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Finite-Time Model Inference from A Single Noisy
Trajectory

Yanbing Mao, Naira Hovakimyan, Petros Voulgaris, and Lui Sha

Abstract—This paper proposes a novel model inference proce-
dure to identify a system from a single noisy trajectory over a
finite-time interval. The proposed inference procedure comprises
an observation data processor, a redundant data processor and
an ordinary least-square estimator, wherein the data processors
mitigate the influence of observation noise on inference error. We
first systematically investigate the comparisons with naive least-
square-regression based model inference and uncover that 1) the
same observation data has identical influence on the feasibility of
the proposed and the naive model inferences, 2) the naive model
inference uses all of the redundant data, while the proposed
model inference optimally uses the basis and redundant data to
mitigate the influence of observation noise on model error. We
then study the sample complexity of proposed model inference,
wherein observation noise leads to the statistical dependence of
samples on time and coordinates. Particularly, we derive the
sample-complexity upper bound (on the number of observations
sufficient to infer a model with prescribed levels of accuracy
and confidence) and the sample-complexity lower bound (high-
probability lower bound on model error). Finally, the proposed
model inference is numerically validated and analyzed.

Index Terms—Correlated samples, redundant data, sample
complexity, ordinary least-square estimator.

I. INTRODUCTION

NE of the fundamental assumptions of model-based

decision making, such as model predictive control [1]],
[2], stealthy attack and defense strategies of cyber-physical
systems [3] and (mis)-information spreading in social net-
works [4], is the availability of a fairly accurate model of the
underlying dynamics in consideration. For the systems whose
model structure, dimension, parameters and assumptions are
sensitive to the operational environment, see e.g., traction con-
trol system [15]] and anti-lock braking system [|6] of autonomous
vehicles, it is unreasonable to expect that the off-line-built
models can accurately capture the dynamics in an unforeseen
operational environment, as e.g. the 2019 New York City
Snow Squall [[7]. If the unforeseen operational environments
or Black Swan events (see e.g., Apollo XIII accident) cause
drastic changes of system dynamics or large deviation from
control missions in time- and safety-critical systems, it is
critical to timely infer and update the system model for reliable
decision making using limited state observation data. These
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real problems highlight the importance of finite-time model
inference or system identification for safe operation in the dy-
namic, uncertain and unforeseen environments, which aids in
fast and flexible response to uncertain and unexpected events.
System model inference from observed state data in dynamical
systems has been a key problem in different fields ranging
from learning and control [[1], [2]], [8], [9] to bioinformatics
[10] and social networks [11]]. We categorize the prior model
inference approaches into two groups: approximate and exact
model inferences.

Approximate model inference from observing the system
state is studied in several practical scenarios, where the state
observation is only partially available or is stochastic (e.g.,
noisy), thus reducing the inference to the well-studied problem
of estimation of system matrix, with assumptions on the
system stability and the distribution of noise, among others.
For distributed and networked dynamical systems, Wiener
Filtering [12], [13], structural equation models [14] and au-
toregressive models [[15] are employed to estimate network
topology, leveraging additional tools from estimation theory
[15], adaptive feedback control [16], optimization theory with
sparsity constraints [[17], and others. In recent three years, sig-
nificant effort has been devoted towards the sample-complexity
bound of ordinary least-square estimator of system matrix
[L8]-[23]], i.e., the upper bounds on the number of observations
sufficient to identify system matrix with prescribed levels of
accuracy and confidence (PAC). For example, assuming the
process noise vectors are i.i.d isotropic subgaussian and have
i.i.d coordinates and the real system matrix is stable, Jedra and
Proutiere in [[18] showed that the upper bound matches existing
sample complexity lower bounds up to universal multiplicative
factors, a result conjectured in [[19]]; Sarkar and Rakhlin in [20]]
removed the assumption of stable system matrix, and derived
the finite-time model error bounds and demonstrated that
the ordinary least-squares solution is statistically inconsistent
when real system matrix is not regular. We note the sample
complexity bounds obtained in [18]—-[22] rely on the Hanson-
Wright inequality [24] that requires zero-mean, unit-variance,
sub-gaussian independent coordinates for noise vectors. Baner-
jee et al. in [23] considered the generalization of existing
results by allowing for statistical dependence in stochastic
process via the Johnson-Lindenstrauss transform [235]], [26],
which however still requires the noise variables to have zero
mean and the marginal random variables to be conditionally
independent.

In this paper, we reveal that even when both process and
observation noise in a dynamical system have i.i.d coordinates
and time, the presence of observation noise leads to the
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dependence of samples on time and coordinates. Moreover,
in an adversary environment, the attacker can strategically
inject false data to observations for hindering reliable decision
making [27], such that the observation noise can have non-
zero mean. The statistical dependency and non-zero mean
prevent the usage of sample complexity results [18]—[23]
when observation noise with non-zero/zero mean is injected
into dynamical systems. In this paper, we take important
strides towards exploring the sample complexity of proposed
novel model inference, which can mitigate the influence of
observation noise on inference error, through leveraging the
variant of the Hanson-Wright inequality [28].

Exact model inference in different settings has been studied
as well. For example, Marelli and Fu in [29] proved that
with the estimation of input auto-correlation, the exact system
model is identified asymptotically as the number of samples
approaches infinity, while within the behavioral setting, the
exact system identification is formulated as a Hankel structured
low rank matrix completion problem in [30]. Another required
capability for the exact model inference is “grounding.” For
example, in [31]], with the firstly obtained characteristic poly-
nomial, connecting every two nodes to the ground (set to
zero) is required to exactly infer the communication topology
of a consensus protocol. In [32], with additional knowledge
of eigenvalue-eigenvector of matrix that describes network
structure, this “grounding” approach is coupled with power
spectral analysis. We note that while these methods proposed
in [29]]-[132]] provide exact model inference, it is difficult, if not
impossible, to apply them for exact online model inference.
This is mainly due to the requirements of altering real-time
state values (“‘grounding”), infinite sampling, knowledge of
partial eigenvalue-eigenvector, etc. A novel exact topology
inference procedure is recently developed in [33], primarily
for continuous-time consensus dynamics, by transforming the
exact inference problem into a solution of Lyapunov equation
whose numerical solutions are well studied, see e.g., [34].
Unlike the ones in [29]-[32]], this approach does not need
the external stimulation, the “grounding”, the infinite sam-
pling, and the knowledge of matrix eigenvalue-eigenvector.
This approach works mainly for continuous-time consensus
dynamics with undirected communication. In other words,
it is not sufficient for exact inference for the directed net-
work topology, or dynamical system with asymmetric system
matrix. Additionally, this approach needs the knowledge of
system initial conditions. These traits and requirements hinder
its application to finite-time online model inference for more
general dynamical systems.

In this paper, both the proposed and defined naive model
inference procedures can exactly infer system matrix when
observation and process noises are time-invariant, i.e., have
zero variances. Unlike the one in [33], the two approaches do
not need the knowledge of initial condition. More importantly,
they can exactly infer the asymmetric system matrix and the
processed bias in observed trajectory.

Our contributions are summarized as follows:

e We propose a novel model inference procedure that

comprises an observation data processor, a redundant data
processor and an ordinary least-square estimator, which

can significantly mitigate the influence of observation
noise on the model error.

« We investigate the systematic comparisons between the
proposed and defined naive model inference procedures
and discover that

— the same observation data has identical influence on
the inference feasibility of the proposed and naive
model inferences;

— the naive model inference uses all of the redundant
data, while the proposed model inference optimally
uses redundant and basis data to reduce the model
error.

e We derive the sample-complexity upper bound on the
number of observations for PAC and the high-probability
lower bound on the model error, which allows the ob-
servation noise to have non-zero mean and induce the
statistical dependence of samples on coordinates and
observation time.

o Leveraging the derived sample-complexity upper bound,
we provide an algorithm of PAC verification and updat-
ing. The upper bound is leveraged by the redundant data
processor of inference procedure to reduce model error.

This paper is organized as follows. In Section II, we present

the preliminaries. Section III presents the proposed and naive
model inference procedures, as well as their comparisons. In
Section VI, we investigate sample complexity. The sample-
complexity bounds and PAC verification are studied in Section
V. We next present our numerical results in Section VI. Section
VII presents our conclusions and future research directions.

II. PRELIMINARIES
A. Notation

We use P < 0 to denote a negative semi-definite matrix
P. We let R” and R™*™ denote the set of n-dimensional
real vectors and the set of m X n-dimensional real matrices,
respectively. N stands for the set of natural numbers, and
Ny = N U {0}. The superscript ‘T’ stands for the matrix
transposition. [x]; denotes the ith entry of a vector x. We let
1,, and 0,,, respectively, denote the m-dimensional vectors
of all ones and all zeros. We define I,, as n x n-dimensional
identity matrix. We define O,,,x,, as m X n-dimensional zero
matrix. The symmetric terms in a matrix are denoted by .
|| - || denotes the spectral norm of a matrix, or the Euclidean
norm of a vector. Other notations are highlighted as follows:

T cardinality (i.e., size) of set T;
[|Al|lr : Frobenius norm of matrix A;
tr(A) : trace of matrix A;

E expectation operator;

S"~1: unit sphere in R™;

Q°: complement of event €2;

P(Q) : probability of event ).

B. Problem Formulation

In this paper, we use the following dynamics to describe the
behavior of real plants in unknown operational environment:

x(k+1) = Ax(k) + a + £(k), (1a)
r(k) =x(k)+w(k), keN (1b)



where x(k) € R™ is the system state, a € R, A € R"*" is
the system matrix, r(k) is the state observation, w(k) denotes
the observation noise vector, f(k) denotes the process noise
that can represent the nonlinear factor, model approximation
error and uncertainty.

For model inference/learning, the following two metrics are
defined to assess the quality of inferred/learned model:

o Generalization Error: it measures how well the model fits
unseen data.

e Model Error: it measures how far the identified model is
from the “true” model.

Due to the observation noise, small generalization error does
not necessarily mean small model error, and vice versa.
Specifically, with strategically injected observation noise, a
well identified model with smaller model error can have larger
generalization error, i.e., it poorly fits the unseen (corrupted)
observation data. For this reason, we use model error to assess
the quality of inferred model, with a focus on

Ol: mitigating the influence of observation noise on
model error via incorporating data processors into
model inference procedure;

02: sample-complexity bounds for the proposed model

inference solution to be (¢, §)-PAC: prescribed levels
(¢,d) of accuracy and confidence, ie., P(ey <
¢) > 1—90, where ¢ > 0,0 < § < 1 and ey
denotes model inference error.

Recently, sample complexity of an ordinary least-square
estimator in identifying system matrix A (assuming a = 0,,)
have been studied in [18]-[23]. To review whether the obtained
bounds therein can be applied to the dynamical systems (),
let us consider the dynamics of observation obtained from (I):

r(k+1)=Ar(k)+h(k+1), r(1)=x(1)+w(l) (2a)
h(k+1) = a+£(k) + w(k +1) — Aw(k), keN. (b)

To distinguish from the observation noise w(k) and process
noise f(k) in the real system (d), we refer to h(k) in the
dynamics @) as processed bias.

Remark 1 (Statistical Dependencies): Assuming both f(k)
and w(k) are random vectors, as indicated by (2b), the term
w(k + 1) — Aw(k) induces the dependence of {h (k)}, y
and conditional dependence of {r (k)| w (k),f (k)},.y on
coordinates and observation time. We note that the sample
complexity analysis in [18]-[22] relies on the assumption
that {h(k)}, y is ii.d and the coordinates of h(k) are
ii.d, while the analysis in [23] assumes that {r (k)}, g
has conditional independence. Therefore, the derived sample-
complexity bounds in [18]-[21], [23] cannot be applied to the
dynamical system @) or (.

To achieve the objectives O1 and O2, we first process the
observation data in the following way, which corresponds
to the Observation Data Processor in the model inference
procedure, as shown in Figure [1] (a):

rf, =r(m) —r(g), m<qeN, 3)
whose dynamics are obtained from as
rdt =Ar? +h%0 hi 2h(m+1)-h(g+1). @

Remark 2 (Trajectories): We obtain the trajectory of obser-
vations from the real system () as

k—2

> Alf(k—1-i) +a), (5a)

=0

r(k) = A" 1x(1) + w(k) +

r(1) = w(l) +x(1),
by which (and using (3)), we arrive at

(5b)

k—2
rp = (AMTT AT (1) Fwp Y A
=0

m—2
— Y A(f(m—1-i)+a), m>keN (6)
i=k—1

where f* £ f(k) — f(m) and w* £ w(k) — w(m).

Remark 3 (Observation Data Processor): If the observation
noise has zero variance, i.e., w(k) = w, it follows from
and () that h?f = f(m + 1) — f(g + 1), such that the
bias h?t! 41 in system (@) is relevant to the process noise f(k)
only, which is one motivation behind the data processor (3]
in mitigating the influence of the observation noise with the
non-zero mean on the model error.

For the observations used for inference in a time interval
{k,k+1,...,p—1,p}, we define two increasingly ordered
(possibly, empty) sets Ty and L, such that

We note that the relation indicates that Ty4, C Lgy, =
{k+r+1,k+r+2,...,p—1,p}, for Vr € Ny. Based on (@),
we construct the following data matrices:

ey P —

T (1 T (2 T (|T .
% 8 |:rkk( )7 rkk( )7 o rkk(| k|):| , if Ty, #£ o -
‘null’, otherwise
X(kyp) £ [Xk, Xk-‘rlu ey Xp_1:| R (Sb)

where T (m) denotes the mth element of (non-empty) increas-
ingly ordered set Ty, and thus, m € {1,...,|Tx| — 1, |Tx|}.

III. MODEL INFERENCE PROCEDURES

In this section, we present two model inference procedures:
Proposed Model Inference and Naive Model Inference (whose
architectures are shown in Figure l1] (a) and (b), respectively),
and their systematic comparisons.

(a) Proposed Model Inference Procedure

Observation Data

Processor: Eq. (3) |

| Ordinary Least-Sq
| Estimator: Eq. (11)

Data
| Processor: Eq. (44)

Prescribed
Accuracy and Confidence

Sample-Complexity
Upper Bound: Eq. (42)

(b) Naive Model Inference Procedure

Observation Data
Processor: Eq. (12)

Ordinary Least-Square
Estimator: Eq. (16)

Figure 1. Proposed and naive model inference architectures: naive one takes
all of the redundant data into account.



A. Proposed Model Inference

We now present the critical relation of data matrices in the
following lemma.

Lemma I: Consider the system (4) and matrix (8). We have

APrp) = Qiep) — Bikp)s ©)
where we define:
p—1 TM(‘TMD T
. 9 o
Plep) = Z Z () = X(k,p)X(Tk-,p)’
m=k q=T,, (1)
p—1 Tm ‘TMD
(k,p) = Z Z
m=k q=T,, (1)
p—1 T (|Tml) )
Riep) =) E: by )
m=k q=T,, (1)
Proof: Pre-multiplying the both sides of (10a) by A yields

pP— 1 Twn ‘Tnll)

xP)_Z Z Ard (rd ),

m=k q=T,, (1)

(10a)

e (08) = X150 X by (10b)

(10c)

substituting () into which directly results in

p—1 T (|Tml)

Plrep) = :E: j{:

m=k q=T,, (1)

which, in conjunction with (I0B) and (@), yields @). [ |

We note that due to unknown hfn 1> the matrix R, ) in

relation (@) is also unknown. We obtain the following model

inference solution which corresponds to the Ordinary Least-

Square Estimator in the proposed model inference procedure
as shown in Figure lIJ (a):

q+1

(e2H —hi e

m—+1

Ait = Qi) P (k p)» provided rank(P, ) =n,  (11a)

1
ay = —— rm+1) —
= S e

B. Naive Model Inference

We now consider an alternative inference procedure: naive
model inference, as shown in Figure [ (b), whose Observation
Data Processor corresponding to (2d) is

Yiop 2 [k(k+1), v(k+2), ..., x(p)] ", (12a)
Xy 2 Hi(k)} [Ii(k“)}, [f(p_l)HT. (12b)

Correspondingly, we define:
A£[A, a),
Ep) 2 (k+1)—a, h(k+2)—

Airr(m)). (11b)

(13a)
.., h(p)—a], (13b)
With the definitions at hand, we obtain from system that

P ~or ~
Yip) = AXkp) + B (14)
__The system identification problem is reduced to estimating
A based on the available data matrices Y{;, ) and X ,). We
then consider the Ordinary Least-Square Estimator:

Al = argmin ||Yy,) — XapA'l3,

AT cR(n+1)xn

5)

whose optimal solution has been obtained in [35] as
1T ST 3 19T
Ay = (X(k,p)X(kvp)) IX(k,p)Y(k-,p)v
provided rank(X . ) X(x.p)) =n+ 1. (16)

C. Inference Feasibility and Solution

We formally define the feasibility of the proposed and naive
model inferences as follows.

Definition 1: The proposed model inference solution (L) is
said to be feasible if and only if rank (P(k)p)) = n, while the
naive model infergnce sglution ({16) is said to be feasible if
and only if rank(X(—,;p)X(k)p)) =n-+1.

We then present auxiliary results in the following lemmas
pertaining to inference feasibility.

Lemma 2: Consider the data matrices (8a), (10a) and (12b),
and the set (8a). We have

ker(Pyp) = ker(X)),  if [Tl=p—k  (17a)
ker()?&)p))?(kﬂp)) = ker()A((kyp)). (17b)
Proof: See Appendix B. [ ]

Lemma 3: If the proposed model inference solution is
not feasible, the naive model inference solution (I6) is not
feasible as well.

Proof: See Appendix C. [ ]

In light of Lemmas 2] and Bl we obtained the comparisons
of the two inferences, which are formally presented in the
following theorem.

Theorem 1: Consider the proposed model inference solution
(Id) with data matrix (I0a), and the naive model inference
solution (T6).

1) The same observation data has identical influence on the
feasibility of the proposed inference solution and the
naive model inference solution (16), i.e,

o rank(P( ;) =n, if and only if rank()A((Tkm))?(k)p)) =
n+1; N N

o rank(Py, ) <7, if and only if rank(X }. X (x.p)) <
n+1.

2) The two inference procedures generate the same inference
solution, if

p—1 P
Pop=>_ Y, rhi)l a8
m=k m<qg=k+1
Proof: See Appendix D. [ ]
Remark 4 (Exact Inference of System Matrix): If the process
noise f(k) and the observation noise w(k) have zero variance,
ie., f(k) =1 and w(k) = w, it follows from and the
definition of h%", in (@) that hfntrll = 0y, such that R, ) =
O,,xn. We then conclude from (9) and the statement 2) of
Theorem [Tl that both the proposed inference (I1)) and the naive
model inference (I6) can exactly system matrix A4, i.e., Air =
A=A
To explore the implicit insight of Theorem [Il we introduce
a definition to classify the processed observation data.
Definition 2 (Basis and Redundant Data): Given the ob-
servation data r(m) in a time interval {k,k + 1,...,p},
any processed data in a set X, £ {r¢ |k <m <q<p}is
called basis data, if all of the data vectors in X} are linearly

rank(P(k)p)) =



independent and |X}| = p— k, while all other data vectors not
included in X% are called to be redundant data.

Remark 5: The two statements in Theorem [1} respectively,
indicate that

o redundant data has no influence on inference feasibility,
while it can influence only model error, consequently,
(¢, 6)-PAC, which motivates the Redundant Data Proces-
sor as shown in Figure [1l (a);

« naive model inference takes all of the redundant data into
estimator, which explains the lack of Redundant Data
Processor in the naive model inference procedure shown
in Figure [I] (b).

As shown in Figure [1l (a), the data processors of the proposed
model inference need the knowledge of the sample-complexity
upper bound on the number of observations that is sufficient
for the inference solution to be (¢, §)-PAC. In the following
sections, we study the sample complexity of proposed model
inference with its associated bounds.

IV. SAMPLE COMPLEXITY

As indicated by Figure [Tl (a), we need to investigate its
sample complexity to complete the whole inference architec-
ture. In this section, we first present its assumptions, then
the notations obtained under the assumptions, and finally the
sample complexity.
A. Assumptions

Based on the dynamics (@), we define the following stacked
vector, which will be used to describe the Assumptions.

(k. p) =[x, W(T/C p)’ f‘(;,p)’ f&,p)]T’ (19)
where
o A [T T T T pi [T n
x(1) = [X 1), x' (1), ..., x (1)] € Rm=k , (20a)
Te(1)\T Te(|Te)\T .

@ o [(wk/ ) (W, )] 1f'H‘k7é'® (20b)
‘null’, otherwise

Wkp) = [Wr, VAVk+1, s Wpoa, W] T, (20c)

fm A [ fm 1 (fm Z)T7 el (fzn—k-l-l)'l']7 (20d)

f» N Tk(l) 'JI‘k 2) 7 f‘gk(lTk‘)]v if Tk?é@ 206)
null’ otherwise

uIc )é fku fk-‘rlu sy fp—?a f';D—I]T7 (ZOf)

"2 (m—k)+a’, ..., £ (2)+a’, £ (1)+a'], (202

fk N E-E&(Dj Ecﬂ‘k@)’ . fgk(l’ﬂ‘k\)L if Ty £ 2 0n)
‘null’, otherwise

,f(k,p) = [/fku ’fk-l-h ) /fp—27 /fp—l]—ra (201)

We introduce the following definition, which will be used
to describe the assumptions made on noise.

Definition 3 (Convex Concentration Property [28]): Let f
be a random vector in R™. We will say that f has the convex
concentration property with constant «, if for every 1-Lipschitz
convex function ¢ : R™ — R, we have E|¢(f)| < oo, and for
every t > 0 the following holds:

P (|o(f) — Blo(f)]| > 1) < 2e7 77

We now make the following assumption on the initial
condition, observation and process noise throughout this paper.
Assumption 1: Consider the real system (@) with processed
bias h}" given in @) and 7 ,) given by (19).
D £(k) K p (On,agI ) wik) K Dy (uly, 021,),
x(1) ~ Di(0,,02L,), a ~ D,(0,,021,);
2) n(x,p) has the convex concentration property with constant
Kk > 0;
3) [h);, i=1,...,
”y-suE)-Gaussian for some v > 0, i.e.,
ez forall A eR.

Remark 6: Examples of 7 ;) under Assumption [[}2) in-
clude any random vector 1 € R9 with independent coordinates
and almost sure |[];| < 1 forany ¢ € {1,..., ¢} [36], random
vectors obtained via sampling without replacement [37], vec-
tors with bounded coordinates satisfying some uniform mixing
conditions or Dobrushin type criteria [36], among others [28]].
Under Assumption [}3), examples of [h}]; include a bounded
zero-mean noise lying in an interval of length at most 2 [38]],
a zero-mean Gaussian noise with variance at most 72 [38],
among many others.

Based on Assumption, we next present some obtained
notations for the presentation of sample complexity.

n, is Fr-measurable and conditionally
[ Al s ] <

B. Obtained Notations
Under Assumption [I}1), we obtain from (@) that

B [r{ (r}) "]

where we define:

=®m) — Qiym) — Owem), 1)

Q(k,m) (22&)

m—2

Z (Ai_m+k(Ai)T+Ai(Ai_m+k)T)ag,2k—m21

1>
s
]
T
R

T +Ai+m—k(Ai)T) 02

p?

2k—m<1

(22b)
2k—m—2 ) . .
N Z (AZ(Az+m_k)T+Al+m_k(Al)T)Ug,2k—m22
- =0
2k—m <2

0,,
(I)(km) L (Ak—l _Am—l) (Ak—l _Am—l)TO,i2 + 20(2)In

m—2 k—2
+ ZAZ(AZ)T(U§+U§)+2ZAl(Al)T
i=k—1

i=0

0. (22¢)

With the consideration of (21I), we can obtain from (8) that

P_lTv'(“rv")
EXpXhpl =Y. Y., (Parg) — rg) = Org)
r=k qg=T,(1)
2 L) = My, (23)

based on which, we define

T (k) = diag{M o.p) k,p)f ERMNEDXPNGD) (24)

ITq

Z(q+1 |1r|+z

q=k

n(;w,) (24b)



In addition, the covariance matrix of random vector N(k,p)
defined by @20) is obtained as

Ciz O O (0]
x*  C O (0]

Cy LA E n 7’]T = ww |, @5
[ (kp) (kxp)] * * ijfv Cff

where O denotes zero matrix with compatible dimensions,

Cow 2 U?Ip,l‘ o Cwws Cfvf, C - and C are given in
Ton|n

subsections A-D of Appendix E, respectively.
Corresponding to with (20), we define a stacked matrix:

v

Wk p) 2 [“Z(k,p)’ L, » Atk "Z(k,p)]7 (26)
i
where we define:

Aoy = AL — AT (27a)
Ao JdetAw o Awmma b ETR#S o0
‘null’, otherwise
Agppy 2 diag{Ax, Apy1, ..oy Apoa, Ay}, (27¢)
Ap £ (L, A, A% AR (27d)

diag{ A, , An, ..., Ay}, if To#2
M ~ —~~ —~
k= 1 2 |Ts| (27e)
‘null’, otherwise
A( 2 diag{Ag, Apyr, ooy Ao, Ay}, (27f)
L —A’“, L, —AMTE L AmT2) (27g)
~ M]Tk ATk (Tx]) :
a.e dlagﬁA . AL b, if ']I‘kyé'@ 27h)
‘null’, otherwise
Av(k_’p) édiag{zzlvk, Avk+l7 ey Avp_g, Avp_l}. (27i)
Finally, we define:
s 0ol g S 1 S T
Q: o n+ 1 Am— Am—
pk e A
0_2 p—2 p—2—m p—2—m .
=L S Y @AY Y u@A)’
(p k) m=1 i=k—1-m i=k—1—m
02 p—1 m—2 . p—1 m—2 )
1 _aW(Z > A AYT, (28a)
p m=k =0 m=k =0
— +02),+02AAT —k—1)o2 T
Cé(a o) o _(p k—1)oZ(A+A )7 (28b)
p—k (p—Fk)?
hén<o§+o§>+||A||%oz_2<p—k—1>o§tr<A>, 050
- P—k (p—F)
2 p—1 m—2 )
é IIZ AR+ = Za )QII D AR
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2
|2 4+ %
(A} + =5 28)

where u(-) denotes the unit step fruntion, i.e., u(t) = 1 if

t > 0 and u(t) = 0, otherwise.

C. Derived Sample Complexity
With the definitions (8), @23)-@26) and (28) at hand, we
present an auxiliary proposition, which is used in studying the
sample complexity of the proposed model inference procedure.
Proposition 1: Under Assumptions [[11) and [I2), we have
[29)-@1D for € € [0, 1) and some universal constant ¢ > 0.
Proof: See Appendlx E [ ]
Leveraging Proposition [Il the sample complexity is pre-
sented in the following theorem.
Theorem 2: Consider the inference solution (II)). For any

£ €[0,3), and any p1,p2, p3 € (0,1), and any ¢ > 0, and
¢ = <\/p1 +b+ \/ﬁu)¢+ \/ P2+ b+ ([ul, — Apd, |,
we have:

P(||[A — Ax|| < ¢) >
conditions hold:

1 — 4, as long as the following

min (1—2¢)*p3 (1—2¢)ps
k) 1T L e HIC T TG ) L e 12

/2 424 1)m

> p—e

> 21 5 ; (32)

32ck2 (1—p3)0'5" 2. 5"

mln Tr In . (33

( (kvp)) 92 (1 03) ( D) s (33)

. min{z—%m}erin{:Ti,m}
Pllos—af < @] > 4-(1-6) - ,
as long as and (33) hold.
Proof: See Appendix G. [ ]
Remark 7: There exists an optimal ¢ for the condition
(32). Let us define g(c) £ (1—2¢)%a — bIn((2+1)"c),

L

2
with a = P3 b = L. ¢ = % Given
R T X G p TG T 2 5
(1-2¢)%p2 (1-2¢)ps ,
the optimal param-
W T X e PTG = T, T ey 12 ptimat p

eter can be numerlcally solved from the relation (1—2ep¢)(2+
Eopt )Eopt = ;—a with eopt € [0, %), which is obtained through
solving 42 (5) =0

g .

V. SAMPLE-COMPLEXITY BOUNDS

Building on the obtained sample complexity, the upper
bound on the observation numbers, the lower bound on the
model error, and the derived Redundant Data Processor are
investigated in this section. We note that all of the expected
results rely on the inequalities and (33), which however
cannot be used in the current form due to the unknown
A included in H(,C )T(k)p) and I'(x ). As a remedy, we
first provide two estimation bounds pertaining to I'(; ) and
W)Yt

A. Bounds on T, ,,y and H&7P)T(k,p)

We let o; (A) denote the ith singular value of matrix A. We
assume the following bounds pertaining to A are known:

ds < min {o;(4)}, (34a)
Ga< JATTF T )Y, (34b
A= m€{k+1,..1.?n} i€{1,...n} {oi( )}, (4b)
oa > ||All, (34c¢)
oa> AF=L g 34d
o4z max A I} (34d)



S - 1 d

P B> | <2 enr i p) o)
- 1 p—1 2 _ 12 mln{p—%_7 p2}

Pl 3" (f(m) + w(m + 1) — Aw(m)) — (ul, — Auly)|| —b| > pa| <2-¢ b 0

m=k

[ 2 - min{ (1-26)%p3 (1—2¢)p3 }

P ‘ M(E p)X(k p)X(Tk p)M(k p) —1n } <2-(=+1)"-e en? o) Ty Ty HIHICH T TIT % py 112 ' 31)
L ’ ’ 9. ] —_ E

based on which, we define the following functions:

2k22

f1(A )é:% 20?402+UA —|—2a (35a)
f2(A) 2 52252402 + 202, (35b)

With the definitions at hand, we present a proposition, lever-
aging which we can derive the lower bound on Ay, (I‘(k,p)).

Proposition 2: Consider the dynamics (). Under Assump-
tion [} 1), we have

Al,, ifm>2k-1

E[rp'(r) "] > (AL, i . (36)
fo(A),, ifm<2k—1

Proof: See Appendix H. ]

Given the observation data in a time interval {k,k +
1,...,p}, the proposed model inference needs p — k + 1 basis

data. Tt follows from (33a) and (B3D) that f2(A) < f1(A4),
which together with (), and (36) imply that

Amin (F(k,p)) > fQ(A)(p —k+ 1)5

leveraging which, we next present the obtained upper bound
on ||1'I(,C X (k,p)|| in the following proposition.

Proposmon 3: For matrices Iy, ,) and Ty ;) given by 26)
and (24), respectively, the following inequality holds:

(37)

2
g
T 2 (k,p) a
||H(/€7P)T(k7p)|| = P 1T, (T, = P(k,p)> (38)
fera)
r=k q:Tr(l)

where

=q—1
. - OA =04
9(k,p) a€{k,....p— 1}{ 1-5a }

:j—l_:m—l
+ max 1}{%}, (39)
sP

j<me{k,....p— 1—04
; a f1(A), ifm>2k—1 40)
k) =V 5,(4), ifm<2k—1
Proof: See Appendix 1. ]

With the obtained upper bound p; ) (B8), the condition
(B2) updates as

(1-2¢)%3 ,,3} L AEED"

iy 2 .

min (1-2)
(1) PGy [1Cw |

P(k.p)

5 (41)

B. Sample-Complexity Upper Bound R

Theorem [2] indicates that the vector-error bound ¢ and its
confidence completely depend on the matrix-error bound ¢
and its associated confidence and conditions and (33).
This observation means that the upper bound on the number
of observations (i.e., p — k + 1) that is sufficient to achieve
PAC is determined by the inference of system matrix, which
now can be implicitly estimated from (33). Using the lower
bound relation (7)), the sample-complexity upper bound on
the number of observations [ £ p — k + 1 is obtained as

B 32ck?2 1—p3\ "% 2. 5n
l“p(¢’5>‘<1—p3>¢2f2<A>1“<< 2 > 5 )“’ “

such that the matrix inference solution ( is (0, 9)-PAC for
P> lup(,8) +k—1.

Remark 8: We note that the sample-complexity upper bound
can be further reduced with more knowledge of real system
matrix, such as _enllax {oi(A)} < 1, as assumed in [18]-

.....

[23], [39]. The relation (IZEI) in conjunction with @2) and
(23), implies that the knowledge of system matrix can be
completely dropped, which however results in larger upper
bound especially when the variance of observation noise is
small.
C. Redundant Data Processor

As demonstrated by Figure 2] (b), given the basis data,
the resulted redundant data has complex influence on model
inference error. This observation motivates to incorporate the
Redundant Data Processor into our proposed model inference
procedure, as show in Figure ll| (a), which optimally uses
basis and redundant data to guarantee (6, 0)-PAC and reduce
the model error. We let V., denote the set of all basis and
redundant vector data, i.e.,

Vip) ={rtlqg>re{k,k+1,...,p}},

We let I3 ) C V(g p) denote the set of basis and redundant
vector data used by the inference computation (L1a).

The sample complexity analysis presented in Theorem [
indicates that the choice of I ;) directly influences the left-
hand terms of (@) and (33), whose larger magnitudes are
preferred, since the proposed inference solution is more likely
to be (6, 6)-PAC. The relation implies that the left-hand
term of (33, i.e., Amin (I‘(k_’p)), is strictly increasing with
respect to the number of redundant vector data, which is due
to E[r(r)"] > 0, m > k € N. Then, observing
and (33) we conclude that the left-hand term of is more
sensitive to redundant data. Motivated by this observation, we

(43)



let the Redundant Data Processor leverage only the left-hand
term of (1) to determine the usage of redundant and basis
data, i.e.,
2 2
Tjp) = argmax {min{ (1_225) Py (1=2)p 3}} (44)
Ty SV () ) PGep IOV Plp)

D. (0,6)-PAC Verification

We note that the computation of sample-complexity upper
bound needs the prescribed levels of model accuracy ¢ and
confidence 1—4, which however in turn relies on the estimated
upper bound. This implies that if the prescribed ¢ and ¢ are
not reasonable, the bound computation (@2)) is not feasible.
To address this issue, we propose an algorithm of (6, §)-PAC
verification and updating, as described by Algorithm 1.

32ck2 1—p3\"?"2 . 5n
(902 2 A) 1“<< 2 > 5 )“’ 45)

Algorithm 1: (9, §)-PAC Verification and Updating

Input: k€N, 0<p3<1, 0<6<1, $>0,0<e< 1.
1 Compute sample-complexity upper bound lup (¢, d)
according to (#2);
2 Choose basis and redundant vector data according to (44)
with p > k + lup(¢,0) — 1;
3 if condition @) does not hold then

4 if conditions 1) and @3) hold through adjusting ps3
and ¢ then

5 Adjust p3 and ¢ such that @) and @3) hold;

6 Go to Step 1;

7 else

8 Adjust 0 or/and ¢;

9 Go to Step 1;

10 end

1 else

12 | Break.

13 end

Remark 9: Lines 4-9 of Algorithm 1 indicate that if the
conditions (41l and cannot hold through adjusting p3 and
€, we have to reduce PAC for the feasibility of ().

E. Sample-Complexity Lower Bound
We note that the condition (33) is equivalent to

32ck2 W (1 - p3)0'5"2 . 5n om
/\min (F(k,p))(l - pg) 2 1)

which indicates that the sample-complexity lower bound on
matrix inference error can be obtained through estimating the
upper bound on m. Considering (37)), the lower bound is then

obtained as
32cK2 1 <1 - p3)°'5" 2. 5n
n )
fo(A)lup (¢, 0) (1 — p3) 2 0

such that (33) holds if ¢ > my (¢, d).

¢

mie (¢7 5) =

VI. SIMULATION
A. Data Processor
In [L8]-[23], using raw data and assuming a = 0,,, system
matrix is identified via ordinary least-square estimator as
Ags =YWT(WW )L,

where W=[r(k),...,x(p—1)], Y=[r(k+1),...,r(p)]

(46)

We use the mean metrics E [|| Air — Al|] and E [|| Aos — Al|]
to quantify the influence of observation noise on the model er-
rors of the proposed model inference (without using the
redundant data) and the direct ordinary least-square estimator
@6) (without processing the observation data), respectively.
To perform the comparison, we consider a system (I) with

1 0 0 1

01 01
A=« 101 0| a=0y4. 47)

1 0 1 1
iid. iid. iid.
[f(R)]: ~" U(=1,1), [w(k); =~ U0,1), x(1)]; =~

U(-1,1), 1 € {1,2,3,4}, where U(-) denote a uniform distri-
bution. Given a time interval {k,k + 1,...,p}, the proposed
model inference uses only the basis data: r™ ™ m =k, k +
1,...,p— 1. We let a = 0.5. With 20000 random samples,
the defined metrics under different observation number, i.e.,
p — k + 1, are shown in Figure 2] (a), which demonstrates the
promising advantage of incorporating Data Processor from the
perspective of reducing model error.

B. Redundant Vector Data

We let a = 1, the initial condition, process and observation
ii.d.

noise follow uniform distribution: [x(1)]; "~ U(-1,1),
[F(k)): "K' U(=10,10) and [w(k)); "= ©(0,2), i =

1,2,3,4. We fix the observation-starting time and data length
as k = 1 and | = 8, respectively. We let X; include the
considered seven basis vector data: r%, r?, el r?, based on

which, we obtain twenty-one redundant vector data: r3, ra,

8 n4 .5 8 1.5 1.6 8 .6 17 .8 7 .8 .8
.., IS, T3, T3, ..., TR,TY, Ty, ..., Tq,Ie, T, I'E, T4, Iy, Iy,
increasingly using which, the means of matrix error || A;r — Al
with different numbers of random samples s are shown in

Figure 2] (b), which shows:

o redundant data has significant influence on model error,
which highlights the importance of Redundant Data Pro-
cessor in model inference;

« incorporating twenty-one redundant vectors into the pro-
posed inference procedure such that (I8) holds, the naive
and proposed inference procedures have the same model
error, which demonstrates statement 2) in Theorem

C. Sample Complexity

To demonstrate the advantage of the proposed model infer-
ence in mitigating the influence of the observation noise in
the model error, as well as the obtained sample-complexity
upper bound, we let [w(k)]; R uo,1), [wk) R
U(—0.05,0.05), x(1)]; "~ 14(-0.05,0.05), i = 1,...,4.
With the knowledge of distributions, we can set v = 0.0833,
Kk = 2.2¢/2, ¢ = 9.5. We consider an unstable real matrix
with a = 0.44. We assume we only know its upper bound
on singular values: 7 (A) = 1.004. We let the observation-
starting time be the initial time. By Algorithm 1, we can set
(¢ = 1.5,0 = 0.2811)-PAC, and we obtain an upper bound
on the number of observations as l,, = 140, and set the
observation terminal time as p = 145. The matrix errors and
their means with 10000 samples under different terminal time
are shown in Figure 3 from which we observe that 1) the
model error of the proposed model inference is much smaller
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Figure 2. (a) Proposed model inference is much more accurate, (b) the mean
of matrix error.

than that of the ordinary least-square estimator (£6), and 2)
(¢ =1.5,6 = 0.2811)-PAC is achieved when p > 140.

VII. CONCLUSION

This paper has studied the problem of model inference using
finite-time noisy state data from a single system trajectory. We
have systematically compared the proposed model inference
and the naive model inference and highlighted the advantages
of the proposed inference procedure with incorporation of the
redundant data processor. We then investigated the bounds on
sample complexity of the proposed model inference in the
presence of observation noise which leads to the dependence
of samples on time and coordinates. The effectiveness of the
proposed model inference procedures have been numerically
demonstrated.

Our analysis suggests two future research directions: 1)
finite-time model inference of continuous-time systems via
sampling, with well-calibrated state measurements, i.e., neither
underestimation nor overestimation, 2) and sample complexity
of the model inference in the presence of process and obser-
vation noise with time-varying means and dependencies.

APPENDIX A: AUXILIARY LEMMAS

We present the auxiliary lemmas for the proofs.
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Figure 3. With fixed & = 1, model errors under different observation-terminal
time: (¢ = 1.5,5 = 0.2811)-PAC is achieved and E[||A;y — AJ|] is much
smaller than E[||Aos — Al|]-

Lemma 4 (Block Matrix Inverse [40]): Consider the block
A B
C D
matrix R is invertible if and only if the Schur complement
A — BD~!C of D is invertible, and

e [(A—BD‘lO)‘l

matrix R £ . Assume D is nonsingular; then the

= |-Dp-1¢(A-BD-1C)-!
—(A-BD-'C)'BD"! ;l
D14 D-'C(A-BD-'C)'BD!|
Lemma 5: [28] Let £ be a mean zero random vector in R™,
whose covariance matrix is denoted by Cov(f). If f has the
convex concentration property with constant x, then for any
A € R™ ™ and every ¢ > 0, we have

)
P[|fTAf — E[f " Af]| > t] < 2e\ * TATZCov(r) ' TAT

for some universal constant c.

Lemma 6: [41] Let W be an d x d a symmetric random
matrix. Furthermore, let A/ be an e-net of S9! with minimal
cardinality. Then for all p > 0, we have

P[[[W][ > p]
2
< (Z+ )" maxP[[[Wullz > (1 —€)p], e €[0,1). (48)
P[[W]| > p]
2 n T 1
< (g+1) r&aj\)/(P [|u Wu|>(1—2£)p], €€ [0,5)- (49)

Lemma 7: [38] Let {F;};>1 be a filtration. Let {n;};>1
be a stochastic process adapted to {F;}:>1 and taking values
in R. Let {x:}:>1 be a predictable stochastic process with
respect to {F; };>1, taking values in R<. Furthermore, assume
that 7 is Fj-measurable and conditionally y-sub-Gaussian for
some v > 0.Let S >0,n" = [n2,n3,...,M41), and X T =
[x1,x2,...,x]. The following

det((XTX+S)Sl))O'5>

o )70zl
2 4]



holds with the probability of at least 1 — J.

APPENDIX B: PROOF OF LEMMA [2]
Proof of (I7d): We let w € ker(P;,)). From (10a), we
have
p—1 Tm(‘TMD

w' ka—Z Z w rq (rd TWZO, (50)
m=k =T, (1)
which means
ri)'w=0, Vme{k,. .. ,p—1},Vq€ Tp,
which, in conjunction with (8), indicates that
w € ker()v((Tk)p)), ker(P p)) = ker()v((T,w)). (51)

With the consideration of (@), if |Tx| = p — k, we have
T, = {k+1, k+2, ..., p—1, p}, such that each vector
of the matrix X,,, defined in (8a), is a linear combination of
vectors of Xy, for k41 < m < p—1. Thus, considering (80,
we have ker(X /! ) = ker(X,), which together with (5I)

(k,p) k
lead to (I74).
Proofof(]m[) We let w € ker(X(k p)X(k »))» which

means w X( )X(k nw = 0, which further equates to
X(kﬁp)w = 0. We thus directly obtain (I7B).

APPENDIX C: PROOF OF LEMMA[3]

i‘(k)] , we define

] - [rgr—sa)]

yh 2y(m) —ylg) = [0 0

For the notation y (k) = [

(52)

If rank (X)) < n, then (8) implies that there exist scalars
(Vm e {k,...,p—1},Vq € T, with T,,, # @), not all
p=1 T (|Tm|)
zero, such that >
m=k q=T, (1)
conclude from (32) that

p—1 T (|Tm|)

Y =
m=k q=Tp (1)

q
A

alrl = 0, which leads to

n+1- (53)

We note that X(k ») given by (I2B) can be rewritten as
X(k » = [y(k),y(k+1),...,y(p—1)]". We also note that
X(;C p € ROP=RX(M+D) “ang (M)Aimplies that its rows are
linearly dependent. We thus have X, ;) < n + 1. In light of
(=1 and 7DD, if rank(PQC p)) < n, we have rank(X(k ») <
n, which leads to rank(X(k p)X(k »)) < n + 1. Finally, by
Definition [Tl we conclude that if the proposed model inference
is not feasible, the naive one is not feasible as well.

APPENDIX D: PROOF OF THEOREM 1]

Proof of Statement 1): Lemma[3limplies that to prove state-
ment 1) we only need to prove that if the proposed inference
solution (I1a) is feasible, the naive inference solution (I6) is
also feasible.

It follows from (I2b) that

s
X ey Xhp) = [

(54)

Q\ :3'>\

B
D )

10

where
p—1 p—1
A=) r(m)r"(m), B=) r(m)=C", D=p—k, (55)
m=k m=k
from which we obtain that
A-BD'C
p—1 1 p—1 p—1
_ T T
= r(m)r (m)— m r(m) ZI‘ (9)
m=k m=k q=k
1 p—1 D
L _ T
=0Tk > (xm)—r(@)(r(m)—x(q)". (56)

We note that any other vector of nonzero matrix X given
in (8@ is a linear combination of the vectors of X}, with |Tj| =
p—k, forany p—1>m > k + 1. Thus, we have

ker[ ) (r(m) —r(q))(x(m) —r(q))"
m<q=k+1
= ker Z rd (rd)" | = ker(X))), if |Tx| =p—k,
m<qg=k+1

which in light of (I7a) indicates that

p

Yo (x(m)=r(@)(x(m)—r(a))" | =ker(Pup),

m<q=k+1

ker

which together with (56) further imply that if P, ., is invert-
ible, A — BD~C is also invertible. With the consideration
of (34) and Lemma [ in Appendix A, we conclude that if
the proposed inference solution (I14) is feasible (l e., Py, k.p) is
invertible), the naive inference solution (16) (i.e., X(k p)X(k,p)
is invertible) is also feasible. We therefore arrive at the con-
clusion that the same observation data has identical influence
on the feasibility of the two inferences.

Proof of Statement 2): Following the method of forming
matrix P, ) in (I8), matrix (I0B) accordingly updates as

p—1 D
1
(kp) = Z Z rgn++1(rgn)T'

(57)
m=k m<g=k+1
In addition, we obtain from (33)) that
1 =
A1/ _ T
D C—p—_kgr (58)
It follows from (12a) and (12b) that
p—1 p—1
Yibp Xk = | D r(m+1)r" (m), Z r(m+1)|. (59)
m=k =k

Since A = [A, a, the structure of inference solution is Ay, =
[Ajs, a5]. Moreover, (36) implies that A—BD~C is invertible
if Py ;) is invertible. Thus, in light of Lemma [ in Appendix
A, with the consideration of (36)-(39) and the computation

(I1d), we have



m=k
p—1
- Z r(m+1) (A—-BD™'C)~!
p—1
k) > r(m+ ' (m)Py!
m=Fk
_ p—1
S S, @
m=k g=m
_Q kp kp) _A1f7 (61)

where P ,) and Q) are given by (I8) and 2, re-
spectively. The relations (60) and (61I) indicate that if
rank (P ,)) = n, the naive and proposed inference procedures
generate the same solution of system matrix. Meanwhile, we
obtain thgt .

o
+ Y r(m+1)(D~*+D 'C(A-BD~'C) 'BD™)
m=k
p—1
== mZ::k ( m+1) Q(k,p)P(;}p)r(m)), (62)
p—1
Z r(m+ 1) — Ayr(m)) = ajf, (63)

where (m) from its previous step (62)) is obtained via consid-

ering (&I) and (I1B).

APPENDIX E: NOTATIONS OF COVARIANCE MATRIX

A. Component C,,,,: We denote
Czlljv,k) Cﬁc,kﬂ) Cﬁc,kw) T C&,p—l)
* Czilijrl,kJrl) Czllé+1,k+2) R Czil]c+1,p71)
wa é * * 0&4‘27]@4‘2) e 5}9"‘2:17_1) )
* * * . Cgofl,pfl)
where we define:
0L, ifk=mork+i=m+j
Climijy = —0d,, ifk=m+jork+i=m
O, xn, otherwise

Clkm. T (1), T (1)) Clkm, T (1), T (1T )

Clim) 2

Clkm, T (ITel), T (1) **+ Cllim, T (T4 ), T (1T )

B. ComponentC © We denote

- i ; y -
Clkk) C(k k1) Clikt) Clip—1)
f f f
* Clgr e C(5+1,k+2) C(lc+1,p71)
Py f f
Cir=1| * * Cler2ks2) - Clerap-n |
f
| * * * ...C(p 1Lp—1).

11

where we define:

) oll,, ifk=mork—i=m-—j
C(fk)mﬂ.)j) £0-0,, ifk=m—jork—i=m
O, xn, oOtherwise
f f f
Ckml ,1) Ckle) C(lc,m,l,k—l)
7
cf A C(k m,2,1) C(k m,2,2) C(k,m,2,k—1)
(k,m) — .
J J J
C(k,m,k—l,l) C(k,m,k—l,z) o C(k m,k—1,k—1)

C. Component C 7 We denote

f f f f
Clir) Cgk,m-l) C~(k,k+2) (z(k,p—l)
f f f
¥ Cluyirtn C(k+1,k+2) e C(5+1,p—1)
__A f f
Cff = * * C(k+2 Kt2) C(k+27p_1) ,
| * * * . C(p—l,p—l)_

where we define:

7 N {(a§+a§)1n,

fm—-—i=m-—j

(m,i.5) O, xn,s otherwise
f f f
C_{(m,k,k) C_{(m,k,k-l-l) C(m,k,m—l)
f f f
f & C(m,k+1,k) C(m,k+1,k+1) C(m k+1,m—1)
F F F
C(m,mfl,k) C(m,mfl,kJrl) C(m,mfl,mfl)
D. Component C PP We denote
ucv(k,k) ucv(k,kJrl) ucv(k,pfl)
Ciet1.k)  Clht1,k+1) Clkt1,p-1)
Co-1.6) Co-1h+1) -+ Clp—1p-1)
where we define:
) —02L,, Ty (i)—1—s=Tp (j)—m—t
C(k,m,i,j,s,t) £ UgInu k_l_S:Tm (j)_m_t
O, xn, oOtherwise

Che,mi,4,0, T () —9)
5 A . . .
C(’c,m,i,j) = : : : )

Cke,m,i,4,0,0)

9

Cke,m, iy, k—2,0) Clheymingok—2,Tm () — )

Clhym,Ti(1), T (1)) Clle,m i (1), T (I Ton)

L

é(k,m)

Clhym T (TR ) T (1)) =+ Clleym, T (ITh ), Ton (1T ))

APPENDIX F: PROOF OF PROPOSITION[]]

Let us denote

p—1
qz Zﬁmz_k(f(m) +w(m+1)— Aw(m)), (64)
1 A
A2l = ALy, TS > r(m) (65)



Proof of 29): Considering T in (63), we obtain from (3):

1 p—1 p—1 m—2
— — mfl 7
Fopla =Wt —7 D A" a(l) + — kZZAa
m=Fk m=k i=0
1 p—2 p—2—m
+— ou (66)
p m=1i=k—1—-m
where W £ é

i w(m)—pul,. From (68) and Assumption

1) we verlf h o

— b= (T — p1,)’L,(F — 1)

—E[(F— p1,)"L,(F - pl,)], (67)
(68)

- 2
T — gl

Cov(t — ul,) =C,

where h and C are given in (28d) and (28a), respectively. We
note that Assumptions [[F1) and [[2) imply that T — p1,, has
zero mean and convex concentration property with constant
k > 0. Let us set ¢ > 0 and p; > 0. Applying Lemma [3
with consideration of ||L,||2 = n, |L.|| = 1, @2 and (@8),
we obtain (29).

Proof of (30): Considering Assumption [I1), the relation
HAH% =tr(AT A) and the defined vectors q in (64) and i in

, we have

la—7l* = b = lla— all* — Ellla - 2] (69)
= (a—7) ' L.(a—m) ~E[(a—n) "L.(a—p)],

Cov(q —p1) =C, (70)
where C and b are given in (28B) and (28), respectively. We
note that Assumptions [[}1) and [[12) implies that q — /i has
zero mean and convex concentration property with constant
k > 0. Let us set ¢ > 0 and py > 0. Applying Lemma [5
with consideration of ||L,[|2 = n, |L,|| = 1, @ and (0,
we obtain (30).

Proof of (31): It follows from (23)) that

T T T T

B M(k,mX(k,mX(k,p)M(k,p)} =M. pE [Xw,p)X(k,p)} M p)
T

= M) Utkp) M) = In- (71)

We note for a matrix A € R"™", ||A|| = sup |u
uesn—1!

which, in conjunction with (ZI)), leads to
T TyT
H(pr)M(k,p)) Xy Mkp) = In
T TyT
= H(Xw,p)M(k,p)) X o) M)

T T
E[M 5, )X (k,0) X (5,p) M5, )]

= sup uT(X(T]q7p)M(k7p))TX(—]r€,p)M(kvp)u
uesSn—1
T T T
—u E[M, >X<k,p>X<kp>M< o
— sup ‘X(T,W)M(k,p) H EHX M(kp)u (72)
uESn*1
Let us define:
U £ diag{u, u, ..., u} € R™E»*"xn  (73)
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where ny, ) is given by (24b). Observing (I9) with 20) and

@8) with @7), we arrive at
T TAeT
Xy Mepyt = U T ) g p) 1k )5 (74)

where Yy, ), ;) and 7 ) are defined by @24), 26) and
(19), respectively. Inserting (74) into (72), we arrive at

T TyT
H(X(k*p)M(k’p)) X ey Mkp) = In

:ues;;‘l'rl?—l ‘UTT&7P)H(k,p)W(k,p)Hz
_EHUTT&@)H@@W(&;})Hz (75)
Let us define:
At = W) V) UUT Vi ity (76)

which follows from u € S"~1, (73), (24b) and the well-known
inequalities || AB|| < ||A||||B|| and ||AB||r < ||A]|||B||r that

1A pllE < T ) T e | UIO] [

= | oY (o) |1 /B ) (77)
A e | T ) Yy [ PIOU T Ty L |P (78)

where (77) and (Z8) from their previous steps are obtained
via considering ||Ul||p = \/M ) and ||[U|[| = 1. In light of
({Z6)—([78), with p3 > 0, we have

min{ P% P3 }
A [RICAT (1A Gp |

>min 5 . (L)
k) 1T L e HIC T TTL G L |

Let us set ¢ > 0. Applying Lemma[3 with consideration of

(9, (76) and 23), we conclude that

T
’HTUg,p)H(k,p)mkp H EHT M) 100,09 H s
holds with probability at most
2
— 1 _mi £3 -
90 2 m‘“{m(k,p)u%ucvu’ HA(rc,p)H}
2
~ 1 min L3 &
<2 {“Uc,p)”“(Txc,p)Tw,p)”“”CV” 1ML (e ) T (s P>”2}.

Then, noting (73), as a consequence, we have that

.
T T

H (Xw,p)M(k,p)) Xkep)Mep) — In

= sup

T
T T T
ueSnfl u (('X(k,p)M(k,p)> X(kvp)M(kvp) - In) u

> (1 —2¢)ps

holds with probability at most

min (1-20)?
2e o "(k,p)“H&,P)T(k,p)wluc"”1 i

(1—2¢)p3
N
(o) Yo 117

Then, applying (@9) in Lemma [6] we obtain (3I).



APPENDIX G: PROOF OF THEOREM 2]

We first derive two inequalities, which will be used to prove
Statements 1) and 2). We conclude from (T1a) and @) that
A— Ay = —R(kyp)P(k »)- Noticing (10a), we then have

[A— Al

- R(km)P(k p)

—0.5p—0.5
= R(kvp)P(kp)P(km)

—0.5
< || Bwn Py Hpacp)

= [ Rt X m X)X X )2 80)

Meanwhile, we obtain from (2)) that

a= plkZ (m+1)—Ar(m)—£f(m)+Aw(m)—

m=k

w(m+1))

which, in conjunction with (I1B), (&4) and (63), leads to ;i —
a = (A — Ai)T + q, as a consequence, we have

laas — af| < [[A = Aggl| |IT]| + [lal| - (81)
A. Proof of Statement 1)
For (80), we define two events:
A T —05
0 = | B (Xoc,p)X(k,p))
T\ 08
. H X(k,p)X(k,p)) ’ > (25} , (82a)
2 2 {|| M) X Xy Mot }oo@m)
from which, using (80), we have
P[4 — A > 9] <Pl (%] +POS]. (3
We next derive two upper bounds.
Upper Bound on P(5): We let
v = V2ck, (84)
inserting which into (32)) results in
1 —2¢)2p2 1-2
mm{ U-2Psd (1—2¢)ps }
e T X e NG T Yty |
4-(2+1
Z Cfiz 1n £7
5
which is equivalent to
1 nin (1—2¢)2p3 (1—2¢)p3
2'(24_1)”.6:# % (o) T o X ey PTGV T T, X (e 112 <§
€ 2

which together with (1) in Proposition [I] imply that when
(32) holds, we have

P(Q5) < (85)

|
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Upper Bound on P (21 [ Q2): When Q2 occurs, we have

(1= ps)ln < Mgy X (ki) X (o py M) < (14 p3)Tn.

As a consequence, we get

(1= pa)My5) < XX oy < (L+p3) M2 (86)
which implies
Mt (X ey X (opy) = Aita((L = pa) M2 ) £ 8. (87)
We note that
X ) X o) = M2 X 1) K e ) Z it X () X (ke )

by which, we thus obtain from (§7) that

1 _
52 (X ) X (o))~

As a consequence, we conclude from (82) that
0 ()92 {1 R (X k) X o) "I > B} Q2. (88)
The left-hand inequality of (86) implies
T —2 T
2X () X (opy = (1= p3) M7 + X (o) X (1)
which means, with 0 < p3 < 1, that
(X(k,p)X(T]c7p))71 <2((1- PS)M@?p) + X(/%p)X(Tk,p))il’
which, in conjunction with (88), leads to
O [
C {\/§| Rt p)(S+ X (k) X (ko)) 0N > ﬂ(b}ﬂ Q2, (89)

where we denote

SE(1- ps)M@?p). (90)
We now define two additional events:
12 {(I(S + X(ep X)) Rl O

- 1
> 16¢k” In((det((S+X (k) X ()5 1))0'5%)},
2
@2(w) 2 {]I(S + Xy Xopp) " R pyul
> 4ek? ln(det((S-i-X(k,p)X(Tk,p))571))0'5 .

it

, Hp_1], where

where u € S":l. } }
We define Hy ) 2 [Hy, Hpyq, ...
i, 2 {[hgm)’ S L

! .
‘null’, otherwise.

Thus, R ) in (I0d) equates to Ry, ,) = fI(HLp)X(Tk_’p). As
a consequence, R, u = X ) (I?I(T,C+17p)u). We note that
under Assumption [113), u € S"~! implies (h}*) u is F-
measurable and conditionally y-sub-Gaussian for some v > 0.
We note that (84) implies 4cx? = 2+2. In light of Lemma 7
we have P[®2(u)] < dy. Furthermore, applying (@8), with the
setting of € = % in Lemma [6] we obtain

P[®,] <5" ma P [@2(u)] < 5"do. (93)
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We let 09 = such that B. Proof of Statement 2)

5
2.5

We first note that

4\/%,‘{/ 2.5 5n _p 0.5n | i )
" ( ) ) (lal] = 17ID* = b < lla = &ll* ~ b < [lla—7lI* - b].
(el = vVip)® =B < e = P =B < [Jle = ] > =5

42k 2. 5150 p3 0-5m
T 2.5 .8, - 50-5n which, respectively, imply that
4/2ck 1 P(llall = [[Zl)* = b < p2] > P[|lla—all> = b| < po] ,
= — det 2_ 7 2 _ %
¢ 50 1—p3 P(llr]| = vVap)?® = < p1] > P[|llr — p1,|* = b < pa] .
Vo 1 Meanwhile, we note that (||q|| —[|z|[)> —h < p2 and
T4 1 % <det << ) S~ 1)) (Jlr]] = v/nu)? — b < py are, respectively, equivalent to

4v2ck N =2+ +lull <llall < y/p2 + b +lHll;
> \/ (5 (aet(S+ X X(r )5 ) ) (94) B ?
=\ pr+b+Vap < ||l < \/p1+b+ Vg,
where the last inequality from its previous step is obtained via

considering the inequality X, p)X (bp) < Hp* S that follows  which indicates that

from (90) and (86).
Combining the inequality in (89) with @4) yields Plllall < y/p2 + b +[lall] = Pllal| = [|al])* = b < p2],
1R kp ) (S + X, p)X(Tk )l Pll|r]| <\/p1 + b+ vau] > Plr]| — vap)® = < pil,

> 7 >4\/E/£\/ (5 (det ((S+X p)X(k p))571))70.5)7 by which, we thus conclude that
0

by which, and considering (89) and @I), we deduce that under ~ P[|q|| < \/p2 + b+ [|4]]] = P[|lla — 2l|* — b| < p2], (97)
the condition (@4) if the event £ occurs, the event ®; occurs

consequently. We thus obtain: Pllr|| <1/ p1+b+vnp] > Pl||lr—pl,|*=b|<pi].  (98)
P() ()9] < P[21[ )] ©5) " We note that & = (v/p1 + 5+ Vaiu)é + /o2 ¥ B+ |7l

in conjunction with (1), (@7) and (O8) results in
We note that the condition (33) is equivalent to

Pl — || < ]
4v/2¢k 2.515m 1 — pg ~
Nt (L= ) ) = = %H( ()" > P[||A — Al [F]| + llal| < ]
> P[||A — Ax|| < ¢] - P||la — 7l|> — b| < o]

inserting the definition of 8 in (87) into which, we arrive at |||r pa|? - E| < o]
n — b)

03 2
/ . R1.5n _ — min s — L min i;
51 ;m‘ﬁng 55 - )0, >4.(1-0)-c koefame{ i

by which we conclude that (94) holds if the condition (33) is Where the last inequality is obtained via considering P(|[A —
satisfied. Moreover, recalling that the event {25 always occurs Aif|| < ¢) > 1 -, (30 and 29).

under the condition (32)) (proved in Upper Bound on P(£25)),

we conclude from (93) and (@3) that

APPENDIX H: PROOF OF PROPOSITION
P[] Q2] < P[] < 5”6
For m > 2k — 1, the third term in the right-hand side of (6]
holds as long as both (32) and (33) are satisfied. In addition, ~can be rewritten as

due to 9y = %, we have I o
5 D A f(m—1—i)+a)= Y A'(f(m—1-i)+a)
P[] < 5 (96)  i=h1 i=m—k
2 m—k—1
Combining (83) with (83) and (O6) straightforwardly yields + ZA (f(m—1-i)+a). (99)

P[||Air — A]| > ¢] < 0. i=k—1



Under Assumption[I}1), it is straightforward to verify from

(6) and [@9) that

E[ry (rf") "]
> (Ak—l _ Am—l)E[X(l)XT(l)](Ak—l _ Am—l)T
m—k—1 m—k—1
> Af(m—1-di)( Y A'f(m—1-i)]
i=k—1 i=k—1
m—2 m—2 .
+Ewr(wi) T+ E[( Y Ala
i=k—1 i=k—1
Z (Akfl _ Amfl)(Akfl Am I)TO' + 2 2I
m—k—1
+ ) AAnT (100)
i=k—1
Considering m > k, we have
(Ak—l _ Am—l) (Ak—l _ Am—l)T
= AF1 (1, — AmR) (T, — AR (AR T o

For a square matrix A, we known that o;(4) =
Ai (AAT), where \; (A) denotes the ith eigenvalue of A.
We thus have
min {0 (Am—k

I,—A™ ") (I, — L)V L.,

(LA i )

which, in conjunction with (TOT), (@) and (34b)), leads to
(Ak—l_Am—l)(Ak—l_Am—l)T >A2k 2~2I

We note that

—Am k)T >

(102)

m—k—1 —k—
ZAi(Ai)T Za 21 >A2k 2 2I'n,;
i=k—1 i=k—

inserting which along with (I02) into (@00) yields
Ef7(ry)"] > f1(A)L,, where §1(A) is given in (352).
For m < 2k — 1, we can straightforwardly obtain from (6&):

Efry ()] > A - A" Y E[x(1)x "(1)]@F ! —AamhT
+E[wi(wi)' ],
= (Ak_l —Am_l)(Ak_l —Am‘l)Ta?+2o§In.
Following the same steps of obtaining (I02), we have
E [rk (rg" )T} 2 (8?4]C ey 407 +202)L, = f2(A)L,, where
f2(A) is given in (33D).
APPENDIX I: PROOF OF PROPOSITIONE
Considering the matrix Y,y given in 24a), we have

T el = 1M l]- (103)
Considering ||T,_, || = 1, we obtain from 26) that
m=k min
Ty || < MG ||+ 1A ||+ Al + 1. (104)

With the knowledge of upper bound &4 in (B4d), it is
straightforward to obtain from @Zd)-@71) that

=q—1
. UA - UA
< A =04 105
||A(k,p)|| = qe{g,l?ié—l} 1—04 .
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Meanwhile, we obtain from (27g)-(271) that

:]—1 =m—1
~ g — 0
A < max A 4 106
Ml < j<me{k,...p—1} 1—54 (106)

Noticing the upper bOllild & in (34d), we obtain from 7a)-

@7d that ||A k|| < 0, substituting which together with
(103) and (m) into (I04), we arrive at HH op) || < Okp)»

where g(x,p) is defined in (39). Furthermore, with well-known
inequality |GH| < ||G]| ||H]|, it follows from (I03) that

. (107)

;p
Noting f(x, ) @D, and substituting (36) into 23) yields

p—1Tr(|Tx])
M-

(,p)—z Z fera)In

r=k q=T,(1)

LG ) e S T o 1 i 1 < 1M 1

As a consequence, we have
1
— p—1T.(T:) ’

fera)
r=k q=T,(1)

inserting which into (I07) leads to (38).

1M 1"
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