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Classification of congruences of twisted partition monoids

James East* and Nik Ruskuc'

Abstract

The twisted partition monoid P? is an infinite monoid obtained from the classical finite
partition monoid P,, by taking into account the number of floating components when multi-
plying partitions. The main result of this paper is a complete description of the congruences
on P2. The succinct encoding of a congruence, which we call a C-pair, consists of a sequence
of n+ 1 congruences on the additive monoid N of natural numbers and a certain (n+1) x N
matrix. We also give a description of the inclusion ordering of congruences in terms of a
lexicographic-like ordering on C-pairs. This is then used to classify congruences on the finite
d-twisted partition monoids 735” 4> Which are obtained by factoring out from P2 the ideal of
all partitions with more than d floating components. Further applications of our results, elu-
cidating the structure and properties of the congruence lattices of the (d-)twisted partition
monoids, will be the subject of a future article.
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1 Introduction

The partition algebras were independently discovered in the 1990s by Vaughan Jones [37] and
Paul Martin [18]. These algebras have bases consisting of certain set partitions, which are rep-
resented and composed diagrammatically, and they naturally contain classical structures such
as Brauer and Temperley-Lieb algebras, as well as symmetric group algebras [12,57,58]. These
‘diagram algebras’ have diverse origins and applications, including in theoretical physics, clas-
sical groups, topology, invariant theory and logic |1,8,9,31,33,35—10, 44-16,18-52,59,61]. The
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representation theory of the algebras plays a crucial role in many of the above studies, and the
need to understand the kernels of representations was highlighted by Lehrer and Zhang in their
article [14], which does precisely that for Brauer’s original representation of the (now-named)
Brauer algebra by invariants of the orthogonal group [12]. This has recently been extended to
partition algebras by Benkart and Halverson in [9]. Kernels of representations can be equiva-
lently viewed as ideals or as congruences. Understanding congruences is the key motivation for
the current article, and indeed for the broader program of which it is a part [23-20].

A partition algebra can be constructed as a twisted semigroup algebra of an associated
(finite) partition monoid, since the product in the algebra of two partitions «, S is always a
scalar multiple of another partition, denoted a8. The scalar is always a power of a fixed element
of the underlying field, and the power to which this element is raised is the number ®(«, j3)
of ‘floating components’ when the partitions a, 8 are connected. (Formal definitions are given
below.) It is also possible to construct partition algebras via (ordinary) semigroup algebras of
twisted partition monoids. These are countably infinite monoids whose elements are pairs (i, «),
consisting of a partition o and some natural number ¢ of floating components. The product
of pairs is given by (i,a)(j,8) = (i + j + ®(«, 8),af). By incorporating the ® parameters,
the twisted partition monoids reflect more of the structure of the algebras than do the ordinary
partition monoids. The above connection with semigroup algebras was formalised by Wilcox [60],
but the idea has its origins in the work of Jones [35] and Kauffman [10]; see also [33]. Partition
monoids, and other diagram monoids, have been studied by many authors, as for example in
[2,4,6,17=19,21,23,29,42. 47 50,53]; see |22] for many more references. Studies of twisted diagram
monoids include [5,7, 11, [4-16,41,43].

The congruences of the partition monoid P, were determined in [23], which also treated
several other diagram monoids such as the Brauer, Jones (a.k.a. Temperley-Lieb) and Motzkin
monoids. The article [23] also developed general machinery for constructing congruences on
arbitrary monoids, which has subsequently been applied to infinite partition monoids in [24],
and extended to categories and their ideals in [25]. The classification of congruences on P, is
stated below in Theorem 2.5, and the lattice Cong(P,,) of all congruences is shown in Figure 2.
It can be seen from the figure that the lattice has a rather neat structure; apart from a small
prism-shaped part at the bottom, the lattice is mostly a chain. As explained in [23], this is a
consequence of several convenient structural properties of the monoid P, including the following:

e The ideals of P,, form a chain, Iy C I; C --- C I,,.

e The maximal subgroups of P, are symmetric groups S; (¢ = 0,1,...,n), the normal
subgroups of which also form chains.

e The minimal ideal Iy is a rectangular band.

e The second-smallest ideal I; is retractable, in the sense that there is a surmorphism I1 — I
fixing Iy, and no larger ideal is retractable.

In addition to these factors, a crucial role is also played by certain technical ‘separation prop-

erties’, which were explored in more depth in [25]. Roughly speaking, these properties ensure
that pairs of partitions suitably ‘separated’ by Green’s relations [32] generate ‘large’ principal
congruences.

The current article concerns the twisted partition monoid 773’ , which, as explained above,
is obtained from P, by taking into account the number of floating components formed when
multiplying partitions. We also study the finite d-twisted quotients P:ZI” 4» Which are obtained
by limiting the number of floating components to at most d, and collapsing all other elements
to zero. The main results are the classification of the congruences of P> and 73:3 4o and the

characterisation of the inclusion order in the lattices Cong(Py) and Cong(P? ).



The congruences of P¥ are far more complicated than those of P,. This is of course to be
expected, given the additional complexity in the structure of the twisted monoid. For exam-
ple, P? has (countably) infinitely many ideals, and these do not form a chain. Moreover, there
are infinite descending chains of ideals, and there is no minimal (non-empty) ideal. Nevertheless,
the ideals still have a reasonably simple description; the principal ones are denoted I (and
defined below), indexed by integers 0 < ¢ < n and i > 0, and we have Iy; C I,; if and only if
q <7 and i > j. This allows us to view P2 as an (n + 1) x w ‘grid’, and leads to a convenient
encoding of congruences by certain matrices of the same dimensions, combined with a chain
0o 2 01 O --- D0, of congruences on the additive monoid of natural numbers. We will see that
each allowable matrix-chain pair leads to either one or two distinct congruences, depending on
its nature. The inclusion ordering on congruences involves a lexicographic-like ordering on pairs,
and some additional factors. For the finite d-twisted monoids 735 4+ congruences are determined
by the matrices alone, which are now (n + 1) x (d + 1). In the very special case when d = 0,
the 0-twisted monoid "Pf;’ o is in fact a chain of ideals, and its congruence lattice shares some
similarities with that of P, itself, as can be observed by comparing Figures 2 and 5. The case
of d > 1 is much more complicated, even for small n and d; for example, the lattice Cong(ngz)
has size 329, and is shown in Figure 6.

The article is organised as follows. We begin in Section 2 with preliminaries on (twisted)
partition monoids. Section 3 contains the main result, Theorem 3.16, which completely classifies
the congruences of Pff ; a number of examples are also considered, and some simple consequences
are recorded in Corollaries 3.22 and 3.23. The proof of Theorem 3.16 occupies the next two
sections. Section 4 shows that the relations stated in the theorem are indeed congruences, and
Section 5 shows, conversely, that every congruence has one of the stated forms. In Section 6
we characterise the inclusion ordering on the lattice Cong(P2); see Theorem 6.5. We then
apply the above results to the finite d-twisted monoids in Section 7. Theorems 7.3 and 7.4
respectively classify the congruences of PS” 4 and characterise the inclusion ordering in Cong(Pfi 2
Theorem 7.6 shows how the classification simplifies in the special case of 0-twisted monoids 733 0
We also discuss visualisation techniques for the (finite) lattices; see Figures 5-7. Finally, Section 8
discusses the somewhat degenerate cases where n < 1.

In the forthcoming article [26], we give a detailed analysis of the algebraic and combinatorial /order-
theoretic properties of the lattices Cong(Py) and Cong(P? ), proving results on (bounded) gen-
eration of congruences, (co)atoms, covers, (anti-)chains, distributivity, modularity and enumer-
ation.
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2 Preliminaries

This section contains the necessary background material. After reviewing some basic concepts
on monoids and congruences in Subsection 2.1, we recall the definition of the partition monoids
in Subsection 2.2 and state the classification of their congruences from [23]. In Subsection 2.3 we
define the twisted partition monoids, and prove some basic results concerning floating components
and Green’s relations. We define the finite d-twisted monoids in Subsection 2.4, and then prove
further auxilliary results in Subsection 2.5.



2.1 Monoids and congruences

We briefly recall some basic facts on monoids; for more background, see for example [34,50].

A congruence on a monoid M is an equivalence relation o on M that is compatible with the
product, meaning that for all (z,y) € o and a € M we have (ax,ay), (za,ya) € o. We will often
write a - (x,y) for (az,ay), with similar meanings for (z,y) - a and a - (z,y) - b.

The set of all congruences on the monoid M, denoted Cong(M), is a lattice under inclusion.
The meet of two congruences o, 7 € Cong(M) is their intersection, o N 7, while the join o V 7 is
the transitive closure of their union. The top and bottom elements of Cong(M) are the universal
and trivial congruences:

Vay:=MxM and Ay = {(z,z) 13 € M}.

We write QF for the congruence generated by a set of pairs @ C M x M. When Q = {(:c,y)}
contains a single pair, we write (x,%)* = QF for the principal congruence generated by the pair.

An important family of congruences come from ideals. A subset I of M is an ideal if
MIM C I. It will be convenient for us to consider the empty set to be an ideal. For x € M, the
principal ideal of M generated by x is MaxM. An ideal I of M gives rise to the Rees congruence

Ry ::AMUV1:{(:c,y)EMXM:x:yora;,yEI}.
In particular, we have Ry; = Vs and Ry = Ayy.

Definition 2.1. Let o be a congruence on a monoid M. Let Z be the set of all ideals I of M
such that R; C o, and define I(0) := Uz

It is easy to see that I(o) is the largest ideal I of M such that R; C o, but note that we
might have I(0) = @, even if o is non-trivial.

Green’s equivalences Z, £, ¢, 7 and Z on the monoid M are defined as follows. For
x,y € M, we have

xRy < M =yM, Ly < Mz= My, x gy o MxM = MyM.

The remaining relations are defined by 7 = ZN % and ¥ = Z V .£. In any monoid we have
D=Ho0L =2L0o%. When M is finite, we have ¥ = #. The set M/ # = {J, : x € M} of
all _Z-classes of M has a partial order < defined, for z,y € M, by

J < Jy & e MyM.

In all that follows, an important role will be played by the additive monoid of natural numbers,
N ={0,1,2,...}. Let us recall the simple structure of congruences on N. For every such non-
trivial congruence 6 there exist unique m > 0 and d > 1, such that

9:(m,m—|—d)ﬁ:ANU{(i,j)GNXN:i,jZm, izj(modd)}.

The number m will be called the minimum of 6 and denoted min #; the number d will be called
the period of § and denoted per . For the universal congruence we have Vi = (0, 1)f, min Viy = 0
and per Vy = 1. For the trivial congruence it is convenient to define min Ay = per Ay = oc.
If #; and 6 are congruences on N, then

61 C 0y & minf; > minfy and perfs | perd. (2.2)

Here | is the division relation on NU {oo}, with the understanding that every element of this set
divides oo.



2.2 Partition monoids

For n > 1, we write n = {1,...,n} and np = nU {0}, and let n’ = {1/,...,n'} and n” =
{1”,...,n"} be two disjoint copies of n. The elements of the partition monoid P,, are the set
partitions of n Un’. Such a partition a € P, is identified with any graph on vertex set n U n’
whose connected components are the blocks of &. When drawing such a partition, vertices from
n are drawn on an upper line, with those from n’ directly below. See Figure 1 for some examples.

Given two partitions «, 8 € Py, the product af is defined as follows. First, let a) be the
graph on vertex set n Un” obtained by changing every lower vertex z’ of o to z”, and let 37
be the graph on vertex set n” Un’ obtained by changing every upper vertex x of 8 to 2. The
product graph of the pair (a, () is the graph I'(a, 8) on vertex set n Un” Un’ whose edge set is
the union of the edge sets of a and BT. We then define a8 to be the partition of n Un’ such
that vertices z,y € nUn’ belong to the same block of af if and only if z,y belong to the same
connected component of I'(a, 8). An example product is given in Figure 1.

a:% .. g
e

Figure 1. Multiplication of two partitions in Pg.

A block of a partition a € Py, is called a transversal if it contains both dashed and un-dashed
elements; any other block is either an upper non-transversal (only un-dashed elements) or a lower
non-transversal (only dashed elements). The (co)domain and (co)kernel of o are defined by:

doma := {z € n: = belongs to a transversal of a},
codom a := {z € n : 2’ belongs to a transversal of a},
ker o := {(x,y) € n x n: z and y belong to the same block of a},

coker o := {(z,y) € n x n: 2’ and 3 belong to the same block of a}.

The rank of a, denoted rank «, is the number of transversals of . We will typically use the
following result without explicit reference; for proofs see [29,60)].

Lemma 2.3. For o, € P, we have
(i) aZ B < doma=domf and ker a = ker 3,
(ii) « Z B < codoma = codom 3 and coker o = coker 3,
(i) « 28 & a 7 f < ranka =rankf.
The 9 = _# -classes and non-empty ideals of P, are the sets
D, :={a € Py, : ranka = ¢} and I, :={a € P, :ranka < ¢} for q € ng,
and these are ordered by Dy < D, < I,C I, & q<r. O

The above notation for the Z-classes and ideals of P,, will be fixed throughout the paper.

AqlCil. . |Cs
By|E1]. | B

Given a partition a € Py, we write

_ (4
a= (g




to indicate that o has transversals A; U B. (1 <1 < g), upper non-transversals C; (1 <1i < s),
and lower non-transversals E! (1 <14 < t). Here for any A C n we write A’ = {a' : a € A}, and
we will also later refer to sets of the form A” = {a” : a € A}. Thus, with o € Pg as in Figure 1

we have a = (Zg%‘% The identity element of P, is the partition
A T & § B ()
id := (1‘n>

The congruences on the partition monoid P,, were determined in [23], and the classification
will play an important role in the current paper. To state it, we first introduce some notation.
First, we have a map

(A AGCLL LGS A (Ad]Ag]C] G
Pn—Do:a= (Bl...Bq B m) A= Bil. [Bo|Bn| - |Bs)

whose effect is to break apart all transversals of « into their upper and lower parts. Equivalently, &
is the unique element of Dy with the same kernel and cokernel as . We will need the following
basic result, which follows from [23, Lemmas 3.3 and 5.2]:

Lemma 2.4. For any o € Iy and 11,12 € P,, we have Nianz = nians. O

Next we have a family of relations on D, (2 < ¢ < n), denoted vy, indexed by normal
subgroups N of the symmetric group S;. To define these relations consider a pair (a, ) of

€ -related elements from Dy:
A Aq|C1)...|Cs Aq|...| Ag |C1]...|Cs
a= (Bi BZ’—‘—HEi T and = (Bllﬂ qu’—‘—HEi i for some 7 € S,.
We then define 9(«, ) = 7, which we think of as the permutational difference of o and 8. Note
that 0(«, B) is only well-defined up to conjugacy in S, as m depends on the above ordering on the
transversals of a and 3. Nevertheless, for any normal subgroup N <.§,, we have a well-defined
equivalence relation (see |23, Lemmas 3.17 and 5.6]):

VN = {(avﬁ) € %[Dq 38(0&,ﬁ) € N}
As extreme cases, note that vs, = #[p and vyq,) = Ap,.

Theorem 2.5 ([23, Theorem 5.4]). For n > 1, the congruences on the partition monoid Py, are
precisely:

e the Rees congruences Ry := Ry, = {(a,ﬁ) € Pp X Pp:a=p or ranka,rank 5 < q} for
q €{0,...,n}, including Vp, = Ry;

e the relations Ry := Ry—1 Uvn for g € {2,...,n} and {idy} # N <8,
e the relations

A= {(e,8) €I, x1,:a % BYUAp,,
pg={(a,B) €l xI;: QX
pg = {(a,B) € Iy x Iy : & =B} UAp,,

for q € {0,1}, including Ap, = po, and the relations
As, ‘= A1 UUs,, ps, ‘= p1 Uus,, 1S, = 1 Uvs,.

The congruence lattice Cong(Py,) is shown in Figure 2. O
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Figure 2. The Hasse diagram of Cong(P,); see Theorem 2.5. Rees congruences are indicated in
blue outline.

The above notation for the congruences of P,, will be fixed and used throughout the paper.

Remark 2.6. As explained in [23,25], the o — @ mapping is largely responsible for the additional
complexity in the bottom part of Cong(P,,), as compared to the top part. In the twisted partition
monoid, to be defined shortly, the complexity increases hugely, and this mapping remains one
among the key factors.

The partition monoid has an involution defined by

. _ A1...Aq01...CS * B1...BqE1...Et
77"_”)"‘0‘—(Bl...Bqu...Et ra _<A1..‘chl...6's’

satisfying (a)* = f*a* and a = aa*a, for all a, 8 € P,; so Py, is a regular x-semigroup in the
sense of [55]. Although we will not use this involution explicitly, it is responsible for a natural
left-right symmetry/duality that will allow us to shorten many proofs.

2.3 Twisted partition monoids

Consider two partitions «, 8 € P,. A connected component of the product graph I'(«, ) is
said to be floating if all its vertices come from the middle row, n”. Denote the number of
floating components in I'(a, 8) by ®(«, 3). For example, with «, 8 € Pg as in Figure 1, we have
®(a, B) = 1, as {1”,2",6"} is the unique floating component of I'(a, 8). The next result is pivotal
in all that follows, and will be used without explicit reference; for a proof, see [29, Lemma 4.1]:



Lemma 2.7. For any «, 3,7 € P, we have ®(a, 8) + ®(af, ) = ®(a, 57y) + (5, 7). O

We will write ®(a, £, ) for the common value in Lemma 2.7, and note that this is the number
of floating components created when forming the product (af)y = a(57y).

The twisted partition monoid Pff is defined by
P2 .=NxP, with product (1,) (g, B) := (z + 7+ ®(a, B), a,B).

The operation featuring in the first component is the addition of natural numbers, and in the
second composition of partitions. Associativity follows from Lemma 2.7. Geometrically, one can
think of (i,a) € P2 as a diagram consisting of a graph representing « along with i additional
floating components, as explained in [5, 11]. In the formation of the product (i, «)(j, ), each
factor contributes its existing floating components, and a further ®(«, 8) new ones are created.

In order to describe Green’s relations on PF we first need some basic lemmas. The first

describes two situations when two multiplications are guaranteed to create the same number of
floating components.

Lemma 2.8. Let o, 5 € Py,.

(i) If « Z B, then ®(a,n) = ®(B,n) for alln € Py,.
(i) If « Z B3, then ®(n, ) = ®(n, ) for alln € Py,

Proof. It suffices to prove the first statement, the second being dual. A floating component in
I'(c, ) has the form F” = B U--- U B} for some collection B, ..., B;, of lower blocks of a,
which are ‘brought together’ by means of upper non-transversals of n. Since o .Z 3, the B, are
also lower blocks of 3, and F” is a floating component in I'(3,7) as well. Thus, by symmetry,
I'(a,n) and T'(B,n) have exactly the same floating components. O

The next lemma will be of considerable importance throughout the paper, as it identifies
situations when we can avoid creating any floating components in multiplication:

Lemma 2.9. (i) For any «, 8 € Py, there exist o, ' € P, such that

aB=dpB=af and ®(d,8) = ®(a, ') = 0.

(ii) For any «, B, € Py, there exist o/ ,~' € P,, such that
aBy =o' By and o, 8,7) =0.

Proof. We just prove the existence of o’ in (i); the existence of 8’ is dual, and (ii) follows
from (i). Let the floating components in I'(o, §) be FY', ..., F}, where k = ®(a,3) > 0. For
each 1 < i <k, we have F; = B;1 U---U By, , where the BZ{j are lower non-transversals of «.
Fix any block AU B’ of a with A # & (it does not matter if B = &). We then take o/ to be the
partition obtained from « by replacing the blocks A U B’ and the ng (1<i<k, 1<j<myg)
by the single block AUB U F{ U---U FJ. O

Lemma 2.10. If JZ is any of Green’s relations, and if o, 5 € Py, and i,j € N, then
(i,a) A (4, B) in PE & i=j7 and oKX B in P.
The 9 = _# -classes and principal ideals of P2 are the sets
Dy :={i} x D, and I :={i,i+1,i+2,...} xI forq €ng and i € N,

and these are ordered by Dg; < Dyj & 1 C Iy & q<7r andi>j.



Proof. We just prove the first statement for # = %, as everything else is analogous. Suppose
first that (i,a) Z (j,8), so that

(i,a) = (3, B)(k,7) = G+ E+®(8,7),87) and  (4,8) = (i,a)(l,0) = (i + 1 + ®(e, ), ad)

for some v,§ € P, and k,l € N. The second coordinates immediately give o #Z [, and the first
quickly lead to 7 = j.

Conversely, suppose i = j and o Z 3. Then a = 8y and 8 = «ad for some v,6 € P,. By
Lemma 2.9 there exist 7/, € P, such that @ = 37" and 8 = ', with ®(3,7') = ®(a,d’) = 0.
It then follows that (i,«) = (i, 8)(0,7) and (i, 8) = (i,)(0,4"), so (i,a) Z (4, 0). O

By the previous lemma the poset (P2/%,<) of # = P-classes is isomorphic to the direct
product (ng, <) x (N, >). Motivated by this, we will frequently view P? as a rectangular grid of
P-classes indexed by ng x N, as in Figure 3. Thus, we will refer to columns {i} x P,, (i € N) and
rows N x Dy (g € ng) of P>, This grid structure will feed into our description of congruences
on P2 in which certain ng x N matrices will play a key part.

Figure 3. PJ as a grid, and the ideal determined by (0,0), (1,2) and (3, 3).

2.4 Finite d-twisted partition monoids

In addition to the monoid 73 , we will also be interested in certain finite quotients, where we
limit the number of floating components that are allowed to appear. Specifically, for d € N, the
d-twisted partition monoid is defined to be the quotient

Prq =Py /R;

n,d+1

by the Rees congruence associated to the (principal) ideal I, g11 = {d+1,d +2,...} x P,. We
can also think of PS 4 as P2 with all elements with more than d floating components equated to

a zero element 0. Thus we may take 77:3 4 to be the set
P’nd (d()XP )U{O},

with multiplication

I {ab if a=(i,a), b=(j,8) and i +j + ®(a, ) < d, 211

0 otherwise.

In this interpretation, 733) 4 consists of columns 0,1,...,d of 737? , plus the zero element 0.

Clearly the product in P® of two pairs (i,a) and (j, ) will be equal to their product in
all P‘I’ ' for sufficiently large d. So P2 can be regarded as a limit of P‘b 4 as d — oo. One may
wonder to what extent this is reflected on the level of congruences, and this will be discussed in
more detail in Section 7, and further in [26].



For d = 0, the 0-twisted partition monoid Py is (isomorphic to) P, U{0} with multiplication

0B = af ifa,p € Py and (a,p) =0, (2.12)
0 otherwise.

These monoids are closely related to the 0-partition algebras, which are important in represen-
tation theory; see for example [20)].

2.5 Auxiliary results

We now gather some preliminary results concerning the multiplication of partitions and the float-
ing components that can arise when forming such products; these results will be used extensively
throughout the paper.

In [25] it was shown that underpinning the classification of congruences on P, (Theorem 2.5)
are certain ‘separation properties’ of multiplication. In the current work, we need to extend
these to also include information about floating components, and the following is a suitable
strengthening of |25, Lemma 6.2].

Lemma 2.13. Suppose o € Dy and € D, with ¢ > r.

(i) If ¢ > r and q > 2, then there exists v € Pp such that ya € Dy_1, v8 € Iq—1 \ Hya and
O(y,a) = 0.

(ii) Ifg=r>1 and (o, B) & H, then there exists v € Py, such that, swapping o, B if necessary,
[ay € Dy, By € Ij—1 and ®(a,7) =0]  or  [ya € Dq, 8 € Ig—1 and (v, a) = 0].

(i) If ¢ > 2 and B € Hy \ {a}, then there exists v € Py, such that Yoo € Dy—1, 6 € Ig—1 \ Hyq

and ®(v,a) = 0.
. _(A1].. |Ag|ch). . |Cs B
Proof. Throughout the proof, we write o = Bl | BB B and we put C = CyU---UCh.
- |Bg|EL] -

For each 1 < i < ¢, we fix some a; € A;. To reduce notational clutter, we will sometimes omit
the singleton blocks from our notation for partitions.

(i) If dom o € dom f3, then we may assume without loss that a; ¢ dom . If dom o« C dom f3,
then by the pigeon-hole principle we may assume without loss that (a;,a2) € ker 5. In either

al

Ag— Qg —
case, we take’yz( a=2) fal

ag—2|{ag-1} U
so that ya € Dy_1, and we have ®(y, a) = 0. Note also that dom(y8) C dom~ = {a1,...,aq—1}.
In the doma C dom 3 case, we clearly have (aj,az2) € ker(y3). In the doma ¢ dom 3 case, we
either have a1 ¢ dom(yf) or else (a1, aq—1) € ker(y3); to see this, consider the component of the

product graph I'(v, 8) containing a;. Thus, in both cases we have v8 € 1,2 C I;_1 \ Hyq.

(ii) We assume that (o, 3) € Z, the case of (a, 5) & £ being dual. So either dom o # dom 3
or ker o # ker 3.

al

O). Then dom(vya) = {a1,...,a4-1} and ker(ya) is trivial,

Case 1: dom « # dom 8. Swapping «, § if necessary, we may assume that a; ¢ dom 5. We then
take v = (‘“ Gq—1

a ag—1

and (v, ) = 0.

{aqiqu C)' With similar reasoning to part (i), we have ya € Dy, 75 € I;—1

Case 2: doma = dom 3 but ker o # ker 5. Swapping «, § if necessary, we may assume there
exists (z1,z2) € ker 8\ ker . Note then that z; and 9 either both belong to dom 5 = dom «
or else both belong to n \ dom a.

Subcase 2.1: x1,x2 € dom«. Here we may assume that z1 = a; and x9 = as. Again we take

v = (Zi sz {aqiqu C), and we have ya € Dy, v5 € I;—1 and ®(vy,a) = 0.
Subcase 2.2: x1,r3 € doma. We may also assume that Aq,..., A, are the upper parts of the
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transversals of 8 (or otherwise we would be in the previous subcase). Without loss we may
assume that x1 € C1, and we write £ = Cy U - - - U Cj, noting that 2o € E. This time we define
_ Ay Aq-1]AqUCy E _
N = (A1 AZ—I " ’ﬁ, and we have 78 € Dy, ya € I;—; and ®(v, ) = 0.
(iii) Here we have g = (

Ar .| Aq|Cal.. |Cs . .
By Bqﬂ’E—JT‘ﬁ for some permutation m € S, and without loss

we may assume that 1m = ¢q. We then take v = (al

ai

ag—2 ag—1
ag—2|{ag-1} U

are easily checked, noting that B, C codom(yf) \ codom(y«), which gives (ya,v3) ¢ Z. O

C), and the desired conditions

Note that in Lemma 2.13(iii) we actually have ®(v,a) = ®(y, ) = 0; indeed, this follows
from the proof or by Lemma 2.8. We cannot similarly strengthen the other parts of Lemma 2.13
in general, but the next result shows that part (ii) can be in certain special cases:

Lemma 2.14. (i) If o, € Dy and kera # ker 3, then there exists v € Py such that
rank(ya) # rank(yf3) and ®(v,a) = ®(v,5) = 0.

(ii) Ifa, B € Dy and coker a # coker 3, then there exists v € P, such that rank(ay) # rank(S7)
and ®(,7) = (S, 7) = 0.

Proof. Only the first assertion needs to be proved, the second being dual. We may assume
without loss that there exists (a,b) € ker a \ ker 5. Since rank 8 = 1, at most one of a, b belongs
to dom 3. Without loss suppose b € dom 8 and let B be the upper block of 8 containing b. Then
it is straightforward to check the stated conditions for v := (g’%. O

It will turn out later on that the behaviour of congruences on P on rows 0 and 1 is quite
different from that on other rows. One of the main technical reasons behind this is contained in

the following:

Lemma 2.15. For all « € I} and n € P, we have
rank o — rank(an) = ®(a,n) — ®(a,n) and rank o — rank(na) = ®(n, @) — ¢(n, a).

Proof. It is sufficient to prove the first statement; the second is dual. When rank a = 0 then
rank(an) = 0 and a = @, so the equality is trivial. So suppose ranka = 1, and let AU B’ be
its unique transversal. Let the connected components in I'(«, ) and I'(@&, ) containing B” be U
and V| respectively. So V Cn”Un’ and U = AUV. Then

V is floating in T'(@,7) & V Cn” & UCnUn" & rank(an) =0.

With the possible exception of V', the graphs I'(a, n) and T'(@, n) have exactly the same floating
components, and the result follows. O

Our final preliminary lemma concerns the relation vy:
Lemma 2.16. Let N IS, where 2 < ¢ <n, and let (o, 5) € A p, and y € Py. Then
(i) oy € Dy < By € Dy, in which case (o, f) € vy < (v, BY) € v,
(ii) ya € Dy < B € Dy, in which case (o, f) € vy < (ya,vB) € vn.

Proof. We just prove the first part, as the second is dual. Since .Z is a right congruence, we have
(a,8) e H C L = (ay,By) € L C P, s0certainly ay € Dy < vy € Dy. For the second
equivalence, the forwards implication follows immediately from the fact that Ry = Ry,_, Uvy
is a congruence. The converse follows similarly, since, by Green’s Lemma [31, Lemma 2.2.1],
a = (ay)d and B = (Bv)d for some 6 € P,,. O

11



3 C-pairs and the statement of the main result

In this section we give the statement of the main result, Theorem 3.16 below, which classifies
the congruences of the twisted partition monoid P2. The classification involves what we will
call C-pairs, which consist of a descending chain 6y O --- D 6, of congruences on the additive
monoid N, and a certain ng X N matrix. The precise definitions are given in Subsection 3.2, and
the main result in Subsection 3.3. Since the definitions are somewhat technical, we will begin by
looking at some motivating examples in Subsection 3.1. En route we also discuss the projections
of a congruence on P2 onto its ‘components’ P,, and N.

3.1 Examples and projections
We begin with the simplest kind of congruences, the Rees congruences:

Example 3.1. From the description of principal ideals in Lemma 2.10, and the fact that ev-
ery ideal is a union of principal ideals, we see that the ideals of P® correspond to the down-
ward closed subsets of the poset (ng, <) x (N,>). It is easy to see that in this poset there
are no infinite strictly increasing sequences, or infinite antichains, and hence for every ideal I
of P there exists a uniquely-determined finite collection of mutually incomparable elements
(q1,%1),s- -, (qx, i) € ng x N such that

I=14,U---Ulg = {(i,a) EPS:iZit and ranka < q (3, 1 <t < k)}

If PS is visualised as a grid, as discussed in Subsection 2.3, then an ideal looks like a SW-NE
staircase; see Figure 3 for an illustration. To every ideal I there corresponds the Rees congruence

Rr={(a,b)e P? xPr:a=bora,becl}.

To motivate the next family of congruences on P>, and for subsequent use, we make the
following definition.

Definition 3.2 (The projection of a congruence). Given a congruence o on P2 its projec-
tion to Py, is the relation

7= {(a,8) € Pn x Pn: ((i,0),(j,8) € 0 (3i,j €N)}.
Proposition 3.3. The projection @ of any congruence o € Cong(P?L) is a congruence on Py,.

Proof. Reflexivity and symmetry are obvious, and compatibility follows from the fact that
the second components multiply as in P,. For transitivity, suppose («a, ), (8,7) € &, with
(i, ), (4,0)), ((k,B), (l,7)) € o. Without loss assume that j < k. Multiplying the first pair by
(k—j,id) we deduce ((i+k—j, a), (k, B)) € o. By transitivity of o we have ((i+k—j, a), (I,7)) € o,
and hence («,v) € 7, as required. O]

It turns out that every congruence on P, arises as the projection of a congruence on PY, via
the following construction.

Example 3.4. For any 7 € Cong(P,) the relation {((i,a),(4,8)) : (o, 8) € 7, i,j € N} is a
congruence on P2, and its projection is 7.

One may wonder whether, analogously, the projection of a congruence of P onto the first
component N is also a congruence. This turns out not to be the case in general, as the following
example demonstrates. The example also highlights some of the unusual behaviour that occurs
on rows 0 and 1.

12



Example 3.5. Consider the relation
o= Aps U {((i,a), (4,8)): 1, €N, o,8€ 1, a= B, rank o — rank 5 =i —j}.

It relates all pairs a,b € I;o whose underlying partitions satisfy & = B , and which belong to a
single D1;, or one of them belongs to Dy; and the other to D ;1. We show that it is a congruence
on P®. Indeed, symmetry and reflexivity are obvious, while transitivity follows quickly upon
rewriting rank a — rank 8 = ¢ — j as ranka — i = rank 8 — j. For compatibility, let (a,b) € o
and let ¢ € P? be arbitrary. We just show that (ac, be) € o; the proof that (ca, cb) € o is dual.
There is nothing to show if @ = b, so suppose a = (i,«) and b = (4, 5) where o, 5 € I, & = B
and rank a — rank 8 = ¢ — j. Also write ¢ = (k,~y). Then

ac=(i+k+ ®(,7),a) and bc=(j+k+P(8,7),57).

Since I is an ideal we have ary, v € I1, and Lemma 2.4 gives ay = ay = [/3’\7 = Bf\y Also, using
Lemma 2.15, we have:

(i+k+®(a,7) -G +k+2(8,7)
=(i — j) + (rank(avy) — rank o + ®(@, 7)) — (rank(3v) — rank 8 + ®(3,))

=(rank(a~y) — rank(37)) + (i — j) — (rank o — rank 8) + (®(a,v) — ®(5,7))
=rank(ay) — rank(S7).

So ¢ is indeed a congruence. However, the projection of o to N is the relation
which is not transitive.

On the other hand, given a congruence on N we can always construct a congruence on P2
with that projection.

Example 3.6. If 6 is a congruence on N then the relation
o:={((i,a),(j,a) :a € Py, (i,j) €0}

is a congruence of 73,? . Indeed, o is clearly an equivalence. For right compatibility (left is dual)
suppose we have (a,b) = ((i,a), (j,a)) € o and ¢ = (k, ) € P2. Then

ac= (i+k+ ®(a, ), ap) and  bec=(j+k+ P, 5),af).

Since (i, 7) € 6, and since 6 is a congruence on N, it follows that (i+k+®(«, 8), j+k+P(c, 8)) € 6,
and so ( ac,bc) € o. In the special case that § = Vy, the congruence constructed here is
o= { i), (j,a)) i a € Py, i,j € N}, the kernel of the natural epimorphism P* — P,,
(i,a) — a.

In fact we can obtain more congruences by further developing the idea behind Example 3.6.

Example 3.7. Suppose 0y 2 01 O --- D 6, is a chain of congruences on N, and define
= U {((i,),(j,@)) : e € Dy, (i, ]) € b4}
q€no

This is a congruence, with essentially the same proof as in the previous example, and recalling
additionally that rank(af), rank(fa) < ranka. Note that @ = Ap_ for this congruence o. In
what follows, it will transpire that every congruence on P® with trivial projection onto P, is of
this form.
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3.2 C-pairs and congruences

We will encode congruences on P2 by means of certain pairs (6, M), which we will call C-pairs.
Here © will be a descending chain 6y D --- D 6, of congruences on N; and M = (My;)nyxn will
be an infinite matrix, whose entries are drawn from the following set of symbols:

(A 1w X p, RYUAN : {idg} # N <8, 2< g < n}.

We will refer to the entries in the second set collectively as the N-symbols. The entry M; of M
can be thought of as corresponding to the Z-class Dy; of P>, Therefore, we will think of the
matrix M having its first entry Mgg in the bottom left corner to correspond to our visualisation
of P? as in Figure 3. In the first approximation, and not entirely accurately, one can think of the
symbol My; as a specification for the restriction of the intended congruence to the corresponding
P-class.

We now describe the allowable matrices M, given a fixed chain © = (6p 2 --- D 6,,). The
description will be by row, with a total of ten allowable row types, denoted RT1-RT10, and with
two wverticality conditions (V1) and (V2) governing allowable combinations of rows. The first
seven types deal simultaneously with the two bottom rows.

Row Type RT1. Rows 0 and 1 may consist of As only:

1|AJA]A
0| AJA|A

Row Type RT2. If §y = 01 = Ay, rows 0 and 1 may be:

1IA]...|A Wl
0|A| ... | Al p| w

i

Here i > 0. The symbol ¢ can be any of u, ', ut or A.
Row Type RT3. If §y = (m, m + 1)¥, rows 0 and 1 may be:

T{A]...|[AITA|A|A]...
ol A|...| A

m

The symbol £ can be any of p, A or R.
Row Type RT4. If 6y = 6; = (m, m + d)?, rows 0 and 1 may be:

1{A|...]A
o|A|...| A

m

If d =1 the symbol £ can be any of u, p, A or R; if d > 1 then £ = pu.

Row Type RT5. If 6y = (m,m + d)! and 6; = (m + 1,m + 1 + d)?, rows 0 and 1 may be:

1A]...|A Wl | p|p
0|A ... |Afplp .| @

A m
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Here 0 <4 < m. If d = 1 the symbol £ can be any of u, p, A or R; if d > 1 then £ = . The
symbol ¢ can be any of u, u', ut or A.

Row Type RT6. If 6y = (m, m + d)! and 6; = (1,1 + d)* with [ > m, rows 0 and 1 may be:

LIA]...|A|A]...|A
ol A|...| A

m l

If d =1 the symbol £ can be any of u, p, A or R; if d > 1 then £ = p. The symbol { can be any
of p, ut, b or A.

Row Type RT7. If 6y = (m,m + d)* and 6; = (I,] + d)* with I —1 > m > 0 and
[ —1=m (mod d), rows 0 and 1 may be:

LA[..JAJA|A...]A
0|A| ... |A| p

m l

If d =1 the symbol £ can be any of u, p, A or R; if d > 1 then £ = p.

In the above, note that per 6y = per#; in almost all cases, the possible exceptions being only
in types RT1 and RT3. Also note that the only symbols that can appear before min 6y or min 64
are A, u, i and pt; the only entries that can appear after (or at) minfy or min 6y are A, i, A, p
or R.

The remaining three types RT'8-RT10 specify an arbitrary row ¢ with ¢ > 2.

Row Type RT8. Row ¢ > 2 may consist of As only:

Ala]Aa].]
Row Type RT9. Row ¢ > 2 may be:
o AL AN N | N [N N
i k

Here 0 < i < k < minf,, and {idy} # N; < --- < Ny_; < N are non-trivial normal subgroups
of §,.

Row Type RT10. If ¢ > 2 and 0, = (m,m + 1)*, row ¢ may be:

(811 5 [ N ] Mo I

3 m

Here 0 <4 <m, and {id;} # N; < --- < Nj,,—1 are non-trivial normal subgroups of S,.

Having specified the possible rows in M, the way they can be put together is governed by
the following wverticality conditions:

(V1) An N-symbol cannot be immediately above A, u', ut, or another N-symbol.

(V2) Every entry equal to R in row ¢ > 2 must be directly above an R entry from row ¢ — 1.
(The same automatically holds for Rs in row ¢ = 1 by examining types RT1-RT7.)
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Definition 3.8 (C-pair). A C-pair (O, M) consists of a descending chain © = (g, ...,0,)
of congruences on N, and a matrix M = (Mg;)n,xn, in which rows 0 and 1 are of one of the
types RT'1-RT7, each of the remaining rows is of one of the types RT8-RT10, and the verticality
conditions (V1) and (V2) are satisfied. We refer to © as a C-chain, and to M as a C-matriz.
With a slight abuse of terminology, we will say that M is of type RT1-RT7, as appropriate,
according to the type of rows 0 and 1.

Remark 3.9. The specifications of row types and the verticality conditions impose severe re-
strictions about the content of a C-matrix:

(i) For any q € ng, and for any (i,j) € 04, we have My = My;. Thus, if m := min6, # oo,
then Mgy; = Mgy, for all i > m.

(11) If My; 7§ A for some ¢ € N, then M()j = M1’j+1 for all j >

(iii) If My = &£ # A for some ¢ > min6;, then M;; = My, = & for all j > min6; and all
k > min 6.

(iv) Symbols A and R can appear in any row; N-symbols can appear in rows ¢ > 2; u, p and A
can appear in rows 0 and 1; x and g+ can appear only in row 1, and M has at most one
entry from {u', pt}.

(v) Given an entry Mg, only certain entries can occur directly to the right or below it; they
are given in Table 1.

(vi) At most one row can be of type RT9, and any rows above such a row consist entirely of As.

My | 8 [iatulo[a| x|
Mg_1; || any | g, 0, R | p | A| pp, AR | R
Mq,i—l—l any | t,p, A\ R | p | A N/(Z N)vR R

Table 1. Allowed entries below and to the right of an entry in a C-matrix.

The next definition gives a detailed specification for the congruence corresponding to a C-
pair. That this indeed is a congruence will be proved in Section 4. The definition involves the 9
operator, defined just before Theorem 2.5.

Definition 3.10 (Congruence corresponding to a C-pair). The congruence associated with
a C-pair (©, M) is the relation cg(©, M) on P? consisting of all pairs ((i, ), (j,8)) € P? x P2
such that one of the following holds, writing ¢ = rank a and r = rank j:

Mqi = Mrj = R;

My =M,; =N, (i,j) € 04, o S  and 0(«, B) € N,
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(C8) My; =M, =p,a= B and one of the following holds:

e ¢=rand (i,j) € 04, or
e g#r, (i+7,j+q) €by,i<minf, and j < minb,, or
e g#r, (i+r,j+q) € by, i>minb, and j > minb,.

Note that in (C1) and (C3) we necessarily have ¢ = r. Similarly, in (C4), (C5) and (C8) we
have ¢,r € {0,1}; in (C6) and (C7) we have ¢ = r = 1 and ¢ = j. The comparatively complex
rule in (C8) is to do with the interactions between the o — @ map and the ® parameters, as
already gleaned in Lemma 2.15 and Example 3.5.

Remark 3.11. It will often be convenient to replace (C1) in the above definition by:
(CY) (i,4) € 04 and a = .

While (C1) of course implies (C1"), the converse is not true. Nevertheless, (C1’) implies that one
of (C1)—(C8) holds, as is easily checked, keeping in mind that o = § implies ¢ = r and then
(i,7) € 04 implies My; = M,; by Remark 3.9(i).

Remark 3.12. If (i,a) and (j, 5) are related via (C8) then ¢ < min 6, if and only if j < min#,..

Remark 3.13. It will sometimes be convenient to treat A in row ¢ > 2 as an N-symbol, by
allowing the trivial subgroup {id,} among the latter, and then identifying A with it. In this
way, (C1) is contained in (C3) for ¢ > 2, as o J « and 0(«, ) = id, for all @ € D,. This
convention will be particularly useful in the treatment of exceptional C-pairs (see Definition 3.14
below) where the exceptional row is ¢ = 2 and we have {ids} = As.

It turns out that ‘most’ congruences on P2 are of the form cg(©, M). Only one other family
of congruences arises, and this only for a very specific kind of C-pair:

Definition 3.14 (Exceptional C-pair). A C-pair (0, M) is exceptional if there exists ¢ > 2
such that:

e 0, = (m,m + 2d)* for some m > 0 and d > 1;
o My = Ay if ¢ > 2;
o If ¢ = 2 then My, = A, My, € {u, p, \, R} and (m,m + d)* C 6;.

This ¢ is necessarily unique (Remark 3.9(vi)), and we call row ¢ the exceptional row, and
write ¢ =: x(M). If 0, = (m,m + 2d)*, we let 6% := (m,m + d)*. Thus the final condition in the
last bullet point above states that if x(M) = 2 then 65 C 6;. In fact, 0y C 04—1 for any value of
q = x(M). Indeed, for ¢ > 3, condition (V1) ensures that the entry below Mg, = A, is R, and
then we have per 6,1 = 1; we also have minf,_; <minf, =m, as 0, C 0,_1.

Definition 3.15 (Exceptional congruence). To the exceptional C-pair (6, M), in addition
to cg(O, M), we also associate the exceptional congruence cgx(©, M) consisting of all pairs
((i,), (4, 8)) such that one of (C1)—(C8) holds, or else:

(C9) (4,7) € 05\ 04, a 2 B and O(a, B) € Sy \ Ay

Intuitively we can think about the extra pairs in (C9) as follows. Keeping the above notation,
the partition S; = A, U (S, \ 44) induces a partition of an arbitrary #-class H contained in Dy,
say H = AU B, using the 9 operator. Rule (C3) implies in particular that for i,5 > m with
i = j (mod 2d), the elements of {i} x A and {j} x A are all related to each other, and similarly
with {i} x B and {j} x B. What rule (C9) does is introduce additional ‘in-between’ pairs, which
‘twist around’ A and B, in the sense that for i, j > m with i = j + d (mod 2d), the elements of
{i} x A and {j} x B are all related to each other, and similarly with {i} x B and {j} x A.
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3.3 The main result

We are now ready to state the main result of the paper.

Theorem 3.16. For n > 1, the congruences on the twisted partition monoid 73;{’ are precisely:
e cg(O, M) where (0, M) is any C-pair;

o cgx(©, M) where (0, M) is any exceptional C-pair.

Outline of proof. The proof naturally splits into two parts: we show in Section 4 that each
relation listed in the theorem is indeed a congruence, and in Section 5 that any congruence on P2
has one of the listed forms. O

Before we proceed with the proof it is worth returning to the example congruences from
Subsection 3.1, and finding their associated C-pairs. We will adopt the notation for C-pairs
where we write the matrix as usual and write each congruence 6, to the right of row q.

Example 3.17. Regarding Rees congruences, consider an ideal I of P®. Then R; = cg(©, M),
where the C-pair (0, M) is defined as follows. First, for any ¢ € ng and i € N, we have

R ifD,;CI
My = H Ha =
A otherwise.

For any ¢ € ng, we have §, = Ay if row g of M consists entirely of As; otherwise, §, =
(mg, mg + 1)f where m; = min{i € N: M,; = R}. For example, if I is the ideal of P{ pictured
in Figure 3, then R; = cg(Il), where Il = (©, M) is

Example 3.18. Next, let 7 € Cong(P,), and let o be the congruence on P2 defined in Exam-
ple 3.4. This time o = cg(©, M), where © = (Vy, ..., Vy), and where the form of M depends
on the congruence 7 (as per Theorem 2.5). For example with n = 4, and taking 7 to be Ao, p1,
ps, or R, respectively, o = cg(II), where II is:

AJATA]-| Vn A[A[A]-] Vn ATATA]- -] Vn A[ATA] -] Vn
AJA[Al | Vn AlA[A] | Vn A[A[A[ -] Y Az A3 As| | Y
AAIA[ | v, [AJAJA] | v,  [SHSHSEEE Vi or Vn .
AlAA

---| Vn Vn VN VN
IS 5. 5. 5.

Example 3.19. The relatively unusual congruence from Example 3.5 has the following C-pair:

AA|A]---| Ay

AJAIA] -] Ay -
H#“... Ax
Blp ] An

Example 3.20. Finally, the congruences in Examples 3.6 and 3.7 both have M = (A)n,xN.

Note that none of the above congruences are exceptional.
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Example 3.21. The following are three examples of exceptional C-pairs with n = 4, and with
the exceptional row at ¢ = 4, 3 and 2 respectively (in the first, Iy denotes the Klein 4-group):

| (7,23)"
| (7,15)"
(4,5)"
(4,5)*
(1,2)*F

A[ATATA[ATATATATATAT- Ax
AlAlAlAAlAA]A]A]AT--] (9,13)*
A[A|AJA[ATA]ATAIATA]-] (8,12)F .
Alplplplp (5,7)*

We conclude this section by recording some simple consequences of Theorem 3.16. The first
concerns the number of congruences. Note that a semigroup S can have as many as |Eq(95)|
congruences, where Eq(S) is the set of all equivalence relations on S, and that [Eq(S)| = 2/
when S is infinite.

Corollary 3.22. The twisted partition monoid P has only countably many congruences.

Proof. There are only countably many congruences on N, and hence only countably many C-
chains. The number of C-matrices is also countable, because each C-matrix has n + 1 rows, and
each row is eventually constant. Hence there are only countably many C-pairs, and each yields
at most two congruences. O

We can also characterise congruences of finite index:

Corollary 3.23. Let o be a congruence of PY, and let (©, M) be the associated C-pair. Then
the quotient P2 /o is finite if and only if 6,, # An.

Proof. If 6§, = Ay then row n is of type RT8 or RT9, and is not exceptional (though a lower
row might be). It follows from (C1) or (C3) that for any i € N, elements of D,; can only be
o-related to elements of D,;, and so ¢ has infinitely many classes.

Conversely, if 0, = (m,m + d)*, then since every other 6, contains 6,,, it follows from (C1’)
that each element of 7?7? is o-related to an element from columns 0,1,...,m + d — 1. Since the
columns themselves are finite, o has only finitely many classes. O

Remark 3.24. Although infinite, a C-pair (©, M) can be finitely encoded. Indeed, the C-chain
© = (b, ...,0y) is determined by the numbers min 6, per 6, € NU {oo}, for each ¢ € ng; and
each row of the C-matrix M, being eventually constant, is determined by the symbols that appear
in that row, and the first position of each such symbol.

Remark 3.25. A reader can spot some similarities between the twisted partition monoid ’PS and
the direct product N x P,, of the additive monoid of natural numbers and the partition monoid
Pn. Perhaps the similarities are most striking in the rectangular description of Z-classes, as
illustrated in Figure 3. The problem of finding congruences of a direct product in general is
a difficult one, but recent work of Araujo, Bentz and Gomes [3] treats it in the special case
of transformation and matrix semigroups. There are certain formal similarities between their
description and ours, and a careful examination of these may be a useful pointer for future
investigations.
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4 C-pair relations are congruences

This section is entirely devoted to proving the following:

Proposition 4.1. For any C-pair II = (©, M) the relation cg(Il) is a congruence, and, if 11 is
exceptional, the relation cgx(Il) is also a congruence.

Proof. For the first statement, write o := cg(II). First we check that o is an equivalence. Indeed,
symmetry and reflexivity follow immediately by checking each of (C1)—(C8); for (C3), note that
this says (i,j) € 6, and (a, 8) belong to the equivalence vy defined just before Theorem 2.5.
For transitivity, suppose (a,b), (b,c) € o, where a = (i,«), b = (j,5) and ¢ = (k,7). We then
identify which of the conditions (C1)—(C8) is ‘responsible’ for the pair (a, b) belonging to o. But
then that the same condition applies to (b, ¢) because of the associated matrix entries. It is now
easy to verify directly in each case (C1)—(C8) that (a,b) € o; when dealing with (C8) an appeal
to Remark 3.12 deals with the conditions concerning min ¢, and min 6,.

For compatibility, fix (a,b) € ¢ and ¢ € PP. We must show that (ac,bc), (ca,cb) € o.
Write a = (i,«) € Dy, b= (j,8) € Dyj, c = (k,7), and

ac= (i+k+ ®(a,v),y) € Dy, ca=(k+i+®(v,a),va) € Dy,
bec = (.7 +k+ q)(ﬁvfy)aﬂf)/) € D’I‘ljl? cb = (k +] + (I)(77/6>77/3) S DngQ'

For ¢t € {1,2}, note that ¢ < ¢, < r, iy > i and j; > j. We now split the proof into cases,
depending on which of (C1)-(C8) is responsible for the pair (a,b) belonging to o. In each case
we will check that (ac, be) € 0. With the exception of (C6), the proof that (ca,cb) € o is dual,
and is omitted without further comment.

(C1) From a = f and (4, j) € 64 it follows that ay = By and (i1, j1) € 04 C 0, since 0, is a
congruence on N. Thus, (ac,bc) € o via (C1’) (from Remark 3.11).

(C2) The entry Mg,;, is to the right and below of Mgy (possibly not strictly), and hence
My,i, = R by Table 1. Analogously M, ;, = R, and hence (ac, bc) € o via (C2).

(C3) Since (o, 8) € H C L = (avy,pBvy) € L C 7, we have ¢ = r1. By Lemma 2.8 we
have ®(a,v) = ®(8,7), and so (i1, 1) € 04 C 0,4,. Remark 3.9(i) then gives My,;, = M, ;,.

Case 1: ¢ = ¢q. Here Lemma 2.16 gives (ay,8v) € vny. By Table 1, My, = My;, must be
either R or else some N’ > N so it follows that (ac,be) € o via (C2) or (C3), depending on the
actual value of My, .

Case 2: ¢; < ¢. If ¢ > 2 then My,;, = M,,;, = R by Table 1, and hence (ac,bc) € o via (C2).
So now suppose ¢ = 2. By Table 1, we have My,;, = M, ;, € {R, A, p, u}. Since («, 3) belongs to
the congruence pg, (on Py), so too does (ay, B7), so it follows that ay = B?y Hence (ac,be) € o
via one of (C2), (C4), (C5) or (C8), as appropriate.

(C4) Here we have My,;, = M,,;, = X\ by Table 1. Since a & /6\ means that (o, 3) € A1, a
congruence on P, it follows that (a7, 37) € A1, whence ay & g\% so (ac,be) € o via (C4).

(C5) This is dual to (C4).

(C6) Here we must have ¢ = r = 1,47 = j, a = B and a £ B. By Lemma 2.8 we have
®(a,y) = ®(8,7), and so i1 = j1. As with (C3), we also have ay & By and so g1 = 71. In
particular, we have Mgy,;, = M, ;, € {R, A, p, b, ;1+} by Table 1. From a = /3, Lemma 2.4 gives
&3 = Bv. It follows that (ac,be) € o via (C2), (C4), (C5), (C6) or (C8).

In this case we do need to also verify that (ca, cb) € 0. We still have ya = *;B, but we might

-~

not have ga = rg or ia = jo. Writing f := ®(v,a) = ®(v, 8), Lemma 2.15 gives

P(y,a)=f—-1+¢ and  @(y,8)=f—1+mr. (42)
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Swapping « and S if necessary, we may assume that go > 9.

Case 1: ¢o = ro = 1. Here it follows quickly from (4.2) that i = js, so again we have
Mgyyiy = Myyj, € {R, A, p, p, pt}. Using rank(ya) = g2 = 1 = rank(a) it is easy to see that
codom(ya) = codom(«) and coker(ya) = coker(a), i.e. ya £ «a. Similarly, 5 £ 3, and so
ya L ~B. It again follows that (ca,cb) € o via (C2), (C4), (C5), (C6) or (C8).

Case 2: ¢ = ry = 0. Again i5 = jo, but now ya = ya = 'ﬁ =0, so (ca,cb) € o via (C1).

Case 3: ¢ = 1 and ro = 0. This time, (4.2) gives io = jo + 1, and so iy > jo > j = i. It follows
from Remark 3.9(ii) and (iv) and Table 1 that My,;, = M j,41 = Moj, = Myyj, € {R, A, p, 11},
and so (ca, cb) € o via (C2), (C4), (C5) or (C8). In the u case, we use the second or third option
in (C8); since the presence of the ut symbol implies type RT2, RT5 or RT6, the conditions on
min 6y and min #; are fulfilled because i3 = jo + 1.

(C7) This is dual to (C6).

(C8) This time Table 1 gives Mgy, , My, 5, € {R, A, p, u}. Also ay = B, as above. This time
we write f:= ®(a,vy) = ®(8,7), and Lemma 2.15 gives

P(a,y)=f—q+q and  O(B,y)=f—-r+r. (4.3)
For the rest of the proof we write mg := min 6y and m; := min 6;.

Case 1: ¢ = r and (i,j) € 6, i.e. the first option from (C8) holds. Here it is convenient to
consider subcases, depending on whether or not ¢; = 1.

Subcase 1.1: ¢; = ri. It follows from (4.3) that (i1,j1) € 04 C 64, so My;, = M, by
Remark 3.9(i). But then (ac,bc) € o via (C2), (C4), (C5) or (C8), as appropriate.

Subcase 1.2: q; # r1. Without loss, we assume that ¢; = 1 and r; = 0. Since q; < g, it follows
that in fact ¢ = r = 1. It also follows from (4.3) that

(h+ruh+aq)=(Ln+1)=0+k+fj+k+[) €0, Co.
If we can show that My,;, = M, ;,, then it will again follow that (ac,bc) € o via (C2), (C4),
(C5) or (C8); alongside we will also verify the condition on mg and my required in the (C8) case.
If i = j, then in fact iy = ji1 + 1, so Remark 3.9(ii) gives My, = My j, 41 = Moj, = M, ;.
Ifi=7>mq, theniy >¢2>mqand j1 > j > mi; > mg. If i = j < mq, then the presence of
My; = p to the left of my implies we are in one of types R12, RT5, RT6 or RT7; in each of these

cases, and combined with i1 = j; + 1, it is easy to check that either iy < my and j; < mg, or
else 11 > my and j; > m;y.

If i # j, then 4,57 > my (as (i,j) € 6, = 61), and so iy > my and j; > mg as above;

Remark 3.9(iii) then gives My,;, = M1;, = pp = Moj, = M,,;,, as required.

Case 2: ¢ #r and (i +71,j + q) € 0g. Here we are in the second or third option under (C8),
but we do not need to distinguish these until later in the proof. Without loss we assume that
g=1landr=0,so0 (i,j + 1) € 6y. Note also that from r; < r and ¢; < ¢, we have r; = 0 and
q1 € {0,1}. Using (4.3), we also have

=i+ k+f-14+q) and j=@G+D)+(k+f-1). (4.4)
Subcase 2.1: ¢ = 0. From (4.4) and 41 > ¢ we obtain k + f — 1 > 0. Using (4.4) again, and

(i,7 + 1) € by, it follows that (i1,71) € 6. Since ¢ = r1 = 0, we also have ay = ay = v = 87,
so (ac,be) € o via (C1').

Subcase 2.2: ¢; = 1. This time (4.4) gives
(h+ruin+q)=@,ha+1) =0+ &+ )7 +1+ K+ f)) € bo (4.5)
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Since q; # r1 and ay = B'\y, as shown above, it remains as usual to show that Mg;, = M,
but we must also check the conditions on mg and m; required when applying (C8).

1J1°

If ¢ > m1 and j > myg, then 47 > ¢ > mq and j1 > j > myg, and it then also follows from
Remark 3.9(iii) that My,;, = M,,;,. We assume now that i < m; and j < mg. The presence
of My; = p to the left of mg implies that we are in one of types RT2, RT5 or RT7. In RT?2,
mo = mq = 0o, and My;, = Mpj;, = p, completing the proof in this case.

Next consider RT5. First we claim that ¢ = j + 1. Indeed, if j + 1 < myg, then this follows
from (4,5 + 1) € 6y. If j + 1 = mg (the only other option, as j < myg), then from (i,5 + 1) € 6
it follows that i > mg = m; — 1 (as we are in RT5); together with i < m; it follows that
i=m1—1=my=j+1, as required. Now that the claim is proved, it follows from (4.5) that
i1 = j1 + 1. Checking the matrix in RT5, it follows from this that M;;, = Myj,, and that the
conditions on mg and m1 also hold.

Finally, consider RT7. By the form of the matrix, we must have i = m; — 1 and j = mg — 1.
From (4.4) we have (i1,1) = (¢+ (k+ f),j+ (k+ f)), and the required conditions again quickly
follow.

Now that we have proved the first assertion of the proposition, we move on to the second. For
this, suppose II is exceptional, and write 7 := cgx(II). We keep the notation of Definition 3.14,
including the exceptional row ¢ = x(M) > 2 and the congruence 0. Again 7 is clearly symmetric
and reflexive. For transitivity, suppose (a,b),(b,c) € 7. It suffices to assume that (C9) is
responsible for (a,b) € 7. Since the entries of M at the positions determined by the Z-classes
containing @ and b are A, (keeping Remark 3.13 in mind for ¢ = 2), and since (b,c) € 7, it
quickly follows that one of (C3) or (C9) is responsible for (b, c) € 7. But then (a, c) € 7 via (C9)
or (C3), respectively.

For compatibility, let (a,b) € 7 and ¢ € P. It suffices to assume that (C9) is responsible
for (a,b) € 7, and by symmetry we just need to show that (ac,bc) € 7. Writing a = (3, «),
b= (j,0) and ¢ = (k,7), we have (i, j) € 0\ 0, and (a, B) € vs, \ v4,. Also write ac = (i1, ay)
and be = (j1,07). By Lemma 2.8 we have ®(«a,v) = ®(5,7), and it quickly follows that
(i1,51) € 05\ 0y If ay € Dy, then it follows from Lemma 2.16 that (av,Bv) € vs, \ v4,,
which shows that (ac,bc) € 7 via (C9). So suppose instead that ary € D, with r < ¢; as usual,
(o, B) € S implies By € D, as well. If ¢ > 2 then using Table 1 we see that M,;, = M,;, = R.
If ¢ = 2 then 65 C 61 C 0,., Definition 3.14 and Table 1 together give M,;, = M,;, € {R,p, A, u}.
The proof that (ac, be) € 7 now concludes as in the second case of the (C3) above. O

5 Every congruence is a C-pair congruence

We now turn to the second stage of the proof of our main theorem: we fix an arbitrary con-
gruence ¢ on P and work towards proving that it arises from a C-pair (6, M). We begin in
Subsection 5.1 with some basic general properties of ¢, and then in Subsection 5.2 construct
the C-chain ©. Subsections 5.3-5.5 establish further auxiliary results concerning o, focussing
on its restrictions to individual Z-classes. This is then used in Subsection 5.6 to construct the
C-matrix M. Subsection 5.7 contains yet further technical lemmas concerning restrictions to
pairs of Z-classes. Finally, in Subsection 5.8 we complete the proof of the theorem by showing
that o is either the congruence or exceptional congruence associated to the C-pair (©, M).

5.1 Basic general properties of congruences

In this subsection we prove three basic lemmas that establish certain ‘translational properties’
of the (fixed) congruence o on P2. These lemmas, and many results of the subsections to come,
will be concerned with the restrictions of o to the Z-classes of PL: olp, =0nN (Dgi X Dg;).
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Such a restriction can be naturally interpreted as an equivalence on the associated Z-class D,
of P, by ‘forgetting’ the entries from N. Formally, we define

0gi = {(o,8) € Dg x Dg : ((i,), (i, 8)) € 7} for ¢ € ng and 7 € N.
Lemma 5.1. If ((i,), (j,0)) € o then (( + k, ), (j + k,B)) € o for all k € N.

Proof. We have (i + k,a), (j + k, 8) = (i, ), (j, B)) - (k,id). O
Lemma 5.2. For any q € ng and i € N, we have o4 C 0g41-

Proof. This is a direct consequence of Lemma 5.1. O
Lemma 5.3. Suppose ((i, ), (j,)) € o for some i,j € N and o € D,. Then:

(©) {((5,7),(.7)) : v € Dy} C o

(ii) 0gi = 0g;-

Proof. (i) Let v € D,. Since v # «a, we have v = niam for some 11,72 € Pp; by Lemma 2.9
Wwe 1may assumme that ‘1’(7717 «, 772) = 0. Then ((27’7)7 (]77)) - (07771) ’ (<Z7 O(), (.77a)) ’ (07772) €o.
(ii) This follows from (i) and transitivity. Indeed, if 7,6 € D,, then since o contains both

((5,7), (4,7)) and ((i,6), (5, )), we have ((i,7), (i,0)) € o < ((j,7), (4,0)) € 0. 0

5.2 The C-chain associated to a congruence

Recall that we wish to associate a C-pair (0, M) to the congruence o on PL. We can already
define the C-chain ©.

Definition 5.4 (The C-chain associated to a congruence). Given a congruence ¢ on Py,
we define the tuple © = (6, ..., 0,,), where for each ¢ € ny:
0y :={(i,j) e NxN: ((i,a),(j,a)) € o for some o € Dy}
={(i,j) e NxN: ((i,), (j,a)) € o for all & € Dy}.

The equality of the two relations in the above definition is an immediate consequence of
Lemma 5.3(i).

Lemma 5.5. The tuple © = (0o, ...,0,) in Definition 5./ is a C-chain.

Proof. Clearly each 0, is an equivalence on N; compatibility follows from Lemma 5.1. Now,
suppose ¢ > 0, and let (i,j) € 6,. Let a € D, and n € P,, be such that an € D,_1; by
Lemma 2.9 we may assume that ®(«,n) = 0. Then ((¢,an), (4,an)) = ((4, @), (j,«)) - (0,7n) € o,
and so (i,7) € 4—1, proving that 6, C 6,_1. O

5.3 The restrictions in row 0

This and the next two subsections explore consequences of ¢ containing certain types of pairs.
The guiding principle is that we are aiming to understand the possible restrictions oy;.

We begin with ¢ = 0, proving some results concerning the behaviour of ¢ on the ideal Iyg.
We will make frequent use of the partition w := (E), which has the single block n Un’. Note
that for any o € Dy and 8 € Dy, we have

awa = a, woaw = w, BwB =B, whw =0 = @

Further, for any v € P,, we have ®(w,~v) = ®(v,w) = ®(w,v,w) = 0. We will typically use these
facts without explicit comment.
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Lemma 5.6. Ifo N (D01 X DOj) 75 O then (’L,j) € 6.
Proof. For any (a,b) € 0 N (Dy; x Dyj) we have ((i,©), (j,©)) = (0,w) - (a,b) - (0,w) € 0. O
Lemma 5.7. If 0g; # Ap, then (i,i+ 1) € 6p.

Proof. Suppose (a, ) € og; with a # 3. Without loss we may assume that 5 has an upper
block A that does not contain (and is not equal to) any upper blocks of a. Let n := (nilA@'

Then ®(n,) = 0 and ®(n, 8) = 1. Hence ((i,na), (i +1,n8)) = (0,n) - ((i,®), (¢, 8)) € o, and
the result follows by Lemma 5.6. O

We now bring the projection & of ¢ to P, into play; see Definition 3.2. We also recall the
congruences on P,, as listed in Theorem 2.5 and depicted in Figure 2. Note that & N Ry is one
of Ap,, Ao, po or Ryp.

Lemma 5.8. If 5N Ry # Ap,, then 6y = (m,m + 1)jj for some m € N, and we have
{((iaa)v(ja ﬁ)) : Za] > m, (OJ,B) EE[DO} Co.

Proof. Let (v,0) € 7[p, with v # 4. By definition of &, we have ((k,v), (l,9)) € o for some
k,l € N, and Lemma 5.6 then gives (k,[) € 6. Thus, (k,0) o (I,0) o (k,~). Since vy # 4, it follows
from Lemma 5.7 that (k,k + 1) € fy. But this means that perfy = 1, and so 6y = (m, m + 1)
for some m € N.

Now let 4,7 > m and (a, B) € & p, be arbitrary, so that ((g,a), (h, 8)) € o for some g, h € N.
If o = 3, then from (i,7) € 0y we have (i,a) o (j,«) = (j,5). Now suppose o # 5. As above,
we have (g,g9 + 1) € 6y so that g > m, and similarly h > m. But then (i, g), (h,j) € 6y, and so

(i,a) o (9,@) o (h, B) o (4, B)- O
Lemma 5.9. (i) If5 C pus,, then ooi = Ap, for alli € N.
(ii) If & € ps,, then Oy = (m,m + 1)! for some m € N, and
{ADO ifi<m
00i =

Proof. (i) This follows immediately from the fact that us,[p, = Ap,.

(ii) Using Theorem 2.5 and Figure 2, the condition & Z ugs, tells us that @ N Ry # Ap,,.
Lemma 5.8 gives 6y = (m, m + 1)* for some m € N. Tt remains to check the assertion regarding
the gg;. The © < m case follows immediately from Lemma 5.7. For ¢ > m, Lemma 5.8 gives
ol p, € 00, and the reverse inclusion follows quickly from the definitions. O

We conclude this subsection by listing the possible restrictions of o to the Z-classes in the
bottom row of P2.

Lemma 5.10. For a congruence o on PL, and for any i € N, the relation ao; is one of Ap,,
)\0 rDO; Po rDQ or VDO'

Proof. This follows directly from Lemma 5.9 and Theorem 2.5. O
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5.4 The restrictions in row 1

As we glimpsed in Example 3.5, and saw in more detail in (C8), the behaviour of a congruence
on the ideal Iy can be rather complex. It will be one of the recurring motifs in this paper that
rows 0 and 1 of 77,? and their related pairs need to receive special treatment. This subsection

establishes technical tools for doing this. We continue to use the notation w = (E)

We begin with a simple general fact that will be used often.

Lemma 5.11. If 0 N (Dy; x Dy;) # @ for some r > 1, then (i + 1, j) € 6.

Proof. 1t ((i,a), (j. 8)) € o' (Do; x D), then (i + 1,a8), (j. 53)) = (i, a)., (. 8)) - (0,) € o,
with aw, & € Dy, so that (i + 1,7) € 6y by Lemma 5.6. O

Lemma 5.6 showed that any o-relationship between Z-classes Dg; and Dy; implies relation-
ships between all elements of these Z-classes with equal underlying partitions. The next lemma
does the same for relationships within row 1, and the following one gives the analogous result
for relationships between rows 0 and 1.

Lemma 5.12. If o N (Dy; X Dlj) # & then (i,7) € 0;.
Proof. If (a,b) € 0 N (Dy; x Dyj) then ((4,w), (j,w)) = (0,w) - (a,b) - (0,w) € 0. O

Lemma 5.13. Ifo N (DOz X Dlj) # O then

{((,7), (5,7) : v € D1} U{((,7), (4. 8)) : 7,0 € Dy, =8} C o

Proof. Fix some ((i,a),(j,B)) € 0 N (Dy; x Dij), and let v € Dy be arbitrary. Noting that
7 = (Ww)a(wy) and v = (yw)B(wy), with ®(yw, o, wy) = ®(yw, B,wy) = 0, we have

((5,7), (G,7)) = (0,7w) - (4, @), (4, B)) - (0,w7) € 0.

This shows the inclusion in o of the first set in the left-hand side union, and the second follows
by transitivity. O

The next lemma refers to the congruences \; and p; on P,.
Lemma 5.14. (1) ]f 015 Z P11, then )\1 [Dl Q 014
(11) IfO'li g_ /\1, then P1 rDl g 014-

Proof. Only the first statement needs to be proved, as the second is dual. To do so, fix
some («, ) € 01; \ p1, so a, B € Dy and kera # ker 8. It follows from Lemma 2.14 that
o N (Dg; x D1;) # @, and then from Lemma 5.13 that {((i,7),(¢,7)) : v € D1} C 0. But then
(i,@) o (i,a) o (i,8) o (Z,B\) with ker @ # ker B\, and hence X[ p, € 0o; by Lemma 5.10. Now
for any (v,6) € A\1[p, we have 7y .Z 5, ie (3,6) € Ao I pg» and hence (i,7) o (1,7) o (i,8) o (i,0),
completing the proof. O

One way in which o[, may be unusual is that the relations oy; are not necessarily restrictions
of congruences of P, to D;. Two additional relations that may occur will play an important role
in what follows:

Definition 5.15. The relations p and g+ on Dy are defined by:

pl = (a,ﬁ)GDlxDl:a:B,a%ﬁ} and pt = (a,,@)GDlxDl:&zg,aZﬂ}.
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As the notation suggests, these two relations are closely tied to their counterpart labels in
C-matrices; see Subsection 3.2.

Lemma 5.16. (i) If o1; € u', then p* C o1;.
(ii) If o1 Z pt, then p' C oy;.

Proof. Again, only the first statement needs proof. If o1; is not contained in one of p; or Ay,
then by Lemma 5.14, 01; contains one of A1 [p, or p1[p,, both of which contain w*. Thus, we now
assume that o1; C p1 N A1 = 1. Fix some (o, B) € o1; \ u'. Noting then that (o, ) € py \ p,
we have @ = f and («a, ) ¢ #; consequently, kera = ker f and dom«a # dom . By post-

multiplying ((¢, &), (4, 8)) by (0,w), we may assume that o = (’;ﬂﬂ‘—‘% and 8 = <Ak’ﬂl_‘%_

Now let (v,0) € pt be arbitrary. So 7,6 € Dy, v £ 6 and 7 = (5, and we need to show that
((2,7),(1,0)) € o. If v = 0 there is nothing to prove, so suppose v # 4. We may then write

_ (Bi|By|..| B _ (B|Bi|...|Bi_1 . (B B, Bal...|Bi_1
v o= (01}—‘—HCQ...CWL and 0 = (CJ—‘—H@-.. o). Then with 7 := (A1A2U'~~UAJ—‘—‘% and

we have ((i,7), (¢,9)) = (0,m1) - (i, ), (,8)) - (0,1m2) € o, as required.  [J

o n
n2 = C1|Csl...|Cm)?

We can now describe all possible restrictions of o to Z-classes in row 1.

Lemma 5.17. For a congruence o on 73,?, and for any i € N, the relation o1; is one of Ap,,
MTy Mi; 241 fDl; P1 fDl, A fDl or Vp,.

Proof. To simplify the proof, we write 7 = 015, A = A [p,, p = p1lp,, 4 = p1lp,, A = Ap, and
V = Vp,. The following argument is structured around the inclusion diagram of these relations:

v
/\

\/

/ AN
p put
NS
A

Case 1: 7 Z A and 7 € p. Using Lemma 5.14, these respectively give p C 7 and A C 7. It then
follows that V=AVpCT1,s07=V.

Case 2: 7 € XA and 7 C p. From the former, Lemma 5.14 gives p C 7, so 7 = p.
Case 3: 7 C A and 7 € p. By symmetry, this time we have 7 = A.

Case 4: 7 C A and 7 C p. Here we have 7 C AN p = p. As above, we now consider subcases
according to whether 7 is contained in p' and/or y+. We use Lemma 5.16 in place of Lemma 5.14,
and also TV ¥ = g and p! N pt = A, to deduce that 7 is one of p, ut, p* or A. O

We conclude this subsection with the following important corollary:

Lemma 5.18. If 01; # Ap, then { ), +1,7):v¢€ D1} Co forall j > 1.

Proof. By Lemma 5.17 we may assume without loss that u! C o;. Hence,

(i Gl (i Gl € @

Post-multiplying this pair by (] — 1, (1’%) we obtain ((j + 1,w),(j,@)) € o. The result
then follows by Lemma 5.13. O
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5.5 The restrictions in rows q > 2

Next we examine the behaviour of ¢ on rows ¢ > 2. The following sequence of lemmas can be
viewed as working the ‘separation’ Lemma 2.13 into the context of P2. In the next lemma we
do not assume that ¢ > 2.

Lemma 5.19. If 0 N (Dy; x Dyj) # O, then for every v € I, there exist 6 € I, and 1 > j such

that ((i,7),(1,9)) € o

Proof. Let ((i,),(j,5)) € 0 N (Dg x Dyj). Using Lemma 2.9, let ny,n2 € P, be such that
many = v with ®(n1,a,m2) = 0, and then let 6 := mpBny € I, and [ := j + ®(m, 58,m2) > j
Then ((17’7)7 (l76)) = (07771) ' ((iva)a (.]7/8>) ’ (07772) co. [

Lemma 5.20. If o N (Dy; x D,j) # &, where ¢ > r and q > 2, then for every v € I, \ Dy there
exist | > j and 6 € P, such that rank § < rank~y and ((¢,7), ([,0)) € o

Proof. Let ((i,),(j,08)) € 0 N (Dg x Dyj), and write s := rank~y. If s = ¢ the assertion

follows from Lemma 5.19. Now suppose s < q. Write a = (11;"1 "'gq’%‘#‘%, and pick a; € Ay
..|BJ[E1|.|Es

(t=1,...,q). Since ¢ > 2 and q > r, reordering the transversals of « if necessary, we may assume
that one of the following holds: a; ¢ dom f3, or else a1, as € dom 8 and (a1, az) € ker 5. In either

at|.

case let n := (

as

(et {a}UCL U UC ), again with unlisted elements being singletons. Now

[las—1
for 7/ := na, &' := 776 and I :== j + @(77,5) > j, we have rank+’ = s > rank ¢’ and ®(n,a) =0,
so that ((¢,7'), (',d")) = (0,7n) - ((i, @), (4, B)) € o. Since rank v = rank«/, another application of
Lemma 5.19 now implies the existence of § and [ as specified. O

ai|.

Lemma 5.21. If o0 N (Dy; X Dyj) # &, where ¢ > 1 and q¢ > 2, then 0 N (Dy; X Dgy) # @ for
some s <r and k > 1.

Proof. If j > ¢ we are already done, so suppose j < i, and fix (( @), (4,8)) € 0 N (Dy; x Dyj).
Write § = ( By_1|BrUE1U---UE,

J
Al AL Cl. . |Cu _ (Bi]... _
By -.BT}E—JT@’ and set n = (Bl ~--Br—1} B, }E—'—’ﬁ Then 5 = Bn

and (8,7) = 0. Then with k := i +&(a, ), we have ((j, 8), (k,an)) = ((j, 5), (i, @) - (0,9) € o,
and so ((4, ), (k,an)) € o by transitivity. But £ > i, and s := rank(an) < rankn =r. O

Lemma 5.22. If 0 N (Dy; X Dyj) # &, where ¢ > r and ¢ > 2, then 0 N (Dy; x Do) # @ for
some k € N.

Proof. If r = 0 then there is nothing to show, so suppose instead that 0 < r < ¢. By induction,
it suffices to show that o N (Dy; x Dgjr) # @ for some j' € N and some s < r. By Lemma 5.21
we may assume that j > ¢, and we fix some ((i, @), (4, 8)) € 0 N (Dg; x Dyj). Now, Lemma 5.20
(with v = 33) gives ((i, 8), (1,0)) € o for some ! > j and 6 € I,_;. Since j > 1, it then follows from
Lemma 5.1 that ((4,5),(l+j—1,d)) € o, and then by transitivity that ((¢,«), (l+j—1i,0)) € o
as required. O

The next two statements refer to the (possibly empty) ideal I(o) of P2 from Definition 2.1.
Lemma 5.23. If o N (Dy; x Dyj) # &, where ¢ > r and g > 2, then I; U I.; C I(0).

Proof. Since the ideal I(0) is a o-class, it suffices to show that I,; C I(o), since then also
I,; C I(0). By Lemma 5.22 we have o N (Dy; x Do) # @ for some k € N, and by Lemma 5.21
we may assume that k > i. Again, it suffices to show that Iy, C I(0).

By Lemma 5.11, we have (i,k + 1) € 6p; since i < k+ 1 (as ¢ < k), it follows that
i >m :=min#y. Since o N (Dy x Doi) # @, it follows that & N (D, x Dy) # @, so Theo-
rem 2.5 (see Figure 2) gives @ O Ro, and so &[p, = Vp,. It then follows from Lemma 5.8 that
Ry, € o, ie. oy C I(0), and we are done since k > i > m. O
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Lemma 5.24. If ((i,a),(j,0)) € 0 N (Dgi x Dyj), where ¢ > r, ¢ > 2 and (o, ) € H, then
Iqi U Irj - I(O’)

Proof. In light of Lemma 5.23, it suffices to consider the case in which ¢ = r, and again it
suffices to show that /(o) contains either I,; or I,;. By Lemma 2.13(ii), one of o N (Dg; X Dygy)
or 0 N (Dy; X Dgy) is non-empty for some s < ¢ and k& € N. The result then follows from another
application of Lemma 5.23. O

The next two statements refer to the relations vy defined just before Theorem 2.5; recall in
particular that v(q,3 = Ap,.

Lemma 5.25. If 04 C € where ¢ > 2, then o4 = vn for some N 1.5,.

Proof. Bearing in mind the classification of congruences on P, from Theorem 2.5, it is sufficient
to show that oy is the restriction to D, of a congruence on P,. To prove this, it is in turn
sufficient to prove that for (o, 8) € o4 and v € P, either (ary, 87) € 04 or ay, By € I4—1. Since
(a, B) € A, it follows as usual that either avy,Bvy € Dy or avy,Bvy € I;,—1, and in the latter
case we are done. So suppose o,y € D,. By Lemma 2.9, there exists 4/ € P, such that
ay = ay' and ®(,v') = 0. From « £ 3 it follows that 8y = 87/, and also that ®(3,+") = 0 by
Lemma 2.8. So ((¢, @), (¢, 67)) = ((4, @), (4, B)) - (0,7) € o, and hence (ary, B7) € 0. O

We can now describe all possible restrictions of o to Z-classes in rows ¢ > 2.

Lemma 5.26. For a congruence o on PY, and for any q € {2,...,n} andi € N, the relation Ogi
is either Vp, or else vy for some NS,. Furthermore, if o4 = Vp, and q # n, then Dy; C I(o0).

Proof. This follows by combining Lemmas 5.24 and 5.25, keeping in mind that the only ¢ for
which D, is an J#-class is ¢ = n. O

5.6 The C-pair associated to a congruence

We are now ready to define the C-matrix M associated with o, and then prove that IT = (0, M)
is a C-pair.

To define M we proceed as follows. For each Z-class Dg;, we refer back to Lemmas 5.10, 5.17
and 5.26, which list all possible restrictions og4;; in almost all cases, this is enough to uniquely
determine the entry Mg; in the obvious way, with two ambiguities that need to be resolved:

o If 0o; = Ap, = polp,, then My; is either p or A, depending on whether there are o-
relationships between elements of Dg; and those of some Dy;.

o If 0,y = Vp, = vs,, then M,,; is either R or the N-symbol S,,, depending on whether
D,; C I(0).

More formally:

Definition 5.27 (The C-matrix associated to a congruence). Given a congruence o on P,
we define the matrix M = (My;)n,xN according to the rules given in Table 2.

We remark that when My = N, the clause Dy; € I(o) in Table 2 always follows from
04 = vn except when N = S, as discussed above; similarly, Dy; € I(0) is only needed for
Mg; = R when ¢ = n.

The rest of this subsection is devoted to showing that I := (0, M) is indeed a C-pair, which
will be accomplished in Lemma 5.36. To get there, we proceed with a host of auxiliary results
about M. They are mostly concerned with what entries in M can occur below and to the right
of an entry, and with the interplay between M and ©.
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Ambiguity resolution

s
q
Q
.

ADO on (DOi X Dlj) = (V] € N)
ADO on (DOZ X Dlj) * O (3] € N)

Aol g

P0 FDO
%)

=V RSU IS b= > |~V RS ytiapmzpﬁ
=

q

Table 2. The specification of the C-matrix M = (My;)n,xn associated to the congruence o on ’Pff .

Lemma 5.28. For any q € ng, all entries My; with @ > min 6, are equal.

Proof. If , = Ay the statement is vacuous, so suppose d := per, < co. We aim to prove that
Mgy = My ;11 for 7 > min6,. Note that a matrix entry is entirely determined by the restriction
of o to the corresponding Z-class and (in some cases) the presence or absence of o-relationships
between that Z-class and another one in a different row. By Lemmas 5.2 and 5.3 we have
04i € 0gi41 € -+ C 0gitd = Ogi, and so 04 = 04 11. To complete the proof we must show that
the following are equivalent:

(i) 0N (Dgi x Dy;) # @ for some j € N and r # ¢,
(ii) o N (Dy,it1 x Dy;) # @ for some j € N and r # gq.

For (i) = (ii), we use Lemma 5.1. For (ii) = (i), fix ((i + 1, @), (4, 8)) € 0 N (Dg,i+1 X Dy;), where
r # q. Then from (4,7 + d) € 6, and Lemma 5.1 we have (i,a) o (i +d, o) o (j +d—1,08). O

Now we look at the entries equal to A, R and N JS:
Lemma 5.29. If My = R then i > min 0, pert, = 1, and M,; = R whenever r < q and j > 1.

Proof. M, = R means Dy; C I(0), so that D,; C I(0) whenever r < ¢ and j > ; in particular
((i,a), (1 +1,0)) € o for any o € D, and all three statements follow. O

Lemma 5.30. If M, = N where {id,} # N 98, then

(i) My—1; is one of R, p, p or A,

(i) Mg,it1 is either R or some N' 1S, with N < N'.
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Proof. (i) If ¢ > 2 then combining Lemmas 2.13(iii) and 5.24 we have D,_;; C I(0), and so
M, 1;=R.

For ¢ = 2, fix some ((¢, @), (¢, 3)) € o where (a, ) € vs, and a # . By Lemmas 2.13(iii), 2.9
and 2.8, there exists v € P,, such that ya € Dy and 8 € I1 \ Hyq, with (v, ) = ®(v,3) = 0.
It follows that ((i,v), (i,78)) € 0. From (o, B) € 5 C %, we have (yo,v0) € Z C 2, so in
fact (ya,vB) € o14. Since (ya,vB) & H but (ya,vB) € %, we deduce (ya,v5) € £, and so
o1; € pt. Thus, Lemma 5.16 gives u! C o1;. The dual of the above argument gives p+ C o715, so
in fact p = pt Vv u! C oq;. This rules out the possibilities A, u', pt for M1 (cf. Lemma 5.17).

(ii) Consulting Table 2, My ;11 is certainly R or some N’ <S,. In the latter case, Lemma 5.2
gives vy = 0¢; C 041 = VN7, and so N < N'. O

Lemma 5.31. If Mqi = A, then Mq,ifl =Aifi>1, and Mq+1,i =Aifqg<n.

Proof. For the first statement, suppose ¢ > 1. From My; = A we have o4; = Ap,, so Lemma 5.2
gives 04;—1 = Ap,; this completes the proof for ¢ > 1. For ¢ = 0, we could only have My ;-1 = A
or u; but in the latter case we would have 0N (Dg;—1 % D1;) # @ for some j € N, and Lemma 5.1
would then give o N (Dy; x D1 j11) # @, whence My; = 1, a contradiction.

The second statement follows immediately from Lemma 5.18 (with j = ) for ¢ = 0, or from
Lemmas 5.29 and 5.30 for 0 < ¢ < n. O

Now we move on to the entries in rows 0 and 1 and their interdependencies:

Lemma 5.32. If 0 N (Dy; x D1j) # @ then My, = Myj € {u, A\, p, R}, and either
[i <minfy and j < min 6] or [i > minfy and j > min 6;].

Proof. Consulting Table 2, we have My, € {u, A, p, R}. It then follows quickly from Lemma 5.13
that Mlj = My;.

Suppose now that 7 > minf,. Let d := perf;, and let @ € D; be arbitrary. Using Lem-
mas 5.13 and 5.1, and the definition of 61, we have (i,a) o (j,a) o (j +d,«) o (i + d, @), and
so ¢ > min#y. An entirely analogous argument shows that if ¢ > min 6y then j > min 6y, and
completes the proof. O

Lemma 5.33. If My; # A then Mo; = M ;41 € {u, p, A, R} and per 6y = per 6;.

Proof. The first assertion follows from Lemmas 5.18 and 5.32. For the second, #; C 6 gives
perfy < per 6. It remains to show that per 81 < per6y. This being clear if per 6y = 0o, suppose
instead that 6y = (m,m + d)!. Fix some o € Dy, and put j := max(i,m). Since j > i,
Lemma 5.18 gives ((j, @), (j + 1,a)) € . Since j > m, we have (j,j + d) € 0p. Combining the
above with Lemma 5.1, it follows that (j +1,«a) o (j,&) o (j +d,@) o (j + 1+ d,«). But then
(j+ 1,7+ 14d) € 61, so that perf; < d = per b, as required. O

Lemma 5.34. If M, € {p,\, R} then i > min6, and perf, = 1.

Proof. The ¢ = 0 case follows from Lemma 5.9(ii), and the My = R case from Lemma 5.29.
So consider ¢ = 1. By Lemma 5.33 and o1; C 01 44+1, we have My; = My ;41 € {p,\,R}. The
q = 0 case then gives i > minfy and perfy = 1. Since o1, contains Ai[p, or p1[p,, Lemma 2.14
implies there exists ((i,a), (i, 8)) € 0 N (D1; X Dg;). Then using Lemma 5.1 and (i,7 4+ 1) € 6y,
we have (i,a) o (i,8) o (i+1,8) o (i + 1,a), so that (i,i+ 1) € ;1. The result follows. O

Lemma 5.35. If My, = p for some i < min#fy, then there exists a unique j € N such that
0 N (Do; x Dyj) # @. Furthermore, we have Mi; = p, and also

1 < j < min# and 1+ minf; = j + min 6.
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Proof. Beginning with the first assertion, My; = p implies the existence of at least one such j
(see Table 2); M;; = p follows from Lemma 5.32. To prove uniqueness of j, and aiming for a
contradiction, suppose o N (Dg; x D1j) # @ and o N (Do; X Dyg) # @ with j < k, and write
d:=k—j>0. Fix some a € D;. Lemma 5.13 gives (j,a) o (i,Q) o (k,a) = (j + d,«).
Combining this with Lemma 5.1, we have (i, @) o (j + d, ) o (i + d, @), which gives (i, i+d) € 6,
contradicting ¢ < min#y. Thus, j is indeed unique.

Since ¢ < min 6y, Lemma 5.32 gives j < min6;. If ¢ > j, then since My; = p, Lemma 5.18
gives 0 N (Dy; x D1,i4+1) # @ with i+ 1 > j, contradicting the uniqueness of j. So i < j.

For the final assertion, write mg := minfy and m; := minf¢;. Since M7; = p, Lemma 5.33
gives per#; = perfy. It follows that either mg = m; = 0o or else mg, m; < oo, and of course
i+m1 = j+myg only needs proof in the second case. Since i < my, and since o N (Dy; x D1;) # &,
Lemma 5.1 (with & = mg — i — 1 and k = mg — 9) tells us that o N (Do me—1 X D1 j4me—i—1)
and o N (Domg X D1 j4me—i) are both non-empty. It then follows from Lemma 5.32 that
j+mo—i—1<mqand j+ mg—1i > mi. Solving these leads to i +m1 = j + my. O

We are now ready to prove the main result of this subsection.

Lemma 5.36. Given a congruence o on PY, the pair Il = (0, M) given in Definitions 5./
and 5.27 is a C-pair.

Proof. We have already seen that © is a C-chain in Lemma 5.5, so we now turn to the matrix M.
By Lemmas 5.28-5.30, each row g > 2 is of type RT8-RT10, and the verticality conditions (V1)
and (V2) hold. It remains to be proved that rows 0 and 1 are of one of the types RT1-RT7. We
split our considerations into cases, depending on whether 6y and/or 6; is Ay. Throughout the
proof we make extensive use of Table 2 without explicit reference, and also of the fact that any
entry above or to the left of a A is also A (Lemma 5.31). We also keep the meaning of symbols
such as 7, £ and ¢ from the row type specifications in Subsection 3.2.

Case 1: 6y = 61 = An. By Lemma 5.34, the only symbols that can appear in row 0 are A and p,
and in row 1 the only possibilities are A, ut, pu* and p. If row 0 consists entirely of As, then so
too does row 1 and we have type RT1. Otherwise, row 0 has the form A...Aupp ..., with the
first 4 in position i, say. The entries above the As are also As. For any j > i, it follows from
My; = p and Lemma 5.11 that o N (Dg; X Dy j41) # @; Lemma 5.35 then gives My j11 = p.
Thus, My, = p for all k >4+ 1. Since My; € {A, ul, u¥, 1}, we have type RT2.

Case 2: 0y # Ay and 01 = Ayn. Lemma 5.33 implies that row 1 consists entirely of As. It
then follows from Lemmas 5.35 and 5.13 that row 0 may not contain any p. If row 0 consists
entirely of As, then we have RT1. Otherwise, by Lemmas 5.28 and 5.34, row 0 has the form
AL AEE .. with € € {\, p, R} and perfy = 1, and hence we have type RT3.

Case 3: 6y,07 # Ayn. If all the entries in row 1 are A, then as in the previous case we have
type RT1 or RT3. So for the remainder of the proof we will assume that some entries of row 1
are distinct from A. By Lemma 5.33 and 6y D 61, we must have

0o = (m,m + d)* and 01 = (1,1 + d)* for some 0 <m <[l andd > 1.

From Lemmas 5.28 and 5.33, there exists £ € {, A, p, R} such that Mo; = My, = £ for all j > m
and all k¥ > [. Furthermore, we note that if £ € {\, p, R} then d = 1 by Lemma 5.34. We now
split into subcases, depending on the relationship between m and .

Subcase 3.1: m = [. We claim that any entries on both rows to the left of m equal A, and we
note then that we will have type RT4. To prove the claim, it is sufficient to show that Mg ,,—1 = A
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if m > 1. But if Mg ,,—1 # A, then Lemma 5.34 gives Mg ,—1 = 1, and Lemma 5.35 then implies
the existence of an integer j satisfying m — 1 < j < m, a contradiction.

Subcase 3.2: I =m + 1. If m = 0 or if Mg,,—1 = A, then My; = M;; = A for all j < m; the
entry Mj,, can only be one of A, ', u* or 4 by Lemma 5.34, and we have type RT6. The only
remaining option (again see Lemma 5.34) is that Mo; = - -+ = Mym—1 = p for some i < m — 1,
and we assume that 4 is minimal with this property. Again, we must have My; = M;; = A
for all j < 7. Applying Lemma 5.35, and keeping min#; = minfy + 1 in mind, it follows that
M 41 = -+ = My, = p. Finally, the entry M;; can again only be one of A, ,uT, ,ui or pu, and
we have type RT5.

Subcase 3.3: ] > m+1. As usual, the entry M ;_; must be one of A, pt, pwbor . If Mo # A,
then Lemma 5.18 would give o N (Dg;—2 X Dy ;1) # @, and this contradicts Lemma 5.32 since
[—2>minfy (as! >m+1) and I —1 < min6;. It follows that M;;_» = A, and hence My; = A
forall j <1 —2. If m =0 or My;,m—1 = A, then My; = A for all j < m, and we have RT6.

So now suppose m > 1 and My ,—1 # A, which means My ,,—1 = p. Applying Lemma 5.35
with ¢ = m — 1, the j from the conclusion has to be j = [ —1; in particular, we have M; ;1 = p.
Since 0 N (Dom—1 X D1—1) # @, Lemma 5.11 gives (m,l — 1) € 0y, i.e. | =1 =m (mod d). If
m > 2 and My ,—2 # A, then My,,—2 = p, and as above Lemma 5.35 (with ¢ = m — 2) leads
to Mi o = p, contradicting My ;_o = A. Thus, we have either m = 1 or My ,,—2 = A, so that
My; = A for all j < m — 2. Therefore, this time we have type RT7. O

5.7 Restrictions to pairs of Z-classes

Now that we have associated the C-pair IT = (0, M) to the congruence o on P2 (Definitions 5.4
and 5.27), we wish to show that o is one of the congruences associated to the pair (Definitions 3.10
and 3.14). We do this in Subsection 5.8, but first we require some further technical lemmas
describing the possible restrictions of o to pairs of Z-classes.

For any ¢ € ng, we clearly have (,j) € 6, = 0N (Dy; x Dyj) # @. By Lemmas 5.6 and 5.12,
the reverse implication holds as well for ¢ < 1. This need not be the case for ¢ > 2, however, as
shown by the exceptional congruences. The next lemma shows how to deal with this possibility.

For the duration of Subsection 5.7, we will treat A-entries in row 2 as N-symbols, A = A,
(see Remark 3.13).

Lemma 5.37. If 0 N (Dyi x Dyj) # 9, but (i,5) € b4, then I1 is exceptional, x(M) = ¢, and
(Zvj) € ‘9;\0(1

Proof. Clearly i # j, say ¢ < j. By Lemmas 5.6 and 5.12 we have ¢ > 2. Referring to
Definition 3.14, we must show that all of the following items hold:

a) 0, = (m,m + 2d)* for some m > 0 and d > 1;
b) O := (m,m +d)* C 0,4 if ¢ = 2;
(c

(
(
(d) Mim € {p,p,\, R} if ¢ =2;

)
)
) Mgm = Ay (remembering Ay = A for ¢ = 2);
)
)

(e) (i,5) € 05\ 0.

Let us begin with an arbitrary ((i, ), (4,8)) € 0 N (Dy; x Dy;).

We first claim that Mgy & {S,, R}. Indeed, if My = R, then we also have ((i,a), (i, 8)) € o,
and hence ((¢, ), (j,8)) € o by transitivity, so that (i, j) € 6, a contradiction. If My; = S, note
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that Lemma 5.24 gives («a, ) € Hp, = VS, = 0Ogi, so that ((i,), (i, 8)) € o again, leading to
the same contradiction. This completes the proof of the claim.

It follows from Lemma 5.26 that o4, = vn for some N <1 S,. An analogous argument shows
that oq; = vy for some N’ < S;, and so N < N’ < A, by Lemma 5.2. By Lemma 5.24, for any
((,7), (4,0)) € o N (Dgi x Dgj) we must have v S 0.

Using Lemmas 2.9 and 2.8 we see that every element (4,) in the %Z-class of (i, «) is o-related
to some element of Dy;; similarly, every element in the Z-class of any such (7,7) is o-related to
some element of Dgy;. Since ¥ = # o £, and by the previous paragraph, it follows that:

Vye Dy: 35€ Hy: (i,7) o (J,9), (5.38)

where H, is the JZ-class of v in Pp,.

Let us now focus on a particular 7#-class of Dy, the one containing the elements « such that
doma = codoma =n and n/kerae = n/ker 5 = {{1},...,{q¢—1},{q,...,n}}. This is a group
¢ -class isomorphic to Sy, and we denote the natural isomorphism by

. ) .
(qgrh)”> for m e &g, where ju = {7} 1 ] jq
{Q7"'7n} lf]_q

18

Tl = ((M)h

Observe that ®(7%, 1) = ®(n, %) =0 for all 7 € S, and 1 € P,,.
By (5.38) we have ((i,idg), (j, 7)) € o for some m € S,. Note that m ¢ N, for otherwise
(i,7%) o (i, idg) o (j,7%), contradicting (i, ) & 6,. Writing e := j —4 > 0, we have

((i+e,7), (i + 2e, (2)%) = ((3,id%), (j, 7)) - (e, %) € 0.

Continuing and using transitivity we conclude ((7, idg), (i+le, idg)) € o, where [ > 1 is the order
of min S;. Therefore (i,7 + le) € 6,. In particular, 8, # Ay, say 6, = (m,m + f)E. Since
i # i+ le, we also have i > m, so also j > ¢ > m, and Lemma 5.28 then gives N = N'.

Now, supposing N # A, the quotient S;/N has a trivial center, and, recalling m ¢ N, there
exists n € S; such that [r,n] = mpr~In~! &€ N. Consider again the pair ((z’,idg), (j, 7)) € o,
and multiply it by (0,7%) on the left, and on the right, to obtain (4, (nm)%) o (i,7%) o (4, (mn)%),
from which it follows that [r,n] = d((n7)?, (7)) € N, a contradiction. (The O operator was
defined just before Theorem 2.5.) Therefore, we must have N = N’ = A,. Since ¢ > m and
My = Ay, it follows from Remark 3.9(i) that Mg, = A, i.e. (c) holds.

It now follows that 7 is an odd permutation, and 72 even. Since My it2e = Aq by Lemma 5.28,

we have
(i,id%) o (i +e,7%) o (i + 2e, (7%)%) o (i + 2¢,id?),

so that (i,i+42e) € 6,. Hence f = perd, | 2e, and, combining with f { e (as (i,i+e) = (i,7) & 0)
it follows that f is even, say f = 2d, and that j —i = e =d (mod 2d). Since i,j > m, it follows
that (,5) € (m,m + d)*\ 0,. This all shows that (a) and (e) both hold.

We are left to deal with (b) and (d), so we assume that ¢ = 2 for the rest of the proof. Note
that the permutation m € Sz \ A2 must in fact be the transposition (1,2). To simplify notation
in what follows, we will write

. 8ot 8ot
= 1dg = tho and §:=n= @hﬁh)
As above, we have ((i,7), (4,0)) € 0. Next we claim that

((m,),(m+d,é)) € 0. (5.39)
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To prove this, let ¢ € N be such that m + 2td > i, say m + 2td = i +u. Since j —i = d (mod 2d)
and 7,7 > m, we have (j,i+d) € 62, and so (i,7) o (j,0) o (i +d,d). Combining the above with
Lemma 5.1, and keeping in mind that per 65 = 2d, it follows that indeed

(m,vy) o (m+2td,y) = (i+wu,y) o (i+d+u,d) =(m-+d+2td,d) o (m+d,?).
Using (5.39), and again writing w := (E), we have

(m,w),(m+d,w)) = (0,w) - ((m,7),(m+4d,d)) € o.

Since w € Dy, this shows that (m, m + d) € 61, from which (b) follows.

|28 g8
Finally, let n; = Ghﬁa and 7y = tha Then again using (5.39) we have

((mvnl)a (m +d, 7715)) = (07771) ' ((m77)7 (m +d, 5)) € o,
and similarly ((m,n2), (m + d,dn2)). But md = e = GEE%, so it follows that

(mvnl) o (m +d, 7715) = (m +d, 5772) a (m’772)7

and 5o (11,712) € 01m. Since 7y and 79 are neither u'- nor pt-related (as they are neither %- nor
Z-related), it follows that o1, cannot be one of Ap,, u' or ut. Examining Table 2, we see then
that M, € {u, p, A, R}. This completes the proof of (d), and indeed of the lemma. O

The next lemma describes the conditions under which o-relationships can exist between
distinct Z-classes, and then the two subsequent ones characterise all such relationships.

Lemma 5.40. Suppose 0 N (Dy; X D) # @, where ¢ < r and (q,1) # (r,j). Then at least one
of the following holds:

Proof. We split our considerations into cases, depending on whether ¢ = r and whether r > 1.
Case 1: ¢ # r and r > 1. By Lemma 5.24 we have My = M,; = R, and so (i) holds.

Case 2: ¢ =1 > 1. If (i,j) € 6, then Lemma 5.28 gives (ii). Otherwise Lemma 5.37 gives (v).
Case 3: ¢ =r < 1. Here Lemmas 5.6, 5.12 and 5.28 imply (ii).

Case 4: ¢ =0 and r = 1. Lemmas 5.11 and 5.32 give (i+1, j) € p and Mo, = My, € {u, A, p, R}.
Lemma 5.32 also tells us that either ¢ > min 6y and j > min 6y, or else i < min#fy and j < min 6.
In the former case, (iii) holds. In the latter case, Lemma 5.34 gives My; = pu, so (iv) holds. [

It turns out that the converse of Lemma 5.40 is almost true. The only exception is in item (v),

which concerns exceptional congruences. Accordingly, the next lemma treats cases (i)—(iv), and
the following one deals with (v).

34



Lemma 5.41. Suppose q,7 € ng and i,j € N are such that ¢ < r and (q,i) # (r,7). If any
of conditions (i)—(iv) from Lemma 5.40 hold, then o N (Dy x D,j) # @. Moreover, in these
respective cases, the following hold for all o« € Dy and B € D,.:

Proof. (i) By definition of M, when My, = M,; = R we have Dy, D,; C I(0), which is a
o-class, giving the claims.

(ii) Since (i, ) € 6y, certainly o N (Dg; x Dy;) # @. Moreover, for any «, 5 € D, it follows
from ((z, ), (4,8)) € o that ((i,a), (4, 8)) € 0 & ((i,a),(i,p)) €0 & (a,B) € 0g-

(iii) Write d := perfy = perf; (see Lemma 5.33), and let « € Dy and f € D;. From
My; # A, Lemma 5.18 gives ((7, B\), (j+1,8)) € o. It also follows from (i + 1,5) € 6y that
((H—l,g), (3,3)) € 0. Since i > minfy and j > min 01, we have (i,i+d) € 6y and (4, +d) € 61,
with 1 < d < co. Combining all of the above with Lemma 5.1, we have

(i, 8) o (i+d, B) = ((i+1)+(d—1), B) o (j+(d—=1),8) o ((j+1)+(d—1), 8) = (j+d, 8) o (j. B).

~

Consequently, o N (Dy; x D1;) # @. From ((4, 3), (j, 8)) € o, it also follows that

((i,@), (]75)) c€o < ((%a)’(lvé\)) c€o < (CK,B) € 00;-

~

(iv) As in the previous part, it is enough to show that ((i, ), (4,8)) € o for all 8 € Dy,
keeping in mind that o¢; = Ap,, as My; = p. By Lemma 5.35, we have o N (Dy; x Dyy) # @ for
a unique k € N, and we also have My, = p, i < k < m1, and ¢ +m1 = k+mg. By Lemmas 5.13
and 5.11 we have ((i, 3), (k, 8)) € o and (i + 1, k) € 6. Since also (i 4 1, ) € 6y by assumption,
we have (j,k) € 6.

To complete the proof, it remains to show that j = k, as we have already shown that
((i,B), (k,B)) € o. Aiming for a contradiction, suppose instead that j # k. Since (j, k) € 6o, we
then have j,k > mg. Since also (i + 1,j) € 6y it follows that i + 1 > mg as well. Combined
with ¢ < mg (which is one of the underlying assumptions in this case), we deduce that in fact
mo =t + 1. From 7 + m1 = k 4+ myg, it follows that mqy = k+ 1. Since j < my = k+ 1 and
J # k, we then deduce j < k —1. Since M;; = p1, Lemma 5.18 then gives ((k — 1,3), (k,5)) € o.
Combined with ((i,3), (k, 8)) € o and transitivity, it follows that ((i, 8), (k — 1,)) € o and
so (i,k — 1) € By. Since i < mg we deduce that ¢ = k — 1. But then j < k — 1 = i. Adding
e:=1i—7>0to (j,i+1) € 0y, we obtain (i,i+1+e) € Oy, with i+ 1+e > i, and this contradicts
1 < mg. This completes the proof. O

Lemma 5.42. Suppose I is exceptional, with x(M) = q. If o0 N (Dg x Dy;) # @& for some
(4,7) € 05\ 04, then for all a, B € Dy:

((i,a),(4,B) €0 © aH P and O(o,B) € Sy \ Ay

Proof. Since My # R, Lemma 5.24 tells us that any pair ((¢, ), (j,5)) € 0 N (Dg X Dgy;)
satisfies a .7 B. So we need to show that for (a, ) € H | p, we have

((1,a), (5, 8)) €0 & O, B) €54\ Ay, He. ((i,a),(5,8)) €0 & (. f) € va,

(=) Aiming for a contradiction, suppose ((i,),(j,8)) € o and (a, ) € v4,. Then from
My = Ay, we have ((4, «), (i, 5)) € o, so that ((¢,8), (4,58)) € o, contradicting (7, j) & 6.

35



(<) Suppose (a, B) & va4,. Asin the proof of Lemma 5.37, it follows from oM (Dgy; x Dy;) # &
that ((¢,), (j,7)) € o for some v € D,. As in the previous two paragraphs, we have a . ~y
and (a,) ¢ v4,. Since the J#-class containing a, 3,7 is split into two v 4, -classes, and since

(o, ), (@,7) € va,, it follows that (3,v) € va4,. Since o4 = v4,, this gives ((4,3), (j,7)) € o.
It then follows by transitivity that ((i, @), (j,8)) € o. O

5.8 The completion of the proof

We are now ready to complete the proof of our main result, Theorem 3.16.

Proposition 5.43. Let o be a congruence on P, and let TI := (©, M) be the C-pair given in
Definitions 5.4 and 5.27. Then o = cg(Il), or else 11 is exceptional and o = cgx(I1).

Proof. Suppose first that IT is not exceptional, and let 7 := cg(II). We need to prove that
((1,0),(3,0)) €0 & ((i,a),(5,0)) €T for all 7,5 € N and all «, 5 € P,,. (5.44)

To do so, fix 7,5 € N and «a, 8 € Py, and write ¢ := rank @ and r := rank 5.

Since the matrix entries are defined with direct reference to the restrictions of o to the
corresponding Z-classes, it immediately follows that (5.44) holds whenever (g,i) = (r,j). So
let us assume that (g,i) # (r,7), and without loss of generality that ¢ < r. By inspection of
Lemma 5.40 and (C1)-(C8) we see that if My # M, then 0N (Dgy; X Dyj) = & = 7N (Dy; X Drj),
and so (5.44) holds. So for the rest of the proof, we assume that My = M,;. We now split into
cases, depending on the actual value of My;.

Case 1: My = M,; = A. If we do not have both ¢ = r and (7, ) € 6,4, then by Lemma 5.40(ii)
and (C1), 0 N (Dgi X Dyj) = @ = 7N (Dyg; X Dyj). For this, note that when ¢ = r = 2, item (v)
of Lemma 5.40 involves My = M,; = Az = A; however the remaining conditions of this item
cannot hold, as II is not exceptional. If ¢ = r and (4, j) € 0, then Lemma 5.41(ii) and (C1) give

((i7a)>(j76>) €o <= (057/8) € Oqi = ADq ~ o= B <~ ((iaa)v (.7)6)) SO

Case 2: My, = M,; = R. This is an immediate consequence of Lemma 5.41(i) and (C2).

Case 3: My, = M,; = N 45,. Here we must of course have ¢ = r > 2, and hence ¢ # j.
Again, note that item (v) from Lemma 5.40 cannot hold, since II is not exceptional. Therefore,
if (,7) & 04 then 0 N (Dgi X Dyj) = @ = 7N (Dgi X Dyj). If (i,7) € 04 then by Lemma 5.41(ii)
and (C3),

((i,a),(5,p) €0 & (,p)eo=vNy & o fandOd(a,f)e N & ((i,a),(4,0)) €T

In all the remaining cases we have ¢,r € {0,1}.

Case 4: My = M,; = A\. By Lemma 5.34 we must have ¢ > min6,, j > min6, and perf, =
per6, = 1. Now, if ¢ = r, then 4, j > min 6, gives (4, j) € 6,, and we use Lemma 5.41(ii) and (C4)
to obtain

((1,0),(j,B)) €0 & (a,B) €0gi =Nglp, & AL B & ((i,a),(j,0) €.

If ¢ #r, ie. ¢ =0 and r = 1, we use Lemma 5.41(iii) and (C4), noting that a = & and
(i+1,7) € bp (as i > minbp, j > miné; > min by and perfy = 1):

((i7a>7(j76)) €o < (a,B) EUOi:AorDO <~ O‘D%B <~ ((2704)7(]75)) €T
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Case 5: My = M,; = p. This is dual to the previous case.
Case 6: My = M,; € {u', ut}. Since there is at most one such entry, this case does not arise.

Case 7: My = M,; = p. Suppose first that ¢ = r. In the same way as in Case 3 we can deal
with the case (¢,7) € 6,. If (4,7) € 6, then using Lemma 5.41(ii) and (C8) we have:

~

((i7a>7 (]75)) €o < (O[,ﬂ) € qu = Mquq g a - B g ((i70‘)7 (]75)) eT.
Now suppose g # r, i.e. ¢ = 0 and r = 1. In this case, by (C8), 7N (Dy; x D,;) is non-empty
precisely when one of conditions (iii) or (iv) of Lemma 5.40 holds. By Lemmas 5.40 and 5.41,

5)
these are precisely the conditions for o N (Dy; x D;;) to be non-empty. By (C8) and Lemma 5.41,
when one of these conditions holds, we have

((i,0),(j,B)) €0 & a=F & ((i,),(jB) €T,

keeping in mind that o = & (as a € Dy), and that oo; = Ap, (as My; = p).

This completes the proof in the non-exceptional case.

Suppose now that IT is exceptional and that o # cg(IT). This time let 7 := cgx(II). Since 7
differs from cg(II) only by virtue of containing certain pairs from Z-classes whose corresponding
entry is A, IS, (including Ay = A for ¢ = 2), as per Definition 3.14, it follows that the preceding
argument remains valid, with the exception of Cases 1 and 3, at the point where we ruled out
the conditions from Lemma 5.40(v). So this time we use Lemma 5.42 and (C9) to obtain:

((i,a),(5,8) €0 & aH P and (o, p) € Sg\ A, & ((4,0),(4,8)) €,

and the proof is complete. O

6 Description of the inclusion ordering in terms of C-Pairs

Having shown how to encode congruences on Pg as C-pairs, we now want to express the inclusion
ordering on congruences in terms of an appropriate ordering on C-pairs (Theorem 6.5).

To build towards this, let < be the ordering on C-chains defined by componentwise inclusion
of congruences on N. Next, on the set

(A 1l b A p, RYU{N : {id,} # N 98, 2 < ¢ < n}

of all possible C-matrix entries, we define an ordering via Hasse diagram in Figure 4. With a
slight abuse of notation we will denote this ordering by <¢ as well. Next we extend this ordering
to an ordering < on the set of all C-matrices in a componentwise manner. And, finally, we
define < on the set of all C-pairs, also componentwise.

Ideally, one might hope that o' C 02 < II' <¢ II%, where o' are congruences and II* are
their corresponding C-pairs. Unfortunately, this is not true, due to related pairs brought in by
matching ps in rows 0 and 1, as well as those brought in by the exceptional congruences. The
most succinct statement we can make, which will be then used in the full description, as well as
subsequent applications, is the following:

Lemma 6.1. Let o' and o? be two congruences on PL, with corresponding C-pairs II* = (O, M)
and TI? = (©2, M?).

(i) If o' C o2 then ' < T2

(i) IfIT' <o M2, M is not of type RT2, RT5 or RT7, and each o' = cg(Il'), then o' C o2.
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Figure 4. The partial ordering <c on the C-matrix entries.

Proof. (i) Suppose o' C 0%, To show that ©! < ©2, let ¢ € ng and o € D, and use (C1') to
obtain
.o 1 . . 1 2 .. 2
(4,7) €6, = ((i,),(j,)) €0 Co” = (i,7) €0y,

To show that M <o M?, fix some q € no and ¢ € N; we need to show that Mqli <c MqQZ-.

1

From ¢! C 02, we immediately obtain 04 ;. Comparing Table 2 with Figure 4, we see that

1 C cr 1mphes M, 1 i <o My 2 in all but the followmg two cases:
lg = n, Mm‘ = R and Mﬁz = Syl or g =0, MOi = p and MOQZ» =A|.

So it remains to show that these cases do not arise. Now, if M}, = R, then D,; C I(c!) C I(0?),
which means that M2, = R as well. If MJ, = p, then we have o' N (Dy; x Dy;) # @ for some
j € N, and this implies 02 N (Dyg; x Dy;) # @, so that Mgi = p as well.

(ii) Suppose the stated assumptions hold. Fix some (a,b) € o', and write a = (i,a) € Dy,
and b = (j,8) € D,j. We must show that (a,b) € ¢, Comparing Table 2 with Figure 4,
we see that Mqli <c qui implies O';i C 022- in all cases, so we certainly have (a,b) € 0? when
(q,7) = (r,7). We now assume (g, ) # (r,j), and we split our considerations into cases, depending
on which of (C1)-(C8) is responsible for (a,b) € o' = cg(IT').

(C1) Here a = § and (i,j) € 0] C 07, so that (a,b) € o by (C1).

(C2) From R = Mqli <c Mqu and Figure 4 we conclude Mq%- = R, and analogously ij = R.
Thus, (a,b) € o2 by (C2).
(C3) From (q,i) # (r,j) and ¢ = r we have i # j, and hence 4,j > min6} > min 62, which
implies M7; = ij. If M7, = R then (a,b) € 0? by (C2); otherwise M7; = N’ > N, so that
2 . . . . . 1 2
(a,b) € 0 by (C3), keeping in mind that (i,j) € 6, C 0.
(C4) Because of the A entries, we have i > min 0; > min 93 and j > min 9; > min 03, from

which we deduce that M 31‘ = ij. The possible values for these entries are A and R, and so
(a,b) € a2 by (C4) or (C2).

(C5) This is dual to (C4).
(C6) and (C7) do not arise, due to (g,i) # (r, 7).

(C8) If ¢ = r, then since (i,j) € 0611 - 93 we have M(?i = ij € {u,p,\, R}, and then
(a,b) € a2 by (C2), (C4), (C5) or (C8).
Now suppose ¢ # 7, say ¢ = 0 and r = 1. Then (i + 1,5) € 6} C 63, and because of the

constraints on the row types of M', we have i > min 93 > min 0(2) and j > min 9% > min 9%.
Therefore My; = M,;, and (a,b) € 0% as above. O
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The assumption about the forbidden row types only came into play in the very last paragraph
of the above proof. Nevertheless, it is easy to see that when M?! is of type RT2, RT5 or RT7,
the condition IT' < II? is no longer sufficient for cg(IT*) C cg(I12):

Example 6.2. Consider the C-pairs

A|AIA|A|---] Ay AIAIA[A|---| An

' :=[AAAAL Ay and T2 :=[A[A[A[A] :
plplpl As AJRIR T (2,3)

wlplplpl | Ay R RIR|IR---| Vi

Then clearly II' < I12. However, cg(IT') € cg(I1?), because ((0,@), (1,a)) € cg(II') \ cg(I1?) for

all a € D;. Intuitively, the ‘problem’ is that the relationships between Dy and Dj; indicated
by the first matching us in M"' have been ‘broken’ by M?2.

Our full description of inclusions will have to deal with the ‘problem’ raised in the example
just considered, and also with the exceptional congruences. To do this, we introduce some
notation. Suppose M is a C-matrix of type RT2, RT5 or RT7. These are precisely the types
that have ‘initial ps’ in row 0, by which we mean entries My; = p with j < min 6. These initial
ps are coloured green in the description of row types in Subsection 3.2. We define ping(M) to
be the position of the first initial 4 in row 0. We then define pin, (M) to be the position of its
‘matching p’ in row 1. Thus, in the notation of Subsection 3.2:

) for RT2 and RT5
m—1 for RT7,

1+ 1 for RT2 and RTH

.
ping (M) { I—1 for RTT.

and ping (M) = {

Note that ping (M) need not be the position of the first 4 in row 1, as we could have ( = p in
types RT2 and RT5. Also note that in any of types RT2, RT5 or RT7, we have

J—i = ping (M) — ping(M) = Moy = My; for all 7,5 > ping (M), and (6.3)
Jj—i=ping (M) — ping(M) < (i+1,j5) € 0 for all pinyg(M) < i < minép (6.4)
and ping (M) < j < min6;.

Indeed, these are both easily checked by examining the three types.

Also, to deal with exceptional congruences, for an exceptional C-pair Il = (0, M), recall
that x(M) is the index of the exceptional row (see Definition 3.14).

Theorem 6.5. Letn > 1, and let ' = (O, M) and T1? = (0%, M?) be two C-pairs for PL.
(i) We have cg(IT') C cg(I1?) if and only if both of the following hold:

(a) ! <¢c 112, and
(b) if M has type RT2, RT5 or RT7, then at least one of the following holds:
(b1) min €3 < ping(M?') and min 67 < ping (M1), or
(b2) M? also has type RT2, RT5 or RT7 (not necessarily the same as M*'), and
ping (M?) — ping(M?) = ping (M") — ping(M").
(ii) When 112 is exceptional, we have cg(II') C cgx(I12) if and only if cg(I1') C cg(I12).

(iii) When II! is exceptional, we have cgx(I1Y) C cg(I12) if and only if all of the following hold,
where q := x(M?"):

(a) cg(I') < cg(IT?),
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(b) 2per 93 | per 0;, and
(c) Mq%- € {8y, R} for all i > min62.
(iv) When both TI' and 112 are exceptional, we have cgx(I1*) C cgx(I1?) if and only if both of
the following hold:
(a) cg(Il') C cg(IT?), and
(b) if x(M?') = x(M?) =: q, then the ratio per 0/ per 62 is an odd integer.

Proof. (i) If M! does not have type RT2, RT5 or RT7, this follows from Lemma 6.1. Suppose
now that M! has one of types RT2, RT5 or RT7, and write o! = cg(IT!) and o2 = cg(I1?).

(=) Suppose 0! C 0%, Lemma 6.1(i) gives II' <o IT12. We have to show additionally that
one of (b1) or (b2) holds. Put i = uing(M?) and j = piny(M?). In any of the three row types,
we have (i + 1,5) € 63, and also i < min6} and j < minéf. Thus, ((i,Q), (j,a)) € o' via (C8)
for all & € D;. Since o! C o2, it follows that o2 N (Do; x D1j) # @. But then, by Definition 3.10
and the specification of row types from Subsection 3.2, we have either

[i < min#2 and j < min 6?] or [i > min 62 and j > min 6?].

The second of these is precisely (b1), so we assume the first holds. Since o2 N (Dy; x D1;) # @,
we see by examining the types that M? has type RT2, RT5 or RT7, and that Mgi = M12j = u;
in particular, i > ping(M?) and j > ping (M?). Since (i + 1,5) € 65 C 62, (6.4) yields

j—i= ping (M?) — ping(M?),

as required.

(«<=) Suppose now that (a) and (b) both hold. The proof of Lemma 6.1(ii) remains valid until
the point in the (C8) case when we appealed to the assumption that M?! was not of type RT2,
RT5 or RT7. So we reconnect with the proof at that point, and recall that

((i’a)v(jvﬁ))GUIH(DU’iXDlj)a M(}'LZMll]:,ua a:B\, (Z+17])€06g0(2)7

and we wish to show that ((i, ), (4, 8)) € 0. Furthermore, if i > min 6§ and j > min 6] the rest
of the proof of Lemma 6.1(ii) applies. So we are left to consider the case in which i < min 6} and
j < min6}. Since My, = Mllj = p, we have i > pinyg(M1) and j > ping (M?'). From M1 <o M?
we have M2, M12j € {u, p, \, R}; see Figure 4.

Suppose first that (b1) holds. In particular, min 62, min #7 < oo, and also i > piny(M*) > min 62
and j > pin;(M!) > min#?. Examining the row types in Subsection 3.2, it follows that
Mg = M12j € {u,p,\, R}, and so ((i, ), (4,8)) € o2 via (C2), (C4), (C5) or (C8).

Now suppose (b2) holds. Combined with (6.4) applied to o', it follows that
j—i = ping (M) = ping(M") = ping (M?) — ping (M?). (6.6)

Since Mgi,ij # A, we have i, j > pinyg(M?). It follows from (6.6) and (6.3) that M2 = ij,
and from (6.6), and inspection of the types RT2, RT5 and RT7, that either

[i < min@3 and j < min 6?] or [i > min63 and j > min 6?].
We then have ((i, ), (j, B)) € 2 via (C2), (C4), (C5) or (C8).

(ii) («=) This follows immediately from cg(II?) C cgx(II?); see Definition 3.14.

(=) We need to show that no ‘exceptional pair’ ((i,«), (j,5)) € cgx(I1?) \ cg(II?) belongs

to cg(IT'). But this follows quickly from Mqli7 Mqu <¢ A, and the definition of cg(II').
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(iii) For this part we write 9; = (m,m + 2d)*.

(=) Clearly (a) holds, and it follows from part (i) that II' <o TI?. Recall that all Mqu
(i > min6?) are equal. Fix some (a, 8) € vs, \ v4,, so ((m, ), (m +d,3)) € cgx(I*) C cg(II?).
Since M' <¢ M? and M, = M;m+d = Aq, it follows that ((m,a),(m + d,B)) € cg(II?)
via (C2) or (C3), with M7, = M;erd € {S,;, R}; this shows that (c) holds. It also follows
from M2, € {S;, R} that ((m,a),(m,B)) € cg(II?), and so ((m,B), (m + d,B)) € cg(II?) by
transitivity. Thus, (m,m +d) € 03, and so per 93 | d, which gives (b).

(«<) By (b) we have per 7 | d. By (a) and part (i) we have 6 C 62, so min 67 < m. It follows
that (m, m-+d)f C 02. Now let ((i,), (j, 8)) € cgx(II')\cg(IT'). Then (C9) is responsible for this
pair; consequently, we have i,j > m > minﬁg, (i,5) € (m,m + d)* C 03, and (o, B) € vs, \ va,-
By (c) we have Mq%- = Mq2j € {S,, R}, and so ((i, ), (4, B)) € cg(II?) via (C2) or (C3).

(iv) We again let ¢ := x(M?!), and write 9; = (m,m + 2d)*.

(=) That cg(IT') C cg(I1?) follows from part (ii). If x(M?) # q we are finished. So sup-
pose X(M?) = q. Part (i) then gives 6] C 62, so that min#z < m and per6; | 2d. Let
(a, B) € vs, \ va,, so ((m,a),(m +d,B)) € cgx(IT') C cgx(II?). Since M? is exceptional, and
since m > minﬁg we must have Mqu = M;erd = Ay Since (o, ) € va4,, we must have
d=(m+d)—m=e (mod 2e), where 2e := per#2. It quickly follows that per 6}/ per62 = d/e
is an odd integer.

(«<) From cg(I') C cg(I?) it follows that cg(II') C cgx(II?), and also that m > min6?2
using part (i). Now let ((i,a), (j,8)) € cgx(II') \ cg(IT'). This must be via (C9), so we have
i,j >m >min62, j—i=d (mod 2d) and (a, ) € vs, \ V4,

Suppose first that x(M?) # ¢, i.e. row ¢ is not exceptional in M?2. Since 4,7 > min 93, we see
that M 31. =M qu is the ‘terminal symbol’ of row ¢. This is not an N-symbol as row ¢ is not excep-
tional, and it is not A as Mq%- >c Mqli = A,. Thus, qui = Mqu = R, so ((i,q), (j,8)) € cg(I1?)
via (C2).

Now suppose x(M?) = ¢, and let 2¢ := per 03. Since d/e = per 0;/per 02 is an odd integer, it
quickly follows that j —i = e (mod 2¢). But then ((i, ), (4, 8)) € cgx(I1?) via (C9), completing
the proof of this case, and of the theorem. O

Remark 6.7. In Example 6.2 we exhibited C-pairs IT' < II? with cg(IT') Z cg(II?). Examining
Theorem 6.5(i), we see that M has type RT2, but items (b1) and (b2) both fail: (b1) because
min 62 > ping (M?'), and (b2) because M? has type RT6.

7 Congruences of d-twisted partition monoids

Recall from Subsection 2.4 that for n,d > 0, the d-twisted partition monoid is defined as the
Rees quotient
7’5@ = P2/R; where I :=1I,, g41.

We now apply the main results of the preceding sections to classify the congruences on 775 4 and

characterise the inclusion order in the lattice Cong(Pﬁ 2)-

As explained in Example 3.17, the Rees congruence R has C-pair representation Ry = cg(II),
where

AJA]-- - [AIRIBES (d +1,d + 2)*

RIR-- (d+1,d+2)" -
RIR--| (d+1,d+2)*

AlAl--|A
AlAl---|A
d
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By the Correspondence Theorem (see for example |13, Theorem 6.20]), the congruence lattice
Cong(’Ps ) 1s isomorphic to the interval [Rr, Vpe| in Cong(P2).

With the help of our description of inclusion in Theorem 6.5, let us look at this interval more
closely. So consider some congruence o € [RI,VP;?L and let (0, M) be the C-pair associated
to 0. By Theorem 6.5 we must have:

o My =Rforallgengandi>d+1,;

e minf, < d+ 1 and perf, = 1 for all ¢ € ng;

Mg e {ARYU{N : {id,} # N <S,} for all 2 < ¢ <n and i < d;
My; € {A, ul, i, pu, R} for all i < d;

o My, € {A,u, R} for all i <d.

It is significant to observe that that the C-pair (0, M) cannot be exceptional, as every row ends
with an infinite sequence of Rs; hence o = cg(©, M). Furthermore, M has no A or p entries.
Theorem 6.5 also gives the converse: if the above conditions are satisfied then cg(©, M) does
belong to the interval [Ry, Vp,]. Furthermore, the value min 6, can be deduced from the matrix:
it is the first point where R makes an appearance in row g. It therefore follows that ¢ can be
encoded by the ng x dy submatrix M’ consisting of columns 0,1, ...,d of M. In this context we
will write ming(M") for the value min 6.

Another consequence of the above conditions is that not all row types RT1-RT10 are possible
for the matrix M, and those that are possible have additional restrictions. Specifically:

e Row types RT1, RT2, RT3, RTS8 and RT9 do not occur.

e In row types RT4-RT7 we have £ = R.

Restricting to the ng x dg submatrix M’, we arrive at the following finitary row types:

1] A
fRT1 0<k<d+l,
0| A
A P
fRT2 0<i<k<d,
oL ¢ e {ppl,ut Al
A < <
fRT3 | 0<k<l<d+1,
oA ¢ e{p pl,ut AY,
k l
mra AL [A[A]A]]A e h 1
< - 5
o|A|...| A -
k l
q=>2,
<< k<
mrs o [A].. AN N ] 0sisk<d+l,
i k {idg} # N; < -+ < Ny,

Niy..., N1 48,



Definition 7.1 (Finitary C-matrix). A finitary C-matriz, or fC-matriz for short, is a matrix
M = (My;)ngxd, With entries from {A, u, p¥, p, R} U{N : {id,} # N <48,, 2 < ¢ < n} such
that rows 0 and 1 are of one of types fRT1-fRT4, each row ¢ > 2 is of type fRT5, and M satisfies
the verticality conditions (V1) and (V2).

Switching to the representation of P, as (do x P,) U {0}, with product given in (2.11),
Definition 3.10 translates into the following description of the congruence defined by an fC-
matrix.

Definition 7.2 (Congruence corresponding to a finitary C-matrix). The congruence
associated with a finitary C-matrix M is the relation cg(M) on 735: 4 consisting of all pairs

((1,0), (3, 0)) € Psd X P;I:d such that one of the following holds, writing ¢ = rank o and r = rank :

as well as the pairs:
(fC7) ((i,@),0),(0, (i, @) with My; = R;
(fC8) (0,0).

Putting all these observations together, and combining with Theorem 3.16 we obtain the
following classification of the congruences on ’Pff PE

Theorem 7.3. Forn > 1 and d > 0, the congruences on the d-twisted partition monoid Pfd
are precisely cg(M), where M is any fC-matriz. O

The description of inclusion given in Theorem 6.5 also becomes much simpler, in that only
part (i) applies. However, the complication caused by the matching s in rows 0 and 1 persists.
The following statement uses the ping(M) and pin, (M) notation introduced before Theorem 6.5,
which applies to f{C-matrices of types fRT2 and fRT4; in these types we have pin; (M)—ping (M) =
ming (M) — ming(M).

Theorem 7.4. Letn > 1 and d > 0, and let M* and M? be any two fC-matrices for Pf,d. Then
cg(M?') C cg(M?) if and only if both of the following hold:

(a) Ml <c M2;
(b) If M has type fRT2 or fRT4, then at least one of the following holds:

(b1) ming(M?) < ping(M?') and ming (M?) < ping (M1), or

(b2) M? also has type fRT2 or fRT4, and miny (M?)—ming(M?) = miny (M) —ming(M?).
O
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The very special case of the 0-twisted partition monoid 733 o deserves a separate mention,
not least because it provided an early source of motivation for the work presented here, in the
form of a question V. Mazorchuk asked the first author at the 2018 Rhodesfest conference in Bar
Ilan. Mazorchuk observed that the ideals of 737?7 o form a chain, and asked whether the methods of
[23,25] can be applied to describe its congruences. This indeed is the case, but such a description
can also be derived as a (very) special case of Theorems 7.3 and 7.4.

Indeed, when d = 0 the fC-matrices are just columns. There are two basic patterns (with
{idg} # N < S, in row g > 2 in the second), as well as four ‘sporadic’ forms:

Al A

: A [a]  [4]
-
N q| N and (7~5)
E? E 7 ? 7
= 7 R Er

Identifying 773 o with the set P, U {0}, with product given in (2.12), the simple forms of the
fC-matrices in (7.5) lead to a neat description of the congruences of 775’7 0, Which dispenses with
matrices altogether, and which we now give. For the statement, we define rank(0) = —oo. We
also slightly abuse notation, by momentarily re-using symbols to give convenient names to the
congruences.

Theorem 7.6. Forn > 2, the congruences on the 0-twisted partition monoid 73,?’0 are precisely:

e the Rees congruences Ry := {(a,ﬁ) € 733’70 X 737?,0 :a = B or ranka,rank § < q} for
q € {—00,0,...,n}, including qu>0 =R, and Aprpo =R _,

e the relations Ry := Ry—1 Uvy for g € {2,...,n} and {ids} # N <S8,

e the relations

pt=RoU{(a,8) € D1 x Dy :a =5, a % B},
pt = RyU{(e,8) € D1 x Dy :a =B, a £ B},
u::RQU{(a,ﬂ)€D1XD12a:§}7
HSy = ppUVs,.
The congruence lattice Cong(PS’O) is shown in Figure 5. O

It is interesting to compare the structures of the lattices Cong(P,) and Cong(Pgi o) shown in
Figures 2 and 5. There are certainly some obvious similarities. Both have a chain at the top of
the lattice, consisting of the interval [Rs,, V], and below this both lattices feature four-element
diamond sublattices; they differ, however, in the number of these diamonds, as well as the way
they connect to each other.

For d > 0 the lattices Cong(Pff’ ) are much more complicated, even for small values of n and d.
As an illustration, Figure 6 shows the Hasse diagram of Cong(PéIjQ). By the Correspondence
Theorem, this lattice contains a principal filter isomorphic to Cong(ng 1), which in turn contains
a copy of Cong(szf 0); these two lattices are highlighted in the figure, as are the Rees congruences.
The figure was produced using the Digraphs package [10] in GAP [30], as well as Graphviz [27]
and dot2tex [28].

The Semigroups package [51] for GAP can directly compute the congruences of 732’ g for rel-
atively small n and d, by performing a simple but time-consuming search, and this formed an
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Figure 5. The Hasse diagram of Cong(Pg’,O); Rees congruences are indicated in blue outline,
‘sporadic’ congruences in red, and we abbreviate A = Aps and V = Vpe .

important part of our initial investigations on the topic. However, Figure 6 was created using our
combinatorial description of the lattice via fC-matrices encapsulated by Theorems 7.3 and 7.4,
which allows one to deal with larger n and d.

For fixed n we have a sequence of lattices Cong(P g) for d =0,1,2,3,4,..., and as each is
contained in the next, Cong(P?) contains the direct limit of this chain:

U [an,d+1v VPS]'
deN

However, this limit is not Cong(P?) itself. Indeed, the congruences belonging to this sublattice
can be characterised in many equivalent ways: for example,

e those containing a Rees congruence of the form R ; for some ¢ € N, or
e those whose associated C-matrix has the top row of type RT10, or

e those whose projection to P, is the universal congruence.

A more detailed and systematic analysis of the properties of the lattices Cong(P®) and Cong;(fP;I> 2)
will be the subject of a future article [20].
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8 The (non-)partition monoids P and 'P{I: d

In this final section we consider an interesting kind of degeneracy that arises by considering small
values of n.

When n = 0, the partition monoid consists of the empty partition only, and hence is trivial.
It then follows that P$ = N, and its congruence lattice is completely described by (2.2).

When n = 1 there are precisely two partitions, namely G) and @, and P; is isomorphic
to ({0, 1}, x), the two-element semilattice. It follows that P is isomorphic to N x {0, 1} under
the multiplication

(4,q)(j,r) = (i + j + doglor qr),

where ¢ is the Kronecker delta. Theorem 3.16 remains valid for n = 1, even though many
congruences become redundant. For one thing, there are no rows ¢ > 2, and so no N-symbols,
and no exceptional congruences. Additionally, since a = B for all a, B € Py, it follows that certain
symbols play the same role: u!' = b = A and A = p = R, and there are no unmatched ps. Thus,
C-matrices have labels from {A, i, R}, and only items (C1), (C2) and (C8) from Definition 3.10
are needed to specify the congruence cg(©, M).

Turning to the finite monoids Pf)d, the case d = 0 is trivial, with the congruence lattice
a three-element chain. So, let us assume that d > 0. Here there are only three families of
fC-matrix:

1A .. JA|A|. . |AIR|. R

olAl...[AIRECIRIR|. . .|R for0<i<j<d+1,
( J

AL JAA @] plp R R

O|A[. .| Al || || RIR|... R for 0 <i<j<d,
i J

1A .. JAJA|A]. . |Alp R R

o|Al...[Alu[RI..IRRR|...|R for1<i<j—1<d.

i J

Each such fC-matrix leads to a (unique) congruence, and we denote the three families of congru-
ences by Ri; (0<i<j<d+1),045 (0<i<j<d)and 7y (1 <i<j—1<d), respectively.
The inclusion relation among these congruences takes on a particularly simple form, and the
lattice Cong(PEd) has a neat structure; see Figure 7 for d = 4.

We remark that it is apparent from Figure 7 that Cong(Pﬁ ;) contains many five-element
diamond sublattices, which means that this lattice is not distributive. Although it is less obvious,
the lattices Cong(Pf; 4) also contain diamonds for n > 2 and d > 1, though not for d = 0; for
example, Figure 6 indicates a diamond sublattice of Cong(PéI? ») in red. Distributivity, modularity
and other properties of the lattices Cong(Py) and Cong(P? ;) will be one of the main topics of
the forthcoming article [20]. 7
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