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ASYMPTOTIC LOG-HARNACK INEQUALITY FOR THE STOCHASTIC
CONVECTIVE BRINKMAN-FORCHHEIMER EQUATIONS WITH
DEGENERATE NOISE

MANIL T. MOHAN'"

ABSTRACT. In this work, we consider the two and three dimensional stochastic convec-
tive Brinkman-Forchheimer (SCBF) equations and examine some asymptotic behaviors of
its strong solution. We establish the asymptotic log-Harnack inequality for the transition
semigroup associated with the SCBF equations driven by additive as well as multiplicative
degenerate noise via the asymptotic coupling method. As applications of the asymptotic
log-Harnack inequality, we derive the gradient estimate, asymptotic irreducibility, asymp-
totic strong Feller property, asymptotic heat kernel estimate and ergodicity. Whenever the
absorption exponent r € (3,00), the asymptotic log-Harnack inequality is obtained without
any restriction on the Brinkman coefficient (effective viscosity) p > 0, the Darcy coefficient
«a > 0 and the Forchheimer coefficient g > 0.

1. INTRODUCTION

The convective Brinkman-Forchheimer (CBF) equations describe the motion of incom-
pressible viscous fluid through a rigid, homogeneous, isotropic, porous medium. Let O C R"
(n = 2,3) be a bounded domain with a smooth boundary 00. Let u(t,z) € R™ denotes
the velocity field at time ¢ € [0,7] and position x € O, p(t,xz) € R represents the pres-
sure field, f(¢,x) € R™ stands for an external forcing. Let the constant p represents the
positive Brinkman coefficient (effective viscosity), the positive constants « and § denote
the Darcy (permeability of porous medium) and Forchheimer (proportional to the poros-
ity of the material) coefficients, respectively. The CBF equations are given by (see [22] for
Brinkman-Forchheimer equations with fast growing nonlinearities)

88_‘;_ Au+ (u-V)u+au+ B ut+Vp=f, in Ox(0,T),
V~u:0, in OX(O,T), (1.1)
u=0 on 00 x (0,7),
u(0) =x in O.
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As mentioned earlier, the CBF equations ([LT]) describe the motion of incompressible fluid
flows in a saturated porous medium. In order to obtain the uniqueness of the pressure p,
one can impose the condition | ob(x,t)dz =0, for t € (0,T) also. The absorption exponent
r € [1,00) and the case r = 3 is known as the critical exponent. Note that for « = 5 =0,
we obtain the classical 3D Navier-Stokes equations (see [16], 24 34 [38] 39], etc).

The Navier-Stokes problem in bounded domains with compact boundary, modified by the
absorption term |u|"~?u, for r > 2 is considered in [I]. The authors proved the existence of
weak solutions in the Leray-Hopf sense, for any dimension n > 2 and its uniqueness for n = 2.
But in three dimensions, the authors were not able to establish the energy equality satisfied
by the weak solutions. The existence of regular dissipative solutions and global attractors for
the system (LI)) in three dimensions with r > 3 is established in [22]. For r > 3, as a global
smooth solution exists, the energy equality is satisfied by the weak solutions. Recently, the
authors in [I5] were able to construct functions that can approximate functions defined on
smooth bounded domains by elements of eigenspaces of linear operators (e.g., the Laplacian
or the Stokes operator) in such a way that the approximations are bounded and converge
in both Sobolev and Lebesgue spaces simultaneously. As a simple application of this result,
they proved that all weak solutions of the critical CBF equations (r = 3) in three dimensions
posed on a bounded domain in R? satisfy the energy equality (see [19] for the case of periodic
domains). The author in [31] proved the existence and uniqueness of a global weak solution in
the Leray-Hopf sense satisfying the energy equality to the system (ILT]) (in three dimensions,
for all values of 8 and u, whenever the absorption exponent r > 3 and 28u > 1, for the
critical case r = 3). The monotonicity as well as the demicontinuity properties of the linear
and nonlinear operators and the Minty-Browder technique were exploited in the proofs.

Let us now discuss some results available in the literature for the stochastic counterpart
for the system (LI)). The authors in [37] showed the existence and uniqueness of strong
solutions to the stochastic 3D tamed Navier-Stokes equations on bounded domains with
Dirichlet boundary conditions. They also proved a small time large deviation principle for
the solution. By using classical Faedo-Galerkin approximation and compactness method,
the existence of martingale solutions for the stochastic 3D Navier-Stokes equations with
nonlinear damping is obtained in [25]. Recently, the author in [32] established the existence
of a pathwise unique strong solution satisfying the energy equality (It6’s formula) to the
stochastic convective Brinkman-Forchheimer (SCBF) equations perturbed by multiplicative
Gaussian noise, by exploiting the monotonicity property of the linear and nonlinear operators
as well as a stochastic generalization of the Minty-Browder technique. The author has also
proved the existence of a unique ergodic and strongly mixing invariant measure for the SCBF
equations (1) subject to multiplicative Gaussian noise (non-degenerate), by making use of
the exponential stability of strong solutions. For a sample literature on stochastic tamed 3D
Navier-Stokes equations and related models on periodic domains as well as on whole space,
interested readers are referred to see [5l [0, 29, 30, 35l B6], etc and references therein.

To examine the diffusion semigroup on the Riemannian manifolds, the dimension-free Har-
nack inequality was introduced by Wang in [40]. As this inequality was not available in many
situations, he introduced log-Harnack inequality in [42]. Later, these two inequalities were
widely used by many researchers in the context of stochastic partial differential equations
(SPDEs) to obtain the gradient estimates (and thus strong Feller property), irreducibility,
heat kernel estimates, uniqueness of invariant probability measures, etc for the associated
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transition semigroups (cf. [27, 28| B3, 41, [43] 44, [45], etc and references therein). It is ob-
served that the strong Feller property may not hold for highly degenerate noise case. The
authors in [I§] introduced the concept of asymptotically strong Feller property to examine
the ergodic properties of the 2D Navier-Stokes equations perturbed by degenerate noise.
The author in [46] showed by an asymptotic coupling that the 2D stochastic Navier-Stokes
equation driven by highly degenerate but essentially elliptic noise satisfies the asymptotic
log-Harnack inequality, which implies the asymptotically strong Feller property. The asymp-
totic log-Harnack inequality for several kinds of models on stochastic differential systems like
non-degenerate SDEs, neutral SDEs, semi-linear SPDESs, and stochastic Hamiltonian systems
with infinite memory is obtained in [4]. By using the asymptotic coupling method, the as-
ymptotic log-Harnack inequality for the transition semigroup associated to the 3D Leray-a
model with fractional dissipation driven by highly degenerate noise is established in [26].
The asymptotic log-Harnack inequality and some of its consequent properties for a class of
stochastic 2D hydrodynamical-type systems driven by degenerate noise are established in
[20]. In [21], the authors established asymptotic log-Harnack inequality and discussed its ap-
plications for semilinear SPDEs with degenerate multiplicative noise by the coupling method.
For a sample literature on the ergodic theory for the 2D stochastic Navier-Stokes equations
subjected to degenerate noise, we refer the interested readers to [7), 12, 13| [14] 7], etc. In
this work, we consider the SCBF equations perturbed by additive as well as multiplicative
degenerate noise and establish the asymptotic log-Harnack inequality via the asymptotic
coupling method. Then applying the results available in [4], as applications of the asymp-
totic log-Harnack inequality, we also derive the gradient estimate, asymptotic irreducibility,
asymptotic strong Feller property, asymptotic heat kernel estimate and ergodicity results.
For n = 2,3 and r € (3,00), we establish the asymptotic log-Harnack inequality and ergodic
properties of the transition semigroup associated with the SCBF equations without any re-
striction on the Brinkman coefficient (effective viscosity) p, the Darcy coefficient « and the
Forchheimer coefficient (3.

The rest of the paper is organized as follows. In the next section, we discuss about the
global solvability of the stochastic counterpart of the system ([I). We first provide the
necessary function spaces needed to obtain the global solvability results of the stochastic
system. We also examine some porperties of the linear and nonlinear operators like mono-
tone, demicontinuity, hemicontinuity, etc. The SCBF equations perturbed by degenerate
Gaussian noise is also formulated in the same section. After providing an abstract formula-
tion of the SCBF equations, we discuss about the existence and uniqueness of global strong
solution. The asymptotic log-Harnack inequality for the SCBF equations perturbed additive,
highly degenerate but essentially elliptic noise is established in section Bl For n = 2 and
r € [1,3], we establish the asymptotic log-Harnack inequality for A\;u® > 8 Tr(co*), where
A1 is the first eigenvalue of the Stokes operator and o is the noise coefficient (Theorem [B.2)).
Regarding the applications of asymptotic log-Harnack inequality, we derive the gradient es-
timate, asymptotic irreducibility, asymptotic strong Feller property, asymptotic heat kernel
estimate and also the existence of a unique invariant measure (Corollary B.3). For the case
n = 2,3 and r € (3,00), we obtain the asymptotic log-Harnack inequality for the transition
semigroup associated with the SCBF equations for any u, 5 > 0 and for the critical case
(n = r = 3), it has been established for Sp > 1 (Theorem B7). In the final section, we
consider the SCBF equations subjected to multiplicative degenerate noise and establish the
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asymptotic log-Harnack inequality for n = 2,3 and r € [3,00) (8, > 0 for r € (3,00) and
Bu > 1 for r = 3) (Theorem [A.3).

2. STOCHASTIC CONVECTIVE BRINKMAN-FORCHHEIMER EQUATIONS

We discuss about the global solvability of the SCBF equations perturbed by additive
degenerate noise in this section. We first provide the necessary function spaces needed to
obtain the existence and uniqueness of strong solution. In our analysis, the parameter «
does not play a major role and we set « to be zero in ([.I)) in the entire paper.

2.1. Function spaces. Let CF(O;R") be the space of all infinitely differentiable functions
(R™-valued) with compact support in O C R™. Let us define

V:={ueCyrO,R"):V -u=0}

H := the closure of V' in the Lebesgue space L?*(O) = L*(O;R"),

V := the closure of V in the Sobolev space Hj(O) = Hy(O; R"),

L? := the closure of V' in the Lebesgue space LP(O) = LP(O;R™),
for p € (2,00). Then under some smoothness assumptions on the boundary, we characterize
the spaces H, V and I”? as H = {u € L*(O) : V-u = 0,u - n‘ao = 0}, with norm
|ul|f == [, [u(x)[*dz, where n is the outward normal to 90, V = {u € Hy(O) : V- u = 0},
with norm [[ul|§ := [, |Vu(z)]*dz, and L” = {u € L’(0) : V-u = 0,u - n|,}, with norm
||u||§p = [, |u(z)[Pdz, respectively. Let (-,-) represents the inner product in the Hilbert

space H and (-, -) (ienotes the induced duality between the spaces V and its dual V' as well
as L? and its dual L”', where % + z% = 1. Note that H can be identified with its dual H'. We

endow the space VN LP with the norm lallv + [[ullz,, forue VN L? and its dual V' 4+ L?'
with the norm

inf{max(”vlﬂv, IVillgw ) :Vv=vi+va, vi €V, vy € i”/}.
Furthermore, we have the continuous embedding V N P H—V+LY.

2.2. Linear operator. Let Py : L?(O) — H denotes the Helmholtz-Hodge orthogonal pro-
jection. We define

Au: = —PygAu, ue D(A),
{D(A) = VNH*O).

It can be easily seen that the operator A is a non-negative self-adjoint operator in H with
V = D(AY2) and

(Au,u) = |[u||}, forall ueV, sothat [|Auly < |ullv. (2.1)

For a bounded domain O, the operator A is invertible and its inverse A~! is bounded, self-
adjoint and compact in H. Thus, using spectral theorem, the spectrum of A consists of an
infinite sequence 0 < Ay < Ay < ... < A\ < ..., with Ay — 00 as kK — oo of eigenvalues.
Moreover, there exists an orthogonal basis {ex}52; of H consisting of eigenvectors of A
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such that Aey, = Mgeg, for all £ € N. We know that any u € H can be expressed as
u=> " (uepe, and Au= " A\(u,eg)er, for u € D(A). Thus, it is immediate that

IVul|Z = (Au, u) Zm (we)> > M) [ e = Afjullf, for ueVv.  (22)

k=1

2.3. Bilinear operator. Let us define the trilinear form b(-,-,-) : Vx V xV — R by

b, v, w) = /O (u() - V)v(z) - w(z)de = Z / wi(x a‘gxl w,(x)de.

2,7=1

If u, v are such that the linear map b(u, v, -) is continuous on V, the corresponding element
of V' is denoted by B(u,v). We also denote (with an abuse of notation) B(u) = B(u,u) =
Py (u- V)u. An integration by parts gives

b(u,v,v) =0, for all u,v € V,
{ (2.3)

b(u,v,w) = —b(u,w, v), forall u,v,w e V.
In the trilinear form, an application of Holder’s inequality yields

[b(u, v, W)l = [b(w, w, v)| < [lullgea V] _zcen [Wllv,

~2(

forallue VAL+, ve VAL 1 - and w € V, so that we get

IB(w, v)llv < [z vl 2. (2.4)

Hence, the trilinear map b : V x V x V — R has a unique extension to a bounded trilinear

~ ~2(r+1) ~
map from (VNL™) x (VNL = ) X V to R. Tt can also be seen that B maps V N IL"**
into V' +L"7 and using interpolation inequality, we get

r+1 r—3
(B, u), v)| = [b(u, v, w)| < [[ullgrs [ull_zoen (Vv < flull s [ullg ™ vy, (2.5)

for all v.€ VN L™+ Thus, we have

r+1 3
B, e < Jull 57, ulli (2.6)

for r > 3.
For n =2 and r € [1, 3], using Holder’s and Ladyzhenskaya’s inequalities, we obtain

[(B(w,v), w)| = [(B(w, W), v)| < [Jul|z.[[vllz:[[wllv,

for all u,v € L* and w € V, so that we get ||[B(u, v)|ly: < |ullz4]|V]lza. Furthermore, we
have

2
IB(w, wlv < [[ul?, < V2[ulululv < 4/ A—1||u||§/,

for allu e V.
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2.4. Nonlinear operator. Let us now consider the operator C(u) := Py(Ju|""'u). It is
immediate that (C(u),u) = ||u||Hl’j+11 For any r € [1,00), we have

(Pu(ulu|"™") = Py(v|v]"™!),u—v)
~ [ @@ = V@) - (u) = v(o)ds
= /(9(|u($)|r+1 — Ju(@)["tu(z) - v(z) = [v(z)|""u(z) - viz) + [v(z)] ) da
> / (‘11(56’)|7“+1 — [u(@)|"|v(z)| — |v(2)|" u(z)] + |V($)|T+1)dl’
o
= /O(|U(:E)|r — |v(2)|")(Ju(z)| — |v(z)|)dx > 0. (2.7)

Furthermore, we find
(P (ulu™™) = Py(v|v["™),u—v)
= (u""! fu = v+ (v Ja = v+ (vu T =l u - )
= l[u]= (= V) + IV (u—v)[%
+ (v [uf T Y = (uf v = (v . (2.8)
But, we know that

(wev, a7+ v =l v = (v )

1 r—1 1 r—1 1 r— r—
= =5l (@ =) = 5lvE= (@ =)l + S (™" = V), (la* = [vI*)

r—1
= (= )|

1 r— 1
> a7 (0= V)l — 5 IV
From (2.8)), we finally have
r—1 r—1 1 r—1 2 1 r—1 9
(Pu(ulu|™) = Pu(v|v|™), u=v) 2 Sll[ul= (u = v)llg + SlI[V]= (= )]z 2 0, (2.9)
for r > 1. It is important to note that
o = vi[E7, = /O u(z) = v()|"Hu(z) — v(z)[*dz

<2 / (Ju(@)"~* + |v(@)["Hu(e) — v(z)Pdz
< 272||[ufT (0 — v)[22 + 2772 V] (u— V)2 (2.10)

Combining (2.9) and (2.I0), we obtain

— [ — vl (2.11)

Lr+1°

for r > 1.
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2.5. Monotonicity. In this subsection, we discuss about the monotonicity as well as the
hemicontinuity properties of the linear and nonlinear operators.

Definition 2.1 ([3]). Let X be a Banach space and let X' be its topological dual. An operator
G:D — X', D=D(Q) C X is said to be monotone if

(G(z) = G(y), 2 —y) 20, forall z,y€D.
The operator G(-) is said to be hemicontinuous, if for all x,y € X and w € X/,

Im (G(z + \y), w) = (G(x), w).

A—0

The operator G(-) is called demicontinuous, if for all x € D and y € X, the functional
x + (G(z),y) is continuous, or in other words, T, — = in X implies G(xy) = G(x) in X'
Clearly demicontinuity implies hemicontinuity.

Theorem 2.2 (Theorem 2.2, [31]). Let u,v € VN Lr+!, for r > 3. Then, for the operator
G(u) = pAu + B(u) + BC(u), we have

(G(u) = G(v),u—v) +nfu— vl >0, (2.12)

where

r—3 2 r=3
1= = 1) (mm - 1>) | (2.13)

~r+1

That is, the operator G + nl is a monotone operator from V N L+l to V' + L5 .

Theorem 2.3 (Theorem 2.3, [31]). For the critical case r = 3 with 28 > 1, the operator
G(): VNL™! - V' + L= s globally monotone, that is, for all u,v € V, we have

(G(u) = G(v),u—v) >0. (2.14)

Theorem 2.4 (Remark 2.4, [31]). Letn =2, r € [1,3] and u,v € V. Then, for the operator
G(u) = pAu + B(u) + SC(u), we have
27

<(G(u)—(}(v),u—v>+32—M3N4||u—v||]%I >0, (2.15)

for all v € By, where By is an L*-ball of radius N, that is, By = {z € L* : ||z[|z, < N}.
Lemma 2.5 (Lemma 2.5, [31]). The operator G : VAL — V' + L is demicontinuous.

2.6. Stochastic convective Brinkman-Forchheimer equations. Let (Q2,.#,P) be a
complete probability space equipped with an increasing family of sub-sigma fields {.%; }o<i<r
of .# satisfying:

(i) %o contains all elements F' € .% with P(F') =0,
(11) ﬁt:ﬁﬁ_: mﬁsa fOI'OStST
s>t
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We consider the following stochastic convective Brinkman-Forchheimer equations perturbed
by additive degenerate Gaussian noise:

(du(t) — pAu(t) + (u(t) - V)u(t) + Blu(®) " u(t) + Vp(t)
=odW(t), in O x(0,7),

V.u(t)=0, in Ox(0,7T), (2.16)
u(t) =0, on 00 x (0,T),
\ u(0) =x, in O,

where W(-) is a cylindrical Wiener process defined on (Q2,.7,{.%# }i>0,P) taking values in
the Hilbert space H. On taking orthogonal projection Py onto the first equation in (2.16]),
we get

du(t) + [pAu(t) + B(u(t)) + pC(u(t))|dt = cdW(t), t € (0,7, 517
u(0) = x, (2.17)
where x € H. For any given N € N, we define the projection Py : H — Hy by
N
Pyu = Z(u, er)er, u € H,
k=1
where {e;}7°, is an orthonormal basis in H and Hy = span{ey,...,ex}. In this section, we

assume that the noise co-efficient o satisfies the following highly degenerate but essentially
elliptic condition provided in Section 4.5 of [18].

Assumption 2.6. There exists a sufficiently large but fired Ny € N such that Range(o) =
PnoH and ou =0 if u € (I — Py,), where 1 is the identity mapping.

For the fixed Ny defined in the Assumption 2.6l we separate the Hilbert space H into the
low and high frequency parts as

H = Py, H+ (I— Py,)H,

and we denote H' := Py,H and H" := (I — Py,)H. For any u € H, we define u’ := Py,u
and u” := (I — Py,)u. The following lemma is easy to prove and one can get a proof from
Lemma 3.2, [20].

Lemma 2.7. For any a > 0, we have

1/2 1/2
o' llv < A T, [l = AR o s (2.18)

From the Assumption 2.6] it is clear that Tr(co*) < oo and o : H! — H' is invertible, that
is, there exists a constant C, > 0 such that

o™ |l < Cyllullg, for all u € H'. (2.19)

In this work, we choose a large (but fixed) Ny to make the noise has essential ellipticity effect
(see Section 4.5, [18]).
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2.7. Global strong solution. In this subsection, we give the definition of a unique global
strong solution in the probabilistic sense to the system (Z.17]).

Definition 2.8 (Global strong solution). Let x € H be given. An H-valued (:F)i>0-adapted
stochastic process u(-) is called a strong solution to the system (2.17) if the following condi-
tions are satisfied:

(i) the process u € L2(Q; L>(0, T;H) N L(0, T; V)) N L+ (Q L™ (0, T; L™)) and u(-)
has a VL™ -valued modification, which is progressively measurable with continuous
paths in H and u € C([0,T]; H) N L2(0,T; V) N L0, T; L), P-a.s.,

(i) the following equality holds for every t € [0,T), as an element of V' + L, P-a.s.

u(t) =uy — /0 [LAu(s) + B(u(s)) + 5C(u(s))]ds + /0 odW(s), (2.20)

(iii) the following Ité formula (energy equality) holds true:

t t
la(t)l1E + 2#/0 lu(s)[lds + 25/0 lu(s)[E5, ds
t
= |luol| + Tr(oo™)t + 2/ (cdW(s),u(s)), (2.21)
0
for allt € ]0,T], P-a.s.
An alternative version of condition (Z20) is to require that for any v € VL
t t
(u(t),v) = (ug,v) — / (nAu(s) + B(u(s)) + pC(u(s)), v)ds +/ (cdW(s),v), P-a.s.
0 0
(2.22)

Definition 2.9. A strong solution u(-) to (2.17) is called a pathwise unique strong solution
if u(-) is an another strong solution, then

IP’{w € Q:u(t)=nu(t), forall te [O,T]} =1.

Theorem 2.10 (Theorem 3.7, [32]). Let x € H, forr > 3 be given (2Bu > 1, forn =r = 3).
Then there ezists a pathwise unique strong solution u(-) to the system (2.17) such that

u e L2(Q L0, T, H) N L2(0,T; V) N L (Q; L0, T; L)),

with P-a.s., continuous trajectories in H satisfying

E

T T
sup [Ju(t)||f +2u/ ||u(t)!|%/dt+25/ ||u(t)!|§fi1dt] < O(|Ixllf + Tr(o0™)T).
t€[0,7] 0 0
(2.23)

Remark 2.11 ([0, 32]). For n = 2 and r € [1,3], we know that VAL =V and using
Gagliardo-Nirenberg interpolation inequality, we get C([0, T]; H)NL?(0,T;V) C L0, T; L"1).
In this case, the reqularity of u(-) given in Theorem [2.10 becomes

u € L(Q; L0, T; H)) N L*(Q; L*(0,7; V) N L (Q; LT (0, T5 L),
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with a VN L™+ -valued modification having paths in u € C([0,T];H) N L2(0,T;V), P-a.s.,
satisfying

T T
E| sup ||u(t)||%1+4lt/ ||u(t)||%||u(t)||§,dt—|—4ﬁ/ la(®)lEa)lF, dt
te[0,7 0 0
< C(|Ix|l& + Tr(oo*)?T?). (2.24)

3. ASYMPTOTIC LOG-HARNACK INEQUALITY

In this section, we establish the asymptotic log-Harnack inequality for the trasition semi-
group associated with the stochastic convective Brinkman-Forchheimer equations (217
and discuss about its consequences. Asymptotic log-Harnack inequality for stochastic 2D
hydrodynamical-type systems with degenerate noise is obtained in [20] and we mainly follow
this work to obtain our main results.

For any x,y € H and f : H — R, we denote

IV £ () = limsup =S

Ix—yla—0 X =¥l

, and || Vf|le :=sup |V f(x)|m.
x€H
We define
Lip(H) :={f H = R : [|[Vf|loo < 00},

as the set of all Lipschitz continuous functions on H. We denote u(t, x) as the unique strong
solution of (2.I7) with the initial data x € H, and the associated Markov semigroup as

Ptf(x> = E[f(u(tv)c))]v t = 07

where f is a bounded measurable function on H. We denote %,(H) := {f : H — R :
f is bounded measurable} and %, (H) := {f € %,(H) : f > 0} (see [I1]). Let us now give
the definition of asymptotically strong Feller semigroup introduced Hairer and Mattingly in
[18] (see Definition 3.8). We denote Uy as the collection of all open sets U containing x and
indicator function as xa(-), for any measurable set A C H.

Definition 3.1. A Markov transition semigroup P, on a Polish space X is asymptotically
strong Feller at x € X, if there exists a totally separating system of pseudo-metrics {dp}n>1
for X and a sequence t,, > 0 such that

inf limsupsupd, (P, (x,-),P (y,")) =0,

UelUx psoo yeU

where Py(x,A) = Pyxa(x), for any x € X and measurable set A C X. The semigroup Py is
called asymptotically strong Feller if it is asymptotically strong Feller at any x € X.

For the definition of totally separating system of pseudo-metrics, interested readers are
referred to see [I8]. From Definition 2.2, [4], we know that the following inequality is called
an asymptotic log-Harnack inequality for the transition semigroup P;:

P, log f(y) < Pilog f(x) + ®(x,y) + ¥u(x,y)||V10g flloe, t >0,

for any f € %, (H) with ||[Vlog f|le < oo, where ®, ¥, : H x H — (0,00) are measurable
with ¥, | 0 as t 1 oc.
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3.1. The case n = 2 and r € [1,3]. Let us now state and prove our main result on the
asymptotic log-Harnack inequality for the transition semigroup P; associated with the SCBF
equations (Z.I7) for the case n =2 and r € [1, 3].

Theorem 3.2. Let n = 2 and r € [1,3] and u(t,x) be the unique strong solution to the
system (2.I7) with the initial data x € H. Suppose that the noise co-efficient o satisfies
Assumption 2.4 and

My > 8Tr(o0™).

Then, for any x,y € H and for any f € %, (H) with ||V log f|l« < 00, we have the following
asymptotic log-Harnack inequality:

Pylog f(y) < log Pef (x) + e x — ylff; + 2¢ eIV ||x — yu]|V 1og f]lso, t >0,
(3.1)

Ap 0 — #ANg —k Tr(o0™) d~ = PCIA,
o ana vy = 4(pANg —k Tr(oo*))

where the constants k < TT(o0™)’ 3

Applying Theorem 2.1, [4], similar results obtained in Corollary 3.1, [20], we have the
following corollary.

Corollary 3.3. Under the assumptions of Theorem[3.3, we have
(1) Gradient estimate. For anyy € H, t > 0 and f € Lip,(H) := Lip(H) N %,(H),

we have

IVPf ()l < /29 VP 2(y) — (Pof)2(y) + 27 E| W £ . (3.2)

In particular, P, is asymptotically strong Feller.
(2) Asymptotic irreducibility. Let'y € H and A C H be a measurable set such that

iy,A) = lign inf P;(y,A) > 0.

Then, we have
litm inf Py(x,A.) >0, forany x€ H, >0,
—00
where A = {x € H : p(x,A) < e} with p(x,A) := in£ |lx — z||g. Furthermore, for
ze
any o € (0,0(y, A)), there exists a constant ty > 0 such that
P,(x,A.) >0, provided t >ty and 2e " VIE||x — y|ly < ez,.

(3) Asymptotic heat kernel estimate. If P, has an invariant probability measure v,
then for any f € B, (H) with ||V f|| < 00, we have

f
limsup P, f(y) < log ”Ee ) . . yeH.
P IRy I
f]HI € v(dx)

t—o0
Consequently, for any closed set A C H with v(A) = 0, we have
tlim Pixa(y) =0, forall y € H.
—00

(4) Uniqueness of invariant probability measure. The Markovian transition semi-
group P; has at most one invariant probability measure.
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As discussed in [20], we prove Theorem and Corollary via coupling method by
change of measures in infinite dimensional spaces. Given any y € H, let us construct an
auxiliary process v(-) by the following equation:

dv(t) + [pAv(t) + B(v(t)) + BC(v(t))]dt = cdW(t) + %(u(t) —v(t)dt,
v(0) =y.

The system (3.3) can be interpreted as the system (2.17) with an additional control term.
Or in other words, one can treat the system (B.3]) as an analogue of the system (2.17) with
the operator A replaced by A := A + “’\2N0 Py,, and an additional term —* /\QNO Py,u. Using
similar arguments as in Remark 8, [23], we can use Girsanov’s theorem to prove that the
strong solution of the system (B.3]) is uniquely defined. Furthermore, one can write the

system (3.3) in the form (2.I7) with x changed to y and W(¢) changed to

(3.3)

W(t) .= W(t) + /Ot h(s)ds, h(t) := %a‘l(u(t) —v(t), t>0,

where o is defined in the Assumption Let us now define
t 1 t
o(t) = exp{ = [ (1050, aw(s)) - 5 [ Incoas (3.4)

Using Girsanov’s theorem, we conclude that {W(t)}tzo is a Wiener process on H under the
weighted probability measure P and is uniquely defined by

dP
Bl =2, t>0 (3.5)
Next, we rewrite the systems (2ZI7) and (B3] as

du(t) + [pAu(t) + B(u(t)) + SC(u(t))|dt = odW(2),

dv(t) + [pAv(t) + B(v(t)) + BC(v(t))]dt = ocdW(t) + %(u(t) —v(t))dt, (3.6)

with initial values u(0) = x and v(0) = y, respectively. With the above setting, we have the
following estimate:

Lemma 3.4. For any k < %, we have
t t
i exp s ()1 + 0 [ o) fets +25 [ uGo)lz s = Titoo)e ) |}
2 0 0
< 2exp(k|x3). 7

and

e exp sup (VO 40 [ Iv(o)las + 20 [ Iv(o)lras - oo ) |

< 2exp(kly[3): (38)
Proof. Let us define

M(t) = 2/0 (cdW(s),u(s)). (3.9)
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Then, it can be easily seen that M(t) is a continuous martingale and a bound for its quadratic
variation process is given by

(M) () = 4 /0 Tr(oo*u(s) ® u(s))ds < 4 Tr(co") /0 u(s)[|2ds
< %Tr(aa*) / ()| ds. (3.10)

where we used Poincaré’s inequality. Let us set kg := 2Tr( o=y and My, () = M(t)—E2 (M) ().

2
An application of the infinite dimensional 1t6 formula to the process |[u(-)||% (see [32]) yields

t t
||u(t)H[2HI+2:u/O ||Ul(8)||§/dS+25/0 la(s)lE7, ds

= |x|I% + Tr(oo™)t + 2/0 (u(s),cdW(s)), (3.11)

for all t € [0, 7], P-a.s. From (B.11]), we infer that
t t
||u(t)!|%+u/0 ||11(8)||§/d8+25/0 (sl ds
t
= ||l — M/O la(s)[ids + Tr(oo™)t + M(t)
2 * ]{?0 ! 2
= lix[lig + Tr(oo™)t + My (t) + 5 (M)(E) — p Hu(S)HVdS

2ko
< |x|IE + Tr(oo™)t + My, (t) + ()\— Tr(oo™ ) / |u(s)]|3ds
1
< x|l + Tr(oo™)t + My, (1), (3.12)

where we used (BI0). Note that efoMr() is a supermartingale and using the maximal
supermartingale inequality, we get

P{sup M, () > y} = P{sup exp (ko Mg, (t)) > ekoy} < e FVE{exp(koMy, (T))} = e Fov,
>0 >0
(3.13)

For k < %0, the above inequality implies
E{exp <k: sup Mko(t))} =1+ k/ ekyIP’{sup M, (t) > y}dy <2 (3.14)
t>0 0 t=>0

using (B13). Thus, from (B.12)), it is immediate that

e ksup (o1 + [ Juco)as +25 [ uis)lgitas) ||

< exp(k|x|2) exp (/fsgoo Tr(aa*)t)E{exp <ksup My, (t)) } (3.15)

>0

and the inequality ([3.7)) follows by using (3.I4]). The inequality (B.8) can be obtained in a
similar way. O
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Lemma 3.5. Let us assume that A\ > 8Tr(cc*). Then, there erists a constant k <

4T;\(1f0*) such that the asymptotic coupling (u(-),v(:)) given in ([B.0) satisfies:

Es[[[u(t) — v($)lIf:] < 2e"eWE|x — &, ¢ >0, (3.16)
where 0 = 3 (uAn, — k Tr(00™)).
Proof. Note that w(-) := u(-) — v(-) satisfies the following It6 stochastic differential:

dw(t) + [uw(t) + B(u(t)) = B(v(t)) + A(C(u(t)) — C(v(1)))ldt = —¥(W(t))ldt,
w(0)=x—Yy.

(3.17)
Taking inner product with w(-) to the first equation in (B.I7), we find
d
FIw Ol + 21w @1

= —2(B(u(t)) = B(v(t)), w(t)) = 28(C(u(t)) — C(v(t)), w(t)) — pAn, (Prow(?), W(t()gam)

for a.e. t € [0,T]. Using Ladyzhenskaya’s, Holder’s and Young’s inequalities, we estimate
—2(B(u) — B(v),w) as

~2(B(u) — B(v), w) = —2(B(w,v),w) < 2|[v[lv[wlZ, < 2v2|v]v|wlllw]v
2
< plwlly + ;HVII%IIWH%- (3.19)

Using (2.11]), we have
B

—28(C(u) — C(v),w) < —2T_2||W||Hrjf+11, for r>1. (3.20)
Substituting (3.19) and ([B.20) in (B18]), we obtain
d o] .
T IO+ g WOl
2
< ;||V(t)||%/||W(t)||fﬂ — (w5 + pAx [P v w (t)[17)- (3.21)

Using (2.I]), we estimate the final term from the right hand side of the inequality ([B.21) as

plw s+ s, [Pve Wl = pll (1= P )W + g 1P g Wy
> A, [[(T = Povg )Wl + s, [Py Wl
= A, [ Wi (3.22)

Applying (3:22)) in (3:21]), we obtain
d 2
WO+ g [w(B) [ < ;||V(t)||%z!|w(t)“%- (3.23)

An application of Gronwall’s inequality yields

Iw(t)l < HW(O)H%e‘“ANOteXPG/o ”"“)“%’ds)’ (3.24)
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for all ¢ € [0, 7). Since A\ju® > 8 Tr(oo*), there exists a constant k < % such that

4Tr(oo
2 2 —pAn.t 2 [ 2
Esllw(®)lli < llx — yllze™ " Ep [exp A [v(s)[lds
< 2|lx =yl exp{—(uAn, — k Tr(o0™))t}, (3.25)

where we used Lemma B4l (see (B.8)). It should be noted that {\¢}72, is an unbounded
increasing sequence, and thus we can choose Ny large enough so that puAy, > kTr(co™).
Hence, the estimate (3.I6) follows. O

In order to prove our main Theorem (see Theorem B.2]), we need the following inequality
(see Lemma 2.4, [2]).

Lemma 3.6. Let f > 0 with E[f] > 0. Then, for any measurable function g, we have

E[fg] < E[f]logE[e’] + E[flog f] — E[f]log E[f]. (3.26)
Proof of Theorem[3.2 Using the uniqueness of strong solution to the system (3.3]), we have
Polf(y)] = Eslf(v(t,y))], t =20, y € H, (3.27)

for all f € %, (H). Thus, for any f € %, (H) with ||Vlog f|ls < 0o, by using the definition
of |V log f|le, (3:26) and (316), we get
Pi[log f(y)] = Egllog f(v(t, y))]
= Egllog f(u(t,x))] + Egllog f(v(t,y)) — log f(uf(t, x))]
< E[®(t) log f(u(t, x))] + ||V log fllecEg[[u(t, x) — v(t,y)|s]
< E[®(t)log f(u(t,x))] + |V log f ]| Ez [[[u(t, x) — v(t,y)]li]
< E[@(t) log ()] +log Py f(x) + 27" % lx — y | VIog flloc. (3.28)
Using Fubini’s theorem, (2.19) and (B.16), we estimate E[®(t) log ®(¢)] as

1/2

B[(#) log B(1)] = Byllog &(1)] = N°E { / o™ (u(s) — v(s))'[3ds
03/12)\2 t
< =2 [ B ) — vl ds
(CRIT: .
~0 VI |x — y |13, (3.29)

= A(puAy, — kTr(oo*))
Hence (B.1) follows by applying ([3.28) in (3:29). O
Proof of Corollary[3.3. Let us define
Ox,y) = 1eME[x — v and Wi(x,y) = 2e e x — y s

From Theorem 2.1, [4], we know that if P, satisfies (8.1 and ©,¥; : H x H — R* are
symmetric with WU, | 0 as ¢ — oo, then we arrive at the assertions given in Corollary
B3, provided we prove the existence of an invariant measure for the transition semigroup
{P:}+>0. We use the standard Krylov-Bogoliubov approach to obtain the existence of an
invariant measure (see [10]). Let us define

1 n
Vp = —/ ooPidt, n > 1,
nJo
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where dg is a Dirac measure at 0 € H. It is clear that each p, is a probability measure. Let
u(t,x) be the unique strong solution of the system (Z.I7)) with the initial data x € H. Then,
a calculation similar to ([B.21)) yields

d p v
g lult,x) —u(t, VI + pllut,x) —at,y)[7F + 5=z [ult, x) —u(t, VIEL
2
< ;HU(LX)H%HU(LX) —u(t,y)|# (3.30)
An application of Gronwall’s inequality in (3.30]) yields
2 t
[u(t, x) —u(t,y)li < [x - YH?HIGXP<; /0 ||11(8,X)H%/d8)- (3.31)

From Theorem 210, we infer that E(fg ||u(s,x)]|§,ds) < 00, which together with (3.31))

implies that the transition semigroup {P;}:>¢ is a Feller semigroup. Thus, in order to prove
the existence of an invariant measure for {P;};>0, we only need to prove the tightness of
the measure {1, : n > 1}. Applying the infinite dimensional It6 formula to the process
|lu(-,x)||Z and then taking expectation, we obtain

t t
B )+ 20 [ o) s +20 [ Ju@)lzas] = el + Tooo, (332
for all t € [0,7]. Thus, it is immediate that
M Tr(oo*)
- 18) = [ Bl o) )ae = =7 (3.33)

Note also that v,(]| - ||£f+11) = %ﬁo) We know that the embedding of V C H is compact and
hence for any K € (0,00), the set {x € H : ||x|ly < K} is relatively compact in H. Thus, the
inequality (8.33) implies that {u, },>1 is tight. Hence, using Prohorov’s theorem there exists
a probability measure v and a subsequence {v,, }ren such that v, % v, as k — o0o. One
can easily show that v is an invariant probability measure for {P;};>¢. Thus, by the Krylov-
Bogoliubov theorem (or by a result of Chow and Khasminskii see [§]), v results to be an
invariant measure for the transition semigroup {P;}:>o, defined by P;po(x) = E[p(u(t, x))],
for all ¢ € Cu(H), where u(-) is the unique strong solution of the system (2.I7) with the
initial condition x € H. O

3.2. The cases n = 2,3 and r € (3,00). In this subsection, we state and prove the results
analogous to Theorem and Corollary for the cases n = 2,3 and r € (3,00). The main
results of this subsection are the following:

Theorem 3.7. Let n = 2,3, r € (3,00) and u(t,x) be the unique strong solution to the
system (2IT) with the initial data x € H. Suppose that the noise co-efficient o satisfies the
Assumption[Z8. Then, for any x,y € H and for any f € %, (H) with ||V log f|le < 00, we
have the following asymptotic log-Harnack inequality:

Pilog f(y) <logP.f(x) +7lx — ylli + e *|x — yllulViog fllo, t >0, (3.34)
2N,

3 2 _23 ’
r— —
ANy~ st (Fe=y) )

2
where the constants 6 = %(M)\No — ﬁ(ﬁ) 73) and ¥ = 8(



ASYMPTOTIC LOG-HARNACK INEQUALITY FOR SCBF EQUATIONS 17

Forn=3,r=3 and fu > 1, we have the following asymptotic log-Harnack inequality:
C2 PANg?
Plog f(y) < log Puf(x) + =[x = yl& + "2 x — v V1og [l ¢> 0. (3.35)

Analogous to Corollary B3, we have the following result for n = 2,3 and r € (3, 00). For

~ 2
the case n = 3, r = 3 and Bu > 1, one has to replace # with “’\2N0 and 7 with % in the
Corollary given below.

Corollary 3.8. Under the assumptions of Theorem[3.2, we have

(1) Gradient estimate. For anyy € H, t > 0 and f € Lip,(H) := Lip(H) N %,(H),
we have

VPl < VAVPL(Y) = PfRY) + "Vl (3.36)

In particular, P, is asymptotically strong Feller.
(2) Asymptotic irreducibility. Let'y € H and A C H be a measurable set such that

iy, A) = li{gglf Pi(y,A) > 0.
Then, we have
h{g(i)glf Pi(x,A:) >0, forany x € H, >0,
where A, == {x € H : p(x,A) < e} with p(x,A) := ;:2/{ |x — z||m. Furthermore, for
any €9 € (0,0(y,A)), there exists a constant ty > 0 such that
Pi(x,A:) >0, provided t >ty and e_5t||x -yl < eco.

(3) Asymptotic heat kernel estimate. If P, has an invariant probability measure v,
then for any f € B, (H) with |V f|s < 00, we have

lim sup P /()
imsup P, f(y) < log T @) )’ y € H.

m st IRy
Consequently, for any closed set A C H with v(A) = 0, we have
tlim Pixa(y) =0, forall y € H.
—00

(4) Uniqueness of invariant probability measure. The Markovian transition semi-
group P; has at most one invariant probability measure.

We begin with the following Lemma, which is analogous to Lemma 3.5

Lemma 3.9. Forn =2,3 andr € (3,0), the asymptotic coupling (u(-),v(-)) given in (3.0)
satisfies:

Ez[llu(t) = v(t)|Z] < e™”llx —yl& t >0, (3.37)
_2
where 0 = <,u)\NO — —H(T’T__?’l) (7@(?_1)) ' 3)
Forn=3,r=3 and fu > 1, we have
Es[[lu(t) = v(®)|[f] < e |x —ylfE, t>0. (3.38)
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Proof. The case of n = 2,3 and r € (3,00) follows similarly as in the proof of Lemma
except for the estimates (8:20) and (3:19). It is important to note that, in these cases, we
are not using Lemma 3.4l From (Z3)), we have

—26(C(u) — C(v),w) < —B||v]T wl2. (3.39)

Using Hélder’s and Young’s inequalities, we estimate the term 2|((B(u) — B(v)),w)| =
2|(B(w,u), w)] as

1
2|(B(w, u), w)| < 2[|wllv[luw |l < ullwlf5 + ;HUWH]?-]I' (3.40)

We take the term |juw||% from (3.40) and use Holder’s and Young’s inequalities to estimate
it as

o

< on( [ JuGolpwieae) + - ‘B(W_l) ([ weras). @

for r > 3. Combining (3.39), (8.40) and (3.41]), we obtain

2

3 2 3
- 25w — ) w 2B £ () g )
Thus, a calculation similar to (3.23) yields
d r—3 2 =
GO vl < T2 (2 ol G

2

for a.e. t € [0,T]. For p*A\y, > = f(ﬁ)m, we obtain

2

2 ) - - r— 3 2 r—3
[w(®)||% < HW(0>HH6XP{ (MANO u(r —1) (ﬁu(r - 1)) )t}

for all t € [0, T]. Taking expectation with respect to IF’, we get

, - _ r=3 2 =
B2 [Iw(Dl3] < Es[Jw(0 >||H]exp{ <uANO () )t} (3.45)

and the estimate (3.37) follows. Note that {\;}72; is an unbounded increasing sequence,

(3.44)

and thus we can choose Ny large enough so that Ay, > Mg?;f)l) (Bu(i—l))m’ which completes

the proof for n = 2,3 and r € (3, 0).
For n = r = 3, from (2.9), we have

—2p(C(u) = C(v),w) < —Buwl|z, (3.46)
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and a calculation similar to (3.40) gives

1
2|(B(w, ), w)| < 2[[wlly|uw|[s < BIIWH% + Bluwl[i. (3.47)
Combining (3.406]) and (3:47), we obtain
= 2u{Aw, w) — 25(C(u) - C(v), w) — 2(B(w, u),w) < <2M - %) w5 (3.48)

Similar (3:22), we estimate <2,u - %) W2 + uAn, [[Pag w3 as
1
(20 5 ) Il + o [P

1
. (m _ B) 11 = P W2 + i | Py w2

> (1= 5 ) Aol = Pawl + g (12wl + 11 = P i)
> pdw, W[5, (3.49)
for S > 1. Thus, a calculation similar to (3.23) gives
%Hw(t)H% + Aol W ()1 < 0, (3.50)
for a.e. t € [0,7] and hence we get
Iw ()] < [Iw(0)[[Ze™#, (3.51)
for all t € [0, 7] and the estimate (3.38) follows. O

We are bow ready to prove Theorem [B.7 and Corollary 3.8

Proof of Theorem[3.7. For n = 2,3 and r € (3,00), one can get a proof in a similar way as
that of the proof of Theorem except for the estimate

Cop® M,

E[®(t) log ®(t)] < < |Ix -yl (3.52)
r—3 2 r=3
S(NANO ) (mm—n) )
23
for p?Ay, > =2 <%) " and hence the estimate (3.34)) follows.
For n =r =3 and fSu > 1, the above estimate has to be replaced by
C2u\
E[®(¢)log @(t)] < TNOHX — vl (3.53)
and one can easily get the estimate (3.34]). O

Proof of Corollary[3.8. For the cases n = 2,3 and r € (3,00), we define

O(x,y) =7llx — yll& and ¥,(x,y) = e ”|x - y|u.
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In order to prove the existence of an invariant measure for the transition semigroup {P;}:>o,
we can follow similar arguments as in the proof of Corollary Here we sketch important
steps only. A calculation similar to (3.43)) yields

d
Enu(ta X) - ll(t, y)”]?—]l + ILLHU(t, X) - ll(t, Y)H%I

r—3 2 = 2
< () e - ue Ik, 3.5

for a.e. t € [0,7]. An application Gronwall’s inequality yields

) ol e r—3 2 \7T
Ju(t.x) — u(t.y)[E < ey p{<u<r_1><@u<r_1>) )t} (3.55)

and proceeding similarly in the proof of Corollary B.3] we get the required result.
For the case n = 3, r = 3 and Su > 1, we obtain

lu(t,x) —ut,y)[E < e |x — yll, (3.56)
and the existence of an invariant measure for the transition semigroup {P; };>o can be proved
in a similar way as in the case of n =2 and r € [1, 3]. O

4. THE SCBF EQUATIONS PERTURBED BY MULTIPLICATIVE NOISE

In this section, we consider the following stochastic convective Brinkman-Forchheimer
equations perturbed by degenerate multiplicative Gaussian noise:

{ du(t) 4+ [pAu(t) + B(u(t)) + SC(u(t))]dt = o(u)dW(t), t € (0,7,

2(0) — x. (4.1)

where x € H. Due to technical difficulties, we consider the cases n = 2,3 and r € [3,00)
only. In the degenerate multiplicative noise case, the asymptotic log-Harnack inequality for
several kinds of models on stochastic differential systems with infinite memory is established
in [4] and for a class of semilinear SPDEs is obtained in [21].

Let Lo(H) = Lo(H, H) be the space of all Hilbert-Schmidt operators from H to H. We
need the following assumptions on the noise coefficient to obtain our main results.

Assumption 4.1. (A1) The mapping o : V — Lo(H) is bounded and Lipschitz, that is,

sup o) c,) < o0, (4.2)

and for all uy,uy € H, there exists a constant L > 0 such that
lo(ur) = o (u2) |2y < Lllw — o[z (4.3)

(A2) The ezists a constant Ny € N so that for all u € H, we have Py,H C Range(c(u))
and oc(u)v = 0 if v € (I — Py, )H. Furthermore, the corresponding pseudo-inverse
operator o(u)™!: Py, H — Py, H is uniformly bounded, that is, there exists a constant
K > 0 such that

Sup o (W) ] £, 1) < K (4.4)
where L(Py,(H)) = L(Py,(H), Py, (H)) is the space of all bounded linear operators
from Py, (H) to Py, (H).
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Under the above assumptions, we have the following existence and uniqueness of strong
solution to the system (ZI]).

Theorem 4.2 (Theorem 3.7, [32]). Let x € H, forn = 2,3 and r > 3 be given (2B > 1, for
n =r = 3). Then there exists a pathwise unique strong solution u(-) to the system (2.17)
such that

u e L2(Q L0, T, H) N L2(0,T; V) N L (Q; L0, T; L)),

with P-a.s., continuous modification with trajectories in H (that is, u € C([0,T];H) N
L2(0,7;V)) N LY (Q; L0, T; L), P-a.s.) satisfying

E

T T
Sup ||u(t)!|§ﬂ+2u/o |IU(t)H§/dt+25/0 IIU(t)HELdt] <CLD)x[E (45)

te[0,T

Moreover, the strong solution u(-) satisfies the following Ité formula:

t t
(el + 24 i lu(s)[[Fds + 25/0 la(s)[E), ds
t

t
= lhlfs + [ Trlotu)o*(@)ds +2 [ (o(a)dW(s). u(s), (46)
0 0
for allt € 10,77, P-a.s.
The main results of this section are the following:

Theorem 4.3. Let u(t,x) be the unique strong solution to the system ([ZI7) with the initial
data x € H. Suppose that the noise co-efficient o(-) satisfies Assumption [f.1. Let n = 2,3,

2
r € (3,00) and Ay, > <u2?;§1)(5u(f—1))rj + ﬁ) Then, for any x,y € H and for any
[ € B (H) with ||V 1og flle < 00, we have the following asymptotic log-Harnack inequality :
P;log f(y) <logP:f(x) +7lx = yllit + e "x = y|ullViog flleo, >0,  (4.7)

where the constants
2
~ 1 r—3 2 T3
0=—|u\y, — L
2 [“ & <u<r—1> <ﬁu(7“—1)) i )
K2p2A%,

. .
7,,_ r—3
8 [W‘No - (u(r——gl) (ﬁ> " L)]

Forn=2,3,r=3, Bu>1and \y, > %, we have the following asymptotic log-Harnack
inequality:

and

=)

Kp*Xy,
8(#)\]\[0 - L)

(#ANQ*L)t
T Y x =

P, log f(y) < log P, f(x) + Ix—yl&+e V|l Vlog flle, (4.8)

fort > 0.

Analogous to Corollaries [3.3] and [3.8, we have the following result for n = 2,3 and r €
(3,00). For the case n = 2,3, r = 3 and fu > 1, one has to replace 6 with % and 7y

ith %% iy the Corollary given bel
wit g D) in the Corollary given below.
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Corollary 4.4. Under the assumptions of Theorem[3.2, we have

(1) Gradient estimate. For anyy € H, t > 0 and f € Lip,(H) := Lip(H) N %,(H),
we have

IVP )l < VAVPS () = P P) + €[V f]|oo: (4.9)

In particular, P, is asymptotically strong Feller.
(2) Asymptotic irreducibility. Let'y € H and A C H be a measurable set such that

iy, A) = li{gglf P.(y,A) > 0.
Then, we have
h{g(i)glf Pi(x,A:) >0, forany x€ H, >0,
where A, == {x € H : p(x,A) < e} with p(x,A) := ;:2/{ |x — z||m. Furthermore, for
any €9 € (0,0(y,A)), there exists a constant ty > 0 such that
Pi(x,A.) >0, provided t >ty and e_gtHx — ¥l < €eo.

(3) Asymptotic heat kernel estimate. If P, has an invariant probability measure v,
then for any f € B, (H) with ||V f|| < 00, we have

: v(ef)
limsup P, f(y) < log T @) )’ y € H.

sy eIy

Consequently, for any closed set A C H with v(A) = 0, we have
tlim Pixa(y) =0, forall y € H.
—00

(4) Uniqueness of invariant probability measure. The Markovian transition semi-
group P; has at most one invariant probability measure.

As in the case of additive Gaussian noise, we use the coupling method to prove Theorem
4.3l Given a 'y € H, we consider the following systems:
du(t) = —[pAu(t) + B(u(t)) + SC(u(t))]dt + o(u(t))dW(t), u(0) =x € H,
dv(t) = —[pAv(t) + B(v(t)) + BC(v(t))]dt + o(v(t))dW(t)

PAN,
2
Under the Assumption 1] (A1) and (A2), one can easily see that the additional drift term
o(v(t))o(u(t)) " (u(t)—v(t))! satisfies the local monotonicity as well as hemicontinuity prop-
erties. Hence the coupling (u(-), v(-)) is well-defined. In order to investigate that v(¢) has a

transition semigroup P; under the weighted probability measure P, we let

(4.10)

+ o(v(t))o(u(t)) (u(t) — v(t))dt, v(0) =y € H.

W(t) := W(t) + /0 h(s)ds, h(t) := %a(u(t))—l(u(t) —v(t)), t>0. (4.11)

We also define

() = oo = [, awo) - 3 [ o)zas) >0 (112)

Then, we have the following result.
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2

Lemma 4.5. Forn =2,3 and r € (3,00), Ay, > ;ﬂr(i)n (5“(3_1)>m + %, and any T > 0,

we have
A K
8[uAn, — (M + L)]

E[&S(t) log 213(15)} < Ix — yl2, forall 0<t<T, (4.13)

_2
where n = ﬁ(ﬁ) " Forr =3, uB>1 and Ay, > £, we have
_ B 2)2 [}2
E[(I)(t) log é[)(t)} < H AN

— 0 __x—vyl|& forall 0<t<T. 4.14
< Sion X~ Yl f <t< (4.14)

Proof. For any N > ||x||m + ||y|lu, we define a sequence of stopping times by
7y = inf{t  flu()fa + |v(@)[la > N} (4.15)

From the definition of 7y, it is clear that 7,y T 0o as N 1 oo, and {|[u(t)|m}scprary) and
{IIv(t)|le}eejo,rary] are bounded. The Assumption 1] (A2) implies

TATN . /~L2)\?\7 TATN .
B [ IR0 < ] [ o) ey w020 — v(O) I 0]

%{EM)MW ||u(t)!|§}1dt] + E[/OTMN HV(t)H%dt] }

< 12N3, K2N?T < o0,

IA

which implies Novikov’s condition on [0,7 A 7xn]|. Then, applying Girsanov’s theorem, we
infer that {W(t)}icpo,ra-y] 15 @ cylindrical Wiener process under the weighted probability
measure Pr y = ®(T" A 7y)P. Thus, we rewrite the coupling (u(-), v(-)) given in (£.I0) as

du(t) = —|pAu(t) + B(u(t)) + C(u(t)) + %(u(t) — V(t))l] dt

+o(u(t)dW(t), t € [0,T A7yl (4.16)

dv(t) = —[pAv(t) + B(v()) + BC(v(t)]dt + o(v(t)dW(#), t € [0,T A 7],

with the corresponding initial values u(0) = x and v(0) = y. Using the infinite dimensional

It6 formula to the process |[w(-)||% = [[u(-) = v(-)||% under the probability measure Py, y and
for t € [0,T A 7n], we obtain

WOl +2u [ llwis) s
— (Ol ~2 [ (Blu(s) = Biv(s). wls))ds 25 [ (€(uls) - Clv(s)) wls))ds
it [ (s w(s)ds + [ o) = o(v(s) s

+ 2/0 ((o(u(s)) — a(v(s)))dW(s),w(s)), Pr y-a.s., (4.17)
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for all t € [0,T A 7y]. For n = 2,3 and r(3, ), using ([3:22) and (3.42) in (£I7), we find

t
I ()13 + 1Ang / Iw(s)|3ds

< eyl = () [t L [ wslzas
#2 [ ((o(u) ~ o (V)T ) w(s), (418)

for all t € [0,7 A 7y]. Taking expectation in (£I8) and using the fact that final term
appearing in the right hand side of the inequality (AI8) is a local martingale with zero
expectation, we deduce that

Es, [IIw(®)ll]

< llx—ylli+

M(r__?’l) ( - (f_ 1)) Lo /0 Bs, [Iw(s)[2]ds,  (4.19)

where we used (3.22]) and Fubini’s theorem. Applying Gronwall’s inequality, we get
Es, , [Iw(®IlE] < x - y||Ze Ao =ML - for all t e [0,T ATy, (4.20)

2

where 1 = ﬁ(ﬁ) e Using the definition of EI;(), W() and the Assumption .1

(A2), we have

E [EIS(t ATn) log Bt A TN)} =Es, [10% B(t A TN)]

1 INTN )
— 5B | [ TS
0

2v2 102 ot
A, K
< / Es, , [lu(s) - v(s)[3]ds,  (4.21)

where we used Fubini’s theorem in the final step. For puAy, > 1+ L, using (4.20) in (4.21]),
we deduce that

1A%, I
[An, = (n + L))

For 0 < s <t < T, using the dominated convergence theorem and the martingale property
of {®(t A Tn) }eejo,r), We get

E(&S(t)}ys) - E< Tim B(t A TN)\,%) — lim E(EIS(t A TN)\,%) — &(s), (4.23)

n—oo

E[é(t A7) log B(t A TN)] << Ix—yl2, 0<t<T. (4.22)

so that {&)(t)}te[O,T} is a martingale. Let us define Py := ®(T)P. Since {(T)(t)}te[o,ﬂ is a
martingale, we obtain Pr(A) = Prn(A), if A € Frar,. Note also that {W(t)}iecp 1 is a
cylindrical Wiener process under the probability measure Pr. Applying Fatou’s lemma, we
obtain

liminf E5 |log ®(t A 7y)| = liminf Es, |log d(t A Ty)

N—oo N—o0
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1 INTN )
— liminf S5, [ /0 ||h(s)||Hds}

1 ) ] tIATN . )
> 58, [iint [ 1R ds| = 55, | [ s I
(4.24)
for any ¢ € [0, T]. Combining {#.22)) and (£.24]), we further have
E[B(1) log (1)) = Es, [log 3(0)] l / (s HHds]
< thri)lOIéf Es, [log O(t A TN)]
2)\2 K2
= Ix -yl 0<t<T, (4.25)

8lpAny =+ L)]
which completes the proof of (£I3]).
For r = 3 and Su > 1, calculation similar to (3.49) and (3.48)) gives

Es, , [IW()I1Z] + (uhn, — L) / E;, [||w<s>r|§ﬂ] ds<x-ylZ  (426)

for all t € [0,T A 7y] and the estimate (4.14) follows for p > = by proceeding similarly as
in the previous case. O

Proof of Theorem[{.3. For n = 2,3 and r € (3,00), one can obtain a proof in a similar way
as that of the proof of Theorems B.2] and B.7l From (&I3]), we have the estimate

K203,
2
r—3 2 o
8{,U)\No - <m<m> - L)]
2

for pAn, > u(—g)<5u( ))P3 + L. Using similar arguments to ([£20), we can get the

following estimate:

I — (4.27)

E[cf(t) log EIS(t)] <

2
_ _( —r=3_ 2 T3
Es [[ut, x) — v(t, x)|2] < |x — ylle e G (i) | P o
(4.28)

Hence, for any f € %, (H) with ||V log f|ls < 00, using (326), (A27) and [@2R), we have
Piflog f(y)] = Eg, log f (u(t, x))) + Eg, log f(v(t.¥)) — log f(u(t,x)
<E[B(t) log f(u(t, x))| + |V log fllcEz, [lu(t, x) = v(t, %)]|x]
< E[B(t)log ()| +log Puf (x) + [V 10g Il (B, [u(t x) = v(t,x)[2])
K223,
8| A, — <ﬁ(ﬁ) Sy

2

Ao (Gt ) gy (4.29)

1/2

<

):| HX - y,|[2HI + log Ptf(x>
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and we obtain estimate (4.1).
For n =2,3, r = 3 and fu > 1, the estimate (L27) needs to be replaced by

Kp?A%,
8(ILL)\NO - L)
and the estimate (4.8)) follows. O

E[®(t) log (t)] < Ix — vl (4.30)

Proof of Corollary[{.4. For the case n = 2,3 and r € (3,00), we define
O(x,y) =7lx —ylli and Wi(x,y) =[x -y

In order to prove the existence of an invariant measure for the transition semigroup {P;}:>0,
we can follow similar arguments as in the proof of Corollary B.8 For n = 2,3 and r € (3, 00),
using the infinite dimensional It6 formula to the process |Ju(-,x) — u(-,y)||%, we obtain

Jut.x) = (e, )+ 20 [ (s, x) = u(s.) s
= I~ ¥l =2 [ (Blu(s ) = Blulsy) ulsx) — ufsy)ds

28 / (C(u(s, %)) — C(u(s, y)), u(s,x) — u(s,y))ds

D (mf— 1>) s

+ 2/0 ((o(u(s, x)) — o(u(s,y)))dW(s),u(s,x) — u(s,y)), (4.31)

P-a.s., for all ¢ € [0,7T], where we used a calculation similar to (AI8]). Taking expectation,
and then by using Fubini’s theorem and Gronwall’s lemma, we get

< llx -yl +

[ s — uts. ) s

2
r—3 2 r—3
Ellu(t, ) — u(t )3 < [ — y e 70 ) (4.32)

for all t € [0, 7], which implies that {P; };>0 is a Feller semigroup. Therefore, for the existence
of an invariant measure, we only need to prove the tightness of {v, : n > 1}. Using the
infinite dimensional It6 formula to the process |Ju(-)||%, we find

Ju(t)2 + 24 / Ju(s)[3ds + 28 / [u(s)|Iz, ds
— IxJi2 + / lo(u(s) 12, qds + 2 / (o(u(s))dW(s), u(s))

< x|+ C / (1+ Liju(s)[2)ds + 2 / (o(u(s))dW(s), u(s)), (4.33)

P-a.s., for all ¢ € [0,T]. Thus, from [33), it is immediate that

la(®)llE < llxlE + /Ot {C + <—2u + C;—lL) HU(S)H%} ds +2 /Ot(U(U(S))dW(S), u(s)). (4.34)

For L < 2“62\1, proceeding similarly in the proof of Corollary B3] we get the required result.
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For the case n = 2,3, r =3 and Su > 1 and L < pA;, we obtain

Efu(t,x) —u(t,y)[] < e "2 x -y, (4.35)

and the existence of an invariant measure for the transition semigroup {P;}:>o can be proved
in a similar way as in the previous case. 0
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