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Abstract

This paper presents new limit theorems for power variations of fractional type symmetric infinitely
divisible random fields. More specifically, the random field X = (X (t))¢c[o,1)« is defined as an integral of

a kernel function g with respect to a symmetric infinitely divisible random measure L and is observed on

1

a grid with mesh size n='. As n — oo, the first order limits are obtained for power variation statistics

constructed from rectangular increments of X. The present work is mostly related to [8, 9], who studied a
similar problem in the case d = 1. We will see, however, that the asymptotic theory in the random field
setting is much richer compared to [8, 9] as it contains new limits, which depend on the precise structure
of the kernel g. We will give some important examples including the Lévy moving average field, the well-
balanced symmetric linear fractional -stable sheet, and the moving average fractional S-stable field, and

discuss potential consequences for statistical inference.
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1 Introduction

The last decades have witnessed an immense progress in limit theory for power variations of stochastic
processes. Power variation functionals and related statistics play a major role in the analysis of the fine
structure of the underlying model, in stochastic integration theory and statistical applications. Asymptotic
theory for power variations of various classes of stochastic processes has received a great deal of attention in
the probabilistic and statistical literature. We refer e.g. to [6, 23, 24, 35] for limit theory for power variations
of It6 semimartingales, to [4, 5, 14, 19, 30] for the asymptotic results in the framework of fractional Brownian
motion and related processes, and to [12, 13, 44] for investigations of power variation of the Rosenblatt
process.

More recently, there appeared numerous studies on limit theorems for statistics of non-Gaussian infinitely
divisible moving-average processes. Central limit theorems for low frequency statistics of infinite-variance
stable moving averages have been investigated in [33, 34]. During the past years high frequency statistics of
stationary increments Lévy driven moving averages have been discussed in [8, 9]. In [9] the authors showed a

variety of first and second order asymptotic results for power variation statistics, which heavily depend on the
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behaviour of the kernel near 0, the Blumenthal-Getoor index of the driving Lévy process and the considered
power p. Later on these findings have been extended to a more general class of statistics and processes in
[7, 8]. We remark that the aforementioned probabilistic results are of immense importance for statistical
applications. Indeed, they have been applied in [27, 28, 29] to obtain complete parametric estimation of the
linear fractional stable models and related processes in low and high frequency settings. Earlier studies on
similar estimation problems, which are mainly concerned with estimation of the self-similarity parameter, can
be found in [3, 17, 34, 40]. Studies of high frequency statistics for Lévy driven random fields are much more
scarce in the literature. Functional limit theorems for generalised variations of the fractional Brownian sheet
have been investigated in [32], while power variations for certain integrals with respect to Gaussian white
noise have been studied in [31]. We remark however that both classes of models are driven by a Gaussian
field and the considered techniques do not apply in the more general Lévy setting.

The aim of this paper is to study power variation statistics built from rectangular increments of certain
random fields driven by an infinitely divisible random measure without a Gaussian part. More precisely, we
consider an R-valued random field X = (X (t));cpe defined as

(1.1)

teRd’

(KOs = ([ st )L10s)

where g : R? x R? — R is a deterministic kernel to be introduced in (2.2) and L is an infinitely divisible
random measure on R%. We will focus on determining the first order asymptotic theory for power variation

statistics of the form

Vn(p) = Z ‘Al/nX('L/n)‘py

1€{0,...,n—1}4¢
d . . .
Ay X(ifn) = > (~)MZ=ESX (i +e1)/n, .. (ig +2a)/n)
ec{0,1}¢

where & = (i1,...,1q), A1/, X (i/n) are rectangular increments of X, and p > 0. We will show that the type
of convergence and the limit of V,,(p) crucially depend on the Lévy measure of L, the considered power p > 0
and the behaviour of rectangular increments of g near 0 € R%. These results can be considered as a extension
of [9, Theorem 1.1] to the framework of random fields. However, the picture turns out to be more complex
than for processes studied in [9, Theorem 1.1]. Indeed, we will show that different forms of local homogeneity
of the kernel g, which are summarised in Assumptions (H1) and (H2), lead to different asymptotic results, a
phenomenon that does not appear in the case d = 1. In particular, the limit types stated in Theorems 3.2(i)
and (ii) do not have a one-dimensional counterpart. We will discuss how our theoretical results apply to most
popular Lévy driven random fields including the moving average field, the well-balanced symmetric linear
fractional B-stable sheet and the moving average fractional S-stable field among other models. Furthermore,
we will present a short discussion on potential application of our theory to parameter identification and
parameter estimation.

This paper is organised as follows. Section 2 presents the model setting and the necessary definitions. The
main theoretical results and their applications are demonstrated in Section 3. All major proofs are collected

in Section 4. Some technical statements can be found in the Appendix.



2 The setting, notations and definitions

2.1 Notations

Throughout the paper we denote all multi-indexed quantities by bold letters. For x = (x1,...,14) € R? and
y = (y1,...,yq) € RY we write ¢ < y if ; < y;, i = 1,...,d; the relation « < y is defined similarly. We
denote the rectangle [x1,y1] X -+ X [24, y4] by [z, y] for & < y. For each real number z € R let {2} =z — |z|
denote its fractional part, and write {} = ({21}, ..., {z4}) for the fractional part of z € R? taken coordinate-
wise. We set ||z|| = (22 +--- + :E?l)1/2. We define the open ball of radius 7 > 0 centered at a point xy € R?
as By(xg) := {x € R : ||z — x| < r}. We denote the complement of a set B in R? by B¢ := R?\ B.
Furthermore, B,(R?) denotes a collection of all bounded Borel measurable subsets of R? and A? denotes the
Lebesgue measure on R?. Finally, 9%g(s) denotes the partial derivative %ﬁiasd g(s) of g at s € R?if it exists,
and otherwise we set 9%g(s) equal to 0.

We write E), L—1>, 4 for convergence in probability, mean, distribution of a sequence of random variables.
The notation < stands for equality in distribution of random variables and 44 Jenotes the equality of finite-
dimensional distributions of stochastic processes. We write Y,, F—>_d Y if a sequence (Y},),en of random variables
defined on the probability space (2, F,P) converges F-stably in law to Y. That is, Y is a random variable
defined on the extension of (€2, F,P) such that for all F-measurable random variables Z the joint convergence
in distribution (Y, Z) 4 (Y, Z) holds. For a detailed treatment of stable convergence we refer to [21].

Finally, C' stands for a generic positive finite constant whose precise value is unimportant and may change

from line to line. By convention, summation and product over an empty set is 0 and 1, respectively.

2.2 The model

We consider a random field X = (X(t));cpa defined in (1.1) as an integral of a kernel g with respect to
an infinitely divisible random measure L. We recall that the collection L = (L(B))pep,re) is an infinitely

divisible random measure when

(i) for every sequence (B;);en of pairwise disjoint sets in By, (R%), (L(B;))ien forms a sequence of independent
random variables and if U, B; € By(RY), then L(U2,B;) = > 52, L(B;) almost surely,

(ii) for every B € By(R?), the distribution of L(B) is infinitely divisible.

We will make a number of assumptions about g and L in the following, which in particular guarantee the
existence of the stochastic integral in (1.1) in the sense of [37] (see Appendix).
We assume that for every B € By(R?), the characteristic function of L(B) has the form

Elexp(itL(B))] = exp ()\d(B) /

| (explity) — 1~ ity (ly] < Dv(dy)),  teR, (2.1)

where v is a symmetric measure on Ry := R\ {0} satisfying fRo min(1,y?)v(dy) < co. Moreover, there exist
some 0 < < 2,0 <60 <2 such that

(8) limy—oy’v({u € Ry : |u| > y}) € (0,00) if B> 0, and v(Rg) < oo if 8 =0,
(0) limsup, ., yv({u € Ry : [u| > y}) < oo if < 2, and Jr, y?v(dy) < oo if 6 = 2,

(9) for every t € R?, g(t,)1(|g(t,-)] < 1) € LY(R?) and g(t,-)1(|g(t,-)| > 1) € LP(R9).



Sometimes we choose L to be a symmetric -stable random measure with 0 < 8 < 2 and control measure \%,

i.e. for every B € By(R%), L(B) is a symmetric S-stable random variable with characteristic function
Elexp(itL(B))] = exp(=A4(B)|t]?),  teR,

In this case the stability index matches the parameter S in Assumption () and we can set § = (3 in
Assumption (6). In the general case the parameter 8 in () corresponds to the Blumenthal-Getoor index of
L(B):

B = inf {q >0: / ly|7v(dy) < oo}.
0<[y[<1

On the other hand, Assumption (#) implies that f|y‘>1 ly|7v(dy) < oo, and hence E[|L(B)]Y] < oo for every
O0<g<Oiff<2and0<q<Oifd=2.

Last, we assume that the kernel ¢ in (1.1) has the form

d
g(t7 S) = Z (_1)d+zj:1 €jgs(€1t1 — S1y---,&dtd — Sd)7 t7 sc Rd7 (22)
ec{0,1}4

where g. : R? — R is a measurable function for every e € {0,1}%. This form of the kernel is directly motivated

by several popular random field models. Let us present some particular examples.

Example 2.1. In cases (ii) and (iv) below L is a symmetric S-stable random measure with 5 € (0,2) and
control measure \%.

(i) A random field X given in (1.1) is called a Lévy driven moving average field if

g(t7 3) =9(1,...,1) (t - 3)7

i.e. ge =0 for every € # (1,...,1).
(ii) It is called a moving average fractional B-stable field (see [43]) if

H—4 H—4 d
g(tvs) = Ht - SH A — HSH ’87 H e (07 1)7 H 7& By

da d
which corresponds to the choice g(;. 1)(s) = I|s||" 7, 9(0,..,0)(8) = (=1)%+ 1|55 and g. = 0 for every

e#(1,...,1),(0,...,0).
(iii) In [10, 15] a fractional field X has been studied with # = 2 and the kernel

_d _d d
g(t,S) = Ht - SHH - ”'SHH 2, H e (07 1)7 H 7é 57

which similarly to the previous example admits the representation (2.2).

(iv) The well-balanced symmetric linear fractional B-stable sheet X has the kernel

d
H,—L H,—L 1
g(tvs) :H(|ti_8i| g _|Si| ﬂ)) H; € (071)7 Hz# Ba
i=1
which can be represented via (2.2) so that all g. are non-trivial. Note that X is an extension of both a
well-balanced symmetric linear fractional stable motion, which corresponds to d = 1, and of an ordinary

fractional Brownian sheet, which corresponds to 5 = 2.



2.3 Power variations and main assumptions

We consider rectangular increments of the random field X (or any function from R? to R) over [s,t] =
T, [s6,t:] € R? for s < t, which are defined as

X(st]) = > (—1)HEI S X (51 + 1 (t1 — 81),. .., 5a+ alta — 54))- (2.3)
ec{0,1}4

For instance, when d = 1 (2.3) reduces to X ([s,t]) = X(t) — X(s), while X ([s,t]) = X (¢1,t2) — X (t1, s2) —
X(s1,t2) + X (s1,s2) when d = 2. The rectangular increment can also be recovered by differencing iteratively
with respect to each of the arguments of X, that is

X(s.t]) = AL, . AW X(s),

t1—s1 """ —tg—sq

where A(i)

ti—s;

X(s) = X(s+ (ti — si)e;) — X(s) is a directional increment, i = 1,...,d, and {eq,...,eq} is the
standard basis of R%. The random field X in (1.1) has stationary rectangular increments, i.e. for any fixed
s eRY,

(X ([s,8]))s<t = (X(10,t — 8]))sce-

Indeed, the rectangular increment of the function g(-,u) in (2.2) over [s, ] coincides with that of g(; . 1) over
[s —u, t—wu], while all of the other functions g¢, € # (1,...,1), vanish after the computation of the rectangular
increments (but they are usually still needed for the stochastic integrals in (1.1) to exist). Since only the

function gy, 1) matters when taking rectangular increments, we write with a slight abuse of notation

9(s) =ga,.1(s),  seR. (2.4)

We also write A, X (s) for X([s,s +r1]), where 1 = (1,...,1) € R? and all edges of the rectangle have equal
length r > 0.

Our main focus are power variation statistics of X computed over the set [0, 1]d :

i€{0,..,n—1}d

for p > 0. The main goal of this paper is to study the asymptotic behaviour of the statistic V;,(p) as n — oo.
We will see that the type and mode of the limit crucially depend on the behaviour of the function g : R* — R
introduced in (2.4). More specifically, we will assume that g is locally homogenous near 0. That is, we
consider g(s) ~ h(s) as s — 0, where h is an absolutely homogeneous function of some degree § # 0, i.e.
h(as) = |a®h(s) for all a € R and s € R, However, this type of assumption still does not uniquely determine
the asymptotic theory in contrast to the theory of case d = 1 investigated in [9]. We will therefore distinguish

two classes of homogeneous functions h : R¢ — R:

(H1) For all s € RY,
g(s) = f(s)h(s), where h(s) := /5|9 for some a # 0,

and f has continuous partial derivatives up to the d-th order at every point in R? and f(0) = 1
>

Moreover, there exists p > 0 such that |9%¢] is in LB(B;(O)) and is radially non-increasing, i.e. |0%g(s)
0%g(@)] if p < ||s]| < [1£]], s,t € R™.



(H2) For all s € R%, g(s) = H?:l gi(si). For all s € R,
gi(s) = fi(s)hi(s), where h;(s) :=|s|* for some «; # 0,

and f; € C1(R) satisfies f;(0) = 1,7 = 1,...,d. Moreover, there exists p > 0 such that g/ € L¢((—p, p)°)
with ¢ := min(f, max(5,p)) and |g.(s)| > |g;(t)| if p < |s| < [t], s,t e R, i =1,...,d. We set

d
fs)=1[fi(s),  h(s):=]]hi(si), seR%
=1

We will see in the next section that under (H1), where the homogeneous function h does not depend on the
direction, the limit theory for the power variation V,,(p) in some sense resembles the case d = 1 studied in [9].
On the other hand, the asymptotic results for kernel satisfying (H2) are more complex because they allow

for mixtures in terms of conditions and limits obtained before.

Remark 2.2. The assumption f(0) = 1 in (H1) is not essential (the same applies to the corresponding
assumption in (H2)). As long as f(0) # 0 we may deduce the setting of (H1) by adjusting the Lévy measure
v accordingly. In (H2) the multiplicative form of the homogeneous function h is essential, while the analogous

assumption on the function f is not necessary and it is considered for simplicity of exposition. O

3 Main results

In this section we consider the random field X = (X (t)).cpa defined in (1.1) with L and g given by (2.1) and
(2.2), respectively, and satisfying Assumptions (g), (¢) and (8) for some 0 < # <2 and 0 < 8 < 2. The two
following theorems state the limit theory for power variation statistics V;,(p) of X under (H1) and (H2). Its
mode of convergence and limit depend on the interplay between the power p, the Blumenthal-Getoor index
5 and the form of the kernel g at the origin. In each case we use the most convenient representation of X or
L. In Theorem 3.1(i) we will use a Poisson random measure AT on [0, 1]% x Ry with intensity measure A @ v,
which is constructed by adding to the jump sizes of L restricted to [0,1]?, the marks that are i.i.d. random
vectors with a common uniform distribution on [0, 1]¢, defined on the extension of the underlying probability
space (2, F,P) and independent of the o-algebra F. Similarly, in Theorem 3.2(i) a Poisson random measure
A% with intensity measure \* ® A @ v on [0,1]F x R x Ry is constructed from the jumps of L on
[0,1]% x R?=F for some k = 1,...,d. First we state the limit theory for the statistic V;(p) under (H1).

Theorem 3.1. Let Assumption (H1) hold for some a € Ry.

(i) Letp > B and oo+ 1/p € (0,1). Then
nieV, (p) Qd/

o, L7 2 10 = w)P) AT (du )
) XIRo

jezd

where AT is the Poisson random measure on [0,1]¢ x Ry having intensity measure A4 @ v defined in
Definition 4.1.

(ii) Let L be a symmetric 3-stable random measure on R? with B € (0,2) and control measure \%. Let
p<B=0and H:=a+1/8€ (0,1). Then

-1 () B B, 1]d)|17]</Rd |A1h(s)|ﬁds)%.

6



(11i) Let p>1 and oo+ 1/ max(B,p) > 1. Then
MW”W@ﬁi/ Y (t)dt,
[0,1]¢

where (Y (t))¢cjo,1)¢ s a measurable random field satisfying

Y(t) = g %t — s)L(ds) a.s. for all t € [0,1]%,

and

/ Y (¢)|Pdt < oo a.s.
[0,1]

We note that Theorem 3.1 covers all a € Ry satisfying o > —1/max(f3, p) except for the three boundary
cases p = f and o = 1 — 1/ max(f, p) with the additional assumption that L is S-stable if both p < § and
a < 1—1/8, and with the additional assumption that p > 1 if & > 1 — 1/max(8,p). Remark that we
obtain very different convergence rates and types/modes of limits in Theorem 3.1. While Theorem 3.1(ii) is
of ergodic type, Theorem 3.1(i) and (iii) are quite non-standard. A similar phenomenon has been observed
for processes in [9]. Indeed, the results of Theorem 3.1 look like a direct extension of [9, Theorem 1.1] from
d =1 to a general dimension d > 1. In contrast to the imposed assumptions in [9, Theorem 1.1}, (H1) allows

for negative values of a. The next result presents the asymptotic theory for the statistic V,,(p) under (H2).

Theorem 3.2. Let Assumption (H2) hold for some aq,...,aq € Ry, and p # 0 if 0 < 2.

(i) Let p > . For some k = 1,...,d let a; + 1/p € (0,1) for i = 1,...,k, and o; + 1/p > 1 for
i=k+1,...,d. Then

pd=RE-D+TL, iy () T

- — 3
/[0’1]kade]1£0 <|y|p<HZ|A1h J— W |p H / |gz t x; |Pdt)A (du dx dy)

i=1jEZ i=k+1

Ead

where A} is the Poisson random measure on [0, 1) x R¥™* x Ry having intensity measure \F @ N * @ v
defined in Definition 4.2, and w = (u1,...,ug) € [0,1]%, £ = (2p41,...,24) € RITF,

(ii) Let L be a symmetric 3-stable random measure on R? with B € (0,2) and control measure \%. Let
p< B =40. For somek =1,...,d let H :== «; + 1/ € (0,1) fori =1,...,k, and a; + 1/ > 1 for
i=k+1,...,d. Then

k P P
0D 0y ) B (o, u 1 [T ([ 1amte)as)’ / oi(s)1ds)”.

=1

(iii) Letp > 1 and a; + 1/ max(B,p) >1,i=1,...,d. Then
MW”W@ﬁi/ Y (t)[Pde,
[0,1)¢

where (Y (t))¢ejo,1)¢ is a measurable random field satisfying

d
= /]Rd Hgg(ti —s;)L(ds) a.s. for all t € 0,1]¢, (3.1)
i=1



and
/ Y (¢)|Pdt < oo a.s.
[0,1]4

Under Assumption (H2) there is no loss of generality by assuming that a3 < ag < --- < ag4, and therefore
Theorem 3.2 covers all ay,...,aq € Ry with ag > —1/max(f, p) except for the boundary cases where p = (3
or ap = 1 —1/max(8,p) for some k = 1,...,d with the two additional assumptions that L is (-stable if
both p < 8 and ay + 1/8 < 1 for some k = 1,...,d, and moreover that p > 1 if a; + 1/ max(5,p) > 1
for all i = 1,...,d. The results of Theorem 3.2 are more complex compared to the isotropic type setting of
Theorem 3.1. Since we have more degrees of freedom for the powers «; under Assumption (H2) than under
Assumption (H1), certain mixtures of Theorem 3.1(i)—(iii) appear in Theorem 3.2. Indeed, when p >  and
the first k indices «y; satisfy the assumption of Theorem 3.1(i) while the last ones satisfy the assumption of
Theorem 3.1(iii), we obtain their mixture in Theorem 3.2(i). Similarly, Theorem 3.2(ii) can be interpreted

as a mixture of Theorem 3.1(ii) and (iii).

Remark 3.3. (i) Theorems 3.1(ii) and 3.2(ii) remain valid for 5 = 2, where L is a Gaussian random measure
on R? with zero mean and variance A%. In this case the result holds true for all p > 0.

(ii) Assume that the function h satisfies (H2) with ay = -+- = a4. Then we have k = d in Theorem 3.2(i)
and (ii). Furthermore, rates of convergence and limits of V,,(p) coincide with those in Theorem 3.1, which

implies that we cannot distinguish between the classes (H1) and (H2) based upon the statistic V,,(p). O
Next, we examine how the results of Theorems 3.1 and 3.2 apply to models discussed in Example 2.1.

Example 3.4. (Continuation of Example 2.1) In cases (ii), (iv) and (v) below let L be a symmetric -stable
random measure with 8 € (0,2) and control measure A4, In all cases let p > 0.
(i): We consider a special case of a Lévy driven moving average field X having

y_d
g(t,s) = 9(1,...,1)(t ) with 9(1,...,1)(3) = ’ 4K%_%(UHSH)7

2 2s
eI

where v € (0,d/2), 0 > 0 and K., /5_4/4 denotes the modified Bessel function of the second kind. It holds

that 4 o
K= (DY i

see [1, Eq. (9.6.9), p. 375]. This implies g1, 1)(s) ~ Hs||7_% as s — 0. It has been shown in [20, 22] that
such a choice of g induces a covariance function
217 d

COVCYUﬁ,XWtD==\@ICYUD)f@ﬁ(UHﬂD”BH(UHﬂDj t € RY,
belonging to the Matérn family when E[X (0)?] < oo (see [18] for more details). Then Theorem 3.1(i) applies if
p> fand (1/2—1/p)d < v < (3/2—1/p)d, Theorem 3.1(ii) applies if p < 3, (1/2—1/5)d < v < (3/2—1/B)d
and L is (-stable. Theorem 3.1(iii) never applies to this example.
(ii): The kernel

_d _d d
g(t,s) = |1t —s]|75 — ||| 75, HemﬂxH#E

satisfies (H1). Therefore, Theorem 3.1(i) applies if p >  and H > (1/8 — 1/p)d, Theorem 3.1(ii) applies if
p < B. Again Theorem 3.1(iii) never applies for this example.



(iii): The kernel
d
glt,s) = lle —s|"72 — s "2, He (1), H#S,

obviously satisfying (H1), induces the covariance function
1
Cov(X(t), X(s)) = Var(X(el))g(HSHQH + [P =t —s[P),  t,seRY

when E[X(e1)?] < oo. Hence Theorem 3.1(i) applies if p > B and (1/2 — 1/p)d < H < (3/2 — 1/p)d,
Theorem 3.1(ii) applies if p < 8, H < (3/2 —1/§)d and L is f-stable. Theorem 3.1(iii) never applies to this

example.

(iv): The kernel
d

1 1 1
gl s) = JJ(ts = sil™ 75 = Js™7%), Hie (0,1), Hi =,
i=1

satisfies assumption (H2) with oy = H; —1/8, i = 1,...,d, and ¢ = 5. We may and do assume that
Hy < Hy < --- < Hy. Therefore, Theorem 3.2(i) applies if H; > 1/8 — 1/p and p > [, Theorem 3.2(ii)
applies if p < 3, whereas Theorem 3.2(iii) never applies to this example.

(v): Recalling the notation of rectangular increments we introduce a new kernel
1 1
g(t.s) =h(l-s,t—s])  withh(s) = [|s|""%),  He(0,1), H# 5

In particular, when d = 2 it holds that g(t, s) = h(t1—s1,to—s2)—h(t1 —s1, —s2)—h(—s1,ta—s2)+h(—s1, —s2).
In this case (H1) is satisfied and Theorem 3.1(i) applies if H > 1/6 —1/p and p > 3, Theorem 3.1(ii) applies
if p < . Theorem 3.1(iii) never applies to this example. O

Theorems 3.1 and 3.2 have important consequences for parameter identification and parameter estimation.
To illustrate the potential of Theorem 3.1 let us consider the moving average fractional -stable field defined
in Example 2.1(ii). A standard strategy to estimate the Hurst parameter H € (0, 1) is to use a ratio statistic
based on a change of frequency. More specifically, the ergodic result of Theorem 3.1(ii) immediately implies

the convergence '
D ie{0,..n—2ya [BomX (3/n)P

P SdH
- — 20HP
Zie{o,...,n—l}d |Ay/, X (3/n)[P

R, =

if p < 5. Hence,
log Rn P .
= H f . 2

n .

Obviously, the proposed estimation procedure assumes prior knowledge of the parameter (5, since we need
to choose p € (0,53). In the case d = 1 the papers [17, 27, 28, 29] have suggested to use negative powers
p € (—1,0) to estimate the parameter H for unknown (. A similar idea should apply in the random field
setting, although negative power variations are beyond the scope of our paper. A construction of confidence
regions for parameters of the moving average fractional -stable field requires proving the weak limit theory
associated with Theorem 3.1(ii). However, this is a rather complex problem since the martingale type
techniques, which have been applied for processes in [8, 9], do not easily extend to our setting.

A straightforward consequence of Theorems 3.1 and 3.2 is the identification of some involved parameters
via the corresponding convergence rates. Indeed, we observe that the statistic Sy, (p) := log V,,(p)/logn

converges in probability to the exponent of the convergence rates given in Theorems 3.1 and 3.2. Considering



again the moving average fractional (-stable field as an example, the three convergence rates described in
Theorem 3.1 and the points of phase transition uniquely determine the parameter (H, 8). In other words, the
limit of the process (S, (p))p>o0 identifies (H, 3). The same logic applies to the well-balanced symmetric linear
fractional B-stable sheet discussed in Example 2.1(iv), where the limit of (S, (p))p>0 uniquely determines the
parameter (Z?:l H;, B); however, Theorem 3.2 does not suffice to identify/estimate the parameters (H;)i<i<q
separately. To provide such an inference we can identify /estimate H := H; from increments of a line process
(X (1 + te;))ter- Indeed, it is a well-balanced symmetric linear S-stable motion, to which Theorem 3.1(ii)

applies with d = 1. Hence, we may obtain a consistent estimator of H; via (3.2).

4 Proofs

We first present some preliminary facts that will be used in the proofs. We will use a stable convergence of

fractional parts of random variables: if W ~ 2/([0,1]%), then as n — oo,
(nw} S U, (4.1)

where U is U([0, 1]%)-distributed random vector, defined on the extension of the underlying probability space
(Q, F,P) and independent of the o-algebra F; see e.g. [9, Lemma 4.1]. We will repeatedly use the following
inequalities. Let m € N, p > 0. For @ € R™, set ||la|, = (327", |a:[?)"/P. For a,b € R™, it holds that

el =6l < lle =0l if0<p<T1, (4.2)
llall, = 16l < lla =bl,  ifp>1. (4.3)
For an n € N we set n := (n,...,n) € N

4.1 Some Poisson random measures related to L

By extending our probability space (2, F,P) if necessary we may and do assume that it is rich enough to
support a U([0, 1])-distributed random variable independent of L. To the infinitely divisible random measure
L given in (2.1), we associate a random field (L(t))secra by L(t) = L([0,t]) (for ¢ > 0, and similarly otherwise).
We note that (L(t))scra is a Lévy process in the sense of [2, page 5] and in particular for all n € N and all
disjoint rectangles [a1, b1, ..., [@n, by] in RY, L([ay, b1]), ..., L([an,b,]) are independent. As cadlag functions
of several variables are less standard than the univariable case, we will define the appropriate sample path
space for (L(t))cga in the following. For d = 1,2, ... we say that a function z: R? — R is lamp (limits along

monotone paths) if for all £ € R? we have

1. the limit x(¢t,R) := limy, ¢ wrt ©(u) exists in R for each of the 24 order relations R = (Ry,..., Rq),
where R; is either > or < fori=1,...,d,

2. z(t) =x(t,R) when R = (>,...,>).

For each lamp function z: R? — R we define the point mass jump Je(z) of z at t € R? as Jy(z) =
limy, ¢ wre z([u,t]), where R = (<,...,<). For instance, when d = 1, we have J;(x) = z(t) — z(t—), where
z(t—) = z(t, <) denotes the left-hand limit, while Jy(x) = x(t1, t2) —x(t1,ta—) —x(t1—, t2) +x(t1—, ta—) when
d = 2. The above notation and terminology are due to Straf [41]. By Proposition 4.1 of [2] and homogeneity

10



of L, (L(t))scga has a lamp modification, which also will be denoted (L(t));cra. For every Borel set A of
RY x Rg, set
AA) = #{v e R?: (v, J,(L)) € A}, (4.4)

where #5S denotes the number of elements in a set S. From Proposition 4.4 of [2] we deduce that A is a
Poisson random measure on R? x Ry with intensity measure AY ® v, and by Theorem 4.6 of [2] we have that
for all t € RY,

L(t) = / y A(dv, dy) + lim y (A(dv,dy) — (M ®@v)(dv, dy))
(0,8 x{|y|>1} 10 J(0, ) x {e<|y|<1}

= lim y A(dv,dy) ::/ y A(dv,dy)
0 J .t x{ly>e} (0.t xRo

where the second equality follows by symmetry of v, and the convergence to the two limits is uniform in ¢ on
compact subsets of R? almost surely.

In the following we will construct a proper point process representation of A restricted to [0, 1]? x Ry, which
we are going to use in Theorem 3.1(i). Since v is a o-finite measure we may choose a probability measure &
such that v is absolute continuous with respect to 7 with density p > 0. Let (Wy)ken be an i.i.d. sequence
of real-valued random variables with the common distribution 7, (V';)zen be an i.i.d. sequence of U([0, 1]%)-
distributed random vectors, and (I'y)ren be a sequence of partial sums of i.i.d. standard exponential random

variables. Assume that the three sequences (Vk)keN, (Wg)ken and (T'g)ren are independent, and set
jk = Wkl(p(Wk) >Ty), keN, and A= Z(S(ijk).

Then A is a Poisson random measure on [0, 1]d x Ry with intensity measure A? ® v, and since our proba-
bility space supports an U([0, 1])-random variable independent of L by assumption, there exists a sequence

(V'k, Jx )ken which equals (Vk, jk)keN in distribution, and satisfies

A= Zé(Vka) (4’5)
k=1

on [0,1]¢ x Ry almost surely, cf. Proposition 2.1 in [38]. In the following we will describe some Poisson random

measures appearing in the limit of Theorem 3.1(i).

Definition 4.1. Let (U})ren be an ii.d. sequence of U([0,1]%)-distributed random vectors, defined on an
extension of (2, F,P) and independent of F, and set

AV =D 5w, - (4.6)
k=1

For Theorem 3.2(i) we need a proper point process representation of A restricted to [0, 1]¥ x R xRy, where
k=1,...,d. To this aim, let us introduce a probability measure x on R** by x(da) = hi () \**(dz), where
hy : R¥* — R is given by hy(z1,...,2q_%) = 275 exp(— Z?;]f |z|). Choose a probability measure 7 and
a strictly positive measurable function hy : R — R such that (dy) = he(y)v(dy). Note that k ® v(de,dy) =
h(x, y)\F(da)v(dy), where h(z,y) = hi(z)he(y). On some probability space (Q, F,P) let (V;)jeN be an

.. C ~2 .. .
L.i.d. sequence of U([0, 1]%)-distributed random vectors, (V) jen be an i.i.d. sequence of random vectors with

11



the common distribution &, (W;);en be an i.i.d. sequence of real-valued random variables with the common
distribution 7, and let (I'j) jen be a sequence of partial sums of i.i.d. standard exponential random variables.

1 - 9
Assume that the four sequences (V';)jen, (V)jen, (Wj)jen and (I'j)jen are independent, and set

~2 _ . e
Jj = le(h(Vj, Wj) < Fj 1)) JeEN, and A= Zé(f/;,f/f,jj)

Then A is a Poisson random measure on [0, 1]¥ x R4 x Ry with intensity measure \¥ @ A4~* @ v. Using again
that our probability space is rich enough to support a U([0, 1])-distributed random variable independent of L,
we deduce by Proposition 2.1 in [38] that there exists a sequence (V}, V?, J;j)jen defined on (2, F,P) which

equals (f/]l, V?, j]) jen in distribution, and satisfies
A=3 dwivesy (4.7)
j=1

on [0, 1]* x R%=* x Ry almost surely. In the following definition we will introduce the Poisson random measure

appearing in the limit of Theorem 3.2(i).

Definition 4.2. Let (U;)jen be an i.i.d. sequence of U([0, 1]¥)-distributed random vectors, defined on an
extension of (2, F,P) and independent of F, and set

I
A= Z 5(UJ7V§7JJ‘)'
i=1

We note that A* appearing in Definition 4.2 is a Poisson random measure on [0, 1]¥ x R** x Ry with intensity
measure \* ® A¥F @ v. Moreover, the Poisson random measures AT and A¥ appearing in Definitions 4.1 and

4.2 are neither measurable with respect to L nor independent of L.

4.2 Proof of Theorem 3.1(i)

We denote the limiting variable in Theorem 3.1(i) by Z. We have that |Z| < co almost surely if

/Rox(o,l)d min(1, |y[PH (u))v(dy)du < / min (1, |y [P H(u)du)y(dy) < 00,

Ro (0,1)d
where H(u) 1= 3 ;cz4 [A1h(5 —u)P, u € (0, 1)4. Indeed, fRo min(1, |y[P)r(dy) < oo since p > . Therefore,
we only need to show f(O,l)d H(u)du < co. For large ||y||, by rewriting Ajh(y) = f(O,l)d 9?h(y + v)dv and
using [0%h(y)| < C|ly[|* @Y we see that |A1h(y)| < Cly||“®~Y. By changing to spherical coordinates we
know that fo(o) |y||“e=DPdy < oo if and only if a + % < 1. So the integral test implies that for large p > 0
there exists C' > 0 such that ZjeBg(O) |A1h(j —u)|P < C for all u € (0,1)¢. Finally, for ||j| < p, we have
f(o 1)d |A1R(F — uw)Pdu < C’fB2p(0) ly||%Pdy < oo since a + % > 0. Hence, we conclude that |Z] < oo almost

surely.

Now, we start with the proof of the stable convergence, which is divided into two steps. In Step 1
we prove Theorem 3.1(i) for v(Ry) < oo, which corresponds to treatment of “big jumps of L”. In Step 2 we
show that “small jumps of L” are asymptotically negligible and complete the proof of Theorem 3.1(i) for
v(Rg) = oc.

12



Step 1. In the following we will prove Theorem 3.1(i) in case where v(Rg) < co. Choose a small € € (0,1).
For every 0 <4 < n, decompose A/, X (i/n) = M, (i) + R;, [(3) + Ry (%) so that

M) = [ Bijag (i/n — 5) L(ds),
Be(i/n)ﬂ[O,l]d

R, (i) = / Avjng (ifn — 8) L(ds), (4.8)
Be(i/n)\[0,1]¢

R (i) = / Avjng (i/n — 5) L(ds). (4.9)
B¢(i/n)

First, we will prove the stable convergence for the power variation statistics built from M,, (¢) instead of
the original increments A/, X (/n); later we will show that contribution of the terms R;, .(4) and R, () is
asymptotically negligible. Let A be given by (4.4) with the representation A = 372, d(v, j,) on [0, 1]¢ x Ry
given by (4.5). We have

Mo = [y (i/n - @) 1(i/n - al < O Alde.dy
[0,1]9%xRg

k=1

where there are at most finitely many terms in the sum in (4.10) which are different from zero, due to the

fact v(Rg) < co and hence A([0,1]% x Rg) < oo almost surely. Let us now prove that as n — oo on the event

Qe ={w e Q: ||V, (w) = Vi, (w)|| > 2¢ for all ky # ko with |J, (w)], |k, (w)| # 0,
and Vi (w) € [e,1 — ¢]¢ for all k with |Ji(w)| # 0}

it holds -
o . -d .
0% ST My ()P ST ST A~ U = 2. (4.11)
0<i<n k=1 jeza

Here (U} )ren is a sequence of independent ([0, 1]¢)-distributed random vectors, defined on the extension
of the underlying probability space (2, F,P) and independent of the o-algebra F. We first note that on 2.
every M, (i) satisfies either [M,, (2)] = 0 or | My ((3)| = [JxA1/,9(2/n — V)| for some k. Hence, it holds
that on €.,

Z ‘MME(/L)‘p = VmEa where Vn,e = Z ‘Jk ’p Z |A1/ng ((.7 - {nvk})/n)‘p :

0<i<n k=1 JEBn({nV})

Since Q. € F, on €, the relation (4.11) follows if we prove that

nry, . =z as n — oo. (4.12)
Next, we will prove for each k:
o . -d .
w3 Ayg (G- Vi) Y ARG - U = HUR). (4.13)
jEBne({nvk}) jEZd

Under Assumption (H1) we have the identity

n%g ((j —{nVi})/n) = h(G — {nVi})f (G — {nVi})/n)
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with limg_o f() = 1 and by (4.1)
v =,

By the continuous mapping theorem for stable convergence, we get that
oY, . F-d .
n N Ayg (G — (Vi) /m)[P = Y 1Ak — Uy)PP = Ho(Uy)
J€B-(0) Jj€B(0)

for some large 7 > 0. Since lim,_,o H,(u) = H(u) for u € (0,1)?, it suffices to show that

li_>m limsup sup nd? Z A1 /,9((F —w)/n)[P = 0. (4.14)
"0 n—oo ue(0,1)d € B e W\ By (0)
Indeed, for j € Bpe(u) \ By(0), rewriting n®A; /,,g((j — u)/n) = ndle=1) f(o 1yd 9%g((5 — u + v)/n)dv with
n@D|0%g((j —u+v)/n)| < CllF —u+v 47V, we get

n® Ay ,g((5 —u)/n)| < O] @Y.

Finally, we have lim, 00 Y ;e pe(0) |7]|4@=1P = 0 since a4 1/p < 1, which implies (4.14) and thus completes
the proof of (4.13). By independence and the continuous mapping theorem we get for all K = 1,2, ...

K K
) F-d
ST DT Ag (G = (Vi) [P =D kPH(UY). (4.15)
k= FE€Bn({nV1}) k=1
Since the event Ag = {w € Q: Ji(w) = 0 for all £ > K} is F-measurable, it follows by (4.15) that (4.12)
holds on Ak for all K =1,2,..., and since Axg T Q as K — oo we deduce that (4.12) holds.

Next, let us prove that the terms R;, (¢) in (4.8) satisfy

lim li P ( ndor ' (@)P>5) = 4.1
im lim sup (n Z |1y, ()P > ) 0 (4.16)
0<i<n

for all § > 0. For this purpose, choose a large rectangle B’ in R%. Recall A associated to L by (4.4) and use
its representation A = Y 7, Sy ,g) on B\ [0,1]? x Ry, analogous to that in (4.5). Then, for p = max(p, 1),
it holds that

(ndocp Z ‘R;l,e( ) g i ne V/ ‘Jl ‘p)l/p
0<i<n k=1

with
Gn E(Vk) ndop Z ‘Al/ng /n - V/ ‘p (”'L/n - V;CH < 5) .
0<i<n
Note that a U(B’\ [0,1]%)-distributed random vector V' does not belong to B.(i/n) if i € [ne,n(1 — €)]%.
Therefore, E[|G,.(V)|] < Ce(I)  + I, ) with

12,6 = npda+d/ |A1g(x)|Pde, I}m = npdaer/i |A1g(x)|Pde, (4.17)
[E5S " a<llzll<e ™
where
IS,G < C'npda+d/ lg(x)[Pdx < Cnpdo‘+d/ |z|Pida < C |z[[Pda < co
llael| <3 llael| <% [l <2d
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since pdov + d — 1 > —1, whereas \ndA1g )| < f01 10%g(z + %)|du < O||z||**Y for 4

n

< ||z|| < e. This

implies

I < Cppdetd-pd / |z Pie-Ddz < C 2PV dz < o
| 4 <afl<e aslel

since pda — pd +d — 1 < —1. From E[|G,, (V})|] < Ce it follows

lim lim sup P (G, (V)| J1|P > 6) =0,

el0 n—ooco

hence o
lim limsup P e (V| JLIP Up o s1/p) = 0,
€l0 n—)oop <; ‘ ’ ) )

which in turn implies (4.16).
Finally, we consider the terms R, (%) having representation (4.9). We prove that

P Z | R (2)[7 50 asn— oo (4.18)

0<i<n

For this purpose, we will first determine a bounded function ¢ € L¢(R?), which satisfies
09| Ay g (i/n — @) 1( € BE(i/n)) < Y(@) (4.19)

for all z € R?, 0 <4 < n and large enough n € N. Let p > 0 be large. Consider the identity

ndAl/ng(i/n —x) = / %g((u +1)/n — z)du,
(0,1)4

where |0%g((u + 4)/n — x)| < C(e/2)%*=V if & € By,(0) N B(i/n), since |0%(v)| < Cllv||*@= v €
Bs,(0). Furthermore, [0%g((u + 4)/n — )| < |0%g(z/2)| if = € B5,(0), by monotonicity of |0%g| on B5(0).
Consequently, for & € R%, we define

Y(x) = CL(m € Byy(0)) +[8%g(2/2)|1(z € B5,(0)),

where C' depends on e. In what follows, w.l.o.g. assume [1)(x)| < 1, = € R%.
With A given by (4.4) we set A'(-) = A(- N {(x,y) € R x Rq : |[¢(x)y| > 1}) and for all B € By(R?) set

LY(B) = / yA'(dx,dy) and  L°%B)=L(B) - L'(B).
BXRQ
The L° and L' are independent infinitely divisible random measures such that for every B € By(R9),
B[] —exp ([ @ -1 - itga(ly] < D)1(w(@y] < Didav(ay)).
BxRg
B[] —exp ([ (e~ 1-ityly] < D@ > Ddev(dy)),  tER
BxRp
Then, for every i, we decompose n?R,, (i) = 276(1') + Q#E(i), where

L)) imim [ wAyglifn - 9Ls), =01,
Bg(i/n)
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We claim that for j = 0,1,
DS QDI 0

0<i<n
follows from

sup E[[Q%e(i)]p] < 00 and sup ]Qie(z)\ < 00 a.s., (4.20)
neN, 0<i<n neN, 0<i<n

since pda — pd + d < 0.
For the first relation in (4.20), it suffices to show that

/ <I>p(|ndA1/ng(i/n—m)|,ac)dm <C,
Be(i/n)

where
Pp(v, ) :/R (loy[P1(joy| > 1) + oy 1(joy| < 1)) 1(|y(@)y| < 1)w(dy),

cf. Theorem 3.3 in [37]. In view of (4.19) we have that
[ a(taugtifn-ele)de < [ e@plLiv@yl < Dvid).
Be(i/n) R4 xR

where the estimate (5.2) implies
[ leyPaey] < vpldy) < Clal” for fa| < 1
Ro

and ¢ € LY(R%) is bounded. We conclude that the first relation in (4.20) holds. Finally, the second relation
in (4.20) follows in view of (4.19) from

QL) < /

(n9A g (i/n — )yl AL (dz, dy) < / ()l A (dz, dy) < oo,
Be(i/n)xRo

RdXRO
where the last stochastic integral is well-defined because we have that 1 € L¢(R?) is bounded and
min(|zy|, 1)1(lzy| > 1)r(dy) = 2/ L(jzy| > Du(dy) < Clzf®  for 2] <1
Ro 0

by (5.2). This completes the proof of (4.18).
Let us now complete the proof of Theorem 3.1(i) in case v(Rg) < co. For some small € € (0,1) we have the

decomposition AlX(%) = M, (i) + R}, [(4) + Rpc(3). Correspondingly, with p := max(p, 1) we decompose

Vo)~ (X M)+ (30 IMcli))

0<i<n 0<i<n

=

—

=

—

3

~—~

S~—
i
I

Concerning the last term, the limiting result (4.11) holds on the event €. with the limit satisfying Z ’ 1(Q) —
1
Z7, since P(2) 11 as € | 0. Applying (4.2) and (4.3), we see that

o)~ (X M@P)| < (X RF) + (T Rair)’,

0<i<n 0<i<n 0<i<n

RSl

where the r.h.s. terms satisfy (4.16), (4.18), proving that

il

limlimsup]?(‘(ndapvn(p))% — (ndap Z ‘Mn,s(i)‘p)

0 n—oo 0<i<n

‘>5>:0
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for all § > 0. We conclude that (n%?V,,(p)) =z

Dil=
D=

as n — o0.

Step 2. Let v(Rg) = oco. We choose a some small € > 0, and use A given by (4.4) to define A~¢(-) =
A(-N (R x [—¢,€]¢) and for all B € By(RY) set

L>¢(B) = /B . yA”(dx,dy) and  L=(B) = L(B) — L”¢(B)

Then L=¢ and L>¢ are independent infinitely divisible random measures such that for every B € B,(R?),

B [0 0] = exp (03) | L €=l < D)),
o 0] e (5 |

ity < D),
y|>e

teR.
Then we decompose A/, X (i/n)

Al/nXSE(i/n) + Ay, X7(4/n) with
Ay X=5(i/n / Aqng(i/n — s)L<E(ds) and Al/nX>€(i/n / Aqng(i/n — s)L7(ds)
Let AT be the Poisson random measure given by (4.6). Since v(]

|¢) < 0o, we obtain by Step 1 that

103 €/ * ]:—d
Y X S
X |—€,€

ly|? Z |ALR(F — w)|PAT(du, dy) =: Z7¢ as n — oo.
0<i<n < jeza
On the other hand, as € | 0
s [yl D 1A1h(G — w)PAT(du, dy) = Z.
[071}d><R0 jEZd
By (4.2) and (4.3), it only remains to show that for all 6 > 0
limlimsup]P’(ndap Z \Al/nXSE(i/n)\p > 5) =0 (4.21)
el0 n—soo .
0<i<n
Indeed, by Markov’s inequality (4.21) follows if we show that

n—oo

11&)1 lim sup n®PT9E[|A 1 X<6( )P =0
for which it suffices to show that

lim lim sup

L () A s g(@)y)v(dy)dz = 0
€l0 nooo JRd 0<\y|<e
where ¢,(y) =

(4.22)
ly[P1(|ly| > 1) + |y|?>1(J]y| < 1) for y € R, cf. Theorem 3.3 in [37]. Using (4.19) with bounded
Y € L°(R?), we obtain

/%o /<|y<e

DAL gy (dy)da
’I’Ld a+%—1) x)yP T nd(a 11) 1 .
/f<o> /0<|y<5 | V(@)y ([P (@)] > 1) + | (@)y?)v(dy)d

=o(1)
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as n — 0o, since o + % < 1. Using ¢,(y) < |yl + |y|*1(p > 2) for y € R, we get

/B(o) /0<| - ¢p(nd(a+%)A%g(.’v)y)u(dy)dw < In(p)/
1 y|<e

ly[Pv(dy) + In(2)/ ly[Pv(dy)1(p > 2)
0<]y|<e

0<y|<e

with the second term present on the r.h.s. only if p > 2 and with

D= [ A g@) e a0
B1(0) n

Note that by Jensen’s inequality I,,(2) < C (In(p))% if p > 2, whereas I,,(p) < C follows from analysis of
the integrals in (4.17). Similarly to (5.3), we have [;yPv(dy) < CeP™? = o(1) as € | 0, since p > 3. This
completes the proof of (4.22) and (4.21), and hence the proof of Theorem 3.1(i).

4.3 Proof of Theorem 3.1(ii)
Let us verify that the limiting constant in Theorem 3.1(ii) is finite. This follows from

/Rd |A1R(s)]Pds < . (4.23)
Choose p > 0 to be large. Then it holds

[ sl e[ pelds=c [ s|@ds < oc
BQp(O) BSp(O) BS/)(O)

if and only if @ > —1/8. For s € B (0), rewrite
Ajh(s) = / (s + u)du,
[0,1)7
where 99h(s) = ||s|| %@~V (s) with £(s) := H?Zl(da —2(i—1))(s;/|Is||) satisfies

i)l < [

0% (s + u)|du < C/ |s + u||¥@ Ddu < C| s||4—,
[0,1)¢ [0,1)

Then

/ ||s[| %@ DBds < oo
Bs5,(0)

if and only if o+ 1/8 < 1. Hence, (4.23) holds.

Now, we show the convergence in probability in Theorem 3.1(ii). Using the scaling property of the -stable

random measure L, we have that {n™ A, X (i/n)};cza fud {Y5(2) }4eza with

Vald) o= [ 0" A1 ( = )/m)L(ds).
Thus, we deduce the distributional identity

n VL) £ 3T V)P

0<i<n

Next, we approximate (Y,(2));cze by (Yoo(%))sez4, where
Yoo(i) := / A1h(i — s)L(ds)
Rd
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is well defined due to (4.23). More specifically, we will prove that
) dov 3 p/B
B[V (0) ~ Yac(O)F) = C( [ ™ B1jug(s/n) — Aan(s)ds) " = o(1). (4.24)

Observe that for almost every s € R?, the pointwise convergence n?A, /mg(8/n) — Aih(s) follows from the
definition of ¢ and homogeneity of h. Let us verify the dominated convergence argument. By the definition
of g and homogeneity of h, we have n?®|g(s/n)| < Cmax(1,]s||%) for ||s|| < 3p. For 2p < ||s|| < 2pn, we
have

| A1 g(s/n)] < n¥*Y / a 0%9((s +w)/n)|du < C||s]|"“~"

)

using ||s + u|| > ||s]|/2 and |9%(v)| < C|lv||“*~D), ||v|| < 3p. Hence the dominated convergence theorem in
LA(R?) implies

[ Aygts/m) ~ M) 'ds = o(0).
Ban(O)

We next consider
L=t [ (Ayg(s/n)Pds,
Bs ,,.(0)

where

n?| A ng(s/n)| < /[ , 10%9((s + u)/n)|du < [8%(s/(2n))|

)

using ||(s 4+ w)/n|| > ||s/(2n)|| > p and the monotonicity of |9%g| on B7(0). Hence
1< e [ (0 (s/Ca)) 1] > 2pm)ds

= Cnt08 [ gg(s)| ds = o),
5(0)
since H < 1. From this estimate and (4.23) it follows that
[ Aygts/m) ~ Al 'ds = of0).
Epn

This completes the proof of (4.24), which implies convergence in probability

n—d Z Y (4 ()P 2o (4.25)

0<i<n

By combining Theorem 4.1 and Remark 4.3 of [45] it follows that the stationary process (Yoo(%))seza is
ergodic since it is a stable moving average. Therefore, we obtain from a multiparameter Birkhoff theorem

[45, Theorem 2.8] the convergence

DTN Yaoi)F S E[Yao (0)7]. (4.26)

0<i<n

By (4.2), (4.3), (4.25) and (4.26) it follows that

nd(Hp—l)Vn(p) 4 n¢ Z [V (2)P E) E[|Yoo (0)[7].

0<i<n
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Due to the scaling properties of stable random variables it follows that E[|Y,(0)[?] coincides with the limiting
constant in the statement of Theorem 3.1(ii), and hence the proof of convergence in probability is complete.

Finally, we recall that convergence in L' follows from convergence in probability and uniform integrability.
In turn, a sequence of random variables is uniformly integrable if it is bounded in L? for some ¢ > 1. Let us

choose a ¢ > 1 such that gp < 5. By Minkowski’s inequality we conclude that

E[|n" POV, (p)|7] < <n—d > (EﬂndHAl/nXu'/n)\qp])q) = E[ln"A,,X(0)|]
0<i<n

qp/B B

= E[|L ([0, 1)) /R 0 Ay g(s/n)Pds) T = 0(1),

where the last relation follows from (4.24). Hence, the statistic in Theorem 3.1(ii) is uniformly integrable,

and the proof is complete.

4.4 Proof of Theorem 3.1(iii)

We start noticing that under (H1), ¢ has continuous partial derivatives up to d-order in all s = (s1,...,54) €
R? with s; # 0 for all i = 1,...,d. Furthermore,

(a) : / 10%9(s)Pds < oo and (b) : / 10%9(s)[Pds < oo, (4.27)
B,(0) B,(0)

which follows from the estimate |9%g(s)] < C|s||*®~Y) for all s € B,(0), and the fact that
fB,,(O) |s||4 (@~ ds < oo if and only if dr(a — 1) +d — 1 > —1. The latter condition is satisfied for r = p and
r = [ since 1 < o+ 1/ max(53,p). From (4.27)(b) and p > 1, we deduce that pr(O) |0%g(s)|ds < oo from
which we conclude that

g([s,t]) = g (u)du, for all s <t, (4.28)
[s.t]

where the left-hand side of (4.28) denotes the increments of g over [s,t] defined in (2.3). We now define a
process Y = (Y(t))scjo,1)¢ by

vy = | dg(t — s)L(ds).

It follows from [37, Theorem 2.7], that Y (¢) is well-defined if and only if
/ V(adg(s))ds < 00, where V(z) := / min (|zy[?, 1)v(dy) for € R. (4.29)
R4 0

Recall the estimate (5.2), where we have V(z) < C|z|? for |z| < 1, whereas V(z) < C|z|? for |z| > 1.
By assumption (H1), there exists a p > 0 such that 9%g is bounded on Bg(0) and is in LQ(B;(O)), and
d%g € LP(B,(0)), cf. (4.27)(a), which shows (4.29).

Next we will show existence of a measurable and separable modification of Y with values in the extended

reals [—00,00], and to this aim we let L® denote the Musielak-Orlicz space of all i : R? — R with

®(h) = /]Rd </000 (Jyh(s)|* A 1)1/(dy))ds < o0

equipped with the F-norm
|h||e = inf{c > 0: ®(h/c) < 1}.
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Then, L? is a separable linear metric space, and hence the mapping t — f; := adg(t —+) from [0, 1]d into L®
is measurable if t > ||g — f¢||¢ is measurable for all ¢ € L®. However, the latter follows directly from the
joint measurability of (s,t) — d%g(t — s). Since the mapping h € L® into [, h(s)L(ds) € L is continuous,
cf. Theorem 3.3 of [37], it follows that the mapping ¢ € [0, 1]¢ into Y (¢) € L° is measurable, from which we
conclude that there exists a measurable and separable modification of (Y'())sc[ 14, cf- Theorem 3 of [16]. In

the following (Y'(¢))¢cpo,1j« Will always denote such measurable and separable modification.

Step 1. We now consider the integrability of ¥ = (Y (¢))sc[p,1« With respect to ¢t. It follows from [11,
Theorem 3.1(i)] that Y has sample paths in LP([0,1]¢, \%) almost surely if the following conditions hold:

1/
10%(- — 8|, = (/[0 e |0%g(t — s)]pdt) "< for A-almost every s € R% (4.30)
for some ¢ > 0 and &' > 0,
c
V(| —=———,00) )ds < © and / oP(t)dt < oo, 4.31
/]Rd «Hadg(' = 8)llp )) 0.1)¢ " e
where
o(t) :=inf{f > 0: ®(d%(t —-)/0) < '},
and

c/10%g(=a)lp
/ </ (/ ly0®g(t — s)|pu(dy))ds> dt < oo, (4.32)
0,1]¢ Y JR N Jeo(t)/|00g(t—s)]

where the inner integral in the last formula is set to be zero, if its lower limit of integration exceeds the upper
limit.

The condition (4.30) holds because d%g is bounded on B7(0) and 109g(t)] < C|t)|4@=Y for all t € B,(0),
where pr(O) |¢]|PXe=Dds < oo if and only if pd(a — 1) +d —1 > —1. Next, let us verify the first condition in
(4.31). Let p > 0 be large enough. For s € Bs,(0), use [|0%g(- — s)|, < C, furthermore, v((1/C,0)) < oc.
For s € B5,(0), t € [0, 1]¢, note that [0%g(t — s)| < [0%9(s/2)|, which leads to ||0%g(- — s)||, < |0%g(s/2)|.
Finally, use that 9% € LQ(B;(O)) is bounded and v((y,o0)) < Cy~? for y > 1 to see that

C
((Tgap=ay>0) ) a5 <C | 10%9(s/2)'ds < oo.
/5,)(0) ((Hadg('—S)llp )) ng(0)| 9(s/2)|

Note that ®(9%g(t — -)), and hence o(t), both do not depend on ¢ € [0,1]¢. With V() as given in (4.29), we
have that

B(@rlg(t — ) = /R V(@'g(s)ds < oo

since o+ 1/ > 1. Hence, we conclude that the second condition in (4.31) holds.
Finally, we show (4.32). Recall that p is large enough so that we have [0%g(t — s)| < |0%(s/2)| < C for
s € B5,(0), t € [0, 1]¢. We obtain

c/10%(-—8)llp p
/ </ (/ [y0%g(t — s)y”u(dy))ds>dt
[0,1]¢ *JBs,(0) N Jea(t)/|0dg(t—s)|

Cp / d /oo
< e T ] 0% (t — s)|Pdt v(dy) )ds
/Bc © (ot o Jo e ot =) ([ i)

<c/ 19%9(s/2)[Pds < oo.
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We next deal with

Sy
= / ( / ( / 90yt — 5)[Pu(dy) ) ds ) .
0114 N B2y (0) N eott)108g(t-5)

If p > f3, then for t € [0,1]%, s € By,(0),

* co(t) c
1| ————<y< ——— 1r(dy
/0 (\8dg(t —9)] [99g(- — S)Hp) (dy)
! Cp (e.e] 1
< J, v +—/ v(dy) <C(1+ ————7
/0 Y ( y) Hadg(—S)Hg 1 ( ) < Hadg(_s)Hg)
and so
1
ISC’/ / 1+ s )|0%(t — s)|Pds ) dt
[0,1)¢ ( B2, (0) ( 199g(- — s)H§>| (=)l >
= [ (@)l + 1)ds < .
B2 (0)

If p< < p with a+1/8" > 1, then for t € [0,1]9, s € Bs,(0),
o0 co(t) c
1| ——F—— <y < ———)vrv(dy
/ (s~ < ¥ < Totgr —a) VY@
1 CO’(t) C ’ / Cp o0
< o <y < — )y (g +—/ v(dy
—/o (s =31 < ¥ < Totgr o) W)+ g —sE S, VW

co(t) ~\p=8 [ 4 P >
< (Bo6 —=7) /oyﬁ”(dy”nadg(-—s)nz/l v(dy)

, 1
<C gt — s B—P_|_—
(12%9tt = "™ + =)

and so

! 1
ISC / adgt_s B_p+— adgt—spds dt
ey (18~ 4 sy e = o))
=C (/ ‘8d9(t—3)lﬁldt+1)ds<oo.
B, (0) *J[0,1]4
We conclude that (4.32) holds.

Step 2. In the following we will show that for all ¢ € [0,1]¢ we have almost surely
X([0,4]) = / Y (w)du. (4.33)
[0,]

Note that the right-hand side of (4.33) is well-defined since Y has sample paths in LP([0,1]%, %) C
L'(]0,1]%, A%). Choose a probability measure £ on R? x R equivalent to A* ® v and let 1 denote the density of
r with respect to AY®@v. According to Theorem 5.1 and Remark 5.2(a) of [39] we may choose three sequences

(€5)jen, (I'j)jen and (Ej)jENa where §; = (5}75]2') € R? x R, such that

o0

Y(t)= Y 0yt - €)E10(E;) < T, (4.34)
j=1

X(t) =) eg(t,£)E1(n(€;) <T; 1
j=1
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almost surely for all £ € [0,1]¢. Moreover, (§;)jen is an ii.d. sequence of R? x R-valued random vectors
with the common distribution &, (I';) en is a sequence of partial sums of i.i.d. standard exponential random
variables, and (¢;)jen denotes an i.i.d. sequence of symmetric Bernoulli random variables, that is, P(e; =
1) = P(e; = —1) = 1/2 for all j € N. In addition, the three sequences (§;);jen, (I'j)jen and (€;)jen are
independent. Since conditionally on (§;,I'j)jen, the summands in (4.34) are independent and symmetric
random elements with values in L'([0,1]¢, A%) and furthermore Y has paths in L' ([0, 1]¢, %), it follows by the
It6-Nisio theorem, see [26, Theorem 2.1.1], that the series (4.34) convergence in L*([0, 1]¢, A%) with probability

one. In particular, for all ¢ € [0,1]¢ we have with probability one

/ Y(u)du =
[0.]

NE

& e €h)du)¢21(n(¢;) <T; )
1 )

<.
Il

)

1

— .

where the second equality follows by (4.28). Hence the proof of (4.33) is complete.

Step 3. For a given p > 1, we denote by ACP([0,1]%) the space of functions & : [0, 1]4 — R such that there is
a function 9% € LP(]0,1]¢, \?) with

£(]0,t]) = % (u)du, for all t € [0,1]%.
[0,2]
For £ € ACP([0,1]%) let us prove that as n — oo,
nPmDVE(p) == 0D N Ay L3 )P — / %t Pdt. (4.35)
0<i<n [0,1]
Firstly, assume that ¢ : RY — R has continuous partial derivatives up to the (2d)-th order at every point
t € R?. We have that ndAl/nf(i/n) = 9%(i/n)+r,(i/n), where |r,(i/n)| < C/n uniformly for all 0 < i < n.
By Minkowski’s inequality,
1/ 1/ 1
(1 OvE@) = (0 3 jeafn) ] < (0 Y ralifn)?) T = o(1)
0<i<n 0<i<n
as n — oo. By continuity of 99¢, we have that

—d de(s p d p
w3 |otei/n)| %/Mdm St asn — oo,

0<i<n

This proves (4.35). Then, for general £ € AC?([0,1]%), p > 1, we approximate V,$(p) by Vii™ (p), where (&)
is a sequence of functions having continuous partial derivatives up to the (2d)-th order at every point in R,
Indeed, the existence of such a sequence follows since continuous functions are dense in LP([0,1]4,\%). A
combination of (4.33) and (4.35) finishes the proof Theorem 3.1(iii).

4.5 Proof of Theorem 3.2(i)

We denote by Z the limiting variable

d
Hjlug gi(- — ;) |BlylP At (du, de, dy
/[0,1]kadeR0H i) TT g5 = zp)lBlylPA%( )

7j=1 j=k+1
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with Hj(u) := 37z |A1hi(l —w)P, w € (0,1), j = 1,...,k, and |g;(- — @)l = fo |g;(t z)|Pdt)/p,
z€R, j=k+1,...,d, where Al is a Poisson random measure with intensity measure \* @ /\d k@ v on
[0,1]F x R?=* x Ry introduced in Definition 4.2. Then |Z| < oo almost surely if

k d
min (1, H:(u g:(- — ) |2yl ) dudzr(dy) < o
/[O,l}kadkao ( 1;[ ]( ) H ” J( ])”p‘ ’ > ( )

j=k+1
As in Theorem 3.1(i) for d = 1, we have fo u)du < oo since aj +1/p € (0,1), j = 1,..., k. Hence, we
only need to show that
/ min (1, 11 1~ 2)) Bl ) dav(dy) < oo (4.36)
R4—k % (0,00) j=k+1

If p # 6 < 2, then for |z| <1,

00 1 1/|z| 00
| min(Lleyidn) < lap [ yvian + (ol [T ay [
0 0 1

) |y—€—1dy) < C‘x’min(p,€)7
1/|x

since p > (. On the other hand, if # = 2 then for x € R,
[ min(1 eyPyptdy) < [ min, om0 D(dy) < Clafno2),
0 0

since min(p,2) > 4 and [} y*v(dy) < co. This proves (4.36), because for o; +1/p > 1 and 195(s) > g;(t)]
if p <|s| < |t|, it holds that
I95(- = 2)llp < C1(I=| < 2p) +|gj(x/2)[L(x| = 2p), =z €R,

as in the proof of Theorem 3.1(iii) with d = 1 (see also the verification of (4.30) in the proof of Theorem
3.2(iii)), moreover, g% € LY((—p,p)°), ¢ = min(p,0), j =k +1,...,d.

Step 1. Let v(Rg) < oo. We choose a small € € (0,1) and a large m € N. The way how m depends on € will
be specified later. Now we decompose every A/, X (i/n) = M, () + R;L () + R, (4) so that

k d
M, (i ij/n—sj| <e 1(|sj| <m)Ay/,9(2/n — s)L(ds),
i) = /[OI]WE (st =51 <) TI 20l < )i - )20
~ k d
R, (1) = /Rk\m — 1;[ (lij/n—s;] < G)jzlgrll(lsj\ <m)Ayng(i/n — s)L(ds), (4.37)
Rpe(i) = /Rd (1— H1 lij/n — sj| < € j];[+11 Is;] < m))Al/ng(z/n—s) (ds). (4.38)

First, we will prove the stable convergence for the power variation statistics built from Mne(z) instead of
the original increments A;/, X(i/n). For this purpose, we use A associated to L by (4.4) and on [0, 1%
R x Ry having the representation A = S 15(‘/1 V2.7) with (VI,V}) =V, = Via,...,Viq) given in
(4.7). Particularly, we express the terms M,, .(4) as 1ntegrals with respect to A on [0, 1]F x R x Ry:

Mmgiz/ 1(lij/n — x| < e) 1(|zj| < m)Ay/9(i/n —x)y A(dx,dy
(i) [01]kadkaH“/ 1< T 10031 < myg(e/n - 2y Az,

j=k+1
k d
—ZHl lij/n—Vigl<e I 1(Vijl <m)Ay/ng(i/n— Vo).
I=1j5=1 j=k+1
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We will prove that as n — oo on the event

Q. = {w c0: HVll1 (w) — Vl12 (W)]|oo > 2€ and V}I,V}z(w) €le,1— e]k
with J;, (w), Ji, (w) # 0 for all I1,lo =1,2,... }

it holds
_ Fd [ k d ~
nP = N My ()P S 1P T Hj W) T 195 = Vipls 1(Vigl < m) = Z, (4.39)
0<i<n =1 j=1 j=k+1

where (U))jeny with U; = (Up 1, ..., U.) is a sequence of independent 2/([0, 1]*)-distributed random variables,
defined on the extension of the underlying probability space (€2, F,P) and independent of the o-algebra F. To
prove (4.39), we observe that on Q. every M, (i) satisfies either |M,, ((¢)| = 0 or | M, (i)| = | 1A ng(i/n —
V)l H?:k—l—l 1(|V;,j] < m) for some [ =1,2,... Hence, it holds that on €,

Z |Mn,e(l)|p = f/n,ey

0<i<n
where
nE:—ZW’H > Ay (= {nVigh/n)P H S 1A ngi(i/n = Vig)PL(Viy] < m).
Jj=1i€Bn({nV; ;}) j=k+10<i<n

Since Q¢ € F then (4.39) on Q. follows if we prove that
nZ?ﬂ“jpﬂd—’“)(p—l)VME =7 asn—o o (4.40)

To prove (4.40) we use the following arguments. On the left hand side of (4.40) each summand indexed by [

is a product of independent factors. As for these factors, we have

n=h Y A gy (i/n = Vig)PL(|Vigl < m)

0<i<n

1
P
5 [ laptt = Vit 1 (v < m) = g = Vig B 10Vis <) asm— o,
using Lemma 4.4 of [9] and oj +1/p > 1for j =k +1,...,d, and

o Fed
n® Y Ay (= {nVig D/ =Y Ak = Uy P = Hy(Ury),
1€Bne({nVy; 1) i€Z

using the proof of Theorem 3.1(i) and a; +1/p < 1 for j = 1,..., k. At last we note that as € | 0 together
J

with m — oo,

P 0
%Z|Jl|pHH (U15) H I95(- = Vig)IIE
=1 = j=k+1
d
- yp HU g,_x pAi du,da},dy :Z
/[0’11ka11ka0‘ ’ 1;[ ]( ])j:lg—l” ]( ])Hp ( )
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In the sequel let m — oo so that em?* | 0 as € | 0. Let us prove that the terms R/, (7) in (4.37) satisfy

hmhmsup]P’( Ejer apt(d=k)(p-1) Z |R;L7E(i)|p >5) =0 (4.41)

0 n—oo 0<i<n

for all § > 0. The proof runs similarly to that of (4.16). Recall that A is associated to L by (4.4) and use its
representation A = 37%, 0y v ) O n [—€, 14 ¢\ [0,1]* x [-=m, m]4* x Ry, analogous to that in (4.7).

1,57

Let (Vly’ V;?j) =Vij=Wi1,...,Viq). Then, for p = max(p, 1), it holds that

1 o0
<n2§:1 ajp+(d—Fk)(p—1) Z |R ) /P Z ne(V1) )] [PYHP (4.42)
0<i<n =1

furthermore, on the right hand side of (4.42) every summand satisfies

k

G (V1) 1= nim P ERE=D 87 A g /m = VP T] 10 /n - Vil < ) = 0s(1)
0<i<n j=1
as n — oo. The last property follows from
peipt / Ay g (@)Pde = O(1) (4.43)
|z|<1

for a; +1/p € (0,1), j =1,...,k, see the proof of Theorem 3.1(i), and
P / 1Ay ngi (@)Pdz < Cn? / g (2)Pda < C? / 2P = CnP= (@) — o(1)(4.44)
|z|<2/n |z[<3/n |z|<3/n
combined with

]a:\(o‘j_l)pdx—k/ll g (z)[Pda < oo (4.45)
z|>p

np/ \Al/ngj(a:)]pda: <C
|z|>2/n

|zl <p
fora; +1/p>1,j=k+1,...,d. From this we conclude (4.41) since the number of summands on the right
hand side of (4.42) has mean \¥([—¢, 1 + €]\ [0, 1JF)ATF([—m, m]¥=F)v(Rg) = O(em?=F) = o(1).
Finally, consider the terms R, (4) in (4.38). Let us prove that
hmhmsup]P’( Ejer it (d=k)(p—1) Z IR, (3)|P > 5) =0 (4.46)

el0 n—oco 0<ien

for all 9 > 0. Without loss of generality we discuss the case, where

/R H 1(|ij/n — s;] <) H 1(Jij/n — s;| > ¢€)

0<y<J J<j<k
x ] tlsil>m) [ 1(sil <m)Ayng(i/n - s)L(ds)
k<j<K K<j<d

for 0 < J < k < K <d. We note that if & = d then the index set k < j < d is empty, but there is at least
one jin J < j < k, whereas if k < d then J < j < k can be empty but in that case there is at least one index
J in the set £ < j < K. Now we define a bounded function v; € L™n®9)(R) so that

Ay mgi(i/n —2)[1(|i/n — x| > €) < ¢;(z) (4.47)
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forallz € R, 0 <i<n,J<j<k, and then we define 7 r(2) = [[;;<; ¥ (@5) [[1<j< i 19} (2;/2)]. We use
A associated to L by (4.4) and set A'(-) = A(-N{(x,y) € R¥xRg : 7; x(x)|y| > 1}) and for every B € B,(R?)
set
LYB) = / yA'(dez,dy) and L°(B)= L(B) - L'(B).
BxRg

Then L° and L! are independent infinitely divisible random measures such that for every B € By(R?),
E[eiwo(&} — exp (/ (€ =1 —ity1(Jy| < 1))1(myr(@)]y| < 1)de(dy))7
BxRg
E[eitLl(B)} — exp </ (e — 1 —ityl(y| < ))1(myx(x)|y| > 1)dw1/(dy)), teR.
BXRO

We decompose R, (1) = n*~7( ~275(1') + Q;E(z)) with

)L (3) = ii/n—s;| <e i;/n—s;| >e€
el = [T Wism=sl < T[ 1is/n=s1=9

0<j<J J<j<k
X H 1(|s;| > m) H 1(]s;| < m)nK_JAl/ng(i/n — s)L}(ds), l=0,1.
k<j<K K<j<d

We claim that for all § > 0,

lim Sup]P(nZOﬂ’Sk ajpH(d=R)(p=1)=(K=J)p Z |C~2ln76(i)|p > 5), 1=0,1, (4.48)

n—roo 0<i<n

are 0 if J < k, and tend to zero as m — oo if J = k. For [ = 0 it follows once we show that

sup  mZosss TR0 (3))) (1.9
neN, 0<i<n

is bounded since a; +1/p—1 <0, J < j < k, in case J < k, and (4.49) tends to zero as m — oo in case
J = k. For this purpose, by Theorem 3.3 in [37], we need to show that

fuk

n¥ocss IR T A(lig/m -yl < ) T] 1is/n =i 20

0<j<J J<j<k
_ . q
< [T 10zl >m) [ 1z <m)n A6 /n — 2)y| 1k (@)ly| < 1)v(dy)de,
k<j<K K<j<d

is finite for ¢ = p and in addition ¢ = 2 if p > 2. Here we rewrite Ay, g(i/n—x) = [[o_ ;<4 AD1/n9;(ij/n—x;).
For ¢ = p and in addition ¢ = 2 if p > 2,

/ . |no‘j+1/pA1/ngj(x)|qu =0(1), n — oo,
z|<
since a; +1/p € (0,1), 0 < j < J, whereas
/R InAq/ng(7)|%dr = O(1), n — oo,
since K < j < d, as shown in (4.43), (4.44), (4.45). Next we use the dominating function ¢; in (4.47) for the

remaining factors indexed by J < j < k and n|A/,g;(i/n—x)| < |gi(z/2)| for [z| >m,0<i<n, k<j<K.
Note that the resulting function [];_;<; () [Ix<j<x 19;(z;/2)| = 7k (z) on RF=7 x ([=m,m]¢)K—F is
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bounded and min(p, §)-th power integrable, which proves our statement about (4.49) and hence (4.48) because
fRo lzyP1(|zy] < 1)v(dy) < Cla™@@0) for |z| < 1, where p # 6 if § < 2.

Next, we show (4.48) for [ = 1. We use (4.47), where J < j < k, and n|Ay/,g;(i/n — x)| < |gj(z/2)]| for
|z] >m, 0<i<mn, k<j<K to see that

~i,e(i)é/ﬂwxﬂ% ‘y 1T 2vngilis/m—api(liy/m—ajl <e) T wilxy)

0<j<J J<j<k

< I g1zl >m) [[ Aimgiliz/n—)1(lz;] < m)|A(de, dy).
k<j<K K<j<d

We denote the term above on the right hand side by Q%e (), but note that it does not depend on i, J < j < K.

Furthermore, for p = max(p, 1),

<nZo<jgkOéjp+(d—k)(p—1)—(K—J)p Z |Qi’e(i)|p)l/ﬁ

0<i<n
é/ (Iyl” IT 7% > [Awmg;lii/n —a))P1(is/n — x5] < )
R¢xRo 0<j<J 0<i; <n
< [ no" Pl T 195 (s/2)P1(2;] > m)
J<j<k k<j<K
_ . 1/p -
< 1T »»* > |A1/n9j(lj/n—$j)|p1(|$j|Sm)) A(de,dy) =: 2, ,
K<j<d 0<i;<n

where 2}%6 is well defined as integral with respect to Poisson random measure A' having intensity
measure 1(m;g(x)ly| > 1)dzr(dy) since fRo 1(jzyl > Dr(dy) < Clzl° for |2| < 1 and 7jk(x) on
R*=7 x ([=m,m]°)"~* is bounded and #-th power integrable. Finally, following Step 1 we can show that
Z~,1L7E =op(l) asn — oo if J < k, since ajp+1—p <0, J < j < k, whereas if J = k, then z!

€ converges

weakly to the integral

/[(Jl]’“deka (vl TT #w) TT 5@/ > m)

0<j<k k<j<K

< TT 1= eplpde) < m) At (du, o, dy) = 2°
K<j<d
with respect to the Poisson random measure A (-) = AH(-N{(u, z,y) € [0,1]* xR xRy : 7 x(z)]y| > 1})
with intensity measure 1(m x ()|y| > 1)dudzv(dy) on [0, 1]¥ x R4~* x Ry as n — oo, which further converges
in probability to 0 as m — oo. This finishes the proof of (4.48), hence of (4.46). Theorem 3.2(i) is proved in
case V(Rg) < oo.

Step 2. Let v(Rg) = co. We aim to show that as n — oo,

=1 ipH(d—k)(p—1)1,X (p)

n

k d
F-d
& / P TT Hitwy) TT g — ;) I2Ak du, de, dy) = 2, (4.50)
[0,1]FxRI=FxRo 514 j=k+1

where the notation VX (p) is used to stress that V,,(p) is calculated for process X. For some small € > 0, we
decompose Ay, X (i/n) = Ay, X=¢(i/n) + Ay, X7(i/n) following Step 2 of the proof of Theorem 3.1(i).
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Since v([—¢, €]¢) < 0o, we have that as n — oo,

TLZ?:l ajp+(d—k)(p—1) an>e (p)

d

d .
£y |y|PHH u;) TI 16( - )IBA du, dz,dy) = 275, (451)
[0,1]k xRA—k x [—¢,€]© j=k+1

as shown in Step 1. Since Z~¢ 5 Zase 10, (4.50) follows from (4.51) if we show that for all 6 > 0,

hmhmsup[P( Ejer st (d=R)(p-1) X = (p )>5) =0 (4.52)

el nooo "

using (4.2) and (4.3). Furthermore, (4.52) follows by Markov’s inequality, if we prove that

hmhmsupnzi 1P F(d=k)(p—1) +dE[|A X<6( 0)’] = 0.

0 n—oo

For the latter it suffices to show the convergence

n—o0

hm lim sup /Rd / | ‘< §:1 Olj+(d—k)(1—1/P)+d/pA1/ng(w)y)V(dy)da; =0, (4.53)
0<|y|<e

where ¢, (y) := |y[P1(Jy| > 1) + |y|?1(Jy| < 1) satisfies ¢,(y) < |y[? + |y|*1(p > 2) for y € R, cf. Theorem 3.3
in [37]. For ¢ = p and in addition ¢ = 2 if p > 2, we have

/R ’naj+1/pA1/ngj($)’qu
< /| > ‘naj-i'l/pAl/ngj(x)‘qu + /| o ’naj+1/p_l1/;j(ﬂf)]qda: =0(1), j=1,....k
z|< zl>

and
I, i(q) == /R \nAl/ngj(a:)]qda: = 0(1), j=k+1,....d,

as shown in Step 1. Finally, similarly to (5.3), we get foe yPr(dy) = O(eP~P) = o(1) as € | 0, since p > 3. This
completes the proof of (4.53) and (4.52), and therefore the proof of Theorem 3.2(i).

4.6 Proof of Theorem 3.2(ii)

Let us first verify that the limiting constant m(p) := E[|L([0, 1]d)]p](H] 11 HJ S I]’)p/ﬁ is finite. Indeed,
for j = 1,...,k, we have I; := [, |A1h(s)[°ds < oo since a; + 1/B8 € (0,1) as in Theorem 3.1(ii) in case
d =1, whereas I} = [ [g}(s) (5)|Pds < o0 follows from [g;(s)| < C|s|*~t |s| < p, and g; € LP((—p, p)°) for
1<a;+1/8,j _k:+1,...,d.

Let us now prove that the convergence stated in Theorem 3.2(ii) holds in probability. Note that working

on the assumption (H2) increments of X can be approximated coordinate-wise since those of its kernel

g(s) = H?:l gj(s;) can be factorized g([s,t]) = H?:1(9j(tj) — g;(s;)) for all s < ¢ in RY. We define the first

approximation (Z,(2));cza by

/RdHn TA /,95(15/n H gi(ij/n — s;)L(ds).

j=k+1
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Then the above-stated convergence in probability follows using (4.2), (4.3) if we prove
w3 R AL X (i)~ Za@P S0 and 0 Y (Zu@)P B omp). (4.54)
0<i<n 0<i<n

By Markov’s inequality we deal with the first sequence with mean

k
B[l A, X (0) = Za(0)] = O] g RO,
j=1
where
I = /R i A ,95(s)Pds = /]R In% Ay gi(s/n))Pds = O(1),  j=1,...k,
follows from (4.24) for d = 1 and it remains to show

d
R = /Rd ] H nA1/,9;(85) H gi(s5) )Pdspy1 ... dsqg = o(1). (4.55)

j=k+1 j=k+1
We rewrite the above integrand using the identity H;l:kH aj — H?:k—l—l bj = > yrs1 [Lies(a; = b5) [T e bjs
a,b € R* where the sum Z#J>1 is taken over all subsets J C {k +1,...,d} of cardinality #J > 1. We

thus reduce our task in (4.55) to proving
| g = gie) s = o), j=k+1d

We note that nAy/,,gj(s) — g;(s) for almost every s. Moreover, [nAy/,g;(s)| = ]f (s+u/n)dul < |g5(s/2)]|
for |s| > 2p and [nA; ,g;(s)| < Cls|*~! for 2/n < |s| < 2p. Hence, f| ‘>2/n\nA1/ngJ( s) — g;(s s)[Pds = o(1)
by the dominated convergence theorem, whereas f|s‘<2/n InAy/ng;(s s)|Pds < Cnf fog/n 5%Pds = o(1) since
1<oj+1/B,j=k+1,...,d.

Now, we prove that the second convergence in (4.54) holds in L'. Since for every (igy1,...,iq) € Z47F,

. fdd . .
(Zn() (i, iyezs = (Zn(it, - sk, 0,000,0)) 6y inyezhs

it follows from
_ . . Lt
n* Z | Zn (i1 -0, 0, ..., 0) [P = m(p). (4.56)
0<i1,...,ip<n
To show that the convergence (4.56) holds in probability, we use the same arguments as in the

proof of Theorem 3.1(ii). Using the scaling property of the [-stable random measure, we have that

. . fdd . .
(Zn(its o yik, 0,000, 0)) 6y iyeze = (Yalits ooy ik)) Gy, i) ezt and so

. . d . .
S Za(in, ik, 0, 0P S YT Y. i) P

0<in,..,ig<n 0<in,.. i <n
where
Yo (ig, ...y ik) / Hn 1A /ng;((i5 — s5)/n) H g;(s5)L(dsy, ..., dsq).
j=k+1
Next, we approximate (Y, (i1, ... ,l‘k))(il"qu)ezk by Yoo = (Yoo (i1, - -+ 9k)) 4 ,....ip ez » Where
Yoo (i1, .1 /RdHAlh lgrlgj sj)L(ds1,...,dsq),
J
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more specifically, we have that

E[|Y,(0,...,0) — Yoo (0, .., 0)[7]

0 [ giras)” = o)

k k
= O [ ITLBungitss/n) = TT it s
Roj=1 j=1 j=k—+1

using similar arguments to those in the proof of (4.55) and (4.24) for d = 1. Hence, it follows that
_ . . . . P
PN V(i i) = Yaolin, .- ik) P = 0.

0<i1,..,ix<n

Since the process Y, is a symmetric S-stable mixed moving average, by [42, Theorem 3|, it is mixing, and
hence ergodic. According to Birkhoff’s theorem (see [25, Theorem 10.6]),

_ . . P
nF YT Yaolin, e i)IP = EB[[Yae (0, 0],
0<it,..ip<n

where E[|Y (0, ...,0)P] = m(p). By (4.2), (4.3) the sequence in (4.56) converges in probability. The sequence
converges in mean if and only if it converges in probability and is uniformly integrable. The latter follows,

because for some ¢ > 1 such that gp < 8, by Minkowski’s inequality,

EHn_k 3 |Zn(z'1,...,ik,0,...,0)|pm

0<i1,...,¢,<n
. . q
<(n* Y (EZulin ik 0., 0)[%)) = E[1Z,(0))% = O(1).
0<i1,...,i,<n

Similarly, E[[nd_kJrZ?:l HjAl/nX(O)\qp] = O(1), which completes the proof of Theorem 3.2(ii).

4.7 Proof of Theorem 3.2(iii)

The proof is analogous to that of Theorem 3.1(iii). It follows from [37, Theorem 2.7], that the random field
Y = (Y(1))sejo,1)« given in (3.1) is well-defined if and only if

d
/]Rd V(0%(s))ds < oo, dg(s) = Hgg(si), s e RY, (4.57)
i=1

where -
V() ::/ min(|zy|?, Dr(dy) < C(|lz)"1(|jx| < 1) + |2[*>FP1(|z] > 1)),  z€R,
0

as shown in (5.2). So (4.57) follows from ¢} € LY(R) N L™*@P)(R), i = 1,...,d, in case § < max(3,p)
and from ¢} € L™>BP)I(R), i = 1,...,d, in case § > max(B,p). Note that (H2) implies that every g] €
L9 ((—p, p)°) with ¢’ > min(, max(3,p)) and |gi(s)| < C|s|*~! for |s| < p with ay — 1 > —1/max(83,p) >
—1/min(0, max(8,p)), i = 1,...,d. By the same arguments as in the proof of Theorem 3.1(iii) we may choose
a measurable and separable modification of Y, which also will be denoted Y.

According to [11, Theorem 3.1(i)], ¥ has sample paths in LP([0,1]¢,A\%) almost surely if the conditions
(4.30), (4.31), (4.32) hold. For all s € R%, we have that [|8%(- — s)|l, = [1%, Il¢,(- — si)||, where for s € R,

1/p
o=l o= ( 1okt 9)Pae)™ < 101l < 20) + /20101 2 20) <
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because |gi(t)] < C|t|*~1 for |s| < 3p with a;—1 > —1/pand |gi(s)| > |¢/(t)| for 1 < p < |s| < Jt|,i=1,...,d.
We conclude that condition (4.30) holds.
Next, let us verify the first condition in (4.31). From above it follows that

/Rd ”<<m’@>ds = C/Rd 9%g(- — 5)|%ds
= C/Rd iljl(lﬂsil < 2p) + |gi(s/2)°1(]ss] > 2p))ds < oo

since gi € LO((—p,p)°), i = 1,...,d. Note that

(0%t — ) = » V(9%(s))ds < oo,

see (4.57), hence both ®(d%g(t — -)) and o(t) do not depend on t € [0,1]9. We conclude that the second
condition in (4.31) holds.
For 0 < ¢y < ¢1, decompose fccol yPr(dy) = Iy + I, where

I = / 1(co <y < e1)yPr(dy) < / 1(co <y < ey’ ' 'dy
1 1
<Oy Up<q)+d 1(p>q)+1(p=1q))

with ¢ = min(f, max(53,p)) in case p # 60, 0 <2 and I; < C in case p =0 = 2 and

1 1
I = / L(co <y <c)yPv(dy) < C/ (1(B <p)+1p < B)l(co <))y v(dy)
0 0
<CAB<p) +1p < PG )
with 8/ > 8 chosen so that min(ayq,...,aq) + 1/8" > 1. Therefore, the last condition (4.32) follows from
[ 0%~ )10 < 5)+ [0%( )35 < )
+[10%(- = 9)51(p < @) + [0%9(- = $)[§1(p > q) + [09(- = 8)|[51(p = g))ds < oo

To end the proof recall that ¢} € LY ((—p, p)¢) with ¢’ > ¢ and |gi(s)| < C|s|%~" for |s| < p with a; — 1 >
—1/max(ﬁ,p) > _1/q s 1= 17 7d'
5 Appendix

Let us verify that imposed Assumptions (g), (#) and (3) for some 0 < § < 2, 0 < 3 < 2 ensure the existence
of the random field X. From [37, Theorem 2.7] it follows that the stochastic integral for t € R? on the r.h.s.
of (1.1) exists if and only if

/ V(g(t,u))du < oo with V(z) := /OO min(|zy|?, 1)v(dy) for z € R, (5.1)
Rd 0

when v is a symmetric Lévy measure on R. Let us first show that Assumptions () and () imply the following

important estimate: there is a constant C' > 0 such that

V() < Cl2"1(lz| < 1) + J2/71(ja] > 1)). (5:2)
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Set v(y) == v({u € Ro : u > y}) for y > 0. If § < 2, then y?i(y) < C for y > 1, that is [ f(u)r(du) <
C’floo fw)u"'du with f(u) = 1(u > y), u € R, for y > 1, and the inequality remains valid by monotone

approximation for f : [1,00) — [0, 00) non-decreasing. Hence,
0. ]
V(o)< 0+ [ min(oy, )y~ ay)
1

1
Tol oo
< 0(3:,2_1_3:2/ yl—edy_l_/l y—G—ldy) SC|3§‘|0
1

[

for |z| < 1if § < 2, whereas V(x) < Cl|z|? for z € R if § = 2.
Furthermore, if 3 > 0, then y’7(y) < C for 0 <y < 1. For 0 < ¢y < ¢; < 1,

0 0 €0

and so as g — 0,
€1 95
/ y?u(dy) < Cel 7.
0
Hence,

ww§OWFAim%mw+/fwwwgomﬁ

)

€1 €1 €1
/ yPu(dy) = —/ uw?o(du) = o(eg) — €30(er) + 2/ uPuP o(u)du,

for |x| > 1if 5 > 0, whereas V(z) < C for x € R if § = 0. This completes the proof of (5.2), and if moreover

Assumption (g) holds, that of (5.1). We conclude that X is well-defined.
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