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Abstract

The mean values of non-homogeneously parameterized generating exponential
are obtained and investigated for the periodic Heisenberg X X model. The norm-
trace generating function of boxed plane partitions with fixed volume of their
diagonal parts is obtained as N-particles average of the generating exponential.
The generating function of self-avoiding walks of random turns vicious walkers is
obtained in terms of the circulant matrices that leads to generalizations of the
Ramus’s identity. Under various specifications of the generating exponential, the
N-particles averages arise for a set of inconsecutive flipped spins and for pow-
ers of the first moment of flipped spins distribution at large length of the chain.
These averages are expressed through the numbers of closed trajectories with
constrained initial/final positions. The estimates at large temporal parameter
are expressed through the numbers of diagonally restricted plane partitions char-
acterized by fixed values of the main diagonal trace or by fixed heights of the
diagonal columns in one-to-one correspondence with the flipped spins positions.
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1 Introduction

Mathematical methods developed in quantum integrable models [1,2] find application
in different branches of physics [3H14]. The Quantum Inverse Scattering Method [2,/15]
provides a powerful approach to calculation of the correlation functions of the one-
dimensional spin-1/2 anisotropic X X Z model [16-21].

The X X chain is the free-fermion limit of the X X Z model. Despite its simplicity,
the model is attractive from different perspectives. In fact, it provides a base for study-
ing of entanglement entropy as a measure of entanglement [22|. Connection between
the X X chain and the low-energy QCD, as well as a possibility of a third order phase
transition [23] in the spin chain, are discussed in [24,25]. Intriguing relationship of the
model in question with the integrable combinatorics [26}27] attracts special attention.
The temperature correlation functions in the X X chain were calculated and studied
in the thermodynamical limit in [28-30].

Our approach to the investigation of correlation functions is based on the theory
of symmetric functions [31], which allows us to establish natural connection with the
different types of the directed lattice walks, partitions and plane partitions [32,33].
In [34}35] it was shown that the multi-spin correlation functions over the ferromagnetic
vacuum are in one-to-one correspondence with the path configuration of the random
turns walkers [36,37]. The correlation functions calculated over the ground state lead
to the more complicated structure of the lattice paths [27,[38-40].

The enumeration of plane partitions with the different constrains is a classical part
of the enumerative combinatorics [41], and their number with the fixed values of diag-
onal parts is of particular interest |[42]. The temporal evolution of the first moment of
particles distribution of the phase model [43| after special g-parametrization coincides
with the norm-trace generating function [44], while the partition function of the four
vertex model in the linearly growing external field under the so called “scalar product”
boundary conditions counts plane partitions with the fixed values of their diagonal
parts [45].

In the present paper we shall consider the generating exponential operator exp Q,
where Q = %Zﬁil ag(l — of) is the weighted inhomogeneous sum of flipped spins
with the parameters «y depending on the lattice sites. The average of exp Q over N-
particles ground state is represented in the determinantal form. The obtained answer
allows to derive the generating function of boxed plane partitions with the fixed sums
of their diagonals. The generating function of N random turns walkers is expressed
in terms of the entries of products of the circulant matrix [46,47]. The Ramus’s
identity [48| and its multiple series generalizations enable to obtain identities respected
by the numbers of K-steps lattice paths of N vicious walkers. These identities are
used then to obtain the temporal correlation functions of inconsecutive flipped spins
in terms of the superposition of the nests of self-avoiding lattice paths.

Organization of the paper. Section (1] is introductory. The outline is given by Sec-
tion[2] The N-particles Bethe state-vectors expressed through the Schur functions and
a combinatorial interpretation of the Schur functions in terms of nests of self-avoiding
lattice paths are presented in Section The norm-trace generating function of the
boxed plane partitions with fixed sums of their diagonal parts is derived in Section



Section [5|is devoted to the transition amplitude over N-particles states which respects
the differential-difference equation. Solution to a descendant difference equation is ob-
tained in terms of the circulant matrices expressed through the lacunary sums of the
binomial coefficients. The power series representation for the generating function of
random turns walks of vicious walkers is obtained. The multiple series generalizations
of Ramus’s identity are derived in Section 5] The Boltzmann weighted average of the
generating exponential and its relationship with the lattice walks are considered in Sec-
tion [0l The temporal correlation functions of flipped spins are obtained in Section
and their combinatorial interpretation is given in terms of enumeration of self-avoiding
lattice walks and of diagonally restricted plane partitions. The N-particles Boltzmann-
weighted mean values are obtained for the generating exponential, for a projector onto
a set of inconsecutive flipped spins, and for powers of the first moment of flipped
spins distribution at large enough length of the periodic chain. The estimates at large
temporal parameter are obtained in terms of enumeration of boxed plane partitions
with diagonal elements subjected to additional restrictions. Discussion in Section
completes the paper.

2 Outline of the problem

The X X Heisenberg spin chain is described by the Hamiltonian:
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where S* is the third component of total spin, A > 0 is homogeneous magnetic field,
and the number of sites is M = 0 (mod 2). The local spin operators o;r = (0% £1i0Y)
and o2 depend on the lattice argument n € £ = {1,2,..., M}, act on the state space
Oy = (CHPM | and satisfy the commutation relations:

lof, 0] = duof,  lof,0f] = £20u 07 (3)
The entries A, constitute M x M hopping matriz A and are of the form:

Anm = 5\n—m\,1 + 5\n—m\,M—1 ; (4)

where 6,,;(= 6,;) is the Kronecker symbol. The matrix A is a special type of so-called
circulant matrix [46,47]. The periodic boundary conditions o v =0l # e {£ 2},
Vn € &, are imposed, and the Hamiltonian H commutes with S*.

Spin “up” and “down” states on n'" site, [1), and |}),, are defined so that the
rising /lowering operators o act on them as follows:



From it follows that two operators q,, and q,,

1 1
h=0,0, =5(1-07), G=0,0, =5(l+07), (6)
are the local projectors since ensure
dn H/>n :|\L>n7 an |T>n = 07 an |T>n :|T>na dn |\l/>n =0. <7>

The state |{) = ®24:1 |1), (spins “up” on all sites) is chosen as the reference state
(i.e., pseudovacuum [15]), and therefore the reversed spin on n'" site |J),, will be called
flipped spin. Regarding (7)), the sum Q(m) = Y_,*, qi is the number of flipped spins
operator on first m sites. The total number of flipped spins operator is N' = Q(M),
and it commutes with H ().

Let us introduce the sum of q, @ taken with the “weights” a,, € C,

M
Q=) andn, (8)
n=1

and let us consider the mean value of the generating exponential operator e<:

e BH

trace (e=AH)”’

((€9))5 = trace(e%p),  p= (9)
where [ is a real positive parameter, the Hamiltonian H is given by , , and p is
density matrix. The parameter 5 might be treated either as an “evolution” parameter
[34,/44] or inverse absolute temperature. The trace symbol in @ implies summation
over states of the model and will be concretized in Section

Generating functions provide a helpful tool for derivation of certain correlation
functions of the quantum integrable models [15]. The operator e is called ‘gener-
ating exponential’ since ((e9))s @I) parameterized by the elements of M-tuple ay; =

(1,9, ..., ap) can be viewed as the generating function G(ay) = ((€€))5 of the
mean values of products Iy = Hé’:l qx, of the flipped spins projectors q,, (6):
((I))p = trace (IIy p) (10)
0' G(ay)
= i = lim 0 G 11
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where 1 < ky < ky < -+ < k; < M. The product Iy is the projector onto [ in-
consequent flipped spins. Recall that the correlation functions of string I, = Hé’:1 a;
of the projectors q; @ and appropriate combinatorial implications have been studied
in 27,40,51].
When the elements of ay; depend linearly on the site coordinate, ay; = a-(1,2, ..., M),

a € R, the operator Q is reduced to @ = aM, where M would be considered as the
first moment of flipped spins distribution. The mean values of e*™ are the generating
functions of the mean values of powers of M:

()5 = lim ()5 M= ng,. (12)



The temporal evolution of e€ for Q proportional to the first moment of particles dis-
tribution has been studied in [44] for the quantum phase model.

With the aim of evaluation of ((€€))s @, ((IIx))p , and ((M%))4 , the
approach based on symmetric functions |27,38] is developed in the present paper to
derive trace (e®e~?H) and relate it, at large enough M, with enumeration of random
turns walks of vicious walkers occupying specially prescribed initial/final positions
on the chain and with enumeration of boxed plane partitions subjected to certain
restrictions.

When a1 = ag = -+ = ay, = a and @1 = Quuyo = -+ = ay = 0 (conventional
choice), the operator Q takes the form Q = a@Q(m), and G(ay) coincides with the
generating function G(«, m) of the correlation functions of z-components of spins for
the Heisenberg chains [17,[20,[29,52]. The ‘emptiness formation probability’, being
probability of formation of (ferromagnetic) string of m consecutive “up” spins is given
by G(a,m) at o — —o0, |29,/50,52]. The function G(a,m) has been derived in [53]
for strongly correlated bosons when @(m) is the number of particles on a segment of
“length” m.

3 The state-vectors, the Schur functions and self-avoiding
lattice walks

3.1 The Bethe state-vectors

The present approach is based on the use of symmetric Schur functions [31] since this
is helpful for obtaining the correlation functions in the determinantal form [38-40].
Let a set of strictly decreasing integers up, 1 < k < N, to constitute a strict
partition, i.e., N-tuple g = (1, fta, ... , i) where M > g > ps > ... > uy > 1.
Since the operators o act on the states 1), and ||}, according to (5)), we define the

state |u) corresponding to N flipped spins on the sites labelled by the “coordinates”
ik, and the corresponding conjugate state (v|:

w=(Mon)m.  wi=a(fe). (13

where [{}) = ®7]l/[:1 [1),. The states provide a complete orthogonal base:

wt) = 80 = [ Gonge - (14)

n=1

The N-particles state-vectors |¥(uy)) are chosen in the form of linear combinations
of the states |p) (13), [27,]38]:

| W (uy)) = Z Sx(uy) ) - (15)

AC{MN}

The bold notations are adopted in (15 (and hereinafter) for N-tuples of numbers like

u? = (u?,ui, ..., u%) (or u%, to point out the number of elements). Summation in ([15))
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goes over partitions A = (A1, Ag, ..., Ay) consisting of weakly decreasing non-negative
integers: M > Ay > Ay > --- > Ay > 0, where M = M — N is the number of spins
“up”. The relationship between the parts (i.e., elements) of A and p is expressed as

or A = pu — dy, where dy is the “staircase” partition
on=(N,N—-1,...,2,1). (17)

The coefficients in are given by the Schur functions Sy defined by the Jacobi—Trudi
relation, [27]:

det(23" M) 1< e

SA(XN) = S)\(‘rlvx27"'7xN) = ! V(XN) ) (18)
where V(xy) is the Vandermonde determinant
V(xy) = det(@) Fhuen =[] (@ —2m). (19)
1<m<I<N

With regard at , the conjugate state-vectors are given by

(Wva)l = Y (IS (20)
AC{MN}
The scalar product of the states and takes the form:
(U(v) [W(un)) = D Sa(viy))Sa(uy), (21)

AC{MN}

where the orthogonality is used. Right-hand side of is calculated by means
of the Cauchy—Binet formula expressed through the Schur functions, [54]:

det T4y (XN, Y )
Vxn)V(yn)

Z Sx(xn)N(yn) = (22)

AC{LN}
where summation is over all partitions A satisfying: L > Ay > Ao > --- > Ay > 0. The
matrix Trn(xn, Y n) = (Ti(Xn, Y n))1<ij<n In is given by the entries

_1—2a”f

T;J'(XN’yN) = Ej = hL-i-N(xiyj)’ hP<x) = 1—2 (23)
where P € N. Equations and yield the scalar product :
1 1 — (us/v;)*M
v v = ————— det| —X L . 24
(Vo) W) = s de (o) L @)



Let us consider N-tuples e, 1 < k < N, consisting of zeros except a unity at k™
place (say, from left). The Schur functions labelled by a generic A (A\; = M or
Ay = 0 for a non-generic A) respect the property:

isﬁek (xn) (Zx >S>\ XN) - (25)

k=1

For a given xy, let us consider the set S = {Sx(xn)}acimny and subject its ele-
ments to the transformations By : A — Atey, k € {1,2,..., N}. The transformations
By map arbitrary Sx(xy) either to another element of the set or to zero. However,
the transformations of the non-generic elements, A — X 4+ e; for A = (M,...), or
A — A —ey for A= (...,0), require a specification. Let us subject all z; € xy to
e = (D", 1<i<N. (26)

)

Then, the mapping of appropriate Sx(xy) consists in transposition of the first/last
column in the nominator of (j enumerates columns) to the last/first position.
Thus, the set S = S| is mapped by By into itself, and we come to

Definition 1: Assume that oF subjected to the periodicity o et = On, Vn € &, are
used in |p), (v| (L3). Then, . and (20) with the coefficients SA(XN) E SB are called

N -particles Bethe state-vectors.

Let us consider the exponential parametrization u3 = €~ where ¢~ denotes N-
tuple (e, €2, ... e?N). Tt is directly verified that the Bethe state-vectors | ¥(e?v/2))
introduced by Definition 1 are the eigen-states of H (l) and S* on the periodic
chain:

(Ha— hS™) [W(12)) = Ex(By) |[9(e2/), (27)
5 (e 2) = (3~ N) (), (29)

where N-tuple Oy = (01,0,,...,0y) is defined, and is nothing but the set of
the famous Bethe equations in the exponential form [29] for the X X chain: ¢% =
(—=1)V~1,1 < j < N. The eigen-energy En(0) is equal to

W
EN(O) = —T + 5(6j>, 8(6j) =h-— COS@j, (29)
j=1
where )
T N+1 .
and [; are integers, M > I, > I, > --- > Iy > 1, constituting N-tuple Iy =

(I1, I, ..., Iy). The ground state solution is given by with Iy substituted by é 5

(17):

o5 ="

2W(N+1
2

——j), 1<j<N. (31)



Useful relations result from , , :

<“N’€—5H’qj(ei91\7/2)> — ¢ BEN(ON) SAN(eiBN),
' . (32)
<\I/(6_20N/2)|6_'8H|[1,N> — e—ﬁEN(GN) S)\N(G_ZON) '

Let us introduce N?(uy) = (¥(uy) | ¥(uy)) for the scalar product of the
states (15) at vy = uy. Then the square of the norm N?(e¥V/2) parameterized by
solution to the Bethe equations takes the form due to and (24), [27]:

: MY MN
N (ONP) = ——— = : 33
R LD A | ST ) .

1<m<I<N

Decomposition of unity is of the form:

T = 30N W) (w0 (34)

{6~}

where and are taken into account, N2(e*~/2) is given by , and summation
is over all independent solutions to .

3.2 The Schur functions, self-avoiding lattice paths, and boxed
plane partitions

The Schur functions Sy(xy) are in one-to-one correspondence with the semi-
standard Young tableaux [31], and they admit an interpretation in terms of self-avoiding
lattice walks. A semi-standard Young tableau T of shape A is a diagram possessing
A\ cells in i row (i = 1,..., N). The cells are filled with positive integers n € N*
weakly increasing along rows and strictly increasing along columns (right-hand side of
Fig. . A nest of self-avoiding lattice paths C (left-hand side of Fig. consists of
paths counted from the top of T and going from points C; = (i, N + 1 — i) to points
(N,pi = N\i + N +1 —14). An i*" lattice path makes \; upward steps, and it encodes
i™ row of the tableau. The number [/; of upward steps along the line z; coincides with
the number of occurrences of j in T. Then, Sy(xy) (18) corresponding to T of shape

A takes the form: N
lj
v => 114 (35)
{C} j=1

where summation is over all admissible nests C. Let us notice how enables to
obtain . The set of all semi-standard Young tableau of shapes At e, 1 <k < N,
is characterized by the volume |A| + 1. Since SV, 1; = |A|, one concludes that
is valid. The representation (35) naturally arises in quantum models soluble by the
Quantum Inverse Scattering Method [15]. The value Sy(1y) = Sx(1,1,...,1) gives
the number of nests of self-avoiding lattice paths, and it is equal to

I | e e | (36)

1<j<k<N 1<j<k<N




Figure 1: A nest C of N = 6 lattice paths and semi-standard tableau T of shape
A=(5,4,2,0,0,0).

Let us consider the nest of N self-avoiding lattice paths with equidistantly arranged
start and end points C; and Bj, respectively (1 <[ < N). Only upward and rightward
steps are allowed for the path in the nest so that an {* one is contained within the
rectangle whose lower left and upper right vertices are C; and By, respectively. Besides,
the total number M = M — N of upward steps and the total number N of rightward
steps are the same for each path belonging to the nest. Then the nest described is
called watermelon (see Fig. [2)).

Watermelon can be viewed as a ‘fusion’ (‘sewing’) of the nest of paths C and of
a conjugate nest of paths B along the points on the ‘dissection’ line (wavy line in
Fig. [2). The partition g determines the ordinates of the points (N, ), M > puy >
fo > --- > puy > 1, which are the end points of the nest C and which must coincide
with those characterizing the conjugate nest B. For instance, a typical watermelon in
Fig. 2| is given by the nest C (see Fig. (1)) fused with a conjugate nest B which can be
restored from Fig. , [27]. The Schur function corresponding to the conjugate nest of
N self-avoiding paths is

N
Sa(yn) = Salyn, vz yn) = > [ [ o (37)
(B} r=1

where b, is the number of upward steps along y,., and summation is over all nests B.
Under the ¢g-parametrization

V2:qNE<Qaq2a"'7qN)7 u2:qN/Q7 (38)

the scalar product takes the form:

(W(ay )W ((an/0)") = 3 Sxansi(T)- (39)

AC{MN}



Then, the number of watermelons characterized by the points C; and B; (1 <[ < N)
is given by at ¢ — 1:

lim (¥ (ay )W ((av/0)*) = Y Sx(1x)Sa(1w)

q—1
AC{MN}
- Y (T )
rC{MN} {Clu {B}u

where the notations {C}, and {B}, are to stress that the summations are over the
nests characterized by specific g (more on the graphical interpretation in [27]).

S04 T WO
X1 X2 X3 X4 X5 X6 T}h Y2 y3 Y4 Vs

Figure 2: Watermelon as the nest of lattice paths at M =6, N = 6.

A bozed plane partition 7 is an array (m;;); j>1 of non-negative integers that satisfy
Tij > Miy1,; and m; > 7 54 forall 4,7 > 1, ,. A boxed plane partition is contained
in L x N x M box, if m;; < M for all 7 and j, and m;; = 0, whenever ¢ > L or j > N.
Plane partitions are interpreted as stacks of unit cubes so that the height of a stack at
point (7,7) is m;; (left-hand side of Fig. [3)). The trace of s** diagonal of plane partition
counted from left down corner is tr ;7w = ZNﬂ,_i:S mij, 1 <5 <2N —1. The volume of

T is || = Ziﬁf Ytr ;. The plane partition and the corresponding array are depicted
in Fig. [3l There exists bijection between the watermelon configuration of self-avoiding
lattice paths (Fig. [2) and the plane partitions (Fig. [3), [27). The bijection is such
tr ymw = |A| (all traces are provided in Fig. (3.

The generating functions of boxed plane partitions arise from the correlation func-

tions of the X X model [38-40], the quantum phase model , the four-vertex model
[45].
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Figure 3: Plane partition equivalent to watermelon in Figure 2 (|A| = 11).

4 Norm-trace generating function of plane partitions
as form-factor of exp Q

4.1 Flipped spins and plane partitions with columns of fixed
heights

The commutation rule
eCof = eFgi el (41)

and Q |ft) = 0 allow us to obtain the average of e2 over ‘off-shell’ (i.e., arbitrarily
parameterized) N-particles states and :

(U(vy) | 2 [ V(uy)) = Pu(va?, uk,an), (42)
where
N
Pu(vy, U, ay) = Z Sa(vi?)Sa(uy) Heo‘“i (43)
AC{MN} =1
is the sum depending on the elements of M-tuple ay; = (aq, s, ..., an), while the

parts of A and p are related according to ([16]). The use of the generic Cauchy—Binet
formula leads to

Proposition 1: The sum PM(VX,Z,u%V,aM) parameterized by M-tuple ay; and

by the arguments v° and u% of the Schur functions admits the determinantal repre-
sentation:

J

PV v L e[S e (1) 44
M(VN Uy, ay) = W € ;6 (F) » ‘<N7 (44)
n= <4,5<

where the Vandermonde determinant 18 used.

11



Off-shell N-particles average of the projector Iy defined in arises from the
series representation provided that the notations for I-tuples k; = (ky, ko, ..., k)

and the “reversed” one k; = (k;, k;_1, ..., k1) are adopted:
(U(vy) | I |¥(uy)) = lim 9!
{ak—>0}

X (U(vy) | e2 [U(uy)) = Pu(viZ,ud, k), (45)
where the tilded notation P (v, u¥, k;) implies the sum

Pu(vis i k) = Y Sx(vy)Si(ud). (46)
AC{MN}

Summation in goes over A= XN =y — Oy, where py is a strict partition such
that its [ non-consecutive parts coincide with the elements of [-tuple k;, and d  is given

by .
The average of Il under the g-parametrization arises from and :

(W) | T [ 2((a/a) ) = Paa(ax, "0 Kr) (47)

Equation in the case k; =1=(1,2,...,1) takes the form:
I
- 3 q
(w(ay) | TTa 19 ((an/0)") = Pac(an. 51) (48)
i=1

so that py and Ay = pmy — Oy in 1) are concretized as follows:

pn = (1, 2, oo pv—t, LI =1, 1) (49)
XN: ()\1,>\27-~‘7)\N—l70707"'70)7 (50)

and summation in 75/\4 isover M > X\ > X >+ > Ay > 0.
According to 7 right-hand side of provides the generating function of the
number of watermelons depicted in Fig. [2}

(V(1y) | Hqi [U(1n)) = Pum(ln, 1n,1)

. a
=lim 37 Sila)si() = X SxLssy).
AC{MN} AC{MN}

(51)
Indeed, S5(1n) corresponds to the paths connecting equidistant points C; = (i, N +

1 —4) with non-equidistant ones (N, f1;), where fi; are given by (49)). The nest in Fig.
is just depicted for g since an i path makes \; € Ay_; = (A1, Agy ..o, An—y) steps

12



upwards at 1 < ¢ < N — [, while only rightward steps are allowed at N —[4+1<:< N
(I =3 in Fig. . The following identity is respected by Sx(1y) due to and :

S3(In) = Sxy_,(In) ¥ 1__[ 1T % (52)

k=1 j=N—I+1

In the case of | = 0, Eq. is reduced to (40). Therefore, (U(1y)|¥(1y)) is
given by the sum Py (1y,1y,0.) equal to the number of such watermelons that
upward steps are allowed for all paths (including, in comparison with Eq. , the
paths from (N — [+ 1) to N*™). The number Py (1x,1x,0y/) is also interpreted as
the number A(N, N, M — N) of plane partitions in N x N x (M — N) box (see Figure

, [27]:

(V(1y) [Y(1x)) = Pum(ln, 1y, 04)

N N .
M—-N+k+7-1
= AN, N,M-N)=]]]] P : (53)
k=1 j=1

As far as the mapping between the watermelon configurations and the plane parti-
tions is concerned, the watermelons characterized by and Ay are mapped
to such stacks of cubes that [ x [ square on the bottom of N x N x M box remains
empty. The specific watermelon in Figure [2]is characterized by py = 3, us = 2, pug = 1,
and Ay = A\; = A\¢ = 0. The dashed 3 x 3 square is shown in Figure 3 It is forbidden
for the cubes constituting the specific stacks to occupy the dashed square. There-
fore, Pp(1y,1n,1) enumerates the plane partitions restricted additionally by an
“excluded” part of the bottom surface. Generally, ﬁM(l ~, 1n,k;) corresponding to
(48) enumerates the plane partitions with [ columns of prescribed height in one-to-one
correspondence with parts of k;.

4.2 Norm-trace generating function

The norm-trace generating function G(N, N, M|q,~), i.e., the generating function of
plane partitions with unbounded parts and with fixed height of the main diagonal
in a box of height M and with bottom of size N x N has been derived in [42] and
generalized in [55]. The determinantal representation for G(N, N, M|q,~) has been
derived for the model of strongly correlated bosons [44]. The determinantal formula
for the generating function of plane partitions with fixed heights of several diagonals
has been obtained by means of the four-vertex model in inhomogeneous field [45].

The norm-trace generating function G(N, N, M| ¢, ) for the Heisenberg X X chain
arises from Eqs. and under the g-parametrization . Indeed, let us consider
the linear parametrization of a,; and specify «,, so that e®» =~", 0 <y < 1. We shall
use (eQ(V)) N,q to denote the corresponding g-parameterized average 1}

(€@ g = (T(ay'"?) | 2D | T((ay/q)?) . (54)

One formulates the following
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Proposition 2: The determinantal representation for the norm-trace generating func-
tion of plane partitions with fized height of their diagonal parts in a box of height M
and bottom of size N x N 1is given:

-N
G(N,N.M|g,y) =77 V(20 y,
B det (hM('7 qiﬂ'il))gmsN

, 55
Viay/a)V(vax) (55)
where hyy is defined by .
Proof: First of all, one obtains from and :
=N q
y T N (0 = D V'A‘SA<—>SA(q) (56)
AC(MN} g
1 (M—l
V(an/a)V(vaw) — LN

where |A] = SN\ is the weight of A. The relation || = |A] + Z(N +1) is used
for obtaining The homogeneity property 7*Sx(q) = Sx(yq) is used to pass
from to . The series in right-hand side of is by definition the norm-
trace generating function of plane partitions with fixed height of their diagonal parts
in N x N x M box, and therefore the statement for G(N, N, M| q,~) is valid due
to the determinanal formula (57), [44). Equation at v = 1 gives the determinantal
formula for the generating function of boxed plane partitions in N x N x M box:

lim G(N, N, M|q,1) = A(N,N, M), (58)
q—

where the number of plane partitions A(N, N, M) is given by (MacMahon formula,
[33)). O

Assume that the approximation hy/(z) ~ (1 — x)~! is valid at |z| < 1 and large
enough M. Then, one obtains from ((55)):

det ((1 B Wiﬂ_l)_l) 1<i,j<N
V(ay/9) V(v aw)

a 1
H T (60)

1

lim G(N,N,M|q,v) = (59)
M—o0

I

)

Evaluation of the Cauchy-type determinant in right-hand side of leads to the
double product , which is nothing but the norm-trace generating function of plane
partitions with unbounded height [44]. Further, one obtains from the limiting
expression

N

1j

oo

lim  G(N,N,M|q7) =[]

N/M<«1,N—oco

1
(1=~
which is related with the partition function of the five-dimensional supersymmetric
Yang-Mills theory [56].

n=1
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5 The transition amplitude and random turns walks
of vicious walkers

5.1 Multi-particles transition amplitude

One-dimensional random walks of vicious walkers who annihilate one another whenever
they meet at the same lattice site attract attention after [36], and so-called lock step,
[57], and random turns models, [37,58], are distinguished. Suppose that there are N
walkers on a one-dimensional lattice. In the random turns model only a single randomly
chosen walker moves at each tick of a clock to one of closest sites while the rest are
staying. It has been proposed in |34,35| to interpret random movements in the random
turns model as transitions between spin “up” and “down” states of the Heisenberg X X
chain.

The generating function of the lattice trajectories of N random turns vicious walkers
(a typical example in Fig. 4} is given by N-particles transition amplitude corresponding
to the X X Heisenberg model described by the Hamiltonian (|1)):

G (B) = (| ™ot P57 1) | (61)

which is parameterized by parts of ul = (uf, ul, ... pk) and p? = (uf, 4, ..., uk)
interpreted as initial and final positions of the walkers. The representation is
re-expressed as follows:

Gurn(8) = M ENGRL Le(8), (62)
Gy (B) = (W] e 7| "), (63)

provided that the commutation relation

B e
is accounted for together with S* [ft) = &L |f}). The exponential factor in right-hand
side of is due to coupling of the spin chain to the homogeneous magnetic field, and
the corresponding exponent is proportional to the eigen-value of the total spin.
The present approach to G ,z.,,z() (61) is relied upon that developed in [34}39] for
GgL;“R(ﬁ ) 1) Indeed, differentiating 1} over 3 and using the commutation relation

[Hxxv 01,00, - - UlN z :011 Ulk 1 Hi, O-lk} Ulk+1 Oy (64)

together with Hy, |t) = 0 and of |t) =|f}), one obtains the differential-difference
equation at fixed p”:

% G pn(B) = h(% ~ N) G (8)

+ Z pt uR+ek >+GuL;uR—ek(ﬁ))7 (65)

N
k=1
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Figure 4: Random turns vicious walkers.

where e, is N-tuple defined in (25) (and a similar equation for fixed u®). Equation
is supplied with the initial condition Gz.,r(0) = I, O, ur, as well as with
the periodicity condition:

GuL;uR<5> = GﬂL+Mek§HR(5) = Gur;uiiie, (8), Vkel. (66)

Self-avoiding walks of vicious walkers are described by solution to provided that
the non-intersection condition is imposed: Gz.,x(3) = 0, if pf = pff (or pfy = pl) for
any 1 < k,p < N.

The orthonormality relation is valid for the Schur functions (18)):

1 . . ,
N Z [V(€%)]? Sxr(e7'PN) Sxr(e'®V) = dxe an (67)
{on}

where dxz zr is unity for coinciding A* and A* or zero otherwise. The sum in @ is over
N-tuples @y = (¢rs Phy, - - - Pky ), Where ¢y, = 22 (n — %) and M > ki > ky > -+ >
kn > 1. Moreover, V(e'*~) is defined by (19), and e*® = (e itz . etion),
From and (67) one obtains, [34,[39], the following

Statement 1: Solution to respecting the initial condition Gr.,,7(0) = dxr zr, as
well as the periodicity condition , is of the form:

1 . . .
Guen(B) = Trv D e PN ON (i) 2 Syu (€Y ) Syn (e PN) (68)
{¢n?

where ABB = plf — §y . En(¢y) is defined by ([29), and the sum is the same as (67).
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The solution to at h = 0, which respects the non-intersection requirement, arises
from (68)), and it is appropriate, [34,37,[51], to provide it in the determinantal form:

GzL;uR(m - det(Ggﬁ;uﬁ(ﬂ))Kn,kSN' (69)
Here Gg;m(ﬁ) is the solution to (65) at N =1 and h = 0:

1 M
M Z 65 CoS ¢n, ezd)n(m*.]) , (70)
n=1

and ¢, = Zﬁ(n— M).

2
Provided that %Zanl is replaced by % ffﬂ dp at increasing M, the function

GY.,.(B3) is reduced to the modified Bessel function of the first kind,

where the power series is valid at K + [j —m| =0 (mod 2):

L@ = Y 2 (72

ey () ()

Assume that DE is the K™ order differentiation with respect to s at s = 0. Application
of DK to gives the number |Px(m — j)| of lattice paths consisting of K steps
between m'™ and j* sites on the infinite axis in terms of the binomial coefficient, |34

|Pic(m — j)| = ('m_ﬁ”L) 7 <[L() - L,(KL'_L), (73)

where L is one-half of the total number of turns: L = (K — |m — j|)/2.

5.2 The random turns walks and the circulant matrix

Acting by DB/2 on G,r.,z(f) one obtains the average of K" power of the total
Hamiltonian:

B (s 1 |K) = DIy Cnyn (8) = (] (—2H)<| ) (74)

It follows from that &(u”; u|0) = 0,z = due to the orthogonality , where
8L,k is unity for coinciding p” and pff, or zero otherwise. With regard at (74)), let

pulp
us represent the solution to (65]) in the power series form:
o (B/2)%
G[J,L;[LR(B) = Z K1 6(IJ’La IJ’R |K) ) (75)

where the coefficients & (ul; u® |K) respect the equation which is due to substitution
of into :

&(ph p" K +1) = (M - 2N) &(p"; p |K)

+Z (1" "+ ep | K) + &(p*; pf — e, |K)) . (76)

=1
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Equation is a difference version of of the type considered in [37]. It is also
supplied with the initial condition &(p*; uf*|0) = é,z .z, as well as with appropriate
periodicity and non-intersection requirements.

Equation at h = 0 provides an “isotropic” version of a more general equa-
tion derived in [37] for the random turns model with non-coincidence of the “weights”
corresponding to left and right jumps of a randomly chosen walker. Furthermore, a
comparison with [37] demonstrates that not only jumps to neighboring sites are al-
lowed, but there is an opportunity for all walkers to stay stationary since the spin
chain is coupled to the homogeneous magnetic field h (cf. Figure {4)).

Let us assume that GzL;“R(B) 1) is also given by the series analogous to ,

where the coefficients & °(ul; uf |K) are defined as follows:
S (" p" |K) = Df)y Gpuun(B) = (" (-2H)" | ") (77)

The average &°(u”; u |K) respects at h = 0 since G, (8) is described by
at h = 0. Expanding the exponential in and taking into account, one obtains
the identity:

K

sl 1K) = 3 () (0 - 20) @t~y (1

1=0

where (f) is the binomial coefficient . Right-hand side of is reduced at h = 0

to &°(uk; u|K) since only i = 0 contributes.
The circulant matrix A leads to the N = 1 solution of at h =0:

&°(j,m|K) = (t of (=2Hx) o, [1) = (AF) (79)
where (AK )jm is the entry of K" power of A, which fulfils
(AR, = (%), + (A%, 50)

The initial condition is respected since &°(j,m|0) is the Kronecker symbol §;,,. The
periodicity requirement is also consistent with the circulant matrix (4)).

Position of the walker on the chain is labelled by the spin “down” state, while the
empty sites correspond to spin “up” states. Let |P%(j — m)| to denote the number of
K-step paths of a single walker between ;" and m'™ sites (h = 0). Evaluation of
corresponding to N = 1 results in [P (j — m)| = (A¥ )jm in agreement with (79).

Let us turn to the lattice paths made by N vicious walkers with initial and final
positions arranged as the strict partitions u* and p't, respectively, and let | P (ul —
p?)| be the number of sets of paths characterized by the total number of steps K. We
formulate the following

Proposition 3: The number of sets of self-avoiding lattice paths of N vicious walkers
with the total number of steps K is equal to the amplitude &°(u*; u? |K) solving
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at h =0:
Phlu" = uf)| = & (u" “R|K>
— Z det )uf;#f‘)lsi,jSN’ (B

wheren = (ny,na,...,ny), n| = ni+ns+...+ny, P(n) is the multinomial coefficient,
P(n): (n1+n2+...+nN)! (82)
o nylng! . nn! ’

the entry (A™);n, is defined by (79), and (A°);m = 6jm.

Proof: Equation is reduced at K = 0 to the orthogonality and conjectured
at arbitrary K due to validity of (see Appendix |). Here we shall verify that
indeed respects (h = 0) as the generalization of at N > 1.

Induction with respect of N enables to prove Eq. provided that the base case
N =1 is given by and . The induction step is to assume that fulfills
(h = 0), where the partitions pu’ and pf are of the length N — 1 so that the minors in
are of the size (N —1) x (N —1).

The proof is based on the identity for & (ul; u® |K + 1), where u* and pu® are of
the length N:

oot 1) = 3 () S e L) (8

m=1

The shortening notation is introduced in (83)):
m L
B(K, P,m) =& (py_g: py—1 1K) (s iy | P) (84)

where ﬂ]ﬁf—l = (M{lv :uga te >/L£n—17 M?I’;H—l?luk)? :u‘ﬁfl = (:u{%a ,Uga ce 7#§71)7 and K? P7 m
are non-negative integers. The identity , is due to expanding the determinant
in (81)) along N*" column.

The identity is used in right-hand side of equation (76) (after K + 1 — K),

and this gives:

S etz = 35 (K) S

k=1 p=0 m=1

=2

-1

m L
x & (uhipkp) Y S%py_jiph o ey |K —p)
1

b
Il

N

n pf; (fpf) SO (-

m=1

m L
X & (pn; pn £ 11p) &% (py_yspun_i |K —p). (85)
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In turn, the series itself is represented as

&% (ph K +1) = Z(—l)N+mQ5(K+ 1,0,m) (86)
S (E) e
+ Z(—l)N+m(’5(O,K +1,m), (88)

3
Il

where the notation (84]) is used. Further, the Pascal relation

()= 65) - 6) s

is used in the line . The representation , , is compared with two sums
in right-hand side of so that is matched to p = 0 in the first sum, and is

matched to p = K in the second sum. The base case is applied to & °(uZ; uf |p) in the
contribution corresponding to the first term in , whereas the induction assumption
is applied to & °(fiy_,: u2 | |K+1—p) in the contribution corresponding to the second
term in (89). The coincidence of &°(p”; uf*|K +1) with the sum of two identities
is thus established.

The determinantal expression (81f) ensures validity of the non-intersection require-
ment and provides the number |P%(u? — pf)| of K-step sets of paths traced by N
vicious walkers. []

Right-hand side of is re-arranged as the polynomial of two variables, h(M — N)
and —hN:

Prc(p, ) = Z P(p1,p2,p3)
p1+p2+p3=K

X |Pp, iy — p)| (B(M = N))™ (=hN)P (90)

where the coefficient P(p;, po, p3) is defined by . The coefficients |P) (u" — p')|
enumerate, due to Proposition 3, ps-step sets of paths of N walkers. Recall that either
a single walker chosen randomly jumps to one of closest sites with equal probabilities
or all walkers are staying stationary. Therefore Py (uk, u%) corresponds to a
superposition of sets of (K — p;)-step paths at each fixed 0 < p; < K. The product
P(p1,p2, p3)| Py, (1 — p¥)| gives the number of sets of N paths such that ps times
one walker jumps and ps times all walkers are staying stationary (py + p3 = K — p1).
A typical configuration of N = 6 paths for py = 0, p» = 1, and p3 = K — 1 is shown
in Fig. 4] (K = 13) where dashed lines imply that walkers are staying. As far as
|P) (" — p') is concerned, the configuration in Fig. 4| corresponds to ny = 0,
ngzl,n3:3,n4:1,n5:4,n6:3.
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5.3 Generalized Ramus’s identity

The present section is devoted to a relationship between the powers of the circulant
matrix A and the binomial coefficients expressing the numbers of lattice paths .

Calculation of the entries of integer positive powers of circulant matrices attracts
attention [59-61]. For instance, the entries (AF )jm at K arbitrary are obtained in
[59,60] for A of even order in terms of the Chebyshev polynomials. In the present
paper expression of (A% )jm by means of Ramus’s identity [48] is used (cf. [62,(63]).
The latter provides the entries in terms of the binomial coefficients thus stressing the
connection with enumeration of the lattice walks (cf. (73)).

The vanishing (AK )jm = 0 occurs for the circulant matrix H in the case K —
|7 —m| = 1(mod2). In the case K — |j —m| = 0(mod 2), the Ramus’s identity (see
Appendix II) allows us to formulate

Proposition 4: The row-column indices j,m of M x M matriz respect |j—m| < M —1.
Let us assume that L = w is chosen so that 0 < L < and p € N. Then,

K
(AK)jm = (L(SLM> ) (91)
2/ MJ/2

where 5, m =1 — 6, m, and the notation for the lacunary sum of binomial coefficients
L) )

is used, |64]:
K) (K> ( ) > < ) )
(L wp L) T L+ 4) T

Proof: The transition element arising from takes the form (recall that M is
even):

Ketlm—il _ 1) 2
—1)ftmEal 1) = 93
(1) ) (93)
The Ramus’s identity (AIL.1) allows us to re-express the series in provided that
n and n — 2t are replaced by K and K — 2L, respectively. As the result, the validity
of is verified for K — |m — j| = 0(mod2) at L # &. As it is clear from (93) and
(AIL.1), the equivalence of the cases L = % and L = 0 confirms the validity of 1} A
trigonometric transformation of 1} allows us also to demonstrate that (AK )jm =0
at K —[j —m| = 1(mod 2)[] O

Proposition 4 demonstrates that Ramus’s identity allows one to express the entries
of A¥ as the lacunary sums of the binomial coefficients. On another hand, A respects
(80) which is the particular case of at h = 0. Therefore it looks appropriate to

ISee Appendix Ill for illustrative examples.
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relate ([76) at arbitrary N with appropriate generalized Ramus’s identities. Regarding

at . and . we formulate

Proposition 5 (generalized Ramus's identity): The following identity is valid:

S P(m)A%,,. - MN Z (ZCOS(_lk>>K

In|=K lePN

X Hcos(—l — J )) : (94)

where
N
Al = H(A”j)%;;uﬁ : (95)
j=1
(A™);m is defined by , , (A%, = 0jm, whereas n; and |p,] — I R| are of the
same parity. Summation is over N-tuples1 = (I1,ls,...,In), [ € P={0,1,..., 7—1}.

Proof: Equation is reduced at N = 1 to Ramus’s identity (AIL.1) although is
directly verified at N = 2. Mathematical induction with respect of N is straightforward
and relies upon the fact that left-hand side of is represented at any 1 < m < N:

K
K m o
E , Ap E P(nN) Arrrlz]sza
— \P b BNEN
p= Mn|=K—p
mL MR . m
where py, py are defined in |D and ny = (n1,N2, -+, M1, Mnt1, - - -, N ). O

Corollary:
e Determinantal generalization of reads:

N
> Pm) det((A™)rum), ey = % > (2 D cos (bm)K

nl—K {fn} m=1
X V() Sa (e"PV) Syr(e'PN) (96)

where the entries (Anj)uf;uff 1<1,5 <N, are given by .

o The Schur functions are equal to unity, Sxe(e'®N) = Syr(e™'N) = 1, provided that
pt = pft = 8y, where 8y is defined by . Then, Eq. gives the number of self-
avoiding trajectories of N random turns walkers initially located at d and returning
to their initial positions after K steps over long enough chain (M > 1):

In|=K

sw=4 [ [ / Zcos¢m v p N (o)

—T —T
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where zero values are assigned to the entries of the matrix in provided that n; and
i — j| are of opposite parity. Besides, when n; vanishes at some j, the entry of the
matrix is Kronecker symbol ;.

The integral J (K, N) is zero for K odd (the same is true for the series in left-
hand side of (97)), whereas J (K, N) is related at K even with the number of random

permutations of {1,..., %} with at most N increasing subsequences [58], as well as
with the distribution of the length of the longest increasing subsequence of random
permutations of {1,..., %} [65,66]. The problem of the longest increasing subsequence

of random permutations is related to the random unitary matrices [67|, whereas more
on connection of the longest increasing subsequence with various areas of mathematics
can be found in [6§].

5.4 Transition amplitude as the generating function of random
turns walks

With regard at Proposition 3, let us turn to the representation ([75)). Provided that the
numbers |PY(uk — pk)] taken at M — oo are considered as coeflicients of the
power series in 3, one meets the following

Proposition 6: The determinantal representation

S U ke = ] = det (T (5) ()
K1 K\HN BN)l = lnf —uf 1<i j<N
K=0
where ]\uL—uR\(ﬁ) 15 the modified Bessel function of the first kind, is valid for the power
series provided that its coefficients are given by with the entries taken in the
form (73).
Proof: As the base case, Eq. . is verified at N = 2 with the usage of (72 .,

in its right-hand side. Assume that . is valid for (N — 1) order. To express the
induction step, we re-express left-hand side of .

oo o0

2
Z 5/ | PR (e — HN)|nN P (100)
p=0 K>p

where expansion of the determinant in [Pg_, (15 — p§)|n, =p along N** column takes
the form:

Pk = 1) ly=y = (fpf) S 1y

m=1
mL
< |Pr_p(By—1 = N 1B (b = )] (101)
Using the base case together with the induction assumption to express the infinite

series ((100)), one obtains the corresponding expansion of the determinant in right-hand
side of (99)) along N*' column. [J
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Equation generalizes the case of N = 1 corresponding to Egs. , . The
Bessel function of the first kind as the generating function of sets of paths between two
sites of infinite chain has been discussed in [34]. Equation reads:

e The determinant of the Bessel functions is the generating function of the numbers of
K -step sets of paths |PY(u% — u®)|.
According to Proposition 6, one gets in the particular case pu% = uk = dy:

i 6/2 |Pr(0x = dn)| = 2(2/8,N), (102)

(Z/B,N) = det(]”_j‘(ﬁ))lgi,jgN’ (103)

where 2(2/3, N) (103 coincides with the correlation function G .5 (5) at large
enough M. In other words, z(2/3, N) coincides with the Gross-Witten partition func-
tion, which demonstrates a third order phase transition at N — oo, [23]. Connection
between the X X spin chain and the low-energy QCD, as well as a possibility of a third
order phase transition in the spin chain, are discussed in [24}25|.

6 The averages over Bethe state-vectors and nests of
lattice paths

Let us begin with the calculation of the normalized average of the generating exponen-
tial over the Bethe state-vectors given by Definition 1:
\I/ ieN/Q Q \I} 7:oN/2
<6Q>N = < (6 )| 6. | (6 )> ’ (104)
N2 (cifn/2)

where Q is given by , and N-tuple e¥/2 = (£i01/2 ¢02/2 ¢n/2) is to express the
substitute v; = u; = €%/2 (1 < j < N). Using Proposition 1 and the Bethe solution
(30)), we express (e€)y (104):

M
~ ~ 1 )
Q — a a — an+in(0;—0;)
(e¥)n =det(e”), "= (—M > e )KWN. (105)

The generating exponential e€ under the conventional specialization of a,; is re-
placed by e*@(™) and the average (e*?™)y ((105)) is known as the generating function
of mean values of third components of spins 17,2829, 50,52]:

(W(e0/2)| 000 |G /2))
_/\/’2(61'01\;/2)
= det ((1+ (e = 1)77 )iy + (e = 1)(1 = 35) Qa,,(m)) . (106)

1<ij<N

where

1 sin
AT . 6,6,
M gin 5 !

m(0;—0;)
2

Q9¢,9j (m) =
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Invariance of the determinant ( - under conjugation of the matrix by the diagonal

matrix 30 (where 0 = diag {6;}) is accounted for.

Let us obtain the Boltzmann-weighted average of e2 with respect of the Bethe state-
vectors characterized by Definition 1. A determinantal expression for the corresponding
off-shell average is calculated by insertion of the decomposition of unity :

e BEN(®N)

Z N2 ezqu/z)

{én}
det TM( 7i¢N, u?\,)
V(e @ V()

where En(¢y) is given by , and , , , , and are accounted for.

Taking into account Proposition 1 to express (¥ (vy)|e2|¥(e’?~/2)), one obtains:

(U(v )\e e ’BH]\II (un))

X (W (vy)]e W (e ?N/2) (107)

(T(v)le® e W (uy)) =

eBhM/2 M u?
= 5 det G 108
V(ui)V(vi?) et | 2 e Gulf) e v2k ’ (108)
kil=1 b/ 1<ig<n
where .
Gra(B) = 57 Y e Werth. (109)
peSE

Summation in (109)) is over either of two sets ST 3 p specified by cos Mp = F1:
St={-7m+2(n- l)}neé' :
- { T+ n}neg’

and the choice of ST or S~ is due to evenness or oddness of N in ({108)). Equation (108])
on solution to the Bethe equations leads to the normalized average:
(T(eN/2)]e e P (N /2))

N2(cifn/2)

(110)

(e%e )y

ePMMI2 et (e”%ea) : (111)
where ¢? is defined by (105), and the diagonal matrix £ consists of £(6;) (29):
£ = diag {€(0;)}. (112)

1<j<N

The commutation relation together with Eqs. , allows us to obtain
(e€ e PH) \ in the integral form at M > 1:

h(%-—N)
<€Q 675H>N ~ ¢’ % P —ipN 6191\1 0 )
= NN ml
, . , ay
X Pa(e N, PN ay) |V(6”’N)|2 ef Tizicosm —(2W§UN : (113)
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where py = (p1,p2,---,0n), d¥p = dpidps - - - dpy. The integration in (113)) is over
N-fold product Iy = XS of the segment S = [—m, 71]. With regard at 1@' and ,
the representation ((113)) takes the following equivalent form:

(eQ e_ﬁH)N ~ N_Q(ewNﬂ) Z SAL(e_iGN) S)\R(QiON)

ALRC{MN}

N
X exp (Z O‘u,%) Gur.ur(6), (114)

k=1

where y
GuL;uR(6> ~ M N) det(]WiL—Hﬂ(ﬁ))lgi,jgN' (115)
As it follows from Proposition 6, the representation ((114]), (115]) is related to super-
posed random walks (cf. [51]). Indeed, applying { limo} Ol s o, to the nominator of
Qg —r e

(111) taken over the ground state solution (31)), one obtains, with the use of (114)), the
generating function of self-avoiding lattice paths of special type:

Dy (W(e*N2)

l
[Taie ™ w(e®2)) = (/2 %2 k). (116)
=1

The number PB(e?~/2; ¢%/2 | K) in right-hand side of (116) is due to the substitute

uy = vy = ¢~/2 in the polynomial
Poviuy|K)= Y Sxvi?)Sae(d) 8@t pl|K),  (117)
XL’)\RQ{MN}

where 3 510y goes over AL , and &(pl; u? |K) is given by 1} The replace-
116):

ment ¢®®% — 1 is appropriate at M > N, and one obtains from

I
DS, (W(Lw) [T are W) = PB(Ly: 1n|K). (115)
i=1
where
K /g . )
P 1nK) = 3 () (h(M —2N)) S Pn) A", (119)
=0 In|=K—i
A" = Z S;\ (].N)S)\R(].N) det(<Anj)ﬁiL§Hf)1§i,j§N’ (120)
XL)‘RQ{MN}
and (A" )ﬁf;uf is given by . The Schur polynomials are related to the nests of

lattice paths, Fig. , and therefore the polynomials are related to the nests of
lattice paths of the type in Fig. [f] It is seen from that P(1y; 1| K) are the
polynomials of two variables, h(M — N) and —hN, with integer coefficients related to
enumeration of self-avoiding lattice paths. A typical term of the sum is depicted
in Fig. 5| for K = 13 and p = 1, so that A™® is the number of the nests of paths
characterized by n = (0, 1,3, 1,4, 3), |n| = 12, while all admissible “crossings” with the
dissection lines occur.
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Figure 5: Nest of paths contributing to B(1y; 1y|K) at N =6, K =13, and p = 1.

7 The generating function G(ay;) and the correlation
functions of flipped spins

7.1 The N-particles mean values at large length of the chain

Let trace in @[) be the trace over all N-particles Bethe states, and let us consider the
N-particles trace of the Boltzmann-weighted generating exponential:

tr y(e9ePH) = Z(eg e Py (121)
{on}

where ), , denotes summation over independent N-particles solutions to 1) The
definition ([121)) enables to define the N-particles mean value:

(o = xle%p). = 122)
We express using (111)):
3 det(e e®)
(s = S~ g (123)
{on}

In order to investigate (123]) at large M > 1, it is more appropriate to evaluate

(121)) using the integral representation (114f), (115):
tr y(eCe ) Z exp(Z O‘uk) (124)

{un}
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where is taken into account to sum up over the sets of the Bethe solutions, and
> () 18 to re-express, for convenience, » AC{MN}- The mean value 1) is estimated

with the use of -

I )
(Danl,,, = TG (125)
where
N(Bran) = ) det(e™i Dy () oo (126)

{pn}

With regard at Proposition 6, the following power series is valid for Zy (3, ays) (126)):
- (8/2 n
In(B.an) = > e Y P(n) A%(ay), (127)
K=0 In|=K
where

n — oy n;
AMay) = Y det (@ b (njﬂ;gm))K - (128)
)

Let us consider the parametrization ay; = oM, where M = (1,2,..., M) (see (12))).

Then, we re-express ((126]):

In(B,aM) = > e det (T u,1(8)) 1o oy (129)

{pn}
Applying D!, to (125)) and (129)), we obtain:

- Z{uN} ||’ det (Ilurujl (5)) 1<ij<N

M! ‘ ~ , 130
<< >>B,N M>1 IN(ﬁ,OM) ( )
where M is defined in ([12). Moreover, Eq. (129) is telling that
D, D, In(B,aM) = Y |un|'|PR(pn — pa)l- (131)
{pn}
Right-hand side of (131]) may be viewed as the sum of the numbers
n' PRy = p)l, (132)

unkEn

where such sets of “closed” trajectories are summed up that the initial (= final) posit-
ions of vicious walkers constitute a partition of appropriate n € N.

For a given [-tuple k;, let {p N}kl be the set of all adrms&ble strlct partitions of
length N, which contain [ parts of k;. With regard at (| and , we obtain from
(1125)):

- In(B. k)

m>1 - In(B,0n)’ (133)

{({(Ihe ) 5, n
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where

(B, k) = Z det (Ij7,-7,(8)), N (134)

{Bn}y,

and Z{ﬁN}kl = ) (ay) 18 the sum as in . Furthermore, Proposition 6 tell us that

k) = S P2 S pwania). (135)
K=0 In|=K
Are)= Y det ( ( wr-a . (136)
{fin b, ((T)>1§i,j§N

Let us introduce the number of all sets of trajectories of N random turns vicious
walkers initially located at pixy € {ftn}x, and returning after K steps to their initial
positions:

Prn)l = > PRy — fiv)l, (137)

{Bn},

where |P%(fiy — fin)| is defined by (81). Due to (135), the function Zy (3, k;) (134)

is the generating function of the numbers |73K v (k)| (137):
Do In(B k) = [Pin(ki)| - (138)

7.2 Determinantal representation of G(ayy)

Let us proceed with the evaluation of G(ay) (9), where trace is defined conventionally,
[15,[29,149], and includes summation over sets of Bethe solutions and over numbers of
particles:

Tr (e9e M) = i Z(eg e Pl

N=0 {0 )
_ ShM/2 (1 + Z 3 det(e e ) (139)
=1{6n}

Equatlon is used in 139, and the averaging at N = 0 is over |f}). Besides,
Z="Tr( BH @ results from at a=0.
Takmg mto account the deﬁmtlon , one transforms ((139)):

oy _ MM O~ ©~
Tr (e®e ) = 5 > (oY@ + 0P @), (140)
l==1
DY(@) = det(T + e o) s, £ =1, (141)

where the subscript p € S* reminds that the entries of M x M matrices e® and

e~ are parameterized by elements of S* (110) (cf. (105) and (112)); for instance,
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£ = diag {ep }pest, where ¢, = £(p) is given by ), and [ is unit M x M matrix. The
identity is verified provided that the Laplace formula for determinant of sum of
two matrices is applied [15].

Further, let us consider the following determinantal identities:

DY @) =G6YDY@=0), GY =det(IT +MY)cst (142)

where the matrix ]/\/[\g? is defined:

MY = (o -DJO,  FO=T+ee™). (143)
The determinantal representation for G(ayy) @D resulting from Egs. and (| -
is reduced, under the conventional specification of ap; 3 «,, (cf. ( - to the average
((e2@(m)) 5 derived in [49]. It is seen from that the limiting form of G(ay) at
growing M is due to £ = +1 whereas the terms at { = —1 are mutually cancelled as
soon as p € ST is replaced by p € S. Therefore, ((e*“(™)); becomes the Fredholm de-
terminant at M — oo: the matrices are replaced by appropriate kernels, the integration
arises instead of the matrix multiplication, etc., [28]. The same is expected for the de-
terminantal representation of G(a,;). However, additional requirement lim,, o, a;, = 0
has to be imposed here. Since the interest to G(ayy) is rather motivated by its role of
the generating function, we shall not pay attention to G(ays) as the Fredholm deter-
minant.
Using ((124)) and ([139)), one arrives at the following

Statement 2:
e Total trace of the Boltzmann-weighted generating exponential is represented at large

enough M:
M>1

Tr (e€ e PH) ~ PhM/2 <1 + Z e_’BhNIN(ﬂ,aM)) , (144)
N=1

where Iy (B, apr) is given by ((126)).
o The mean value of Iy defined by (10)), acquires, with regard at (126]), (144)) the

ratio form
&(6,h, k
(IIx))s = —(B’Z’ ) ; (145)

where

{a
M>1 _

~ M2 T INT (B, k) (146)
N=l

The partition function Z = Tr —pH @ arises from ({144}) provided that a,; consists of
zeros, and Z is expressed, due to Prop05|t|on 6, through the numbers Py (un — py)|-
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With regard at , we define the polynomial the coefficients of which are the
numbers of sets of trajectories with staying of NV walkers admitted (typical set is shown
in Fig. {4)):

K

Provti) =3 () (0 = 20 1P (),

1=0

where ]P}){ﬂ-’ ~(k;)| are defined by . Therefore, (53, h,k;) (146]) plays the role of
the generating function of the polynomials encoding the total number of all sets of
“closed” trajectories of random turns walkers such that [ their initial/final positions
coincide (for each N) with the sites k;:

DEL,P(B. b, k) = ZPKN (k).

7.3 Differentiation of G(ay,)

Let us consider differentiation of the generating function G(ays). We introduce the
shortening notations G = Ggf), R=(I+ M)Ef?)_l, and obtain the first order derivative:

Gfl(‘?le = e%itr (ﬁgklﬂ = eo"ﬂRkl’kl, (147)

where 0, = 0/0q; and 5; = 0,a. The diagonal matrix f f is given by 1} and
Rk1 %, is the diagonal entry of the matrix R = {Rmn}1<m n<M, Where

R’ITLTL

1 . .
e Ry (148
p.q

and summation is over sets (110 appropriately. The second order derivative of G is
obtained,

Rk1 k1 Rk1 ko

-1
G 9? G = it
K1,k
1,F2 RkQ ki Rk2 ks

(149)

since tr (EA{ S\klfﬁ gkéﬂ takes the product form Ry, 1, Ry, due to (148).

With regard at (147)) and (149), one formulates the following
Proposition 7: The function G defined by is the gemerating function of the
minors of the matriz R (148)),

GO} 4y G = etemtotan depR, (150)

.....

where 1 < ki <ky<...<k <M, 0,;7,62 R, 1S defined by , and det;R is the minor
given by the submatriz of I™ order {R;;}1<ij<1 = {Rk,-,kj}lgz‘,jgl-

Proof: We use induction with the base case and induction step consisting in
validity of at [ — 1,

G O b, 4 G = et T dey R (151)

,,,,,
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Then, the relation 0, Ry, k, = €*n Ry, i, Rk, k, leads from (151]) to
81611,]62,-..,’%71,le = 6ak1+ak2+m+akl*1 (G (‘%detl,lR + detl,lRﬁle) . (152)

The derivative of det;_;R is of the form:

1 R11 R12 R Rli Ce Rll
(9kldetl,1R — Z(_l)l+iRli R21 R22 . R2i c. R2l , (153)
Rl—l,l Rl—1,2 s Rl—l,i S Rl—l,l

where Rij implies that the relevant column is omitted. The main statement arises
from due to and . O

e Proposition 7 is telling us that the average on infinite chain takes the determi-
nantal form since G tends to unity at a,, — 0, Vn:

((IIx))s = lim lim 6k1k2 le(f = det(fki’kj)

M—oo {ap—0} Y

(154)

1<i,j<i”’

where the entries f, x; are given by 1} with respect of the fact that R tends to unit

matrix. Therefore, the limiting relation is valid for Z7'®(3, h, k;) (145):

@(ﬁ7 h’7 kl)
Z

lim
M—oo

= det (fuik;)1os e (155)

7.4 The asymptotics at increasing [

The representation tr y(eCe ?#) (124)) can be estimated at 1 < M < 3 as follows.
Now Eq. (113]) is used to sum up over the sets of the Bethe solutions, and one obtains:

tr v (e<e PH) 1 i i i
efhM2 T NI J, Pam(e™™V, e ay) [V(eP)[?
: N
dN
w B TiL (cospi—h) (%)pN, (156)

where Py is the sum (43). We approximate (156) at 5 > 1:

tr v (e<e )

—gip = Pm(ly, v, au) V(B h), (157)
BN(1-h) 5 2
Vn(B,h) = 651\7—2/21\[ — e,BN(l—h)—NTlogﬁ‘HON . oy =log Ty, (158)

where Pu(1y,1n,ay) arises at ¢ — 1 from under the g-parametrization (38]).
Furthermore, Jy in (158) is Mehta integral [69],

1L [ doey F
EFH</ pk) i=1 H }pk’_p127
k=1 o 1<k<I<N
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which is expressed in terms of the Barnes G-function [70]:

G(N +1)

Nomioa GIN+1) = T Hr

In = 1122 NN

The behaviour of Iy = e~ at M > N > 1 is due to the following estimate of px [27]:

N? 3N?
oy = 5 logN — = + O(logN),  N>1. (159)

From 1} it is seen that Vy(f, h) 1' depends on % at 8 > N > 1 appropriately
for an opportunity of the third order phase transition |24}25|.

Provided that the specification «a,, = nlog~y, 0 < v < 1 (cf. Section {4)) is adopted,
the values Pr(1y, 1n,aps) in (157) arise due to the limit ¢ — 1 in

Paa(aw, 5 alr) = (@ =
= 72V G(N, N, M]g.7), (160)
where a}, = logy - (1,2,..., M), and (¢2"))y, defined by is given by , .

The behaviour at large enough M is approximately given by the limiting expression

atq—)l:

Pu(ly,Iv,al))| =3O GV, N M 1,7)|

M>1 M>1

N(N+1)
— A2 NHD :
M—00 ql_I)Ii H H 1— 7ql+] 1

Here, G(N, N, M| 1,~) is the generating function of the number of plane partitions
M

with fixed sum of its diagonal elements confined in N x N x M box at M > 1.
Using ([160f), we obtain the limiting value of the N-particles mean value of the

generating exponential (122]):

G(N, N, M|1,7)]

M>1 ) (161)
M>1

According to and , the denominator in (161]) is the number of plane partitions
confined in N x N x M box with increasing height. Let us remind that, according to
(56), the generating function G(N, N, M|1,7) is of a polynomial form. Therefore,
the differentiation gives:

<<€Q(V)>>5,N

LEMS AN, N, M)

D.G(N,N, M| 1,e")

M>1

l«<M<&pB A(N, N,M)

M>1

3y S (1) S (1)
= M2L (162)
A(N, N, M))

M>1
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The nominator in right-hand side of (162)) may be viewed as a sum of the numbers

n'A(N,N, M|n), AN,N,M|n)=>" Sx(1x)Sx(1y) (163)

uNEn

where A(N, N, M|n) denotes the number of plane partitions with tr y7 = n confined
in the corresponding N x N x M box. Right-hand side of is less than unity, and
it temptingly tends to zero at M — oo.

In the case of the mean value of the projector Iy, one obtains:

N Pu(ly, 1y k) Pu(ly, 1y ki)

11 ~ —
<< k>>6,N 1< M<B PM(1N71N70) A(N, NvM) 7

(164)

where 75/\4(1 ~, 1y, k;) is the number of the plane partitions (i.e., watermelon configu-
rations) given by under the limit ¢ — 1:

(W BU(L)) = PralycInde) = lim 37 Sx(a)sy (B). 69)

{Bn}

The number Py(1y,1x,0) in (164) is the number of unconstrained plane parti-
tions in N x N x (M — N) box (see Figures [2{and |3). In the case of k; = 1, the estimate
(164]) is expressed by means of ﬁM(lN, 1n,]) With Sx(1n) expressed by (cf.
Section [4)).

The projector IIy implies that [ flipped spins of N particles mean value are pinned
to their positions, and thus the numbers Pp(1y,1y,k;) enumerate the diagonally
restricted plane partitions characterized by [ columns of prescribed heights in the main
diagonal. The presence of the columns of fixed heights diminishes a total volume

> x| (166)

ﬂ'CBN)N,M

characterizing the set of all plane partitions admissible for a box By y a of the size
N x N x M. The plane partitions enumerated by the numbers A(N, N, M|n) (163])
are also ‘diagonally restricted’ since the diagonals of 7 subjected to tr ym = n also
lead to a volume diminished in comparison with .

Recall that the number of all sets of paths [Py (k)| @ enumerates the closed
trajectories of N random turns vicious walkers such that [ initial/final positions k; are
prescribed. In turn, the representation is the generating function of the num-
bers enumerating such sets of closed paths of vicious walkers that initial /final
positions are labelled by partitions of certain positive integers. Both the numbers, of
the lattice trajectories [Py v (k)| and of the diagonally restricted plane parti-

tions ﬁM(l N, 1n, k) (165)), include summation (7w, » Which is either due to pinned
1

initial /final positions or due to columns of fixed heights.
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8 Discussion

The approach [27], which enables to study the combinatorial implications of the quan-
tum integrable models, has been applied to the quantum phase model [44] and to
the four-vertex model under fixed boundary conditions in the external inhomogeneous
field [45]. The asymptotics of evolution of the first moment of particles distribution
exponentiated has been found to provide the norm-trace generating function of plane
partitons [44]. The partition function of the four-vertex model produced the norm-trace
generating function of plane partitions [42]| and its generalization [55], which describe
the trace statistics of plane partitions.

The X X model is of primary interest in the present paper, and the correlation func-
tion of non-homogeneously parameterised generating exponential is studied. Generally,
combinatorial implications of the XX model are similar to those of the X X Z chain
in the limit of infinite anisotropy [27]. In turn, the four-vertex model is equivalent to
the infinite anisotropy limit of the X XZ model |27]. From the viewpoint of connec-
tion with enumerative combinatorics, the X X model as an illustrative example which
enables to progress. Under various specifications the generating exponential enables
obtaining of the averages of such objects as the projectors onto inconsecutive flipped
spins or the powers of the first moment of flipped spins distribution.

The averages mentioned are derived in the paper in the case of long enough chain,
and they are related with enumeration of the trajectories of N random turns vicious
walkers characterized by restriced positions of initial /final points. The asymptotics at
large value of the evolution parameter are obtained, and the transfer occurs from enu-
meration of random turns walks to enumeration of plane partitions (i.e., of watermelon
configurations).

More specifically, the determinantal representation for the norm-trace generating
function of boxed plane partitions with fixed height of diagonal parts is obtained as
form-factor of the generating exponential over N-particles states (Section .

The transition amplitude over N-particles states as the generating function of K-
step sets of random turns walks is the main issue of a technical Section[5] The transition
amplitude is obtained in the power series form, and its coefficients fulfilling a difference
equation are derived in terms of the circulant matrix expressing the X X Hamiltonian.
A relationship between the entries of powers of the circulant matrix, the lacunary sums
of the binomial coefficients, and self-avoiding walks of vicious walkers is unraveled by
means of the Ramus’s identity and its generalizations. When the length of the chain is
large enough, a connection with the problem of enumeration of increasing subsequences
of random permutations is pointed out.

Two opportunities of trace definition are considered: the trace over N-particles
Bethe states and the total trace which includes summation over numbers of particles N.
The corresponding Boltzmann-weighted mean values are considered for the generating
exponential itself, for the projector onto inconsequent flipped spins, and for a power of
the first moment of flipped spins distribution.

Let us point out the new results obtained. For N-particles averages the estimates
at large enough length of the chain are expressed through the numbers of sets of
trajectories characterized either by a subset of pinned initial/final positions or by fixed
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values of the whole sum of initial/final coordinates. In the case of the total trace,
the mean value of projector of inconsecutive flipped spins is presented at M > 1
as a ratio of two polynomials. Equation demonstrates that the determinantal
representation of the mean value arising at M — oo is related with the interpretation
in terms of sets of paths of random turns vicious walkers.

The N-particles averages are also estimated provided that the evolution parameter
(inverse temperature) grows faster than the length of the chain. The estimates are
obtained in the ratio form and keep a similarity to the case of extremely long chain: al-
though the sets of random turns trajectories are replaced, at large evolution parameter,
by plane partitions, the restrictions imposed look similar. The nominators are given by
the numbers of the diagonally restricted plane partitions which are either in one-to-one
correspondence with the flipped spins positions or characterized by fixed trace of all
diagonal elements. The denominators correspond to generic plane partitions.

The results obtained look stimulating from the viewpoint of further investigation
of the four-vertex model, of the phase model, and of the XY model (cf. [71]) along the
lines presented.
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Appendix I

Proposition 3 is devoted to the verification of the representation expressing the
number of sets of paths of random turns vicious walkers. The corresponding difference
equation (7€) is a tool of verification rather than derivation of (81]), as stressed in [37].
The present Appendix | is concerned with the derivation by means of .

Let us begin with the derivation of the relation

SOt pflK) = > Pn) A% x, (AL1)
n|=K
where n = (ny,ng,...,ny), [n| = ny+ns+...+ny, P(n) is the multinomial coefficient

1} and A7, » is given by 1} The commutation relation 1) supplied with
e |1) = 0 and of |ft) =|1) enables us to obtain (A1) at K = T as the base case
of induction. As induction step, it is assumed that (AI.1) is valid at K — 1. We put
HE = HE-'H_ in to prove (AL.1) and obtain:

M
0(,,L. R _ n
OOt pfIK) = D D Aupk D PO ALGr bty

1 k=1 n|=K-—
. =K1 (AL2)
= > 2. PmALL..
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where N-tuples e; are defined in (25). The multinomial theorem demonstrates that
(AI.2) leads to (AI.1). The determinantal generalization of (AIL.1) leads to (81]), where
the non-intersection requirements are taken into account.

Appendix 11

The Ramus’s identity [62] is of the form:

on &2 Tj 7j(n — 2t) n n n
> SRR (t>+(t+R-1>+(t+R-2>+“" (AILI)
‘7:

where 0 <t < R.

Appendix 111

It is straightforward to obtain useful identities provided that the expressions for (AK )jm

given by Proposition 4, on one hand, and by [59,/60], on another, are equated each to
other. Without reproducing the appropriate formulae from [59,/60], we simply specify,

according to Proposition 4, the matrix (AK)jm = (AK)j,m of the size 6 x 6 to K = 14:

(A1), = (114) — 5462,
0.

(AM), = (Al), = (aM), =

We obtain in notations [59,60]:

@ 22 +2)
(A )0_ 6 o 6 )

14\ _ 14 _%_2(214_1)_ﬂ_
(A )2_(A )4_6_ 6 _6 L.

Further, we specify (A%)  to M =6 and K = 15:

J

(A%), = (115) _ (av), = (125> _ 10023,
3 3
(A1), = <105) = 10922,
3
(Als)o = <A15)2 - (A15)4 =0.
As well,

(A15)1 _ (A14)0 + (A14)2, (A15)3 — (A14)2 + <A14)4.
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We obtain in notations [59,/60]:
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