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ABSTRACT

We consider a spectral sharing problem in which a statistical (or widely distributed) multiple-
input multiple-output (MIMO) radar and an in-band full-duplex (IBFD) multi-user MIMO
(MU-MIMO) communications system concurrently operate within the same frequency band.
Prior works on joint MIMO-radar-MIMO-communications (MRMC) systems largely focus
on either colocated MIMO radars, half-duplex MIMO communications, single-user scenarios,
omit practical constraints (clutter, uplink [UL]/downlink [DL] transmit powers, UL/DL quality-
of-service, and peak-to-average-power ratio), or MRMC co-existence that employs separate
transmit/receive units. The purpose of this and companion papers (Part II and III) is to co-
design an MRMC framework that addresses all of these issues. In this paper, we propose signal
processing for a distributed IBFD MRMC, where radar receiver is designed to additionally
exploit the downlink communications signals reflected from a radar target. Extensive numerical
experiments show that our methods improve radar target detection over conventional codes and
yield a higher achievable data rate than standard precoders. The following companion paper (Part
II) describes the theory and procedure of our algorithm to solve the non-convex design problem.
The final companion paper (Part IT) considers the case of multiple targets and examines the
tracking performance of our MRMC system.

1. Introduction

Severe crowding of the electromagnetic spectrum in recent years has led to complex challenges in designing radar
and communications systems that operate in the same bands [1]. Both systems need wide bandwidth to provide a
designated quality-of-service (QoS). Sometimes, their typical bandwidths may not have the same order of magnitude
and they may operate with only a partial spectral overlap. Whereas a high-resolution detection of radar targets requires
significant transmit signal bandwidths[2], the wireless cellular networks need access to a broad spectrum to support
high data rates [3, 4]. With the rapid surge in mobile data traffic, network operators worldwide have turned to a higher
frequency spectrum to accommodate the rise in data usage [1]. In addition, the continuous scaling up of the carrier
frequencies and deployment of wireless communications have propelled the spectrum regulators to grant civilian
communications systems access to the spectrum traditionally reserved for radar/sensing applications. This policy shift
has sparked the trend of coexisting and even converging the radar and communications functions[1].

Broadly, the two most common approaches are sharing with spectral overlap (or co-existence) and functional
spectrum-sharing (or co-design) [1]. In the former, the transmitter (Tx) and receiver (Rx) of radar and communications
are separate units that operate within the same spectrum using different waveforms [5, 6]. The latter combines
the two systems at either Tx, Rx, or both in a single hardware platform and employs a common waveform [7, 8].
These spectrum-sharing solutions also depend on the level of cooperation between radar and communications.
In a selfish paradigm, the overall architecture usually promotes the performance of only one system leading to
radar-centric [9, 10, 11] and communications-centric [6] co-existence solutions. On the other hand, the holistic
solution relies on extensive cooperation between the two systems in transmitting strategies and receiving processing
[12, 13, 14, 15, 16, 17, 18]. The exchange of information, such as the channel state information (CSI), may also
be facilitated via a fusion center [13, 18]. The spectral cooperation enables both systems to benefit from increased
degrees of freedom (DoFs) and allows joint optimization of system parameters through one [13, 14] or more [17, 19]
objective functions. For example, the communications signals decoded at the radar Rx may be used to enhance
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Table 1

Comparison with the state-of-the-art
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cf Radar Communications Design metric Design objective

) Model | Targets | Clutter Model | Duplexing | Users

13 C-MIMO? Static Yes P2P MIMOP HD SU Radar SINR Joint waveforms

18 D-MIMOQ¢© | Static Yes D-MIMO HD SuU n/ad Target localization
21 Monostatic | Static Yes M-MIMO¢ | HD (UL) SuU Ml Joint Rx filters, BFs
22 C-MIMO Static No MIMO HD (DL) MU Transmit power Joint transmit BFs
17 C-MIMO Moving No MIMO FD MU Radar P, BFs, radar waveform
23 C-MIMO Moving No MIMO FD MU Beamformer power | Joint BF
24 C-MIMO Moving No MIMO IBFD MU Total SNR Joint BF-SIC design
25 Monostatic | Moving No P2P SISO IBFD SU Mutual interference | Waveform
This paper D-MIMO Moving Yes MIMO IBFD MU CWSM Joint waveform-precoders-filter

2 C-MIMO: Colocated MIMO
¢ M-MIMO: Massive MIMO

b P2P: Point-to-point ¢ D-MIMO: Distributed MIMO 9n/a: Not applicable

target detection/localization [17, 18]. Similarly, communications Rxs may improve error rates by extracting symbols
embedded in the echoes reflected off the radar targets [1]. In this paper, we focus on the holistic spectral co-design.

The approaches above do not readily extend to multiple-input multiple-output (MIMO) configuration, which
employs several Tx and Rx antennas to achieve high spectrum efficiency [3, 20]. MIMO configuration enhances com-
munications capacity, provides spatial diversity, and exploits multi-path propagation [3]. Further, recent developments
in massive MIMO [21, 1] utilize uplink/downlink (UL/DL) channel reciprocity via a vast number of service antennas
to serve a lower number of mobile users with time-division-duplexing.

Similarly, MIMO radars outweigh an equivalent phased array radar by offering higher angular resolution with fewer
antennas, spatial diversity, and improved parameter identifiability by exploiting waveform diversity [20]. In a colocated
MIMO radar [26], the radar cross-section is identical to closely-spaced antennas. On the contrary, the antennas in a
widely distributed MIMO radar are sufficiently separated from each other such that the same target projects a different
radar cross-section to each Tx-Rx pair; this spatial diversity is advantageous in detecting targets with small backscatters
and low speed [27, 28, 29]. The distributed system is also termed a statistical MIMO radar because the path gain vectors
in a distributed array are modeled as independent statistical variables [27, 30, 31, 28].

The increased DoFs, sharing of antennas, and higher dimensional optimization exacerbate spectrum sharing in
a joint MIMO-radar-MIMO-communications (MRMC) architecture [32, 19]. Early works on MRMC proposed null
space projection beamforming, which projects the colocated MIMO radar signals onto the null space of the interference
channel matrix from radar Tx to MIMO communications Rx [33]. The MRMC processing techniques include matrix
completion [13], single base station (BS) interference mitigation [33], and switched small singular value space
projection [12]. Among waveforms, [10] analyzes orthogonal frequency-division multiplexing for a MIMO radar to
coexist with a communications system. On the other hand, [14, 15] suggest optimal space-time transmit waveforms for
a colocated MIMO radar co-designed with a point-to-point MIMO communications codebook.

Nearly all of these works focus on single-user MIMO communications and colocated MIMO radars. To generalize
MRMC, [34] investigated a novel constructive-interference-based precoding optimization for colocated MIMO radar
and DL MU multiple-input single-output communications. This was later extended to the co-existence of MIMO
radar with MU-MIMO communications [17] through multiple radar transmit beamforming approaches that keep the
original modulation and communications data rate unaffected. In quite a few recent studies [21, 16], either radar or
communications is in MIMO configuration.

Co-design with statistical MIMO radar remains relatively unexamined in these prior works. The model in [18]
comprises widely distributed MIMO radar but studies co-existence with simplistic point-2-point MIMO communica-
tions. The distributed radar proposed in [35] exploits a communications waveform but operates in passive (receive-
only) mode. The MIMO communications model in the studies above is limited to half-duplex (HD) rather than
full-duplex (FD), which allows concurrent transmission and reception, usually in non-overlapping frequencies. The
throughput is further doubled through in-band FD (IBFD) communications that enable UL and DL to function in
a single time/frequency channel through advanced self-interference (SI) cancellation techniques [36, 37, 38]. The
IBFD technology has been recently explored for joint radar-communications systems to facilitate communications
transmission while also receiving the target echoes [36]. In [17], the BS operates in MU IBFD mode and simultaneously
serves multiple DL and UL user equipment (UEs) while coexisting with a colocated MIMO radar. For a co-existence
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scenario with a colocated MIMO radar, another study in [39] considers the precoder design of an FD cellular
system given imperfect channel state information and hardware impairments. Furthermore, [37] prototyped an IBFD
communications system integrated with a monostatic Doppler radar. However, these IBFD MRMC studies do not
consider statistical MIMO radar.

The performance metrics to design radar and communications systems are not identical because of different
system goals. In general, a communications system strives to achieve high data rates while a radar performs detection,
estimation, and tracking. The MI is a well-studied metric in MU-MIMO communications for transmit precoder design
[40, 41]. Several recent works on radar code design adopt the MI as a design criterion [42, 30, 31, 43]. In particular,
[42, 31] show that maximizing the MI between the radar receive signal and the target response leads to a better detection
performance in the presence of the Gaussian noise. For the radar-communications co-design, [44] proposed an overall
metric for the joint radar-communications system dubbed the compound rate, a combination of a radar signal-to-
interference-plus-noise ratio and a point-to-point communications achievable rate. Some recent works [32, 19] suggest
mutual information (MI) as a common performance metric for the joint radar and communications system. However,
there is still a lack of effort in applying this metric to the MIMO radar and MU-MIMO communications co-design
problems.

This work addresses these gaps by proposing a co-design scheme for a statistical MIMO radar and an IBFD MU-
MIMO communications system. As in most IBFD MU-MIMO systems [17, 39, 38], the BS operates in FD while all
the DL or UL UEs is in HD mode. Further, unlike many prior works that focus solely on one specific system goal
and often in isolation with other processing modules, we jointly design the UL/DL precoders, MIMO radar waveform
matrix, and linear receive filters (LRFs) for both systems. Our novel approach exploits mutual information (MI) by
proposing a novel compounded-and-weighted sum MI (CWSM) to measure the combined performance of the radar
and communications systems. In contrast to prior works in [17, 18] that used information-theoretic metrics for only
communications, we introduce a common MI-based criterion to enable a joint MRMC design. Table 1 summarizes the
differences in the model and methods of prior art and this work.

Our co-design also accounts for several practical constraints, including the maximum UL/DL transmit powers, the
QoS of the UL/DL quantified by their respective minimum achievable rates, and the peak-to-average-power-ratio (PAR)
of the MIMO radar waveform. It is common among communications literature to identify a UL/DL UE’s QoS with its
minimum achievable rate [45, 17]. Adopting low PAR waveforms is crucial for achieving energy- and cost-efficient RF
front-ends [31]. However, prior works have not considered the QoS and the PAR constraints concurrently for a joint
statistical MIMO radar and MU-MIMO FD communications system design. We herein address the non-convex CWSM
maximization problem’s challenges subject to non-convex constraints, namely the QoS and the PAR constraints. To
this end, in the following companion paper (Part II) [46], we develop an alternating algorithm that incorporates both
the block coordinate descent (BCD) and the alternating projection (AP) methods. With our optimized radar codes,
the probability of detection is enhanced up to 13% over conventional radar waveforms at a given false alarm rate.
Furthermore, our optimized precoders yield up to a 30% higher rate than standard precoders. Preliminary results of this
work appeared in our conference publication [47], where only precoder design was considered. In the final companion
paper (Part IIT) [48], we develop tracking algorithm for the case of multiple targets in a joint statistical MIMO radar
and IBFD MU-MIMO communications system.

The rest of the paper is organized as follows. The next section describes the system models of the statistical
MIMO radar and the IBFD-MIMO communications system, respectively. We present the co-design-based receiver
signal processing for the MIMO radar and IBFD MU-MIMO communications in Sections 3 and 4, respectively. We
formulate the CWSM maximization problem in Section 5. We then employ the BCD-AP MRMC procedure from
the following companion paper (Part II) [46] to solve the optimization problem iteratively and validate the proposed
technique through numerical experiments in Section 6 before concluding in Section 7.

Throughout this paper, lowercase regular, lowercase boldface and uppercase boldface letters denote scalars, vectors
and matrices, respectively. We use 1(X;Y) and H (X]Y) to denote, MI and conditional entropy between two random
variables X and Y, respectively. The notations Y[k], y[k], and y[k] denote the value of time-variant matrix Y, vector
y and scalar y at discrete-time index k, respectively; 1, is a vector of size N with all ones; C and R represent sets of
complex and real numbers, respectively; a circularly symmetric complex Gaussian (CSCG) vector q with N elements
and power spectral density N, is ¢ ~ CN (0, NyIy); (-)* is the solution of the optimization problem; E[-] is the
statistical expectation; Tr{R}, RT, R, R*, |IR|, R > 0, and R(m, n) are the trace, transpose, Hermitian transpose,
element-wise complex conjugate, determinant, positive semi-definiteness and (m, n)-th entry of matrix R, respectively;
set Z (L) denotes {1,...,L}; x > y denotes component-wise inequality between vectors x and y; x* represents
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Table 2
Glossary of Notations
Symbol Description
M, (N,) number of the MIMO radar Tx (Rx) anten-
nas
M, (N,) number of the BS Tx (Rx) antennas
1(J) number of the UL (DL) UEs
K number of radar pulses or communications
frames
N (NY) number of antennas in the i-th UL (jj-th DL)
UE
D} (DY) number of the i-th UL (j-th DL) data
streams
d,, (dg;) symbol vector of the i-th UL (j-th DL) UE
a, radar codeword for the m,-th radar Tx

A total radar transmit waveform matrix

target response vector to n.-th radar Rx

hg, channel for BS-to-target-to-n,-th radar Rx

H; (Hg)) channel matrix for i-th UL UE (j-th DL UE)

Hyy FD self-interference matrix

H,; channel matrix from i-th UL UE to j-th DL
UE

H,; channel matrix from the MIMO radar to the
BS

P, (k] (P,;[k]) precoder of i-th UL (j-th DL) UE for k-th
frame

{P} {P,,[K].Py,[k].Vi, j. k}

U, the LRF filter at n.-th MIMO radar Rx

U, [k] (Uy,[k]) Rx of i-th UL (j-th DL) UE for k-th frame

(U} {U,,[k],Uy,[k], G, , Vi, j, k,n}

W, weight matrix for n,-th MIMO radar Rx

W, [k] (Wy,[k]) || weight matrix for i-th UL (j-th DL) UE

max(x, 0); x)(-) is the #-th iterate of an iterative function x(-); inf(-) is the infimum of its argument; ® denotes the
Hadamard product; and @ is the direct sum. Table 2 summarizes the symbols used in this paper.

2. Spectral Co-Design System Model

Consider a two-dimensional (2-D) (x-y) Cartesian plane on which the M, Txs and N, Rxs of a statistical MIMO
radar, the BS, I UL UEs, and J DL UEs of the IBFD MU-MIMO communications system are located at the coordinates

(xmr, Ym, ) <xnr, Yn, ) (xB, yB), (xUL,,», yUL,i), and (xDL’j, yDL,j), respectively, forallm,. € Z (M), n, € Z, (Nr),
i€ Z, (), and j € Z (J) (Figure 1). The statistical MIMO radar operates within the same transmit spectrum as an
IBFD MU-MIMO communications system. Here, the radar aims to detect a target moving within the cellular coverage
of the BS. The communications system serves the UL/DL UEs with desired achievable rates in the presence of the
radar echoes.
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Figure 1: Co-design system model comprising a statistical (widely distributed) MIMO radar and IBFD MU-MIMO
communications.

2.1. Transmit Signal

Each radar Tx emits a train of K pulses at a uniform pulse repetition interval (PRI) T or fast-time; the total duration
KT, is the coherent processing interval (CPI) or slow-time (Figure 2) and K is chosen to avoid range migration during
the CPI [2]. At the same time, the BS and each UL UE continuously transmit DL and UL symbols, respectively. The
radar pulse width is T, = T, /N, where N is the number of sampled range bins or cells in a PRI. The UL/DL frame
duration T} and the UL/DL symbol duration T equal radar PRI and radar pulse width T,,, respectively; i.e., Ty = T;
and Ty = T,,. This implies that the number of UL/DL frames transmitted in the scheduling window is also K and the
number of UL/DL symbols per frame is T; /T, = N.

2.2. Synchronization

The FD MU-MIMO communications system maintains the carrier and symbol synchronizations by periodically
estimating the carrier frequency and phase [3]. The Rxs of radar and communications employ the same sampling
rates and, therefore, communications symbols and radar range cells are aligned in time [15, 13]. The clocks at the
BS and the MIMO radar are synchronized offline and periodically updated such that the clock offsets between the
BS and MIMO radar Rxs are negligible [5]. Using the feedback of the BS via pilot symbols, radar Rxs can obtain
the clock information of UL UEs. Note that this setup exploits the established clock synchronization standards that
have been widely adopted in wireless communications and distributed sensing systems, e.g., the IEEE 1588 precision
time protocol [49, 35]. Note that our model is realistic and does not assume a fully synchronous transmission between
the radar and communications, similar to the one in [16]. As shown in Figure 2, the k-th communications frame is
transmitted at a duration of GTP, G € Z(N — 1), before the k-th radar PRI.

2.2.1. Statistical MIMO Radar
Denote the narrowband transmit pulse of the m,-th radar Tx by ¢, (7). The waveforms from all Txs form the
waveform vector

T

(1) = [#1(0), .. b, 0] €M, M

and satisfy the orthonormality /T gb(t)dfr (1)dt = I,, . The radar code to modulate the pulse emitted by the m, Tx in
P T

the k-th PRI s a,, ;. During the observation window 7 € [O, KT, + GT, p], the m,-th Tx emits the pulse train

K-1

Sm (1) = Z kP (1 = KT, = GT,)), )
k=0
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Figure 2: Transmission sequence during the observation interval t € [0, KT, +GTP]. Each bin represents a discrete-time

radar/communications transmit signal of duration T,. The communications data transmissions occur continuously while
pulsed radar Txs emit probing signals at the rate 1/T,.

where the support of ¢,, (7) is [O, Tr) and, without loss of generality, ¢, (1) = 4/1 / Tpej ' form € Z +(Mr) for

T
€ [0, Tr). Define the radar code vector transmitted during the k-th PRI as a[k] = [al’k, “,a Mr,k] € CMr 5o that
the MIMO radar code matrix is

= a1 IKT] = [ay, - gy, | € €56 3)

where a,, € CX is the code of the m,-th TX over all PRIs. The combined transmit signal vector is

T
S(t) = [S](t),"',SMr(t)] (S CM’. (4)

2.2.2. IBFD MU-MIMO Communications

The BS and UEs operate in the FD and HD modes, respectively. During the observation window, the BS receives
data frames from the I UL UEs; concurrently, the J DL UEs operating in the same band download data frames from
the BS. The BS is equipped with M, transmit and N receive antennas. The i-th UL UE and j-th DL UE employ N/
and Nj‘.i transceive antennas, respectively. To achieve the maximum capacities of the UL and DL channels, number

of BS Tx and Rx antennas are M, > ZJ N 4 and N, Zl | N}, respectively [3]. A total of D} < N/ and

D‘Jl < NY unit-energy data streams are used by i-th UL UE and j-th DL UE, respectively. The symbol vectors sent
by the i-th UL UE toward the BS and by the BS toward the j-th DL UE in the /-th symbol period of the k-th frame

are du,,-[k, Il € cP' and dd’ ; [k, 1] € C /, respectively; these are independent and identically distributed (i.i.d.) with
E[dd,jdz,j[k, 1]] - [E[du’,-dz’i[k, 1]] =lforieZ, (I}.ke€Z, (K}, and] € Z {N}.
Denote the precoders for the i-th UL UE and the j-th DL UE at the k-th frame as P, ;[k] € CNi*Pi and
d
Py ;lk]l € cMexP; respectively. The precoded transmit signal vectors for the i-th UL UE and j-th DL UE become

suilk, 11 =Py ;[k]d, [k, 1], (®)]
and
sd’j[k, 1= Pd’j[k]dd’j[k, 1], (6)

respectively. The total DL symbol vector broadcast by the BS in the same symbol period is

J
splk, 1= sk, 11. ™
j=1
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The transmit pulse shaping function used by the IBFD communications is pr(¢). The transmit signals of i-th UL UE
and BS are

K-1N-1
X, (1) = Z Suilk, lpr (1 — (kN +DT,), (8)
k=0 [=0
and
K-1 N-1
xg(t)= )0 Y splk,llpr(t — (kN + DT,)). ©9)
k=0 1=0

2.3. Channel
For narrowband signaling, assume a block fading model for communications and radar channel gains, both of which
remain constant during the observation window [5, 1].

2.3.1. Statistical MIMO Radar

The complex reﬂectivity of the target associated with the m_-th Tx - n.-th Rx path is modeled as a CSCG random
variable a,, (, ~ C N(O, nm n, ), where 11,2’, 1. denotes the average reflection power of the point target proportional to
the target RCS[31]; it remains constant over the CPI as per the Swerling I (block fading) target model [20].

Denote the velocity vector of the target by v, £ (vx,t, vy,t), where v, ; and v, ; are deterministic, unknown x- and
y-direction velocity components in the Cartesian plane. The Doppler frequency w.r.t. the m -th Tx - n.-th Rx pair is
[27]

Smtn, = (cos O +COSP, () + (s1n O + sin 1) (10)

where A is the carrier wavelength, Gmr (qbnr) is the angle-of-departure (angle-of-arrival) or AoD (AoA) at the m,-th
Tx (n.-th Rx). The narrowband assumption of s,, (¢) allows approximation of the propagation delay arising from the
reflection off an arbitrary scatterer in the n,-th target to that from its center of gravity, for all m. € Z (M,) and
n, € Z(N,) [20]. If center of gravity of the target is located at (x, y,), then the propagation delay w.r.t. m -th Tx -

n.-th Rx is
2 2 2 2
(o) +bn ) )+ )
Cmrtnr = ¢ + ¢ ’ (11)

where c¢ is the speed of the light. The slow-motion [50] assumption of the target implies that {,, , remains constant
during each CPIL.

2.3.2. IBFD MU-MIMO Communications
Denote the UL (DL) channel between the i-th UL UE (j-th DL UE) and BSas H; 5 € CMxN} Hg, € CN/ ><M°)
which is assumed to be full rank for all i () to achieve the highest MIMO channel spatial DoF [3]. The FD architecture

implies that the BS Rx receives DL signals from the BS Tx through the self-interfering channel Hgg € CNe*Me, The

signals simultaneously transmitted by i-th UL UE interfere with the j-th DL UE in the channel H; ; € CNJ N,

2.3.3. Joint Radar-Communications

The concurrent transmission of MIMO radar and IBFD MU-MIMO communications system with overlapping
spectrum implies that the communications Rxs experience interference from the radar transmissions and vice versa.
For narrowband signaling, the channel impulse responses (CIRs) for paths BS-to-n,-th radar Rx, i-th UL UE-to-n,-th
radar Rx, m,-th radar Tx-to-BS, and m,-th radar Tx-to-j-th DL UE are, respectively, [21]

EBm,n, (t,7) = ®Bm,n, /> oma! 5 <T ~ TBm,n, )7 (12)

g, (1.7) = @, &/ w’a(r — i ) (13)
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g, g, 7) = hmr’BejZ”f'"rvB’6<T - Tmr’B), (14)
andg,, (1.7) = b, ¢”/m5(z -1, ;). (15)

where 7y, , 5 Ti > T B> @nd 7,,, ; denote the corresponding path delays; fgp, , » fin > [ g and f, ; are the respective
Doppler shifts; ag,,, € CMe iid. forn, € Z {N,}, a;, € CNiid. forn, € Z{N,}, h, g € CNeiid. for
d
m. € Z+{Mr}, andh,, ;€ c™i i.id for m.€Z, {Mr} are complex channel vectors.
The proposed radar-communications co-design model exploits the DL signals to aid the radar target detection by

enabling a cooperative DL-radar mode. The moving target remains in the coverage area of the BS during the CPI. The
CIR for the path BS-to-target-to-#,-th radar Rx is

By, (12 7) = ap, a;(eBt)eﬂ”mer’(s(T — Thn, ) (16)

where 05, is the AoD observed by the BS w.r.t the path BS-to-target-to-#,-th radar Rx; a¥(9Bt) is the corresponding
transmit steering vector; and agy , , Tgy,, > and fp, are the channel path gain, delay, and Doppler shift of the path
BS-to-target-to-n, -th radar Rx, respectively.

3. Statistical MIMO Radar Receiver

The radar signals reflected off the targets and received at the radar Rxs are overlaid with clutter echoes, IBFD MU-
MIMO signals, and noise. To retrieve the target reflected radar and communications signals, each radar Rx is equipped
with M| radar-specific matched filters {d);; [—n],er} (matched to the waveforms {d)mr [n], Vi, }, respectively)
that operate in parallel with a G-shifted receive pulse-shaping filter pg[n — G] (matched to pr[n] £ pT(nTp)) to
eliminate interference arising from simultaneous DL and UL communications. In practice, the discrete-time interval

G is estimated at both radar and communications Rxs through symbol synchronization methods based on, for instance,
the maximum-likelihood estimator [3].

3.1. Radar Signals Received at the Radar Rx

The target echo signals are downconverted at radar Rxs. Using the radar pulse train in (2) and a,,, ,, defined in
Section 2.3.1, the resulting baseband signal at the n.-th Rx in the observation window is
Ml’
Yrtn, (n= Z X tn, Sm, (r— Cmrtnr)
m.=1
M, K-1
= t— kT, — — GT, )&/ > /mun
- amrtnr amr,kd)mr r Cmrlnr p o
me=1 k=0
M, K-1
j27kT,
~ 2 2 amrtn,amr,k‘bmr (t - kTr - Cmrtnr - GTP>e] " rfmrmr’ (I7)
my=1 k=0

where the approximation follows the assumption f, , <1 /T, so that the phase rotation is constant within one CPI
[27, 8]. Collect the exponential terms in a vector

. [k] = |:ej2”kTrfllnr’ -, eﬂﬂkTrermr]T e CM:, (18)
and define
Q... [k] = diag(qr’nr [k]). (19)

Sampling y, , (¢) at the rate Tip yields

Vet 1] = Yoo (nT5,)- (20)
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Denote d as the fast time index d € Z(N — 1) and express the discrete-time version of (17) in terms of the slow and
fast time indices as

Yetn, [k, d] 2 Yrtn, (=G kN +d
= Yeun [G+ kN +d]

M,
ji27kT,
= 2 o2 rfmrtnramrtnramnkd)mr(dTp — gmﬁn;)' (1)

m.=1

Discretizing ¢, (, and following the narrowband assumption, we have the discrete-time delay index n,, , =

gmrtnr

T

filters at the n,-th range cell, which is referred to as the cell under test (CUT), of n,-th radar Rx is

= n, for all m, and n.'. Then, for the k-th PRI, the composite output of the M, radar-specific matched

k) Zym,[k d1% ¢, [=dllgms,

me=

S Y S S b [ -6, [0~ ]

m,=1 m;:] d'=—c0

Ml"
_ Z 2T S, Uy 1, O e = rtn [k)a[k], (22)
my=1
where
.
oy (K] = [ 1K g [K]] - € ©M, @3)

denotes the target response observed at the n,-th radar Rx with [43]

hmrt,nr [k] = amrtnr ej2ﬂ(k—1)Trferl,nr . (24)

The filter pg[n] operates in parallel with {d)fn [—n] } Hence, y, , [k, 4] is also processed by pr[n — G],

o = vy, [, 1 # prld = Gl o,
Mr
— 2 /27 K=DT, i, U i A (P R[G]
m.=1
=hy, [k](er ©alk]), (25)

where qomr,R[n] is the cross-correlation function of d’mr [#] and pg[n] and

or = [#181G], = ou, £[G]] € R 26)

(m)

In the conventional MIMO Rx architecture, the target information is encapsulated in the signal y; ,

[k]. However,
( )[k] also has useful target information and, if needed, may be used to increase the signal power. In that case,

combining y( )[k] and U( )[k] produces

w1 =8tk + o1k = w61 (g + 1, ) @1k @n

'In general, the statistical MIMO radar receiver employs data association algorithms to ascertain the location and Doppler frequencies of each
target using echoes from all Tx-Rx pairs. These algorithms are beyond the scope of this paper; we refer the reader to standard references, e.g., [51].
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With G estimated, @i becomes a constant coefficient vector. Hence, without loss of generality, we derive the receive

signal model and the CWSM algorithm based on yfn )[k] without explicitly considering @g. Stacking the samples of

a CPI yields

i
v = [on - ik - 1] e ek, (28)

>7rtn,

Denote the covariance matrix (CM) of y, , by R, € CK*K whose (m, I)-th element is

Tt n,
Ry, (m1) = [yﬁ”;)[m](yﬁn)[ 1) ] =7 {almla 1127}, 29)

where ) = [E{h* (), [m]} is a diagonal matrix with m_-th diagonal element as /> "D/ mny 12

g n; rt,n, mtn,

3.2. Communications Signals at the Radar Rx
Using CIRs ggy,, , and hg, , , the DL signals at n,-th radar Rx are

YBm, (1) = / g};m,,,r(t, )xg(t — 7)dT

Bm,n,
and
;Bt,nr(t) = / B, (t,o)xg(t — 7)dr
— aBt,nraTF(GBt)ejzﬂfB[’nrtXB(t — TBt,nr)’ 31D
respectively. The i-th UL UE signal received by n,-th Rx is
)N)i’nr(t) = /gi,nr(t, 7)x,,;(t — 7)dz
ing

=a] ejzﬂf"v"rtxu’i(t - Tl.,,,r). (32)

Discretizing tgy, , » 7gy,s,» a0d 7, , and invoking narrowband assumption, we have | gy, , /T,] = npm, [T /1] =
ng, |7, /T,] = n, foralli and n,.. Sampling ¥y, , (1), Vg, (1), and y; , (1) at 1/T}, produces Ygy, , [1] = Vg (nT,),

YBin (1] = Vg (nT,) and 3, , [n] = 3;,, (nT,). As a result, the output of pg[n] W.r.t. ¥y , [1], V1] and 3, , [n]
are

YBmon, (1] = Ypm . [1] * prln — G]

K-1 N-1
=ag.. Y, /o NIy N ok, lprg [n = G = ngy — (kN + D), (33)
k=0 =0
K-1 N-1
Yoin (1] = ag,, ab(0g) Y &/ ok NT N ok lprg [n— G — g, — (kN +1)]. (34)
k=0 1=0
K-1 N-1
and y; , [n] = &, /P ikl N s, [k, prr|n = G = ny = (kN +1)], (35)
k=0 =0

respectively, where ptgr[n] = prln] * prln] denotes the transmit-receive pulse shaping filter satisfying the Nyquist
criterion [3, 8]. Therefore, the optimal sampling times associated with (33), (34) and (35) that produce zero ISI and
yield prr[n] #O0aren = kN +1+ G +ng, h = kN +1+G+n,,and n = kN + 1+ G + n,, respectively. In practice,
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the root-raised-cosine filter is commonly used for pr[n] and pg[n]; their product is the raised cosine function, which is
a Nyquist filter [3].

We are interested in the communications symbols appearing in the CUT of radar Rxs, i.e., n = kN + G + n,,
which leads to / = 0, in (34). Note that standards such as IEEE 802.11ad [45] have utilized training symbols (sent
at the beginning of each frame) of DL signals for radar sensing functions. For our co-design paradigm, sg[k, 0] is a
training symbol vector known to the radar Rxs for all k for our co-design paradigm. Without loss of generality, we
assume that the target is located further than either the BS or UL UEs from the radar Rxs, i.e., ng,, < n; < N and
n, < n; < N. This guarantees that only the k-th communications frames arrive in the k-th radar PRI. The DL and UL
symbol indices corresponding to ygp, , [#] and y; , [n] observed in the CUT of the n,-th radar Rx in the k-th PRI are
I = n, —ngpy, in (33) and I = n, —n, in (35). Therefore, the n -th radar Rx recovers the communications symbol vectors

S 1K1 = sg K. (= ngm) - S, [K] = sk, 01, and sV [k] = s, [k, (n — n,)] forall i in its CUT during the k-th
PRI. Hence, the communications signal components, i.e. DL, target echo via DL, and UL, at range cell n, of the n -th

radar Rx in the k-th PRI are, respectively, 2

e K1 2 i (N ] = @, 2 macTrs() (k]

me,nr Bm,n,
= bl KIS (k]
Yo 1K =g, TKIsG) (K] (36)
1
and {1k = 3BT (k1sC ), (37)

i=1
where hg, ,, [k] is the DL target response and hyy, ,, [k] and h; , [k] are the DL and direct path responses, respectively.
Following the discussion after (25) in Section 3.1, we omit the communications signal components at the ¢;"n [—n]
outputs at the radar Rxs. Stacking samples from a CPI in vectors gives

.
v = [, 0L ) L) (-1 (38)
T
v = [y 101, ) 1,00 1K = 11] (39)
and y{%5) = [yE)0L, - 5 1k, T - 1), (40)
(n) _(m) (n) (n) (n) () .
Denote the CMs of anln,nr’ thtnr, and yuy,‘,r by RBn‘mnr, RBt"nr, RUﬁ,nr’ respectively, whose (m, £)-th elements are
.
Ry (m.£)=Tr {s](s’z;%nr [m] (Sl(;il),nr 1) } @
i
Ry (m.£) =Tr {Sgﬁ, (s 1€1) Zgre” } 42)
(n) S RO A
n n n m
and Ry, (m,0)= Y Tr {si,n[r (st 1) =0 )}, @3)
i=1
where
2O [h* [£1h] [m]]
Bm,n, Bm,n, Bm,n, ’
(m?) _ T
z) = €[, , (10, Im]].

and ZE'Z”’”) = [E[hfn ¢ ]hIn [m]]. (44)

Here, an average is taken over the channels because, for the radar received signal, the target information is the source
of the randomness.

2In practice, the symbol indices np,, and n, are communicated to radar Rxs via either a fusion center [13, 15] or direct feedback from the BS

[5].
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3.3. Combined target return from radar and DL reflected signals
In order to enhance the radar target detection, we utilize (39) in processing it jointly with (28). Denote the combined
target reflected signal received at the n -th radar Rx in the k-th PRI as

yOOk =y Tkl + 55 (k] = Y, (klalk] + b, , (KIS (k]

Tt,n, Bt,n, Bt,n,
=], (ks k], (45)
where M = M_ + M, is the number of effective transmit antennas for target detection,
T
h,, (k] = [hl’nr[k],hgt’nr[k]] = J;hy,,, (K] + Jghg,, (K], 46)

denotes the total target response observed at the n,-th radar Rx and

7T
skl = [aT[k], (sor 14) ] = Joalkl + Jpso) (k) @

Bt,n, Bt,n,

is the effective transmit signal vector, J, = [I erMr;OMCXMr € RMXM: and J, = [OMrXMC;IMcXMC e RMXM,
Hence the (k, /)-th element of R, , € CKXK jg

Rt(f:,‘)(k, D =R™ &, 1)+ R™ (&, 1). 45)

rt,n, Bt,n,

As the MIMO radar code matrix is based on the output of matched filtering at the CUT, we drop the cell index n,
in the sequel for simplicity. For the entire CPI, we have

)
Yon, = [P [01 v [K = 11| =Sy, b, 49)
where

S, = @8/, [k, € COEM, (50)

.
h, = [hInT[O], = h[, [K— 1]]

K
= ) Julklh,, [k], € CKM, (51
k=1
and
InlkT = [0ty arxnrs Tnrs Ok —iopsen > € ZKMM, (52)

¥

Then, R, =S, X, S

t,n.>

where X, = [E[ht’nrhj . ] € CKMXKM

3.4. Clutter echoes

In practice, apart from the target, the MIMO radar Rxs also receive echoes from undesired targets or clutter such as
buildings and forests. The clutter echoes are treated as signal-dependent interference produced by many independent
and unambiguous point-like scatterers [31]. Denote the clutter trail at the CUT of n,-th Rx in the k-th PRI by

Mr
Ve K1 =" e, @, = Pry ALK (53)

m.=1

where p,, o, ~ CN (O, c?

. en ) denotes the clutter component reflection coefficient associated with the path between
T T

the m,-th radar Tx and n,-th radar Rx and is the m,-th element of p_, € CM: . For a CPI, we have Yen, = AP, € ck,
whose CM is obtained as

R, =A%, A, (54)
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with its (m, I)-th element being

R, (m1)=Tr {a[m]aT[l]ZC’nr } (55)

where ZC-"r =E [,()C,nr PZ,nr]-

3.5. Composite radar received signal
With the CSCG noise vector at the n-th radar Rx by z,, € C N <0, o-fn Ix ), the composite receive signal model
at the CUT of the n,-th radar Rx is

Yen, = Yen, T Yen, T YBmn, + Yun, + Zen (56)
.

S/

g

—yin
Yo

where y;f‘nr denotes the interference-plus-noise component of y, , . The variables b, , , &gy, ,, » @; 5 5 P> a0d 2, , are
statistically independent; thus, the CM of y, , is

R

T,

=R, +R" (57)
with the CM of yi“n_ given by
Ri;jnr £R., +Rpn, + Ry, + ainrl K- (58)

Combining the received signals from N, radar Rxs yields

. T
Y =Ye+ Y = [yL; ;yIN,] e cKkM, (59)
where
-
Vo= W ivly | (60)
and
in A in T in ul
Yo = Yor T YBmr T Yur % = (er) 50 (yr’Nr> > 61)
whose CM is
) N i
R" = @nrlefnr. (62)

4. IBFD MU-MIMO Communications Receiver

Within the observation window, J DL UEs and the BS receive both IBFD communications signals and radar
probing signals. The communications Rxs are equipped with receive filters matched with the G-shifted radar waveforms
¢y, [n + G] for all m, operating in parallel with pg [n] to separate radar signals from communications.

4.1. FD Communications Signals at Communications Rxs
The received signal at the BS Rx from the i-th UL UE is y; (1) = H, X, ;(¢). Sampling y; g(7) at symbol rate 1/T,,
yields

yislnl = H;px,; ("Tp) 2 YiB (”Tp)~ (63)
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When y; g[n] is processed by pg[n], the output at /-th symbol period of the k-th frame is

Yiplk, 112y, glkN +1]
= Hi,BXu,i [n] * prlnll =N+
N-1

= ) Hps, [k lprg [kN + 1= (kN +1)]
1'=0

= H, s, ; [k, !]. (64)

The simultaneous transmissions of all UL UEs lead to the MU interference (MUI)>. Following (64) and assuming that
the time/frequency synchronization is achieved, the MUI signal of the i-th UL UE is

Yamilko 11 = ) Hygsy [k, 11. (65)
qFi

Similarly, the DL signal observed at the BS Rx through the self-interfering channel is

J

yeslk, 11 = Hyg Y Py [k1dy, [k, 1. (66)
j=1

The CMs of Yislk, 1], Yym, Lk, 1], and ygglk, [] are, respectively,

R, [k, 1] = Hi,BPu,i[k]Pz,i [k]Hj-,B’ ©7
Rum,i[k’ 1= z ngBPUang,gH;B’ (68)
g#i
J .
and Rgglk,/] = ) HgpPy; [k]Pé,j [k]HgB. (69)
j=1

Here, the source of the randomness lies in the symbol vector. Hence, the average is taken over the symbols.
Similar to (64), the discrete-time DL signal sampled at the /-th symbol period of the k-th frame by the j-th DL UE

is
¥i [k, 11 = Hg xg[n] % prinlluepn = Hp 8q ;16 11+ Yam [k, 11, (70)
where
Yam 1k 11 =Hg; ) sy, [k. 1] (71)
8Fj

denotes the MUI of the j-th DL UE. The UL interfering signal received at the j-th DL UE during the /-th symbol
period of the k-th frame is

1
Yotk =) H, Py [kldy [k, 11. (72)
i=1

The symbol vectors dd, j are i.i.d. for all j. Hence, the CMs of YB,j [k, 1], Yam, j[k, [], and Yu, [k, ] are, respectively,

Rg [k, /] = Hg Py ; [k]Pg’j[k]H;j + Ry K. 11, (73)
Ry (k. 11= ) Hg de,g[k]Png[k]Hg’j, (74)
g#j

3The MU transmission here is via linear precoders, which have lower complexity than optimal dirty paper coding [3].
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1
and R, [k, /1= ) H, P, [k]Pj;J[k]H,TJ, (75)
i=1
respectively.

Denote the cross-correlation function between p[n] and d)jnr [—n] by PTm, [n]. The UL signal through d)jnr [—(n+ G)]
and sampled at the symbol period / of the k-th frame is

1
vailks 1= ) Hypxylnl # @f, (=1 = Gl
i=1

1
= ) H,ps, [k llpr,, [-G]. (76)
i=1

Ent)

Similar to the discussion on v e [k] in Section 3.1, we do not consider Vuilk, 1] for the derivation of system model and
the CWSM algorithm. The same principle is applied to the DL signal model.

4.2. Radar Signals at Communications Rxs
The signals radiated by M, radar Txs and received by the BS Rx and the j-th DL UE are

M,

yr,B(t) = z Smr (t) * gmr,B(t’ T)

m.=1
M, K-1

- j2nf, gkT,

~ Y Y b, g s famrykd)mr(t — kT, - GT, - rmr,B)
my=1 k=0
Ml’ Mr

and, ()= Y ¥, (O= D 5, (O) %8, (t7)

m.=1 m.=1
M, K-1

- jonf,, kT,

~ 2 2 hmrﬁje e ramr’kd)mr <t - kTr - GTP - Tmr’j>’
m;=1 k=0

respectively. Discretizing 7,, g and 7, ; and assuming narrowband signals, we have LTmr’B /T,] =ng € Z,(N) and
Lm,.; /Tyl = g € Z(N) for all m; and j. The respective discrete-time sampled signals are Yslnl =¥, (nTp) and
Ve lnl =y (nTP). After estimating the Doppler shifts f,, g and f, ;, the radar signal components at the outputs of
the matched filters of BS Rx and j-th DL UE are, respectively,

M,

veslnl = ) Feplnl * @), [=(n+ G)le™ /2" mentTr, (77)
m.=1
and
Ml’
Veslnl = ) Fejlnl s o, [=(n+ G)le 27 ms kT, (78)
m.=1

where (77) and (78) peak at n = kN + n,g and n = kN + ny, respectively. Therefore, with
HrB = [hl,B’ ’hMr,B:| IS CMCXMr’ (79)

and

H, 2 [hlgj,---,hij], (80)
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the radar signals interfering with the n,g-th symbol period of the k-th UL frame at the BS Rx and n4-th symbol period
of the k-th DL frame at the j-th DL UE are, respectively,

YiB [k’ an] = YiB [kN + an] = HrBa[k]’ (81)
and

Y|k na] 2., [kN +ny) = H, jalk], (82)
with CMs

Rg [k, np| € CNNe = Hopalkla' [k]H (83)
and

d n
R, [k, ] € PN = H, jalkla' KIH] . (84)

The cross-correlation function between pr[#] and qur [n]is @ my r[n]. The radar signal components filtered by pg [#]
at the BS and j-th DL UE are

Vi.B [n] = yrB [n] * prln] |n=kN+an
M,

= Z h;r,Bamr,k‘Pmr,R[—G], (85)

m.=1
and
Vij [n] = yrB [n] = pR[n]|n=kN+nrd

Mr
= Y bl a, 0, zl-Gl, 56

m.=1

for all j. Since @, rR[-G] is a constant coefficient for all m, and do not carry any communications information, these
components at the output of pr[n] are not useful for communications symbol extraction.

4.3. Composite BS and DL received signals

Denoting the CSCG noise vectors measured respectively at the BS Rx and the j-th DL UE as zg[k,I] ~
CN (0, aéIMC> and zy [k, [] ~ C.Af(O, O'ijIN;l>, i.i.d in k and /, the signal received at the BS Rx to decode s, ; [k, /]
and the composite signal received by the j-th DL UE are, respectively,

Yoilk. 11 =y, gk, 11+ Yym [k, 11 + ypg k. 11 + yp k. 11 + 25 [k, 1], ®7)

and ygq ;[k, 1] = yg jlk, 1] + Yam ; [k, 1] + ¥y 1k, 1+ y, Lk, 1] + 2 (K, 1. (88)
The CMs of y, ;[k,!] and y4 ;[k, [] are, respectively,

R, [k, 1] =R;g[k, 1]+ R{E,[k, 1, ®
and

Ry, [k, 11 = R [k, 11+ Ry [k, 11, e
where

R}, [k, 1] = Rypy [k, 11+ Ryp [k, 1]+ Ryglk, 1] + 031y oD
and

Ric:j[ks I1=Rym ;[k, 11+ Ry [k, 11 + R, [k, 1] + G?INEI’ o

denote the interference-plus-noise CMs associated with (88) and (87), respectively. Note from (81) and (82) that
Viglk,l] = 0 for I # ng and y, ;[k,I] = 0 for I # ny. Hence, precoders of IBFD communications are based on
the n-th symbol period of K UL frames and the n4-th symbol period of K DL frames, where n,g and n,4 are the
symbol indices of UL and DL, respectively. Figure 3 illustrates the composite receive signals of BS Rx, j-th DL UE,
and n,-th radar Rx.
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«~——UL Frame k—— LY [k, ]
! : yBB [ka l]
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le——DL Frame k——i .yr,j [k, 1]
D yu,j [k> l]

. ydm,j [k’ l]
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| I | L1
t_curn KIr+Gl, 1

Figure 3: The overlaid receive signal timing diagram during k-th radar PRI and k-th communications frame in the
observation window; noise trails have been excluded. The purple bin with more opacity indicates the DL signal reflected

from the target and observed in the radar CUT, i.e., yl(;:‘n) [k]. Other more translucent purple bins indicate y](;:‘n) [k] for

n # n, (see (39)).

5. CWSM Maximization
We now define the LRFs for the MIMO radar and the IBFD MU-MIMO communications system Rxs before intro-
ducing the MI-based co-design metric CWSM. Denote the LRF at the n,-thradaras U, , = [ur’nr (0], -, u, [K - 1]] S

CKMXK This LRF’s output is

yr,nr - yt,nr + yr[’lnr - Ur,nr St,nrht,nr + Ur,nry;[’lnr (93)

where hy, ~ CN (0, Zt’nr) contains the target information and y, , ~ CN (0, U, (Rt,,,r +Rin )U;r,,,r ) Hence,
using the chain rule, the MI between ir’nr and h , is [42, 30]

Ir,nr = I(S;r,nr;ht,nr> = H(ir,n,) - H(yr,nrlht,nr>

= H(ir,m) - H(?t,nr |ht,nr> - H<s’11:1nr |ht,nr>
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= H<§;r,nr> - H(iinnr ), (94)

where H (it,,,r |ht,nr> vanishes because ¥, depends on hy,, ; and H <37i“n |ht’,,r) reduces to H (ii“n ) because ¥y
and h, are mutually independent. The conditional differential entropy with the Gaussian noise [42] leads to

IJ(S;r,nr |A> =0+ IOg Ur,nr Rr,anj--,nr ©3)
and

H(30,1A) = 0 +10g|U,,, RE, U] | (96)
where the constant ¢ = K log(z) + K. This gives

Ur,nr (Rt,nr + R;I,]n )U;r,nr
I, = log :
U, R U7,
. -1
= log|[+ U, , R,,, Uf,, (U, RP UF, ) ’ ©7)

The LRFs deployed at the BS to decode the i-th UL UE and j-th DL UE during k-th frame of the observation

u ds N4 ~
window are U, ;[k] € CPi*Ne and Uy, j [k] € cPixN; , respectively. The outputs of U, ;[k] and Uy j[k] are y, ;[k,1] =
U, ;[kly, [k, /] and yd,j [k,1] = Ud’j [k]yd,j[k, []; these signals follow the distributions CN(O, U, [KIR [, I]UILl l.[k])

and CA"(0, Uy [kIRy k. 11U} [k ), respecively.
Using the common assumption of Gaussianity on symbol vectors, i.e. s, ;[k,/] ~ CN <0, Py, [k]Pzi[k]> and
sd,j[k, I~ CN(O, Pd,j[k]st[k]), the MIs between iu,,-[k, ] and s ;[k, 1] as well as yd’j[k, [] and sd’j[k, [] are

) . -1
I[u[k, na I(su’i[k, l];iu’,-[k, 1]) = log|I + U, [k]IR; 5[k, I]Ui ;LK1 (Uu’,-[k]RL‘L.[k, l]Ul'”.[k]> ’ (98)
and
. -1
Ij‘.‘[k, ns I(sB,j[k, 115 yalk, l]) == log|I + Ud’j [k]RB’j [k, l]UZ’j[k] (Ud,j[k]joj [k, l]UZLj [k]) ’ (99)

respectively. Recall from Section 4.2 that we evaluate FD communications based on the symbols-of-interest, i.e.,
I = n,g for each UL frame and [ = n4 for each DL frame in the observation window. The metric CWSM is a weighted
sum of communications’ Ms related to the symbol periods of interest* and I, ie.,

N,

r

K-1 1 J
Iewsm = ),y It + ) lZ oI+ ) aflf[k]], (100)
k=0 Li=1 j=1

n.=1

where a;, X a;', and af are pre-defined weights assigned to the MIMO n,-th radar Rx , i-th UL UE and j-th DL UE,
respectively, for all n., i, and j; the weights are determined by the system priority and specific applications. For example,
for FD communications, the weights are based on available buffer capacities of BS and UEs[41, 38]. For the joint
radar-communications, one can assign larger (smaller) weights to a;r with the presence (absence) of targets [52].

Denote the sets of the precoders and the LRFs as {P} £ {Pu’i[k],Pd’j[kHi ez {1},jez {J}, ke Z+{K}}
and {U} £ {Uu’i[k],Ud’j[k],Ur’nrli €z (I1},jez{J}, keZ {K},n €Z,{N,}}. The transmission powers
that occurred to the BS and the i-th UL UE at the k-th frame are

J J
Pkl =Y Pylkl= Y Tr {Pd,j[k]Pg’j[k] } (101)
=1 =1

“Hereafter, for simplicity, we drop symbol index / = ng (I = n,q) for UL (DL) related terms.
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and
P lk] =Tr {Pu,i[k]PZ,,»[k] } (102)

which are upper bounded by the maximum DL and UL powers Pg and Py, respectively. The achievable rates for the i-th
UL UE and the j-th DL UE in the k-th frame, R ;[k] and Ry jlk]are lower bounded by the least acceptable achievable
rates to quantify the QoS of the UL and DL, Ry, and Rpy, respectively. The CWSM optimization to jointly design
precoders {P}, radar code A, and LRFs {U} is

maximize I, U}, {P},A 103a
naximize Iewsw((U), (P),A) (103a)
subject to Py[k] < Pg, (103b)
P,,[k] < Py, (103c)
Ry;[k] > Ry, (103d)
Ry;[K] > Rpy, (103e)
la, I = P, . (103f)

Kmax,_;..xla [k]|2
T <y Vi ko, (103g)

Pr,mr f

where constraints (103f) and (103g) are determined by the transmit power and PAR of the m -th MIMO radar Tx,
respectively. Note that PAR constraint is applied column-wise to the code matrix A because the Txs of a statistical
MIMO radar are widely distributed. When Ym, = 1, PAR constraint is reduced to constant modulus constraint.

We remark that the radar system in our problem is a statistical MIMO radar with widely distributed antennas instead
of the colocated MIMO found in most existing works. The spatial diversity of the statistical MIMO radar enables all
Tx-Rx pairs to observe statistically independent RCSs of the same target and hence improve its detection. On the
other hand, the RCS is identical for all (closely-spaced) Txs and Rxs of a colocated MIMO radar thereby rendering any
exploitation of spatial diversity ineffective [20]. We utilize I-ywgy as a common information-theoretic design metric for
both radar and communications. Some prior MRMC studies have utilized similar MI-based metrics, but were limited
to only colocated MIMO radars [32, 19]. The constraints in (103) are also more comprehensive when compared with
similar problems in the prior art focused on, again, colocated MRMC. The inclusion of power budget, QoS, and PAR in
our problem makes the design more practical than previous colocated MRMC studies that have utilized only a subset
of these constraints [32, 19, 39]. The following companion paper (Part II) [46] develops the BCD-AP algorithm to
solve the problem (103).

6. Numerical Experiments

We validated our spectral co-design approach through extensive numerical experiments. Throughout this section,
we assume the noise variances o-r2 = 0'123 = o-d2 = 0.001. We assume unit small scale fading channel gains, namely, the

elements of Hy ;, H; . H, ;, apy, , , and @; , are drawn from C N(0,1). We model the self-interfering channel Hgp as

2 2
05K 55 o4 2 . . . . .
CN (\ / T+Ky Hgg, K, Iy, ®I Mc>’ where oy, is the SI attenuation coefficient that characterizes the effectiveness

of SI cancellation [41], the Rician factor Kz = 1, and ﬁBB € CNXMe is an all-one matrix [38]. Define the signal-
to-noise ratios (SNRs) associated with the MIMO radar, DL, and UL as SNR, = P, /arz, SNRp;, = Py /o-j,
and SNRy;, = P,/ 6123 [40]. The clutter power o-c2 = 0'31 o, for all m. and n, and clutter-to-noise ratio (CNR) is
CNR = acz / ag. Then, together with the direct path components, they are received at the IBFD communications
2 2
1 nmr, 1 M,

Rxs. We model h,,  and h,, ; as C.Af< —7Hm, B FfINc)’ and CN(‘/K_H”mrJ’ F{IN/@[>, where ¥ = 1,
Mo b = 01N, phy ;= 0051 o, 1 5 = 0.3, ;= 0.5,

Unless otherwise stated, we use the following parameter values: number of radar Txs and Rxs: M, = N, = 4;
number of communications Tx and Rx antennas: M, = N, =4; 1 = J = 2; Nl.Ll = dlL.l = Njfj = d? =2, forall {i,j};
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Figure 4: Target detection performance of the co-designed system compared with other radar codes and cooperation
schemes using the NP detector. (a) P, versus v (b) ROC of the NP detector.

SNRp;, = SNRyy;, = 10 dB; o-él = 0dB; CNR = 20 dB; radar PAR y,, = 3 dB; number of communications frames or
radar PRIs K = 8; number of symbols in each frame or range cells in each radar PRI N = 32; radar CUT index n, = 4;

UL (DL) indices of interest n,g = 2 (n,4 = 3); QoS of UL (DL): R, = log,(1+ T ISNR +SI\?§ R‘irL( T_DeSNR ) bits/s/Hz
r T DL - UL
SNRp; /J

(Ry = logy(1 + M SNR SNRpy +(J— /77 I*SNRUL) bits/s/Hz); The normalized Doppler shifts f, , T, and fg, T;
are uniformly distributed in [0.05,0.325] for each channel realization [31]. As detailed in the following companion
paper (Part IT) [46], the numbers of iterations for the subgradient, weighted minimum mean-squared-error (WMMSE)-
MRMC, and BCD-AP MRMC algorithms are £, ;. = f4 max = 200, 10 = 1, €0 = 2000. We use uniform weights

a;‘ =al=gq ! for all {nr,i,j}.

r —
J n. — (I+J+N,)

6.1. Radar Detection Performance

We investigate the detection performance of the statistical MIMO radar using the designed code matrix A. Consider
the binary hypothesis testing formulation for target detection

Mot ve=yoo (104)
Hl : Yr = Yu + y;n'
Withy,, = Ri_n}'{r *Y,,, € CKandits CM G, =R} n/ ‘R, Ri;fn/r ?, one can rewrite (104) as

Hy: §o~CN (01, )

_ (105)
Hl . yl‘ ~ CN(O’IKNr +G),
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Figure 5: Performance of the IBFD MU-MIMO communications system compared with varying numbers of (a) UL and
(b) DL UEs.

CKN,XKN,

where the block diagonal matrix G € = EB;V‘: Gy - The eigendecomposition of G, is G, =

V. A Vlr, where the columns of V, and the diagonal entries of A, £ diag [6 Lng» 56 K,nr] are, respectively, the
eigenvectors and eigenvalues of G, , with the k-th eigenvalue 6, , . Using the Woodbury matrix identity and the

. -1
eigendecomposition of G, , the test statistic is T(y) = Ziv_l T(yrn ) = Zi\:f:l ?J’nr <I - (Gnr + I) >yr,nr =

_ ot —
Zn ) yrn V, (AT +1)7 VY,
Denote ¥, Yen = Vj,jr’nr = [?nr [0y, ---, jz\nr [K — 1]]. Then, the Neyman-Pearson (NP) detector is [4]

N, K- |

_ o I 1

)=ZZ ke 2 v, (106)
nr: k=0 1+6kn H2

where v is a threshold chosen to ensure a given probability of false alarm. We performed Monte Carlo simulations to
evaluate the probability of detection Py and Rx operating characteristic (ROC) (curve of P; versus probability of false
alarm P;,) of the NP detector. Figure 4a and 4b show P; w.r.t. v and ROC, respectively, for various coding schemes
and cooperation modes. Here, the presence or absence of cooperation indicates whether or not DL signals yg,, are

. . . B,

incorporated in y, for all n.. For m,-th radar Tx, the uncoded waveform is a,, = '"' 1, and randomly coded
. Pem . . . . .

waveform is a, = < Un,» where {umr } is a randomly generated unitary basis subject to the PAR constraint.

We evaluated our proposed radar code design for cases when the IBFD MU-MIMO communications system uses
conventional precoding strategies, e.g., uniform precoding for the UL [13] and block diagonal (BD) and the null-space
projection (NSP) methods for DL[3]. We generated 10° realizations of y, under hypothesis H, to estimate P, and
H, to estimate Py, based on v for each case with SNR, = 0 dB. Figure 4a and 4b illustrate that our optimized radar
code matrix outperforms the uncoded and random coding schemes, and that the cooperation between the radar and
BS boosts the radar detection performance. For example, with P, = 1073, the proposed algorithm yields about 9% to
20% improvement in Py over uncoded radar code matrix and random code with cooperation strategies, respectively.
We also notice that the detection performance remains similar for different precoding strategies when the proposed
radar code matrix is utilized. The NSP method demonstrates a better radar detection performance in that it projects
the communications signals onto the null space of the channels between the BS and the radar Rxs, reducing the DL
interference. However, this projection may not benefit the DL UEs, resulting in the performance degradation of the DL
achievable rates illustrated in the following example.

6.2. FD Communications Performance

We compared the IBFD MU-MIMO performance using the proposed precoders with existing precoding strategies
for different numbers of UL/DL UEs in Figure 5, where we plot average R, ;[k] versus numbers of UL UEs in Figure 5a
with SNRp; = SNRy;, = 10 dB, and R ;[k] versus numbers of DL UEs in Figure 5b with SNRp; = 0 dB,

First Author et al.: Preprint submitted to Elsevier Page 21 of 23



Distributed MRMC - |

SNRy;, = 10 dB. We also set D} = D;i = 1 to ensure that the spatial multiplexing is maintained. Both UL and
DL communications demonstrate superior performances of the proposed precoding method over other benchmark
ones.

7. Summary

We proposed a spectral co-design framework for a statistical MIMO radar and an IBFD MU-MIMO communica-
tions system. Prior works primarily consider co-located MIMO radars, focus on co-existence solutions, and partially
analyze MIMO communications. We take a wholesome view of the problem by jointly designing several essential
aspects of such a co-design: UL/DL precoders, MIMO radar code matrix, and LRFs for both systems. The radar
codes generated by BCD-AP MRMC significantly increase P; over conventional coding schemes. We showed that
cooperation between radar and DL signals is beneficial for target detection. The co-designed DL and radar are resilient
to considerable UL interference. Similarly, using our optimized precoders and radar codes, the DL and UL rates remain
stable as the CNR increases. In the following companion paper (Part II) [46], we develop the BCD-AP algorithm,
provide theoretical guarantees, show its convergence, and examine joint radar-communications performance. The final
companion paper (Part III) [48] investigates the distributing co-phasing and multi-target tracking issues in a distributed
MRMC.
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