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ON PIECEWISE HYPERDEFINABLE GROUPS

ARTURO RODRIGUEZ FANLO

ABsTRACT. The aim of this paper is to generalise and improve two of the main
model-theoretic results of “Stable group theory and approximate subgroups” by
E. Hrushovski to the context of piecewise hyperdefinable sets. The first one is
the existence of Lie models. The second one is the Stabilizer Theorem. In the
process, a systematic study of the structure of piecewise hyperdefinable sets is
developed. In particular, we show the most significant properties of their logic
topologies.

INTRODUCTION

Various enlightening results were found in [Hrul2|] with significant consequences
on model theory and additive combinatorics. Two of them are particularly relevant:
the Stabilizer Theorem and the existence of Lie models.

The Stabilizer Theorem Theorem 3.5, subsequently improved in [MOS20),
Theorem 2.12], was originally itself a generalisation of the classical Stabilizer The-
orem for stable and simple groups (see for example Section 4.5]) changing
the stability and simplicity hypotheses by some kind of measure-theoretic ones.
Here, we extend that theorem to piecewise hyperdefinable groups in Section 3.
Once one has the right definition of dividing and forking for piecewise hyperdefin-
able sets, the original proof of [Hrul2|, and its improved version of [MOS20], can
be naturally adapted. However, we also manage to simplify the proof in such a way
that we get a slightly stronger result.

In [Hrul2], Hrushovski studied piecewise definable groups generated by near-sub-
groups, i.e. approximate subgroups satisfying a kind of measure-theoretic condition.
In particular, he worked with ultraproducts of finite approximate subgroups. In
that context, Hrushovski proved that there exist some Lie groups, named Lie mod-
elsﬁ, deeply connected to the model-theoretic structure of the piecewise definable
group [Hrul2, Theorem 4.2]. Furthermore, among all these Lie groups, Hrushovski
focused on the minimal one, showing its uniqueness and its independence of expan-
sions of the language.

Here, in Section 2, we improve these results by defining the more general notion of
Lie core. Then, we prove the existence of Lie cores for any piecewise hyperdefinable
group with a generic piece and the uniqueness of the minimal Lie core. In the
process, we adapt the classical model-theoretic components (with parameters) GY,
G and GO for piecewise hyperdefinable groups — our definitions extend some
particular cases already studied (e.g. [HKP22]). We also introduce a new component
G®P; G®P is the smallest possible kernel of a continuous projection to a locally
compact topological group without non-trivial compact normal subgroups. We use
these components to show that the minimal Lie core is precisely GO/GaP. Using this
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1n they are simply called associated Lie groups. The term Lie model was later

introduced in [BGT12].
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canonical presentation of the minimal Lie core, we conclude that the minimal Lie
core is piecewise 0-hyperdefinable and independent of expansions of the language.

Hyperdefinable sets, originally introduced in [HKPOQ], are quotients of A-defin-
able (read infinitely-definable or type-definable) sets over /\-definable equivalence
relations. Hyperdefinable sets have been already well studied by different authors
(e.g. [Wagl0] and [Kim14]). Here we extend this study to piecewise hyperdefinable
sets.

A piecewise hyperdefinable set is a strict direct limit of hyperdefinable sets. We
are interested in the piecewise hyperdefinable sets as elementary objects in them-
selves that inherit an underlying model-theoretic structure. In particular, we are
principally interested in studying the natural logic topologies that generalise the
usual Stone topology and can be defined for any piecewise hyperdefinable set.

We will discuss the general theory of piecewise hyperdefinable sets in Section 1,
elaborating the basic theory that we need for the rest of the paper. Mainly, we study
their basic topological properties such as compactness, local compactness, normality,
Hausdorffness and metrizability, and also their relations with the quotient, product
and subspace topologies. All this study leads naturally to the definition of locally
hyperdefinable sets, which is in fact one of the main notions of this document.

The original motivation of this paper comes from the study of rough approx-
imate subgroups. Rough approximate subgroups are the natural generalisation of
approximate subgroups where we also allow a small thickening of the cosets. This
generalisation is particularly natural in the context of metric groups, where the
thickenings are given by balls. In [Tao08] (see also [Taol9]), Tao showed that a
significant part of the basic theory about approximate subgroups can be exten-
ded to rough approximate subgroups of metric groups via a discretisation process.
In [GL20], this generalisation to the context of metric groups has recently shown
interesting applications.

It is a well-known fact in first-order model theory that, when working with
metric spaces, non-standard real numbers appear as soon as we get saturation. To
solve this issue, we have to deal with some kind of continuous logic. Piecewise
hyperdefinable sets provide a natural way of doing it. Roughly speaking, the idea
behind continuous logic is to restrict the universe to the bounded elements and to
quotient out by infinitesimals via the standard part function, as can be done using
piecewise hyperdefinable sets.

Hrushovski already indicated in unpublished works that, using piecewise hyper-
definable groups, it should be possible to extend some of the results of [Hrul2|] to
the context of metric groups. The aim of this paper is to give the abstract basis for
that kind of results, to find in the end possibly interesting applications to combin-
atorics. We conclude the paper giving the natural generalisation of the Lie model
Theorem for rough approximate subgroups. Applications of this result to the case
of metric groups will be studied in a future paper.

We study in general piecewise hyperdefinable sets in Section 1, focussing on the
properties of their logic topologies. The most important results of this section are
given after the introduction of locally hyperdefinable sets in Section 1.4. Section 2
is the core of this paper and is devoted to the general study of piecewise hyperdefin-
able groups. The first fundamental result of the section is Theorem 2.22] in which
we show that piecewise hyperdefinable groups satisfying a natural combinatorial
condition are locally hyperdefinable. In Section 2.3, we define the model-theoretic
components for piecewise hyperdefinable groups, proving the existence of G*P in
Theorem Finally, we focus on the study of Lie cores, proving their exist-
ence (Theorem [234), the uniqueness of the minimal one (Theorem 2.36]), giving a
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canonical representation of the minimal one in terms of the model-theoretic compon-
ents (Theorem [Z40) and showing its independence of expansions of the language
(Corollary Z4T]). Section 3 is devoted to the Stabilizer Theorem for piecewise hyper-
definable groups, which is divided over Theorems [3.23] and and Corollary 3.24]
— Theorem being the standard statement of the Stabilizer Theorem. We
conclude the paper stating the Rough Lie model Theorem [331] which generalises
Hrushovski’s Lie Model Theorem to the case of rough approximate subgroups.

Notations and conventions: From now on, unless otherwise stated, fix a many-
sort first order language, L, and an infinite x-saturated and strongly k-homogeneous
L-structure, M, with k > |L| a strong limit cardinal. We say that a subset of 9 is
small if its cardinality is smaller than &.

We would like to remark that our assumptions on 9 are far stronger than needed.
While saturation is fundamental, strong homogeneity is actually irrelevant. Also,
assuming that x is a strong limit cardinal is much more than necessary. Most of
the results and arguments work when we only assume x > |L|. The only significant
exceptions are sections 2.3 and 2.4, where we need to assume x > 2/41HE with A
the set of parameters we are using.

Against the common habit, we consider the logic topologies on the models them-
selves, rather than on the spaces of types. This has the unpleasant consequence of
handling with non T topological spaces. In particular, we need to study normality
and local compactness without Hausdorffness.

Anyway, whether on the model or on the space of types, these two topologies are
in fact the “same". Indeed, the spaces of types are obtained from the logic topo-
logies on the model after saturation (i.e. compactification) as the quotient by the
equivalence relation of being topologically indistinguishable (i.e. the Kolmogorov
quotient). In particular, the canonical projections tp, : a +— tp(a/A) are continu-
ous, open and closed mapsE from the A-logic topologies to the spaces of types over
A. Moreover, based on this, we will show that piecewise hyperdefinable sets with
their logic topologies generalise type spaces, the latter being the particular case of
Ty logic topologies.

We choose to work with logic topologies over the models for three reasons. The
first one is that we save one unneeded step (the Kolmogorov quotient). The second
one is that the spaces of types of products are not the products of the spaces of
types, while we want to be able to prove and naturally use Proposition [[L.T9] which
says that the global logic topology of the product is the product topology of the
global logic topologies. The last one, and related with the previous one, is that the
space of types of a group does not preserve usually the group structure, which makes
odd the statement of the Isomorphism Theorem for piecewise hyperdefinable
groups, fundamental in Section 2, expressed trough the spaces of types.

® From now on, except when otherwise stated, we use a,b,... and A, B,...
to denote hyperimaginaries and small sets of hyperimaginaries respectively, while
a*,a**,... and A*, A** ... denote associated representatives. If we use a* or A*
without mention of a or A, we mean real elements. To avoid technical issues, we
assume that A contains a subset A, C A of real elements such that every element
of A is hyperimaginary over A.

® 'We use x,, 2, . .. to denote variables. Except when otherwise stated, variables
are always finite tuples of (single) variables. Sometimes, to simplify the notation,
we also allow infinite tuples of variable. We write T, 7%, Z, . . . to denote infinite tuples

2In fact, X — {tp(z/A) : = € X} is an isomorphism (in the sense of lattices of sets) between
the topologies. Also, tp}l[tpA[X]] = X for any A-invariant set.
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of variables. If in some exceptional place we need to consider single variables, we
will explicitly indicate it.

® Except when otherwise stated, elements are finite tuples of (single) elements.
We write @, b, ... and 6*,5*, ... to indicate when we consider infinite tuples of ele-
ments. In this paper, we do not study piecewise hyperdefinable sets of infinite
tuples. It seems that our results can be generalised in that sense by taking also
inverse limits.

® By a type we always mean a complete type. The Stone space of types contained
in the set X with parameters A* is denoted by Sx(A*). The set of formulas of L
with parameters in A* and variables in the (possibly infinite) tuple T is denoted by
For”(L(A*)). The cardinality of the language is the cardinality of its set of formulas;
|L| := |For(L)|. In particular, |L| is always at least Ng.

® Here, definable means definable with parameters. Also, /\-definable means
infinitely-definable (or type-definable) over a small set of parameters. Similarly,
\/-definable means coinfinitely-definable (or cotype-definable) over a small set of
parameters. To indicate that we use parameters from A, we write A-definable, A 4-
definable and \/ ,-definable. We also use cardinals and cardinal inequalities. In that
case, the subscript should be read as an anonymous set of parameters whose size
satisfies the indicated condition. For example, A _ -definable means A ,-definable
for some subset A with |A] < w. The same notation will be naturally used for
hyperdefinable, piecewise hyperdefinable and piecewise /\-definable sets.

® Following the terminology of [TZ12], a x-homogeneous structure is a structure
such that every partial elementary internal map defined on a subset with cardinality
less than k can be extended to any further element, while a strongly k-homogeneous
structure is a structure such that every partial elementary internal map defined on
a subset with cardinality less than x can be extended to an automorphism.

B et R C X xY be a set-theoretic binary relation. For x € X, we write
R(x) ={y €Y : (z,y) € R}. For asubset V C X, we write R[V] = {y € YV :
Jr € V (x,y) € R}. We also write R~ = {(y,2) : (z,y) € R}, so R™l(y) =
{reX:(r,y) €R}foryeY and RTI[W]={z € X:3y eV (z,y) € R} for
W CY. We denote the image and preimage functions between the power sets by
ImR: Vi R[V]and Im™'R: W +— R™'[W]. Most of the time, this notation
is used for partial functions, which are always identified with their graphs — note
that f~!is only a function when f is invertible.

® Cartesian projections are denoted by proj, quotient maps are denoted by quot,
quotient homomorphisms in groups are denoted by 7, inclusion maps are denoted
by ¢ and identity maps are denoted by id.

® A lattice of sets is a family of sets closed under finite unions and intersections.
A complete algebra on a set X is a family of subsets of X closed under complements
and arbitrary unions.

® The class of ordinals is denoted by On. The cardinal of a set X is |X]|.

® We use product notation for groups. Also, unless otherwise stated, we consider
the group acting on itself on the left. In particular, by a coset we mean a left coset.
A subset X of a group is called symmetric if 1 € X = X ~!. For subsets X and Y of a
group, we write XY for the set of pairwise products, and abbreviate X" := X X"~!
and X" = (X 1)" for n € N. We say that X normalises Y if z7'Yx C Y for
every x € X.

® By a Lie group we always mean here a finite-dimensional real Lie group.
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1. PIECEWISE HYPERDEFINABLE SETS

1.1. Hyperdefinable sets. Let A* be a small set of parameters. An A*-hyperde-
finable set is a quotient P = X/F where X is a non-empty A 4«-definable set and
E is an A ,.-definable equivalence relation. If we do not indicate the set of para-
meters, we mean that it is hyperdefinable for some small set of parameters. Write
quotp : X — P for the quotient map given by z — [z]g = ¥/E = E(z) = {2’ €
X : (z,2") € E}. The elements of A-hyperdefinable sets are called hyperimaginar-
ies over A. Given a hyperimaginary element a, a representative of a is an element
a* € a of the structure such that quotp(a*) = a. The elements of the structure will
be called real.

An A 4. -definable subset, V C P, is a subset such that quoty'[V] is A 4.-defin-
able in X. We will say that a partial type defines V' C P if it defines quot ' [V]. If
V C P is anon-empty /\-definable set, after declaring the parameters, we will write
V to denote a partial type defining quotl_gl[V]. The following basic proposition is
the starting point to study hyperdefinable sets.

Lemma 1.1 (Correspondence Lemma). Let P = X/E be an A*-hyperdefinable set.
Then, the image by quotp of any A 4.-definable subset of X is an N 4.-definable
subset of P. Moreover, the preimage function Imflquotp s an isomorphism, whose
inverse is Im quot p, between the lattice of ) 4.-definable subsets of P and the lattice
of \ a--definable subsets of X closed under E.

The main part of this lemma can be further generalised to Lemma [[3l For
this, note firstly that, given two A*-hyperdefinable sets P = X J/E and Q = Y/ F,
the Cartesian product P x Q is canonically identified with the hyperdefinable
set X X Y/pxF via ([a]m, []r) = [0, y]psp where EXF = {((x,y), (@) :
(x,2') € E, (y,y') € F}. Then, we can talk about A ,.-definable relations and
partial functions.

Example 1.2. The inclusion ¢ : V — P of an A ,.-definable set V' is A ,.-
definable. The Cartesian projections projp : P x @ — P and projg : P X — @
are /\ 4.-definable. Also, the quotient map quotp : X — P is A 4.-definable.

Lemma 1.3. Let P = X/ and Q = Y/F be two A*-hyperdefinable sets and f
an N\ 4.-definable partial function from P to Q. Then, for any ) ,.-definable sets
VCPand W CQ, flV] and f~H{W] are \ 4. -definable.

Proof. Tt is enough to check that the projection maps satisfy the proposition. It is
trivial that projp'[V] = V x Q is A 4.-definable for any A ,.-definable subset V.
On the other hand, if V' C P x @Q is A ,.-definable, by compactness, X(z) = {3y

ANA(z,y) : A CV finite} defines quot ' [proj[V]]. Q.E.D.

Remark 1.4. Let f: P— Q and g: @ — R be functions. As subsets of P X R,
we have go f = projp, g[(f X R)N(P x g)], where projp,p: PxQxR— PxRis
the natural projection. Thus, compositions of A ,.-definable partial functions are
also A\ ,.-definable partial functions.
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A type over A*, or A*-type, in P is an A ,.-definable subset of P which is C-
minimal in the family of non-empty A ,.-definable subsets. For a € P, we write
tp(a/A*) for the type over A* containing a. As the lattice of A ,.-definable sets is
closed under arbitrary intersections, the type of a hyperimaginary element always
exists.

As usual, for infinite tuples @ = (a¢)¢er and b = (b;)ser of hyperimaginaries over
A*, we write tp(a@/A*) = tp(b/A*) to mean that tp(ar,/A*) = tp(byr,/A*) for any
To C T finite.

Lemma 1.5. Let P be an A*-hyperdefinable set, a € P and a* € a. Then,
tp(a/A*) = quotp[tp(a*/A*)]. In particular, b € tp(a/A*) if and only if there
is b* € b such that tp(a*/A*) = tp(b*/A*). In other words, tp(a/A*) is the orbit of
a under the action of Aut(9M/A*) on P.

Proof. By the Correspondence Lemma [[.T] and minimality. Q.E.D.

Let P be A*-hyperdefinable. A subset V' C P is A*-invariant if tp(a/A*) CV
for any a € V. As immediate corollaries of Lemma we get the following results:

Corollary 1.6. Let P be A*-hyperdefinable and V' C P. Then, V is A*-invariant
if and only if it is setwise invariant under the action of Aut(9M/A*) on P, if and
only if quot™[V] is A*-invariant.

Proof. Obvious by Lemma Q.E.D.

Corollary 1.7. Let P be A*-hyperdefinable and V. C P an \-definable subset.
Then, V is \ 4.-definable if and only if it is A*-invariant.

We also want to be able to use hyperimaginary parameters. To do that we need
to redefine the previous notions. Let A be a set of hyperimaginaries. We start by
defining types over A and A-invariance for real elements. Then, we can say what
is an A-hyperdefinable set, an A-invariant set, an /\ ,-definable set and a type over
A for hyperimaginaries.

Since we assume that every element in A is hyperimaginary over A,e, the group
Aut(9M/A,e) naturally acts on the elements of A, i.e. o(a) makes sense for a € A
and o € Aut(M/A;.). The group of automorphisms Aut(9M/A) pointwise fizing
A is defined as the subgroup of elements of Aut(9/A,.) fixing each element of A.
Note that, obviously, Aut(90t/A*) < Aut(M/A) for any set of representatives A* of
A.

Let a* be a tuple of real elements. The type of a* over A is the set tp(a*/A) =
{b* : tp(a*, A) = tp(b*, A)}. Equivalently, by Lemmal[l.5] tp(a*/A) is the orbit of a*
under Aut(Mt/A). A set of real elements X is A-invariant if we have tp(a*/A) C
X for any a* € X. Equivalently, X is A-invariant if and only if it is setwise
invariant under the action of Aut(9t/A). We say that a hyperdefinable set P =
X/E is A-hyperdefinable if X and E are A-invariant. Note that, as Aut(9t/A*) <
Aut(9M/A), an A-hyperdefinable set is, in particular, A*-hyperdefinable for any set
of representatives A* of A. If P is A-hyperdefinable, it follows that Aut(9t/A)
naturally acts on P.

A subset of an A-hyperdefinable set is A-invariant if its preimage by the quotient
map is A-invariant. Equivalently, it is A-invariant if and only if it is setwise invariant
under the action of Aut(9M/A). By Corollary [LO as Aut(M/A*) < Aut(M/A),
every A-invariant set is in particular A*-invariant for any set of representatives.
An A ,-definable subset is an A-invariant /\-definable subset. By Corollary [[7]
every A ,-definable set is A ,.-definable for any set of representatives. Note that
the A-invariant subsets of P form a complete algebra of subsets of P. Thus, A 4-
definable sets are a lattice of sets closed under arbitrary intersections.
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Lemma 1.8. Let P = X/F and Q = Y/F be two A-hyperdefinable sets and f an
A 4-definable partial function. Then, for any \ ,-definable sets V C P and W C Q,
V] and f=1[W] are A ,-definable.

Proof. By Lemma [L3] f[V] and f~[W] are A-definable. As f is A-invariant,
f(o(a)) = o(f(a)) for a € P and o € Aut(M/A), so f[V] and f~1[W] are A-
invariant. Q.E.D.

A type over A, or A-type, is a C-minimal non-empty A ,-definable subset. For
a € P, we write tp(a/A) for the type over A containing a. As the lattice of A 4-
definable sets is closed under arbitrary intersections, the type of a hyperimaginary
element always exists. As usual, for infinite tuples @ = (a¢)ier and b = (by)ser,
we write tp(a@/A) = tp(b/A) to mean that tp(ar, /A) = tp(bz, /A) for any Ty C T
finite.

Lemma 1.9. Let P,Q be A-hyperdefinable sets, f : P — Q an A ,-definable
function and a € P. Then, f[tp(a/A)] = tp(f(a)/A).

Proof. By Lemma [[8, we have f[tp(a/A)] and f~'[tp(f(a)/A)] are A\ 4,-definable.
Then, tp(a/A) C f~'[tp(f(a)/A)] and tp(f(a)/A) C f[tp(a/A)] by minimality.
Thus, fltp(a/A)] = tp(f(a)/A). QED.

As an immediate corollary we get the following result:

Corollary 1.10. Let P be an A-hyperdefinable set, a € P and a* € a. Then,
tp(a/A) = quotptp(a*/A)]. In particular, tp(a/A) is the orbit of a under the
action of Aut(M/A) on P. In other words, for any A* representatives of A, we
have b € tp(a/A) if and only if there are b** € b and A** representatives of A such
that tp(a*, A*) = tp(b**, A**).

Consequently, V is A-invariant if and only if tp(a/A) CV for anya € V.

Proof. Clear by Lemmas and Q.E.D.

We explain now how to substitute hyperimaginary parameters. Let P be A-
hyperdefinable, b a small set of hyperimaginaries over A and V C P an /\;-definable
subset. Let ¢ be such that tp(b/A) = tp(¢/A). The set V() given from V by
replacing b by € is the set o[V] for o € Aut(9M/A) such that o(b) = . Note that
this does not depend on the choice of o € Aut(9/A).

Alternatively, we present a more explicit methodology using uniform definitions
that does not require the use of automorphisms. Let P = X /E be an A-hyperde-
finable set. We say that a partial type X(z, A*) is weak uniform on P over A if
Y (z, A**) defines the same set on P for any set of representatives A** of A, i.e.
S, AY)/ g = S, A™)/E. We say that X(z, A*) is uniform on P over A if
Y(z, A*) N For®(L(B*)) is weak uniform on P over B for any B* C A* such that
P is still B-hyperdefinable and A, C B. Let V C P be A ,-definable. A uniform
definition of V' over A is a partial type V uniform on P over A that defines V.

Lemma 1.11. Let P = X/E be an A-hyperdefinable set and V- C P a non-empty
N\ 4-definable set. Then, there is a uniform definition of V' over A.

Proof. Say A = {a;}icr with a; € Q; = Yi/F;. Pick A* representatives of A and
Y(x, A*) partial type defining V' over A*. Write F' = A\, F; and I" = tp(A*). Using
saturation, take the partial type V (z, A*) expressing 3y X(z,7) A F(y, A*) AT(7).
By Corollary [LI0] it is a uniform definition of V' over A. Q.E.D.

Lemma 1.12. Let P be an A-hyperdefinable set and V' C P be a non-empty -
definable subset with b a small set of hyperimaginaries over A and A C b. Let
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V(x,b) be a uniform definition of V. Let ¢ be such that tp(b/A) = tp(¢/A) and ¢*
be representatives. Then, V(x,¢*) is a uniform definition of V().

Proof. Take o € Aut(9M/A) with o(b) =¢, so b = o~ 1(¢*) is a representative of
b. As V(x, E*) is a uniform definition of V' on P over b, we have that V (x, E**) also
defines V. Consequently, V (¢) is defined by V (z,¢*). Now, take ¢y C ¢ such that P
is still ¢-hyperdefinable and say ¢y = o(bg). Then, P is still bp-hyperdefinable and,
as V(z,b") is uniform on P over b, we have that W (z,by ) = V.(z,b ) NFor(L(by ))
is weakly uniform on P over by. Therefore, as tp(ci/A) = tp(bs*/A), W (x,c5) is
weakly uniform on P over ¢g. Q.E.D.

Lemma 1.13. Let P and Q be A-hyperdefinable sets and b € Q). Then, for any
/\Aﬁb-deﬁnable subset V. C P there is an )\ ,-definable set W C @Q x P such that
V(e) = W(e) == projp[W N ({c} x P)] for any c € tp(b/A).

Proof. Take a uniform definition 3(A*,b*,z) of V on P over A. By Lemma [[.T2]
we get that X(A*,y,z) defines an ) ,-definable subset W of @ x P such that
V(e) = W(e) == projp[W N ({c} x P)] for any c € tp(b/A). Q-E.D.

Lemma 1.14. Let P be an A-hyperdefinable set. Then,
Ap(A4) = {(a,b) € P x P : tp(a/A) = tp(b/A)}

is an N 4-definable equivalence relation. Furthermore, it has a uniform definition
Ap(A*) such that Ap(A*) NFor(L(B*)) defines Ap(B) for any subset B C A such
that P is B-hyperdefinable.

1.2. The logic topologies of hyperdefinable sets. Let P = X/E be an A-
hyperdefinable subset. The A-logic topology of P is the one given by taking as
closed sets the /\ ,-definable subsets of P. In particular, by Lemma[L.8] the A-logic
topology of P is the quotient topology of the A-logic topology of X.

Proposition 1.15. Let P and Q be A-hyperdefinable sets and f : P — @Q an
N\ 4-definable function. Then, f is a continuous and closed function between the
A-logic topologies.

Proof. By Lemma Q.E.D.

Proposition 1.16. Let P be an A-hyperdefinable set. Then, the A-logic topology
of P is compact and normal (i.e. any two disjoint closed sets can be separated by
open sets). The closure of a point a € P is tp(a/A), so the properties Ty, T1 and
Ty are equivalent to tp(a/A) = {a} for all a € P.

Proof. Compactness follows from saturation. For normality we should note that
the image of a normal space by a continuous closed function is always normal.
Therefore, using quotp, from normality of the A*-logic topology of X we conclude
the normality of the A*-logic topology of P. Using that a +— @/Ap(A) is continuous
and closed from the A*-logic topology of P to the A-logic topology of P/AP(A),
we get normality of the latter. From there, we trivially conclude normality of the
A-logic topology of P.

Finally, as the closure of a point is its type by definition, T; is equivalent to
tp(a/A) = {a} for every a € P. By Corollary [[LI0, a € tp(b/A) if and only if
tp(a/A) = tp(b/A), so b € {a} if and only if a € {b} — this topological property is
sometimes called Ro. Therefore, Ty is also equivalent to tp(a/A) = {a} for every
a € P. By normality, T1 and Ty are equivalent. Q.E.D.
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Proposition 1.17. Let P be an A-hyperdefinable set and A C A’. If the A-logic
topology of P is Hausdorff, then the A-logic topology and the A’-logic topology are
equal. Thus, there is at most one Hausdorff logic topology and, if it exists, it will
be called the global logic topology.

Remark 1.18. Furthermore, the global logic topologies are preserved by expansion
of the language. Indeed, let P be a hyperdefinable set whose A-logic topology
is Hausdorff and 9V a k-saturated and strongly k-homogeneous expansion of 9.
Then, obviously, id : P — P is a continuous bijection from the A-logic topology
in M’ to the A-logic topology in 9. As both are compact and the second one is
Hausdorff, we conclude that both are the same.

Let P be an A-hyperdefinable set. Assuming that x > 2/l either |P| > &
or |P| < 2141+t Then, P has a global logic topology if and only if P is small,
if and only if |P| < 2/414IM. Furthermore, write bdd(A) for the set of bounded
hyperimaginaries over A, i.e. hyperimaginaries over A such that |[tp(a/A)| < k.
Note that [bdd(A)| < 2/4+IL Tt follows that, for any A-hyperdefinable set P, it
has a global logic topology if and only if the bdd(A)-logic topology is the global
logic topology.

Proposition 1.19. Let P and Q be A-hyperdefinable sets. Then, the A-logic to-
pology in P x Q is at least as fine as the product topology of the A-logic topologies.
Furthermore, P x Q has a global logic topology if and only if P and @ have so, and
then the global logic topology of P x @ 1is the product topology of the global logic
topologies of P and Q.

1.3. Piecewise hyperdefinable sets. A piecewise A-hyperdefinable set is a strict
direct limit of A-hyperdefinable sets with A ,-definable inclusions. In other words,
a piecewise A-hyperdefinable set is a direct limit

b=l <) (P, @ji)jmi = LI P
I

of a direct system of A-hyperdefinable sets and 1-to-1 A ,-definable functions ¢;; :
P — Pj.

Recall that (I, <) is a direct ordered set and, for each 4,5,k € I with i < j <k,
©Yrj © @ji = @i and g = id. Also, recall that ~p is the equivalence relation on
L|; P; defined by « ~p y for z € P; and y € P; if and only if there is some k € I
with ¢ < k and j < k and ¢ (z) = ¢k, (y). Note that, in fact, as we consider only
direct systems where the functions ¢;; are 1-to-1, the equivalence relation is given
by  ~p y with € P; and y € P; if and only if ¢y, (x) = @i, (y) for any k € I such
that i < k and j < k.

The pieces of P are the subsets i/~ p. The canonical inclusions are the maps
tp, : Py — Pi/p, C P given by a + [a]~, for a € P;.

The cofinality cf(P) of P is the cofinality of I, which is the minimal ordinal
a from which there is a function f : « — I such that for every ¢ € I there is
¢ € awith i < f(£). We say that P is countably piecewise hyperdefinable if it has
countable cofinality. From now on, we always assume that cf(P) < k.

A piecewise )\ ,-definable subset of P is a subset V' C P such that ijl[V] is
N\ 4-definable in P; for each i € I. An A ,-definable subset of P is a piecewise
/\ 4-definable subset contained in some piece. If V' C P is a non-empty /\-definable
set, after fixing a piece i/~p containing it and declaring the parameters, we will
write V to denote a partial type defining it in P;. In that case, we will also say that
V defines V. If a € P is an element, after fixing a piece P i/~ p containing it, we
will say that a* is a representative of a if tp, (quotp, (a*)) = a, where quotp, is the
quotient map of P; as hyperdefinable set.
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Remark 1.20. The set of piecewise /\ ,-definable subsets is a lattice of sets closed
under arbitrary intersections, and the collection of A ,-definable subsets is the ideal
of that lattice generated by the pieces.

Note that, in the previous definitions, piecewise hyperdefinable sets are not only
sets but sets together with a particular structure. This structure is given by the
lattices of piecewise /\-definable subsets and the ideals of A-definable subsets. It is
very important to remember this as the same set could be represented as a piecewise
hyperdefinable set in several different ways — see Example [L54

By the strictness condition we get the following fundamental lemma.

Lemma 1.21 (Correspondence Lemma). Let P be piecewise A-hyperdefinable and
Pi/_, a piece of P. Then, vp, : P; — Pi/p is a bijection. Furthermore, V. C
Pi/o, is N\ 4-definable as subset of P if and only if Lpzl[V] is \ 4-definable as subset
of P;.

Proof. Obviously tp, : P; — Pi/N p is a bijection by the strictness condition. Say
V C Pz'/NP. Using again the strictness condition, for any j, k € I with 4,7 <
k, we have that Lpzl[V] = go,;jl [Lpzl[V]] = go,;jl [(pki[l,le[V]]]. Therefore, by A -
definability of the maps and Lemma[[.8] we conclude that V' is A ,-definable if and
only if Lpzl[V] is A\ 4-definable as subset of P;. Q.E.D.

The Correspondence Lemma [[.2]] says that ¢p, is a true identification between
P; and Fi/~p in terms of the model theoretic structure. In other words, it says
that pieces of piecewise hyperdefinable sets are, indeed, hyperdefinable. From now
on, slightly abusing of the notation, we make no distinction between P; and Pz‘/N P
ie. P:="Li/~p and quotp, = tp, o quotp, .

Corollary 1.22. Let P = hg]Pi be piecewise A-hyperdefinable. Then, a subset
V C P is piecewise )\ ,-definable if and only if V N P; is \ 4-definable as subset of
P for each i € 1.

Remark 1.23. As every piece is \-definable, the lattice of piecewise A ,-definable
subsets can be recovered from the ideal of /\ ,-definable subsets. In other words, the
structure of P is completely determined by the ideals of A-definable sets. However,
in general, the lattice of piecewise A ,-definable subsets does not determine the
ideal of A 4-definable subsets — see Example [541

A type over A, or A-type, is a C-minimal non-empty piecewise A ,-definable
subset. The type of a € P over A, tp(a/A), is the minimal piecewise /\ ,-definable
subset of P containing a. Since a € P; for some ¢ € I and pieces are /A ,-definable,
tp(a/A) is actually A ,-definable.

Let R C P x @ be a binary relation between two piecewise hyperdefinable sets.
We say that R is piecewise bounded (or piecewise continuous) if the image of any
piece of P is contained in some piece of (). We say that it is piecewise proper
if the preimage of any piece of @) is contained in some piece of P. We use this
terminology in particular for partial functions. To simplify the terminology, we
often omit reiterative uses of “piecewise” when they happen. So, for example, we
say “a piecewise bounded and proper A-definable function” instead of “a piecewise
bounded and piecewise proper piecewise A-definable function”.

Given two piecewise A-hyperdefinable sets P = HAWPZ- and QQ = h_n)a JQ;, the
Cartesian product P x @ is canonically identified with @[X.]PZ' x @; via the map
([z]lp, [¥lQ) ¥ [z.ylpxq, where (z,y) ~pxq (2',y’) if and only if z ~p 2’ and
y ~¢ y'. Thus, we say that a binary relation R between P and @ is piecewise
N\ 4-definable if it is so as subset of the Cartesian product.
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Lemma 1.24. Let P and Q be piecewise A-hyperdefinable sets, f : P — Q a
piecewise |\ ,-definable function and a € P. Then, f[tp(a/A)] = tp(f(a)/A).

Proof. Clear from Lemma [[O Q.E.D.

Proposition 1.25. Let P and Q be two piecewise A-hyperdefinable sets and f a
piecewise |\ ,-definable partial function from P to Q. Then:

(1) If f is piecewise bounded, images of \ ,-definable sets are \ ,-definable, and
preimages of piecewise |\ ,-definable sets are piecewise N ,-definable.

(2) If f is piecewise proper, images of piecewise N ,-definable sets are piecewise
N\ 4-definable, and preimages of N\ ,-definable sets are \ ,-definable.

Proof. Both are quite similar, so let us show only (1). For ¢« € I and j € J with
fIP] C Qj, consider fj; : P, — Q; given by the restriction of f. As f is piecewise
N\ s-definable, each fj; is A 4-definable. Given an A ,-definable subset V' C P,
we have that f[V] = f};[V], concluding that the image of V' is A ,-definable in @
by Lemma [[.8 and the Correspondence Lemma [[.2Tl On the other hand, given a
piecewise \ 4-definable subset W C @, we have that f~'[W]N P, = fﬁl[W nQ,l,
so f~1[W] is piecewise \ ,-definable in P by Lemma [[§ Q.E.D.

An isomorphism of piecewise A-hyperdefinable sets is a piecewise bounded and
proper A ,-definable bijection. In that case, we will say that P and @ are isomorphic
over A.

1.4. The logic topologies of piecewise hyperdefinable sets. The A-logic to-
pology of P is the respective direct limit topology. In other words, a subset of
P is closed if and only if it is piecewise A ,-definable. By the Correspondence
Lemma [[:2]] each piece is compact and, further, every A ,-definable subset is com-
pact.

As in the case of hyperdefinable sets, m = tp(a/A) for any a € P. Thus, the
properties Ty and T; are equivalent. If the A-logic topology is T, for any other
small set of hyperimaginary parameters A’ containing A, the logic topologies over
A and over A’ are the same. Thus, there is at most one T logic topology on P
and, if it exists, it is called the global logic topology. It follows that P has a global
logic topology if and only if every piece has size at most 2|4+ if and only if the
bdd(A)-logic topology is the global logic topology. In particular, if P has a global
logic topology, then |P| < 2/4I+Ll 1 cf(P). Thus, assuming 241+t 4 cf (P) < &, we
conclude that P has a global logic topology if and only if it is small.

There are still some topological properties that we want to extend from hyper-
definable sets to piecewise hyperdefinable sets. Ideally, we would like to show that
these topologies are locally compact, normal and satisfy T1 < T5. Also, we would
like to show that they are closed under taking finite products. In general, these
properties may fail — see Examples [[L57] and for some counterexamples.
The rest of the subsection is dedicated to give sufficient natural conditions for these
properties.

In general, for a topological space X, a covering of X is a set C C P(X) such
that | JC = X, whose elements are called pieces. A covering C is coherent when, for
every U C X, U is open in X if and only if U N P is open in P for each P € C.
Equivalently, C is coherent when, for every V' C X, V is closed in X if and only if
V' N P is closed in P for each P € C. For example, X is compactly generated if the
family of all the compact subsets is a coherent covering.

We say that a covering is local if for every point of X there is a piece that is a
neighbourhood of it. The following topological results are straightforward:
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Lemma 1.26 (Local coverings). Let X be a topological space and C a local covering.
Then, C is coherent.

Lemma 1.27. Let X be a topological space and { P, }nen a closed coherent covering
with P, C Pyy1 for each n € N. Suppose that P, is normal for each n € N. Then,
X s normal.

Proof. Let V and W be closed disjoint subsets of X. Take the continuous map
g: VUW — {—1,1} given by gjy = 1 and gjyr = —1. By recursion, using Tietze’s
Theorem [Mun00, Theorem 35.1], we construct a chain (f,,)nen of continuous maps
fn: Pn — [—1,1], each one extending g|p,. Taking f = |J f», we get a continuous
map separating V and W. Q.E.D.

In the case of a piecewise hyperdefinable set P, we have a directed closed and
compact coherent covering { P; };c7. In particular, it follows that logic topologies are
always compactly generated. If P is countably piecewise hyperdefinable, then it is
o-compact (i.e. a countable union of compact sets). Furthermore, by Lemma [[27]
we get normality:

Proposition 1.28. Let P be a countably piecewise A-hyperdefinable set. Then, P
s normal with the A-logic topology. In particular, global logic topologies of countably
piecewise hyperdefinable sets are Hausdorff.

Say that a piecewise hyperdefinable set P is locally A-hyperdefinable if its covering
is local in the A-logic topology, i.e. if for every point of P there is an A ,-definable
set which is a neighbourhood of it. Say that P is locally hyperdefinable if it is so
for some small set of parameters.

Remark 1.29. Piecewise definable sets are the special case of piecewise hyperdefin-
able sets when we only consider strict direct limits of definable sets with definable
maps. Definable sets are always open in the logic topology so, following the termin-
ology of this paper, every piecewise definable set is trivially locally (hyper)definable.
The distinction between these two notions only appears in the general context of
piecewise hyperdefinable sets. In particular, note that our terminology is consist-
ent with the typical use of the terms “piecewise definable” and “locally definable”
as synonyms in the literature.

Proposition 1.30. Let P and Q be piecewise A-hyperdefinable sets. Assume that
P is locally A-hyperdefinable. Let f : P — Q be a piecewise bounded and proper
A 4-definable onto map. Then, Q is locally A-hyperdefinable.

Proof. Pick y € Q. By Proposition .25, f~![tp(y/A)] is A\ 4-definable, so compact
in the A-logic topology of P. As P is locally hyperdefinable, we find an A ,-
definable set V such that f~'[tp(y/A)] C U C V, where P\ U is piecewise A 4-
definable. By Proposition [L25] f[V] is A ,-definable, and f[P \ U] is piecewise
N\ 4-definable. As f~![tp(y/A)] C U, tp(y/A) N f[P\ U] = 0. Also, as f is onto,
Q = fIVU(P\U)] = fIVIUf[P\U]. Therefore, y € tp(y/A) € Q\ f[P\U] € f[V],
concluding that f[V]is an A ,-definable neighbourhood of y in the A-logic topology.
As y is arbitrary, we conclude that @ is locally A-hyperdefinable. Q.E.D.

For locally hyperdefinable sets we have a really good control of the logic topology.

Proposition 1.31. Let P be a locally A-hyperdefinable set. Then, P is locally
closed compact in the A-logic topology, i.e. every point has a local base of closed
compact neighbourhoods.

Proof. Say P = h_ngPl Pick z € P and U open neighbourhood of = in the A-logic
topology. Take a piece P; and Uy such that x € Uy C P, with Uy open in the
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A-logic topology of P. Then, U; := U N Uj is an open neighbourhood of x in the
A-logic topology of P. Note that tp(z/4) C Uy C P, so tp(z/A) and P; \ Uy
are disjoint closed subsets of P;. By Proposition [[LT6] P; is normal, so there are
tp(x/A) C U’ and P;\ Uy C P\ V' with U' N (P;\ V') = 0 such that P, \ U’ and
V' are A ,-definable in P;. Therefore, € tp(z/A) C U’ C V' C U; C P;. Now,
since U is open in the A-logic topology of P and U’ C U is open in the subspace
topology of Uy, we conclude that U’ is open in the A-logic topology of P. Hence,
V' is an A 4-definable neighbourhood of z in the A-logic topology contained in U.
As x and U are arbitrary, we conclude that P is locally closed compact. Q.E.D.

Proposition 1.32. Let P be a locally A-hyperdefinable set. Then, every compact
subset of P in the A-logic topology is contained in the interior of some piece.

Proof. Clear from the definition. Q.E.D.

Proposition 1.33. Let P be a locally A-hyperdefinable set. Then, any two closed
compact disjoint subsets in the A-logic topology are separated by open sets. In
particular, it is T1 if and only if it is Ts.

Proof. Say P = hﬂ P;. Let K7 and K> be two disjoint closed compact subsets of P
in the A-logic topology. By Proposition[[.32] there is a piece P; and an open subset
U of P such that K;, Ko C U C P;. By normality of P;, there are disjoint open
subsets U; and Us in the A-logic topology of P; such that Ky C U; and Ko C Us.
Thus, U N Uy and U N Us are disjoint open subsets in the subspace topology of U
separating K7 and K. As U is open in the A-logic topology of P, we conclude that
UNU; and UNUs are disjoint open subsets in the A-logic topology of P separating
K, and K. Q.E.D.

Recall that a function between topological spaces is proper if the preimage of
every compact set is compact. For instance, every closed function with compact
fibres is proper [Eng89, Theorem 3.7.2].

Proposition 1.34. Let P and Q be piecewise A-hyperdefinable sets and f : P — Q
a piecewise ) ,-definable function.

(1) If f is piecewise bounded, then f is continuous between the A-logic topologies.

(2) If f is piecewise proper, then f is closed and has compact fibres between the
A-logic topologies. In particular, it is proper.

(3) If f is an isomorphism of piecewise A-hyperdefinable sets, then f is a homeo-
morphism between the A-logic topologies.

(4) If Q is locally A-hyperdefinable, then f is continuous between the A-logic
topologies if and only if it is piecewise bounded.

(5) If P is locally A-hyperdefinable, then f is proper between the A-logic topolo-
gies if and only if it is piecewise proper.

(6) If P and Q are locally A-hyperdefinable, then f is an isomorphism of piece-
wise A-hyperdefinable sets if and only if it is a homeomorphism between the A-logic
topologies.

Proof. Point (1) is given by Proposition [L25|]).

Point (2): closedness is given by Proposition[[.25(2). On the other hand, for any
point a € Q, f~!(a) C f~'[tp(a/A)] and f~*[tp(a/A)] is \ 4-definable, so compact.
As f is A-invariant and tp(a/A) is the orbit of @ under Aut(91/A) by Corollary .10,
it follows that f~![tp(a/A)] is the orbit of f~!(a) under Aut(9/A), i.e. the smallest
A-invariant set containing f~!(a). Consequently, any open covering of f~1(a) in
the A-logic topology is also a covering of f~![tp(a/A)], so f~1(a) is compact too.
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Point (3) is given by points (1) and (2). Point (4) is given by (1) and Propos-
ition Point (5) is given by (2) and Proposition Point (6) is given by
points (4) and (5). Q.E.D.

Proposition 1.35. Let P be a piecewise A-hyperdefinable set and Q) a locally A-
hyperdefinable set whose A-logic topology is its global logic topology. Let f: P — Q
be a function. Then, f is continuous between the A-logic topologies if and only if f
is a piecewise bounded \ ,-definable function.

Proof. By the Closed Graph Theorem [MunQ0, Exercise 8, Section 26] and Propos-
itions and [[.34] Q.E.D.

By Proposition [L34[]), Cartesian projection maps are continuous between the
logic topologies. Therefore, the A-logic topology of a finite product of piecewise
A-hyperdefinable sets is at least as fine as the product topology of the A-logic
topologies. In the case of local hyperdefinable sets with global logic topologies, we
have that they coincide.

Proposition 1.36. Let P and Q be locally hyperdefinable sets with global logic
topologies. Then, P X @ is a locally hyperdefinable set and its product topology is
its global logic topology.

Proof. Tt suffices to note that, for any two topological spaces X and Y with respect-
ive local coverings C and D,C x D ={P x Q : P € C, Q € D} is a local covering
of the product topology. Q.E.D.

Similarly, in the case of countably piecewise hyperdefinable sets with global logic
topologies, we also conclude that they coincide.

Proposition 1.37. Let P and @ be two countably piecewise hyperdefinable sets
with global logic topologies. Then, P x Q is a countably piecewise hyperdefinable set
and its product topology is its global logic topology.

Proof. Say P = h_ng P, and Q = H_H;Qn. Let I' € P x @ be closed in the global logic
topology and (a, b) ¢ T arbitrary. We recursively define a sequence (U,,, V}, )nen such
that a € Uy, b € Vp, U, € Upt1, Vo € Viuy1, U, C P, is open in P,, V,, C @, is
open in Q, and (U, x V,,)NT = .

For any n € N, note that the product topology and the global logic topology in
P, x @, coincide. As (a,b) and T'N (Py x Qo) are disjoint and closed, by normality
in Py X Qo, we can find Uy C Py open in Py and Vj C Qg open in Qg such that
(a,b) € Uy x Vp and (Ugy x Vo) NT = (). Now, suppose U,, and V,, are defined. By
normality of P,y1 X Qny1, for any (x,y) € U, x V,,, we can find Unf{_l C Py
open in P, and V7V, C Qn41 open in Q41 such that z € UyY,, y Vn_fl and
(U5 x Vi )NT = 0. As V,, is compact, for each = € U, there is F, C V,, finite
such that V,, C UyeF Vidio Take Vit = Uyep, Vit and Uiy = Nyep, Un?-
Then, U7,y € Py is open in Pry1, Vi € Qni1 is open in Qpy1, v € Uy,
V. C Viiyq and (Un+1 X Vn+1) NT = 0. As U, is compact, there is ' C U, finite
such that U, C U,ep U2y Take Upy1 = Uyep Ufy and Vigr = Nyep Vil
Then, Up4+1 € Py is open in P41, V41 € Qn41 is open in @41, U, C Un+1,
Vi CVpyrand (Upgy X Virr) N = 0.

Let U =U,enUn and V = |,y Voo Forn € N, we have UN P, = J,,,5,,(Un N
P,)and VNQ, =U,,>,VimNQn). As P, C P, and Q,, C @y, for m > n, we get
that U,, N P, is open in P, and V,, N Q,, is open in Q,, so U N P, is open in P,
and VN @, is open in @, for each n € N. Therefore, U x V is open in the product
topology and (a,b) € U x V with (U x V) NT = 0. As (a,b) ¢ T is arbitrary, I is
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closed in the product topology. As I' is arbitrary, we conclude that the global logic
topology in P X @ is the same as the product topology. Q.E.D.

Let P = li_rr;Pi be piecewise A-hyperdefinable set and V' C P a non-empty
piecewise A 4-definable subset. Note that the subspace topology of V inherited
from the A-logic topology of P is the A-logic topology of V' given as the piecewise
A-hyperdefinable set hﬂ V' N P;. We conclude showing that local hyperdefinability
is hereditary.

Proposition 1.38. Let P = li_rr;Pi be a locally A-hyperdefinable set and V C P a

piecewise N 4-definable subset. Then, V with the induced piecewise hyperdefinable
substructure hg V' N P; is a locally A-hyperdefinable set.

Proof. Tt suffices to note that, for any topological space X with local covering C
and any Y C X, Cy = {CNY : C € C} is a local covering of the subspace
topology. Q.E.D.

1.5. Spaces of types. Let P = X/E be an A-hyperdefinable set and F' C P x P
an A\ ,-definable equivalence relation in P. Then, P/E is actually identified with
the A-hyperdefinable set X /quotl_glx P[ al via the canonical bijection

n: [#lguorst i l2]p] e
Furthermore, by the definition of the quotient topologies, this map is a homeo-
morphism.

Let P = H_ng(lﬁ)(Pi, ©ji)j=i be a piecewise A-hyperdefinable set. Write P; =
Xi/B,. Let F C P x P be a piecewise A 4-definable equivalence relation. Write
F; == Fip,xp,. Define ¢;; : Pi/F; — Pj/Fj by @ji([z]F,) = [¢ji(x)]F;. Clearly, they
are well-defined A ,-definable and 1-to-1 functions and @;; = id and @r; = @rj 0 Pji.
Then, we have canonically the piecewise A-hyperdefinable structure in £ /F given
by

PIp =iy, <) (B/Fy, @5i) s,
via the map 7 : [tp,(2)]F + tp,/F,([z]F,) for i such that x € P;. Furthermore,
topologically, by the definitions of the quotient and the direct limit topologies, this
bijection is clearly a homeomorphism.

Let P = X/E be an A*-hyperdefinable set. Consider the space of types Sx (A*)
{tp(z/A*) : © € X} with the usual topology. We define the equivalence relation
~pg in Sx(A*) as p ~g ¢ if and only if there are E-equivalent realisations of p(x)
and ¢(y). The space of types of P over A* is the space Sp(A*) := SX(A*)/NE with
the quotient topology.

On the other hand, by Lemma [[.14] P/AP(A*) = {tp(a/A*) : a € P} is an
A*-hyperdefinable set and has its A*-logic topology.

Proposition 1.39. Let P = X/E be an A*-hyperdefinable set. Then, P/AP(A*)
and Sp(A*) are homeomorphic.

Proof. Consider the map

FoooSpA) o Plapan
[tp(a®/A%)] ., +— tp([a*]s/A").
By saturation, it is well-defined. Clearly, it is onto. It is 1-to-1 by Lemma [[L5l By
the definition of the quotient topology, it is clear that f is continuous. As Sx (A*) is
a compact topological space, Sp(A*) is also compact. On the other hand, P/AP(A*)
is a Hausdorff space. Then, as the domain is compact, the image is Hausdorff and
f is a continuous bijection, we conclude that f is a homeomorphism. Q.E.D.
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Therefore, for hyperimaginary parameters, we define the space of types of P over
A, Sp(A), as P/AP(A) with its global logic topology.

Remark 1.40. By Lemmas [[.§ and [[L9, any A ,-definable function f: P — Q
induces a continuous closed map between the spaces of types.

Similarly, let P = H_rr;;Pi be a piecewise A*-hyperdefinable set. For each i € I,
we have the space of types Sp,(A*) = {tp(a/A*) : a € P;}. Given i,j € I with
i = j, the map ¢j; : P, — P; induces a continuous and closed 1-to-1 function
Im @j; : Sp,(A*) = Sp,(A*) given by tp(a/A*) — tp(pji(a)/A*). Clearly, Im ;o0
Im ¢;; = Im ¢y, and Im ¢;; = id. Therefore, we have a topological direct sequence
(Sp,(A*),Im ¢j;)j=;. The space of types of P over A* is then the direct limit
topological space

SP(A*) = hg]Spi (A*)
By Proposition [[L39] we have
P/Ap(A*) =lim Pi/Ap, (A7) = lig Sp, (A%) = Sp(AY).

Therefore, for a piecewise hyperdefinable set P, like in the case of hyperdefinable
sets, we also define the space of types of P over hyperimaginary parameters A,
Sp(A), as P/AP(A) with its global logic topology. Even more, we say that a
piecewise hyperdefinable set S is a space of types if it has a global logic topology.

Let X be a topological space. Recall that two points are topologically indistin-
guishable if they have the same neighbourhoods. A Kolmogorov map is an onto
continuous and closed map k: X — Y between topological spaces such that k(a)
and k(b) are topologically indistinguishable if and only if @ and b are topologically
indistinguishable. We will use the following basic characterisation — see |[Pir21] for
more details:

Lemma 1.41. Let X and Y be topological spaces and k : X — Y a function.
Then, the following are equivalent:

(a) k is a Kolmogorov map.
(b) Imk is a lattice isomorphism between the topologies with inverse Im™ k.

Remark 1.42. When Y is Ty, we call a Kolmogorov map k£ : X — Y the
Kolmogorov quotient of X. In that case, up to a homeomorphism, Y is the quotient
space X /~, where ~ is the topologically indistinguishable equivalence relation, and
k is the respective quotient map.

As it is discussed in the introduction, it is useful to note that the quotient map
tpa: P — Sp(A) given by tp, : a > tp(a/A) = 4/Ap(A) is the Kolmogorov quo-
tient between the A-logic topologies. By definition, it also satisfies that tp;1 [tp4[V]] =
V for any A-invariant set V. Thus, when studying P, it is typically possible to map
the discussion via tp 4, argue in Sp(A) and then lift the conclusions to P via tpzl.
Following this procedure, one can usually assume without loss of generality that
P is Ty. This technique will be illustrated in the following subsection — see The-
orem [[.48 and the Metrisation Theorem [[.51]

Remark 1.43. By Proposition [L34I) and Lemma [[.224, any piecewise bounded
N\ 4-definable function induces a continuous map between the spaces of A-types.

1.6. Metrisation resultsf A uniform space is a pair (X, ®) formed by a non-
empty set X and a filter ® of binary relations in X satisfying that, for every

3This section is inspired on results from [BY0H].
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Uecd,

(i) ACU,

(ii) U~!e®and

(iii) there is V € ® such that VoV C U;
where A := {(x,2) : € X} is the diagonal (equality) relation, U~ = {(y,z) :
(x,y) e Uy and WoV :={(z,2): Jy (z,y) €V, (y,2) € W}. The filter ® is called
the uniform structure of the uniform space (X, ®@).

A uniformity base of (X, ®) is a filter base of ®. Note that a filter base B of
reflexive binary relations on X is a uniformity base of some uniform structure if
and only if, for any U € B, there are V,W € Bsuch that VoV CU and W C U~!.

Uniform spaces generalise (pseudo-)metric spaces. In other words, every pseudo-
metric p induces a uniform space given by the uniformity base {p=1[0,¢) : ¢ € Rxg}.
We say then that a uniform structure ® is pseudo-metrisable if it arises in this way;
that means there is a pseudo-metric p such that {p=1[0,¢) : € € Ry} is a uniformity
base of .

As in the case of metric spaces, every uniform space has a topology given by
the system of local bases of neighbourhoods {U(a) : U € ®},cx, where U(a) =
{b: (a,b) € U}. We say that a topology T admits a uniform structure if there is a
uniform structure ® on X with uniform topology 7. Note that a topological space
could admit many different uniform structures. Uniform structures inducing the
same topology are called equivalent.

Remark 1.44. Uniform structures are the natural abstract context to study uni-
form continuity, uniform convergence, Cauchy sequences or completeness. It is im-
portant to note that two equivalent uniform structures may differ on these aspects.
For example, a uniformly continuous function with respect to one uniform structure
might not be uniformly continuous in another equivalent uniform structure.

Recall that a topological space X is functionally regular if, for any point x € X
and any closed set V' C X such that = ¢ V, there is a continuous function f: X —
[0,1] such that f(z) = 0 and fjy = 1. It is a well-known fact from the theory of
uniform spaces that a topological space admits a uniform structure if and only if it
is functionally regular — see [Wil70, Theorem 38.2| for a proof. Hence, we get the
following general result for countably piecewise A-hyperdefinable sets.

Proposition 1.45. FEvery countably piecewise A-hyperdefinable set P with its A-
logic topology admits a uniform structure.

Proof. We know that P is normal by Proposition Let V' be piecewise A 4-
definable and @ € P\ V. As {a} = tp(a/A), we have that {a} and V are disjoint.
By normality, using Urysohn’s Lemma [Mun00, Theorem 33.1], we conclude that
P is functionally regular. Thus, we conclude that it admits a uniform structure.

Q.E.D.

Our aim now is to give a better description of the uniform structure in each piece.
In other words, we want to give an actual uniformity base for the logic topology.

Let P be an A-hyperdefinable set. We say that an A ,-definable binary relation
e C P x P is positive if Ap(A) C &, where the interior is taken in the product topo-
logy of the A-logic topology. Write Ep(A) for the set of all positive A ,-definable
binary relations of P. It could seem odd the fact that we take the interior in the
product topology. The following lemma explains why.

Lemma 1.46. Let P be an A-hyperdefinable set and w: P x P — Sp(A) x Sp(A)
the quotient map (a,b) — (tp(a/A),tp(b/A)). Then, for any ¢ € Ep(A), 7[e] €
Espa)(A), and for any €' € Es,(a)(A), 7'l € Ep(A).
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Remark 1.47. When the A-logic topology is the global topology, Ap(A) is pre-
cisely the diagonal A and Ep(A) is the set of closed neighbourhoods of A in the
global logic topology of P x P, which coincides with the product topology by Pro-
position [[LTA This in particular applies to Sp(A).

We now prove the main result of this subsection:

Theorem 1.48. Let P be an A-hyperdefinable set. Then, P with the A-logic topo-
logy admits a unique uniform structure and Ep(A) is a uniformity base of it.

Proof. We start by proving the proposition for Sp(A) rather than P, so consider the
set g, (4)(A) of positive A ,-definable binary relations on Sp(A). By [Wil70, The-
orem 36.19], since Sp(A) with the global logic topology is compact and Hausdorff,
it admits one and only one uniform structure, which is precisely the filter of neigh-
bourhoods of the diagonal in the product topology. Since the global logic topology
and the product topology on Sp(A4)xSp(A) coincide by Proposition LT s, (4)(4)
is the collection of all closed neighbourhoods of the diagonal. Thus, by normality of
Sp(A) x Sp(A) and closedness of A (which follows from Hausdorfiness of Sp(A4)),
the filter generated by &s,(a)(A) is exactly the collection of all neighbourhoods
of A, which is precisely the unique uniform structure admitted by Sp(A). Hence,
Esp(4)(A) is a base of the unique uniform structure of Sp(A4).

We now use the quotient mapstp, : P — Sp(A)and7: PxP — Sp(A)xSp(A4)
given by tp,(a) = tp(a/A) and 7(a,b) = (tp(a/A),tp(b/A)) to extend the result
to P. Let ® be any uniform structure on P inducing the A-logic topology. Note
that at least one @ exists by Proposition Consider 7® = {r[U] : U € ®}.
Obviously, 7® is a filter. Also, 7[U~!] = 7[U]7! and 7[U] o 7[U] C 7[U o U o U]
for any U € @, so 7® is a uniform structure on Sp(A). On the other hand, for
any a € P, tp4[U(a)] C 7[U](tp(a/A)) C tpy[U o U(a)]. Thus, by the properties of
tp 4, 7® induces the global logic topology on Sp(A). As Sp(A) with the global logic
topology only admits one uniform structure, it follows that £, (4)(A) is a uniformity
base of 7®. In particular, we have 771&,(4)(A) C @, where 77'&g,(4)(4) =
{r7e] : € € Espa)(A)}. On the other hand, for U € ®, take V € @ such
that VoV oV C U and find ¢ € &,(4)(A) such that ¢ C 7[V]. Therefore,
el ST r[V]| = Ap(A) o Vo Ap(A) C VoV oV CU. Hence, 77 'Es,(a)(A)
is a uniformity base of ®, concluding uniqueness.

We now show that £p(A) is a uniformity base of ®. Since 771[¢] € £p(A) for any
€ € Es,(a)(A), it is enough to show that for any e € £p(A) there is £’ € E5,(4)(4)
such that 771[¢'] C e. Take ¢” € Ep(A) such that &’ oe” 0e” C ¢ and set ¢’ = 7[¢"].
Then, 77 t[e'] = Ap(A)oe” 0o Ap(A) Ce. QE.D.

Using compactness, we can get an even smaller uniformity base:

Lemma 1.49. Let P be an A-hyperdefinable set. There is a family {€;}i<| a4+ of
N\ 4-definable positive binary relations on P which is a uniformity base of P with
the A-logic topology.

Proof. Say Ap(A) = Nicjajspn i with ¢; € For(L(A*)). For each i < [A| +
IL|, write F; = quotp, plpi(MM)] and U; := P x P\ quotp, p[—w;(M)]. Since
quotpy p[Ap(A)] N =i (M) = B, Ap(A) N quotp, p[~@i(M)] = 0, so Ap(A) C
U; C E; where FE; is closed and U; is open in the A-logic topology. By compactness
of P x P in the A-logic topology, we can take ¢; € Ep(A) such that e; CU; C E;. Tt
follows that {e;};<|a|4 1| is a sequence of A ,-definable positive binary relations on
P such that Ap(A) =, 44 €i- Now we show that {ei};<|aj+r| is a uniformity
base. Take € € Ep(A) and U C € open in the product topology of P x P such that
ﬂi<|A|+\L| g; = Ap(A) CU Ce. Since U is open in the product topology, it is also
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open in the A-logic topology. Then, by compactness, there is ¢ < |A|+ |L| such that
€i C U C g, concluding that {&;};<|a|41/ is a uniformity base of P with the A-logic
topology. Q.E.D.

Recall that a uniform structure is pseudo-metrisable if and only if it has a count-
able uniformity base — see [Wil7(0, Theorem 38.3]. Therefore, we get the following
metrisation results:

Corollary 1.50. Let P be an A-hyperdefinable set. Then, P with its A-logic to-
pology is pseudo-metrisable if and only if there is a countable family {e,}nen of
A a-definable positive binary relations on P such that Ap(A) = (\,cn€n- In par-
ticular, P with the A-logic topology is pseudo-metrisable if L and A are countable.

Theorem 1.51 (Metrisation Theorem). Let P be a locally A-hyperdefinable set of
countable cofinality. Then, P with the A-logic topology is pseudo-metrisable if and
only if each piece is pseudo-metrisable. In particular, P with the A-logic topology
is pseudo-metrisable if L and A are countable.

Proof. Assume that each piece is pseudo-metrisable. Taking the quotient map a >
tp(a/A), we get that Sp(A) is locally metrisable and o-compact. By o-compactness,
Sp(A) is trivially Lindelof (i.e. every open cover has a countable subcover). By
Proposition [[L28 Sp(A) is normal and Hausdorff, so it is in particular regular (i.e.
any closed set and any point outside it can be separated by open sets). Therefore, by
[Mun00, Theorem 41.5], Sp(A) is paracompact (i.e. every open cover has a locally
finite open refinement). By Smirnov’s Metrisation Theorem [Mun00, Theorem 42.1],
we conclude that it is metrisable. Taking the composition with the quotient map
a — tp(a/A), we conclude that P with the A-logic topology is pseudo-metrisable.

Q.E.D.

Using uniformities, it is also easy to find small dense subsets:

Corollary 1.52. Let P be a piecewise A-hyperdefinable set. Then, there is a subset
D C P with |D| < |A| + |L| + cf(P) which is dense in the A-logic topology. In
particular, when A and L are countable, every countably piecewise A-hyperdefinable
set is separable (i.e. has a countable dense subset) with the A-logic topology.

Proof. Say P = li_rr;KCf( p) P;. By Lemma [[L49, for each i, there is a uniformity
base B; C Ep,(A) with |B;| < |A| + |L|. By compactness, for each ¢ € B;, there
is D.; C P; finite such that P; C UaGDE,i e(a). Take D = Ui<cf(P) U.ep, De,is 0
|D| < |A| + |L] + cf(P). Let U be open. Then, e(a) C U N P; for some a € P,
i < cf(P) and € € B;. Find ¢y € B; with Eal Ceandd € D; ., C D with a € g9(d),
so d € e(a) C U, concluding D NU # (). As U is arbitrary, D is dense. Q.E.D.

Arguing similarly for global logic topologies, we can reduce the number of para-
meters from 241 to |A| 4 L] + cf (P).

Proposition 1.53. Let P be a piecewise A-hyperdefinable set with a global logic
topology. Then, there is B C PUA with |B| < |A|+ |L|+cf(P) such that the B-logic
topology of P is its global logic topology.

Proof. Say P = limicr P; and P; = Xi/B; with |I| = cf(P). Write A = |L| + |A] +
cf(P). For i € I, A; == {(z,z) : © € P;} is A\ .-definable as A, = E,. Say
A; = N\jex pi(z,y) with ¢;(x,y) € For(L(A*)). Write V; := quotp,  p, [0; ()] and
Uj = P; x P;\ quotp,, p. [7@;(M)]. Then, A; C U; C Vj where V; is closed and U;
is open in the global logic topology of P; x P;. By compactness of P; x P;, there
is €; positive A-definable binary relation such that ¢; C U; C V;. It follows that
B; = {€;}jex forms a uniformity base of P; with the global logic topology.
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By compactness of F;, for each € € B;, there is D.; C P; finite such that
Pi CUuep, , €a). Take D; =, cp, Dei and D = J;c; Di, so |[D| < A. Tt follows
that D; is dense in the global logic topology of P;.

Take B = DU A C bdd(A), so |B] < A. We claim that the B-logic topology of
P is its global logic topology. Indeed, take a € P and o € Aut(M/B) arbitrary
and, aiming a contradiction, suppose o(a) # a, so 0~ !(a) # a. Pick i € I such that
a € P;. Note that o[P;] = P;. By Hausdorffness of P; in the global logic topology,
there are U and V such that a € U C V C P; with 07(a) ¢ V, where U is open
and V is closed in the global logic topology of P;. Now, D; NU = o[D;NU] C o[V].
As U is open and D; is dense in P;, U N D; is dense in U. As o[V] is closed in the
global logic topology, we conclude a € U C o[V]. Therefore, 0~!(a) € V, getting a
contradiction. Q.E.D.

1.7. Examples. Most of the examples of locally hyperdefinable sets come from
the following two basic remarks, which were, in fact, already known. First, note
that any piecewise A-definable set is trivially locally A-definable. Secondly, note
that if P is locally A-hyperdefinable and E is a piecewise bounded A ,-definable
equivalence relation on P, then /E is locally hyperdefinable by Proposition .30l

Example 1.54. A classical example is the field of real numbers R with its usual
topology, which is a locally hyperdefinable set of countable cofinality in the theory
of real closed fields. It is explicitly given as 0(1)/0(1) with O(1) = |U,,en[—n, 1] and
o(1) = N,en [="/n, /n]. Furthermore, up to isomorphism of piecewise hyperdefin-
able sets, 0(1)/0(1) is the unique representation of R as a locally hyperdefinable set.
Indeed, by Proposition [[341[G]), any two locally hyperdefinable sets homeomorphic
with the logic topologies are isomorphic as piecewise hyperdefinable sets.

However, note that the real numbers with the usual topology can be represen-
ted as a piecewise hyperdefinable set (non-locally hyperdefinable) in other non-iso-
morphic ways. For instance, consider the direct system of all compact subsets of
0(1)/0(1) with empty interior in the global logic topology with the natural inclusion
maps. Using that the topology is first-countable, it is easy to note that this is a
coherent covering. Therefore, the resulting direct limit with the global logic topo-
logy is a piecewise hyperdefinable set homeomorphic to R with the usual topology.
However, it is not locally hyperdefinable, so it is not isomorphic to 0(1)/0(1).

Example 1.55. More generally, any topological manifold X (i.e. a locally eu-
clidean Hausdorff topological space) is a locally hyperdefinable set in the usual
theory of real closed fields. Indeed, for any m, R™ is locally hyperdefinable, so
every compact subset of R is hyperdefinable, concluding that the compact charts
of X are hyperdefinable. Using now Proposition [[L35 the chart changing maps are
/\-definable, so the finite unions of compact chart neighbourhoods are hyperdefin-
able. It follows then that the whole manifold is locally hyperdefinable. If it is also
second countable, then it has countable cofinality too.

Example 1.56. As Q with the usual metric topology is not locally compact, it
cannot be given as a locally hyperdefinable set. However, it is possible to give it as
a piecewise hyperdefinable set in the theory of real closed fields. Indeed, using that
Q is first countable, it is clear that Q is compactly generated. Every compact subset
of Q is a hyperdefinable subset being A-definable in R = 0(1)/0(1). In other words,

Q is the direct limit of all the A-definable subsets of R = 0(1)/0(1) contained in Q
with the standard inclusion maps. Note that it has uncountable cofinality.

Example 1.57. More generally, any first countable Hausdorff topological space X
can be given as a piecewise hyperdefinable set with a global logic topology in the



ON PIECEWISE HYPERDEFINABLE GROUPS 21

theory of real closed fields. Indeed, let C be the family of countable compact subsets
of X. As X is first countable, C is coherent. Now, by Mazurkiewicz-Sierpinski
Theorem [Mill1l Theorem 4], every countable compact Hausdorff topological space
is homeomorphic to a countable successor ordinal with the order topology. On
the other hand, by induction, we easily see that every countable ordinal with the
order topology is homeomorphic to a subset of Q. Therefore, for every A € C,
there is a compact subset P4 C Q such that A with the subspace topology is
homeomorphic to P4 with the subspace topology. For each A € C, pickng : A — P4
a homeomorphism. For A, B € C with A C B, take ¢ypa = np o 77;1 : Py — Pp.
Now, as noted in the previous example, every compact subset of Q is homeomorphic
to a hyperdefinable set with a global logic topology in the theory of real closed
fields. Also, for A, B € C with A C B, ¢p4 is continuous, so it is /\-definable by
Proposition Then, we conclude that X is homeomorphic to hg Aec Pa with
the global logic topology.

Example 1.58. For a countably piecewise hyperdefinable set that is not locally
hyperdefinable, consider the infinite countable rose, i.e. the infinite countable bou-
quet of circles. This is R/N with the equivalence relation x ~y & z,y € ZVzx =y.
Note that R is countably piecewise hyperdefinable and the relation ~ is piecewise
/\-definable in the theory of real closed fields. Thus, the infinite countable rose is
a countably piecewise hyperdefinable set. It is not locally hyperdefinable and not
first countable, so it is not pseudo-metrisable.

Example 1.59. For a piecewise hyperdefinable set which is not normal, consider
R with the rational sequence topology. For i € R, pick a sequence (i )nen of
rational numbers converging to i. When ¢ € Q, take ¢,, = ¢ for every n € N. Take
P; = {in, : n € N} U {i} for i € R. For a finite subset I C R, take P; = (J,.; P;.
Note that, for any finite I C R, P; is compact in R with the usual topology, so each
Pr is hyperdefinable in the language of real closed fields. Take P = h_nr} P with
the usual inclusion maps. We now check that P with the global logic topology is
homeomorphic to R with the rational sequence topology, i.e. the topology given by
the local bases of open neighbourhoods U, (7) :== {ix : k > n} U {i} for i € R.

Note first that U, (¢) is open in P for each ¢ € R and n € N. Obviously, U, (i)NP;
is open in P;. For j # i, as (in)nen converges to i and (j,)nen converges to j, we
conclude that there is m € N such that U, (1) N P; C {i,, : n < m}. Thus, U,(i)NF;
is open in P;.

On the other hand, suppose U C P is open in P. Take i € U. As U N P; is open
in P;, there is n € N such that U, (i) CUNP;, so U,(i) CU. Asi € U is arbitrary,
we conclude that U is open in the rational sequence topology.

By Jone’s Lemma [Wil70, Lemma 15.2], P is not normal. Indeed, Q is dense,
R\ Q is discrete and closed and [R\ Q| > 29,

For a counterexample where the product topology of global logic topologies is not
the global logic topology on the product, see Example We have no counter-
example of a piecewise hyperdefinable set with a non-Hausdorff global logic topology.
We have no counterexample of a countably piecewise A-hyperdefinable set that is
not locally A-hyperdefinable but has a locally compact A-logic topology.

2. PIECEWISE HYPERDEFINABLE GROUPS

In this section we study the particular case of piecewise hyperdefinable groups.
Our main aim is to find sufficient and necessary conditions to conclude when they
are locally compact topological groups with the logic topology. Then, we will
discuss how to extend the classical Gleason-Yamabe Theorem and some related
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results to piecewise hyperdefinable groups. We start with an introduction recalling
some fundamental facts about topological groups.

2.1. Preliminaries on topological groups. Recall that a topological group is
a Hausdorff topological space with a group structure whose group operations are
continuous.

Remark 2.1. Let G be a topological group. The following are the basic funda-
mental facts that we need:

(1) Let H 4 G be closed. Then, G/H is a topological group and 7/ : G —
G/ H is a continuous and open surjective homomorphism. Furthermore, if H is
compact, then g,/ g is also a closed map and has compact fibres. In particular, it
is proper by [Eng89, Theorem 3.7.2].

(2) Let H < G be an open subgroup. Then, H is also closed.

(3) The connected component G° of the identity is a normal closed subgroup of
G. If G is locally connected (e.g. a Lie group), then G is also open.

(4) (Closed Isomorphism Theorem) Let f: G — H be a continuous and closed
surjective homomorphism between topological groups. Then, for any closed sub-
group S <4 K = ker(f) with S < G, the map fg : G/S — H defined by
J = fsomgys is a continuous, closed and open homomorphism. In particular,
fr: G/ K — H is an isomorphism of topological groups and f is an open map.

In the theory of topological groups, a Yamabe pair of a topological group G is a
pair (K, H) with K < H < G such that K is compact, H is open and L = H/K is
a finite dimensional Lie group. We say that H is the domain, K is the kernel and
L is the Lie core. We write mp/ : H — L for the quotient map. A Lie group
is a Lie core of G if it is isomorphic, as topological group, to the Lie core of some
Yamabe pair of G.

Remark 2.2. Let G be a topological group and suppose that it has a Yamabe pair
(K, H) with Lie core L. By Remark 2I(d), 7 x : H — L is a continuous, open,
closed and proper surjective group homomorphism. In particular, as L is locally
compact, H must be a locally compact topological group too. Since H is open in
G, we conclude that G is locally compact as well.

The following celebrated theorem, claiming that every locally compact topo-
logical group has Lie cores, is usually considered the solution to Hilbert’s fifth
problem.

Theorem 2.3 (Gleason-Yamabe). Let G be a locally compact topological group and
U C G a neighbourhood of the identity. Then, G has a Yamabe pair (K, H) with
K CU. In particular, a topological group has a Lie core if and only if it is locally
compact.

Proof. The original papers are [Gle52l[MZ52|[Yam53bl[Yam53a]. A complete proofs
can also be found in [MZ55[Taol4]. Model-theoretic treatments can be found
in [Hir90,vdDGI5]. Q-E.D.

In this paper we mainly use this classical version of Gleason-Yamabe Theorem [2.3]
Alternatively, we can use the following variation proved in [KCI5, Theorem 1.25]
which provides some extra control over some parameters. Recall that two subsets of
a group are k-commensurable if k left translates of each one cover the other. Recall
that a k-approximate subgroup is a symmetric subset X which is k-commensurable
with its set of pairwise products X?2.

Theorem 2.4 (Gleason-Yamabe-Kreitlon Theorem). There are functions ¢: N —
N and d: N — N such that the following holds:
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Let G be a locally compact topological group and U C G an open precompact
k-approxzimate subgroup for some k € N. Then, G has a Yamabe pair (K, H) with
K C U* such that H/K is a Lie group of dimension at most d(k) and H N U*
generates H and is c(k)-commensurable to U.

A Yamabe pair (K', H') is smaller than or equal to (K, H) if K A K' < H' < H.
A Yamabe pair is minimal if it has no smaller ones. A Lie core is minimal if it
is the Lie core of some minimal Yamabe pair. In other words, let us define an
aperiodic topological group to be a topological group without non-trivial compact
normal subgroups. Then, by Remark 2T|[I]), a Lie core is minimal if and only if
it is an aperiodic connected Lie core. The following basic proposition implies that
every Yamabe pair has a smaller or equal minimal Yamabe pair.

Lemma 2.5. FEvery connected Lie group has a unique maximal compact normal
subgroup.

Proof. By Cartan-Iwasawa-Malcev Theorem [Hoc65, Chapter XV Theorem 3.1],
there is a maximal compact subgroup 7', and every compact subgroup is contained
in a conjugate of it. Hence, e gTg~! is the unique maximal compact normal

subgroup. Q.E.D.

Remark 2.6. A different proof of the previous result, without using Cartan-Iwas-
awa-Malcev Theorem, was explained in [Hrul2).

Corollary 2.7. Let G be a topological group and (K1, H1) a Yamabe pair. Then,
there is a minimal Yamabe pair (K, H) smaller than or equal to (K1, Hy). Further-
more, for any clopen subset U containing K1, we have H C U2.

Proof. Write my := my, /i, : Hi — Ly for the quotient map to the Lie core of
(K1, Hy). Let L C L be the topologlcal connected component of the 1dent1ty As
Lie groups are locally connected, L is open by Remark 2II@). Let K < L be
its maximal compact normal subgroup, given by Lemma Take H = 7] 1[L]
and K = 77 '[K]. Then, by Remark Z(I) and the Closed Isomorphism Theorem
(Remark 201@)), (K, H) is a minimal Yamabe pair of G smaller than or equal to
(K1, Hy). Finally, if U is clopen and K7 C U, 71 [U] is clopen with 1 € m1[U] as 71 is
open and closed by Remark ZIJ[)). Thus, LCm [U] as Lis connected, concluding
that H CUK; C U>. Q.E.D.

Two Yamabe pairs (K, H) and (K', H') of G with Lie cores 7 := g/ : H — L
and 7' = 7w g 2 H' — L' are equivalent if the map n : 7(h) — 7n'(h) for
h € HN H' is a well-defined isomorphism of topological groups between L and L.
Equivalently, by the Closed Isomorphism Theorem (Remark 21I@)), (K, H) and
(K', H') are equivalent if and only if HNK' C K, HNK CK', (HNH K =H
and (H N H')K' = H'. Tt follows that minimal Yamabe pairs are unique up to
equivalence:

Lemma 2.8. Let G be a locally compact topological group and (K1, Hy) and (K2, Hs)
two minimal Yamabe pairs with Lie cores my = TH /K, - Hy — L1 and my =
THy /Ky - Hy — Lo:

(1) Let H' < H; be an open subgroup. Then, (KyNH', H') is a minimal Yamabe
pair of G equivalent to (K1, Hy) and [K; : K1 0 H'] is finite.

(2) K1 C Ko< Hy C Hy & KoNHy = Ky. In particular, K1 = K if and only
if H = Hy.

(3) (K1 N Ky, Hy N Hy) is a minimal Yamabe pair with K1 N Hy = K1 N Ky =
Ko N Hy. In particular, [K1 : K1 N Ks] and [Ky : K1 N K3 are finite.
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Proof. (1) By connectedness, w1[H’] = L;. Thus, by the Closed Isomorphism The-
orem (Remark [ZTJ@])), we conclude that (Ky N H’, H') is a minimal Yamabe pair
of G equivalent to (K1, H;). Finally, as K; N H' is an open subset of K, by
compactness, [K; : K1 N H'] is finite.

(2) We already have Hy C Hy = Ko N Hy = Ky = K; C K» by the previous
point (1). On the other hand, by connectedness, m[Hy N Ha] = L. If K3 C Ko,
then Kl S Hl n HQ, SO Hl = ﬂ;l[ﬂl[Hl ﬂHQ]] = Hl n HQ Q H2.

(3) By point (1), (K1NHy, HiNHs) and (K2NHy, HoNH;p) are minimal Yamabe
pairs with [K; : K1 N Hs] and [Ka : Hy N K] finite. By point (2), K1 N Ky =
KinNHy=KyNH,. Q.E.D.

As an immediate consequence of the previous proposition we get the following
corollary:

Corollary 2.9. Every locally compact topological group has a unique minimal
Yamabe pair up to equivalence.

The previous uniqueness statement implies that the minimal Lie core L is unique
up to isomorphism of topological groups, but it is far stronger than that. Indeed,
it also says that there is a global minimal Lie core map extending all the minimal
Yamabe pairs which is unique up to isomorphisms of L:

Proposition 2.10. Let G be a locally compact topological group and L its minimal
Lie core. Let Dy, be the union of all the domains of minimal Yamabe pairs of G.
Then, there is a map 7g, : Dy — L such that, for any minimal Yamabe pair (K, H)
of G, wp i s a continuous, closed, open and proper surjective homomorphism with
kernel K. Furthermore, 7y, is unique up to isomorphisms of L.

Proof. Let Y be the set of all minimal Yamabe pairs of G and fix any minimal
Yamabe pair (Ko, Hy) € Y and L = Ho/[,. Now, for any Yamabe pair (K, H), we
define mr, |y == Nk )y © Ta/x © H — L where ng py H/K — L is the canonical
isomorphism given by the equivalence between (K, H) and (Ko, Hy). Take any
(K,H),(K',H') € Y. By Lemma [Z8 and Corollary 29 (K N K’ HNH') is a
minimal Yamabe pair and equivalent to (K, H), (K’, H') and (Ko, Hy). For any h €
HNH'  as (KNK', HNH') is equivalent to (Ko, Hyp), there is hg € HNH'NH such
that h_lho e KNK'nK,. Thus, WL‘H(h) = 7TL|H(h0) = TH,/Ko (ho) = 7TL|H/(h0) =
mria(h). Take Dy = Jy, H and define 7, = {Jy, 7z z. By Remark 2|, we get
a global map 7y : Dy — L such that 7z : H — L is a continuous, closed, open
and proper surjective homomorphism with kernel K for each minimal Yamabe pair
(K, H).

Suppose 7}, : Dp — L is any other map such that 7TIL‘  1s a continuous, closed,
open and proper surjective group homomorphism with kernel K for any minimal
Yamabe pair (K, H). Then, by the Closed Isomorphism Theorem (Remark ZTI{)),
we get an isomorphism 7 : HO/K0 — L such that 7TIL‘HO = nomH, Now, for
any (K,H) € Y and g € H, there is g9 € H N Hy such that g € goK. Then,
7w (9) = 71 (90) = nomr(go) = nonr(g), concluding that 7 =nony. Q.E.D.

Note that Dy, = Dom(7y,) is the union of all the domains of minimal Yamabe
pairs of G and ker(ry,) := 77 *(1) is the union of all the kernels of minimal Yamabe
pairs of G. Consequently, Dj, and ker(r,) are invariant by any automorphism of G
as topological group. In particular, both are normal sets (i.e. conjugate invariant
sets).

Among all the minimal Yamabe pairs, it could be natural to look for the ones
with maximal domain. We have the following criterion.
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Proposition 2.11. Let G be a locally compact topological group and (K,H) a
minimal Yamabe pair of G. Let K' be a compact subgroup of G with K < K’ such
that H normalises K' (i.e. hK' = K'h for any h € H). Then, K = HN K/,
[K' : K] is finite and (K',H') is a minimal Yamabe pair of G with H = K'H.
Furthermore, H' is a finite union of cosets of H.

In particular, (K, H) is a minimal Yamabe pair with mazimal domain if and
only if there is no compact subgroup K' < G normalised by H with K < K'.

Proof. Clearly, K < K’ N H < H is compact. Then, as K is the maximal compact
normal subgroup of H, we conclude K’ N H = K and H/k'ng = H/k = L.
As K = K'N H is open in K’ compact, [K’ : K] is finite. Take A C K’ finite
such that K’ = AK. Note that AH = K'H is a clopen subgroup and K’ < K'H.
Write H' = AH. Then, T i g Ho— HI/K’ is a continuous and closed onto
homomorphism. Therefore, by the Closed Isomorphism Theorem (Remark Z2TI{])),
H'/i and H/K' 0 H = L are isomorphic. That concludes that (K’, H') is also a
minimal Yamabe pair of G. Using also Lemma 2.8|[I2), we conclude that this gives
a necessary and sufficient condition for the maximality of the domain. Q.E.D.

Similarly, it is natural to look at minimal Yamabe pairs with minimal kernel. In
this case, this question is related to the connected component of G.

Recall that the quasicomponent of a point in a topological space is the intersec-
tion of all its clopen neighbourhoods. By definition, quasicomponents are closed
sets containing the connected components. In locally connected spaces, connected
components are clopen, so quasicomponents and connected components coincide.
Similarly, in every compact Hausdorff space, connected components and quasicom-
ponents coincide [Wil70, Lemma 29.6]. In general, however, they may be different
— even for locally compact Hausdorff topological spaces.

In a topological group G, as the inversion, the conjugations and the translations
are homeomorphisms, the connected component G° and the quasicomponent G9
of the identity are both normal closed subgroups of G. When G is locally compact,
it is a well-known fact that G° = G is the intersection of all the open subgroups
of G [DPS90l, Theorem 2.1.4(b)]. Hence, we conclude the following criterion for the
existence of a minimal Yamabe pair with minimal kernel.

Proposition 2.12. Let G be a locally compact topological group. Then, there is
a minimal Yamabe pair with minimal kernel if and only if G° is open (i.e. G is
locally connected). Furthermore, in that case, for any other minimal Yamabe pair
(K, H), (KNGY G is the minimal Yamabe pair of G with minimal kernel.

Proof. Suppose that (K, H) is a minimal Yamabe pair with minimal kernel. As H
is clopen by Remark 2T)[2)), we have that G C H. On the other hand, for any other
open subgroup H' < G, by Lemmal[Z8|[Il), we have that (KNH', HNH') is a minimal
Yamabe pair. As (K, H) is the one with minimal kernel, it follows that HNH' = H,
so H C H'. As G is the intersection of all the open subgroups, we conclude that
G° = H. Conversely, suppose that G° is open. Then, by Lemma 28|, for any
minimal Yamabe pair (K, H), we have that (K N G° G°) is a minimal Yamabe
pair. Thus, for any minimal Yamabe pairs (K, H) and (K’, H'), we have that
(KNGY G%) and (K'NGY, G%) are minimal Yamabe pairs, and so KNG° = K'NG°
by Lemma28(2). Therefore, (KNG, G°) is the minimal Yamabe pair with minimal
kernel. Q.E.D.

In general, even if G° is not open, a similar conclusion is “asymptotically” true:
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Proposition 2.13. Let G be a locally compact topological group and L its minimal
Lie core. Then, the restriction to GO of the global minimal Lie core map TL|Go
G° = L is a continuous, open, closed and proper surjective group homomorphism.

Proof. Take (K, H) minimal Yamabe pair and 71,5 : H — L. By Proposition 210,
7ru 18 a continuous, open, closed and proper surjective group homomorphism. By
definition, G® < H. Thus, consider the restriction TrLGo * G° > L. AsGisa
closed subgroup, 7y go is also a continuous, closed and proper group homomorph-
ism. It remains to show that it is onto and open. Let b € L. We want to show
that wgllH(b) NGY # (. Let H < G be a clopen subgroup such that H' < H.
Then, 7p g [H'] is clopen in L. As L is connected, we get that wz‘lH(b) NH # (.

Since ﬂzllH(b) is compact and H' is arbitrary, we conclude that wz‘lH(b) NG° # 0.

Therefore, 77,go : G° — L is onto. We conclude that it is also open by the Closed
Isomorphism Theorem (Remark 2Ti()). Q.E.D.

2.2. Local compactness and generic pieces. A piecewise A-hyperdefinable group
is a group whose universe is piecewise A-hyperdefinable and whose operations are
piecewise bounded A ,-definable.

Example 2.14. Let G be a definable group and X C G a symmetric definable
subset. Then, the subgroup H < G generated by X is a countably piecewise
definable group. If K < H is a piecewise /\-definable normal subgroup, the quotient
H/g = li_ngX "/K is a countably piecewise hyperdefinable group too. If K C X"

for some n, then /K is also locally hyperdefinable. This corresponds to the case
studied in [Hrul2].

Remark 2.15. Piecewise A-definable subgroups of piecewise hyperdefinable groups
are piecewise hyperdefinable groups. The quotient of a piecewise hyperdefinable
group by a normal piecewise /\-definable subgroup is a piecewise hyperdefinable

group.

Note that the group operations are continuous between the logic topologies by
Proposition [L34([)). However, the product topology and the logic topology may
differ, so piecewise hyperdefinable groups with the logic topologies do not need to
be topological groups.

Proposition 2.16. Let G be a piecewise hyperdefinable group with a global logic
topology. Then, every translation is a homeomorphism in its global logic topology.

Proof. Trivial by Proposition [[L34|]) and Proposition [LT1 Q.E.D.

Remark 2.17. Groups with a T topology such that every translation is continuous
are called semitopological groups — see [Husl8| for an introduction to semitopolo-
gical groups.

Theorem 2.18. Let G be a countably piecewise hyperdefinable group with a global
logic topology. Then, G is a topological group with the global logic topology.

Proof. Clear by Proposition [[34(I]) and Proposition [[37 Q.E.D.

Example 2.19. We show now an example of a piecewise hyperdefinable group
with a global logic topology that is not a topological group. We simply adapt
the fundamental example given in [TSH98| Example 1.2] to the case of piecewise
hyperdefinable groups.

First, recall that Q™ with the usual topology is piecewise hyperdefinable with a
global logic topology in the theory of real closed fields by Example [[57. Now, the
inclusion ¥y, m : Q™ — Q™ given by ¥ (x) = (z,0,...,0) for n > m is a piecewise
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bounded A-definable 1-to-1 map. Also, the set of pairwise sums of two compact
countable subsets of Q" is a compact countable subset of Q", so + is a piecewise
bounded A-definable map. Then, @yQ = H_H}@" is a piecewise hyperdefinable
group. Now, Py Q is not a topological group. Consider the set U = {z : |z;| <
| cos(jzo)| for j € Nug}. As zp € Q for any z € @y Q, we have cos(jzg) # 0, so
U is an open neighbourhood of 0. However, there is no open neighbourhood V' of
0 such that V' +V C U, concluding that € Q is not a topological group. Aiming
a contradiction, suppose otherwise; take V' an open neighbourhood of 0 such that
V+V CU. As V is an open neighbourhood of 0, there is ¢g € R~ such that
{z : |zo| < gp and 2; = 0 for i € N5o} C V. Take n € N5g such that 2neq > .
There is then £; € R+ such that {z : |z,| < e1 and z; = 0 for i # n} C V. Hence,
{z :|xo] < €0, |zn| <e1 and z; =0 for i € N\ {0,n}} CV +V CU. In particular,
(—€0,€0)g X (—e1,e1)0 € {(zo, 1) € Q x Q : |z1] < |cos(nzo)|}. However, this is
impossible when 2ney > 7, getting a contradiction.

Theorem 2.20. Let G be a locally hyperdefinable group with a global logic topology.
Then, G is a locally compact topological group with this topology.

Furthermore, a countably piecewise hyperdefinable group G is a locally compact
topological group with some logic topology if and only if this logic topology is the
global logic topology and G is locally hyperdefinable.

Proof. We know that the global logic topology of G is locally compact by Propos-
ition [[L3T] and Hausdorff by Proposition [[L33] By Proposition and Proposi-
tion [L34([]), we conclude that G is a locally compact topological group.

By definition, a logic topology is T; if and only if it is the global logic topology.
On the other hand, assuming G = HgneNGn, by Baire’s Category Theorem [Mun00,
Theorem 48.2], if G is locally compact Hausdorff, there are h and n € N such that
Gy, is a neighbourhood of h. Thus, for any g € G, gh™'G, is an \-definable
neighbourhood of g. Q.E.D.

Example 2.21. We give an example of a countably piecewise hyperdefinable group
with a global logic topology which is not locally hyperdefinable; this is the infinite
countable direct sum of circles with the inductive topology. Denote the unit circle
by S :={x € C: |z| = 1}, which is hyperdefinable in the theory of real closed fields
as quotient of the common definable circle by the infinitesimals. For n > m, we
take the map vy, m @ S™ — S™ by ¢ m(x) = (2,1,...,1). Then, @S = th”
is a countably piecewise hyperdefinable group with a global logic topology that is
not locally hyperdefinable.

A local base of open neighbourhoods of the identity in the global logic topology
of @y S is the family of subsets U, = {x : ds(z;,1) < ¢; for i € N} for sequences
e = (g;)ien with g; € (0,1], where dg is the normalised usual distance in the
unit circle. Indeed, suppose U is an open neighbourhood of 1 in @ S. By using
compactness in S” for each n € N, we recursively find a sequence € = (g;);en with
g; € (0,1] such that {z : ds(z;,1) <g; fori <n} CUNS".

Unfortunately, proving that a particular piecewise hyperdefinable set is locally
hyperdefinable may be truly hard, as it requires to check a property about a topolo-
gical space that we understand only vaguely. Until now, the only method available
to show that a piecewise hyperdefinable set is locally hyperdefinable relies on Pro-
position and the fact that piecewise definable sets are trivially locally hyper-
definable (i.e. piecewise definable and locally definable are the same). Sometimes
that is not enough. To solve this problem we introduce generic sets.

Let G be a piecewise hyperdefinable group. A generic subset is an A-definable
subset V such that, for any other A-definable subset W, [W : V] :== min{|A| : W C
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AV} is finite, i.e. there is a finite A C G with W C AV. Obviously, if V is a
generic set and V' C W for A-definable W, then W is also a generic set. In other
words, if there are generic sets, the generic sets form an upper set of the family of
/\-definable subsets. Hence, if there is a generic set, then there is in particular a
generic piece, i.e. a piece which is a generic set.

The following theorem is a generalisation of an unpublished example due to
Hrushovski.

Theorem 2.22 (Generic Set Lemma). Let G be a piecewise hyperdefinable group
and V a symmetric generic set. Then, for each n € N, V™2 is q neighbourhood of
V™ in some logic topology. In particular, if G has a generic piece, then G is locally
hyperdefinable. Furthermore, when G is small, G is locally hyperdefinable if and
only if it has a generic piece.

Proof. Using that V is generic, find a well-ordered sequence (a¢)ecq in G such that,
for every A\-definable subset W C G, there is Ay C « finite with W C UgeAw agV.
Let A be a set of parameters containing {a¢}eco and such that G = hg G; is
a piecewise A-hyperdefinable group and V' is A ,-definable. From now on, we
work on the A-logic topology. We want to show that V"2 is a neighbourhood of
V™. Let A C « be finite and minimal such that V7t4 C V72 y UgeA acV. Let
U= Vntt\ Ueen acV. Obviously, U C V7+2 and U is open in V™14, Note also
that V™ C U; otherwise, taking a € V™ \ U, there is £ € A such that a € a¢V, so
ag € V™" and a¢V C V™2 contradicting minimality of A. Similarly, for each
piece G; such that V"4 C Gy, pick a finite and minimal subset A; C « such that
G; CvVrt2y Usena, acV and A C A;. Define U; = G; \ Ugen, aeV. Again, it is
clear that U; C V™2 C V"4 and U; is open in G;. Also, by minimality of A;, it
follows that V™ C Uj;.

We claim that U; = U for any i € I such that V"t* C G;. It is clear by
definition that U; C U. On the other hand, take a € V"2 \ U;. As a ¢ U; and
a € V2 C yntt C Gy, there is € € A; such that a € agV. As a € V"2,
ag €a-V C V"3 concluding agV C V™. Then, by minimality of A;, it follows
that £ € A, so a ¢ U. That shows that U is open in G, so V"2 is a neighbourhood
of V™.

In particular, V2 is a neighbourhood of V. As G = U§€a acV, for every a € G
there is £ € « such that a € a¢V C aeU C agV? with a¢cU open in the A-logic
topology. Thus, agV? is an )\ ,-definable neighbourhood of @ in the A-logic topology,
concluding that G is locally A-hyperdefinable.

On the other hand, if G is locally hyperdefinable and small, it is a locally compact
topological group by Theorem[2:201 Therefore, the identity is in the interior of some
piece of G. Every A-definable subset W of G is compact, and so covered by finitely
many translates of this piece. As W is arbitrary, this piece is generic. Q.E.D.

If G has a generic subset, so has G/ K for K < G piecewise A\-definable. There-
fore, by the Generic Set Lemma (Theorem 222]), when G has a generic subset,
G/K is a locally hyperdefinable group for any piecewise A-definable normal sub-
group K < G.

A T-rough k-approzimate subgroup of a group G is a subset X C G such that
X% C AXT with |[A] <k € Nygand 1 € T C G. In particular, a k-approzimate
subgroup is a 1-rough k-approximate subgroup.

It is clear from the definitions that every symmetric generic set is in particular
an approximate subgroup. Conversely, any A-definable approximate subgroup is a
generic set of the piecewise hyperdefinable group that it generates. Thus, we can
understand generic sets as a strengthening of /\-definable approximate subgroups.
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The next corollary follows from Theorem 2201 and the Generic Set Lemma (The-
orem 2.27) as a particular case:

Corollary 2.23. Let G = hﬂX” be a piecewise hyperdefinable group generated
by an \-definable symmetric set X and T < G be a normal piecewise \-definable
subgroup of small index. Then, G/T is a locally compact topological group if and
only if X™ is a T-rough approximate subgroup for some n. In particular, if T is
N\-definable, G/T s a locally compact topological group if and only if X™ is an
approximate subgroup for some n.

An isomorphism of piecewise A-hyperdefinable groups is an isomorphism of
groups which is also an isomorphism of piecewise A-hyperdefinable sets.

Theorem 2.24 (Isomorphism Theorem). Let f : G — H be an onto piece-
wise bounded and proper ) ,-definable homomorphism of piecewise A-hyperdefin-
able groups. Then, for each M ,-definable subgroup S < K = ker(f) with S 1 G,
there is a unique map fs : G/S — H such that f = }’VS omg/s. This map fg 18
a piecewise bounded and proper ) ,-definable homomorphism of groups with kernel
K/s. In particular, fK . G/K — H is a piecewise N\ 4-definable isomorphism.
Furthermore, if G has a global logic topology, then f is an open map between the
global logic topologies.

Proof. Existence and uniqueness are given by the usual Isomorphism Theorem. Say
G = ligGi and H = h_II;H j. We get that fg is obviously piecewise A ,-definable
—1 rs —1 . ..
G/, [fs] = quotg,, 4, [f]. It is trivially
piecewise bounded and proper as f and 7/ g are so. Assuming that G has a global
logic topology, one-side translations are continuous. Since, by Proposition [L34([3]),

as, for any pieces G; and Hj, quot

fr is a piecewise A ,-definable homeomorphism, it is in particular an open map.
Since W&}K[ﬂ'g/K[U]] = KU = U,k #U, we see that 7 i is open. Therefore,

f = fKk omg /K is open too. Q.E.D.

Digression on Machado’s Closed Approzimate Subgroup Theorem: The Generic Set
Lemma (Theorem [2:22]) can be rewritten in purely topological terms. Written in
this way, it is likely that this result was already (partially) known in the theory
of topological groups. Recall that a semitopological group is a group with a T,
topology such that left and right translations are continuous.

Theorem 2.25. Let G be a semitopological group with a coherent covering C by
closed symmetric subsets such that, for any A, B € C, there is C € C with AB C C.
Let V' be a generic piece, i.e. an element V € C such that [W : V] is finite for
every W € C. Then, V has non-empty interior. In particular, if V is compact
Hausdorff with the subspace topology, then G is a locally compact topological group.
Furthermore, if C is a countable covering by compact Hausdorff subsets, then G is
locally compact Hausdorff if and only if C has a generic piece.

Proof. Mimicking the proof of Theorem 2.22] we show that V2 is a neighbourhood of
the identity, and so V' has non-empty interior as finitely many translates of it cover
V2. If V is compact Hausdorff, as left translations are homeomorphisms, we get
that every point has a compact Hausdorff neighbourhood. Therefore, G is locally
compact Hausdorff, so a topological group by Ellis’s Theorem [EII57, Theorem 2].
The “furthermore” part is an immediate consequence of Baire’s Category Theorem
[Mun00, Theorem 48.2]. Q.E.D.

As a corollary we get the following notable Closed Approximate Subgroups
Theorem, which was first proved by Machado in [Mac23l Theorem 1.4]. Recall
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that the commensurator in G of an approximate subgroup A C G is the subset
Comm(A) = {g € G : g'Ag and A are commensurable}. The commensurator
was first introduced by Hrushovski in [Hru22|. The following is one of the most
fundamental results about the commensurator:

Lemma 2.26. [Hru22, Lemma 5.1 Let G be a group and A C G an approzimate
subgroup. Then, Comm(A) = [J{A’ C G approzimate subgroup : A’ and A are
commensurable} and Comm(G) < G.

Corollary 2.27 (Machado’s Closed Approximate Subgroups Theorem). Let G be
a locally compact topological group and X a closed approximate subgroup. Take
A = X2N K2 where K is a compact symmetric neighbourhood of the identity. Then,
Comm(A), with the direct limit topology given by Q& = {A" : A’ compact approzimate
subgroup commensurable to A}, is a locally compact topological group such that
t: Comm(A) = G is a continuous 1-to-1 group homomorphism, X C Comm(A),
yx 18 a homeomorphism and X has non-empty interior. Furthermore, if G is a
Lie group, then Comm(A) is a Lie group too.

Proof. As A is compact, for any B commensurable to A, we have that B is compact
and commensurable to A. Thus, Q is a covering of Comm(A) by Lemma
By construction, A is generic in §2. Also, by an easy computation, if A; and As
are commensurable approximate subgroups, then A;As U A3A; is an approximate
subgroup commensurable to A; and to As. Thus, by Theorem [Z25 Comm(A)
with the direct limit topology is a locally compact topological group such that
¢t : Comm(A) — G is a continuous proper 1-to-1 group homomorphism and A
has non-empty interior. As any two compact neighbourhoods of the identity are
commensurable, by [Mac23, Lemma 2.2, Lemma 2.3], we get that X2 N (K')? C
Comm(A) for any compact neighbourhood of the identity K’ concluding that X C
X2 C Comm(A). Since A C X? has non-empty interior, we get that X2 has non-
empty interior and so X has non-empty interior. If Y C X is closed in G, by
continuity of ¢, it is closed in Comm(A). On the other hand, if ¥ C X is closed
in Comm(A), then Y N (K')?2 =Y N X2N (K’)? is closed in X2 N (K’)? (and so in
G) for any compact symmetric neighbourhood of the identity K’ of G. By local
compactness of G, the family of compact symmetric neighbourhoods of the identity
forms a local covering of G. Thus, by the Local Covering Lemma [[L26] Y is closed
in G. Since X is closed, we conclude that the subspace topologies of X in G
and in Comm(A) coincide. Finally, if G is a Lie group, Comm(A) is a Lie group
by |[Bou75, Chapter III, §8.2, Corollary 1]. Q.E.D.

Remark 2.28. [Mac23| Theorem 4.1] If X is compact, we do not need to assume
that G is locally compact; in that case, we can simply take A = X.

2.3. Model-theoretic components. We define now some model-theoretic com-
ponents for piecewise hyperdefinable groups. Let G be a piecewise A-hyperdefinable

group.
The invariant component of G over A is

GO0 = ﬂ {H <G : H is A-invariant with [G : H] small}.
The infinitesimal component of G over A is
GY = ﬂ {H <G:Hisp/w. \-def. with GY° < H};
The connected component of G over A is
G%=(){H <G:Hand G\ H are p/w. \-def. with GY° < H}.

Obviously, GY° < G < GY < G.
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Lemma 2.29. Let G be a piecewise A-hyperdefinable group and T < G be an
A-invariant subgroup of small index. Then, there is a unique mazimal normal
subgroup T < G contained in T. Furthermore, T is A-invariant and has small
index. Moreover, T is piecewise /\-definable when T is so.

Proof. Take T = miG[G:T] 19 with {g;}iciq.1) set of representatives. Q.E.D.

Let B be a set of parameters with A C B. The B-logic topology in G/G%OO is
the one such that V C G/G%OO is closed if and only if W&}G%,o
definable. The global logic topology in G/G%OO is the one such that V' C G/G%OO is

closed if and only if wé} cooo[V] is piecewise /\-definable.
A

[V] is piecewise A 5-

Theorem 2.30. Let G be a piecewise A-hyperdefinable group. Then:

(1) G%° is an A-invariant normal subgroup of G and [G : G%] is small. In
fact, [V : GO0 < 2141 for any A-definable subset V C G.

(2) Let B be a small set of parameters with A C B. The inversion map is
continuous on G/G%OO with the B-logic topology.

(3) The global logic topology on G/G%OO coincides with the B-logic topology for
every small B containing A and a set of representatives of G/GE)L‘OO. Every transla-
tion map is continuous on G/G%OO with the global logic topology.

(4) GR is a piecewise \ ,-definable normal subgroup of G. Furthermore, G%O/G%OO
is the closure of the identity in the global logic topology of G/G%OO.

(5) Let 7 : G/G%)O — G/G?Llo be the natural quotient map given by T goo =
TOTG /Gopo - Then, 7 is a Kolmogorov map between the B-logic topologies for any B
small with A C B. In particular, it is the Kolmogorov quotient between the global
logic topologies. If G/G%O 1s a topological group, then the group operations in G/G%OO
are continuous.

(6) GY is a piecewise )\ 4-definable normal subgroup of G.

(7) G/G%O 1s a locally compact topological group whenever G has a generic piece
modulo G%. In that case, G?A&/G%O is the connected component of G/G%O in the global

logic topology and G?A&/G%OO is the connected component of G/G%OO in the global logic
topology.

Proof. (1) Trivially, G% is A-invariant and [G : GQ] is small. Using Lemma 229,
it is obvious that G%OO is a normal subgroup. Finally, recall that, for real elements,
an A*-invariant equivalence relation on a definable set with a small amount of equi-
valence classes has at most 21471+t equivalence classes — indeed, such a relation
is coarser than having the same type over an elementary substructure containing
A*. The same holds for A-invariant equivalence relations on hyperdefinable sets.
Consequently, we actually have [V : GQ°] < 2l41+IL for any A-definable V.

(2) Trivial.

(3) Take B small containing A and a set of representatives of G/G%OO. We have

that, for any V' C G/G%OO, W&}G%,U [V] is B-invariant. In particular, the global logic

topology on G/G%OO is the B-logic topology, so it is a well-defined topology. Finally,
as mg /Gopo is a homomorphism and every translation map is piecewise bounded
/\-definable, we conclude, by Proposition [L34[), that every translation map is
continuous iAn G/G%OO with the global logic topology.

(4) Let V be the closure of the identity on the global logic topology of G/G%OO

and V = W&}G%,U [IA/] Obviously, V. C G%. On the other hand, as translations

are continuous by point (3), it follows that V=1V C V and gVg~! C V for any
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ge G/G%OO. Thus, V is a normal subgroup, concluding G = V. In particular,
G? is a piecewise A 4-definable normal subgroup.
(5) As translations are continuous, for any g € G/G%OO, the closure of g in the

global logic topology is g-G,OaxO /GOP0. Thus, 7 is the Kolmogorov quotient between the
global logic topologies. By Lemma [[L4]], Im 7 is a lattice isomorphism between the
global logic topologies with inverse Im~'7. Now, as 7 is A-invariant, it follows that
Im 7 is a lattice isomorphism between the B-logic topologies with inverse Im™!7.
Therefore, by Lemma [[L41] we conclude that 7 is a Kolmogorov map between the
B-logic topologies.

Now, suppose G/G%O is a topological group. Take U C G/G%OO open and g1 g2 € U.
Then, 7(j1)7(g2) € 7[U]. As 7[U] is open, there are U; and U, open in G/G%OO
such that 7(g1) € 171 and 7(ga) € 172 and [71[72 C 7[U]. Write Uy = 77’1[[71] and
U; = 77_1[172]. By Lemma [[4Il 7~ ![x[U]] = U. Then, U;U; C U with g; € Uy,
go € Us and Uy and U, open. As U, g1 and go are arbitrary, we conclude that the
product operation is continuous.

(6) For any H < G with GY° < H such that H and G \ H are piecewise

/\-definable, we have that H /G% is a clopen subgroup in the global logic topology.
Hence, G,Oq/G%O is the intersection of all the clopen subgroups of G/G%O in the global

logic topology. It follows that G?4/G1040 is closed in the global logic topology, so GY
is piecewise /\-definable. As it is A-invariant, we conclude that GY is piecewise A ,-
definable. Finally, as every translation is a homeomorphism in G/G%O, we conclude
that G,O4/G?40 is a normal subgroup of G/G%O. Thus, GY < G.

(7) By the Generic Set Lemma (Theorem 222]) and Theorem 220, G/G%O with
the global logic topology is a locally compact topological group if it has a gen-
eric piece. In that case, by [DPS90, Theorem 2.1.4(b)], G%/Ggo is the connec-

ted component of G/G?L‘O. By point (5), G%/G%OO is the connected component of
GG, Q.E.D.

We define now a final special model-theoretic component which has no analogues
in the definable or hyperdefinable case. I want to thank Hrushovski for all his help
via private conversations in relation with this result. Recall that an aperiodic
topological group is a topological group that has no non-trivial compact normal
subgroups.

Let G be a piecewise hyperdefinable group with a generic piece. The aperiodic
component G® of G is the smallest piecewise /\-definable normal subgroup of G
with small index such that G/Gap is an aperiodic locally compact topological group
with its global logic topology.

Lemma 2.31. Let G be an aperiodic locally compact topological group which is the
union of A\ compact subsets with A > Ng. Then, |G| < (A + 2%0)*.

Proof. By Gleason-Yamabe Theorem 2.3 and Corollary .7, there is an open sub-
group H < G and a compact subgroup K < H such that H /K is an aperiodic
connected Lie group. Thus, [H : K] < 2%, On the other hand, as G is a union
of A compact subsets, [G : H] < A, so [G : K| < A+ 2%, Now, take {a;}icx a set
of representatives of G/H and write K; = K% = aiKai_l for each 7. As K < H,
for any g € G, we have K9 = K; for some i € X\. Note that [G : K;] < \ + 2%,
50 [G 1 Niexn Ki] < (A +2%)*. As G is aperiodic, ;e Ki = 1, so we conclude
|G| < (X + 2%0)*, QED.
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Theorem 2.32. Let G be a piecewise 0-hyperdefinable group with a generic piece.
Then, G*® exists, is piecewise |\ -definable and does not change by expansions of
the language.

Proof. Let A = cf(G) and 7 = (\ + 2%0)*. By assumption k > X\ + 2% is a strong
limit cardinal, and so x > 7. For any small subset of parameters A, let H 4 be
the family of normal subgroups H J G of small index which are piecewise A__-
definable with parameters from A (i.e. piecewise A p-definable for some B C A
with |B| < 7) such that G/H, with its global logic topology, is an aperiodic locally
compact topological group.

Claim. For any A small, H 4 is closed under arbitrary intersections. Furthermore,
for any F C Ha there is Fo C F with |Fo| <7 and (Fo=[)F.

Proof. Take F C Ha. Then, H := (| F is a piecewise A ,-definable normal sub-
group of G of small index. As G has a generic piece, G/ H has a generic piece as
well, so G/ H is a locally compact topological group with its global logic topology
by the Generic Set Lemma (Theorem 2:22) and Theorem [2200 Take K < G such
that K J/H < G/ H is a compact normal subgroup in its global logic topology. Take
F € F arbitrary. We know that 7 : G/H — G/F is a continuous homomorphism
between the global logic topologies, so £ /F is a compact normal subgroup of G/ F.
As G/F is aperiodic, we conclude that K < F. As F € F is arbitrary, we conclude
that K C (\F = H, so G/H is aperiodic. Since G/IJ is an aperiodic locally compact
topological group, by Lemma 231 [G : H] < 7.

If |F| < 7, then H is piecewise /\__-definable, so H € H. Now, we claim that
there is Fo C F with |Fy| < 7 such that () F, = H. Indeed, suppose otherwise,
then we can find recursively a sequence (F;);c.+ of elements in F such that H <
Nica Fi C ﬂieﬁ F; for 8 < a < 7F. Thus, we can find a sequence (g;);e,+ such

that g; € F5/H for j < i and g; ¢ Fi+1/H; contradicting that [G : H] < 7. O

Take a 7T -saturated elementary substructure 91 < 9. Set G?° = NHn, so
G*® € Hy. By tT-saturation of 9, we have that G®P is O-invariant, so it is
piecewise /\,-definable. As G®P is O-invariant and 91 is 71 -saturated, we conclude
that G = (| H for any A. Therefore, G?P is the smallest piecewise A «,-definable
normal subgroup of G with small index such that G/Gap is an aperiodic locally
compact topological group with its global logic topology.

Now, we show that G*P does not change by expansions of the language. In
any k-saturated and strongly k-homogeneous L’/L-expansion 9 of an elementary
extension of 9, we find a piecewise /\ -definable normal subgroup G;7 J G which
is the smallest A . -definable normal subgroup of G of small index such that G/Gi}’
is an aperiodic locally compact topological group with its global logic topology.
Since [G : G;7] < 7 by Lemma [Z31] there is a large enough r-saturated and
strongly x-homogeneous Ly /L-expansion 2 of an elementary extension of 9t such
that, for any further k-saturated and strongly x-homogeneous L, /Lg-expansion 9y
of an elementary extension of My, we have that G () = GI¥ — where G7" is
computed in My, Gi¥ is computed in My and GiP (M) is the realisation of G§¥ in
My L, -

Take this base expansion 97, of an elementary extension of 91, with language L.
By replacing 9y by an elementary extension, we can assume that its L-reduct Mg\,
is a k-saturated and strongly x-homogeneous elementary extension of 9. Let G¢”
be computed in My. Take a € Aut(9M,). Consider the language L; expanding Lo
by adding a new symbol ax of the same sort that = for each symbol x of Ly which is
not in L. Take the Li-expansion 90 of 9, given by interpreting (cz)™1 = a(a™).
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Let 9 be a k-saturated and strongly k-homogeneous elementary extension of 9.
Let Gg¥(9M) be the realisation of G{P in Mg, G5’ be computed in 9M; and
G2 be computed in My ,\(r,\1)- By the choice of My, we know that GGP(My) =
Gi* C Gg¥ N G2, Since G2P(My) is precisely a(GyP), we get that Gi° C a(GgP).
Therefore, as o is arbitrary, we conclude that G§” is Aut(90)-invariant. By
Beth’s Definability Theorem [TZ12] Exercise 6.1.4], we conclude that GgP is already
piecewise A\ -definable in L. Therefore, Go* = G* and G*" does not change by
expansions of the language.

Finally, by invariance under arbitrary expansions of the language, we have that
G®P is the smallest A-definable normal subgroup of G of small index such that
G/Gap is an aperiodic locally compact topological group with its global logic topo-
logy. Q.E.D.

2.4. Lie cores. Now, we adapt the results about Lie cores to piecewise hyperdefin-
able groups.

Let G be a piecewise A-hyperdefinable group. An A-Yamabe pair of G is a pair
(K,H) of subgroups K < H < G which is a Yamabe pair modulo G% for the
global logic topology of G/G%O and & /G% is \-definable. In other words, it is a
pair satisfying the following three properties:

(i) H < @G is a piecewise A\-definable subgroup whose complement is also piece-
wise /\-definable.

(ii) K < H is a piecewise /\-definable normal subgroup of H such that G%O <K
and K /G is /\-definable.

(iii) L == H/K with the respective global logic topology is a finite dimensional
Lie group.

We say that H is the domain, K is the kernel and L is the Lie core. Write
=Tk H — Land 7 = Tg/k : H/G?L‘O — L for the quotient maps with
T =T oTg g where mg g+ G — G/G?L‘O. We say that a Lie group is an A-Lie
core of G if it is isomorphic, as Lie group, to the Lie core of some A-Yamabe pair
of G.

Remark 2.33. Let G be a piecewise A-hyperdefinable group. Let (K, H) be an A-
Yamabe pair of G and 7 := 7y : H — Lits Lie core and 7 := Ty : H/G%O — L
such that m =7 o TG )Goo-

(1) The fact that G < K means that [G : H] < x. Indeed, as H/K is Hausdorff,
we already have that [H : K] < k. Therefore, if [G : H] < &, we conclude that
[G : K] < K, so G < K (for some set of parameters). Thus, the condition of
working modulo G% is saying that H is large in some sense.

On the other hand, the condition that & /G%O is /\-definable may seem super-
fluous. Indeed, as (K/G%O,H/G%O) is a Yamabe pair, K/G?Llo is compact. If G/G%O
has a generic piece (as we will assume in the rest of the section), this is enough to
conclude that /& /G% is \-definable. However, in general, G/G%O may have compact
sets that are not A-definable, so we need to add this condition.

(2) Note that 7 is a piecewise bounded and proper A-definable map. Thus, by
Proposition[[.34] 7 is continuous and closed between the global logic topologies. By
the Isomorphism Theorem [2:24] since 7 is an onto homomorphism, we have that
(H/ G?axo)/ (K/G%Y) and H /[ are isomorphic as piecewise hyperdefinable groups and
7 is also an open map between the global logic topologies. Finally, as it has compact
fibres, 7 is also proper [Eng89, Theorem 3.7.2]. In sum, 7 deeply connects the logic
topology of G/G%O and the geometry of L.
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When G is A ,-definable, 7 is also a piecewise bounded and proper /\-definable
surjective homomorphism. Consequently, 7 is a continuous, closed and proper map
between the logic topologies (with enough parameters), concluding that the relation
between G/G%O and L can be mostly lifted into a relation between G and L. In that
special case, we say that m: H — L is a Lie model of G. In general, however, G%
is only piecewise A ,-definable and 7 is only piecewise bounded — we could even
have G = GY (e.g. take G = U, cy[—an, an] with ay, € o(an41) for each n € N in
the theory of real closed fields). In Section 3, we give sufficient conditions to show
that G% is A\ ,-definable.

(3) L is a minimal Lie core if and only if it is an aperiodic connected Lie group.
In that case, & /G%O is the maximal compact normal subgroup of £ /G?L‘O7 so it is its
maximal A-definable normal subgroup. In particular, every automorphism over A
leaving H invariant leaves K invariant.

(4) As L is locally compact and 7 is proper and continuous, we conclude that
H /G%O is locally compact. Since H /G%O is open, we conclude that G/G%O is loc-
ally compact with the global logic topology. Thus, if G is a countably piecewise
hyperdefinable group, by Theorems[ZI8 and 2220l and the Generic Set Lemma (The-
orem [2.22)), we conclude that G has a generic piece modulo G% . For that reason,
we will assume from now on that G has a generic piece modulo GY .

(5) Note that our definitions of Lie core and Lie model extend the notion of Lie
model used in [Hrul2]. Suppose that G is a piecewise A-definable group and G%
is A\ 4-definable. Then, 7 is proper and continuous so, for any I' C U C L with
I' compact and U open, 7~ 1[I'] is \-definable and 7=*[U] is \/-definable. Hence,
there is a definable subset D C G such that

71 [] C D Cr U]

As L is first countable, it is metrisable by Birkhoff-Kakutani Theorem [Taol4!
Theorem 1.5.2]. Thus, every closed set in L is G5 [Mun00, Example 2, page 249]. In
particular, it follows that the preimage of any compact set is /\ -definable. When
L is connected, it is also second countable, so the preimage of every open set is
\/,,-definable.

Theorem 2.34. Let G be a piecewise A-hyperdefinable group with a generic piece
modulo G%. Then, G has an A-Lie core. If G is countably piecewise hyperdefinable,
this condition is also necessary.

Furthermore, for any U such that U/G%O is an open neighbourhood of the identity
in the global logic topology of G/G%O, there is an A-Yamabe pair (K, H) of G with
K CUGY.

Proof. (=) From Gleason-Yamabe Theorem 23] using the Generic Set Lemma
(Theorem [2:22)), and Theorem 220l and Proposition [[32l (<) We have explained
the necessity of the generic piece assumption in Remark 233|[]). Q.E.D.

Theorem 2.35. Let G be a piecewise A-hyperdefinable group with a generic piece
modulo G% and (K1,Hy) an A-Yamabe pair of G. Then, G has a minimal A-
Yamabe pair (K, H) smaller than or equal to (K, Hy). Furthermore, H C U? for
any U containing K1 such that U/G%0 s a clopen neighbourhood of KI/G%O in the
global logic topology.

Proof. Clear from Corollary 27 using the Generic Set Lemma (Theorem 2.22]), and
Theorem and Proposition Q.E.D.

Applying also Corollary 2.9, we conclude the following result.
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Theorem 2.36. Let G be a piecewise hyperdefinable group with a generic piece
modulo G%. Then, G has a unique minimal A-Yamabe pair up to equivalence.

By Proposition 210, we get a global minimal Lie core map 7, : DL/G%0 — L
extending all the minimal A-Yamabe pairs, which is unique up to isomorphisms of
L. Let wp, : Dy — L be the map given by n, = 7, o TG/G% |Dy- Here, Dy, is the
union of all the domains of minimal A-Yamabe pairs and ker(n) := 77 (1) is the
union of all the kernels of minimal A-Yamabe pairs. Consequently, Dy, and ker(mwy,)
are A-invariant.

Remark 2.37. As noted in [Hrul2], the uniqueness of the minimal Lie core is
achieved at a price. Indeed, while Gleason-Yamabe Theorem gives us Yamabe
pairs of arbitrarily small kernel, we have lost the control over the kernel in The-
orem 235 If we do not care about uniqueness (as in [BGT12| or [MW15]), it
could be better just to apply Theorem 234 to find a Yamabe pair (K, H) with ar-
bitrarily small kernel. Also, it may be natural to apply Gleason-Yamabe-Kreitlon
Theorem 24 rather than Gleason-Yamabe Theorem to get some extra control
on some parameters.

In Proposition 217, we gave a criterion to find minimal Yamabe pairs with
maximal domain in topological groups. Applying it modulo G%, this result can be
easily adapted to piecewise hyperdefinable groups. Similarly, we can easily adapt
Propositions and to the context of piecewise hyperdefinable groups by
applying them modulo G%. In particular, it follows that the minimal A-Lie core is
piecewise A-hyperdefinable:

Proposition 2.38. Let G be a piecewise A-hyperdefinable group with a generic
piece modulo G% and let L be the minimal A-Lie core of G. Then, the restriction
to GY of the global minimal Lie core map TLIGY, - GY% — L is a piecewise bounded
N-definable surjective group homomorphism. Furthermore, we conclude that L =

0
GA/ker(WmGg)'

The previous Proposition 2.38 gives us a canonical presentation of the minimal A-
Lie core of G as the piecewise A-hyperdefinable group G?4/ K with K = ker(m co ).
Similarly, we get a canonical A-invariant presentation of the global minimal Lie
core map 7y, : Dy — L by taking LGy, = TGY /K- We now give a more precise
description of K := ker(mp|go ) using G*P.

Lemma 2.39. Let G be a piecewise 0-hyperdefinable group with a generic piece and
G®P the aperiodic component of G. Let (K, H) be a minimal A-Yamabe pair of G
with Lie core mg i : H — L. Then, G** N H < K.

Proof. Let B be the small set of parameters with A C B such that the B-logic
topology of G/G%O is its global logic topology. Denote by clp the closure in the
B-logic topology of G. We define by recursion the sequence (J,)acon of piecewise
A\ p-definable normal subgroups of G given by Jo = G%, J, = clp(U;c, Ji) for
v limit and J,+1 = clp(|JKs) where K, is the family of piecewise A-definable
normal subgroups which are A-definable modulo J,.

Claim. For ag € On large enough, J, = G*P for any a > ay.

Proof. We prove inductively that J, C G?P for any a € On. Obviously, Jy C G?P.
For ~ limit, assuming that J; C G®P for each i € 7, as G®P is piecewise A p-
definable, we get that J, € G®P. Finally, assuming that J, € G®P, we have a
piecewise bounded A-definable onto homomorphism 7 : G/, — G/Gar. As G/Gap
is aperiodic, we have that every piecewise \-definable normal subgroup of G which
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is /\-definable modulo J, must be contained in G®P. Therefore, |JK, C G?P,
concluding that J,41 C G?P.

On the other hand, as there is a small amount of piecewise /\ ;-definable normal
subgroups of G, for large o, we must have Ju,4+1 = Jo,. In particular, that means
that G/Jao is an aperiodic locally compact topological group with its global logic
topology, so G*? < J,,. Thus, G® = Jg for 8 > «yp. O

Now, we prove by induction that, for any & € On, we have J, N H < K.
Obviously, Jo N H < K. For « limit, assuming that J, " H < K for any ¢ € v, we
have H NUJ,¢, Ji < K. Therefore, HNJ, = clp(HNU,e, Ji) € K, as H is clopen
and K is closed in the B-logic topology. Finally, assuming J, N H < K, we have a
piecewise bounded A-definable onto homomorphism 7 : H/j, — L =H/K. As Lis
aperiodic, we have that HNJ K, C K. Therefore, HNJy+1 = clg(HNYK,) C K,
as H is clopen and K is closed in the B-logic topology. In particular, by the claim,
we conclude that G*®* N H < K. Q.E.D.

Theorem 2.40. Let G be a piecewise A-hyperdefinable group with a generic piece.
Let L be the minimal A-Lie core of G and o GY — L the restriction to G% of

the global minimal Lie core map of L. Then, G4 NG = ker(ﬂ'L|G9‘). In particular,
L= GY/ger.

Proof. By Lemma 239, we know that G*® N GY < ker (7 qo ). On the other hand,
ker(mpgo) = G N 7' (1) < G is A-definable modulo G% < G®. Therefore,
ker(”mc& )/Gap is a compact normal subgroup of G/Gap. As it is aperiodic, we
conclude that ker(mpgo ) < G, so ker(mpgo ) = G* N GY. QE.D.

In sum, for any piecewise A-hyperdefinable group G with a generic piece, we
have the following structure in terms of the components G%, G% and G?P:

1. G*nN G%/G%O is a compact topological group.

2. G%/Gap is an aperiodic connected Lie group.

3. G/G?4 is a totally disconnected locally compact
topological group, i.e. a locally profinite group.

Unfortunately, if G = G* = GY% = G, all the previous results say nothing
about G. In the following section, we extend the Stabilizer Theorem to the context
of piecewise hyperdefinable groups. This theorem gives sufficient conditions to
conclude that, with enough parameters, G° is /-definable. As we pointed out at
the beginning of the section, in this particular situation, the minimal Lie core gives
very precise information about G since the quotient homomorphism is piecewise
bounded and proper.

We now note that the minimal Lie core is independent of the parameters. Fur-
thermore, as G®P is independent of expansions of the language, so is the minimal
Lie core.

Corollary 2.41. Let G be a piecewise 0-hyperdefinable group with a generic piece.
Then, the minimal A-Lie core of G is isomorphic to the minimal 0-Lie core of
G. Furthermore, the minimal Lie core of G does not change by expansions of the
language.

Proof. By Lemma [2Z39] we have that the minimal A-Lie core of G is isomorphic
to the minimal Lie core of G/G'dp. As the latter does not depend on parameters or
expansions of the language, we conclude. Q.E.D.
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The A-Lie rank Lrank 4 (G) of a piecewise hyperdefinable group G with a generic
piece modulo G% is the dimension of its minimal A-Lie core. As a consequence of
Theorem [236], Lrank 4(G) is a well-defined invariant. Note that, by Corollary [2Z4T]
we have that Lrank(G) := Lrank 4 (G) does not depend on the parameters when G
has a generic piece.

Proposition 2.42. Let G be a piecewise A-hyperdefinable group with a generic
piece modulo G% and N < G a piecewise |\ 4-definable normal subgroup of small
index. Then,

Lrank4(G) > Lrank 4 (G/N) + Lrank 4 (N).

More precisely, let L and Lg/n be the minimal A-Lie cores of G and G/N respect-
wely, presented with the canonical piecewise A-hyperdefinable structures given by
Proposition [Z38. Let 7, and TLg,y b€ their canonical global minimal Lie core
maps. Let (K, H) be a minimal A-Yamabe pair of G. Then:

(1) (KN N,HNN) is an A-Yamabe pair of N with Lie core HN N/ N =
Ly = WL‘H[N]. The connected component of Ly is aperiodic so, in particular,
Lrank(N) = dim(Ly).

(2) There is an \-definable normal subgroup T < H/N with K/N < T such that
(T, H/N) is a minimal A-Yamabe pair of G/N.

(3) There is a piecewise bounded N ,-definable surjective group homomorphism
Y L — Lg/n such that ¢ omy, =L, oTg/n (on the domain of 7y, ).

Proof. (1) Firstly, note that G% < N, so we get N° = G%. We have that
HNON/KknN =2 HNON/Kg =~ Ly, Note that £ N N/GW is a closed normal sub-
group of H/G%O. As Th/k - H/G%0 — H/K is closed between the global logic
topologies, we get that Ly =~ HNN/g =~ ((HQNVG%O)/(K/G%O) is closed in
L= H/K = (H/G%O)/(K/G%O). Therefore, Ly is a closed normal subgroup of L,
concluding that Ly is a Lie group. Then, (K N N, H N N) is an A-Yamabe pair of
N with Lie core (isomorphic to) Ly. Let L?V be the connected component of Ly.
By Lemma[235 L% has a unique maximal compact normal subgroup K. Thus, by
uniqueness, K is characteristic in L?V, which is characteristic in Ly. Therefore,
K is a compact normal subgroup of L, so it is trivial by aperiodicity of L. In other
words, L is aperiodic. Thus, LY is the minimal A-Lie core of N. In particular,
Lrank4(N) = dim(Ly).

(2) By point (1), we know that Ly < L is a closed subgroup, so Lo == L/[ 5 is
a Lie group too. As L is connected, Lg is connected too. By Lemma 28] there is a
maximal compact normal subgroup Ty < L. Then, LO/TO is a connected aperiodic
Lie group.

Since G/G%O is a topological group, we know that the quotient homomorphism

00
masay ey - GIGY = (GIG)(N)GY) = G/N

is an open map. Therefore, /N is an open subgroup of G/N. Now, G/N is
small and contains a generic set, so G/ N is a locally compact topological group by
the Generic Set Lemma (Theorem 2:22]) and Theorem Thus, H/N is clopen.
Consider, ¢q : H/N — Lo given by ¢o o m(g/Nny g = Tr/Ly © Trjm- It is clear
that ¢ is a piecewise bounded A-definable surjective group homomorphism with
kernel &/, which is A-definable. Therefore, it is also piecewise proper. By the
Isomorphism Theorem 224, it follows that (££/N,H/N) is an A-Yamabe pair of
G/N with Lie core (isomorphic to) L.

As Ly is locally hyperdefinable, T is A\-definable. Thus, 77,7, : Lo — LO/TO is
piecewise bounded and proper \-definable surjective group homomorphism. Take
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¢ = Tro/T © Po : H/N — LO/TO. Then, ¢ is a piecewise bounded and proper
/\-definable surjective group homomorphism. By the Isomorphism Theorem [2:24]
we conclude that Lo/7, = (H/N)/T where T := ker(¢) is an /\-definable normal
subgroup of #/N with K/N <9 T. Consequently, (T, H/N) is a minimal A-Yamabe
pair of G/N with Lie core (isomorphic to) LO/TO =~ La/N-

(3) By the Isomorphism Theorem 224] take n : Lo/Tj, — L¢)n isomorphism
such that Thanl(Hn) = 1° ¢. Consider ¢ = nowp r, onr/Ly © L — La/n
— note that, a priori, the definition of ¢ depends on (K, H). Obviously, ¢ is
a piecewise bounded A-definable onto group homomorphism. Also, ¥ o TLlH =
TLgn|(H/N) © T(G/N)H-

Let (K',H’) be any other minimal A-Yamabe pair of G. For h' € H’, there
is h € HN H' such that 7y (k') = n(h), ie. h™'h' € K'. By point (2), it
follows that 7r. , (ma/n(h)) = TLe,x (TN (R')). Thus, (7 (k') = (7L (k) =
WLG/N(Wg/N(h)) = TLg,~ (Ta/n(h')). Therefore, ¢ o7y, = TLe,y © TG/N On the
domain of 7.

It remains to show that 1 is A-invariant. Take o € Aut(9M/A) and = € L. Take
h such that 7 (k) = x. Using that 7, TLan and TG/N are A-invariant, we get
that

Y(o(z)) = omp(o(h)) =Ly, ©Ta/N(0(2)) = 0(TLg )y © T N (7)) = a(1h(h)).
Finally, putting everything together, we conclude that
Lranks(G/N) = dim(Lg,/n) < dim(Lo) = Lrank4(G) — Lranka (N).

Q.E.D.

The following proposition is a direct consequence of the results of [JTZ23]. T am
very grateful to Chieu-Minh for telling me about it.

Proposition 2.43 (An-Jing-Tran-Zhang bound). Let G be a piecewise hyperdefin-
able group and X a symmetric generic set of G. Then, Lrank(G) < 12logy(k)?
where k = [X?: X].

Proof. By working modulo G%°, we may assume that G is small. Let (K, H) be
a minimal Yamabe pair of G and 7 := 7y, : H — L the minimal Lie core. By
the Generic Set Lemma (Theorem 222)), we have that X2 is a symmetric compact
neighbourhood of the identity in the global logic topology. Thus, as H is open,
Y = HnN X? is also a symmetric compact neighbourhood of the identity in the
global logic topology. By [Mac23, Lemma 2.3|, Y is a k3-approximate subgroup. As
7 is a continuous and open homomorphism, 7[Y] is a compact neighbourhood of the
identity and a k3-approximate subgroup. As it is a neighbourhood of the identity,
it has positive Haar measure, so the general Brunn-Minkowski Inequality [JTZ23,
Theorem 1.1] applies and we get that 2 < k*/* with o := d—m—h, where d = dim(L),
m = max{dim(I') : ' < L compact} and h is the helix dimension of L. On the
other hand, by [JTZ23l Corollary 2.15|, h < n/3 with n := d —m, so 2n < 9log, (k).
Finally, as L has no compact normal subgroups, by [AJTZ21], Fact 3.6, Lemma 3.9],

we conclude that d < w, SO

19 19
d< 3 {5 logQ(k)J +3 {5 10g2(k)J < 121og, (k)*.

Q.E.D.



40 ARTURO RODRIGUEZ FANLO

2.4.1. Digression on Breuillard-Green-Tao Classification. Let A be a particular
class of piecewise hyperdefinable groups and L a finite dimensional Lie group. It is
then natural to study the direct problem for A or (dually) the inverse problem for
L:

What are the Lie cores of elements of A?
Is L a Lie core of an element of A?

The classification theorem by Breuillard, Green and Tao for finite approximate
subgroups [BGT12| can be interpreted as an answer to the direct problem for the
class of piecewise definable subgroups generated by pseudo-finite definable approx-
imate subgroups. Indeed, it can be restated to say that Lie cores of piecewise
definable subgroups generated by pseudo-finite definable approximate subgroups
are nilpotent [BGT12| Proposition 9.6]. We consider it interesting to discuss the
direct and inverse problems in general. In fact, one may expect that solutions of
these questions would yield classification results similar to the one of [BGT12].

The following easy examples show that the inverse problem is trivially solved for
some basic classes of piecewise hyperdefinable groups. In particular, these examples
show that no general classification result for the Lie cores analogous to the one
of [BGT12] could be found in those cases.

Example 2.44. Any Lie group L is a Lie core of some piecewise hyperdefinable
group in the theory of real closed fields. Indeed, L is in particular a second count-
able manifold, so it is a locally hyperdefinable subset of countable cofinality. By
Proposition [[35], the group operations are piecewise bounded A-definable, so L is
a locally hyperdefinable group. Clearly, L is its own Lie core.

For a slightly more explicit construction, note that any connected Lie group
L is the Lie core of some piecewise definable group generated by a definable ap-
proximate subgroup. Indeed, connected Lie groups are metrisable by Birkhoff-
Kakutani Theorem [Taol4l Theorem 1.5.2], so take a left invariant metric d for
L. As L is locally compact, we may assume that the closed unit ball D is a com-
pact symmetric neighbourhood of the identity. Consider the structure of L with
the language of groups, a sort for R with the language of ordered rings and a
function symbol for the metric d. Let L’ be an |L|-saturated elementary exten-
sion of it. Consider the subgroup H < L’ generated by the closed unit ball and
E = {(a,b) : d(a,b) < /n for any n € N}. Clearly, D is a definable approximate
subgroup and H is the piecewise definable group generated by it. Then, L is a Lie
core of H, as, in fact, we have H/p >~ L.

In the case of a linear connected Lie group L, we can combine both examples.
Indeed, in that case, in the real numbers, L is piecewise definable and its metric
and group operations are definable, so, after saturation, we just need to take the
piecewise definable group generated by the closed unit ball and quotient out by the
infinitesimals as in the previous example.

3. STABILIZER THEOREM

In this section, we aim to extend the Stabilizer Theorem [Hrul2 Theorem 3.5] to
piecewise hyperdefinable groups. The main point of this theorem is that it provides
sufficient conditions to conclude that G% is A-definable. As we already noted in
the previous section, this result has significant consequences for the projection 7y,
of the minimal Lie core.

To prove the Stabilizer Theorem, we need first to extend the model-theoretic no-
tions of dividing, forking and stable relation to piecewise hyperdefinable sets. Once
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these model-theoretic notions have been properly defined for piecewise hyperdefin-
able groups, adapting the original proof of the Stabilizer Theorem is straightfor-
ward.

Forking and dividing for hyperimaginaries have already been well studied by
many authors (e.g. [HKP00, Wagl0,[Kim14]). Here, in the first subsection, we
rewrite the definitions of dividing and forking for hyperdefinable sets in a slightly
different way which we find more natural from the point of view of this paper. After
that, it is trivial to extend the definition to the context of piecewise hyperdefinable
sets.

3.1. Dividing and forking. Let (P;):cr be A-hyperdefinable sets. Write P :=
[1 P:. For infinite tuples @,b € P of hyperimaginaries, we write tp(a/A) = tp(b/A)
to mean that tp(ar, /A) = tp(bjp,/A) for any Ty C T finite.

Let (I, <) be a linear order. An A-indiscernible sequence in P indexed by (I, <)
is a sequence (a;);c; of hyperimaginary tuples a; € P such that, for any n € N and
any i1 < -+ <ipand j; < -+ < Jn,

tp(ai17 s 7Ein/A) = tp(ajlv s aajn/A>'

Lemma 3.1 (Standard Lemma). Let P =[], P be a product of A-hyperdefinable
sets and (I, <) and (J, <) two infinite linear orders, with |T|"+|J| < k. Then, given
a sequence (@;)icr of hyperimaginary tuples in P, for any set of representatives A*,
there is a sequence (Ej)jej of hyperimaginary tuples in P with an A*-indiscernible

sequence of representatives (b; )jes such that
(bji 7y -+ Oju ) €W

for anyn € N, any j1 < ... < jn, any To C T finite and any )\ ,-definable set
W C (HteTU Pt)n such that (Eil‘TO, e ,Ein‘TU) e W for every iy < -+ < ip.

Proof. Trivial from the classic Ehrenfeucht-Mostowski Standard Lemma proved us-
ing Ramsey’s Theorem [TZ12] Theorem 5.1.5]. Q.E.D.

Corollary 3.2. Let P = [[,oq P be a product of A-hyperdefinable sets and (I, <)

an infinite linear order, with |T|T+|I| < k. Then, a sequence (b;)icr of hyperimagin-
ary tuples in P is A-indiscernible if and only if, for some set of representatives A*
of A, there is an A*-indiscernible sequence of representatives (Ej)iel-

Furthermore, if (b;)icr is A-indiscernible, for any set of representatives A* there
1s an A**-indiscernible sequence of representatives (B:)iel of (b;)ier where A** is
another set of representatives of A with tp(A*) = tp(A4**).

Proof. By the Standard Lemma B.1] and Corollary [L.T0O Q.E.D.

Let P =X /E be an A-hyperdefinable set and quotp : X — P its quotient map.
An A-definable subset V' C P divides over A if and only if quot'[V] divides over
A* for some set of representatives of A.

Lemma 3.3. Let P be an A-hyperdefinable set and V. C P an /\A7B—deﬁnable
subset. Then, V divides over A if and only if there are a finite tuple b from B and
an /\A7b—deﬁnable subset W C P such that V C W and W divides over A.

Proof. One direction is trivial. Let us check the other. Take a uniform definition
V of V, which exists by Lemma [[L.TIl Take representatives A* of A such that
V(x, A*, B*) divides over A*. There is then b finite such that W (x, A*,b*) =
V(x, A*, B*) N For”(L(A*, b*)) divides over A*. Now, as V is a uniform definition,
Wis A Ayb—deﬁnable. Obviously, V C W and W divides over A. Q.E.D.
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Lemma 3.4. Let P and Q be A-hyperdefinable sets. Let V C Q x P be an N 4-
definable set and b € Q. Then, V(b) divides over A if and only if there is an
A-indiscernible sequence (b;)ie., of hyperimaginaries from Q such that tp(bo/A) =
tp(b/A) and ;¢ V(b:) = 0.

Furthermore, V(b) divides over A if and only if for any set of representatives
A* of A there is another set of representatives A** such that tp(A*) = tp(A**) and
V(b) divides over A**.

Proof. Assume V(b) divides over A. Take a uniform definition V of V, which ex-
ists by Lemma [[LTTl Take representatives A* of A such that V(x, A*,b*) divides
over A*. There is then an A*-indiscernible sequence (b});c., such that tp(by/A*) =
tp(b*/A*) and J,c,, V(z, A*,b7) is not finitely satisfiable. Then, (b;)ic., given by
b; = quot, (b}) is A-indiscernible and tp(bo/A) = tp(b/A). Also, quotp' [M;e, V(bi)] =
Nicw auotp' [V (5:)] = N, V.ON, A%, b7) = 0, so o, V(bi) = 0 by surjectivity of
quotp.

On the other hand, assume there is an A-indiscernible sequence (b;)ic. in @
such that tp(bo/A) = tp(b/A) and ;. V(bi) = 0. Take a uniform definition V.
of V', which exists by Lemma [LTIl By Corollary B.2] there is an A*-indiscernible
sequence (b});e., of representatives of (b;)ic., with A* representatives of A. Now,
as tp(bg/A) = tp(b/A), by Corollary[[LI0] there is a representative b** € b and a set
of representatives A** of A such that tp(bf, A*) = tp(b**, A**). Take o € Aut(9)
mapping (bf, A*) to (b**, A**), and write b, = o(b;) and V'] = o(b}) for i € w.
Then, (V'] )i is an A**-indiscernible sequence with b’y = b**. For this sequence, it
follows that 0 = quoty" [N;c, V(6))] = Nicw, quotns [V (B)] = e, V(O A0,
concluding that V divides over A**. In particular, V' divides over A.

For the “furthermore part”, note that in the previous paragraph tp(A*) can be
chosen arbitrarily by Corollary Q.E.D.

Combining both propositions we conclude that the definition given here is equi-
valent to the one studied previously by other authors (e.g. [HKP00[Wagl0/Kim14]).
It is now straightforward to prove the following basic proposition.

Lemma 3.5. Let P and Q be A-hyperdefinable sets. Let V C P be \-definable and
fi: P —Q al-to-l A\ ,-definable function. Then, f[V] divides over A provided
that V' divides over A.

Let P be an A-hyperdefinable set. The forking ideal fp(A) of P over A is the ideal
of A\-definable subsets of P generated by the ones dividing over A. An A-definable
subset of P forks over A if it is in that forking ideal.

Remark 3.6. Trivially, we have that V forks over A implies that V forks over
A. In the case of simple theories, the converse also holds as forking and dividing
are the same [WaglQ, Proposition 3.2.7]. In general, however, the converse is not
true. For instance, let 9t be the monster model of the theory of dense circular
orders in the usual language, let M be the whole 1-ary universe of 9t and E the
trivial equivalence relation given by xEy for every =,y € M. Obviously, M /E is a
singleton, so it does not fork over ). However, M forks over (.

Let P be a piecewise A-hyperdefinable set. An A-definable set V' C P divides
over A if it divides over A as subset of some/any piece P; containing V. Note that,
by Lemma BF this is well-defined. An A-definable subset V' of P forks over A
if and only if V forks over A as subset of some/any piece P; containing V. The
forking ideal §p(A) of P over A is the family of A-definable subsets of P forking
over A. Clearly, fp(A) is the ideal of A-definable subsets of P generated by the
ones dividing over A.
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3.2. Ideals. From now on, \ is a cardinal with k > A > |L| + |4].
Let P be a piecewise A-hyperdefinable set and p an ideal of /\ _,-definable subsets

in P. We say that p is A-invariant if it is invariant under Aut(9t/A), i.e. W(b) € p
implies W(EI) € p for any b with tp(b/A) = tp(E/ /A) and any Az-definable subset
W(b) C P with |b| < X\. We say that an A< \-definable subset is p-negligible if it is
in p and that it is p-wide if it is not in p. We say that p is locally atomic if, for
any wide A g-definable subset V with |B| < A, there is a € V such that tp(a/B) is
wide.

Remark 3.7. For X C P, write yjx = {W € p: W C X}. Clearly, yx is an
ideal of A _,-definable subsets of X. Say P = hﬂ P;, then write p; == ) p, for each
piece. We have from the definitions that p is A-invariant if and only if each u; is
so. Similarly, it is locally atomic if and only if each y; is so.

We say that an A ,-definable subset V' is A-medium if for any /\;-definable subset
W(b) C V with |b] < A, we have

W(b) € pe Wbo)NW(b) €p

for any A-indiscernible sequence (b;);c., realising tp(b/A). We say that an A _,-
definable subset V' is A-medium if there is an A-medium A ,-definable subset Vj
with V' C V. We say that V' is strictly A-medium if it is wide and A-medium. We
say that p is A-mediunt! it every A _,-definable subset is A-medium for p.

Remark 3.8. Note that, by definition, if g is A-medium, g is in particular A-
invariant. Note that the family of A-medium sets of u is an A-invariant ideal of
A< \-definable subsets.

Example 3.9. (1) The forking ideal over A is an A-invariant ideal of A-definable
subsets. In simple theories, the forking ideal over A is locally atomic and A-medium.
Indeed, it is locally atomic by the extension property of forking [Wagl0l Theorem
3.2.8]. On the other hand, suppose V (b) is Az-definable and V' (by) NV (b1) forks over
A with (b;);e,, an A-indiscernible sequence realising tp(b/A). Then, by simplicity,
V(bo) NV (b1) divides over A, so (i_y V (b2i) NV (bai1) = 0 for some n € N. Thus,
V(b) divides over A, so it forks over A. As V is arbitrary, we conclude that the
forking ideal over A is A-medium.

(2) If we have an A-invariant measure on the lattice of A\ _,-definable sets, the
ideal of zero measure /\_,-definable subsets is an A-invariant ideal. In this case,
every /\ 4-definable subset of finite measure is A-medium.

Lemma 3.10. [Hrul2, Lemma 2.9] Let P be a piecewise A-hyperdefinable set and
p an ideal of \_,-definable subsets on P. Let V. C P be a strictly A-medium
A< y-definable subset. Then, V' does not fork over A.

Proof. Take an A-medium A ,-definable set V; such that V' C V. Suppose that
V forks over A. Then, there are W7,..., W, A-definable subsets dividing over A
such that V' C J, W/. Applying Lemma 3.3 we may assume that each W} is A _,-
definable. Now, V C |J(W/NVy) and W/NVj, divides over A. Write W;(b) = W/NVj.
By Lemma 34 there is (b;);c. A-indiscernible such that Njew Wi (b;) = 0. Hence,
ﬂf:o W;(b;) = 0 € u for some k, concluding that W;(b) € p by A-mediumness of
V. This concludes that V' € u, contradicting that V is wide. Q.E.D.
Lemma 3.11. Let M < M with |[N| < X and G = lim Gy, be a piecewise N-

hyperdefinable group. Let p be an N -invariant ideal of \_,-definable subsets of G.

“We use the terminology of [MOS20|. In [Hrul2], it is said that the ideal has the S property.
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Let W and U be non-empty )\ y-definable subsets of G. If pu is invariant under left
translations and U - W is N-medium, then W is N-medium too. Similarly, if u is
invariant under right translations and W - U is medium over A, then W is medium
over A too.

Proof. Let X(b) € W be Aj-definable with [b] < A. Take an N-indiscernible
sequence (b; )ie,, of representatives of elements in tp(b/N) and write X; = X (b;).
Fix k such that U C G and take U defining U. As 91 < 9, U is finitely satisfiable
in N, so U does not fork over N [TZ12, Lemma 7.1.10]. Thus, U has a non-forking
extension to a complete type p over N, ES. As p does not fork over N, it does not
divide over N. By [TZ12, Lemma 7.1.5], there is a* realising p such that (5:)1-&, is
N, a*-indiscernible. As a* realises p, in particular, a € U.

Suppose p is invariant under left translations and U - W is N-medium. Then,
we get that a- XoNa-X; € pif and only if a - Xy € p. Therefore, provided left

translational invariance,
XonXiepuesa-XoNa- X1 €epsa-Xg€pues Xy € p.
We similarly prove the case with right translations. Q.E.D.

3.3. Stable relations. Let P and @ be piecewise A-hyperdefinable sets and V, W C
Px@ disjoint A-invariant subsets. We say that V and W are unstably separated over
A if there is an infinite A-indiscernible sequence (a;, b;)ic such that (ag,b1) € V
and (a1,bp) € W. We say that they are stably separated over A if they are not
unstably separated. We say that an A-invariant binary relation R C P x @ is stable
over A if R and R¢ are stably separated over A.

Remark 3.12. (1) Clearly, being stably separated over A is invariant under piece-
wise /\ ,-definable isomorphisms.

(2) Note that V' and W are stably separated over A if and only if V N (P; x Q;)
and W N (P; x Q) are stably separated over A for any pieces P; and Q;.

(3) Let P and @ be A-hyperdefinable. By Corollary B2 V and W are stably
separated over A if and only if quot}le[V] and quotl_gle[W] are stably separated
over A* for any set of representatives A* of A. In particular, if V and W are
/\ 4-definable, we have that V' and W are stably separated over A if and only if V
and W are stably separated over A* for any set of representatives A* of A and any
partial types V and W defining V and W.

(4) Note that, by the symmetry of stability, R is stable over A if and only if R¢
is stable over A.

We need the following two lemmas from [Hrul2| for the Stabilizer Theorem.
Their original proofs can be easily adapted.

Recall that we say that a partial type X(z,y) over A* divides over A* with
respect to a global A*-invariant type q(y) if there is a sequence (b});c. such that
tp(bF JA*, b5, ..., bi_1) = ¢ and A X(z, b}) is inconsistent.

Lemma 3.13. [Hrul2 Lemma 2.2] Let P = X/E and Q = Y/F be A*-hyperde-
finable sets and q a global A*-invariant type with Y € q. Let W1,Wy C P x Q
be A\ 4.-definable sets stably separated over A*. Assume that a € P is such that
Wa(a) € q. Then, V. = Wi N (tp(a/A*) x Q) divides over A*. Furthermore, V.
divides over A* with respect to .

For sets V and W, write
V Xntay W= {(a,b) € V- x W : tp(b/aA) does not fork over A}.
Similarly, V' Xnqiv(a) W, an(A) x W and Vndiv(A) x W.
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Lemma 3.14. [Hrul2l Lemma 2.3] Let P and Q be piecewise A*-hyperdefinable
sets and R C P x Q a stable binary relation over A*. Letp C P and q C Q be types
over A*. Assume that there is an A*-invariant global type q extending a partial type
q over A* defining q.

(1) Take a € p and b € q such that (a,b) € R. Suppose that there are represent-
atives a* € a and b* € b such that b* |= Ga~ - Then, we have that (a’,b) € R for
any o’ € p such that tp(a’/A*,b) does not divide over A*.

(2) Take a’;a € p and b € q. Suppose that tp(a/A*,b) and tp(a’/A*,b) do not
divide over A*. Then, (a,b) € R if and only if (a’,b) € R.

(3) Assume that there is also an A*-invariant global type p extending a partial
type p over A* defining p. Then, the following conditions are equivalent:

L pXndivany ¢NR#D v, Pudiv(a®) X gNR#D
. pXppany gNR#AD Vi Pug(a®) ¥ gNR#D
fi. pXppa)gC R Vii. Pog(as)X 4 CR

V. P Xndiv(ar) ¢ € R viii. Prdiv(as) X ¢ CR

3.4. Stabilizer Theorem. From now on, A is a cardinal with k > A > |L| + |A].

Let G be a piecewise A-hyperdefinable group and p an ideal of A _,-definable
subsets of G. Let V,W C G be two A\ _,-definable subsets. The (left) u-stabilizer
of V' with respect to W is the set St,(V,W) ={a € G:a - VNW ¢ pu}, and
the (left) p-stabilizer group of V' with respect to W is the subgroup Stab,(V, W) of
G generated by St,(V, W). Write St, (V) := St,(V, V) and Stab, (V) = St,(V,V).
We omit the subscript y if there is no confusion.

Lemma 3.15. Let G be a piecewise A-hyperdefinable group, v an A-invariant ideal
of N\ c-definable subsets of G and V and W two ) ,-definable wide subsets. Then:
(1) Take any B 2 A with |B| < \. If p is locally atomic, g € St(V,W) if and
only if there are a € V and b € W such that g = ab~' with tp(b/B, g) & .
(2) If p is invariant under left translations, then St(V,W)~t = St(W,V). In
particular, St(V') is a symmetric subset.

We say that a subset X C G is stable over A if the relation {(a,b) : a='b € X}
is stable over A.

Example 3.16. [Hrul2, Lemma 2.10]& |[MOS20, Lemma 2.8] Let p be an A-
invariant ideal of A _,-definable subsets of a piecewise A-hyperdefinable group. If
p is invariant under left translations and V' and W are A-medium A ,-definable
subsets, then St(V, W) is stable over A.

Remark 3.17. Since ! : G — G is a piecewise A ,-definable isomorphism, X is
stable over A if and only if X! is stable over A. Also, X is stable over A if and
only if {(a,b) : ab € X} is stable over A, if and only if {(a,b) : ab~! € X} is stable
over A.

For subsets V and W of a piecewise hyperdefinable group G, write
Vontay W= {a-b: (a,b) € V xpp(a) W
Similarly, V' -qiva) W, an(A)- W and Vndiv(A)- Ww.

Lemma 3.18. Let G be a piecewise A*-hyperdefinable group and p a locally atomic
A*-invariant ideal of \_-definable subsets of G which is also invariant under left
translations. Let p be an A*-medium A*-type and X C G a stable subset over
A* containing p. Suppose that there is an A*-invariant global type p extending
a partial type p over A* defining p. Then, Stab(p) C X - X L. Furthermore,
Stab(p) ‘nf(A*) P g X.
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Proof. We may assume that p is strictly A-medium; otherwise, St(p) = @ and
Stab(p) = {1}, so the lemma holds trivially. Since g is invariant under left
translations, St(p)~! = St(p) by Lemma B.I5(2). Thus, by definition, Stab(p) =
U~ St(p)™. We prove by induction on n that b-c € X for b € St(p)” and c € p
such that tp(c/A*,b) does not fork over A*.

By hypothesis, p C X, so we are done for n = 0. Assume it is true for n — 1
with n € Nyg. Take b = by - --- - b, with b; € St(p) for each ¢ € {1,...,n}
and ¢ € p such that tp(c/A*,b) does not fork over A*. We want to prove that
b-ce X. As b, € St(p), by Lemma BIB|), there is ¢’ € p such that b, - ¢’ € p
and tp(¢’/A*,b1,...,b,) ¢ pu. In particular, as p is A*-medium, tp(c'/A*,b1,...,by,)
does not fork over A* by Lemma[B.I0l Hence, tp(¢’/A*,b) and tp(b,,-¢’/A*, b1, ..., bp_1)
do not fork over A*. By induction hypothesis, b-¢’ = (by -+ -by,—1)-b,-¢’ € X. Since
(b,c') € tp(b/A*) Xpng(ax) p, by Lemma B.I4I2), we conclude that b-c € X too.

Now, for any b € Stab(p) we can find ¢ € p such that tp(c/A*,b) does not fork
over A* — namely, choose ¢* |= Pj4-;-. Therefore, we conclude that Stab(p) C
X-plcXx - X1 Q.E.D.

As an immediate corollary we get the following result:

Corollary 3.19. Let M < 9 with |[N| < \. Let G be a piecewise N -hyperdefinable
group and i a locally atomic N-invariant ideal of \_,-definable subsets invariant
under left translations. Let p be an N-medium N-type with p C St(p). Then,

Stab(p) = St(p)* = (p-p~")*.

Proof. If p C St(p), by Lemma B.I5] we get that St(p) C p-p~! C St(p)2. By
Example[3.16], St(p) is a stable subset. Hence, by Lemma B.I8 taking p a coheir of
p, we conclude that Stab(p) C St(p)? C (p-p~*)? C Stab(p). Q.E.D.

Lemma 3.20. [MOS20, Lemma 2.11] Let G be a piecewise A*-hyperdefinable
group and p an A*-invariant ideal of )\ _,-definable subsets of G which is also
invariant under left translations. Let p be an A*-type and W a strictly A*-medium
A 4--definable subset such that p~'W is A*-medium too. Suppose that there is an
A*-invariant global type p extending a partial type p over A* defining p. Then,
P nt(asy p~t C St(W).

Proof. Take (a)iew such that af | Pjas s,  ar -
discernible sequence of realisations of p with tp(ai/A*, ag) non-forking. As pu
is invariant under left translations, ay "W is wide. Since p~'W is A*-medium,
we conclude that ag 'wn ale ¢ . Thus, by invariance under left transla-
tions, aga;’ € St(W). By Lemma BIZ([@) and Example BI6, we conclude that
P nt(axy 0t C St(W). QE.D.

For two subsets X and Y of a group G, recall that [X : Y] := min{|A|: X C AY}.
Note that [X~!: Y71 = min{|A] : X C YA}

Then, (a;)ic., is an A*-in-
) 1)1€w

Lemma 3.21. Let G be a piecewise A*-hyperdefinable group and S < G an A 4.-
definable subgroup. Let p C G be an A*-type such that there is an A*-invariant
global type p extending a partial type p defining p over A*.

(1) If [p: S] is small, then [p: S]=1andp~t-pC S.

(2) If [p=': 9] is small, then [p~t:S]=1andp-p~1 CS.

Proof. Both are very similar, so we just prove (1). Let (a;)icq be a sequence in p
such that a = [p: S] and a;S Na;S = for i # j, and p C J,., a:S. Suppose that
there is no ¢ € a such that (a;S) Np is contained in p. Then, there are formulas
@i € (a;8) Np for each i € a such that {—;}ica € p. In particular, {—@;}ica Up
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is finitely satisfiable. Thus, by saturation, there is ¢ € p such that ¢ ¢ Uiea a;S,
getting a contradiction. That concludes that there is i € « such that (a;S) Np C p.
Since a;S Na;S = 0 for any i # j, we conclude that there is just one such i € a.
Since p and S are A*-invariant, we get that a;S is A*-invariant too. Indeed, take
o € Aut(9M/A*) arbitrary. Then, o[(a;S) Np] C p defines (o(a;)S) N p, concluding
that o(a;)S = a;S. As o is arbitrary, we conclude that a;S is A*-invariant. Thus,
a;S is A\ 4.-definable by Corollary[[7l As (a;S)Np # 0, by minimality of p, p C a;S.
So,[p:S]=1landp~t-pCS.

For (2), one argues analogously to point (1) but working with right cosets — as
[p~!:S] =min{|A|: p C SA}. Q.E.D.

Lemma 3.22. Let G be a piecewise A-hyperdefinable group, S < G an A ,-definable
subgroup and V- C G an A ,-definable set. Suppose [V : S| is not small. Then, there
is an A-indiscernible sequence (a;)ic., in'V such that a; - SNaj-S =0 fori#j.

Proof. Let G, S and V be the interpretations in the monster model €. Since €
is the monster model, [V : S] ¢ On. Recall that there is 7 € On depending
only on |A*| such that, for any sequence (af);e, of elements in €, there is an A*-
indiscernible sequence (b});ew of elements in € with the property that, for any
J1 <o < n, tp(aj,...,a; JA*) = tp(b},,..., b} [A*) for some i} < --- <y —
see [TZ12 Lemma 7.2.12]. In particular, take (a;);c, a sequence of hyperimaginaries
of V such that a; - SNa; - S =0 for each i # j. Let (a});c- be representatives of

(a;)ier- Then, there is a sequence (g;f)jew of A*-indiscernible elements such that

tp(gg,g*{/A*) = tp(a;,, ;,,/A*) for some j' < j”. Now, by k-saturation of I, we
can find (b});jec. elements in M realising the same type that (b);e. over A*. So,
the projections b; € V form an A-indiscernible sequence (b;) e, in V such that

bi'Sﬂbj'S:(Z)fOI‘i#j. Q.E.D.

We now prove the Stabilizer Theorem for piecewise hyperdefinable groups. Be-
low, Corollary corresponds to [MOS20, Theorem 2.12 (B2)]; Theorem
corresponds to [Hrul2, Theorem 3.5] and [MOS20, Theorem 2.12 (B1)]; and The-
orem [B20)@) corresponds to [MOS20, Proposition 2.14].

Theorem 3.23. Let M < M with |N| < A. Let G be a piecewise N -hyperdefinable
group and ju a locally atomic N-invariant ideal of \_,-definable subsets invariant
under left translations. Let p C G be an N-medium N -type. Assume that there is a
wide N-type q C St(p) such that p~t - q is N-medium. Then, Stab(p) = Stab(q) =
St(p)? = St(q)* = (p-p~1)? is a wide \y-definable subgroup of G without proper
A\ N -definable subgroups of small index. Furthermore:

(a) Stab(q) -ne(nvy g € St(p).

(b) Every strictly N-medium N -type of Stab(p) lies in St(p).

Proof. We take p and g coheirs of p and ¢. By Lemma B.IIl ¢ is N-medium. By
Lemma B20, p ey ' € St(g). Then, St(p) € p-p~* C St(¢)?. Indeed, for any
a,b € p we can find ¢ € p such that tp(¢/N,a,b) does not fork over N — simply,
take ¢* realising Pjn 4+ p+. Thus, ac™t, bc™1 € St(q), concluding that ab~—! € St(q)?
by Lemma BI5([2).

Since ¢ C St(p), Stab(q) -ne(nvy ¢ € St(p) by Lemma and Example
In particular, Stab(q) C St(p)? by Lemma BI5[). Thus, Stab(p) = Stab(q) =
St(p)? = (pp~1)? = St(g)* is an A\ y-definable subgroup. Since ¢ C St(p) C Stab(p),
we have that Stab(p) is wide.

Take an /\ y-definable subgroup 7' < Stab(p) such that [Stab(p) : T is small.
Since p - p~t C Stab(p), [p~! : T] is also small. By Lemma B2T[), p-p~* C T.



48 ARTURO RODRIGUEZ FANLO

Therefore, Stab(p) = (p-p~1)? C T. In other words, Stab(p) does not have proper
/\ y-definable subgroups of small index.

Finally, we prove property (b). Take r C Stab(p) a strictly N-medium N-type.
Set ¢ € ¢g. Since p is locally atomic, there is b € r such that tp(b/N,c) ¢ pu.
By Lemma B0, tp(b/N,¢) does not fork over N. Then, by Lemmas and 3.5,
tp(b~tc™1/N,c) does not fork over N. Since ¢,b € Stab(q), we have b~1c™! €
Stab(g). Write ' = tp(b~'¢™!/N) C Stab(q). By (a), " -nevy ¢ € St(p). By
Lemma [3.14 and Example B.16, we conclude that b= = b= . c=1. ¢ € St(p), so
b € St(p). Since r is a type over N, we conclude r C St(p). Q.E.D.

Corollary 3.24. Let 91 < M with |[N| < A and G a piecewise N -hyperdefinable
group. Let pi be an N-invariant locally atomic ideal of )\ _-definable subsets of G
invariant under left and right translations. Let p be a wide type over N and assume
that p=1 - p - p~1 is N-medium. Then, Stab(p) = St(p)? = (p-p~1)? is a wide
Ay -definable subgroup of G without proper ) \-definable subgroups of small index
such that every strictly N-medium N-type of Stab(p) lies in St(p).

Proof. Take a € p arbitrary. By the local atomic property, there is b € p such that
tp(b/N,a) is wide. By Lemma [B.I1] p- p~! is N-medium. Again by Lemma B.11]
but now using invariance under right translations, we get that p is N-medium. By
Lemma 310, it follows that tp(b/N, a) does not fork over N. Consider the N-type
g =tp(ba™ " /N) Cp ey P

By invariance under right translations, we know that ¢ is a wide A ,-definable
set. As ¢ C p-p~ ! with p-p~! N-medium, we have that ¢ is N-medium too. Also,
note that p~* -¢g C p~' -p-p~ !, so p~! - ¢q is N-medium too. On the other hand,
by Lemma [B.11] using invariance under right translations, p~! - p is N-medium,
SO P *nf(N) p~! C St(p) by Lemma By Example and Lemma BI4E]),
D nf(N)-p_1 C St(p) too, so ¢ C St(p). By Theorem[B.23] we conclude that Stab(p) =
St(p)? = (p-p~1)? is a wide A y-definable subgroup of G without proper A -
definable subgroups of small index such that every strictly N-medium N-type of
Stab(p) lies in St(p). Q.E.D.

Theorem 3.25 (Stabilizer Theorem). Let 91 < 9 with [N| < A and G = lim X"
a piecewise N -hyperdefinable group generated by a symmetric )y -definable subset
X. Let p be an N-invariant locally atomic ideal of \_,-definable subsets of G
invariant under left translations. Let p C X be a wide type over N and assume that
X3 is N-medium. Then, Stab(p) = St(p)? = (p-p~1)? is a wide and N-medium
Ay -definable normal subgroup of small index of G without proper N y -definable
subgroups of small index. Furthermore:

(a) p-p-p~t=p-Stab(p) is a left coset of Stab(p).

(b) FEvery wide N-type of Stab(p) is contained in St(p).

(c) Assume p is also invariant under right translations. Then, p-p~'-p =
Stab(p) - p is a right coset of Stab(p).

Proof. Take a € p arbitrary. By the local atomic property, we find b € p such that
tp(b/N,a) is wide. By Lemma BI1 X is N-medium. As tp(b/N,a) C p C X,
we conclude that tp(b/N,a) is N-medium, so tp(b/N,a) does not fork over N by
Lemma 310 Also, tp(a='b/N,a) = a~! - tp(b/N,a) is wide by left invariance of p,
so ¢ =tp(a™'b/N) C p~ ' -pgw) p is wide. By Lemma BTT X? is N-medium, so p?
is N-medium too. Using any coheir extending p~', we get p~! -¢(n) p € St(p) by
Lemma[320 In particular, ¢ C St(p). As X is symmetric,p~t-q Cp~t-p~tp C X3,
so p~!. ¢ is N-medium. Thus, by Theorem B.23] Stab(p) = Stab(q) = St(p)? =
St(q)* = (p-p~1)? is a wide A y-definable subgroup without proper A y-definable
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subgroups of small index. By Theorem B.23|[), every strictly N-medium type of
Stab(p) is contained in St(p). Also, Stab(q) -ng(n) ¢ € St(p) by Theorem B.23(@).

We show that it is a normal subgroup of small index. First of all, note that
[X? : Stab(p)] is small. Otherwise, by Lemma B.22 there is an N-indiscernible
sequence (bj)jew in X2 such that b; - Stab(p) N b; - Stab(p) = 0 for i # j. Take
d € p~! arbitrary. As p-p~! C Stab(p), we get (b;-p-d)N(bj-p-d) =0 for i # j,
sob;-pNbj-p=0fori+#j. As X3 is N-medium, that implies by - p € p, so
p € u by invariance under left translations, contradicting our hypotheses. For any
¢ € X, we have [tp(¢/N) : Stab(p)] = 1 by Lemma B2II{]), so tp(c/N) - Stab(p) -
tp(c/N)~! = c- Stab(p) - ¢! is A y-definable. As X is symmetric, we also get that
[p~!:c-Stab(p)-c7 = [p~!:c: Stab(p)] < [X? : Stab(p)] is small, so p-p~* C
c-Stab(p)-c~! by Lemma[B.2T2). Therefore, Stab(p) C c¢-Stab(p)-c~1. Asc € X is
arbitrary and X is symmetric, Stab(p) = c¢- Stab(p) - ¢~1. Thus, X C Ng(Stab(p)),
concluding Stab(p) < G. Since we have proved that [X : Stab(p)] is small, we
conclude that Stab(p) has small index by normality.

We show now property (a), i.e. p-p-p~! = p-Stab(p) = y - Stab(p) for any y € p.
As (p-p~1)? = Stab(p), we have p-p-p~! C p- Stab(p). As [p: Stab(p)] < [X :
Stab(p)] is small, we get [p : Stab(p)] = 1 by Lemma B2T|[)). Thus, p - Stab(p) =
y - Stab(p). On the other hand, take x € y - Stab(p) arbitrary, so 27! = ¢ y~!
with ¢ € Stab(p) = Stab(g). By definition of ¢, we know that ¢ = tp(a='b/N)
with tp(b/N,a) wide and a,b € p. Take zy such that tp(zo,y/N) = tp(b,a/N).
By N-invariance of p, tp(z9/N,y) is wide. By the local atomic property, we can
find z € tp(z9/N,y) such that tp(z/N,y,c) is wide. Thus, tp(y~'z/N,c) is wide
by invariance under left translations. By Lemma B0 tp(y~'2z/N, c) does not fork
over N. Thus, z7! -z = ¢-y 'z € Stab(q) ‘uenv) ¢ € St(p). In particular, we
conclude =t € St(p)-p* Cp-p~t-pLsoxep-p-p L.

As X is symmetric, p-Stab(p) € X3, so p-Stab(p) is N-medium. By Lemma[3.11]
we conclude that Stab(p) is N-medium. Thus, we get property (b).

Finally, it remains to prove property (c). In other words, assuming that u is also
invariant under right translations, we want to show that p-p~!.p = Stab(p) -p =
Stab(p) -y for any y € p. Take a € p arbitrary and, using the local atomic property,
find b € p such that tp(b/N,a) is wide. As p is N-medium, by Lemma B.I0,
tp(b/N, a) does not fork over N. Consider g = tp(ba™'/N) C p ¢yy'p~ ' Then, by
invariance under right translations, g» is a wide \ y-definable set. As go C X? and
p~t-ga C X3, we conclude that ¢, and p~!-go are N-medium. As p-nf(N)p_l C St(p)
by Lemma 318, we get using Example and Lemma B.T4([B) that pmf(N)~]f1 C
St(p) too, so g2 C St(p). By Theorem B23] we conclude that Stab(p) = Stab(gz)
and Stab(q2) wevy g2 € St(p). Take x € Stab(p) - y arbitrary, so x = cy with
¢ € Stab(p) = Stab(q2) and y € p. Find zo such that tp(zo,y/N) = tp(a,b/N), so
tp(y/N, z0) is wide. Using the local atomic property, we may find y; € tp(y/N, zo)
such that tp(y1/N, zo,c) is wide. Take z such that tp(z,y/N,c) = tp(z0,y1/N,c).
Thus, yz~! € ¢z and tp(y/N, z,¢) is wide. In particular, as X? is N-medium, by
Lemma BI0, tp(yz~!/N,c) does not fork over N. Thus, z - 2z7! = c-yz7! €
Stab(gz2) ey g2 € St(p), concluding € p -p~1.p. As z is arbitrary, Stab(p) -y C
p-pt-p. Asp-p~'-p C Stab(p) -y, we get p-p~' - p = Stab(p) - p = Stab(p) - y
for any y € p. Q.E.D.

Remark 3.26. (1) The main improvement of Theorem with respect to the
original formulations studied in [Hrul2JMOS20] is that we do not require invariance
of p under right translations. In both papers, while they preferably considered
ideals invariant under two-sided translations, the authors already anticipated that
it should be possible to weaken the invariance under right translations hypothesis,
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perhaps losing a few properties of Stab(p). We have shown that, in fact, it can
be completely eliminated without significant consequences. Indeed, we only use
invariance under right translations for (@), but this is essentially replaced by (@).

(2) Although in [MOS20, Theorem 2.12] it was assumed that X* is N-medium,
we only need N-mediumness of X3.

(3) Note that the locally atomic property is mostly used ounly for subsets of p.
The only time when we apply the locally atomic property for other subsets is in the
proof of Theorem B23|[b). Thus, when p only satisfies the locally atomic property
for subsets of p, we only miss ().

For property (), we have used the locally atomic property for subsets of Stab(p) =
(p-p~1)2. However, in fact, it suffices to assume it only for subsets of p-p-p~!.
Indeed, by Theorem B.25(@) and invariance under left translations, if V' C Stab(p)
is A\ g-definable and wide, then y -V C p-p-p~'is /\Byy-deﬁnable and wide for
any y € p. By the locally atomic property on p-p-p~', there is b € V such
that tp(yb/B,y) is wide, concluding that tp(b/B) is wide by invariance under left
translations.

(4) Tt suffices to have u defined only on X3, as, in that case, we may extend the
ideal by taking the one generated by the finite unions of left translates of elements
of p. As p is invariant under left-translations within X3 (i.e. V € p if and only if
gV € pfor any V C X3 and g € G such that gV C X3), this extension coincides
with p inside of X3, so we can apply the Stabilizer Theorem [3.25 by Remark 3.26([3)).

Proposition 3.27. [Hrul2, Corollary 3.11]& [MOS20, Proposition 2.13| Let 91 <
M with |[N| < X and G = ligX" a piecewise N-hyperdefinable group generated by
a symmetric )\ y-definable subset X. Let p be an N-invariant locally atomic ideal
of N\ <x-definable subsets of G invariant under left translations such that X is wide
and X3 is N-medium. Then, u is N-medium on G.

Proof. By the locally atomic property, there is a wide N-type p C X. By the
Stabilizer Theorem[3.25] S := Stab(p) = (p-p~!)?isan N-medium normal subgroup
of small index. Let Y'(b) C G be Ay j-definable with [b] < A small. Let (b;)icw

be an N-indiscernible sequence with tp(b/N) = tp(b;/N). Suppose that Y (b) ¢ p.
By the locally atomic property of p, there is a wide N,b-type ¢(b) C Y(b). By
Lemma[BZT|(T), there is a such that ¢(b) C a-S. Let (1_7;)1-@) be an N, a*-indiscernible
sequence realising tp((b;)ic., /N). By invariance under left translations, a~'q(b) ¢ .
As S is N-medium, a='q(by) Na='q(b)) ¢ p. Thus, by N-invariance and invariance

under left translations, we get that q(bg) N q(b1) ¢ p, concluding Y (by) NY (by) ¢
. Q.E.D.

3.5. Near-subgroups. Let G be a piecewise A-hyperdefinable group and g an
ideal of A _,-definable subsets invariant under left translations with x > A > [L| +
|Al. A p-near-subgroup of G over A is a wide A ,-definable symmetric set X
generating G such that pjys is locally atomic and A-medium. We say that X
is a near-subgroup if it is a u-near-subgroup for some ideal.

Theorem 3.28. Let G be a piecewise A-hyperdefinable group, pu an ideal of A\ _,-
definable subsets and X a p-near-subgroup over A. Then, there is a wide /\\A\+|L\'

definable normal subgroup of small index S contained in X* and contained in every
N\ 4-definable subgroup of small index. Furthermore, S = (p-p~')? and ppp~' =
pS = yS for anyy € p, where p C X is a wide type over an elementary substructure

of size |A| + |L|.

Proof. By Lowenheim-Skolem Theorem [TZ12, Theorem 2.3.1], we find an ele-
mentary substructure 91 < 9 containing A* with |N| = |A*| + L] < A As
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A* C N, pxs is N-medium. By the locally atomic property, there is a wide N-
type p € X. Applying the Stabilizer Theorem (and Remark B26(3])), we
conclude that there is a wide /\ y-definable normal subgroup S < G of small index
which does not have proper /\ y-definable subgroups of small index. Furthermore,
S = Stab(p) = (p-p~1)2 € X* and ppp~! = pS = yS for any y € p. As A* C N,
we conclude. Q.E.D.

Theorem 3.29. Let G = h_n))X" be a piecewise A-hyperdefinable group generated
by a near-subgroup X over A. Assume that X" is an approrimate subgroup for
some n € N. Then, G has a connected Lie model tp/ : H — L = H/K with
K C X2 gych that

(a) HNX?* is N\ aj 41 -definable and commensurable to X™,

(b) mu/x[H N X?"] is a compact neighbourhood of the identity in L,

(c) H is generated by H N X"+ and

(d) gk is continuous and proper from the logic topology using |A| + |L| many
parameters.

Proof. As X is a near-subgroup, by Theorem B.28, G C X* with |N| < |A| + |L|.
As X" is an approximate subgroup, X /G2 is an approximate subgroup. Thus,
g 00 g

X 271/G(JJVO is a neighbourhood of the identity by the Generic Set Lemma (The-
orem [2.27)). Then, by Theorem 234, we can find a connected Lie core 7y, k :
H — L=H/g with K C X?"GY C X2+,

a) olnce GY 1s compact an G 1s an open subgroup 1n the global logic

Since X"/G00 i d H/Gop i b in the global logi
topology, we conclude that [Xn/G%O : H/G%O] is finite. As G% < H, we get that
[X™ : H] is finite. Thus, by [Mac23, Lemma 2.2, Lemma 2.3], H N X2" is an
approximate subgroup commensurable to X".
S G 1s a compact neighbourhood of the identity an GYY 1s an open

b) As X*"/Guo i ighbourhood of the identity and #/G%0 i
subgroup in the global logic topology, we conclude that H N X QH/G%) is a compact
neighbourhood of the identity. Recall that T,k : H/G(JJVO — L given by my/x =
TH/K OTG /G0 is a continuous, closed, open and proper onto group homomorphism.
Thus, we conclude that 7g ) [HNX 2] is a compact neighbourhood of the identity.

(¢) Since L is connected and 7, [X ™ N H] is a neighbourhood of the identity,
7 i [H N X?"] generates L. Therefore, we have that WI;}K[WH/K[H N X2 =
(HNX?").K generates H. Now, K C HNX?"" so (HNX?").-K C (HNX?"+4)2,
concluding that H N X 2"+ generates H.

y Proposition the global logic topology o GW 1s given using |A|+|L

d) By Propositi he global logi logy of G/G is gi ing |A
many parameters, so H N X?" is /\lAlHLl—deﬁnable and 7g/ g is continuous and
closed using |A| + |L| many parameters. Q.E.D.

Alternatively, using Gleason-Yamabe-Kreitlon Theorem [Z4]rather than Gleason-
Yamabe Theorem 2.3 we get the following variation which provides some extra
control over some of the parameters.

Theorem 3.30. There are functions ¢ : N — N and d: N — N such that the
following holds for any k-saturated L-structure M and any set of parameters A with
k> |L| +|A|:

Let G = ligX” be a piecewise A-hyperdefinable group generated by a near-sub-
group X over A. Assume that X™ is a k-approzimate subgroup for some n and
k. Then, G has a Lie model mp/ © H — L = H/K with K C X124 gnd
dim(L) < d(k) such that

(a) HNX?" is N\ A4 ~definable and c(k)-commensurable to X",
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(b) mu/x[H N X?"] is a compact neighbourhood of the identity in L,

(c) H is generated by H N X274 and

(d) mg K is continuous and proper from the logic topology using |A| + |L| many
parameters.

Proof. As X is a near-subgroup, by Theorem 328, G C X* with |N| < |A| + |L|.
As X" is a k-approximate subgroup, X n/G%,O is an approximate subgroup. Thus,
X 2n/GS’\? is a neighbourhood of the identity by the Generic Set Lemma (The-
orem[2.27)), and, in particular, G/G9V0 is a locally compact topological group with the
global logic topology. Thus, Xn/vao is contained in the interior, U/G%,O, of XB"/G%,O
in the global logic topology. Now, we obviously have that UQ/G%) cX 6n/G%’, which
is covered by k® left translates of X"/G%{O - U/vao. Hence, U/G(JJV0 is an open pre-
compact k®-approximate subgroup.

Let ¢p and dy be the functions provided by Gleason-Yamabe-Kreitlon Theorem[2.4]
Applying Theorem 2.4, we get a Lie model g/ : H — L = H/K with G < K C
U C x12rG%0 € X127+ and dim(L) < d(k) := do(k®) such that H NU* generates
H and is co(k®)-commensurable to U. Thus, H N X274 generates H and co(k®)
left translates of H N X274 cover X™. As X" is a k-approximate subgroup, k'°
left translates of X™ cover X" D H N X12n+4 By [Mac23, Lemma 2.2|, we get
that k15 left translates of H N X2" cover H N X124 so H N X?" and X" are
c(k)-commensurable, where c(k) == co(k®)k'5.

Now, HNX 2n/G'?VO is a compact neighbourhood of the identity in the global logic
topology. Recall that T/ : H/G%) — L given by 7y g = Tp/k © TG o Is a
continuous, closed, open and proper onto group homomorphism. Thus, 7, xk[HN
X?7] is a compact neighbourhood of the identity of L.

By Proposition [[L53] the global logic topology of G/G9V0 is given using |A| + |L|
many parameters, so H N X?" is /\lAlHLl—deﬁnable and 7y g is continuous and
proper using |A| 4 |L| many parameters. Q.E.D.

We conclude applying Theorem [3.29to the case of rough approximate subgroups.
Recall that a T -rough k-approximate subgroup of a group G is a subset X C G such
that X2 C AXT with [A|<k€Nsgand 1€ T CG.

Let G be a group and X C G a symmetric subset. For some fixed n, assume
X" is a Tj-rough k-approximate subgroup for a sequence (7;);en of thickenings
satisfying that

(i) it decreases in doubling scales, i.e. Ti+1Ti111 C T; for each i € N, and

(ii) it is asymptotically normalised by X, i.e. 2 1T; 120 C T; for each z € X
and ¢ € N.

Assuming saturation and A\-definability, we have that T' = (T} is an A-definable
subgroup of G normalised by X and X™ is a T-rough k-approximate subgroup.

Theorem 3.31 (Rough Lie Model Theorem). Let G be an A-definable group, T <
G an N 4-definable subgroup and X C G a symmetric \ ,-definable subset. Write
G for the subgroup generated by X. Assume that X normalises T', X/T is a near-
subgroup of G/T and X™ is a T-rough approrimate subgroup for some n. Then,
GT < G has a connected Lie model Tk H— L= H/i with T € K € X?+H4T
such that

(a) HNX?"T is N Aj41 ~definable and commensurable to X"T,

(b) mu/x[H N X?"] is a compact neighbourhood of the identity in L,

(c) H is generated by HN X" 4T, and
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(d) 7H/ K is continuous and proper from the logic topology using |A| + |L| many
parameters.

Alternatively, using Theorem 330

Theorem 3.32 (Rough Lie model Theorem, version 2). There are functions c :
N — N and d: N — N such that the following holds for any k-saturated L-structure
M and any set of parameters A with k > |L| + |A]:

Let G be an A-definable group, T < G an ) 4-definable subgroup and X C G a
symmetric )\ ,-definable subset. Write G for the subgroup generated by X. Assume

that X normalises T, X/T is a near-subgroup of G/T and X" is a T-rough k-
approzimate subgroup for some n and k. Then, GT < G has a Lie model wp/f :
H— L=H/K with T C K C X7 and dim(L) < d(k) such that

(a) HNX?"T is N a4 -definable and c(k)-commensurable to X"T,

(b) mu/x[H N X?"] is a compact neighbourhood of the identity in L,

(c) H is generated by H N X2 H4T  and

(d) mg Kk is continuous and proper from a logic topology using |A| + |L| many
parameters.
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