
curvature, and joining M’ to N, we get an (L, G)-singular spin manifold

Mg = M' Uy —N

with a well-adapted psc metric.
Since the pseudomanifolds M5, and My coincide near SM, by (4.2) their bordism classes
cyl(M) =0,
Eyl(M ') = 0 (since M’ has a psc metric), we have by additivity of the a-invariant
(Proposition 2.15) that ol (M”) = 0, and so we can take M" to be a closed spin n-manifold with
fundamental group I' equipped with some psc metric. Now My is in the same bordism class in

differ by a class [M”] in the image of Q5P"(BT). Since, by assumption, we have o,
and also «

i - B6
Qspin (LG (B =% BT
as M{, U M", and we can apply Theorem 4.11 to get the conclusion. [

Theorem 5.2. Let a link L and pseudomanifold My, be as in Theorem 5.1, but this time
only assume that the groups I' and I'g satisfy the *GLR conjecture. Then My, stably admits

a well-adapted metric of positive scalar curvature, i.e., Mx X (Bottg)k admits such a metric for
some k > 0.

Proof. The proof of this is exactly the same as for Theorem 5.1, the only difference being that
first we need to cross with some copies of the Bott manifold to get positive scalar curvature
on SM, and then we might need to cross with additional copies of the Bott manifold to get
positive scalar curvature on M". |

Remark 5.3. It is possible without great effort to adapt the arguments above to the case
where SM is disconnected. We leave details to the reader.

Now we present a generalization of [14, Theorem 6.7]. It was shown in [14, Lemma 6.6] that
the class of HP?*, k > 1, is not a zero-divisor in the spin bordism ring QP". Tt then follows
that if H,(BI;Z) is torsion free and the Atiyah-Hirzebruch spectral sequence converging to
QFP"(BT) collapses, so that Q" (BT) is a free Q3""-module Q" @y H.(BT;Z), then the class
of HP?* does not annihilate any non-zero class in Q3"(BI'). This condition on T is satisfied
if BT is stably homotopy-equivalent to a wedge of spheres — for example, if I is a free group or
free abelian group.

“Here we use a short notation M instead of (Ms, €, £g).
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Theorem 5.4. Let (Msx,§,&5) be a closed (L, G)-singular spin pseudomanifold, dim My, = n,
with L = HP?* and G = Sp(2k + 1), k > 1. Assume that

(1) the manifolds M and BM are connected and the inclusion OM — M induces an isomor-
phism on fundamental groups with 1M = m0M =T,

(13) the (L,G)-bundle OM — BM is trivial, i.e., OM = M x L,
(7i1) the group I' satisfies the GLR conjecture,

(iv) QP™(BY) is free as an Q5P"-module.

Then if n — 8k > 6, the pseudomanifold Ms, has an adapted psc metric if and only if the
a-invariant ozgyl(M) € KOy, (Cir(I)) vanishes.

Remark 5.5. Note that in this case we have isomorphisms m M = m0M = m M. Also recall
that if the bundle OM — BM is trivial, then the singularities are of Baas—Sullivan type.

Proof. Necessity was proved in Section 3, so we need to prove existence of an adapted metric
of positive scalar curvature assuming the vanishing condition. Since M = M x L is a spin
boundary over BI' (namely, it is the boundary of M), its class is trivial in Q""(BT'). But
the class of L cannot annihilate any non-zero class in QP"(BT'), by [14, Lemma 6.6, so in
fact SM must be a spin boundary over BI'. (In particular, o' (3M) automatically vanishes.)
Now by [14, Proposition 4.4], or equivalently, by the proof of middle-exactness in the proof
of Theorem 4.9 (this part of the proof doesn’t require L to be a spin boundary), Ms; is bordant
over BT to a closed manifold M’ with fundamental group I' and no singularities. Then we must
have ol (M) = aEyI(M) = 0, and since I" satisfies the GLR conjecture, M’ admits a metric
of positive scalar curvature. The conclusion now follows from Theorem 4.4. |

Theorem 5.6. Let (Msx,§,£3) be a closed (L, G)-singular spin pseudomanifold, dim My, = n,
with L = HP?* and G = Sp(2k + 1), k > 1. Assume that

(1) the manifolds M and BM are connected and the inclusion OM — M induces an isomor-
phism on fundamental groups with 1M = m0M =T,
(ii) the (L,G)-bundle OM — BM is trivial, i.e., OM = M x L,
(7i1) the group T satisfies the *GLR conjecture,

(iv) QSP™(BY) is free as an 5P"-module.

Then the pseudomanifold My, x (Botts)m has an adapted metric of positive scalar curvature for
some m > 0 if and only if the a-invariant agyl(M) € KOn(Crp(I')) vanishes.

Proof. This is exactly the same as the proof of Theorem 5.4, except that we need to multiply M’
by some product of copies of the Bott manifold to get positive scalar curvature. |

6 The space R (Msx) of adapted wedge metrics
of positive scalar curvature

Let My, be a (L,G)-fibered pseudomanifold which admits a well-adapted wedge psc metric.
In this section we shall study the space R, (Ms) of well-adapted wedge psc metrics on My. Our
first goal is to establish a relationship between the space R} (Ms) and corresponding spaces
RT(BM), RT(OM), RT(M) of psc metrics. We consider the map resy: R, (My) — R (BM)
which takes an adapted wedge metric g on My, to its restriction ggy on SM, and we will observe
that this map is a Serre fiber bundle. We show (this was stated before as Theorem 1.5) that
there exists a non-canonical section s: RT(SM) — R} (Msy); this fact, together with recent
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results on the homotopy type of the space of psc metrics on spin manifolds, [11, 24|, implies
that the homotopy groups of the space R (Msy) are rationally at least as complicated as the
groups KO, (C(m1(BM))) ® Q. Next, we elaborate on a direct definition of the index-difference
homomorphism which enables us to detect some nontrivial classes in 74(R(Ms)). Finally, if
the fundamental group of My has an element of finite order, we show that the Cheeger—Gromov
rho invariant on a depth-1 pseudomanifold, introduced and studied in [39], can be used to show
that ‘7(’0 (th(Mz))‘ = 0.

6.1 Controlling the homotopy type of R} (Msy)

We fix an (L, G)-fibered compact pseudomanifold My, = M Ugys N(BM). Here M is a compact
manifold with boundary OM which is a geometric (L, G)-bundle over M. Recall that the G
acts on L by isometries of a given metric gz, and the (L, G)-bundle ¢: OM — BM is given by
a principal G-bundle p: P — 8M so that 9M = P x L. Then we identify the space R} (My)
of well-adapted wedge psc metrics on My, with the space of associated triples (gar, gsnr, V),
where gps and ggps are psc metrics on M and SM respectively, and V? is a connection on the
principal bundle P. By definition of well-adapted wedge metrics, the triples (gar, gsnr, VP) are
subject to the following conditions:

(i) gu = dt? + go near the boundary OM C M, for some Riemannian metric gy on 9M;

(i7) the bundle map ¢ gives a Riemannian submersion ¢: (0M, gs) — (BM, ggam), and the
connection VP on P defines a G-connection V¢ for the submersion.

We denote by RT (M, dM) the space of Riemannian psc metrics g on M such that g = dt? + gg
near the boundary OM, for some metric gs on OM. There is an obvious restriction map

res: RT(M,0M) — RT(OM), (6.1)

which is known to be a Serre fiber bundle, see [23, Theorem 1.1]. For a given metric h € Rt (0M),
we denote by RT (M), = res~!(h) the corresponding fiber of (6.1).

We notice that there is a map ¢f,: RT(BM) — R1(0M) which is given by lifting a metric gz
on BM to a Riemannian submersion metric ggy; on the total space M of the (L, G)-bundle
¢: OM — BM, using the connection V? of (ii) above, by putting the metric g7, on each fiber L.
This map is injective since the metrics ggyr and ¢r(gsnr) determine one another. Then, by
definition, a wedge psc metric g on My, determines a unique psc metric ggys € R (BM). This
gives a well-defined map resy: R} (Ms) — RT(BM). Thus we see that the space R (My) is
a pull-back in the following diagram:

resy

Ry (Ms) —— R¥(BM)

| £ (6.2)

RY(M,0M) —=~ R*(dM).

As we mentioned above, the restriction map res: R™ (M, M) — R (OM) is a Serre fiber bundle,
and it is easy to see that the map resy: R} (My) — RT(BM) from (6.2) is also a Serre fiber
bundle.® Let ggpr € RT(BM) and gay € RT(OM) be such that tr(gsnr) = gons. We have the

® This requires a word of explanation, as follows: by [14, Theorem 3.5(2)], given a metric g5 € R™(8M) such
that ¢ (gs) extends to a metric in RY (M, M), then some rescaling of gg (by a constant conformal factor) lifts
to 'th (ME)



24 B. Botvinnik, P. Piazza and J. Rosenberg

following commutative diagram of fiber bundles:

resy;

Ry (Mz)gsy, —= Ri(Ms) —— R¥(BM)

:l l LLl (6.3)

RT(M)gy,, —= RT(M,0M) —= RT(OM),

where R} (Ms)g,,, and RT(M)g,,, are the corresponding fibers. Note that the downward map
on the left is a homotopy equivalence, in fact a homeomorphism, since any element of R (M)
defines a unique psc wedge metric.

In particular, if we have an isotopy (g9sm): € RT(BM), and (ggam)o = ress(go), then the
isotopy (ggar): lifts to an isotopy ¢¢ in Ry, (My) with ress(g:) = (95m)+-

gom

Theorem 6.1. Let My, be an (L, G)-fibered compact pseudomanifold with L a simply connected
homogeneous space of a compact semisimple Lie group. Also assume that My, admits an adapted
wedge metric of positive scalar curvature. Then there exists a section s: RT(BM) — R} (My)
to resxy.. In particular, there is an injection of homotopy groups

syt mg(RT(BM)) = mq(RE(My)), g=0,1,....
Proof. We want to construct a (non-canonical) section to the “forgetful map”
resy: R (Ms) — RT(BM),

sending a psc metric g (interpreted as a triple (gas, ggar, VP), as above) to the metric ggps.
As before, we will fix the connection V? once and for all, and we fix a metric ggns € R (BM).
Given another metric gj,, in R*(BM), we consider the linear homotopy gsar(t) = (1 —1t)gsnr +
tgb a; Within the space R(SM) of all Riemannian metrics. This homotopy may go out of the
subspace RT(BM), but the scalar curvature function along the homotopy is bounded below
by some constant —c, ¢ > 0. If we scale the metrics ggas(t) by A2, then the scalar curvature
scales by scalyzg, (1) = A_QscalgﬁM(t). We consider the family of metrics ggps(t) = ¢, ()\legM(t))
on OM. Recall that scaly, = ¢(¢ — 1) > 0, so we obtain

scal y = scalg, + A Zscal y >l —1)— A2

gom (t 9pMm (t

Clearly, there exists A > 0 such that scalg,, ) > 0 for all £ > 0. Then we lift the curve of
metrics gonr(t) to a curve of metrics g(t) € RY(M,0M) using homotopy lifting in the fiber
bundle

res: RY(M,0M) — RT(OM).

In particular, we obtain an adapted wedge metric (g}, gips, VP) € R} (Ms). Tt is important to
notice the following:

1. The curve of the adapted wedge metrics (gar(t), gsnm(t), VP) is not, in general, a curve in
the space R, (My). Indeed, the scalar curvature on the tubular neighborhood N(BM)
is dominated by the sum of zero scalar curvature on the cone over L and by the scalar

-2 6
curvature A~ “scaly, (1)

5An important comment: to apply the argument of [14, Theorem 3.5(2)] in order to rescale a metric r3Y,
in RY(BM) so that ¢, (g51r) extends to a psc metric on the whole tubular neighborhood N of SM, one needs to
make use of a positive lower bound on the scalar curvature. So while gy, lifts to R&(Ms) (after rescaling by
a positive constant), the same is not true for the other metrics in the path in R(8M) from ggnr to ggM.
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2. The correspondence gj,, — (g 507, VF) can be made continuous (in the C? topology)
as long as the metrics g, stay inside a compact set K C RT(BM).

This is enough to get a (non-canonical) section sg,,, : R*(BM) — R (Ms) of the fiber bundle
resy, in (6.2). [

Corollary 6.2. The fiber bundle (6.3) gives a split short exact sequence:
0 = 7y (RE(Ms)gy0,) 2 g (R (My)) L2,
for each q=0,1,....

Te(RY(BM)) = 0 (6.4)

Proof. Indeed, a section sg,,,: RT (M) — R, (Msx) from Theorem 6.1 implies that the homo-
morphism (resy), is split surjective for all ¢ =0, 1,.... |

An immediate consequence of this corollary is that 74(R(Ms)) admits mq (R (8M)) as a direct
summand. In particular, mo(R;;(Ms)) contains mo(R*(BM)) as a direct summand.

Example 6.3. Here is an interesting example of obtaining information about g (R+(M2))
Let L = G = SU(2) = 5°. Since m7(BS?) = 76(5?) = Z/12, there are 12 distinct principal S*-
bundles over SM = S7, all of them of the rational homotopy type of S”x.S3. For any one of these
S3-bundles over S7, the total space is OM = ON, where M = N is the disk bundle of our S3-
bundle over S”. Define My, = N Ugys —N, the double of N. Note that N is actually the unit
disk bundle of a quaternionic line bundle, so our My, in this case is in fact a smooth manifold,
though not every Riemannian metric on My is adapted for the (L,G)-fibered structure, and
we are only interested in this special subclass of metrics. We know that mg (R{;(Mg)) contains
mo(RT(BM)) = mo(R™(S")) as a direct summand. By [26, Theorem 4.47], mo(R™(S7)) contains
a copy of Z, and the same argument shows mg (R+ (SH)) contains a copy of Z. By taking
a connected sum of (Msy, gs) with (5’11, gk) for suitable metrics g, on S! (the connected sum
takes place on the interior of M, so it doesn’t change the adapted wedge structure of the metric
near 3M = S7), we see that 7o (Rf;(Mg)) contains Z @ Z, with one summand coming from SM
and one coming from the interior of M.

Remark 6.4. We recall that for a closed manifold X, the homotopy type of the space R (X)
does not change under admissible surgeries; in particular, this implies that the homotopy type
of R*(X) depends only on the bordism class of X in a relevant bordism group [23, Theorem 1.5].
As we have seen, on an (L, G)-pseudomanifold Ms;, we can do two types of surgeries: surgeries
on the interior of the resolution M, and surgeries on SM. It turns out that the homotopy type
of the space R} (My) is also invariant with respect to corresponding admissible surgeries, [16].

There are several methods for detecting non-trivial elements in 7, (R+ (BM )) the index-
difference homomorphisms and (higher) rho-invariants are certainly two very efficient tools in this
direction. In the Sections 6.2 we shall elaborate further on these two tools. Notice that some of
the results proven by rho-invariants can also be recovered using the index-difference homomor-
phisms (6.5) explained below; see [24, Remark 1.1.2].

6.2 The index-difference homomorphism

First we recall some results from [11, 24]. Let X be a compact closed spin manifold, dim X =
k> 5 Let hg € RT ()_() be a base point. Assume there is a map f: X — BT, where I is
a discrete group such that f.: m X — T is split surjective. (If 71X is trivial, we assume I' = 0.)

We also need the case when the boundary 0X = X is non-empty, with a given metric
h € R*(X). As before, we denote by R*(X), the subspace of metrics & in R* (X, X) which
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restrict to h on the boundary X. Let hg € R ()_( )h be a base point. Again, we assume that
there is a map f: X — BI, such that f.: m X — T is split surjective. In both these settings
(without using split surjectivity of f. yet) we have the index-difference homomorphisms

inddiff} : wR*(X) = KOgiri1(Cy(I)),
inddiff} : mR*(X), = KOgiri1(C;(I)). (6.5)

Since it will be useful later, we remind the reader about where these index difference maps come
from. Say for simplicity that X is a closed manifold. A class in T RT ()_( ) is represented by
a family g;, t € S9, of psc metrics on X, with g;,, to the basepoint in S, equal to our basepoint
psc metric. Let us denote here by gg this base-point metric. From this family we get a warped
product metric ¢ on S? x X, that restricts on the copy of X over t € S? to g;, and that is
the usual flat (if ¢ < 1) or round (if ¢ > 2) metric on the copy of S? over each point in X.
By the usual argument that “isotopy implies concordance” [25, Lemma 3], we can, without
changing the homotopy class of our map ¢t — ¢; in TR ™ (X' ), assume that g has positive scalar
curvature on S? x X. Our class in T RT ()_( ) is trivial if and only if it can be extended over the
disk D", So extend g to a metric on D9*! x X which restricts to a product metric dr? 4 g on
a neighborhood of the boundary. Extend it to a complete metric on R4t x X by allowing 7, the
distance to the center of the disk, to go to oo, and taking the metric to be dr? + ¢ for all r > 1.
Since the metric has psc outside a compact set, the Dirac operator on R4t x X for this metric
is Fredholm, and we get an index in KOg414# (C’;f (F)) as usual. One way to see this property is
to use b-calculus techniques; this point of view will be useful later on in this section. This index
is an obstruction to triviality of our class in 7R (X' ), since it would be 0 if we could extend our
family of metrics to a psc family over the disk. Summarizing, we have defined a homomorphism

inddiff}, : mRT(X) = KOgpps1(CH(I)).

An alternative way to construct the index difference is the following. Once we choose a base point
go =gy, € RT ()_(), then for any metric g € R (X'), there is a linear path g, = (1 — t)go + tg
of metrics in the space R(X ) of all Riemannian metrics. Then we have a curve of the correspond-
ing Dirac operators Dy, with the ends of the curve, Dy, and D, being in the contractible space
of Cli-linear invertible operators. Such a curve determines a loop in the space KOj which
classifies C/lj-linear Fredholm operators (where the space of invertible operators is collapsed
to a point). One can easily replace this by the classifying space KOy, (C’,’f (I‘)) for the K-theory
KO,k (ij (F)) in the non-simply connected case. Thus in homotopy we get the index-difference
homomorphism

inddiffy, : R (X) = 7y (QKO(C;(I))) = KOgy14x(CH(I)),

which depends on a choice of the base point gy € R™ (X' ) The equivalence of these two
approaches to the index difference (with a discussion of how to trace them back to the work
of Gromov-Lawson and Hitchin, respectively) may be found in [21, 22] (see also [17]).

Next we recall the following relevant results:

Theorem 6.5 (see [11, 24]).

(a) Let X be a simply connected spin manifold, with OX possibly non-empty, dim X = k > 6,
with hg € R* (X) #* O (or ho € RT (X)h # @). Then both index-difference homomor-
phisms inddiﬂ?g0 from (6.5) are non-trivial whenever the target group KOgqpt1 is.

(b) Let X be a non-simply connected spin manifold, with X possibly non-empty, dim X = k >
6 with hg € RT(X) # @ (or ho € RY(X), # @). Assume there is a map f: X — BT,
such that f.: mX — T is split surjective. Furthermore, we assume that
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o [’ satisfies the rational Baum—Connes conjecture,
o I' is torsion free and has finite rational homological dimension d, and
e g>d—2k—1.

Then the images of both index-difference homomorphisms inddiffgo from (6.5) generate the
target group KOgqp41 (C’:(F)) ® Q as a Q-vector space.

Recall also the following stable result. As in the beginning of Section 5, we denote by Bott®
a Bott manifold, which is a simply connected spin 8-manifold with A(Bott) = 1. By the work
of Joyce [27], we may choose a Ricci flat metric g, on Bott. Then for a closed manifold X there
are induced maps

X (Bott,g X (Bott,g X (Bott,g
( b) ( b) ( b)

RT(X) R™ (X x Bott) RT(X x Bott x Bott) ——= -+,

and write R (X)) [Bott_l]_for the homotopy colimit. Similarly, if 0X = X # @, and h € R*(X),
we define the space R (X ) h[Bottfl]. Assume we have a reference map f: X — BI' which
is surjective on the fundamental groups. Then the index-difference homomorphisms inddiffgo

extend to the corresponding index-difference homomorphisms

inddiff} : mR*(X)[Bott™'] = KOgyy1(Cr(I)),

inddiff} : m,R*(X), [Bott™'] = KOgyp41(Cr(I)). (6.6)
Here is one more relevant result:

Theorem 6.6 (see [24, Theorem B| and [17]). IfT is a torsion-free group satisfying the Baum—
Connes conjecture, and f: X — BT is split surjective on the fundamental groups, then the
homomorphisms (6.6) are surjective for all ¢ > 0.

Now we are ready to apply those results to the case of (L, G)-pseudomanifolds. Let My be
an (L, G)-fibered compact pseudomanifold. We notice that if the space R} (My) is not empty
and gyo € R, (My) is a base point, then it determines base points in the corresponding spaces:
the metrics ggrro € RT(BM), gorro € RY(OM) and garo € RT (M) gy

As we noticed above the spaces R} (Ms)g,,,, and R (M)g,,,, from (6.3) are homotopy
equivalent and the groups (R} (Ms)gs,,,) in the exact sequence (6.4) could be replaced
by 74 (R*(M)gyns0)- Thus we obtain the homomorphism

o N ~ N inddiffg
inddiff Tq Ry (M) — mg(RT(M)gp11,0) KOgin+1,

gm0 - 98M,0

which, together with the index-difference homomorphism

inddiff,, m(RY(BM)) = KOyin—s;

BM,0
determines the homomorphism

inddiffg,,,  ®inddiffy ), o

inddiff,,: 7, (R (My)) KOgin+1® KOyin—s.

Corollary 6.7. Let My, be a (L,G)-fibered compact pseudomanifold with L a simply connected
homogeneous space of a compact semisimple Lie group, and n — ¢ — 1 > 5, where dim M = n,
dimL = ¢. Let g0 € R}(Ms) # @ be a base point giving corresponding base points, the met-
rics ggaro € RY(BM), ganro € RT(OM) and garo € RT(M)gyyr -
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If My, is spin and simply connected, then we have the following commutative diagram:

j* (I‘ESE)*

0— ﬂ—qRqJ;(ME)gﬁM,o - WquJZ(ME)

+
TR (BM) — 0
inddiffy inddiff inddiffy o
0— KOq+n+1 — K0q+n+1 D K0q+n_g — K0q+n_g — 0,

where the homomorphisms inddiffy,, ; and inddiff
groups are. In particular, the homomorphism

gsno @re both nontrivial whenever the target

inddiff 5, : 7 RE(Ms) = KOgin+1 @ KOyin—s
is surjective rationally and surjective onto the torsion of KOyint1 ® KOgyn—s.

Proof. We use Corollary 6.2 to choose a splitting

(R (Ms)) = 7 (Rey (Ms) gy, ) © m(RT(BM)) 2 7 (R (M) ggpy0) @ mg(RT(BM)).
Then we can construct the homomorphism inddiff;; as a direct sum

inddiffy, = inddiffy,, , & inddiffy,,, ,: TRE(Ms) = KOgyni1 ® KOgyn_p.

By Theorem 6.5(a), the individual index difference maps in this decomposition are non-trivial
whenever the target KOy, is non-zero. Since KOy = Z/2 whenever it has torsion, that implies
that the map surjects onto the torsion. Similarly, the part of Theorem 6.5(a) about the rational
groups implies rational surjectivity. |

Now we address the case when My is not simply-connected. Let 6: I's3 — I' be a group homo-
morphism as in Section 4. We consider a triple (Msx,§,£3) as an object representing an element
in the bordism group QP (L.G)-fb (BI'g 4, BT), i.e., My, = M Upp N(BM) comes together with
the maps §: M — BT, {g: BM — BI'g satisfying the conditions given in Definition 4.5.

Thus we obtain the homomorphism

inddiffg, ,,

inddiffL . 7w, RS (Ms)

gm0’

9BM,0 i Tq (R+ (M)QBM,O) Koq-i-n-i-l (C: (F)) )

which, together with the index-difference homomorphism
. . F E3
inddiffyf,, o1 T(RT(BM)) = KOgyyn—e(Cr(T5)),
determines the homomorphism

inddiffg,,,  @inddiffy,,, o

inddiffy, *: 7, (R (Ms)) KOyyni1(CHT)) @ KOy _e(CE(Tp)).

The same argument as above and Theorem 6.5(b) prove the following:

Corollary 6.8. Let My, be a (L,G)-fibered compact pseudomanifold with L a simply connected
homogeneous space of a compact semisimple Lie group, and n — ¢ — 1 > 5, where dim M = n,
dimL = (. Let go € R} (Ms) # @ be a base point giving corresponding base points, the metrics
9arm0 € RT(BM), gorro € RT(OM) and garo € RY(M)g,,, - Let (Ms, €,&g) represent an ele-

spin,(L,G)-tb
n (

ment in the bordism group §2 Bl'g 4, BF), then we have the following commutative

diagram:
+ J n (ress)« I
0 = 7Ry (Ms)gsaro TgRy, (Ms) TR (BM) — 0
. . r,r . s
mddlfngYO\L inddiff "l mddlffg?M,ol

0 —KOqg4nt+1(C;(T)) — KOgin+1(Cr (L)) ©KOgrn—(Cr(Tg)) = KOgin—e(Cr () —0.
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If, in addition, the pair (I',T'g) is such that

o I' and I'g both satisfy the rational Baum—Connes conjecture,
o I' and I'g are both torsion free and have finite rational homological dimension d, and

o g>d—2m+2041,
then the image of the homomorphism
R 8 ) « «
inddiffg; 71 mgRY (M) = KOgynt1(CE(T)) ® KOgin—e((C(I'p))
generates the target KOgypni1(CF(T)) ® KOgpn—e((C;(T3))) ® Q as a Q-vector space.
Let R (Ms) [Bott™!] be the homotopy colimit

X (BOttvgb)

ZE), R+ (M x Bott) 2R R+ (M x Bott x Bott)

RT(Ms) X(Botbgy)

We have the following conclusion from Theorems 6.6 and 6.1:

Corollary 6.9. Let My, be a (L,G)-fibered compact pseudomanifold with L a simply connected
homogeneous space of a compact semisimple Lie group, and n — ¢ — 1 > 5, where dim M = n,
dim L = (. Let go € R} (Ms) # @ be a base point giving corresponding base points, the metrics
gm0 € RT(BM), gano € RT(OM) and g € RT (M) Let (Ms, £, &) represent an ele-
Zpin,(L,G) -fb(

gom,0 "
ment in the bordism group ) BT's 4 BF). Assume that the pair (I',T'g) is such

that

o I' and I'g both satisfy the Baum—Connes conjecture,

o I' and I'g are both torsion free.

Then the homomorphism
inddiffy, *: myRi(Ms) [Bott ™) = KOgini1(CHT)) & KOy n_o((CH(Tp))
18 surjective.

Example 6.10. In [24, Section 1.1.3], the authors provided an example of a group my such
that KO7,x(C(m)) ® Q has countably infinite dimension for each k& > 0,7 as well as a 4-
dimensional closed spin manifold X with m X = m. Then, according to [24, Theorem C],
the manifold Y = X x S? has the property that the group 77, RT(Y) ® Q has countably
infinite dimension for each k > 0. Then it is easy to construct a pseudomanifold My with
L =G = SU(2) and BM = Y. Indeed, we let M = X x D3 x L, OM = X x S? x L,
BM = X x S? and My = M Ugys (Y x ¢(L)). Then, clearly, Theorem 6.1 and Corollary 6.8
imply that 7744 R(Ms) ® Q has countably infinite dimension for each k > 0.

6.3 A direct approach to the index-difference homomorphism
for (L, G)-fibered pseudomanifolds

Let My, be as above, thus a (L, G)-fibered pseudomanifold, and let go, g1 € R (Ms) be two well
adapted wedge psc metrics. Then the “difference” between gg and g; could be detected directly
by a wedge relative index as follows. We consider My x [0, 1] as a pseudomanifold with boundary,
and equip it with a well adapted wedge metric g of product-type near the boundary and equal

"Let Freey be a free group on two generators. Then the group 7o is a free product SB3 % SB4 % SBs * SBs, where
SB; is the r-th Stallings—Bieri group, the kernel of the homomorphism (Free;)” — Z sending each generator to 1.
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to go on Msx, x {0} and to g1 on My, x {1}. Now we attach infinite cylinders to My x [0, 1] to
get a wedge metric on the associated manifold with cylindrical ends (Myx X [0,1])s (which in
this case is nothing but My x R), with psc metrics along the two ends. This is a special case of
the situation already encountered in Section 2.4, see in particular Theorem 2.17. In particular,
since the resulting metric on My x R has psc along the cylindrical ends and is geometric-
Witt on the compact part, there is a well defined class aiﬁl(go, g1) in KOy41. This class, by
definition, is equal to the cylindrical ay,-class of the Atiyah—Singer operator on the manifold with
cylindrical ends (Myx X [0,1])s0 = My X R endowed with the natural extension of the metric g
to a metric goo.The existence of this class follows immediately, as in Theorem 2.17, from the
b-edge calculus developed in [1].

If the psc metrics go and g are isotopic, i.e., they lie in the same component of R (My), then
the usual “isotopy = concordance” argument shows that we can construct a psc metric g on
M, x [0, 1], which implies that the metric g, is of psc. Hence the element o¢'(gg, g1) in KOy 41
gives an obstruction to an isotopy from gg to g; within R;,(My). Proceeding in the same way,

but using the Atiyah—Singer—Mishchenko operator instead, we also have a class
a1 M) (g, g1) € KOpi1 (Crg(mi (My)))

which is again an obstruction to the existence of an isotopy between gy and g;.

More generally, for an (L, G)-fibered pseudomanifold we can adapt the general discussion
given just before Theorem 6.5 and, using in a crucial way the results explained in Section 2,
define directly the wedge-indez-difference homomorphism

w —inddiff%0 : wqu(Mg) — KOgqk+1 (C:(F))

either by considering S? x My, and DY x My, or by employing the classifying space KOy (C:(F))
It would be interesting to show, but we shall leave this to future research, that w—inddiffgo
is equal to the index-difference homomorphism considered in the previous section, that is,

the composition of the isomorphism mq (R (Ms)gsn,0) — Tg(RT(M)gyy,,) with the index-

difference homomorphism for the manifold with boundary M, inddiffg8 ol g (R+ (M )gaM,o) —
KOyns1(CIT).
6.4 Rbho invariants and torsion fundamental groups
We begin by introducing the relevant bordism groups:

PostPm LGBy and  Pos?™(-G)-P(pry £ pr).
We only give the definition of the latter of these two in detail, since Posflpin’(L’G)_fb(BF) is just
a special case of Posflpm’(L’G)_fb (Bl“g 50, BF) when I' = I'g and 6 is the identity map. Recall

that an element of the bordism group 2
cycle, i.e., a tuple

f@pin’(L’G)_fb (BI‘ﬁ B, BF) is represented by a geometric

(M,P % BM, ¢&: M — BT, &: BM — BTy)

with the same compatibility conditions for &, Bf, g as in Definition 4.5 and with P L BM
a principal G-bundle such that M = P x¢g L.

Similarly, the bordism relation in Definition 4.5 can be described as follows: two geometric
cycles

(M, P2 BM,E,¢5)  and (M, P2 BM ¢ €b)
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are equivalent if there exists a manifold W with corners such that W = dOW UdDW , where
OWW fibers over a manifold with boundary SW,

oW =mMmu-M, 9OYW)=0MuU-M',  IBW)=BMU-LM

ie., VW : OM ~» OM’' and SW: BM ~» BM’ are usual spin bordisms between closed spin
manifolds, and

OOW NnoVwW = am u—oM’.

We also have a principal G-bundle P LN BW restricting to P and P’ over 9(BW) = M U—BM’.

A psc-geometric cycle for Posflpin’(L’G)_fb (BFg LN BF) is then given by a tuple

(MaP £> /8M7€75579M795M7vp)7

where gy and ggy are Riemannian metrics of psc and V? is a bundle-connection on P. Then
two psc-geometric cycles

(M, P2 BM, €, 65, grr, 9500, V7)) and (M, P' 55 BM', €', €4, garr, goner, V)

are equivalent if there exists a bordism (W, P) as above together with metrics of psc gy and 9pw
restricting to gas, gy and ggar, ggvr on the boundary, along with a connection V7 restricting
to the connections V? and V. The proof of the following statement is straightforward and
thus omitted.

Proposition 6.11. There exist natural homomorphisms

RPo*: Pos™ (L&) (gry B Br) — postpin(1G)(Br)

“forget I'g”, (6.7)
i?%: PostP"(BT) — PosPm (&) (pr, 2% pr)
“consider a closed manifold as a pseudomanifold with empty singularities”, (6.8)

fr,g,r: Poszpi"’(L’G)'fb (Bl“ﬁ ﬁ) BF) . Q;pin,(L,G)-fb(BFﬂ ﬂ) BF)

“forget metric and connection”. (6.9)

We also have a natural map
w0 (R (Ms)) — PossPn (L&) (pry B4 pry.

We would like to use the technique of Botvinnik-Gilkey [12] (and generalizations of it, such
as the ones presented in [37]) in order to detect elements in the groups

Pos®m (L0 M (B (BM) — Bmy(Ms)),

with My a pseudomanifold with (L,G)-fibered singularities. A relevant version of the rho
invariant on a depth-one wedge spin stratified pseudomanifold of psc was introduced in [39].
Then, using a suitable APS index theorem on spaces with (L, G)-fibered singularities, it follows
from [39] that the APS rho invariant and the Cheeger—Gromov rho invariant of such a Ms; are
well defined and that they both define maps py, aps: mo (Ri(ME)) — Rand py.ca: mo (Ri(Mg))
— R and group homomorphisms:

pwaps: PosPMEG(BrYy LR p,cq: PosPm(EG(BTY L R

n
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with I' = 71 (Myx). We shall mainly be interested in p,, cq and we shall denote it simply by py,.
Summarizing, we have a well-defined homomorphism:

pw: PosPm(LG-o By R (6.10)
Here is an example where the Cheeger—-Gromov rho invariant of a wedge space can be used
in order to show that the group PossPin (LG (Bmi(BM) — Bmi(Msy)) is infinite.

Proposition 6.12. Let L be simply connected, G be a compact semisimple Lie group. Let My
be a pseudomanifold with (L,G)-fibered singularities and of dimension m = 4k + 3, with T :=
m1(My). Assume that I' has an element of finite order. Then the group

PossPn (LG (B, (M) — By (Ms)))
is infinite provided R} (Ms) # @.

Proof. Let I'g := m(BM), I' :== m(Myx) and 6: I'3 — I induced by the inclusion of M
into Mx,. Let & My, — BT be the classifying map for the universal cover of My; this provides
us with a map §: M — BI' and we also have a classifying map {g: M — BI'g satisfying the
compatibility conditions of Definition 4.5. As already remarked, we have a forgetful homomor-
phism

frpr: Posm (LG (pry B2 pry — qspin(L&-b(pry B0 pr),

(we forget the metrics). We shall consider the subset C'(Mx,£,£5) of the group Posf,’;in’(L’G)_fb(Bfﬁ
50, BF) obtained by keeping My and the classifying maps {: M — BI' and {g: M — BI'g
fixed and varying only the psc metrics gas, ggy and the connection V.

We shall prove that under the present assumptions

e ker fp, r has infinite cardinality,

e there is a free and transitive action of ker fr, r on C(Msx,§,&p).

This will imply that C(Ms, £, £g) and thus Posshm (LG (BI's LN BT) has infinite cardinality.
Consider then ker(fr,r) C Possm (£:G)-fb (BI'g 5, BT) and C(Ms, &, &3). Then, using cru-

cially our bordism theorem, Theorem 4.11, we can prove as in [37, Proposition 2.4], that there
is well defined action

ker(fp&p) x C(Mx,§,&3) = C(Mx,€,83) ,

which associates to x € ker(fr,,r) and [(Ms, &, &3, 9ur, gpnr)|® the class

T+ [(MZ7§7€B)9M796M)]

Indeed, as x is null-bordant in Qiﬁin’(L’G)_fb(BF/g B, BF), the element x + [(Mg,f,fﬁ)] is

bordant to [(Ms;,§,&s)] in Qfﬁm’(L’G)_fb(BFg 50, BT). Since the element z + [(My, &, &s)] is
represented by a manifold with an adapted wedge psc metric, we can use our bordism theorem
and propagate this psc metric back to My, obtaining a new adapted wedge metric of psc, i.e.,
a new element in C(Msx, £3,£). One proves exactly as in Proposition 2.4 in [37] that this action
is well defined, free and transitive.

8Here we skip “VP” from the notations.
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Consider now I' = Z,, the cyclic group of order n. It is explained in [37], building on spe-
cific examples provided in [12], that the Cheeger-Gromov rho invariant defines a map p:
Pos*P"(BZ,) — R which has an image of infinite cardinality. To prove this, one only needs
to show that p is a homomorphism and that it is non-trivial; the property that it is a homomor-
phism is a consequence of the definition of rho invariant whereas the fact that it is non-trivial
follows from the specific examples in [12] (lens spaces). Remark that we have a well defined
rho-homomorphism pre': Pos,sfl)in’(L’G)_le (BI‘ﬂ 58, BF) — R, obtained by composing the homo-
morphism (6.7) with the homomorphism (6.10):

rel

Pw = Pw© RPOS'

Recall now that we are under the assumption that there is an injection j: Z, — I'. Such
an injection induces homomorphisms

Bj¢: Q®MNBZ,) — QPNBr) and  BjI*: Pos®"(BZ,) — Pos"(BI).

Consider the following diagram, where for typographic reasons we omit the superscripts spin
and fb,

;Pos

B
Posyn (BZy) —2— Pos,, (BT) ——= Posit"@ (B s 2% Br)

Lfln lfr lfrgyr
Q

QU (BZy) 2= 0, (BT) — 2= 059 (BT, 2% Br).

By naturality this is a commutative diagram. Consider K := ker f7,,. We know from [37] that
p|k has an image of infinite cardinality. For k € K consider

O, := " o BjF*(k) € Posp™ (LGP (pry LY pr).
Then, by commutativity of the diagram, we have

fryr(©x) =0.
This means that

{0k + [M, BM, €, &5, 9],k € K} C C(Ms, €,¢5) C Posstm(L-Gr-®(pry B% pry.
We also have

P (O + [M, BM, €, €5, gur, gpnr, V) = p(k) + pu[Ms, Es, 9]

with g the wedge metric defined by gar, gsy and VP. Indeed:

P (M, BM, €, €3, grrs 9o, VP)) i= pu (RFS([M, BM, €, €5, grr, 9o, V7))
= pw[M27€E;Q]7

whereas, thanks to Lemma 2.2 in [37] and naturality, we have

rel(@k) — pi;el( -Pos OB]POS( )) — pw(RPOS OB]POS( )) _ p(B]POS( )) — p(li)

This implies that the set {Oy + [M, BM, &, €3,9], k € K} and thus the group
Possein (LG (B, 2%, pr)

that contains it, is of infinite cardinality. |
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Corollary 6.13. Under the previous assumptions we have
|70 (R (My)) | = oc.
Proof. It suffices to observe that there exists a surjection mo (R} (Ms)) = C(Mx,&,65). N

The above result is just an example of how rho-invariants can be used in order to detect elements
in bordism groups of wedge psc metrics or in g (R;(Mg)) It should also be possible to use
higher rho invariants to get sharper results (under additional assumptions on the fundamental
groups). We comment on this in the next section.

7 Open problems and subjects for future study

In this section we just sketch a few ideas for additional projects related to the topics of this
paper.

7.1 The index-difference homomorphism for L-fibered pseudomanifolds

In this paper, we have not done very much (beyond the obstruction theory in Section 2) for L-
fibered pseudomanifolds that are not (L, G)-fibered. But there is hope of extending the theory
of the index-difference homomorphism to the more general L-fibered case. Assume that gg, g1 €
Rt (Msy), with My, an L-fibered pseudomanifold. Let us take a path of wedge metrics joining go
and g1 and let us denote by g and g} the vertical part of the metric on the link-bundle. It is
not automatic, in this generality, that the path we take joining go and g; will stay within the
metrics that are geometric-Witt or psc-Witt, i.e., with positive scalar curvature along the links.
Under which assumptions can we ensure this? One sufficient condition is that R (9M/SM),
the space of vertical metrics of psc along the links, is connected, and, moreover, that we can lift
a path joining g4 and ¢} in R (OM/BM) to a path joining go and g1 in R} (Ms). When this is
the case, the theory of the index difference outlined above in Section 6.2 ought to go through;
of course, it will be necessary to work out the details.

7.2 The theory of R-groups

In [44], Stolz sketched the theory of concordance groups of psc metrics (on compact smooth
manifolds), which he called R-groups. Assuming for simplicity that we are considering spin
manifolds with fundamental group I', one obtains a long exact sequence [44, sequence (4.4)]
.- — R®"(BI) 9, PossPi"(BT) — QPIN(BT) — RP"(BT) & ... . (7.1)

Here Pos$P"(BT) is the bordism group of pairs (M, g), with M a closed spin manifold with a map
to BI' and g a positive scalar curvature metric on M. The map from this group to 0P (BT)
simply forgets the Riemannian metric. The group Ry (BI') [44, Definition 4.1] is a bordism
group of pairs (M — BT, h), with M a compact spin n-manifold with possibly non-empty
boundary, and with h a psc metric on 0M. The map 9: R\ (BI) — PosiP"(BI) is just
restriction to the boundary.

It should be rather straightforward to replace PosSP"(BT) here with Posipin’(L’G)_fb(BF),
and Q5P (BT) with Qpin (LG (BT), to obtain R-groups of pseudomanifolds with (L, G)-fibered
. < s pspin,(L,G)-fb
singularities: Ry (BT).
e What do these R-groups look like and how do they differ from the usual R-groups?

e Do they act freely and transitively on the set of concordance classes of psc wedge metrics,
as in Stolz [44]7
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e Do we have the analogue of Stolz sequence (7.1) in the singular setting?

e If so, can one map the analogue of sequence (7.1) to a Higson-Roe type analytic exact
sequence as in [38]? This would involve the definition of a higher rho class associated
to a wedge psc metric. For the signature operator on stratified spaces that are Witt
or Cheeger, a similar result has been proved in [5], mapping the Browder—Quinn surgery
sequence to the Higson—Roe analytic surgery sequence, and we expect the analysis there
to play a role here.

e Is there an R-group Rzpi”v(LvG)'fb(

Bl'g B, BF) and does it fit into a Stolz sequence

oo = QePin(LGr (B BO pr) _y pepin (LG, B2 pr)

— PosPEO ™ (BT, B By 2
e Can we use the Stolz (L, G)-sequences above, the mapping to Higson—Roe, and the tech-

niques of Xie-Yu—Zeidler [49] in order to give a lower bound on the rank of the group
PossP™ (LG By

7.3 Rho-invariants of wedge psc metrics
7.3.1 Torsion-free groups

In the smooth case one can prove that if 71(M) is torsion-free and the Baum—Connes map
Umax: K«(BT') — K, (CP .. I') is an isomorphism, then the Cheeger—-Gromov rho invariant of
a positive scalar curvature metric on a spin manifold M of odd dimension must vanish. See [306]
and also [8] for a new proof based on the Higson—Roe analytic surgery sequence. Notice that
this is a no-go result: the Cheeger—Gromov rho invariant for manifolds with fundamental group
satisfying these conditions cannot be used in order to distinguish metrics of psc (indeed, it is
equal to 0).

Can one extend this vanishing result to (L, G)-pseudomanifolds and the Cheeger—Gromov
rho invariant of a wedge metric?

A direct approach would build on the proof of Piazza—Schick in [36]. A different route would
use the results of the previous Section 6.4, the Benameur-Roy map Ky(Df.) — R of [8] and the
exactness of the Higson—Roe analytic surgery sequence.

7.3.2 Groups with torsion

On the other hand, one would like to define and use higher rho invariants in order to distinguish
wedge metrics of positive scalar curvature, especially for fundamental groups with torsion. See
for example [6, 33, 48] for the case of smooth closed manifolds.

7.4 Stratifications with higher depth

For applications to algebraic varieties, moduli spaces, and other natural examples of stratified
spaces, it would be nice to generalize our theory to pseudomanifolds with higher depth, in other
words, with singular strata of multiple dimensions. While the analytic part concerning Dirac
operators is largely under control, thanks to [1] (see also [40]), on the geometric side we expect
several complications:

e The geometry of the tubular neighborhoods of the singular strata gets to be rather com-
plicated, as one would need to consider iterated Riemannian submersions and careful
curvature estimates.
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e Proving the appropriate bordism theorem would be quite complicated.

e Perhaps one could say more in the case of Baas—Sullivan singularities, as in [10], which did
consider some pseudomanifolds with higher depth.

7.5 Topological questions

e The “mixed fundamental group” bordism group Q%L’G) (BFg LN BF) seems to be very

hard to compute; it doesn’t just fit into an exact sequence like the one we developed in [14].
But is there a spectral sequence computing Q%L’G) (BF[; B, BF)?

e What about a Kreck—Stolz s-invariant? More precisely, in [30, Proposition 2.13], Kreck and
Stolz defined an invariant s(M, g) of psc metrics g on closed spin manifolds M of dimen-
sion 3 mod 4 with vanishing Pontryagin classes. This invariant has the properties that it
is preserved under spin-structure-preserving isometries and that the relative index i(g, g')
in the sense of [26, Section 4] is given by s(M, g) —s(M, ¢’'). It would be interesting to know
if one could do something similar for adapted psc wedge metrics on Witt spin pseudoman-
ifolds M. This would require using the index theorem of [39] and replacing vanishing of
the Pontryagin classes with vanishing of the Goresky—MacPherson homology L-class or,
more generally, of the K-homology class of the pseudomanifold signature operator.

A On the spin-bordism invariance of the a-invariant

In this appendix we shall discuss briefly an analytic proof of the spin-bordism invariance of the
a class and of the o class. We have already observed, building on the case of the signature
operator on Witt spaces treated in great detail in [4, Section 7], that given an analytic proof in
the smooth case, it extends mutatis mutandis to the pseudomanifold case.

A.1 A generator of KO;(R)

Consider R with its standard spin structure. Then we have g and its class in KO;(R) :=
KKO(Cy(R), Cty).

Proposition A.1. KO;(R) is isomorphic to Z and the class [Pr] € KO1(R) is a generator.
Equivalently, KO1((0,1)) is isomorphic to Z and the class [$o1)] € KO1((0,1)) is a generator.

Proof. This is a very special case of [28, Theorems 4.8 and 4.10] and of [29, Section 5, Lem-
ma 4]. [
A.2 Boundary of Atiyah—Singer is Atiyah—Singer

We now know that [$g] is the generator of KO;(R). We want to prove that prove that “boundary
of Atiyah—Singer is Atiyah—Singer” in KO-homology, i.e.,

6[Px] = [Pox] in KOgimox(90X)

on a spin manifold X with metrically collared boundary dX. Here § is the connecting homo-
morphism in KO-theory associated to the semisplit short exact sequence

0— Cox(X) = C(X)—C(0X)—0

with Cyx (X) the ideal of continuous functions vanishing on the boundary.
Using excision we can easily reduce to a collar neighbourhood. Then the result is a conse-
quence of the following;:
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Lemma A.2. Let X =[0,1) x N with 0X = {0} x N. Let n = dim N. In this case Cox(X) =
Co(((), 1) x N). Let us consider the connecting homomorphism
KOu11((0,1) x N)) 2 KO, (N)
associated to the semisplit short exact sequence
0— Co((0,1) x N) = Co([0,1) x N) — C(N) — 0.
Then § is the inverse of the isomorphism
KOp(N) = KOp41((0,1) x N)

obtained by taking the Kasparov product with [@(071)}, the generator of KO1((0,1)). In par-
ticular, as [$1)xn] s precisely the Kasparov product of [@(0’1)] and [n], we have that
8[B0,1)xn] = [®N] which is what we wanted to prove.

Proof. By the naturality of Kasparov product we can reduce to the connecting homomorphism
K01((0,1)) 2 KOy (point)

associated to the semisplit short exact sequence
0 — Cp((0,1)) = Cp([0,1)) = R — 0.

But ¢ is the inverse of the isomorphism K Oq(point) — KO;((0,1)) obtained by taking the
Kasparov product with the generator 9 1)] of KO1((0,1)). This again follows from Kasparov’s
results on Poincaré duality in K O-theory, [28, Theorems 4.8 and 4.10] and [29, Section 5,
Lemma 4]. [

A.3 Spin bordism invariance

Using 6[3x| = [Pox] we can now prove the spin bordism invariance of the a-class in KO,,.

Theorem A.3. Assume that Y is spin and of dimension n and that Y = 0X, with X spin.
Then a(Y) =0¢€ KO,,.

Proof. We write part of the long exact sequence in KO associated to the short exact sequence
0— Cox(X) - C(X)— C(0X) — 0.

We have the induced exact sequence
KOni1(X,0X) % KO, (0X) = KO (X)

with ¢ the inclusion of 0X into X. Notice, in particular, that
00 =0.

X

Consider 7Y : Y — point; obviously m¥ = 7% 0. Then we have

a(Y) =7 [By] = 7 0 [By] = 7 0 1. 0 8[Px] = 0. n

The same proof applies to the ol class if we use the Atiyah-Singer-Mishchenko operator By
and the exact sequence

KK, 10(Cyx(X),C:T) & KK,0(C(0X),CiT) 45 KK, 0(Cox (X), C:T).

See [32, Proposition 2.3] for the details.

Note that for the « class the spin bordism invariance is usually proved by identifying it with
the Atiyah-Milnor-Singer invariant. See [31]. The generalization of this approach to the a!
class is treated in [41] and (more extensively) in [42].
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