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Harnack Inequalities and Ergodicity of
Stochastic Reaction-Diffusion Equation in
LP

Zhihui Liu

ABSTRACT. We derive Harnack inequalities for a stochastic reaction-
diffusion equation with dissipative drift driven by additive rough
noise in the LP-space, for any p > 2. These inequalities are used
to study the ergodicity of the corresponding Markov semigroup
(Pt)t>0. The main ingredient of our method is a coupling by the
change of measure. Applying our results to the stochastic reaction-
diffusion equation with a super-linear growth drift having a neg-
ative leading coefficient, perturbed by a Lipschitz term, indicates
that (P;)¢>0 possesses a unique and thus ergodic invariant measure
in LP for all p > 2, which is independent of the Lipschitz term.

1. Introduction

We consider the stochastic reaction-diffusion equation

1y P axe 4 peae) + 6208 g er o
Here the homogeneous Dirichlet boundary condition on the bounded,
open subset @ of R? is considered, the initial value X, = 2 vanishes on
the boundary 00 of €', the nonlinear drift function f has polynomial
growth and satisfies a certain dissipative condition, the driving process
(Wi)i>0 is a U-valued cylindrical Wiener process, and the linear oper-
ator GG is a densely defined closed linear operator on U which could be
unbounded (see Section 2 for more details).

Let x € LP = LP(0), p > 2, and denote by (X[);>0 a mild solution
of Eq. (1.1) with the initial datum Xy = x. Then (X}):>o is a Markov
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process and it generates a Markov semigroup (F;):>o defined as
(1.2) Po(x) =Ep(X[), t>0, z€LP ¢ By(LP).

Our main concern in this paper is to investigate Harnack inequalities
and ergodicity of the Markov semigroup (F;);>o defined in (1.2) in the
Banach space, LP, for all p > 2.

The stochastic reaction-diffusion equation (1.1) has numerous ap-
plications in material sciences and chemical kinetics [ET89]. When
f(&) = €—-6, ¢ € R, Eq. (1.1) is also called the stochastic Allen—
Cahn equation or the stochastic Ginzburg-Landau equation. It is
widely used in many fields, for example, the random interface models
and stochastic mean curvature flow [Funl6]. There are many inter-
esting and important properties for the solution of Eq. (1.1), which
have been investigated in Hilbert settings. For example, the existence
of invariant measures and ergodicity are studied in [BS20, Hai02,
Kaw05, WXX17], the large deviation principles are investigated in
[BBP17, WRD12, XZ18|, and sharp interface limits are derived in
[ KORVE07, Web10, Yip98]. See also [BGJK, CH19, LQ20, LQ)]
and references therein for analysis in the numerical aspect.

In contrast to SPDEs in Hilbert spaces, only a few papers are treat-
ing the regularity, such as invariant measures and the ergodicity, of the
Markov semigroup (P;);>o for SPDEs even with Lipschitz coefficients
in Banach spaces. The authors in [BLSal0] studied invariant mea-
sures for SPDEs in martingale-type (M-type) 2 Banach spaces, under
Lipschitz and dissipativity conditions, driven by regular noise. For
white-noise driven stochastic heat equation (Eq. (2.3) with Lipschitz
coefficients), [BR16] showed the uniqueness of the invariant measure,
if it exists, on LP(0,1) with p > 4; the case for p € (2,4] is unknown.
Recently, their method was extended in [BK18] to an SPDE, arisen
in stochastic finance, in a weighted LP-space. See also [vINO1] for
the uniqueness of the invariant measure, if it exists, of the Ornstein—
Uhlenbeck process (with form (2.11)) using a pure analytical method.

For SPDEs with non-Lipschitz coefficients, [BG99] obtained the
existence of an invariant measure for Eq. (1.1) in the space of continu-
ous functions under the martingale solution framework; the uniqueness
of the invariant measure was derived in [Cer03, Cer05| by taking
advantage of the fact that a polynomial is uniformly continuous on
bounded subsets of continuous functions. Recently, [KIN13] showed
the existence of a unique invariant measure on the space of continuous
complex functions for the stochastic complex Ginzburg—Landau (Eq.
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(1.1) with f(u) = —i|u|?u, where i = \/—1), relying on some good esti-
mates of the solution in the Hilbert-Sobolev spaces H? with 3 > d/2,
so that the noise is spatially regular enough.

To show the uniqueness of the invariant measure, these authors
mainly formulated a Bismut—Elworthy—Li formula for the derivative
DP, to get a gradient estimate, which shows the strong Feller property
of P;. Then the uniqueness of the invariant measure follows immedi-
ately by Khas'minskii and Doob theorems, provided the irreducibility
holds. The difficulties for the study of the uniqueness of an invariant
measure for SPDEs in Banach settings arise, mainly because the tools
frequently used in the Hilbert space framework cannot be extended in
a straightforward way to the Banach space settings [BR16].

In the past decade, Wang-type dimension-free inequalities have
been a new and efficient tool to study diffusion semigroups. They were
first introduced in [Wan97] for elliptic diffusion semigroups on non-
compact Riemannian manifolds and in [Wan10] for heat semigroups
on manifolds with boundary. Roughly speaking, such inequality for the
Markov semigroup (F;)¢>o in a Banach space E is formulated as

(1.3)
D(Pg(x)) < P(P(d)(y)) exp W(t,2,y), t>0, v,y € E, ¢ € B (E),

where @ : [0, 00) — [0, 00) is convex, ¥ is non-negative on [0, co) x Ex E
with U(t,z,2) = 0 for all ¢ > 0 and = € E, and B, (E) denotes the
family of all measurable and bounded, non-negative functions on F.
There are two frequently used choices of . One is given by a power
function ®(§) = &3, £ > 0, for some s > 1, then (1.3) is reduces to

(1.4)
(Po(x))® < P¢*(y)expU(t,z,y), t>0, z,y€E, ¢ € B (F).

Another is given by ®(£) = €%, £ € R, in which one may use log ¢ to
replace ¢, so that (1.3) becomes

(1.5)
Pilog ¢(x) <log Pop(y) + ¥ (t,x,y), t>0, x,y € E, ¢ € B (E).

The above inequalities (1.4) and (1.5) are called power-Harnack
inequality and log-Harnack inequality, respectively. Both inequalities
have been investigated extensively and applied to SODEs and SPDEs
via coupling by the change of measure, see, e.g., [Kaw05, WanO07,
WZ13, WZ14, Zhal0], the monograph [Wan13|, and references
therein. Besides the gradient estimate which yields strong Feller prop-
erty, these Harnack inequalities also have a lot of other applications.
For example, they are used to study the contractivity of the Markov
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semigroup (F;);>0 in [DPRWO09, Wanll, Wanl7] and to derive al-
most surely strictly positivity of the solution for an SPDE in [Wan18].

For SPDEs with polynomial growth drift driven by rough noise in
Hilbert settings, we are only aware [Kaw05, Xiel9] investigating Har-
nack inequalities in a weighted L?-space and a subspace of L? consisting
of all non-negative functions, respectively. When the noise is of trace-
class, i.e., G appearing in Eq. (1.1) is a Hilbert—Schmidt operator, then
the variational solution theory can be used and multiplicative noise can
also be considered, as the solution is a semi-martingale so that 1t6 for-
mula can be applied; see, e.g., [HLL20, Liu09]. In the rougher white
noise case, i.e., G coincides with the identity operator in L?, the vari-
ational solution would not exist; one needs to adopt the mild solution
theory instead. Generally, the mild solution is not a semi-martingale
and thus Ito formula is not available. We also note that to derive Har-
nack inequalities for an SPDE with white noise, [WZ14] used finite-
dimensional approximations to get a sequence of SODEs such that the
arguments developed in [Wan11] for SODEs can be applied.

Our main idea to derive the Harnack inequalities (2.17) and (2.18)
in the first main result, Theorem 2.1, for the Markov semigroup (P;);>o
defined by (1.2) of Eq. (1.1) on (LP),>o-spaces, under the dissipativity
condition (2.8) and the polynomial growth condition (2.9), are the con-
struction of a coupling (see (3.9)) of the change of measure and a uni-
form pathwise estimate (see (3.15)) for this coupling. As by-products,
a gradient estimate and the uniqueness of the invariant measure for
(P})s>o0, if it exists, follow immediately. To the best of our knowledge,
the Harnack inequalities (2.17) and (2.18) are the first two Harnack
inequalities for SPDEs in Banach settings.

To show the existence of an invariant measure for Eq. (1.1) with
super-linear growth and without strong dissipativity, e.g., ¢ > 2 and
A defined in (2.20) is non-positive, we derive a uniform estimate of
(] ||gi§:§) (see (4.5)) for a sequence of probability measures (i, )nen.
(defined in (4.3)). However, this is not strong enough to conclude the
tightness of (f,)nen, , since the embedding L¢™?~2 C LP is not compact.
To overcome this difficulty, we utilize a compact embedding (see (2.5))
by a Sobolev—Slobodeckii space. This forces us to derive a uniform

estimate of w,(|| - ||gp) (see (4.6), with the || - ||z,-norm defined in
(2.4)), where the aforementioned uniform estimate of s, (]| - ||Zig:§)

plays a key role. Then the tightness of (uy)nen, follows and we get the
existence of an invariant measure for (P;);>o. In combination with the
uniqueness result, we obtain the existence of a unique and thus ergodic
invariant measure for (P;);>o in the second main result, Theorem 2.2.
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The rest of the paper is organized as follows. Some preliminaries,
assumptions, and main results are given in the next section. We derive
a uniform pathwise estimate to get the existence of a unique global
solution to Eq. (1.1) in Section 3. In another part of Section 3, we
construct the coupling and derive a uniform pathwise estimation for
this coupling. These estimations ensure the well-posedness of the cou-
pling and will be used in the last section to derive Harnack inequalities
and to prove the main results, Theorems 2.1 and 2.2.

2. Preliminaries and Main Results

Let ¢ C R% d > 1, be an open, bounded Lipschitz domain.
Throughout p > 2 is a fixed constant. Denote by LP = LP(0) the
usual Lebesgue space on ¢ with norm ||-||,, By(L?) the class of bounded

measurable functions on L?, and B, (L) the set of positive functions
in By(LP). For a function ¢ € By(LP), define

H¢Mo=i¥y¢ﬁﬂa HV¢Mo=igyV¢Ww,

where |Vo|(z) = limsup,_,, |¢(y) — ¢(2)|/|ly — z||, € LP. In particu-
lar, when p = 2, L? is a Hilbert space with the norm || - || :== | - ||2 and
the inner product (-,-). Let (W;);>o be a U := L?-valued cylindrical
Wiener process with respect to a complete filtered probability space
(Q, .7, (F)i>0, P) satisfying the usual condition, i.e., there exists an
orthonormal basis (e;)2, of L? and a family of independent standard
real-valued Brownian motions ()7, such that
(2.1) Wy =Y ewf(t), t>0.
k=1

Define by F' the Nemytskii operator associated with f, i.e.,
(2.2) F(z)(§) = f(x(§)), zel’, (€0

The precise assumptions on f and F are given in Assumption 2.1 and
Remark 2.2. Then Eq. (1.1) can be rewritten as the stochastic evolu-
tion equation

with the initial datum Xy = x € LP, where A is the Dirichlet Laplacian
operator on LP, F'is the Nemytskii operator defined in (2.2) associated
with f, and W is a U-valued cylindrical Wiener process given in (2.1).

It is well-known that the Dirichlet Laplacian operator A in Eq.
(2.3) generates an analytic Co-semigroup in LP, denoted by (S}):>o,
for each p > 2; see, e.g., [Dav89, Theorem 1.4.1]. These semigroups
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are consistent, in the sense that SV'x = SPz, for all t > 0, z €
LPr N LP2 ) and py,pe > 2. Then we shall denote all (S7);>0, p > 2,
by (St)i>0, if there is no confusion. In Section 4, we also need the
Sobolev-Slobodeckij spaces W5 and WOB Pi={p e WhP: ¢|ye = 0},
with 8 € (0, 1), whose norm is defined by

1
|[¢(§) — ()| v
2.4 [0) ,::(qﬁp%—/ ——————d&dn | .
( ) || ||5P || ||p ol |£_n‘d+ﬁp
It is known that the following compact embedding holds true (see, e.g.,
[Agrl5, Theorem 2.3.4]):
(2.5) Wy C IP, B € (0,d/p).

Moreover, (S;);>o satisfies the following ultracontractivity (see, e.g.,
[Cer03, Section 2.1]):
d(r—s)

(2.6) Siu)lgr < Ce ™ T [ulls, t>0, ue Lf,

for all § € (0,1) and 1 < s < r < oo, where A\; > 0 is the first
eigenvalue of A. For convenience, here and what follows, we frequently
use the generic constant C', which may be different in each appearance.
When p = 2, the following Poincaré inequality holds:

(2.7) IVulls > Mllullz, v e Hy,

where H] = H}(0') denotes the space of weakly differentiable functions,
vanishing on the boundary 0¢’, whose derivatives belong to L2.

2.1. Main assumptions and results. Let us give the following
assumptions on the data of Eq. (1.1). We begin with the conditions
on the drift function f.

ASSUMPTION 2.1. There exist constants L; € R, 0, L} > 0, and
q > 2 such that for all £,n € R,

(2.8) (f(&) = F)(E = n) < Lyle¢ = nf*> = 0]¢ —n|,
(2.9) [F(€) = fF) < L (1 + €172 + ") [€ — .

REMARK 2.1. A motivating example of f such that Assumption 2.1
holds true is a polynomial of odd order ¢ — 1 with a negative leading

coefficient (for the stochastic Allen-Cahn equation, ¢ = 4), perturbed
with a Lipschitz continuous function; see, e.g., [DPZ14, Example 7.8].

REMARK 2.2. Tt follows from (2.8)-(2.9) that the Nemytskii opera-
tor F, defined in (2.2), associated with f is a well-defined, continuous
operator from L4 to LY, with ¢’ = ¢/(q — 1). Moreover,

(F(u) = F(v),u—v) < Lylu =l = lu =], VuveL,
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where (-, ) is the dualization between L and L? with respect to L2.

To perform the assumption of the noise part, as we consider the
Banach spaces (L”),>2, let us first recall the required materials of sto-
chastic calculus in Banach spaces, especially the M-type 2 spaces and
the y-radonifying operators. It is known that the stochastic calcula-
tions in Banach space depend heavily on the geometric structure of the
underlying spaces.

We first recall the definitions of the M-type for a Banach space.
Let E be a Banach space and (€,)nen, be a Rademacher sequence in a
probability space (', . Z', '), i.e., a sequence of independent random
variables taking the values +1 with the equal probability 1/2. Then F
is called of M-type 2 if there exists a constant 7 > 1 such that

N 1
2
Wwllzzesmy < 7 (1ol + D0 o = Fotl3e@rin))
n=1

for all E-valued square integrable martingales { f, }2_,.

For stochastic calculus in Banach spaces, the so-called y-radonifying
operators play the important roles instead of Hilbert—Schmidt opera-
tors in Hilbert settings. Let (v,)nen, be a sequence of independent
N (0, 1)-random variables in a probability space (€', . %', P"). Denote
by L(U, E) the space of linear operators from U to E. An operator
R € L(U, E) is called ~-radonifying if there exists an orthonormal ba-
sis (hn)nen, of U such that the Gaussian series Znem Y Rh,, converges

in L2({Y; F). In this situation, it is known that the number

|Rlhwr = || D

neNL

L2(Q;E)

does not depend on the sequence (7V,)nen, and the basis (hy,)nen, , and
it defines a norm on the space (U, E) of all y-radonifying operators
from U to E. In particular, if E reduces to a Hilbert space, then
~(U, E) coincides with the space of all Hilbert—Schmidt operators from
U to E.

Let T'> 0 and (E, || - |g) be an M-type 2 space. For any (U, E)-
valued adapted process ® € L5(Q; L*(0,T;~(U, F))) with s > 2, the
following one-sided Burkholder inequality for the E-valued stochastic
integral f(f ®,.dW,. holds for some constant C' = C(s) (see, e.g., [Brz97,
Theorem 2.4] or [HHL19, (3)]):

t s T s
(2.10) E sup H/ o, dW, gCE(/ ||®||3<UE>dt>2-
0 E 0 ’

te[0,7
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Coming back to our case, it is known that (LP),>, are M-type 2 spaces.
For more details about definitions and properties of M-type 2 spaces
and ~-radonifying operators, we refer to [Brz97].

With these preliminaries, now we can give our assumptions on G
appearing in Eq. (2.3). Let Ls(U) be the set of all densely defined
closed linear operators (L, Dom(L)) on U such that for every s > 0,
SsL extends to a unique operator in (U, L?), which is again denoted
by SsL. Assume that G € Lg(U) and denote by W, the stochastic
convolution, also known as the Ornstein—Uhlenbeck process, associated
with Eq. (2.3), i.e.,

t
(2.11) WA(t):/ S, GAW,, t>0.
0

It is clear that W, is the mild solution of the linear equation
(212) dZt - Atht -+ Gth, Z(] - 0,

i.e., Eq. (2.3) with F' = 0, with vanishing initial datum. We always
assume that, for each fixed T' > 0, fOT 15:G 12 . Loydt < 00, 50 it follows
from the Burkholder inequality (2.10) that

T
BIWADIE < C [ 15,61 andt < o

which shows that W4 (T") possesses the bounded second moment in LP.
Moreover, we perform the following stronger assumption, as we shall
handle the polynomial drift function f which satisfies Assumption 2.1.

ASSUMPTION 2.2. W4 has a continuous version in LIt7~2 such that
+p—2
(2.13) sup B[ Wa(t)llg15-2 < oo

The above Assumption 2.2 on the Ornstein—Uhlenbeck process W4
(2.11) is necessary for the study of the well-posedness, Harnack inequal-
ities, and ergodicity in Sections 3 and 4. To indicate that Assumption
2.2 is natural, we remark that the condition (2.13) is valid in various
of applications, even when G is an unbounded operator.

EXAMPLE 2.1. Consider 1D Eq. (2.3) with & = (0,1), U = L*(0,1)
(with a uniformly bounded orthonormal basis (e, = v/2sin(kmz))ren, ),
and G := (—A)%? for some § < 1/2. In particular, # = 0 corresponds
to white noise and G is an unbounded operator when 6 € (0,1/2).

It is clear that G is a densely defined closed linear operator on U.
To show G € Lg(U), we note that for r > 2, L* is a Banach function
space with finite cotype, so an operator ® € ~(U, L") if and only if
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(302 (Pey)?)Y/? belongs to L* and there exist a constant C' > 0 such
that (see [VNVWO08, Lemma 2.1])

(2.14)

3

It follows from the above estimates with ® = S, G for » > 0 that

(o]
P D e
r/2

k=1

which is convergent if and only if § < 1/2, where \, = 7%k* k € N,.
This shows S,G € (U, L?) for every r > 0 and thus G € Lg(U).

Finally, one can use the Burkholder inequality (2.10) and the above
equivalence relation (2.14) to show that W4 belongs to C([0, 0o); L3(€2; L))
for any s, r > 2, following an argument used in [LQ20, (2.17) in Lemma
2.2]. Indeed, for any ¢ > 0,

s BIWAD: < C1s)sup ([ 18,0112 1)

>0 >0
dt)
2

< / IS o],

S)(Z)‘ZH%HE(/O 6_2)\”dt>>§
< C(s)(z_:%}f_ﬂ < 0.

This shows (2.13) with s =r=¢+p — 2.

., den(U LY.

r/2

S0 < O Yo (@
k=1

r/

15:G 1w < C|| Do (5,Ger)?
k=1

i
2

nln

In the derivation of the existence of an invariant measure in The-
orem 4.2 when ¢ > 2, we need the following Sobolev regularity of the
Ornstein—Uhlenbeck process (W4(t))e>o-

ASSUMPTION 2.3. There exists a 3y > 0 such that
(2.15) sup B[ Wa(8) s < .

EXAMPLE 2.2. As in Example 2.1,

s > Boto 2 2
S E[WAWMIE,. < CE( [ 1(=4) " S,G1 12 1)
t>0 0

g(;(s)(iﬁ)?

k=1 "'k
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which is convergent if and only if 5y +60 < 1/2. As § < 1/2 in Example
2.1, this shows (2.15) with r = p and s = 1 for any f, € (0,1/2 — 6).

To derive Wang-type Harnack inequalities and the ergodicity for
(P;)t>0 in Section 4, we need the following standard elliptic condition.

ASSUMPTION 2.4. GG* is invertible, with inverse (GG*)™!, such
that G := G*(GG*)™! is a bounded linear operator on U:

(2.16) |G o := sup ——— <0
wev: a0 ]
REMARK 2.3. Let # € [0,1/2). Then the operator G := (—A)%/?

defined in Example 2.1 is invertible with bounded inverse G—! :=
(_ A)_9/2.

2.2. Main results. Now we are in the position to present our
main results. Let us first recall some definitions. The Markov semi-
group (P;)¢>o defined in (1.2) is called of strong Feller if Pr¢ € Cp(LP)
for any T'> 0 and ¢ € B,(L?). A probability measure p on LP is said
to be an invariant measure of (P;):>o or of Eq. (2.3), if

/L Rolau(dn) = [ s@tde). 6 B, >0

df of ergodicity

Our first main result is the following log-Harnack inequality and
power-Harnack inequality, from which the uniqueness of the invariant
measure, if it exists, for (P;);>o follows.

THEOREM 2.1. Let Assumptions 2.1, 2.2, and 2.4 hold. For any
T>0,s>1,z,y € LP and ¢ € B (L),

AIGTHIE 2
(2.17) Prlogd(y) < log Pro(x) + —ym——" 7 — vl

sA|G7H A |z — yl?
(2.18) (Proé(y))” < Pre®(z) exp ( ?SH— 1)H(:2|lT - yi’)|p>

Consequently, (P;);>o has at most one invariant measure.

The next main result is the existence of an invariant measure for
(P;)t>0. In combination with the uniqueness result in Theorem 2.1,
(P;)t>0 possesses exactly one ergodic invariant measure.

THEOREM 2.2. Let Assumptions 2.1 and 2.2 hold. Assume that
q > 2 such that

2p(q +p—2)

(2.19) I D)
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and Assumption 2.3 holds, or A defined by
(2.20) A= —Lf + quzg,p;eg + )\qu;£2,17:2 + ()\1 + H)Xq:ng,

is positive. Then (P;):;>o has an invariant measure p with full sup-
port on LP such that pu(| - ygigj) < 00. Assume furthermore that

Assumption 2.4 holds, then p is the unique ergodic invariant measure
Of (Pt)tZO'

3. Coupling and Moments’ Estimations

The main aims of this section are to show the existence of a unique
global solution to Eq. (1.1) and to construct a well-defined coupling
process for this solution process. We also derive several uniform a priori
estimates on moments of these two processes, which will be used in
Section 4 to derive Wang-type Harnack inequalities and the ergodicity
Of (Pt)t20~

3.1. Well-posedness and moments’ estimations. Let us first
recall that an LP-valued process (X;):ejo,7] is called a mild solution of
Eq. (2.3) with the initial datum Xy = 2 if P-a.s.

t
(31) Xt = Stl' + / St_rF(Xr)d’r' + WA(t), te [0, T]
0

From Remark 2.2, the deterministic convolution in Eq. (3.1) makes
sense. Define Z = X — W,. It is clear that X is a mild solution Eq.
(2.3) if and only if Z is a mild solution of the random PDE

(32) 8tZt - AZt + F(Zt -+ WA(t)), Z(] = X.

The following results show the existence of a unique mild solution
of Eq. (2.3) which is a Markov process and depends on the initial data
continuously in pathwise sense.

LEMMA 3.1. Let T > 0, x € LP, and Assumptions 2.1 and 2.2
hold. Eq. (1.1) with the initial datum X, = x possesses a unique
mild solution, in C([0,T]; L¥) N L¥P~2(0, T; L9*P~%) P-a.s., which is a
Markov process. Moreover, there exists a constant A defined in (2.20)
such that

(3.3) X7 = XVllp < e Mo —ylly, ¢>0, 2,y € L.

PROOF. From (2.9), f is locally Lipschitz continuous, so it is clear
that both Eq. (3.2) with Z = X — W, and Eq. (2.3) exist local
solutions on [0, 7}) for some T € (0,77]. To extend this local solution
to the whole time interval [0,77], it suffices to give a priori uniform
estimations for Z and X.



12 ZHIHUI LIU

As Eq. (3.2) is a pathwise random PDE, we test p|Z;[P=2Z; on this
equation with ¢ € [0, 7p) and use the conditions (2.8)-(2.9) and Young
inequality to obtain

W22 + pp— 1) / ZPV Z2de
o0

= P{|Zel" "2 24, F(Zy + Wa(t) = F(Wa(t)) + p{| 2o/~ Ze, F(Wa(t)))
< pLil| Zilly = pOl Zillgih =2 + o122 20, F(Wa(t))

atp—2
< pL|Zlb = pOr | Zu 15575 + ClLE(Wa(t) | abp-2

< CL+ Wal522) + pLAIZiIE — poi | ZiI 52,

where 6; could be chosen as any positive number which is smaller than
0. This yields

(3.4)
t t
\ZIEE + b, / 12122 + plp — 1) / / 272V Z,Pdedr
0 0

t t
< ||$H£+C/0 (1 + IWa()lg5=2)dr +po/0 12 [[5dr

Using Gronwall inequality, we obtain
t t
120+ 00 [ N2z S o= [ [ |zpvzpagar
0 0o Jo

t
< eonst (ol + C/O (1 + (W) |22 ).

The above uniform estimate, in combination with the condition
(2.13) of Wy in Assumption 2.2, implies the global existence of a mild
solution Z to Eq. (3.2) on [0,T] in C([0,T]; LP) N LeTP=2(0,T; LI+P~2)
P-a.s. Taking into account the relation X = Z + W, and the condition
(2.13), we obtain a global mild solution X to Eq. (2.3).

To show the continuous dependence (3.3), let us note that

On(X} = XJ) = AXT = Y) + F(XY) = F(Y)).

Testing p| X7 — X/ |P~2(X? — X}) on the above equation, using integra-
tion by parts formula, and applying the condition (2.8), we obtain

t
x x —2
IXF — X224+ pb / 1XF — X2y

t
pp—1) [ [ 1 XAV - X Pdar
0 Jo
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t
(35) <yl +pLs / IXF — XY|2dr,
0

We conclude (3.3) with A = — Ly by Gronwall inequality. When ¢ = 2,
then (3.3) holds with A = 6 — Ly, as one can subtract the first integral
on the left-hand side of the above inequality; while p = 2, then using
the Poincaré inequality (2.7) yields (3.3) with A = A; — L. Similarly,
(3.3) holds with A = A\; + 6 — Ly when ¢ = p = 2. These statements
show (3.3) with A given by (2.20).

The pathwise continuous dependence clearly implies the uniqueness
of the solution to Eq. (2.3). One can also show the Markov property
for this solution using a standard method, see, e.g., [DPZ14, Theorem
9.21]. This completes the proof. O

REMARK 3.1. The pathwise estimate (3.3) immediately yields the
following estimate between any two solutions in r-Wasserstein distance
for any r > 1:

W, 1) = nf (B X7 — X72()r < e Woug, 1), >0,

where ()7, are two measures on LP, (X;")?_, are the solutions to Eq.
(2.3) starting from (x;)2; of laws (uf)%,, and the infimum runs over
all random variables (X;")?_; with laws (u})2_,, t > 0, respectively.
Similar contraction-type estimate in 2-Wasserstein distance on R? had

been investigated in [BGG12].

3.2. Construction of coupling and moments’ estimations.
Let T > 0 be fixed throughout the rest of Section 3 and set

Tt Q2NT-1) _ |
(3.6) Ve = / Ny = —————,  t€0,7],
0 2\

where A is given in (2.20). For convention, if A = 0, we set 62;\_1 =t for

t € [0,T]. Then ~ is smooth, strictly positive, and strictly decreasing
on [0,7) (with v = 0) such that

(3.7) Y422 7 +1=0.

Moreover, the integral of v~! on [0,7T) diverges:

1
(3.8) / —dt = 0.
o Mt
Now we can define the coupling Y of X as the mild solution of the
coupling equation

(3.9) dY; = (AY; + F(Y,) +~,7 Y X, — Y,))dt + GdW,,
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with an initial datum Yy = y € LP. Since the additional drift term

(X, —Y;) is Lipschitz continuous for each fixed ¢ € [0,7) and w € €,
one can use similar arguments in Lemma 3.1 to show that Y is a well-
defined continuous process on [0, 7).

REMARK 3.2. As v~ ! is continuous and thus integrable on [0, Ty] C
[0,7") for any Ty € (0,7), one can use the arguments in Lemma 3.1
to extend the local solution to [0,77). However, it is difficult to get
a uniform a priori estimation, following the idea in Lemma 3.1, to
conclude the well-posedness of Y at T as 7}1 is singular satisfying
(3.8).

For each s € [0,7"), we set

G_l Xs - Y; fepn B
(3.10) Vg 1= %, Wy = Wi —l—/ v,dr,
t 0

and define
S 1 S 2
(3.11) M, : = exp ( | w dW) == [ o] dr).
0 2 0

From (3.10) and (3.11), M can also be rewritten as

(3.12) MS::exp<—/ (o, AWV, /y|vr|| dr s €[0,7).
0

It is clear that Q, := M,P is a probability measure. By the repre-
sentation (3.10) and the non-degenerate condition (2.16) in Assumption
2.4, we have

L G2 [ 11X = Yollp
1 - ; 2d < 00 Pd
(3.13) 2/0 lor[[*dr < 2 /0 o

We first show that for any s € (0,7, (fV[Z)tE[O,S] is a U-valued cylindrical
Wiener process under the probability measure Q through Girsanov
theorem ensured by the Novikov condition (3.16).

LEMMA 3.2. Let Assumptions 2.1, 2.2, and 2.4 hold. For any s €
(0,7), (Wi)iepo,s) is a U-valued cylindrical Wiener process under Q.

PRroOF. It follows from Eq. (2.3) and Eq. (3.9) on [0, s| that
(3.14)
Xy = Vi) = A(Xy = Vi) + F(X)) = F(Y}) =9 (X, = Vi), P-as.

As in the proof of the inequality (3.5), we test p|X; — YV;[P73(X; — Y})
on the above equation, use integration by parts formula, and apply the
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condition (2.8) to obtain
X, = Yillp+ o 1) [ X = YV - Yo
o

< pLs|| X; — Yi|[2 — pf|| X, — V3| S5275 — pyy | X — Vi

p
It follows from the chain rule that

2
0| Xy — Yi“i = 5||Xt — K&Hi_patHXt — Yi|[P

< 2(p— DIX, — VP / X, — VP2V (X, — Vi) Pde

+2L¢ | X, = Yl — 200X, = Yil[p Pl X = Yollgih s — 291X = Vel
and thus
O[] Xy — Yi”; < 201X — Yi”; - 2%_1||Xt - Yt“;%-
The product rule of differentiation and the equality (3.7) yield that
(%(vt_lllXt - Yi”fy) = %t_latHXt - Yi”; - 7;27£||Xt - Y;H;z;
=72 (v + 22 + 2) | X — il

= =71 Xe = Yillpe
Integrating on both sides from 0 to s, we obtain
A Xy —Y, r —yl?
pr  EHE, VB Jeoil g,
Vs o Yo

This pathwise estimate, in combination with the estimate (3.13), par-
ticularly implies the Novikov condition

1 [° G112 12
2 Jo 2%

By Girsanov theorem, (/MZ)tE[O,s] is a cylindrical Wiener process under
the probability measure Q. O

Next, we will give two uniform moments’ estimations (3.17) and
(3.22) for certain functionals of (M) for all s € [0,7"). The first mo-
ments’ estimation (3.17) will indicate that (M;)scp,7) defined in (3.12)
is indeed a uniformly integrable martingale.

LEMMA 3.3. Let Assumptions 2.1, 2.2, and 2.4 hold. Then

a-1
(3.17) SE%)E[MSIOgMS] ’2|/\T HT’H —yl2, xye L’
s€|0,

Consequently, My := limgp M, exists and (M;)secpo,7] is a martingale.
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PROOF. Let s € [0,T) be fixed. By the construction (3.10), we can
rewrite Eq. (2.3) and Eq. (3.9) on [0, s] as

(3.18) AX, = (AX, + F(X,) — v {(X, — Y}))dt + GAW,,
(3.19) dY; = (AY, + F(Y,))dt + GdW,,

with initial values Xy = = and Yy = vy, respectively. Then Eq. (3.14)
about X —Y also holds Qs-a.s. Therefore, the pathwise estimate (3.15)
is valid Qs-a.s., which in combination with the equality (3.12) and the
estimate (3.13) implies that

log M, — —/ (vr, dTF,) / 0| dr
0

s 1 2
(3.20) < —/ (v,, dW,) + 167l pr, Qs-a.s.
0 2%
Taking into account the fact in Lemma 3.2 that (W}),c(0,4 is a U-valued
cylindrical Wiener process under Q,, we arrive at
—1)|2 2
E[M, log M,] = E, log M, < 1G5 = y!lp’
27

and thus obtain (3.17), noting that g is given in (3.6) with ¢ = 0, where
E,; denotes the expectation with respect to Q,. By the martingale
convergence theorem, My := limgp M, exists and (My)iecpo,r is a well-
defined martingale. O

Lemmas 3.2 and 3.3 ensures that (Wt)te[O,T} is a U-valued cylindrical
Wiener proces under the probability measure Q := M7P and
a1
(3.21) sup E[M;log M| < m” —yl2, x,ye€ L’

s€[0,T e?AT 1

Then by (2.3) and (3.19), the coupling (X3, Y;) is well constructed under
Q for t € [0,77.

LEMMA 3.4. Let Assumptions 2.1, 2.2, and 2.4 hold. For any x,y €
LP and s > 1,

(SAI|G‘1H§OIIx—yH§,)

(3.22) sup EMFT < exp (s — 1)2(e2T — 1)

s€[0,T

PROOF. Let s € [0,7]. Denote by v§ := ——v, for r € [0,s] C
[0, T]. The representation (3.12) and the pathwise estimate (3.15) with
Yo given in (3.6) yield that

1 1 S
Ms™' = exp ( - / (vy, dW
s—1J,

|| dr
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S o 1 S
:exp(/o <U§,dwr>—§/0 J3]ar )

S s 9
X exp (72(5_1)2/0 [N dr)

~ SAIGTHIZ NIz — w7
< M, exp < (5= 127 = 1;’), Qs-a.s.

where M, := exp( [, (05, dWr) — 5 Jo llvE]|*dr). Tt follows that
SAGH SNl — yll;
(s~ DR 1)

_s_ 1 —~
EMF T = B, M < exp ( )ESMS.
Taking into account the fact that (Wt>te[0,T] is a U-valued cylindrical
Wiener process under Q, which shows that (M;)¢cjo,r] is a martingale
under Q, we have E;M, = E;My = 1 and obtain (3.22). O

4. Harnack Inequalities and Ergodicity

In the last section, we derive Harnack inequalities and the ergodicity
for the Markov semigroup (F;):>0, in the following three parts. At the
first two parts, we give the proof of our main results, Theorems 2.1 and
2.2, espectively. Other applications, including several estimates for the
density of (P;);>0, are also derived.

4.1. Harnack inequalities. We begin with the following Harnack
inequalities.

THEOREM 4.1. Let Assumptions 2.1, 2.2, and 2.4 hold. Then (2.17)
and (2.18) hold for any 7'> 0, s > 1, z,y € L?, and ¢ € B, (L?).

Proor. We first show that X7 = Yr Q-a.s. From Lemma 3.3,
(My)scpo,r is a uniformly integrable martingale and (W;)(o.7] is a cylin-
drical Wiener process under the probability measure Q. So Y; can be
solved up to time 7. Let

r:=inf{t € [0,7]: X; =Y} with inf(:= occ.

Suppose that for some w € Q) such that 7(w) > 7', then the conti-
nuity of the process X — Y, in Lemma 3.1 and Remark 3.2, yields

inf || X, — Y;||? .
Jnf X = Yil[5(w) > 0

By the divergence relation (3.8),
/T 1X: — Vil (w)
0

dt = o0
V2
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holds on the set (1 > T') := {w : 7(w) > T}. But according to the
pathwise estimate (3.15) which holds Q-a.s.,

T 2 2
g [T, el
0 Vi 7o
where Eqg denotes the expectation with respect to Q. It follows from
the above two estimates that Q(7 > T') =0, i.e., 7 < T Q-a.s. By the
definition of 7, X7 = Yr Q-a.s.

Therefore, we get a coupling (X, Y") by the change of measure, with
changed probability Q = M7P, such that Xy = Y7 Q-a.s. Conse-
quently, the inequalities (2.17) and (2.18) follow from the following
known inequalities (see, e.g., [Wan13, Theorem 1.1.1]):

Prlog ¢(y) < log Pré(x) + E[M,; log M),
(Pro(y))* < (Pre®(z)(EMF 1),

and the estimations (3.17) and (3.22), in Lemmas 3.3 and 3.4, respec-
tively. O

Y

The log-Harnack inequality (2.17) imply the following gradient es-
timate and regularity properties for the Markov semigroup (P;)¢>o.

COROLLARY 4.1. Let Assumptions 2.1, 2.2, and 2.4 hold. For any
T >0 and ¢ € By(LP),

2M||GH)2
@) el < | AN B E

Consequently, (P;):;>o is strong Feller and has at most one invariant
measure, and if it has one, the density of (P;);>¢ with respect to the
invariant measure is strictly positive.

PROOF. The gradient estimate (4.1) and the uniqueness of the in-
variant measure for (P;);>o with a strictly positive density, if it exists,
are direct consequence of the log-Harnack inequality (2.17), see Propo-
sition 1.3.8 and Theorem 1.4.1 in [Wan13], respectively. Finally, the
strong Feller property of (P;);>o follows easily from the gradient esti-
mate (4.1). O

REMARK 4.1. The uniqueness of the invariant measure, if it exists,
for 1D stochastic heat equation (Eq. (2.3) with Lipschitz coefficients)
driven by white noise on L?(0, 1) with p > 4 was shown in [BR16]. So
Corollary 4.1 can be seen as filling the gap for p € (2,4] in the additive
white noise case.
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REMARK 4.2. Under the conditions in Corollary 4.1, there exist
constants C, Ty > 0 such that

(42)  LXT) = LD v < Ce Mo —yllp, ¢ >To, v,y € L7,

where £(X) denotes the distribution of X on LP; A is given in (2.20),
and || - ||rv denotes the total variation norm betweem two signed mea-

sures, i.e., | — vllrv = supyy<i | [, ¢dp — [;, ¢dv| for two signed
measures p and v.

PROOF OF THEOREM 2.1. Theorem 2.1 follows from Theorem 4.1
and Corollary 4.1. dJ

4.2. Ergodicity. In this part, we show the existence of an invari-
ant measure for the Markov semigroup (F;);>o. In combination with
the uniqueness of the invariant measure, as shown in Corollary 4.1, we
derive the existence of a unique and thus ergodic invariant measure. We
also note that [BG99, Theorem 6.1 used the factorization approach
to obtain the existence of an invariant measure in L” with p > 2 under
the martingale solution framework.

THEOREM 4.2. Let Assumptions 2.1, 2.2, and 2.3 hold. Assume
that ¢ > 2 and (2.19) holds. Then (P;)¢>o has an invariant measure p
with full support on L? such that pu(]| - ||gi£:§) < 00. Assume further-
more that Assumption 2.4 holds, then p is the unique and thus ergodic

invariant measure of (P;);>o.

PRrROOF. The uniqueness of the invariant measure and the strong
Feller Markov property for (F;):>o have been shown in Corollary 4.1.
Thus, to show the existence of an invariant measure, by Krylov—Bogoliubov
theorem, it suffices to verify the tightness of the sequence of probability
measures ([, )nen, defined by

1 n
(4.3) [y = —/ doPdt, neNg,
0

n

where JyF; is the distribution of X?, the solution of Eq. (2.3) with the
initial datum X, = 0.

It follows from the relation X = Z + Wy, the estimate (3.4) with
x = 0, and Young inequality that

(4.4)
IXPNE < 207 Y| 275 + 2~ H[Wa ()17

t t
<c [ Wamlgdar+ 2Ly [ 12005
0 0
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t
=y [ N2 a2 WAl
0
t t
<o [ Iwanlity Dar o [ 12205550+ 2 WAl

t
<c / (14 [Wa() |72 2)dr — 6, / IXOT2 2 4 22 WA ()|,

for some constants 04,605 > 0, where we have used the elementary
inequality |€ — n|" > 2777¢" — 5" for £, > 0 and r > 1, in the last
inequality. Then we have

t
b [ Ix0lgtztar < © [ Al + 2wl

The above estimate, in combination with the condition (2.13), yields
that there exists a constant C' such that for all n > 1,

1 n

-2

(|l 1T = = [ E[IX?||E=5dr
n Jo

E||W. b "
(4.5) < g(l + M + l/ E||Wa(r)|| 2= 2dr> < C.
0 n n Jo

q+p—2
5

It follows from the ultracontractivity (2.6), with r = p and s =
q+p 2 and Young convolution inequality that
dt

/n /tst . (Xo)dr‘ .

<o// N () (1 4 | XY )drdt

<of /O e—mt—adt)( / (1 + X015 )at).

where o = £ + % € (0,1) provided that 8 > 0 is sufficiently

small, since d < (27’(‘1%2 The fact that

sup ( / e‘Altt_adt> < / e Mitedt < oo,
n>1 0 0

for all A; > 0 and « € (0, 1), and Young inequality imply that

r

t
/ S, F(X")dr
0 B

dr<e [ ar X
7p
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By Fubini theorem, the estimate (4.5), and the condition (2.15), we
arrive at

(4.6)
1",
([l lgp) = = [ E[X;||spdr

n Jo
1 n t 0
< —-E St_TF(XT)dr
nJo 0

c [m ) |
< 5/0 (1+ E[| X7 75)dt + 5/0 E||Wa(t)|| 5,dr < C < o0,

1 n
dr—i——/ E|[Wa(t dr
B A LI

foralln > 1 and g < (1 —déﬂqﬁ)/\ﬁo For any fixed p > 2, we
take f < (1 — %) A Bo A 5, so that the embedding Woﬁ’p C Lr

in (2.5) is compact. Consequently, the above estimate (4.6) shows that
{u e LP: Jullgp, < N} is relatively compact in LP for any N > 0,
and thus (fi,)nen, is tight. This shows the existence of an invariant
measure, denoted by p, of (P;)i>o.

To show that the invariant measure y has full support on L?, let us
choose s = 2, ¢ = xr, in (2.18), with I" being a Borel set in L?, and get

Pra@ [ e (-2 e - yiz)atan

< [ Prvnt@n) = [ @) = D). T>0 e

This shows that the transition kernel of (F;);>o is absolutely contin-
uous with respect to p so that it has a density pr(x,y). Suppose
that supp pu # LP, then there exist xg € LP and r > 0 such that
w(B(zg,7)) = 0, where B(zo, ) is a ball in L with radius r and center
xo. Then pr(xg, B(xg,r)) = 0 and P(|| X7 — x|, < r) = 0 for all
T > 0. This contradicts with the fact that X7° is a continuous process
on LP as shown in Lemma 3.1.
Similarly to (4.5), we have (with n =1 and X, = z)

1 1
/ B 12 () dt = / E| X722t < C(1+ ||]12).
0 0

Integrating on LP with respect to the invariant measure p and using
Fubini theorem, we obtain

ulll-l272) = / [ Pl Seutdn)d < €t ull - 1) < o

This shows that p(]] - Hgig:g) < oo and completes the proof. O
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REMARK 4.3. In the case ¢ > 2 = p, the condition (2.19) is equiv-
alent to d < 4+ 8/(q — 2), which will be always valid in d = 1,2, 3-
dimensional cases.

REMARK 4.4. Under Assumptions 2.1 and 2.2, if A defined in (2.20)
is positive, one can use the standard remote control method to show
that (P;):>0 has an invariant measure p, once we derive similar es-
timates as (3.3) and (3.4), without the restriction (2.19); see, e.g.,
[DPZ96, Theorem 6.3.2]. In this case, p also has full support on L

such that p(]| - ||§IZ:§) < 00 holds.

REMARK 4.5. Under the conditions of Theorem 4.2 or Remark 4.4,
(P;)>0 has a unique invariant measure p with full support on L?, which
shows that (P;)¢>o is irreducible, i.e., Prxr(z) > 0 for arbitrary non-
empty open set I' C LP, x € LP, and T' > 0. Indeed, the power-Harnack
inequality (2.18) with f = yr yields that

SA|GH1% ]|z — v
(4.7) (Prxr(y))® < Prxr(z) exp ( (SH— 1)H((:2|1T - ?i|)|p)’

The facts that p is Pp-invariant and has full support on L? imply
[ Prcutn < [ ity = ur) >0,
Lp Lp

which shows that there is a y € L? such that Pryxr(y) > 0. Then (4.7)
yields that Prxr(xz) > 0 for all z € L?, so that the irreducibility holds.

y e LP.

PrROOF OF THEOREM 2.2. Theorem 2.2 follows from Theorem 4.2
and Remark 4.4. O

4.3. Estimates of density. Finally, we use the Harnack inequal-
ities (2.17) and (2.18) to derive an estimate of the density, denoted by
pr(x,y), with respect to the invariant measure p of (FP;)i>o.

COROLLARY 4.2. Let Assumptions 2.1 and 2.2 hold. Assume that
g > 2 such that (2.19) hold and Assumption 2.3 hold, or A defined in
(2.20) is positive. Then for all T'> 0, z € L?, and s > 1,

SAIG™H12 |l — w7 -5
L3 () S (/I_[exp ( - €2>\T 1 p)lu(dy>) .

PRrROOF. Using (2.18) with s replaced by _*5, and noting that y is
(P;)s>o-invariant, we obtain

|pr(z,-) Ls(p)
=sup{(pr(x,-),0)u: ¢ € Bf (LP), p(p=7) < 1}
= sup{Pro(z) : ¢ € Bf (L?), u(¢=7) < 1}

(4.8) llpr(z,-)
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< (o stmtan) ™ ([ esw (- G0 )™
- “((ﬁssl)(/HeXp ( - SAHG;;'EOE_ y”’z’)u(dy))ssl-

This shows the density estimate (4.8). O

REMARK 4.6. According to [Wan10, Proposition 2.4], the log-
Harnack inequality (2.17) and the power-Harnack inequality (2.18) are
equivalent to the following two heat kernel inequalities, respectively,
provided Pr have a strictly positive density pr(x,y) with respect to a
Radon measure of Pr:

pr(r,2) MG
/ pr(z,z)log ﬁﬂ(dz) < m“fc —yll3,

pT(SL’,Z 511 S>\||G_1Hgo 2
—_— dz) < — i
J e () 00 < i e ol

Under the conditions in Corollary 4.2, (P;);>0 has a unique invariant
measure p such that pr(x,y) is strictly positive. Then the above two

heat kernel inequalities are direct consequence of Theorem 4.1, Theo-
rem 4.2, and Remark 4.4.
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