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DEFORMATION CLASSES IN GENERALIZED KAHLER GEOMETRY

MATTHEW GIBSON AND JEFFREY STREETS

ABSTRACT. We introduce natural deformation classes of generalized Kéhler structures using the
Courant symmetry group. We show that these yield natural extensions of the notions of Kéhler class
and Kahler cone to generalized Kéhler geometry. Lastly we show that the generalized Kahler-Ricci
flow preserves this generalized Kéhler cone, and the underlying real Poisson tensor.

1. INTRODUCTION

A rudimentary notion of Kéhler geometry is that of the Kihler class: given (M?",w, J) a Kéhler
manifold, the Kahler form w is closed, and [w] € H]Ilﬁ’1 is the associated Kahler class. Fixing the
complex structure J, the space of all Kahler classes defines an open cone in H[}&’l (the Kéhler
cone), and the fundamental result of Demailly-Paun [5] gives a characterization of this cone in
terms of pairing against complex subvarieties. The space of Kéhler metrics within a given Kéahler
class is an open infinite dimensional cone in C*°(M) using the /—190-lemma. Thus the basic
structure of the space of Kéhler metrics compatible with a fixed complex structure J is fairly well
understood. If we instead ask for the space of all Kéhler pairs (g,.J) on a given smooth manifold
M, the question becomes decidedly more delicate. The global structure can be quite wild, with
disconnected components of arbitrarily large dimension (cf. [4]).

Understanding the space of generalized Kdhler structures on a given manifold M becomes even
more delicate. Originally discovered by Gates-Hull-Rocek [0], a generalized Kéhler structure on a
smooth manifold M is a triple (g, I, .J) consisting of a Riemannian metric g compatible with two
integrable complex structures I, J further satisfying

djwr = H = —djwy, dH = 0.

Later, Gualtieri [8] gave a natural description of this geometry using the language of Hitchin’s
generalized complex structures [9], in particular in terms of a pair of generalized complex structures
(J1,J2) satisfying some natural conditions (cf. §2.T)). A fundamental question is to understand the
degrees of freedom, moduli, and topology of the space of generalized Kéhler structures on a given
smooth manifold.

Whereas in the Kéahler setting we can roughly speaking divide the problem of understanding
the space of Kéahler metrics into the space of possible complex structures and then to consider the
space of compatible Kahler metrics, in the generalized Kahler setting such a decomposition is not
really possible. Indeed, in many settings, given two complex structures I, .J, there is at most one
compatible metric which defines a generalized Kahler structure. Nonetheless, many different classes
of deformations of generalized Kéahler structure have been constructed. Joyce gave the first examples
of nontrivial (i.e. non-Kéhler) generalized Kéhler structures by deforming away from hyperKéhler
structures (cf. [I]), specifically using an action of diffeomorphisms which are Hamiltonian with
respect to an associated holomorphic symplectic structure. Later Hitchin produced nontrivial
generalized Kéahler structures on del Pezzo surfaces, with a choice of holomorphic Poisson structure
playing a key role [10]. Also, Goto [7] has extended the stability result of Kodaira-Spencer to the
generalized Kéhler setting, with the restriction that one of the generalized complex structures be
defined by a pure spinor.
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Our main purpose in this work is to describe a class of deformations which generalizes and unifies
different notions of “Kéhler class” arising in the different flavors of generalized Kéhler geometry. It
is well-known that two-forms (B-fields) can act on generalized complex structures by conjugation,
with the integrability condition being preserved if and only if B is closed. Our deformations exploit
a different, and moreover infinitessimal, action of B-fields. In particular, we will say (cf. Definition
B.I) that a one-parameter family of generalized Ké&hler structures is a canonical deformation if
there exists a one parameter family K; € A? such that for all times ¢t where defined, one has

%Jl :[Jl,eKJl], %ng [JQ,GKJQ].

Equivalence classes of canonical deformations lead to natural definitions of generalized Kahler
class and generalized Kéhler cone (cf. §3]). These definitions make nonobvious departures from the
classical idea of Kahler class and Kéahler cone. The first is the use of infinitessimal deformations
as opposed to ‘large’ deformations. Whereas any two metrics in the same Kéahler class admit an
explicit relationship using the v/—190-lemma, we can no longer expect such an explicit relation-
ship in general. For instance, as described above Joyce’s construction of nontrivial GK structure
uses diffeomorphisms which are Hamiltonian with respect to the associated holomorphic symplectic
structure, and in general these cannot be described by a single potential function. Instead, as is
typical of Hamiltonian diffeomorphisms, we expect to be able to explicitly describe their infinites-
simal deformations. Moreover, given that in the Kéhler setting, deformations in the Kahler class
involve freezing the complex structure and varying the Kahler form, it is natural to imagine that
one should deform while fixing either J;,J2. Nonetheless through careful consideration of natural
variational classes of different flavors of generalized Kéahler metrics it emerges that varying J; and
Jy simultaneously will correctly capture various existing notions of Kéahler class in GK geometry.

A fundamental first step in unpacking this definition is to derive the algebraic and differential
conditions which are imposed on K to preserve the compatibility and integrability conditions for
the pair (J1,J2). Through careful computations, it turns out that the answer is pleasingly simple:

Theorem 1.1. Given M a smooth manifold, suppose (J1,J2) is a generalized Kdhler structure.
Suppose (J{,J%) is a one-parameter family of generalized almost complex structures such that

0 0
Sd1 =TI 0o =[5, e 0],

for some one parameter family K; € A?. Then (J{,J%) is a one-parameter family of generalized
Kahler structures if and only if for all t one has

(1) K, € AL
(2) dK; =0,

(3) (~J13L-) >0,
where Jt is determined via the Gualtieri map, and (,) denotes the symmetric neutral inner product

onT®T* (cf §31)).

In particular, this theorem exhibits that the canonical deformations are, as is true in the Kéhler
setting, determined infinitessimally by a closed form which is (1, 1) with respect to J. We emphasize
here that the condition that dK = 0 does not follow from the known fact that the conjugation
action of B-fields on generalized complex structures preserves integrability if and only if dB = 0.
For instance, if we consider our infinitessimal action on a single generalized complex structure, the
condition to preserve integrability is strictly weaker than dK = 0 (cf. Proposition [23]). It is only
in the context of preserving the integrability conditions of generalized Kdhler geometry that one
derives dK = 0.

Despite the simplicity of the conditions of Theorem [[.I] and the apparent simplicity of canonical
deformations from the point of view of generalized geometry, the deformations induced on the
classical bihermitian data (g,I,J) are delicate. Remarkably, these canonical deformations unify
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all previously known instances of “Kahler class” in generalized geometry, specifically the classical
notion of Kahler class, the modified Kéhler classes implicit in Apostolov-Gualtieri ([2] Proposition
5, cf. also [6]) in the commuting GK case, as well as Joyce’s Hamiltonian deformation construction
in the nondegenerate case. We state this for emphasis (cf. §3.6] for notation):

Proposition 1.2. The following hold:
(1) Given (M?",g,J) a Kdihler manifold, and u € C®(M) such that w + /—100u > 0, the
one-parameter family
(wr)e = w + tdIdu, I, = J, Jp=J
arises as a canonical deformation of generalized Kdhler structures for 0 <t <1 defined by

Ky =dJdu.

(2) Given (M*",g,1,J) a generalized Kdihler manifold such that [I,J] = 0, and u € C*°(M)
such that wr ++v/—1 (8+8+ — 8_8_) u > 0, the one-parameter family

(w[)t :w1+t\/—1(8+5+—8_5_) u, It :[, Jt =J
arises as a canonical deformation of generalized Kdhler structures for 0 <t <1 defined by

(3) Let (M*",g,1,J) be a generalized Kihler manifold such that the Poisson structure o =
%[I, J]g~"' is nondegenerate, with Q = o~'. Given uy € C®°(M) a family of smooth func-
tions, let ¢y denote the one-parameter family of Q2-Hamiltonian diffeomorphisms generated
by us. Then, for all t such that —Im TpLL Q7 > 0, the one-parameter family of generalized

Kdhler structures determined by
Q =Q, L=1, Jy = o7 J
defines a canonical deformation of generalized Kdhler structures determined by
Ky = dJiduy.

As a final point to contextualize these deformations, we recall that various interesting deformation
classes of generalized Kéahler structure have been produced using holomorphic Poisson structures.
Given a generalized Kéhler structure (g, I, J), there is a Poisson tensor

o=3[1,J]g"

which is the real part of a holomorphic Poisson tensor with respect to both I and .J. By choosing an
appropriate deformation of o, Hitchin [10] produced deformations of Kéhler metrics on del Pezzo
surfaces to strictly generalized K&hler structures. Also the deformation theory of Goto [7] changes
this underlying Poisson tensor. As it turns out our deformations fix o and I, so occur against a
fixed background of a holomorphic Poisson structure.

Corollary 1.3. Given M a smooth manifold, suppose (J{,J%) is a canonical deformation of gen-
eralized Kdhler structures. Then for all t,

It = IO, O_t = O_O

As an application, we are able to express the generalized Kahler-Ricci flow in a simple way
using canonical deformations. The equation is an extension of Kéhler-Ricci flow to the setting of
generalized Kéhler geometry, introduced by the second author and Tian [I3]. Recently this flow
has been used to study the global topology of the (nonlinear) space of generalized Kahler structures
in certain settings [3]. To describe this flow, fix (g, I, J) a generalized Kéhler structure. Associated
to the Hermitian structure (g, I) is the Bismut connection

vi=D+1Hg,
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where H = dfwr, and D denotes the Levi-Civita connection. This is a Hermitian connection, and if
Q7 denotes its curvature, we obtain a representative of the first Chern class via contraction, called
the Bismut-Ricci tensor:

pr = %trQ[I.

From the Bianchi identity we know that dp; = 0, but it is not in general true that py € A}’l, and

we will let p}’l denote its (1,1) projection. Furthermore, associated to (g,I) we obtain the I-Lee
form, defined by

01(X) = d*wi(IX).

Similarly we obtain the Lee form 6; associated to (g,J). With this background in place, we can
describe the generalized Kahler-Ricci flow in the I-fixed gauge simply by

0 1,1 0

(L.1) o= ey Tl
The evolution of the complex structure J is derived in [13], arising from delicate gauge manipula-
tions and curvature identities. On the other hand it has been shown in several special cases (cf. §
below) that the generalized Kéhler-Ricci is driven entirely by p;. Using our description of canonical
deformations, and a further subtle curvature identity for generalized Kéhler manifolds (Proposition
[4.2)), we confirm that this is true in full generality, and give a very simple description of generalized
Kaéhler-Ricci flow in terms of the associated generalized complex structures.

Theorem 1.4. Let (M?",g,,1,J;) be a solution of generalized Kdhler-Ricci flow in the I-fived
gauge. The one parameter family of pairs of associated generalized complex structures (Ji,J%)
evolve by

>J.

0 0
(1.2) a.]lz [Jl,epIJl], anz[Jg,emJg].

In other words, the generalized Kdhler-Ricci flow is the canonical deformation driven by the I-
Bismut-Ricci tensor.

Immediately following from Theorem [I.4l and Corollary [[3]is that fact that generalized Kéahler-
Ricci flow preserves the underlying real Poisson tensor o, and moreover preserves the generalized
Kabhler cone associated to the initial data.

Corollary 1.5. Let (M*",g;,I,(J);) be a solution of generalized Kdihler-Ricci flow in the I-fived
gauge. The associated one-parameter families of generalized complex structures (J1,J2) lies in the
generalized Kdhler cone associated to the initial data. In particular, for all t such that the flow is
defined,

ot =00

in other words, the real Poisson tensor o is fixed along the flow.

2. FORMAL DEFORMATIONS OF GENERALIZED COMPLEX STRUCTURE

2.1. Background. Given M a smooth manifold, the generalized tangent bundle is given by T'®T™*.
This bundle comes equipped with a family of natural brackets determined by a closed three-form
H. In particular, given H € A3T*, dH = 0, define the twisted Courant bracket [,] for sections of
TeT* via

(2.1) X+ &Y + 1) = [X,Y] + Lyn — Iy€ + M (E(Y) — n(X)) + iyix H.

A generalized complex structure J is then an almost complex structure on T°® T%, whose v/ —1-
eigenbundle, denoted by L, is integrable with respect to the the twisted Courant bracket. This
condition is naturally captured by a corresponding version of the Nijenhuis tensor, where for a
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given almost complex structure we associate the natural projection maps mg 1,710 and then for
Z,y €T @ T* we have
(2.2) N3 (Z,9) = mo,1[m1,0(Z), 71,0(¥)]-

Direct computations show that this is tensorial, and vanishes if and only if the associated almost
generalized complex structure is integrable. See [8] for further discussion.

2.2. Variations of generalized complex structure. To begin we define an action of B-fields
on generalized complex structures.

Definition 2.1. Given a smooth manifold M and K € A2, define
O :End(ToT") - End(T® T7),
Px(J) = [J,e" ],

where

1 0 .
ek = <K 1> € End(T © T™).

For a given J, we intend to use ®x(J) as a tangent vector to a one-parameter variation of
J through generalized complex structures. We first note that variations of this kind will indeed
preserve the space of generalized almost complex structures.

Lemma 2.2. Let J; be a one-parameter family of endomorphisms of T ® T* such that Jg is an
almost generalized complex structure and

0
aJt = [Jt, eKtJt].

Then J? = —1 for each t, i.e. J; is a family of generalized almost complex structures.

Proof. Differentiating the expression J? yields

2 2 _ 2 2 — K K K K\ _
atJt_<8tJ>J+J<8tJ>—(Je T )T (35T 4K = 0.

Thus %J% = 0, and since J2 = —1 the lemma follows. O
Next we can characterize the condition for these deformations to preserve integrability of J;.

Proposition 2.3. Let J; be a one-parameter family of generalized almost complex structures such
that

93,

pr = O (Jo).

t=0

Then for 2,y € T & T,

0

pn N3, (7,9) = vV —1mo1(dK (77m10(Y), 7771,0(Z), *))
t=0

— V=IN35, (&, ) + Joe™ Nio(Z,§) + Nao (" Jo(Z), §) + No (7, ¢" o).

Proof. For notational simplicity we set J = Jo. We differentiate the formula (Z2]) at t = 0, using
the explicit formulae for the projection maps, to obtain

%(76,1 [Wi,o(f),ﬂi,o(g)])
(2.3) = %(776,1) [W'i,o(f),ﬂi,o(g)] +776,1 [%W'i,o(f)aﬂ,o(ﬂ)] +776,1 [ﬂ-i,O(f)v %W'i,o(ﬁ)]

= V@ (3)[r10(2), m1.0(F)] — 701 [@K(I)(@), 71,0()] — o1 [11,0(), Prc(I) ()]} -
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Note that for any Z € T @ T* we may write Z = 27 o(Z) + v/—1J(Z) which leads to
O (J)(2) = (JeR T +)(2)
= Je"I(2) + " (2m 0(2) + V=13(2))
= 2e87 0(2 )—I—\/_( K3z - v/=13(eX J2))
= 2571 0(2) + 2V = 1m0 (" J(2)) .
This observation allows us to rewrite the final line of 2.3 as
= V=1eRm om0 (Z), m1,0()] — m10¢™ I o(F), 71,0(7)]
—V=1Im1[e"m0(F) + V—1m1,0e% I (F), 71,0(9)]
— V=1[m10(Z), e m10(F) + V—1m1 0" I (7])]
= V=151 o[m10(2), TL0()] — 7rL0e" I[m1 0(E), 710(7)]
— V=Tmo[e" m0(Z), 71,0(5)] — V—Tmo1[m 0(), " w1 0(F)]
+ 70,1 ([m1,0e™ I(@), 0 ()] + [m1,0(F), 71,0(" ID)) -
Focusing on the first two terms, letting 2’ = [ o(Z), 71,0(9)],

vV —1€KW1705— 7T170€KJ5
v—1
= TeK(z— V=132) - 3(" 32 — V=135 J2)

V=1
=5 (B2 + Il T2)

= \/—_171'0716[{2—1— %JeKZ—I— gJeKJZ
=V —1my1(e%2) + 3JeX (2 + V—-132)
=V —1mo1(ef2) + T 1(2).
Equation 2.3l now simplifies further to
= V=m0 (€5 [m,0(2), m1,0()] — [5m10(&), m0(D)] — [r1,0(8), e 1,0(7)])
+ JeXmo 1 [m1,0(2), m10(H)] + w01 ([m1,0e™ T(E), m1,0(H)] + [71,0(Z), 71,0(" IF)])
= V=Tmo1 (" [m1,0(@), m10(§)] — ["m10(Z), m1.0(7)] = [m1,0(E), " m10(5)])
+ JeEN(Z, ) + N(23 (@), 7) + N(Z, £ T7).

The Courant bracket satisfies e [X +&,Y +1] = [ef(X +£),e5(Y + )] + txtydK. Using this to-
gether with the fact that the Courant bracket involving a section with no tangent vector component
vanishes we see that the first term of (24]) becomes

V=Imo ([e"m10(Z), e m10(H)] — [ m10(E), m1,0()] — [m1.0(Z), e m10(#)] + dE (77m10(F), 7771,0(E), -))
= V—1mo 1 (—[m1.0(F), m1.0(7)] + dK (71m10(7), 7r710(Z), )
= — V=IN(Z,7) + V—1mo 1 (dK (wrm10(F), 7r7m1,0(F), ).

Collecting these computations gives the result. O

(2.4)

Corollary 2.4. Let J; be a one-parameter family of generalized almost complex structures such
that Jg is integrable and for all t one has

0
atJ (I)Kt (J)
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where furthermore for all T, € T & T* one has
(2.5) Wé,lth (WTﬂi,o(ﬂ)yﬂTﬂi,o(f)7 ) = 0.
Then J; are integrable for each t.

Proof. Choosing any Hermitian metric on (7' @ T%) ® C, using Proposition 2.3] and the hypothesis
(23] one directly derives for all ¢

0
ot |NJt|2 < C(K,J) |N-]t|2 :
Since Nj, = 0 the result follows from Gronwall’s inequality. O

Remark 2.5. We may also formulate integrability of generalized complex structures in terms of
its —v/—1-eigenbundle, L;, being Courant integrable. Replicating the above arguments with the
roles of m1 g and 71 reversed we obtain that the relevant condition on K; is

t — —
0 = 70,1 dK; (mrmo1(Y), 7rmo,1(Z), ) -
3. VARIATIONS OF GENERALIZED KAHLER STRUCTURE

Having defined certain variations of generalized complex structure, we now extend this to defining
variations of generalized Ké&hler structure. A naive guess would be that we should simply take a
variation of one of the underlying generalized complex structures and seek the further integrability
conditions. However, for reasons to be illuminated by the examples below, it is much more natural
to vary both generalized complex structures by a single B-field as described in §2.21

3.1. Background. A generalized Kéhler structure is a pair of commuting generalized complex
structures Jy1,Jo such that G = —J1J2 defines a generalized metric, i.e. (G-,-) is a positive definite
inner product on T'® T™, where (,) denotes the symmetric neutral inner product on 7' @ T, i.e.

(X+&6Y +n) =3 (&) +n(X)).

A fundamental theorem of Gualtieri ([§] Chapter 6) says that a generalized Kéhler structure (J1,J5)
as defined here corresponds to a bihermitian structure (g,1,J,b), with Kéhler forms wr,wy, as
described in the introduction. The explicit relationship is given by

I+J —(wlFw;h)) _
3.1 J, o= Leb I J b
( ) 1/2 26 < Wy Fwy —(I*ij*) €
We recall that a generalized Kéhler structure induces a fourfold decomposition of the complexified
generalized tangent bundle. Specifically, letting L; and L; denote the ++/—1-eigenbundles of J;
respectively, we have the following decomposition:
(ToT)RC=LT ® Ly ® Ly ® LT := (L1 N Ly) & (L1 N L) & (L1 N L) ® (L1 N Ly).
3.2. Definitions.
Definition 3.1. A one-parameter family of generalized Kéhler structures (J4,J%) is a canonical
family if for all ¢, there exists K; € A? such that
0 0
a']i = (I)Kt(']i)a EJE = (I)Kt(']g)

Given 51, 52 another generalized Kéhler structure, we define an equivalence relation where
(J1,J2) ~ (J1,J2)

if and only if there exists a canonical family (JL,J8), t € [0,1], such that (J9,39) = (J1,J2),
(J1,33) = (J1,J2). Furthermore, the generalized Kdhler cone associated to (J1,Js) is

GK(J1,J2) = {(J1,T2) generalized Kihler | (J1,J2) ~ (J1,J2)}.
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3.3. Compatibility Condition. We first address the condition required for a canonical deforma-
tion to preserve the algebraic compatibility condition of generalized Kéhler structures. We first
prove a formal lemma reducing this to an algebraic condition on K, then analyze this explicitly
using the Gualtieri map.

Lemma 3.2. Let J¢,JY be one-parameter families of generalized almost complex structures, with
[J9,J9] = 0, which satisfy

0
—J =Dy, (J
at Kt( 1)7

Then [Ji,J5] =0 for all t if and only if
[Pk (J1),J2] = [Px(I2), I1]

0

a‘]g = (I)Kt(J2)'

for all t.
Proof. Differentiating [J¢,J%] at any time ¢ shows

0
ot [J Jg] = (I)K(Jl)-]z + qu)K(Jg) — ¢K(J2)J1 — J2<I>K(J1)
= [®x(J1),J2] — [Px(J2), J1].
Since [J9,J9] = 0, the result follows. O

Here we reformulate the compatibility condition of Lemma[3.2] by expanding the necessary equa-
tion in terms of the Gualtieri map and analyzing the result, which simplifies dramatically.

Proposition 3.3. Given M a smooth manifold and (J1,J2) a generalized Kdihler structure, for
K € A? one has

[@x(J1),J2] = [@x(I2),J1]
if and only if
K e AL

-1 —1
Proof. Let Ty = 5 <(LI j:: i) ) _(L‘ZII* I (}};Z) )> , so that[3.T]can be expressed as J; j» = ele/Qe_b
1 J -

Using this notation and the fact that e’ and e® commute, it follows easily that
[@rc(J1), I2] = € [@x (Y1), To]e™,
(@5 (J2),J1)] = €’ [@(T2), Ti]e "
Hence [®(J1),J2] = [Px(J2),J1)] reduces to the condition [®x(T1), To] = [Px(T2), T1]. As a
first step, we record the simplified forms of ®x (Y /,) obtained through a direct computation:
1 ( —(wr'FwyHK(I £ ) (W Fwy KWt F w;1)>

Dr(Yrps) = 5
k(Tiy2) = 7 AK —(IF £ JHK(I +£J) I+ J)K(w;'Fw;')

Further tedious computation yields
[@5c(31), o] = 3 (W' +wy K + g7 K(I+J) (o' —w;)Eg™ —g lK( f—wih)
K\J1),J2] = 5 )
*\ KU-D+U-JT)K (I + J)Kg™' — K(w ' + w7 )

(@ (J2), 1]

) ((wl VYK + g K(I—J) (wi'+w;)Kg™t — g K (w; ! + w;1)>
2

K(I+J)+ I +J9K (I* = J)Kg™' — K(w;' —w;h)

By comparing each entry of the matrices above, we see equality holds if and only if KJ = —J*K,
as required. 0
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3.4. Integrability Condition. We next address the integrability condition. Since our deforma-
tions should preserve integrability of each generalized complex structure J;, Proposition 2.3] yields
two partial integrability conditions which K must satisfy. We again emphasize that neither of
these conditions alone will force dK = 0, while somewhat surprisingly the combination of the two
conditions does.

Proposition 3.4. Given M a smooth manifold and (J1,J2) a generalized Kdihler structure, for
K € A? one has

7137"1 (txtydK)=0 forall XY €mp(L;), i=1,2.
if and only if
dK = 0.
Proof. The sufficiency of dK = 0 is obvious, we prove it is necessary. Note that for a pure covector
—1 -1
, one has J =ebY =1 < _ (wl_ Fw, )¢ > and so
§ 1/26 1/2§ 2 b(wll:':le)§+([*j:J*)§
2 o 07
(3:2) Tt (§) = V=1 -1 -1 L 7H :
£ — Yo (blwr ! Fwi e+ (I* £ T)E)

Fix vectors X,Y € TI1 ’0, and then choose lifts X, Y, to C,, the +1-eigenspace of G. Using the
representation of J; with respect to the +1-eigenspace decomposition induced by G ([8] Proposition
6.12), it follows that X, Y, € L1 N Ly = Lf. Now let £ = iyixdK, and note that Proposition 2.3
applied to both J; and J5 implies that

1/2
Tl (€) = 0.
Comparing against equation ([3.2]) we obtain (wl_l F w}l)(ﬁ) = 0. Therefore 1ytxdK = 0, for all
XY € TII’O. Since K is real it follows that dK = 0. O

Proof of Theorem [ Fix (J1,J3) generalized Kéhler and fix (J¢,J%) a one-parameter family as in
the statement. First let us assume conditions (1), (2), and (3) hold for this family. Since dK; =0
for all ¢, it follows from Corollary 2.4] that (Ji,J%) are integrable generalized complex structures.
Furthermore, using that K, € Ab’tl for all ¢, it follows from Lemma and Proposition B.3] that
[J¢,J4] = 0 for all t. Since we have assumed the positivity of (—J1J2-,-) in condition (3), it follows
that (J4,J%) is generalized Kéhler for all .

Conversely, suppose (J},J%) defines a generalized Kéhler structure for all ¢. Condition (3) then
holds by definition, and condition (1) holds by Lemma and Proposition 3.3l As the structures
(Ji,Jt) are assumed integrable for all times ¢, their Nijenhuis tensors vanish for all ¢, and thus it
follows from Proposition [2.3] that

0= ﬂgfldK (WTW'1]7Zb(f), WTW{fo(ﬁ% >
for all Z,j € T & T*, all t, and i = 1,2. It then follows from Proposition B4 that dK = 0, as
required. ]

With this characterization of canonical deformations in hand, we can now give the definition of
generalized Kéahler classes which emerges naturally from Theorem [Tl

Definition 3.5. Let M be a smooth manifold. An exact canonical deformation is a one-parameter
family of generalized Kihler structures (J%,J%) such that, for all ¢,

9
aJ;? = B4, L,
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for some a; € A'. Given 51,52 another generalized Kéhler structure, we define an equivalence
relation where

(J1,J2) ~exaet (J1,2)

if and only if there exists an exact canonical deformation (J4,J%), t € [0,1], such that (J9,J9) =
(J1,J2), (J1,33) = (J1,J2). Furthermore, the generalized Kdhler class of (J1,J2) is

[(J1,J2)] = {(J1,T>2) generalized Kihler | (J1,J2) ~exact (J1,J2)}

3.5. Induced variations. In this section we derive the variation on the associated bihermitian
data induced by a canonical deformation through an analysis of the Gualtieri map.

Proposition 3.6. Let (J4,J%) be a canonical family, and let (g¢, by, Iy, Jy) denote the corresponding
1-parameter family of bihermitian data. Then

g=—3lK1,  b=—3{K1T}
(3.3) wr = —3[K, 1)1, wy=—3{K,1J},

I=0, J =117 K.
Proof. We use the notation and computations of Proposition In particular, we recall that

b3y et = L —r' F Wy YK £T) (o Fep YK Fer))
4\4K — (I £ JVK(I+£J) (I"+£J)K(w;'Fw;h)
On the other hand, writing expression 3.3] as J; /o = %ele /2e_b and differentiating, using the fact

that ebéb = éb = éPel, yields

e_bjl/er = e_b (éle/ge_b + Cle/QG_b — ele/géb>

Nl N[

(", 0] + 3T 1)
((w;l Fwy b+ (I £.) R CTRE >
(b, T £ T} + (wr Fay) —bwr'Fwrt)— I+

(3.4)

—_

-2

Then equating the appropriate expressions coming from above shows
T+wi'h wilowr!

wr +{b, I} —(I*+ bw;1)>

. < wKJ —wi' KT witKw; ! +w;1Kw;1>

- P \4K — (PKT+ J*KJ)  I'Kwi' = J*Kw;t )’

e_b(.jl + Jg)eb = (

A R ( ,.]'— with —.w;lew‘?)
{b,J} =@y bw;t—J*
o <w;1KI ~wi'KJ  —(witKw;! +w;1Kw;1)>
-2\ -(I"KJ + J*KI)  J*Kwi'-I'Kw;b )
Turning to the top right entries of each expression shows
wr = 3(K +wiw; ' Kwy'wy) = 3(K + ' J*KJI) = 4(K + I"KI) = - 3[K, 1|1,
Wy = twswi 'K + Kwy'wy) = —3(J*I"K + KIJ) = —1{K,1J}.
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—1
For the remaining data we differentiate the generalized metric Gy = —(J1)¢(J2): = <At 9t ),

o Af
where g; is the associated metric and by = —g; A¢. It follows that
e (. A-glag" —g~ 99‘1
—bA+ A*b+ 5 —bgrggt A* —bglgg?

and in particular we will only be interested in the first row. Focusing on the top row, we furthermore
compute

e PGel = —(e7bT %) (e7PT ") — (67T 1€b) (e70Tge?)

o —(wit—wHYKI+ ) (Wit - w YK (Wt - wih) <[_J —(wl_l—i—w;l))
 OSUK - (P4 INK(I+J))  (IF+JHK(w —w;Y) ) \wrtwy =" =J%)

( I+J wll—w;1)> —(wrt WK =) (Wit ey K +wyt)
wr —wy I+ J7) AK — (I* = J)K(I —J)  (I" = J)K(w;' +w;h)

ool»—‘

|
D=

(wl_l — w}l)K —(wl_l — u)jl)Kg_1 — g_lK(wl_l —i—w;l))

* *

E _1{K I} —(wit—wi)Kg™ =g K (wr! +wjl)> .

*

N[ =

Thus

g(wI_1 — w;l)K + %K(wl_l + w;l)g
(I"'K — KI) — 3(KJ + J*K)
= - %[K7[]7

Nl N[

where we have used that K € Ab’l. Then differentiating the formulas I/J = —wl_/ng gives

I= wl_lwfwl_lg — wl_lg
= —dwi K, [[Tw; g + 4w MK, 1] = 0,
J= w;lewjl — wjlg
= —tw YK, IJ}w;! + dwy [K I]
= 2w 'KI - g7 'I"KJ + Jw;' KT — 3w ' T'K
=19 'K - g7 K = §[1,J]g7 K.

Lastly, differentiating the formula b = —gA yields

b=—gA—gA
=—gA—g(g g9 b+ 297K, I})
_%{Kv I}

Using Proposition we give the proof of Corollary [[.3]
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Proof of Corollary [I.3. By Proposition B3] we know that I = 0, and moreover it follows that
o =5 (I[L,Jg 'K ~[I,J]g7 KI) g~ + 5[1,J]g ' [K, I]g~"
=3I, J)g ' Kg~ " — §[I,Jlg ' I"Kg™'
L)+ (LD g Ky
= 0.

3.6. Examples.

Example 3.7. Given (M?", g,.J) a Kihler manifold, we interpret this as a generalized Kihler
structure by setting I = J, and b = 0. Suppose (g¢, by, Iy, J;) is a canonical family with this initial
condition. Initially we have o = 0, thus o, = 0 from Corollary [[3l It follows that [I,.J] = 0 for
all times, so from the equations of Proposition it follows that that J = 0 for all times, and so
Jy = J = 0. In turn it follows easily that

wr=wy=K,
in other words, the complex structures stay fixed and the Kéhler forms change by K. By the
v —100-Lemma, an exact canonical deformation satisfies K = da = d.Jdu for some u € C>®(M).
Using the construction above and the normalization that /—100 = dId we verify item (1) of

Proposition [[L2], noting that positivity of the Kahler forms (wy); = wr + tdJdu is equivalent to the
positivity condition (3) in Theorem [L.11

Example 3.8. Suppose (M?",g,b,1,J) is a generalized Kihler structure and [I,J] = 0. These
manifolds are characterized by a holomorphic splitting of the tangent bundle and simple examples
are given by quotients of products, for instance on Hopf surfaces. For further background on these
structures see ([2]). Setting @ = —I.J we see that Q? = 1 and so we can split T = T ® T_ in
terms of the +1-eigenbundles of Q). Let J, = I|T+ and J_ = I|, . Since on T4 we have I = £J, it

follows J|p, = Jy and J|p = —J_. Similarly, we define wy = wy|y, . Note that the Kéahler form
indeed block diagonalizes along T4 since

wr (X4, IY_) = g(IX4, IY_) = g(J X4, JY_) = g(=I X4, IY_) = —wi (X4, IY_) = 0.

Now suppose (g, by, Iy, J;) is a canonical family with this initial condition. Arguing as above,
since o = 0 for the given structure, it follows that [I,J] = 0 for all times ¢, and hence J = 0.
Thus along the variation we preserve the splitting induced by @), and we can decompose K =
K.y +K, +K_ |+ K__. Tracing through the formulas in Proposition yields

oo (K0 - 0 K,
0 JK__)° ~J*K, 0 ’

. (Kiy O . (—Kyy O
w1 < 0 K__>’ ‘*’J—< 0 K__)
A special case of this occurs when K = dJdu, yielding
O:)[ =+v-1 (84_54_ - 8_5_) u,

where d = 0, +0_ + 04 + 0_ is the fourfold splitting of d induced by Q. This construction verifies
item (2) of Proposition [[2, again noting that positivity of

(O.)I)t =wr +tv -1 ((94_54_ — 8_5_) u

is equivalent to the positivity condition of item (3) in Theorem [[.1]
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Example 3.9. Suppose (M?",g,b,I,.J) is a generalized Kihler structure where the associated
Poisson tensor o is nondegenerate. In this setting the endomorphism [/, J] is invertible, and this
in turn implies that I & J are invertible. We define the 2-forms F. = —2g(I 4= J)~!. Moreover let
Q) = o~ L. It turns out that the three symplectic forms F, ) completely determine the generalized
Kahler structure in this case. Direct computations show that the generalized complex structures

can be expressed as
a0 —FTY 4 (0 -—F!
Jl—e <F_ 0 >€ s J2_<F+ 0 s

Let K be an infinitessmal deformation of the generalized Kahler pair (J1,J2). Then with respect
to the data (Fly, F_, ), direct computations show that

F.=F_ =K, Q=0.
As in the above examples we can choose K; = dJidu;. We claim that for such a variation,
J = LoquJ.
To show this we compute, using that ¢ = Q™! and d) = 0,
(Lodud) Q= Logu(JQ) — JLpg, 2 = dJdu = K.
Comparing against Proposition we see that

J=0K = Log.J,
as required. It follows that J; = ¢}.Jy, where ¢ is the one-parameter family of Q2-Hamiltonian
diffeomorphisms driven by w;. As discussed in [3], the positivity of —Imm,1,1€; is equivalent to

I
the positivity condition (3) of Theorem [Tl This verifies item (3) of Proposition

Proof of Proposition[1.2. The three deformations claimed in the proposition are described in the
examples above. O

4. GENERALIZED KAHLER-RICCI FLOW AS CANONICAL DEFORMATION

In this section we establish Theorem [[.4] namely that solutions to the generalized Kéhler-Ricci
flow are canonical deformations, driven by the Bismut Ricci curvature. This generalizes and unifies
various instances of this phenomenon which have previously been observed. In particular, it is
well known that Kéahler-Ricci flow moves within the Kéahler cone against a fixed complex structure,
and so is a canonical deformation as in Example B.7l Next, comparing Example B.8 against the
curvature identities of ([12]), we see that the generalized Kahler-Ricci flow in the case [I,J] = 0 is
a canonical deformation driven by p;. Also, we can compare the discussion in Example 3.9 with
([3]) to see the phenomenon holds in the nondegenerate case. The key point in establishing the
general case is to show that the evolution of J is indeed determined by K = p;. This requires a
delicate curvature identity we build up below.

Lemma 4.1. ([I1]) Let (M?",g,1) be a pluriclosed structure. Then
p1(X,Y) = —RB(X, 1Y) + VEo(IY)
pr'( 1) = Re? —{H? — L Lgg,

PP 02X, Y) = L (@ HIX,Y) +dV0(IX,Y))

= (dI6)*"02(X,Y).

(4.1)

Proposition 4.2. Let (M?",g,1,.J) be a generalized Kdhler structure. Then

g <<L95_9§J> X, Y> = pi([I, J)X,Y).
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Proof. We will use that for a Hermitian manifold (M?",g,.J) one has
(4.2) g(Lx )Y, Z) = g(DxJ)Y — Dy X + JDy X, Z).
First note, using that p; € Al’l,
pr([1,J1X, JY) + pi([L, J]JY, X)
= pr(IJX — JIX,JY) = pp(X,IJJY — JIJY)
= pr(IJX,JY) — pi(IX,Y) + p1(X, 1Y) — pr(JX,1JY)
= —p1(JY,ITX) 4 pr(Y,IX) + p1(X, 1Y) — p;(JX,1JY).
Applying Lemma [£.1] we further compute
—p1(JY, 1JX) + pr(Y,IX) + pr(X, 1Y) — pr(JX,1JY)
= — R/ (JY,JX) + V0 (JX) + Rc! (Y, X) — V67 (X)
+ R (X,Y) = VO (Y) =R (JX,JY) + VL 01 (JY)
= —Rc/(JY,JX) =R/ (JX,JY) 4+ R/ (X,Y) + Re’ (Y, X)
+ VI 01 (TX) = VLol (X) — VL (Y) + Vi 0l (JY)
= ps(JY, X) + ps(JX,Y) + ps (X, JY) + ps (Y, JX)
— VI 0 (JX) = V07 (JY) + VL7 (V) + Vi67 (X)
+ Vi 01 (TXx) - VLol(X) — VLo (Y) + Vi e (JY
= Dx (07 —0")(Y) + Dy (87 — 0")(X) — Dyx (87 — 0")

=g ((Lgs_gz7) XY ) + 9 (L) IV, X) .
J I J I
where the last line follows by comparing (4.2]).
To address the skew symmetric piece we first compute, again using that p; € Al’l,

PI ([L J]va) —PI ([L J]Y7X)
= pi(IJ = JX,Y)+ pr(X,(IJ — JI)Y)
= p1(IJX,Y) + pr(IX, JY) 4 pr(X, 1JY) + pr(JX,IY)

=2 ((pr)*" (JX, 1Y) + (p1)*" (IX, TY) ).

)
(JY) = Dyy (67 = 6') (JX)

Now we compute using Lemma 1] and equation (Z2]),
2 (o)™ (JXIY) + (pr)* (IX, IY))
=2 ((=p)** (1Y, TX) + (p1)*° (IX, JY))
= " H(Y,JX) — d*Hy(X,JY) +d" 0/ (Y, 1X) — dV' 0! (X, JY)
= —d*H (Y, JX) + d*H (X, JY) +d¥ 0 (Y,JX) — dV 0! (X, JY)
= 2(p)) 20X, Y) = dV 07 (JX,Y) = 2(p)*0(Y, X) + dV 07 (JY, X)
+d¥' ol (v, JX) — dV' 0L (X,JY)
=dV07(IX,Y) = dV 07 (JY, X) +dV 0 (Y, JX) — dV 0T (X, JY)
=9 ((2g7) XY) =9 (L 7) V:X)

as required. 0
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Proof of Theorem [1.4} We first assume that equations (L.2)) hold. By Proposition with K = p;
one notes that I is fixed and one easily derives the evolution equation w; = —(p;)*!. By Proposition
it follows that

J=3[I,Jlg7 " pr = L%(@ﬁ

J_0§> J

as required. Thus we have verified the evolution equations of (IT]). Assuming equations (L.I)) and
imposing b = —{pk, I'}, we can apply the computations in Proposition and use Proposition
to establish equations (L2]). O
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