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Control of Unknown (Linear) Systems with Receding Horizon Learning

C. Ebenbauer! and F. Pfitz! and S. Yu?

Abstract

A receding horizon learning scheme is proposed to transfer the state of a discrete-time dynamical control system to zero
without the need of a system model. Global state convergence to zero is proved for the class of stabilizable and detectable
linear time-invariant systems, assuming that only input and output data is available and an upper bound of the state dimension
is known. The proposed scheme consists of a receding horizon control scheme and a proximity-based estimation scheme to
estimate and control the closed-loop trajectory. Simulations are presented for linear and nonlinear systems.

I. INTRODUCTION

Currently, a lot of research effort is centered around the interplay between control, learning, and optimization. This is driven
by extensive research initiatives in artificial intelligence, by the steadily increasing online computing power, and by the wish
to build autonomous and intelligent systems in all sorts of application domains. From these developments, a renewed interest
in the control of systems where no system model is known, or where the model involves large uncertainties has emerged
under the banner of learning-based or data-based control. Traditionally, this is a subject of adaptive control. In this vein,
we address a classical problem from adaptive control, namely the stabilization of completely unknown linear time-invariant
discrete-time control systems. We aim for a solution that utilizes online optimization and (past and future) receding horizon
data, and that provides convergence guarantees. To this end, we propose a scheme that involves estimation, prediction, and
feedback control for unknown systems, which we have subsumed under the term learning in the title of this work.

The literature on the (adaptive) stabilization of unknown systems is huge. Many different solution approaches exist in the
adaptive control literature ranging from model-free approaches to model-based approaches [1], [2], [3]. The control of
unknown systems has also been studied in the area of optimal control and receding horizon control for quite some time,
see e.g. [4], [5], [6], [7]. Work that is related to our work in the sense that similar problems and challenges are addressed
are for example [5] (Chapter 3) and [8], in which an input-output stabilizing receding horizon control was proposed and
combined with a multi-step prediction method for parameter model identification. Further, in the works [9] convergence of
a recursive least-squares identification algorithm was addressed with incomplete excitation and convergence of an adaptive
control scheme was proven under the assumption that the system has an asymptotically stable zero dynamics. Also related
is for example the publications [10], in which a framework based on a robust model predictive scheme and identification
of a multi-step prediction model was proposed and convergence and feasibility for stable systems were shown. A common
approach when controlling completely unknown systems is based on a combination of a control scheme (such as pole-
placement) and an online estimation or identification scheme (such as recursive least-squares). Hereby, models are estimated
and updated in real-time based on the measured input-output data and these models are utilized in the control scheme. A
major challenge when using this so-called certainty equivalence approach to stabilize unknown (and unstructured) systems
is the loss of stabilizability problem, i.e. how to ensure in a computationally efficient way that the estimated models are,
for example, stabilizable so that adaptive pole-placement can be applied. See for example [11], [12], [13], [14], [15] and
references therein on this topic. More recent related research on (partially) unknown systems and receding horizon control
are for example discussed in [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28], to mention only a few
out of the rapidly growing literature. A complete review of the state of the art of controlling (partially) unknown systems
with receding horizon schemes is out of the scope of this work.

The proposed approach in this paper is based on the classical certainty equivalence implementation. However, in contrast
to the existing literature, we provide a fully online optimization-based solution with provable convergence for completely
unknown linear systems. For example, we do not assume that the linear system is persistently excited, which is often assumed
in order to identify (directly or indirectly) a system model. Moreover, we do not assume that the state can be measured
nor that the system is stable or controllable. Under these minimal assumptions [29], [30], [31], the satisfaction of state or
input constraints is not feasible and we do therefore not consider constraints as it is usually done in the receding horizon
(predictive control) literature. Nevertheless, the control of unknown linear systems is an important benchmark problem, and,
to the best of our knowledge, a receding horizon approach that provably ensures state convergence under these assumptions
has not been reported in the literature. In particular, the contributions of this work are as follows. We propose an online
optimization scheme which builds on a receding horizon control scheme and an estimation scheme. The receding horizon
control scheme is based on a novel model-independent terminal state weighting in the sense that the objective function and
the terminal cost can be chosen independently of a (not necessarily controllable) system model.
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The estimation scheme is based on a modified proximal minimization algorithm that guarantees convergence of the estimated
quantities, and does not require that the closed loop system is persistently excited. A characteristic feature of the approach
is that the estimated quantities do not correspond to a (or to the "true") system model but rather to a signal model (time
series or signal predictor) of the closed loop trajectory. The overall computational online effort of the proposed scheme is
rather low and requires essentially the solution of (least-squares) regression problems. Finally, the proposed scheme is also
applicable to nonlinear systems as demonstrated by simulations.

II. PROBLEM STATEMENT
Consider the discrete-time linear time-invariant system

z2(k+1) = Fz(k) + Gv(k)
y(k) = Hz(k)

with state z(k) € R”, input v(k) € R? and output y(k) € R? at time instant k € N.

1)

Assumption 1. We assume that (F,G) is stabilizable and (F,H) detectable. Furthermore, we assume F,G,H are unknown,
that an upper bound m > n of the state dimension is known, and that only past input and output data is available.

Under Assumption [I] we aim to define a scheme which guarantees for any initial state z(0) that the system state z(k) of
converges to zero as time index k goes to infinity. We develop the scheme in three steps. In a first step, in Section [II,
we develop a stabilizing, model-independent receding horizon control scheme based on asymptotically accurate predictor
maps for the closed loop trajectory. In a second step, in Section [Vl we develop a proximity-based estimation scheme to
obtain the asymptotically accurate predictor maps in terms of a so-called signal model. Section [[IIl and [[V] are independent
of each other and also the contributions therein. In a third step, in Section [V] the control scheme and the estimation scheme
are combined in a proper way to solve the stated problem. In Section we provide simulation results. All proofs can be
found in the Appendix.

III. A MODEL-INDEPENDENT RECEDING HORIZON CONTROL SCHEME
A. Problem Setup

Consider the system
x(k+1) = Ax(k) + Bu(k) (2)

with x(k) € R", u(k) € R?. Further, consider the following optimization problem

T T L) +
Vi(x,p1) =min Y x' Oxi+u; Ru;+ TXNQNXN
=0
3
S.t. x,-:P,-(k,xo,uo,...,ui,l), i=1..N )

X0 =X

with p? = [k,€], NkeN, € >0, I': R" — R nonnegative. The decision variables are u; € R?, i =0..N — 1 and x; € R",
i=0..N and we refer to x and p; as parameters. The map P; : N x R” x R — R" is an i-th step-ahead state (or signal)
predictor. We denote the value of the objective function for some u;, i = 1...N — 1 with Vy(x, po,uo,...,un—1) (since the
variables x; are determined by u;’s and x) and an optimal solution is denoted by u;(x,p;), i=0...N—1, x;(x,p;), i = 1...N.
If in (B) we choose x to be the state of (2) at time instant k, i.e. x = x(k) and if we choose p; = p;(k) at time instant k for
a given sequence {p (k) }ren, then we refer to a mapping

x(k) = uo(x(k), p1 (k) ©)

as the receding horizon control policy defined by (@) and we call B) and @) closed loop, if in @) u(k) = uo(x(k), p1(k)).
We impose the following assumptions.

Assumption 2. (A,B) in is stabilizable and the state can be measured.
Assumption 3. The prediction horizon satisfies N > n = dim(x(k)) and Q > 0,R > 0,0y >0, I': R" — R positive definite.

Assumption 4. (a) For any k € N, we assume that the state predictor maps P, i = 1...N have the following linear structure

i—1
P(k,x0,uo, ..., u;) = Ai(k)xo+ Y Bi1-1(k)uy )
=0



where {A;(k) }ren, i =0...N with Ag(k) =1, and {Bi(k) }ren, i =0..N —1, A;(k) € R™", B;(k) € R"™9, are convergent matrix
sequences, i.e.

lim A; (k) = A;, lim B;(k) = B;. (6)
k—yoo

k—o0

(b) Moreover, for any x(0) € R" the state predictor maps P; along the trajectory x(k), k € N, of the closed loop @) and @)
with s; .= u;(x(k),p1(k)) (or of the closed loop () and @) with s; := vi(x(k),p3(k))) satisfy for 0 <i+j<N+1

Pk, Pi(k,x(k),50, ..., 8i—1),8is,Sit 1) =
P (k,Pj(k,x(k), 50,8 j—1),8]5 384 j—1) = (7)

Pi+j ku-x k)7S07 "'7si+j71)'

—

Further, we assume that state predictor maps predict asymptotically accurate with respect to system @) in the sense that
we have for any k€N, i =0...N

i—1 i
Ai(k)x(k)+ Y Bi_y_i(k)s; = Alx(k) + Y A™ ' "'Bs; + ei(k) 8)
1=0 =0

where the following error bounds hold for any i = 0..N: |e;(k)||> < (k) + @ (k)||x(k)||> + @3(k) Xi_o l|s:]|> with
limy oo @; (k) =0, j = 1,2,3.
(c) Finally, for any trajectory x(k), k € N, of the closed loop @) and @), there exists functions Lo(k),..., un—1(k) such that

N—1
Jim [ Ay (k)x(k) + ;Zo By-1(k)p (k)| = 0. ©)
Remark 1. Assumption dl postulates predictor maps for the closed loop trajectory (input and state sequence) generated by
@) and @) (or ) and @)). In particular, equation B) and (@) in Assumptiond(a) ensure that we have linear time-varying
and converging state predictor maps. Equation [{) ensures a state property in the sense that the predictor maps commute
like flow maps of (time-invariant) dynamical state-space models do. Equation [8) ensures that the predictor maps are able
to accurately predict xi (x(k), p1(k)),....,xn (x(k), p1(k)) in (@) along the closed loop trajectory. Notice that e(k) converges to
zero, if. for example, the state and input stays bounded. Finally, equation Q) in Assumptiond(c) represents a stabilizability
condition of the predictor maps along the closed loop trajectory. Notice that if the state predictor maps are determined
(learned) online, then Assumption 4| does not imply that the knowledge of such state predictors implies a model (system)
identification in the sense that neither the equation (A;, B;_;) ~ (A", A""'B) must hold nor that for every initial data or every
input sequence the predictions are (asymptotically) accurate.

The main goal of the next subsection is to show that the state of the closed loop @), (@) converges to zero under the
stated assumptions. In summary, we aim for a receding horizon control scheme which guarantees that the state of a linear
stabilizable system converges to zero, assuming that the closed loop state trajectory can be accurately predicted as time goes
to infinity. A characteristic property of the proposed scheme is that the objective (and potentially constraints) can be chosen
independently from the system model (predictor maps) in the sense that no terminal cost or terminal constraint needs to be
computed online based on some model information or data. This is a desirable property when controlling unknown systems.
Further, no stabilizing zero terminal constraint and no controllability assumption is required. Instead, a time-varying terminal
state weighting scheme is introduced to ensure convergence.

B. Results

We define the following auxiliary problems

Va(x,p2) =min &y Onén
st &in=Ai(k)é+ Y, Bi (kv (10)
i=0

go =X, i=0.N—-1



with p, =k and

N—1
V3 (-x7 p3) = min Z éi—rggi + viTRvi
i=0

st &1 =Ai (k)& + ) Bi(k)vi, an
Ey=x, i=0.N—1,
Ev=r

with p; = [k,r"]. A corresponding notation as for (3) is used in (I0) and (I).

Lemma 1. Suppose Assumption [3] holds true. a) Let {x(k)}ren and {r(k)}ren be sequences such that limy_,.r(k) =0
and such that problem (I0) is feasible for every time instant k € N with x = x(k),r = r(k). Then the value V3(x(k),p3(k))
of problem (M) is given by V3(x(k),p3(k)) = x(k) " S3(k)x(k) + x(k) " S4(k)r(k) + r(k) " Ss(k)r(k) > O for some matrices
S3(k),S4(k),Ss(k) and the solution of (1)) is unique and linearly parameterized in x(k),r(k) in the sense of &;(x(k),p3(k)) =
K i(k)x(k) + Ky i(k)r(k) and vi(x(k),p3(k)) = K3 ,i(k)x(k) + K4 ;(k)r(k), for all i=0,...,N. b) Further, the value function
Va(x(k), p2(k)) of problem (IQ) is quadratic and positive semidefinite in x, i.e. Va(x(k), p2(k)) = x(k) " S¢(k)x(k) > 0 for some
matrix Sg(k), and there exists a solution {&(x(k), p2(k)) Yo {Vi(x(k), p2(k))}¥-;" of (D) which is linearly parameterized
in x(k) in the sense of a).

Assumption 5. a) Let {r(k) } e be a sequence which converges to zero. We assume that the solutions of (I1)) along the closed
loop (D), @ are uniformly bounded, i.e. &(x(k), p3 (k) = K1 1(R)x(k) + K s(R)r(k), vi(x(k). p3(K)) = K s (k)x(k) + Ko (R)r(K)
are bounded in the sense that there exists a bound M > 0 such that for all i=0,...,N, j=1...4, k e N it holds || K;, ,( )| <M.
b) We assume that the solutions of B along the closed loop (3), @) are uniformly bounded, i.e. x;(x(k), p1(k )) ,(k)x(k),
ui(x(k), p1(k)) = K¢,i(k)x(k) are bounded in the sense that there exists a bound M > 0 such that for all i =0,. =5,6,
ke N it holds |K; (k)| < M.

The main result of this subsection is Theorem [Tl which builds on the following two lemmas.

Lemma 2. Consider the closed loop (1), @) and suppose problem (1) is feasible for every time instant k € N. Let
Assumption Bl and @(a)(b) hold true and let {p3(k) }ren be a sequence such that {r(k)}ien converges to zero. Then for any
initial state x(0), the state x(k) and the input u(k) of the closed loop converge to zero, i.e. limy_,eox(k) =0, limy_,o u(k) =0,
assuming that Assumption |3 a) holds true.

Lemma 3. Consider @) and suppose Assumption @a) holds true. Further, suppose T : R" — R is a function such that for
all x e R", all k € N and all € >0 it holds that T'(x) > c(¥N " [|&(x, p2)||* + || vi(x, p2) |*) for some ¢ > 0, where pz =k and
(i, p2) YL {&i(x, p2) Yy is some solution of (I0). Then there exists a p > 0 such that solution xy(x,p1), p{ = [k,€],
of @) satisfies for all x € R", all k € N and all € >0

xv (x, p1) T Onaw (x, p1) < Va(x, p2) +€p. (12)

Theorem 1. Consider the closed loop @3) and @), where T'(x) = ax ' x for some o > 0 and suppose Assumption and
B a)-(c) hold true. Let further {p\(k)}ien be a sequence such that {€(k)}ren, €(k) > 0, converges to zero. Then for any
initial state x(0), the state x(k) of the closed loop converges to zero as k goes to infinity, assuming that Assumption [ b)
holds true.

Assumption [l is our main technical assumption that we impose in the proposed scheme. For example, if the predictor maps
Py are controllable in the sense that rank[Bo(k),...,By—1(k)] = n for all k € N and also the limiting predictor has the same
property, i.e. rank[By, ..., By_1] = n, then Assumption [3] holds true (as discussed in the proof of Lemma ). However, we
admit that this assumption is in general difficult to verify.

IV. A PROXIMITY-BASED ESTIMATION SCHEME
A. Problem Setup

Consider an output sequence (or some observed signal) and an input sequence

(k) brens {v(k) bren (13)



with y(k) € R, v(k) € R%. Let

x(k) = ¢y (y(k), ... y(k — Ny +1)) € R",
u(k) = ¢y(v(k),...,v(k— N, + 1)) € RY
and ¢y : RPN — R, ¢, : R?M — R7 be some given basis (lifting) functions, e.g. @y (y1(k),y2(k),y1(k—1),y2(k —1)) =
1 (k),y2(k),y1 (k= 1),y2(k — 1), 1 (k)y2(k),y1 (k)?,y2(k)*)T, p =2, =6,N, = 2. Notice that in principle one could also

consider cross-terms between input and output data, like u(k)y(k)?, but such terms are not considered here for the sake of
simplicity. Consider, further, at time instant k the optimization problem

0* (k) =arg min c(e,k)+D(6,0(k—1))
st. s(k)—R(k)0=e (15)
6(k) =(1—2A)0" (k) + 40(k—1)

with A € [0, Anax)s Amax € (0,1), where N € N, c¢: RN x N — R and D(x,y) = g(x) — g(y) — (x—)TV,g(y) defines the
Bregman distance induced by a function g : R”Y — R. The vector s(k) is defined as

(14)

s(k) = [x(k)T ... x(k=N+1)T]" (16)
and the matrix R(k) is defined as
xk—D)T'el uk-1)T®I
R(k) = " " : 17
x(k—N)T®I uk—N)T®1
Decision variables are the parameter vector 8 € R?"4) and e. We refer to 6 when using argmin since the (slack) variables

e can be eliminated and have been introduced just for the notational convenience. Also we define in the following y(k) =
0,v(k) = 0,v, = 0 etc. whenever k < 0. We impose now the following assumptions.

Assumption 6. The objective function ¢ in (13) is continuously differentiable and strictly convex in the first argument and it
satisfies for all k and e # 0: c(e,k) > ¢(0,k). Further, the function g, which defines the Bregman distance D, is continuously
differentiable and strictly convex.

Assumption 7. For the given sequences in and given x(k) = ¢y(y(k),....y(k =Ny + 1)) and u(k) = ¢y (v(k),...,v(k —
N, +1)) in ({4, there exist matrices A,B and xo € R" that satisfy

x(k+1) = Ax(k) + Bu(k), x(0)=xo. (18)

Remark 2. a) Notice that s(k) = R(k)® with 67 = [vec(A)", vec(B)"], where vec(A) corresponds to the (column-wise)
vectorization of a matrix A, is the linear system of equations x(j) = Ax(j—1)+Bu(j—1), j=k.k—N+1. b) If c(e,k) =
llel1?,&(x) = ||x||% then reduces to a least squares parameter estimation problem, where a closed form solution to it is
known. The motivation for a general convex cost is its flexibility in tuning the estimator. Similarly as in a recently proposed
state estimation scheme based on proximal minimization [32], specifying different c¢,D allows to take into account various
aspects like outliers in the data, sparsity in the parameters or cost-biased objectives [11].

Remark 3. Assumption [ imposes that the given (lifted) signal {x(k)}ren can be reproduced by some linear time-invariant
system that is driven by the given (lifted) input sequence {u(k)}icn. Notice that reproducing a given signal by (I8) does
not imply that the signal x(k) itself originates from (I8) nor by a linear time-invariant system at all. For example, a given
(single) trajectory of a nonlinear system or even all trajectories of a large class of nonlinear systems can be reproduced by
or embedded into high dimensional linear (not necessarily controllable) systems using for example Carleman or Koopman
lifting techniques. Hence, (I8) represents a signal model of the actual closed-loop trajectory, rather than a system model
of all possible trajectories of the plant. A signal model is therefore a parsimonious modeling approach in the sense that it
aims to predict nothing more than the closed-loop trajectory.

The main goal of the next subsection is to show that the (parameter) estimates é(k) (0*(k)) obtained from converge
and that the estimates can be used to define ith step-ahead signal predictor maps v; = P;(k,vg,uy, ..., u;—1) which have the
properties as described in Assumption [ for the signal model (I8) and for the given data (I4). The convex combination
in (I3) is introduced to resolve the loss of stabilizability problem (see next subsection). In summary, we therefore aim for
an estimation scheme to obtain asymptotically accurate predictor maps for a given input and output sequence that can be
embedded in a potentially high-dimensional linear signal model. An important property of the proposed scheme is that no
system identification is carried out and no persistency of excitation condition is needed. The online computational burden
is again rather low since, in its simplest form, the problem boils down to a least-squares regression problem.



B. Results

We first prove a lemma which is a key step for the convergence of the estimation scheme. It provides a convergence result
for a proximal minimization scheme with a time-varying objective function which has at least one common (time-invariant)
minimizer.

Lemma 4. Let f:R" x N — R be convex and continuous differentiable in the first argument. Suppose the set of minimizers
L ={x eR": f(x,k) > f(x;,k) :=0Vx € R"} of f at any time instant k is nonempty and also their intersections

2 =) 2 #0, (19)

k=0

i.e. there exists a common (time-invariant) minimizer x* € 2" which minimizes f for any k with a common minimum value
zero. Let further g : R" — R be strictly convex, continuous differentiable, Amgy € [0,1), and let D denotes the Bregman
distance induced by g. Assume that D is convex in the second argument, then the proximal minimization iterations xj, %
given by

szrl = argnl;nf(xuk) +D(x7ik) (20)
T = (1= )Xy + A 1%

with A1 € [0, Apax], converge to a point in 2, i.e. limy_yo Xj = limj_00 X% =ec2.

Notice that the Bregman distance is in general not convex in the second argument, but there are important cases, such as
gx) = xTQx, Q > 0, where this holds [33]. Notice further that in a classical proximal minimization scheme %41 = xj, 11
(441 = 0). Here, we pick %1 = (1 — 7Lk+1)x,’§ T Ak+1%; instead of X 1 as the next iterate, because with appropriately
chosen Ay, 1’s, the loss of stabilizability problem in the estimation scheme (I3) can be avoided and it can be guaranteed
that every estimated signal model is controllable, if the initial model is controllable, as shown next.

Lemma 5. Consider A.,A, € R"*", B.,B, € R"*, g <n, and let (A;,B;) be controllable and (A,,B,) be not controllable.
Then for any Amax € (0,1), there exists a A € (0,Ayay) such that (A(1),B(A)) with A(A) = (1 — A)Ay+AA., B(A) =
(1 =A)B,+ AB.) is controllable. In particular, take some A;’s with 0 < Ay < ... < A2, | < Amax, then there exists an
i€{1,...2n%> + 1} such that (A(A;),B(A;)) is controllable.

The next theorem is the main result of this subsection.

Theorem 2. Consider the sequences with some given basis functions and consider the optimization problem (13).
Suppose Assumption [6] and [2 hold true and assume that D is convex in the second argument. Then the following statements
hold true.

(i) The solution sequence {0(k)}rcy converges, i.e. limy_,.. 0 (k) = 6*.

(ii) If one defines 0(k)" = [vec(A(k))T, vec(B(k))"] and predictor maps @) according to

Ai(k) =A(k)’

. 2D
Bi(k) =A(KY B(K),

i =0...N, then the predictor fulfills the properties (@), Q) and ®B) in Assumption @ a)(b) with respect to the signal model
(18D and the sequences (14).

(iii) In addition, if the initialization (A(0),B(0)), 6(0)" = [vec(A(0))", vec(B(0))"], of (@3 is controllable, then there
exists a sequence { A }ren, Amax € (0,1), (constructed for example according to Lemma [3) such that for any k € N the pair
(A(k),B(k)) is controllable and hence also Assumptiond(c) is fullfilled.

V. THE OVERALL SCHEME

In Section Theorem |1} we have established a control scheme which drives the state of the linear system to zero
assuming that the system is stabilizable and that state measurements as well as asymptotically accurate predictor maps
are available. In Section [V] Theorem [2] we have established an estimation scheme which delivers asymptotically accurate
predictor maps for any lifted signals (I4) assuming that these signals can be embedded in a linear signal model of the form
(I8). Utilizing the estimation scheme (I3) in the control scheme (@) means now that the signal model (I8) replaces the
system model @) and the predictor maps in 21} are used to define the predictor (3). However, it needs to be clarified how
the output and input sequence {y(k) }ren, {v(k) }ren of (1) under Assumption [I] can be related to a signal model of the form
(I8) such that (A,B) is stabilizable and such that the (observable part of the) state x(k) is available. This issue is addressed
in the next lemma.



Lemma 6. Consider an arbitrary output and input sequence {y(k)}ren, {v(k)}ien of system () and suppose Assumption
[ holds true. Let

xX(k) = ¢y (k) coory(k=m+1)) = [y(k) T, s yk—m+1)T]

22
u(k) = oy(v(k),...v(k—m+1)) = [v(k)",....v(k—m+ 1)T}T .

with m > n. Then the sequences {u(k)}ren, {x(k)}ren satisfy Assumption[2l with a stabilizable pair of matrices (A,B). In
addition, if the sequences {u(k)}ren, {x(k)}ren converge to zero when k goes to infinity, then so do the sequences {v(k) }ren,

(k) bren

Remark 4. Notice that the lifted input vector u(k) in 22) contain past values of the actual input vector v(k). In order
to obtain a state space model with input v(k), one can just add state variables to the signal model. In more detail,
define an integrator chain dynamics of the form §(k+1) = §(k),...,Cn2(k+ 1) = {n(k), En_1(k+ 1) = v(k), hence (k)
corresponds to v(k—m) etc. This augmentation does not effect the stabilizability property, since the states of the integrator
chain converge to zero, if v(k) converges to zero. This state augmentation in the signal model leads to matrices with at least
the size A € Rmp+m=Ngxmp+(m=1)q g ¢ Rmp+(m=1)4%4 gnd peeds to be taken into account when implementing the receding
horizon scheme.

We are now ready to close the loop. By Lemma [0l we known that the output and input sequences {y(k)}ren, {v(k)}en
of system () satisfy Assumption [7] and Assumption 2] w.r.t. the signal model (I8) (equation (33)). Assumption [3] and
Assumption [6] can be satisfied by setting up the optimization problem accordingly. By Theorem 2l Assumption M holds.
Hence all assumptions are satisfied and thus the receding horizon scheme guarantees, by Theorem [ with I'(x) = ax” x, o > 0,
a sequence €(k) — 0, and Assumption 3 b), together with Lemma [f] that the state and the input of (1)) converges to zero.
These arguments lead to the next theorem.

Theorem 3. Consider the closed loop system consisting of the system (1), the receding horizon control scheme (@) and
the proximity-based estimation scheme (I3). Define x(k), u(k) (¢y,dy) according to equation @2) and set up the predictor
scheme [3) according to Assumption [0l Further, set up the receding horizon scheme @) according to Assumption [3| with
n=m, a>0,I(x) = ax'x and a sequence {€(k)}ren, €(k) > 0 that converges to zero. Then, under Assumption[l} for any
initial state z(0), the state z(k) of the closed loop and the input v(k) of the closed loop converges to zero as k goes to
infinity, assuming that Assumption 3] b) holds true.

v(k) System y(k)
e Estimation Scheme (I3)
Setup:  ¢,D
Py
N,Ny,N, e N
Input:  y(j), j=k—N—Ny+1..k
v(j), j=k—N—Ny+1..k—1
Output: (k)" = [vec(A(k))T, vec(B(k))T]
e Control Scheme (@)
Setup: QaR7QN7F
{e(0) b
NeN )
Input:  x(k) = ¢y(v(k),....y(k— Ny +1))
Ai(k), Bi(k), i=0..N
(or Aj(k) = A(k)', Bi(k) = A(k)'B(k))
Output:  v(k) (through u(k) = ugp(x(k),e(k),k)
and u(k) = ¢y (v(k)...v(k— N, +1)))

Fig. 1: The overall scheme



We conclude with some remarks. Firstly, if we postulate that the limiting signal model A, B is controllable, then we can drop
Assumption 3] b) in Theorem 3 This is for example the case, when the signal model is controllable and when the estimates
are unique (persistently excitation). Notice further that the state extension in Remark 4] has to be taken into account when
implementing the overall scheme. Moreover, if ¢, ¢, are nonlinear functions (notice that in these are linear functions),
then this requires further considerations (e.g. one has to be able to extract the input v from ¢,), which is out of the scope
of this work. Secondly, notice that the convergence result of Theorem [3] also holds for certain classes of nonlinear systems.
As already mention in Remark [3| certain (trajectories of) nonlinear systems can be embedded into high-dimensional linear
(signal) models, e.g. z;(k+ 1) = z1 (k) +z2(k)?> +u(k), 22 (k+ 1) = 0.5z5(k), which can be written as a linear system with an
additional state variable z3(k) = z2(k)?, see [34], [35], [20], [21]. Thirdly, if a model of (@) is known, then it follows from
the proofs of Theorem [I] and [3] that global asymptotic stability (instead of global convergence) can be guaranteed. Moreover,
in applications often models are available for at least some parts of the system. The proposed scheme can eventually
be applied to such situations, for example, if we have two subsystem x| (k+ 1) = Fix; (k) + Foxa (k) + Gu(k),x(k+ 1) =
F3x1 (k) + Fyxp (k) + Gou(k),y(k) = x; (k), where F3,Fy, G, is unknown, than one can consider the second subsystem as the
unknown system with input u(k),x; (k) and adjust the receding horizon control scheme accordingly. It is also possible to
model unknown disturbances or reference signals by a socalled unknown exosystem and to tread this system as a signal
model [21]. Finally, a priori knowledge about the system model can be taken into account by initializing the estimator
appropriately or by including parameter constraints in the estimator.

VI. SIMULATION RESULTS
In the following, we show simulation results of the proposed overall scheme for a linear and a nonlinear system.

A. Linear system

We consider the system

0 1 o1 0
x(k+1)=[0 1.02 0 |x(k)+ |1]u(k) 2
0 0 092 0 (23)

y(k)y=1[1 0 1]x(k).
The system is unstable, stabilizable and observable. For the estimation scheme, we choose c(¢) = |le||?, g(x) = ||x[|* (D(x,y) =
lx =y, N =8, Ny =4, Ny =4, ¢ (v(k),...,v(k =3)) = [p(k),...,v(k = 3)]", ¢y(y(k), ... y(k = 3)) = [y(k),....»(k = 3)] .
Further, we initialize the estimator with a controllable signal model. In this example, we assumed that we know that
the system order is at most four, i.e. m =4, hence we have chosen Ny =4 = N,. For the control scheme, we choose
Q= 1001, R = 100001, Qy = 1007, I'(x) = x"x, £(k) = 1+1—%)00k’ N = 20. Some simulation results for the initial condition to

be x(0) = [0.1 0.1 —10] T are shown in the Figures 2l to [6l It can be verified that the state converges to zero (see Figure
for evolution of the state x; (k)).

o
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0O 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
k

Fig. 2: Evolution of the true system output y(k) (—o—) and the estimated system output $(k) (— x —)

B. Nonlinear system

In the following, we show the performance of the proposed algorithm for a single-link robot arm with a DC motor [36].
After an Euler-forward discretization of the model equations with step-size 7 = 0.01, we obtain the system

X1 (k+ 1) = X1 (k) + th(k)
x(k+ 1) =X (k) +h(36.4x3(k) — 1.7xp(k) — 1309sin(x1 (k))) 24)
x3(k+1) = x3(k) + h(—1000x3(k) — 3.6x2(k) + 100u(k))

where the system state x = [x;, X, x3]' characterizes the position, velocity of the robot and the current of the DC
motor. We assume that the state can be measured, i.e. y(k) = x(k). The control input u correspond to the input voltage
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Fig. 3: Evolution of the estimates (k)
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Fig. 4: Evolution of the control input u(k)

of the DC motor. For the estimation scheme, we choose c(e) = |le||?, g(x) = ||x||> (D(x,y) = |x—y[|}), N =10, N, =2,
Ny =2, ¢y (v(k),v(k—1)) = [v(k),v(k—1)] T, ¢y(y(k),y(k—1)) = [y(k) ",y(k—1) "] . Further, we initialize the estimator with
a controllable signal model. For the control scheme, we choose Q = 10/, R = 100/, Qy = 101, I'(x) = xLx, e(k) = m,
N = 15. The state evolution for the initial condition xo = [5,—5,1]" are depicted in Figure [7] to 0l

Overall, our simulation experiments on various examples show that the proposed approach performs well in many cases.
However, as also known from adaptive control [37], the state trajectories of unstable systems often show quite a strong
peaking behavior. This is to some extend a fundamental limitation when controlling unknown unstable systems but more

research on this issue is necessary.

VII. CONCLUSION AND OUTLOOK

Motivation of this research was to develop a basic online optimization-based approach that guarantees convergence for a
prototypical problem from adaptive control and that may serve as a basis for other online optimization-based (model-free)
learning schemes. To this end, a receding horizon learning scheme consisting of a receding horizon control scheme and a
proximity-based estimation scheme was proposed. For unknown linear time-invariant systems, zero state convergence was
proven under rather minimal assumptions. The motivation to consider linear time-invariant systems stems not only from
the fact that they define an important and tractable benchmark class but that they also serve as a measure for the local
stabilization of unknown nonlinear systems. Since the proposed approach relies on predictor maps, it can be considered
as an indirect adaptive optimal control method and thus stands in contrast to direct adaptive optimal control methods such
as reinforcement learning. From a conceptual point of view, the main ideas and results of this work were a time-varying
model-independent terminal state weighting in the receding horizon control scheme which does not rely on a controllability
assumption (Section [I)), a convergent proximal estimation scheme that estimates controllable signal models for predicting
the closed loop trajectory (Section [V) as well as a proper combination of the control and estimation scheme to achieve
guaranteed zero state convergence for completely unknown linear system (Section [V)).

There are several interesting points of future research. One important question is to investigate under which conditions
Assumption [5] b) holds true. Related to this question is the issue whether or not the limiting estimates correctly identify the
excited controllable modes of the unknown system and how fast (k) converges to zero relative to the uncontrollable modes
of the system. Another interesting issue are constraints. Indeed, constraints satisfaction is impossible without additional
assumptions, but the satisfaction of polytopic input and output constraints, as time goes to infinity (under some constraint
tightening or the use (relaxed-)barrier functions similarly to [38]), should be feasible. In particular, such constraints would
lead to piecewise quadratic respectively strongly convex value functions of the underlying optimization problems (see Lemma
[I) and hence it seems reasonable that similar proof arguments as in this work are applicable. As mentioned above, shaping
the transient behavior is a key challenge and a well known problem from adaptive control. The proposed optimization-based
formulation allows in principle to specify objectives, constraints (e.g. saturation functions to reduce peaking) and possibly a
prior information about the system model in order to improve the transient behavior [37]. Other important research directions
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Fig. 5: Evolution of the system state x; (k)
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Fig. 6: Evolution of I'(x(k))/e(k)

are i) to address robustness and uncertainties, for example by using tube techniques [39] or techniques from robust control
[40] or ii) to fit the input-output data not to (lifted) linear signal models but to nonlinear models such as neural networks
or iii) to study the approach (i.e. the regression) in a Bayesian context. Moreover, it would be interesting to replace in
the receding horizon control scheme the time-varying terminal state weighting with an adaptive one, in the sense that, for
instance, the weight increases only if there is no decrease in the value function after two consecutive time steps. Finally,
despite the involved online optimization is computationally not very demanding, it is important to take real-time aspects
into account and to develop anytime iteration schemes or to exploit dual (kernel) formulations of the underlying regression
problems.
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APPENDIX

A. Proof of Lemma [l and Remark to Assumption [
Case a) Notice that (IT) can be written as minimize w'Hw subject to C(k)w = B(k)q(k) where q(k)" = [x(k)T r(k)T],

WT

=[vg,& - Vy_1,En |- Since &y is given by r(k), it is easy to see from (II) and Assumption [3] that the solution
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Fig. 9: Evolution of the system state x3(k)

of is unique. Further, since the solution is zero for x(k) = 0,r(k) =0, we can write the solution as & (x(k),p3(k)) =
Ky i(k)x(k) + Ka,;(k)r(k) and vi(x(k), p3(k)) = K ;(k)x(k) + Ka ;(k)r(k) and the value as V3(x(k), p3(k)) = x(k) " S3(k)x(k) +
x(k) " S4(k)r(k) +r(k) " Ss(k)r(k) > 0 for all k because Q > 0,R > 0.
Remark to Assumption 5l Notice that if rank[By(k),...,By_1(k)] = n for all k € N and also rank[By,...,By_1] = n, then
C(k) and limy_,.C(k) have full column rank, then problem (II) is feasible for any x(k),r(k) € R". Hence, w(k) =
(C(k)TC(k))~'C(k) " B(k)q(k) = K(k)q(k) is a suboptimal (feasible) solution of problem (i.e. minimize w'Hw subject
to C(k)w = B(k)q(k)). Since (k) is suboptimal, W3 (x(k), p3(k),w(k)) := x(k) " S3(k)x(k) +x(k) " Sy (k) r(k) + r(k) T Ss(k)r(k)
is an upper bound of the value function. Further, the limits of {B(k)}en and {(C(k)TC(k))~' }ren exist, hence also the
limit of limy_,. K(k) exists. Thus the sequence {K(k)}rcn is bounded. Hence there exists a M > 0 such that ||S;(k)| < M,
i=3,45 |Ki(k)| <M. i=0.N,j=1.4, keN. Since Ws(x(k), ps(k),w(k)) > V3(x(k), p3(k)) for all k,x(k),r(k), it
follows that ||S;(k)|, i =3,4,5, ||Kj(k)||, i=0...N,j=1...4 are uniformly bounded and thus Assumption 5 a) holds true.
Case b) Notice that the solution of (I0) is not unique. Thus we consider the least norm solution of (IQ), i.e.
let {Vi(x(k), p2(k)) IV, {Ei(x(k),pz(k))}f.\;f)l be any solution of (I0). Then the unique solution {v;(x(k),ps3(k))}¥,",
{&i(x(k), p3(k))}V-,! of (D) with the constraint r(k) = &y = Ey(x(k),p2(k)) and R = Q =1 is a solution (i.e. the least
norm solution) of (I0). Hence the arguments in Case a) can be applied.

0

B. Proof of Lemma

Since Q > 0, there exists a & > 0 such that V3 (x, p3) > ox " x for any pj, i.e. V3 is positive definite and radially unbounded. For
the sake of convenience, we use the notation x :=x(k),x™ :=x(k+ 1), p3 := p3(k), p3 := p3(k+1),r =r(k),r" :=r(k+1).
In the following, we consider the Lyapunov increment

V3(x",p3) = Va(x,p3) = Va(x",p3) —Va(x", 7))

25
V3BT — Vil ), 2

where pi = [k+1, 7] is defined below.
Step 1. We first consider the term V3(x*, p3) — V3(x, p3). Let {v;(x, p3)},! be the solution of which we denote in the
following by {v;}} ’01 and let {&;(x, p3)}Y., be the corresponding predicted states. Define

N-1
P =An(k+Dx"+ Y By (k+ 1) v
= (26)

ZPN(k—‘r 1,x+,V1,...,VN),
hence 7" is the predicted terminal state at time instant k + 1 using the state predictor matrices at time k+ 1 and the
input sequence Vi, ..., Vy—1, Vv := Vn(x, p3) := 0 obtained at time k. Hence, vy, ...,Vy_1,0 is, by construction, feasible for the

problem at time k+1 with (5])" = [k+1, (") "]. Notice that by (8) it holds x* = Ax+ Bvy = A; (k)x+ Bo (k) vo — e (k).
Thus, we have for i <N —1

& =E&(x",p]) = P(k+1,P (k,x,vo) — eo(k), Vi, ..., ;)
ZP,‘(k,Pl(k,x,V()),Vl, V,)+P(k+1 ( ) ,O) @7
+P[(k—|— 1,P1(k,x,V0),V1,...,V,') (k Pl(k X V()) Vi,.. ,V,)
)

= &iy1(x, p3) +wi(x, p3

with w;(x,p3) = Pi(k+ 1,—e(k),0,...,0) + Pi(k+ 1, P (k,x, Vo), V1,...,Vi) — Pi(k, Py (k,x, V), V1,...,V;) and where we used
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linearity and commutativity of P; (Assumption 4 a) and b)). Specifically, for w; we have

wi(x, p3) = —A;(k+ 1)eg(k)
+(Ai(k+1) = Ai(k)) (A1 (k)x + Bo(k)vo) (28)

i

Z (B;_(k+ 1) —B;_i(k))v;.

By Assumption [l we can bound w;(x, p3) for k — oo as follows. Step i): Let Q(k) be positive definite and uniformly bounded
in k by x" Q(k)x < Ax'x for all x,k € N, then it follows from the Cauchy-Schwarz’s and Young’s inequality, that for any
p >0 we have

xTQ( )y < l(prx—i— 21p Ty). (29)

Step ii) Using the fact that v;(x,p3) = K3 ;(k)x + K4 ;(k)r with bounded A;(k),B;(k) and Kj3;(k),K4 (k) (see Lemma
and Assumption [3] a)) and using that ||eo(k)||> < @ (k) + @a(k)||x(k)||> + @3 (k)||vo||> we obtain (after some elementary
calculations) the bound

||W,' (x,p3) ||2 <0 (k)xTx—i— (V7%) (k)rTr—i- i3 (k) 30)

with limy_,e ¢ j(k) =0 for j=1,2,3, i=0...N— 1. Consider now
5 T T
Va(x,p3) = Y &i(x,p3) " Q&i(x, p3) + vi(x, p3) ' Rvi(x, p3)
i=0
V3(X+,ﬁ;r,\/1 (xa r)a -~y VN1 (xap3)70) =

N-1___ N-1
Y ET0&+ Y vi(x,p3) " Rvi(x, p3)
i=0 i=1 (31)

=

Z(é(x p3) +wii1(x,p3) T Q(Ei(x, p3) +wi1(x,p3))

N—1

+ Y vilx.p3) "Rvi(x, p3).
i=1

Due to optimality, we have the inequality

Va(x", p3) — Va(x, p3)
SV3(-x+7p~§>7v1(xap3)a"'7VN*1('x7p3) ) V3(x p
= —&(x,p3) " Q& (x,p3) — Vo(x, p3) "Rvo(x, p

X

+(En(x, p3) +wy—1(x, p3)) T Q(En(x, p3) +wn—1(x, p3)
N—1
+ Y wisi(x.p3) " Qwiii(x, p3) +2&i(x, p3) T Qw1 (x, p3).

i=1

3
3

)
)
) (32

Notice that &y(x, p3) = x and Ey(x, p3) = r. Similarly as above, i.e. using (30) and and exploiting the fact that &;(x, p3)
is linear in x,r and with bounded gains K| ;(k), K> ;(k) (Assumption [3l a)), we can upper bound the expressions in the last
two lines of equation by (Bi (k) + Ba)x"x+ (B2(k) + Bs)r' r+ Bs(k) with limy_,.. B;(k) =0 for j =1,2,3 and where
Ba>0,Bs > 0 can be chosen arbitrarily small. In more detail, we have for example for the expression &Qw; | the bound
&iowi 1 < & élQél i 10w;_1 with B4 arbitrarily small. Further & (x, p3) is linear in x,r and w;_; obeys (30), which

yields a bound of type (Bl( )+ Ba)x x4 (Ba(k) + Bs)r " r+ B3 (k) for this expression. Applying these arguments to each
expression and summing up the obtained bounds we obtain

V3(x+7ﬁ;) - V3(x,p3) < _xTQx - V()(x,p3)TRV()(x,p3)
+(Bi(k) + Ba)x" x+ (Ba(k) + Bs)r " r+ Ba(k),

where B4, Bs can be chosen arbitrarily small.

Step 2. We next consider V; (x*,p{) — V3(x*,p7). Firstly, notice that from @6€) and @27), we have 7' =
v = Py(k,Pi(k,x,v0),V1,.... W) +wn (x,p3) = Py(k, Py (k,x, Vo, ..., v — 1),Vn) +wn(x, p3) = Pi(k,&n, Vn) + wn(x,p3) =
Py (k,r,0) +wn(x,p3) = A1 (k)r +wn(x, p3) hence 7" depends on x,p3 and converges to zero, i.e. analogous to (30), we

(33)
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have the bound ||wy(x,p3)||> < a1 (k)x"x+ oy 2(k)r"r+ ay3(k) with limy_,e ay j(k) =0 for j=1,2,3 and because r
converges to zero, we also have

177)1? < a1 (K)x " x + a2 (k)r " r+ a5 (k) (34)

with limy_;e. @y 3 (k) = 0. Secondly, by Lemmal[lland Assumption[3a), it follows V3 (x, p3) =x " S3(k)x+x " Sa(k)r+r"Ss(k)r
where S;(k), i = 3,4,5 are uniformly bounded for all £ € N. Hence,

Vil p}) = V3T py) = () TSalk+ 1) (ot = 71)

(35)
+(rt)TSs(k+1)rt — (7)) TS5 (k+ 1)t
Since x™ = Ax+ BVy and using again Young’s inequality (29) with an arbitrary p > 0, we get
V3", p3) = Va(x", )
(36)

(Ax+Bvo) T (Ax+Bvo) + ¥(x, p3)

Nlbl

with ¥(x, p3) = (r") T Ss(k+ 1)r" — (7*) TS5 (k+ 1)7* + 55 L (7t —7)TSy(k+1)TS4(k+1)(r* —7") that is converging to zero
for k to infinity. In particular, it can be bounded by ¥(x,p3) < 11 (k)x"x+ p(k)r'r with limy . % (k) =0, i = 1,2, which
follows from #* = r+wy(x, p3), Lemma [Tl Assumption [3 a) and once more by application of (29).

Finally (again (29)), there exists ¢ > 0 such that (Ax+Bvy) " (Ax+ Bvy) < 2¢(x"x+V, Vo), hence for any p > 0 we have

Va(x",p3) = Va(x", py)

37
<pe(xx+vg vo) +n(k)x x+nk)r's o

Step 3. Plugging in (37) and (33) in (32) with p such that 2p < g := min{Ayin(Q), Amin(R)} and B4 such that p > 284 we
get
V3(x", p3) = V3(x, p3)

< _%(xT)H- vo(x, p3) " vo(x,p3)) (38)

+(Bi(k) + Ba)x"x -+ (Ba(K) + Bs)r ' r
+B3(k) + 11 (k)x x + p(k)r
Since r = r(k),yi(k), Bi(k) converge to zero (and thus are bounded sequences) and since x(k) is defined for all k € N, it

follows that x(k) converges to zero, i.e there exists a time I~c, such that for all k£ > I~c, the right hand side of (38) is negative
for x(k) # 0. Finally, due to Lemma[ll V5(0, p3) = 0, hence if x(k) converges to zero then also u(k). O

C. Proof of Lemma

Proof by contradiction. Suppose for all p > 0 there exists an x € RV, k €N and € > 0 such that xw (x, pl)TQNxN(x, p1) >
Va(x,p2) +€p. Then by @) and Assumption M(a), we have Vi(x,p;) > W + pI'(x). On the other hand we

have Vi (x, p1,Vo(x,p2),..., Vv—1(x, p2)) = Z &(x,p2) " Q&i(x, p2) + Vi(x, p2) "RVi(x, p2) + w where {vi(x, p2) V!,

{&(x,p2)}Y, is a solution of (I0) and it is feasible for (@). By optimality, we must have Vi(x,p;) <
Vl(xaplvvo(-xvp2)a"'7VN71(-x7p2))7 hence

T'(x)Va(x,p2) T'(x)Va(x,p2)
€ €

+pl(x) <
N-1 (39)
+ Y &i(x,p2) " Q&i(x, p2) + Vilx, p2) "RVi(x, p2)

i=0
must hold. However, (39) cannot be true for all p >0 since I'(x) > c(LN' [|&(x, p2)[|> + ||vi(x, p2)||?) and therefore there

N-1
exists a p > 0 (independent of x, py) such that pL'(x) > pe(XNo" |Ei(x, p2)|| + || vilx, p2)|1%) > ');0 Ei(x, p2) TQEi(x, p2) +
vi(x, p2) TRvi(x, pa). O
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D. Proof of Theorem [I]

To prove the result, we use Lemma [2l We first show the following: There exists an (appropriately constructed) sequence
{p3(k) := p1(k)T = [k, 7(k) "] }ren, such that the solution of @) at time instant k with py = py (k) and x = x(k), where x(k) is
the state of the closed loop @), @), is equivalent to the solution of (L) for x = x(k), p3 = p3(k) and thus the state sequence of
the closed loop @), @) coincides with that of (II),2). Moreover we show that the constructed sequence {r(k)}ren converges
to zero.

Step 1. Let {u;(x,p1)}N", {xi(x,p1)}Y, be the unique solution of (). Then due to @), it is also the unique solution of

N—1
Vi(x,p1) =min Y &'Q&+V,Rv;
i=0

st & =Aii(k)x+Y Biy(k)v, (40)
=0
Eo=x, i=0.N—1,
év = xn(x,p1)

with 5| = [k,xy(x,p1)"]. Thus, any closed loop trajectory of (2) and (3) coincides with a closed loop trajectory of (2)

and (@0) with the same initial data. Since (@Q) is an instance of (I1I) with r = xy(x,p;) and thus Assumption [3 b) implies

Assumption [3] a), it remains to show (in Step 2a and 2b below) that r(k) := xn(x(k), p1(k)) converges to zero as k goes to

infinity in order to apply Lemma

Step 2. We next apply Lemma[3l Therefore, we first show that there exists a & > 0 such that for any k € N (p,(k) = k) and any

x(k) we have cax() x(k) > TV | (x(K), pa (6)) | + Vi (), pa () |2, whete {vi(x(k), pa () L, & (x(h), pa (0)) !

is some solution of (I0) at a time step k.

Notice that (I0) has not necessarily a unique solution and Lemma [3 refers to some solution. Therefore, according to Lemma

[ there is a solution {&(x(k), pa2(k))}y's {vi(x(k), p2(k))}Y,' of (IO (i.e. the least norm solution) which is linear in x

and uniformly bounded in k, i.e. &(x(k), p2(k)) = Ky ;(k)x(k), vi(x(k), p2(k)) = K> i (k)x(k).

Consequently, there exist ¢; > 0 such that for i =0,...,N ||&(x(k), p2(k))||* < c1x(k) Tx(k), ||Vi(x(k), p2(k))||* < c1x(k) Tx(k).
N

—1
Hence, we have Y. ||&(x(k), p2(k)|I> + ||vi(x(k), p2 (k))||> < éox(k) " x(k) for some &> 0 and we can finally apply Lemma
i=0

Blto get xy(x(k), p1(k)) " Onxn(x(k), p1 (k) < Va(x(k), p2 (k) +€(k)p.

Step 3. Since Oy > 0 and {&(k) }ren converges to zero, it remains to show that Vs (x(k), p2(k)) defined in (I0) converges to
zero, which however is a direct consequence of Assumption {c). Hence, r(k) := xy(x(k), p1(k)) converges to zero.
Summarizing, we have shown that there exists a sequence {p3(k) := p; (k) = [k,xn (x(k), p1(k)) ] " }xen such that the solution
of the closed loop 2),(3) is equivalent to the solution of the closed loop @), (II) and {5 (k) }ken converges to zero. Thus,
by Lemma @] the state and input sequence of the closed loop system (@) and @) converges to zero.

O
E. Proof of Lemma
From the first order optimality condition for the right hand side of 20), we get
Vaf (X 1,k) = =VxD (x5 %% )- (41)
Moreover, due to the convexity of f, it holds for all x € R"
Fk) = f k) + Ve (6 ,k) T (= xi4)- (42)
Evaluating (@2) at a time invariant minimizer x* € X and inserting (1)) into {2)), we get
k) = f(xi,k) > = VD (g, %) (X7 — Xy ) (43)

Inserting the definition of the Bregman distance and the gradient of the Bregman distance with V,D(x,y) = Vg(x) — Vg(y)
into (3) yields
FO k) = f(xi1:k) = [Ve(xi) = Ve )] (8 = xi)
=D(x",x;11) + D(xgy 1, 8%) — D(x™, %),
where the last equality follows from the three-point identity of the Bregman distance (see also [41, Proof of Proposition
3.6]). Since D is convex in the second argument, we have

D(x*, %p1) < (1= Ay 1)D(X", x4 1) + Aa 1 D(x™, %)
< (1= Ag 1) [D(X", %) — D(xg4 1, 5%) (45)
+ (k) — f (i1, k)] + Ay 1 D(xX*, %),

(44)
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and hence
D(x*,fk+1) —D(x*,)?k)
< (1= Anax) [=D (g 1, %) + (57, k) = f (1, k)]

Based on {#6), we now utilize V(x) = D(x*,x) as a Lyapunov-like function. In particular, V is nonnegative, zero if and
only if x = x* and strictly convex and hence radially unbounded. Since the right hand side of (46) is non-positive, %
is a bounded sequence. Moreover, V is strictly monotonically decreasing as long as i) D(x7, ;,%) >0 and ii) f(x*,k) —
f(xjy1,k) <0. Hence, we infer that D(x;,,%) must converge to zero, and we have limy o [[x}, | — %[ = 0. By %1 =
(1= Ay 1)xgy g + Ay 1%, we also have limy e [|%41 1 — %i[| = 0. Consequently converges to a point, say . In addition,
due to 1imy o || %41 — %i|| = 0 and A < Aay < 1, it must also hold that x} converges to £. Finally, also f(x*,k) — f(x}, ;,k)
must converge to zero, which implies that f(&,k) = f(x*,k) = 0.

(46)

O

F. Proof of Lemma

Let C(A) = [B(1),A(2)B(A),...,A" 1(1)B(1)] be the controllability matrix and let p(A) = det(C(1)C(1)"). Then p(1) is
a polynomial of at most degree 2n> with p(0) =0 and p(1) > 0. Hence, p is not identical zero and there exist at most 2n>
real zeros of p over any interval. Therefore, if p is evaluated at 21>+ 1 distinct points, then there is at least one point where
p is nonzero. The claim follows from this basic observation. O

G. Proof of Theorem

(i) By Assumption[6l and [7] and by eliminating the variable e in (I3), we can apply Lemma[dl Hence, we have lim;_,., 0 (k) =
0*.

(ii) From the construction (ZI) of the predictor maps and the fact that s(k) — R(k)0*(k) = ¢*(k) corresponds to the linear
system of equations

x(j) = AMk)x(j = 1)+ B(k)u(j — 1)+ €, x(k), (47)

j=k.k=N+1, e*(k) = [ef (k)" ...ef(k)T], as well as from the convergence property (i), i.e. by limy_..A(k) = A
limy_,.. B(k) = B, property (@), () in Assumption [ is satisfied. It remains to show property (). Notice that by @7)),

we have for any k€ N and j=0..N—1

('+k—N+1)= j(k)x(k—N+1)

N (48)
+ZBJ 1(ku(l+k—N+1) +ZA kY= ler, (k)
=
Since limy_,.. A;(k) =A;, limg_yeo Bi(k) = B;, we have
x(j+k— N+l) Ajx(k—N+1)
+ZB, u(l+k—N+1) —i—ZA k)Y~ ler, (k)
_ (49)
+(A.,-(k) —Aj)x(k—N—l- 1)
Jj—1 ~
+Z(Bj;l,l(k)—Bj,lfl)u(l-f—k—N-f—1).
1=0

By Lemma @ limy_,..e}, (k) =0, [ =0...N — 1, hence there exists a sequence {®; (k) }zen that converges to zero and such
that for all j =0..N — 1 it holds: | ¥/_ A(k)/~' e}, | (K)|> < o (k).

By Cauchy-Schwarz’s and Young’s inequality, there exist sequences {@,(k)}ren, {@3(k)}ien that both converge to zero
and such that [|(A;(k) —A;)x(k— N+ 1)||> < @ (k)||x(k — N+ 1)||2 and such that for all j=0..N—1 || ¥/ (B;_1_i(k) —
B u(l+k—N+1)|>< o (k) ¥i=, |u(l+k—N+1)|2. Hence

x(j+k=N+1)=Apx(k—N+1)+ejlk—N+1)

= o (50)
+ ZBJ;I,[M([—F/C—N—F 1)
=0
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whe_re ej(k —N+ 1) = Z{;&A(k)j717167+1(k) + (Aj(k) —Aj)x(k —-N+ 1) +Z{;&(Bj71,](k) — B\j,lfl)u(l +k—N+ 1), j=
01\{ — 1, satisfies the error bounds in Assumption [(b) as shown above. In more detail, since (30) holds for any k € N, let
k=k+ N —1, then we get the desired asymptotically correct prediction property (8) with respect to (I8) with N =N — I:

i—1

ij(iC) + jz ng,lflu(l + 7() + Ej(/;)
=0 - (51

=x(j+k) = A/x(k) + Z Ajil*lBu(l + k).

=0

(iii) Equation (@) follows directly from Lemma [l In particular, suppose 8(k—1)T = [vec(A(k—1))T, vec(B(k—1))'] is
controllable (which holds for k = 1) and suppose (A,(k),B,(k)) obtained from 8% (k)" = [vec(A,(k))", vec(B,(k))'] is not
controllable. Then A; and thus O (k)" = [vec(A(k))", vec(B(k)) "] such that (A(k),B(k)) is controllable can be constructed
according to Lemma[8l (If 0% (k)" = [vec(A,(k))", vec(B,(k))"] is controllable, then simply choose A; = 0). O

H. Proof of Lemma

We utilize the Kalman decomposition. Since we consider only input and output data and since Assumption [I] holds, we can
assume without loss of generality that (F,G,H) in (D) is structured as follows

Z1(k+1) FF Fb O Zl(k) G

2k+1)={0 FB 0] (k) |+]0]|vk)
zk+1) Fy Fs Fg| |z3(k) Gy

(52)
z1(k)
y(k)y=[Hi Hy 0] |z(k)|,
z3(k)
where F3,Fg are stable (eigenvalues are in the interior of the complex unit disc) and the subsystem
z1(k+1) Fi Bl |z(k) G
= k
[zz(k—i— =0 B |aw| oW
(53)

:=Fzs(k) + Gsv(k)
y(k) = [Hl HZ} s (k) = H,z, (k)
is observable and stabilizable. Due to the cascaded structure, it follows that if the state and input of the subsystem (33) goes to

zero, then also the state (and the input) of the overall system (52)), since F is stable. Notice further that the output sequences of
the subsystem are equivalent to the output sequences of the overall system (for the same input sequences). Since the subsystem

is observable and m > n is known, it follows that if x(k) = @y (y(k),...,y(k—m—+1)) = [y(k) T, ....y(k—m+1)T] " and u(k) =
Oy (v(k),...;v(k—m~+1)) =[v(k)",....v(k—m+1)"T]T goes to zero, then also {v(k) }ren, {y(k) }ren of the subsystem (53) (as
well as of the overall system (52)). As a final step, consider x(k) = @y (y(k),...,y(k—m+1)) = [y(k)",....,y(k—m+ 1)T]T
which is given by

HF" z(k—m+1)+ H Y 2 Gov(k—m+ 141)

: (54)
HstZs(k_m+ 1) +HsGsv(k—m—|— 1)
HsZs(k_m+ 1)

Due to 22)), (54) can be compactly written as x(k) = Oz;(k—m+ 1)+ Ru(k—1). Since (33) is observable, the (observability)
matrix O has full column rank, hence we have zg(k—m+1) = (0T0)"'0"x(k) — (0" O)"'O"Ru(k —1). Thus
x(k+1) = Ozs(k—m+2) + Ru(k)

= OFzs(k—m+1) 4+ OGw(k —m+ 1)+ Ru(k)

= OF,((0"0)'0"x(k) = (0" 0) 'O Ru(k - 1))

+O0Gswv(k—m+ 1) + Ru(k)
which can be written as x(k+ 1) = Ax(k) + Bu(k). Consequently {u(k)}ren, {x(k)}ren satisfy Assumption [7l To show that
(A, B) is stabilizable, choose v(k) = K;z;(k) such that Fy+ G,K; is stable, which is possible since (53) is stabilizable. Then this
choice implies that (33) is stable, which follows directly from (34). In more detail, from (53) we have wy, 1 = (Fs + GsK;)wi
with wy := O x;. Therefore wy, goes to zero and thus x;, hence we have shown that the obtained pair (A,B) is stabilizable.

Concerning Remark [l Notice that the input vector u(k) contain past values of the actual input v(k). These past input values,
however, can be eliminated by augmenting additional state variables to (33) and by defining an integrator chain dynamics

(55)
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of the form §;(k+1) = & (k), ..., Gno1(k+1) = §u(k), §n(k+ 1) = v(k), hence we have ) (k) = v(k—m) etc. Stabilizability
of the augmented system follows from the stabilizability of (A,B), since the states of the integrator chain converge to zero,
if v(k) converges to zero, i.e. a stabilizing feedback is again v(k) = K,zs(k). O
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