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1 Introduction

In the last decades, asymptotic methods have been used to derive and justify
simplified models for three-dimensional solid mechanics problems for beams, plates
and shells. The foundation for these methods was established by Lions in [I4]
and some of the first applications were to plate bending models in [9[10]. Many
other models for plates have been justified by using asymptotic methods and a
comprehensive review concerning plate models can be found in [7].

Since then, its application has been extended over the years to many other prob-
lems like beam bending, rod stretching and elastic shells. For example, Bernoulli-
Navier model was justified in [I] and the Saint-Venant, Timoshenko and Vlassov
models of elastic beams were justified in [22], while a model for Kelvin-Voigt
viscoelastic beams was justified in [21I] and models for piezoelectric beams were
obtained in [23], all of them by using the asymptotic expansion method followed
by rigorous convergence results. The asymptotic modelling of rods in linearized
thermoelasticity was also studied in [22].

Regarding elastic shells, a complete theory can be found in []], where models
for elliptic membranes, generalized membranes and flexural shells are presented.
In there, the reader can find a full description of the asymptotic procedure that
leads to the corresponding sets of two-dimensional equations. More recently, in a
series of papers we studied the asymptotic analysis of viscoelastic shells [3}[4L5]
[6] and contact problems for elastic shells [T9[I8/2120]. For the dynamic case, the
authors in [12|[13] use the asymptotic analysis to derive two-dimensional sets of
equations for elastic membranes and flexural shells, though no strong convergence
results are provided. Dynamic problems for shells is a topic which is attracting a
considerable effort in modeling, analysis and numerical approximation, due to the
abundance of real world applications, see for example [17] and references therein.

The aim of the present paper is to provide the first results of the asymptotic
analysis devoted to thermoelastic shells in a dynamic regime. Here we briefly
describe the formal asymptotic analysis and the limit two-dimensional problem
and we focus in the case of elliptic membrane shells, for which we provide a rigorous
convergence result. We also discuss the existence and uniqueness of solution for
both the three-dimensional problem and the corresponding two-dimensional limit
problem.

The structure of the paper is the following: in Section ] we shall describe
the variational and mechanical formulations of the problem in cartesian coordi-
nates in a general domain, and present a result of existence and uniqueness of
solution for that problem. In Section [3] we consider the particular case when the
deformable body is, in fact, a shell and reformulate the variational formulation in
curvilinear coordinates. Then we give the scaled formulation. To do that, we will
use a projection map into a reference domain and we will introduce the scaled
unknowns and forces as well as the assumptions on coefficients. We also devote
this section to recall and derive results that will be needed later. In Section (] we
briefly describe the formal asymptotic analysis which leads to the formulation of
limit two-dimensional problems. Then, in Section [l we discuss the existence and
uniqueness of solution for the two-dimensional limit problem and then we focus
on the elliptic membrane case, for which we provide a rigorous convergence result.
Finally, in Section [6] we show that the solution to the re-scaled version of this
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problem, with true physical meaning, also converges. The paper ends with Section
[l devoted to the conclusions and future work.

2 A three-dimensional dynamic problem for thermoelastic bodies

Let £2° be a three-dimensional bounded domain and assume that £2° is the ref-
erence configurarion of a deformable body made of an elastic material, which is
homogeneous and isotropic, with Lamé coefficients A\° > 0,7° > 0. Let I'* = 00°
denote the boundary of the body, which is divided into two disjoint parts fﬁ, and
I§, where the measure of the latter is strictly positive. Let &° = (f) be a generic
point of 2. Notice that at first glance, the notation for sets, variables and func-
tions seems unnecessarily complex. Indeed, the ® and “marks are only meaningful
in the context of the shells setting, to be detailed in the forthcoming sections. But,
given that there we are going to recall results and arguments developed in this
current section, we decided to keep here this notation, in favor of future coherence.
We suppose that the material has a thermal dilatation coefficient &%, a thermal
conductivity coefficient l%a, a specific heat coefficient BE and a specific mass density
p°. The constitutive equation relating the stress tensor components &fj to the
linearized strain tensor é5; (%) components, and the temperature ¢ is given by the
linearized Duhamel-Neumann law (see, for example [22] and references therein):

G5 = A e (U7)dij + 20765 (4°) — 67 (3N + 2)9%0y5, (1)

where é5;(0°) = L9508 + 5113]5) denotes the deformation operator. Here §;; rep-
resents the Kronecker’s symbol and d; the partial derivative with respect to ;.
Notice that here and below, and for the sake of a clearer exposition, we shall omit
the explicit dependence of the various functions on space and time variables, as
long as there is no ambiguity. We assume that the body is subjected to a boundary
condition of place; in particular, the displacements field vanishes on ﬁg.

The body is under the effect of a heat source ¢° and applied volume forces of
density = (f%¢) acting in £2¢, and tractions of density h = (h*#) acting upon
rs..

Then, the set of equations describing the mechanical behaviour of a regular
three-dimensional deformable solid in thermoelasticity are the following:

Problem 1 Find the displacements field @° = (4$) and the temperature field 9°
verifying

s —dive® = f° in 2° x (0,T),
fede = 9;(°9597) — &7 (3A° + 241%) €5 (0°) + 7 in 2° x (0,7),
=0 on I§ x (0,7),
9° =0 on I§ x (0,T),
6°n° =h on I'y x (0,T),
ke A;ﬁenj =0 on I'y x (0,7),
4®(-,0) =a°(-,0) =0 in °
9°(-,0)=0 in Q°,
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where 6° = (57;) is described in ().

Remark 1 We only consider homogeneous boundary and initial conditions for the
sake of simplicity. Besides, our main interest is in the asymptotic analysis which
follow in the sections below, and nonhomogenous initial conditions do not intro-
duce major additional difficulties in that sense.

Now, to derive the variational formulation of the problem, we first define the space
of admissible displacements

V(62°) = {o° = (¥]) € [H' (27)]% % = 0 on [§},

which is a Hilbert space equipped with the norm
161y e, = /Q 5 (625, (6°) dar
We also define the space of admissible temperatures
S(2°) :={¢° € H'(2°);¢° =0 on [},
which is a Hilbert space equipped with the norm
15 sy = [ 50°056° "

Besides, as long as there is no room for confusion, we shall avoid specifying the
domain in the subindices for the norms’ notation. Further, for the sake of simplicity
in the formulations to come, we define the following operators:

— The bilinear, continuous and coercive forms
aVe V() x V() 5 R
(@5, 8°) = oV (0, %) = /Q AR g (62)es, (6°)da°,
a®%: 5(02°) x S(2°) - R
(67,9 S 0%) = [ Redspdsitas
where AVkLE = 351 6kl 4 12 (67767 4 57 57%) denotes the elasticity fourth-order

tensor.
— The continuous form

E8(2°) x V() - R
(65,6 > (60 = [ GR(33° +207)6° 0 (67"
— The functional J(-) is defined a.e. in (0,7T) as

(Fw.e)= [ fewis d:i€+/ RREyeEdle, VT e V().

Ve e
2 N

where we use the notation for a duality pair (-,-) in V/(£2°) x V(£2¢), and
similarly,

(@)= [ Foea v es@).
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Then, it is straightforward to obtain the following variational formulation:
Problem 2 Find a pair ¢ — (a°(&°,t),0°(2,1)) of [0,T] — V(02°) x S(£2°) veri-
fying

5 <uv> +adE @8, 6°) — < (9°,5°) = <f5(t)7i:8> Vo© € V(9F), ae. in (0,T),
(2)
5 (0°,6°) + %5 (0%, 6°) 4+ (87, 8%) = (Q°(1), &) ¥o© € S(°), ae. in (0,7),
3)
with @(-,0) = @°(-,0) = 0 and 9°(-,0) = 0.

In favour of simplicity, we are going to assume that the different parameters
of the problem (thermal conductivity, thermal dilatation, specific heat coefficient,
mass density, Lamé coefficients) are constants.

Theorem 1 Let us assume that
Foe H'Y(0,T;[L*(2°)]),
h" e H?(0,T;[L*(I5)]%), and A" (-,0) = 0,
¢ € HY(0,T; L?(2¢)).
Then, there exists a unique pair (4 (x,t), 9% (&, t)) solution to Problem [ such that
e L(0,T;V(02°))
@ € L™®(0,T; [L3(2°)])%) N L(0,T; V(£2¢)), (4)
u® € L(0,T; V' (2°)) N L>(0,T; [L*(27))®),

()

0% € L(0,T; L*(£2°)) N L2(0, T; S(£29)),
9° € L>(0,T; L2(£2°)) N L2(0,T; S(£29)).

Remark 2 The regularity results in ([@k) and (Bb) imply that the duality products

involving ¢ and ¥ in (@) and (3) are actually the usual inner products in L?(£2°).

The proof can be derived, for example, by following [15] p. 359] or [I1]. We provide
below an alternative proof by following the Faedo-Galerkin method.

Proof Let {w;};2, and {§;};2; be two sequences of functions such that

w; € V(OF) Vi,

wWi,...,Wm are orthonormal functionsand V,, = (w1,...,wm), Ym 6)
V()= | Vi
m>1

8; € S(QE) Vi,
$1,...,8m are orthonormal functions and Sp = ($1,...,8m), Vm )

S(2°) = | Sm-

m>1

The approximated solutions (4™, 9™) are defined by the following problem:
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Problem 3 Find the functions @™ : [0,T] — Vi, and 9™: [0,T] — Sy, in the form
m
A" (@,t) =y ul(t)iwi(a),
i=1

0" (@,t) = > 07 (1)5:(),

1=1
such that
i <umvm> Fave @™, 8™ — (™, 5™) = <j6(t)7i;m>7 VO™ € Vin, (8)
B (07 @™ ) +a @G + (@A) = (@0, 8™) . VP ESm, (9)
with the initial conditions
@™(0) =u"(0)=0, J™(0)=0. (10)

Finding a solution for Problem [3]is equivalent to solving a first order differential
equation system

Z(t) =F(t,Z), Z(0)=o0.

where Z(t) = (v1"(t),. ., vm (t), ul" (t),. ., um (8), 97" (1), ..., Im(t)), with v (t) =
u;” (t). The Picard-Lindeloff theorem gives a unique absolutely continuous solution
in an interval [0, ¢;,] which depends on the supreme of function F (which does not
depend on time). Then, being the functions F; uniformly Lipschitz in the variable
Z, if we prove that the solution Z(t) is bounded, we can extend the solution to the
whole interval [0,T].

Now the goal is to obtain estimations in appropriate normed spaces for @', wm

I

9™ and 9. )
We can take 9™ = 4™ € Vi, and ¢ = 9™ € Sy, in ), (@) respectively, and
adding both equations we have that
/38 <ﬁm7ﬁm> + CLV’E(ﬁm,’l;Lm) + Bs <1§m71§m> _’_aS,s(@m’ém)
= (FF@,am) + (@@, 0m),
or equivalently

L el s e+

mt)\z} S (im,9m) .
- <f5(t)7ﬁm> + <Q5(t),1§m> .

Notice that we shall use the notation | - |o for a (vector or scalar) L? norm. The
same applies for ||-||1 to denote a H' norm. Integrating in [0, t], taking into account
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@), the coercivity of a"**, @<, integrating by parts the term in IS and using
Korn’s inequality we get

AE

F am ()|, + 67

ﬁ’"(t)‘ZJrC
< /Ot{\f(s)

Above and in what follows, C,C denote positive constants whose specific value
may change from line to line, only depending on data. Next, applying Young’s
inequality to each term in the right side in (I2) and the continuity of the trace
operator, yields that

ém(t)‘z + icé/ot 7 cs) st

he(s)

u™(s)

a°(3)], [0 (5)

}ds.
0

(12)

+
0

" (s)]y pe +

0 0,15

. 2 R 2 o 2
Amt) 0" ()] ‘ﬁmt) /Hﬁm d
wn @)+ e @l ]+ e s
: - [t(. 2 2 (13)
gc(fiif,(fnc/ {'&m(s) + ﬁM(s)|ﬁ+‘v§m(s) }ds,
0 0 0
which, applying Gronwall’s Lemma, gives
. 2 A 2 ~E A ~
W] +am @y + | <o E) T vme )
0 0

from where,
@™ e L(0,T,[L3(2°)]%), O™ € L™=(0,T,L*(£2)), @™ € L*(0,T,V(£)).
Further, going back to (I3]), we have
9™ e L*(0,T,S(2)).
Note that all the estimates are independent of m. Then

{@™}, is a bounded subset of L>(0,T, V(2°)), (15)
{ﬁm} is a bounded subset of L°°(0,T,[L?(£2°)]?), (16)
m

{@m} is a bounded subset of L% (0,T,L*(£2°)) and L*(0,T;S(£2°)). (17)

We now add equations (§) and (@) and write the result at times ¢t + h, with
h>0and 0 <t <T — h, then subtract the resulting equations to get:

5 <ii;"(t +h) - é;"(t),@m £ a S (@™ (4 h) — @), 8™) — @™ (E + B) — I™(E), &™)
5 (97 e+ ) = (1), ™)
+a® (@M (4 h) = 9T (E), ¢™) + (¢ W (E+ h) — 2T (1))
= [ e n = e+ [ G =B ar [ e - e it

V'ﬁm S ‘/vm7 V@m S Sm, a.e. in (O,T)

5
N



8 M.T. Cao-Rial et al.

Next we take 9™ = @™ (t + h) — w"(t) € Vi and ¢ = 0™ (t + h) — 9™ (t) € Sm to
obtain

5 <ii;"(t S R) — AT), A (¢ 4 h) — a;"(t)> +aV (@™ (t+ h) — @™ (), @ (E+ h) — a™ (1))
+ 5 <ém(t FR) — 9™ (), §™(t + h) — IE) )+ @S+ B) = 9 (0), 07 (¢ + h) — 97 (1)
= [ ) = P ) = GOV [ ) = S O)E ) - i 0) dr
+ / (G4 h) =G @)™t + h) — ™ (t)) di°.
QE
Integrating in time in [0, t] we get:

W) -] - 2 [ - i o)

1.c
§P

gV @ B) AT, AT B) — 67 (1)) — ga S @ () — 7 (0), 47 (h) — ™ (0)

+ % /QE BE@D™(t + h) — 0™ (1))di — %/QE BE (D™ (h) — 9™ (0))2dz*
t
4 [ S ) = 570,07 ) =0 1))
t ) " ) )
= [ [P0 = P+ m i) dsar
0 Je
t . » ‘ ' )
[ ) = ) ) = ) d
[ ] @ n) = @)+ ) = 57 0) i

Now, dividing the equation by h? and having in mind ([d), we can take limits
when h — 07 to have

)], + el @m0, 47 (0) - eV 0), 4 (0))

amw|” = L
o 27 2

g
bl
1 he s am 2 j~E 1 he [ am 2 jnE K S,e Am Am

+§/ﬁsﬂ (9™ (1))%di -5/(}55 (9™ (0))%d +/O QS (), 9™ (1) dr

t . t . t .
= / fUE(r)al (r) ditdr + / / RYE ()il (r) dl dr + / / & (r)0™ (r) dadr.
0 Jae 0 JIg 0 Jae
(18)

Integrating by parts the term on ffv above and applying Young’s inequality, we
get

. . . ~ be ~ X t X
SRR — 5™ (0) + [ O + B0 — 9™ (0)3 + / 17 (r) | 2dr

2 N o t . . X
<O i) € [ @+ 1 I+ 157 ) (19)
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In order to obtain bounds for |&™ (0)|2 and |1§m(0)|3 we first notice that equations
@) and @) hold for ¢ = 0 due to the compatibility required between initial and
boundary conditions. Therefore, taking ¢t = 0 and o™ = @"*(0) € Vi in ([®) and

@™ = 9™(0) € Sm in (@), taking into account the initial conditions, and using
Young’s inequality, we obtain

FEmOR = [ PO+ [ i )iro) a < o+ sim o),
0 rs

FImOR = [ FOIM 0 <10+ 8im o,
2

where 6, and & are sufficiently small positive constants. Next, applying Korn’s

inequality and Gronwall’s lemma in (I9]) we find

@™ (@) + [[u™ @)y + [0 (1)) < C.

Again, all the estimates are independent of m. Then,

{ﬁm} is a bounded subset of L>(0, T,V (£27)), (20)
{ﬁm} is a bounded subset of L (0, T, [L*(£2)]?), (21)
{ém} is a bounded subset of L (0, T, L*(£2°)). (22)

Observe that ([I5)-(T7) and 20)—(22) imply that there exists subsequences of @™

and 9™, also denoted by @™ and 9™, and there exist elements @, &%, u°, 9%, J°
such that

@™ =4 i L%(0,T;V(29)), (23)
Wt A i L0, 75 [L2(2°)°) N L0, 75 V(2F), (24)
™ —— @ inL°(0,T; [L2(2°)]%), (25)
O™ S BT L (0,75 LA (7)) N L (0,75 S(27)), (26)
i L 9 inL(0,T; L2(£F)). (27)

(28)

Consider now o™ = w; and ¢"" = §; in equations (8) and (@) fixed:
5 (g ) + oV @ o) — (07 ) = (7 (1), ) (29)
(97, 55) + %2 @™, 85) + ¢ (35, 4™) = (QF(1), ) (30)
Observe that [23)) and ([24) imply that

aVf (@™ ) — oV (4 ;) and (5, w™) = (5, 1) in L(0,T).
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Analogously, from (26) we can state that
aS’E(ﬁm,si) — aS’E(ég,si) and cs(ﬁm,ﬁfj) — c€(1§€,fuj) in L°°(0,7).
Now, from (23] and ([21) we have:
<&im,ﬁ;j> = (@™ dv) = (45,10;) and (9, s;) = (97,5,) > (0°,s;)  in L=(0,T).
Then, we can take m — oo in (Z9)—([B0) obtaining that
PE(E ;) + Vo (4 b)) — ¢ (0F, ) = <j5(t),1§)j>, in L(0,T),Vj > 1,
31)

(9, 8:) + a% (0, 5)) + & (&°, 8) = <Q5(t),§i>7 in L(0,T), Vi > 1.
(32)

Besides, since the initial conditions ([I0Q]) are null, it is trivial that, when m — oo,
the limit functions have null initial conditions as well, which completes the proof
for the existence and regularity of the solutions. We focus now on proving the
uniqueness.

Let us assume that there exist two solutions {&*', 951} and {a5?, 952} for
Problem 2 Let us define w® = 45! — 42 and ¢° = 95! — 952, Now, we consider
equations @) (@) at time ¢ for {a5? 95}, take as test function ©° = w*(t) and
$° = ¢°(t) for both i = 1 and 7 = 2, and subtract the resulting equations to find:

/A " ()W (1)di® + a¥f (w (1), wF (1)) — ¢ (67 (1), " () = 0
e

/@ B O+ a5 (6 (1), 6 (1)) + € (60, 65 (1)) =0, ae. in (0,7).
Adding these last two equations we have

/Q T (£)o" (1)di" + a" " (w (t), w (t))

+ [ BT ()7 ()it + = (¢°(1),6° (1) =0, a.e. in (0, 7).
(¢

Integrating in [0,¢], and taking into account the initial conditions we obtain:

t
Bl ()15 + [lw (D115 + B%lo° (1)15 + / a¥(¢°(r),¢°(r))dr =0, a.e. in (0,7),
0

from where one easily deduce that w® = 0 and ¢° = 0. O
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3 A three-dimensional dynamic problem for thermoelastic shells

In this section we consider the particular case when the deformable body is, in
fact, a shell. We first provide key notations and some preliminary results in a
summarised form. The interested reader can consult [§] and [19] for a more detailed
exposition.

Let w be a bounded domain of R?, with a Lipschitz-continuous boundary v =
Ow. Let y = (ya) be a generic point of its closure @ and let d, denote the partial
derivative with respect to yo. Above and in what follows, Greek indices take their
values in the set {1,2}, whereas Latin indices do it in the set {1,2,3}. We will
use summation convention on repeated indices. Let 8 € C?(@;R?) be an injective
mapping such that the two vectors an(y) := 9a0(y) are linearly independent.
These vectors form the covariant basis of the tangent plane to the surface S := 0(®)
at the point 6(y). We also consider the two vectors a®(y) of the same tangent plane
defined by the relations a”(y)-ag(y) = 03, that constitute its contravariant basis.
We define (1) A as(y)

3 o al\y a2y
) =W ) Aas )]

the unit normal vector to S at the point 6(y), where A denotes vector product in
R3. We can define the first fundamental form, given as metric tensor, in covariant
or contravariant components, respectively, by ang = aq - ag, a®? = a® . dP.
The second fundamental form, given as curvature tensor, in covariant or mixed
components, respectively, is given by b,z := a®. Jgaa, bg = adP7. boa, and the
Christoffel symbols of the surface S as I'j5 := a” - gaq. The area element along
S is v/ady where a := det(aqg).

We define the three-dimensional domain 2° := w x (—¢,¢) and its boundary
I'® = 992°. We also define the following parts of the boundary, I'y := w x {e} (it
could also be the lower face or the union of both), I'j := o x [—¢, €], where 7o C 7.
Let ° = (25) be a generic point of 2° and let 95 denote the partial derivative
with respect to x5. Note that 2§ = ya and 95 = da. Let @ : 2° — R? be the
mapping defined by

O(zf) := 0(y) + 25a3(y) Va© = (y,25) = (y1,y2,73) € 2°. (33)

By identifying 2° = @(Q2°), I'* = @(I'%), I§ = O(IF), etc. we cast this setting
into the more general three dimensional framework of the preceding section, as a
particular case. Further, in [8, Th. 3.1-1] it is shown that if the injective mapping
0 : @ — R3 is smooth enough, the mapping @ : 2° — R? is also injective for
e > 0 small enough and the vectors g5 (z®) := 9;©@(x°) are linearly independent.
Therefore, the three vectors gj(z®) form the covariant basis at the point ©(z®)
and g¢(xf) defined by the relations g** - g5 = 5; form the contravariant basis at
the point ©(z®). The covariant and contravariant components of the metric tensor
are defined, respectively, as g;; := g - g5, g = ghe.glE, and Christoffel symbols
as Fi’}’a := g"° - 9; g5. The volume element in the set @(£2°) is \/¢g°dz® and the
surface element in @(I'°) is /g=dI'® where ¢° := det(g;;).

We now define the corresponding contravariant components in curvilinear co-
ordinates for the applied forces densities:

fi’s(ﬁzs)éi dz® =: fi’s(ms)gf(ms) g°(x€) dx®, ﬁi’e(ﬁzs)éidfs =: hi’s(ms)gf(ms)mcﬂf,
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and the covariant components in curvilinear coordinates for the displacements
field:
o (&%) = 45 (2°)e" =: uj (z)g"° (=), with 2° = O(x°).

Remark 8 Notice that forces above depend also on the time variable ¢ € [0,T],
but we decided to keep it implicit for the sake of readiness, since the subject of
the change of variable is the spatial component. The same comment applies in a
number of situations below.

We also define 9 (2°) := 9°(&°) and ¢°(2f) := ¢°(&°).
Let us define the spaces,

V(%) = {v° = (vf) € [H'(2°)]%0° =0 on IG5}, S(2°) ={¢° € H'(2°);¢° =0 on I5}.

Both are real Hilbert spaces with the induced inner product of [H'(£2°)]¢, d €
{1,3}. The corresponding norm is denoted by ||-||; - in both cases, since no con-
fusion is possible. With these definitions it is strziightforward to derive from the
Problem 2] the following variational problem (see [§] for the case in linear elasticity
and use similar arguments):

Problem 4 Find a pair t — (u®(2®,t),9°(2%,¢)) of [0,T] — V(£2°) x S(£2°) veri-
fying

/Ep(uggaﬁevﬂ+u§v§)\/g—gdx€+/ ATEEE ey (u) el (v°) /g7da®
= [ (3N 200 501" €50 (0%) VP
=/ Frevi/grdat +/ h"Suf\/gfdl®  Yo© € V(£2°), a.e. in (0,7),
QE

BE°p%Vg7da® + / k(930797 05° + 050°05¢%) /g da
ne

Qe
@A 2 el ()97 + () Vi e®
:/r ¢C9°\gFdat YT € S(02°), ae. in (0,T),
with ¢ (-,0) = u*(-,0) = 0 and 9°(-,0) = 0.
Above, AWFLE = pgdikle — ARG ¢ 1) defined by
ATRLE ) gide ke | ikie gbe | gibe pikiey (34)

represent the contravariant components of the three-dimensional elasticity tensor,
and the functions e ;(v®) = €f;(v°) € L?(£2) that represent the covariant com-

ponents of the linearized change of metric tensor, or strain tensor, are defined
by

1
efj); (v°) i= 5 (950% + 97vj) — I3 vy,
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for all v° € [H'(02°)]3, where 9 denotes partial derivative with respect to 5. Note
that the following simplifications are verified,

[ =T =0in Q°F, AP7% = 423332 — g in OF, (35)
as a consequence of the definition of @ in ([B3]). The definitions of the fourth order

tensor (34) imply that (see [8, Theorem 1.8-1]) for € > 0 small enough, there exists
a constant Ce > 0, independent of ¢, such that,

D i [* < Ce AR (@) bt (36)
2%

for all % € 2° and all t = (1;;) € S* (vector space of 3x 3 real symmetric matrices).

Remark 4 We recall that the vector field u® = (uf) : 2° x [0,T] — R? solution of
Problem @ has to be interpreted conveniently. The functions u$ : 2° x [0,T] — R?
are the covariant, time dependent, components of the “true” displacements field

uc = ufgi’s :02° x [0,T] — R3.

For convenience, we consider a reference domain independent of the small pa-
rameter e. Hence, let us define the three-dimensional domain 2 := w x (—1,1) and
its boundary I" = 9£2. We also define the following parts of the boundary,

I'y:=wx {1}, To:=n x[-1,1].
Let & = (21,22, 23) be a generic point in £2 and we consider the notation 9; for the

partial derivative with respect to z;. We define the projection map 7 : 2 — 2°,
such that

7% (x) = 2 = (2§) = (21,25, 23) = (21, 22, c23) € 2°,
hence, 05 = 0o and 95 = %83. We consider the displacements related scaled
unknown u(e) = (u;(e)) : 2 x [0,7] — R3 and the scaled vector fields v = (v;) :
2 — R? defined as

ui (2°) =: ui(e) () and vf (%) =: v;(z) Yz € 2, =° = 7°(z) € °.

Besides, we define the scaled temperature 9(¢) : 2 x [0,T] — R defined as

9(e)(x) :=9°(x°) Va € 2, where z° = n°(x) € 02°.
For the sake of simplicity, from now on, we are going to assume that the different
parameters of the problem (thermal conductivity, thermal dilatation, specific heat
coefficient, mass density, Lamé coefficients) are all independent of e. Also, let the
functions, 1"1.’;"8,g5,A”kl’E be associated with the functions I'(¢), g(e), AR (),

defined by

Ff;(z-:)(a:) = Fg’a(ms), gle)(x) := ¢ (x°), Aijkl(g)(m) — Az‘jlcl,s(ws)7
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for all z € 2, ° = 7°(x) € 2°. For all v = (v;) € [H!(£2)]3, let there be associated
the scaled linearized strains (e;)|;(e)(v)) € [L?(£2)]355, which we also denote as
(e4)5(g5v)), defined by

1

eq|p(e;v) = 5(851;& + Oavg) — Fgﬂ(s)vp, (37)
1,1

eq|3(eiv) = §(g53va + 0avs) — I'¥5(e)vp, (38)
1

e3||3(z-:;v) = gagvg. (39)

Note that with these definitions it is verified that

&)1 (07) (7 (@) = e (5 v) () Vo € 2.

Remark 5 The functions Fip} (g),g(e), A9* () converge in C°(£2) when & tends to
zero.

Remark 6 When we consider e = 0 the functions will be defined with respect toy €
@. Notice the singularities in (B8)) and ([B9)) for that case. We shall distinguish the
three-dimensional Christoffel symbols from the two-dimensional ones associated
to S by using I'75(e) and I'jg, respectively.

In |8 Theorem 3.3-2] we find an important result which shows that under suitable
regularity conditions, take for example 8 € C?(w;R?), there exists an g9 > 0 such
that Aijkl(z-:) is positive-definite, uniformly with respect to € 2 and ¢, provided
that 0 < & < ¢. Further, the asymptotic behavior of A¥*!(¢) is detailed. Indeed,
it is satisfied that

AR () = ATR0) + O(e) and A*P73(e) = A*333(¢) = 0,
for all e, 0 < ¢ < &g, and
AYPOT(0) = Xa®Pa® 4 w(a®dPT + a®Td?7), AP (0) = A, (40)
A%373(0) = pa®?,  ABB0) = A4 2u, APT3(0) = A*3B(0)=0.  (41)

Moreover, and related with (36, there exists a constant C. > 0, independent of
the variables and e, such that

St < Ce A (&) (@)t (42)
]

foralle, 0 < e <eo, for all z € 2 and all t = (t;;) € S°.

Notice that the limits are functions of y € @ only, that is, independent of
the transversal variable 3. We also recall [8, Theorem 3.3-1], which provides the
asymptotic behavior of Christoffel’s symbols I/ (e), g () and g(e). Indeed, if

0 € C3(w; R?), then
Igs(e) = i —ewsbjla + O(%), 93TL4(e) = O(e), Tas(e) = () =0, (43)
I35(2) = bag — cx3blbos,  I[93(c) = —b3 — ex3bab? + O(e?), (44)
9%P(e) = a®P + 2e23a%7bE + O(?), () =6, g(e) =a+ O(e), (45)
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for all £, 0 < € < g9, where the order symbols O(e) and O(e?) are meant with
respect to the norm |||y ., o defined by

[wllo,00,02 = sup{lw(x)]; = € 2},
and the covariant derivatives b3|a are defined by
b3la 1= 0abf + I'arbj — I'hgbT.

The functions byg, b3, I'ng,b3la and a are identified with functions in c°(2). Fur-
ther, there exist constants ag, go and g1 such that

0 <ao <a(y) Vy € o,
0<go<gle)(x)<gr1VreRandVe0<e<e. (46)

Let the scaled heat source g(e) : £2 x (0,7) — R and scaled applied forces f(e) :
2% (0,T) = R3 and h(e) : I'y x (0,T) — R? be defined by

¢ (z°) =: q(e)(x) vz € 2, where z° = 7°(x) € 2°,

FE= (") (@) =: f(e) = (f(e))(®) Va € 2, where 2° = 7°(z) € 02°,

he = (h"%)(x°) =: h(c) = (h'(e))(x) Va € I'y, where o = n°(x) € I'.
Also, we define the spaces
V(02)={v=(v;) € [H'(2)]*;v=00n Iy}, S(2)={peH (2);0=0o0n Iy},

which are Hilbert spaces, with associated norms denoted by ||-||; . The scaled
variational problem can then be written as follows:

Problem 5 Find apairt — (u(e)(x,t),9(e)(x, 1)) of [0,T] — V(2)xS(£2) verifying
/ pliia(£)g* ()vg + iis(e)vs) Vg (€) dl’+/ AT (@)ey i ule) ey (550) V(o) da
2 [0}
- /Q ar(3X+ 21)9(e)(eq) 5(s; v)gaﬁ(z-:) + 63”3(6; v))\/g(e)dz
= /in(s)vi\/g(s)dx—l— %/ K ()vi/g(e)dI” Vv € V(£2), a.e. in (0,T), (47)

I'n

[ B0@eVaEs + [ k0ai(e)s™ (950 + Z5059(6)05¢) a(E
+ /Q ot (3X+ 2)p(eq) 5(55 i6(2)) g (2) + €333 w(e))) Vg (e)da
= /Q q(e)p/g(e)dz Yo e S(2), ae. in (0,T), (48)

with 4(e)(-,0) = u(e)(-,0) = 0 and 9(¢)(-,0) = 0.

Remark 7 Notice that the time-dependent version of the linearized strain tensor
above is well posed when we define

€| (&5 u(e))(t) = e (e5 u(e)(¢))-

See for example [I7]. Further, as commented earlier, we usually omit the explicit
time dependence for the sake of a shorter notation.
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Remark 8 The unique solvability of Problem [B] for € > 0 small enough is similar to
Problem (] and the regularity obtained for the solutions is analogue. In particular,
we find u(e)(-,¢) € V(2) and 9(e)(-,t) € S(2) a.e. in (0,T).

We now present some additional results which will be used in the next section. In
[8, Theorem 3.4-1], we find the following useful result:

Theorem 2 Let w be a domain in R? with boundary v, let 2 = w x (—=1,1), and let
g € LP(2), p> 1, be a function such that

/ g0svdx =0, for all v € C*°(2) with v =10 on v x [—-1,1].
2

Then g =0 a.e in 2.

We provide here, as a standalone theorem, a result which can be found inside
the proof of [8, Theorem 4.4-1].

Theorem 3 Let X(2) := {v € L?(2); d3v € L*(2)} (d3v being a derivative in the
sense of distributions). Then, the trace v(-, z) of any function v € X (£2) is well defined
as a function in L*(w) for all z € [~1,1] and the trace operator defined in this fashion
is continuous. In particular, there exists a constant cy > 0 such that

1/2
2 2
ol gy < 1 (ol +105013.0)

for allv € X(£2). As consequence there exists a constant cag > 0 such that

1/2

V3]l L2y < 2 | D leiji(siv)lE.0 Vv € V(£2). (49)
4,

4 Formal asymptotic analysis

In this section we briefly describe the formal procedure to identify possible two-
dimensional limit problems, depending on the geometry of the middle surface,
the set where the boundary conditions are given, the order of the applied forces
(the procedure is described in detail in [§] for elastic shells in the static case). We
consider scaled applied forces and heat source of the form

FE) (@) ="M (@), q(e)(@) =g (@) Vo € 2, h(e)(z) = "R () Vo € Iy,

where m is an integer number that will show the order of the volume, heat source
and surface forces, respectively. We substitute in (47) to obtain the following prob-
lem:
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Problem 6 Find a pairt — (u(c)(x, t), 9(e) () of [0, T] — V(£2)x S(£2) verifying
[ Zp(iia(s)gaﬁ(s)vg + iz (e)v3)\/g(e) da + / AT (e)egy (e u(e) ey (g5 0) /g (e)da
-/Q ar (33 + 2)0(e) (ea) 5(6 2)9°P (€) + e31j3(&5 ) Vo)
= /Qsmfi’mvi\/@d:v—l—/m] ety /g(e)dD Yo € V(£2), a.e. in (0,T),

(50)
| B@eValEs + [ k0aie)s™ (050 + Z3059(6)05) a(E
+ [ (3 2upleaale: ie)a” () + egale (=) alEYa

= /Qz—:mqmtp Vg(e)dr Ve e S(2), ae. in (0,T), (51)

with 4(e)(-,0) = u(e)(,0) = 0 and J(e)(-,0) = 0.

Assume that 8 € C*(w;R?) and that the scaled unknowns wu(e), 9¥(¢) admit
asymptotic expansions of the form

u(e) =u’ 4 eu' +%u* + ..., (52)
I(e) =0 + et + 297 + ...

where u® € V(2), u? € [H'(2)]3, 9° € S(2), ¥/ € H'(£2), j > 1. The assumption
(B2)) implies an asymptotic expansion of the scaled linear strain as follows

el (e) = ey (e ule)) = le_

1 0
2%l T €l +eeqy; +eveg); + e +
where,
1
€alls = 0; Callp = —(aﬁug + Oaug) — I'gug — bapus,
6a||3 - 5831141; 63”3 = (a3ua + aau3) + baua7

1 0
p— 0 P
€303 J3u3, s = O3ud,

1
€al|s = —(aﬂué +0aup) — [ogus — bapuz + w3 (b quo + babesus),

€i||3 = (83ua + Baud) + bub + z3b5b7ul,

1
63”3 = 83U3.

Besides, the functions ez-Hj(s; v) admit the following expansion,

1 _
e;i(esv) = geiw(v) + elllj(v) + ae%Hj(v) + ..
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where,
1 1
ea||ﬁ(v) = O: egllﬁ(v) = 5(831@ + 8avﬁ) — Fgﬁva — ba5v37
1 o 1 1
eaug,(v) - 5831/047 egHS(U) = §aav3 + bg”Ua',
—1
€3)|3(v) = s, e3)j3(v) =0,

e(lluﬁ(v) = xgbgmvg —|— :E3bgb051)3,
ei||3(v) = 230405 Vo,

1
63\\3(”) =0.

Upon substitution on (B0) and (&Il), we proceed to characterize the terms involved
in the asymptotic expansions by considering different values for m and grouping
terms of the same order. In this way, taking in (B0) the order m = —2 and particular
cases of test functions, we reason that =2 = h™! = 0, which leads to dsu’ = 0.
From (GBIJ), we reason that ¢ 2 = 0 and find that 830° = 0. Thus the zeroth
order terms of both unknowns would be independent of the transversal variable
x3. Particularly, u° can be identified with a function £° € V(w), and 9° can be
identified with a function ¢° € S(w) where

V(w):={n=(m) € [H @)]%n=00n} Sw):={peH (@);e=0onnr}

Taking m = —1, and using particular cases of test functions, we reason that £~ =
h® = 0 and we find that

oz =0, el s+ (A +2m)ed) 3 = ar(BA+21)9°,  ed)ip = Tas ("),

where L
Yap (1) 3= 5(9pma + dang) — Iagne — basns, (53)

denote the covariant components of the linearized change of metric tensor asso-
ciated with a displacement field n;a’ of the surface S. From (GI) we reason that
q_1 =0 and find that 939" = 0.

Having these results in mind, for m = 0, developing Aijkl(O) and taking v =
n € V(w) and ¢ € S(w) leads to the following two-dimensional problem, to which
we shall refer as thermoelastic membrane problem:

Problem 7 Find a pair t — (£°(y,t),¢%(y,t)) of [0,7] — V(w) x S(w) verifying

arn(3A+ 2u)

2//)("0@“[377 +€'§n3)x/5dy+/
[ ases B A+ 2p

w

CLQﬁUT’YJT (50)'}/&,8 (77) \/ady - 4/
= / F"%/ady o= (n;) € V(w), a.e. in (0,T),

2 2
2 B8+ o (A +20)7 Covady + 2 k@aCOaaﬁGBga\/Edy
w At 2u w

arp(3) +2 ;0 i
+4/ %Waﬁmﬁ(ﬁ )Vady = / Q"pvady Ve € S(w), ae. in (0,7),
; I w

with €°(-,0) = €°(-,0) = 0 and ¢°(-,0) = 0.

¢°a®Py,5(n)Vady
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Above, we have introduced F*0 := f_ll fi’odngrhé{,l, with h?vl() = hb1(-,+1), and

Q0 = f_ll ¢"dzs. Also, a®?°7 denotes the contravariant components of the fourth
order two-dimensional elasticity tensor, defined as follows:

aaﬁa‘r — %aaﬁaa‘r _’_QH(aaaaﬁ‘r_'_aa‘raﬁo'). (54)
The problem above will be analyzed in more detail in the following section. There,
we shall study the existence and uniqueness of solution under additional hypothe-
ses of geometric nature and a more suitable set of functional spaces, and provide
a rigorous convergence result. To that end, the following ellipticity result for the
elasticity tensor will be used. There exists a constant c. > 0 independent of the
variables and e, such that

Z |taﬂ|2 < ceaaﬂUT(y)thtaﬂ, (55)
a,B

for all y € @ and all t = (t,5) € S* (vector space of 2 x 2 real symmetric matrices).

5 Elliptic membrane case. Convergence

In what follows, we assume that the family of three-dimensional linearly thermoe-
lastic shells consist of elliptic membrane shells, that is, the middle surface of the
shell S is uniformly elliptic and the boundary condition of place is considered on
the whole lateral face of the shell, that is, vo = . Further, from the formal asymp-
totic analysis made in the preceding section, we assume the hypotheses which led
to Problem [1 namely,

fe) (@) = £ x), q(e)(x) = °(x) V& € 2, h(e)(x) = ch'(z) V& € I'y.

Since there is no possible ambiguity, in what follows we drop the superindices
indicating the order of the different functions.

We also recall that for elliptic membranes it is verified the following two-
dimensional Korn’s type inequality (see, for example, [8, Theorem 2.7-3]): there
exists a constant ¢y = cpr(w,0) > 0 such that

1/2

1/2
(Znnaniwﬂwaw) e [ D hasMiBe |  YmeVu(w),  (56)
« a,B

where
Vi (w) := Ho(w) x Hp(w) x L*(w),

is the right space for the well-posedness of Problem [ In this section and in the
sequel, C' represents a positive generic constant whose specific value may change
from line to line, independent of £ and the unknowns. Besides, for the sake of
simplicity, we assume that all the parameters involved are constant. Also, the
notation v stands for the average on 3, i.e., v := % f_ll v(z3)dxs.

To favour a clearer exposition, let us reformulate Problem [7
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Problem 8 Find a pair t — (&(y,t),((y,t)) of [0,7] = Vis(w) x HE(w) verifying

2/ p(éaa®’ns + Esns)vVady + / a7 Yo7 () vap(m) Vady — 4 / WCM Yo (n)/ady
- / Finiady Wn = (m) € Var (@), a.e. in (0,T), (57)
2 2
2 | <ﬁ+ %) ovady+2 [ k9o D ady

3A+2 o ; .
+4/ %2”“)90@ ﬂfyaﬁ(g)\/ady:/QQO\/ady Vo € Hj(w), a.e. in (0,T),
(58)

with £(-,0) = £(-,0) = 0 and ¢(-,0) = 0.

Above, we have used F' := fi1 fldzs + By with hi(-) = h¥(-,+1) and Q :=

fi1 qdzs. The following shows that there is a unique solution for this problem.

Theorem 4 Let w be a domain in R?, let 6 € CQ(D;R‘?’) be an injective mapping
such that the two vectors aa = 0a0 are linearly independent at all points of iw. Let fi
and q € HY(0,T; L?(12)), h* € H%(0,T; L*(I'y)). Then the Problem[8, has a unique
solution (&,¢) such that

£e L®(0,T; Var(w)), &€ L(0,T; [L*(w)]®) N L=(0,T; Vas(w)), € € L(0,T; [L*(w)]?),
¢ e L%(0,T; L*(w)) N L*(0,T; Hy(w)), ¢ e L°(0,T; L (w)) N L2 (0,T; Hy (w)).

Like in Theorem [Il we can cast this problem into the setting of problems solved
in [II] or [I5, p. 359], for example. Yet again, we provide an alternative proof by
using the Faedo-Galerkin method.

Proof. Like in Theorem [I we will use a Faedo-Galerkin approach to prove the
existence part. Then, a proof by contradiction will show uniqueness.

Ezistence: Since Vjs(w) is a separable space, there exists a countable base
{v™} C Vi (w) such that

Vu(w) = U Vin, where Vi, = span{v’,v?,... v}
m>1

Similarly, there exists a countable base {x"} C H}(w) such that

Hj(w) = U Spm, where Sy = span{x', x>, ..., x"}.
m>1

We now formulate Problem [§ for the finite dimensional subspaces:
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Problem 9 Find a pair ¢ — (€™ (y,t),(™(y,t)) of [0,T] = Vin X Sm verifying

. . aru(3\+ 2
2/ p(EXa®P g +£§”n§”)\/5dy+/ a‘“ﬁ‘”var(ﬁm)waﬂ(nm)x/&dy74/ %ﬂcma“%aﬂ(nm)\/&@
w w w
- / Fin™ady o™ = (") € Vin, V £ € [0,7), (59)
w

2 2
2 B+ M mem\/&dy+2 kaacmaaﬂaﬂgam\/ady
w A+ 2u w

A2 ;
+4/ Wnpmaaﬁmg(ﬁm)\/ﬁdy = / Qe™Vady Vo™ € Sm, ¥ t €[0,T],
(60)
with €"(-,0) = €™(-,0) = 0 and ¢"(-,0) = 0.

Now, the classical theory of systems of ordinary differential equations guarantees
the existence and uniqueness of solution for Problem [@ Taking n™ = ém in (B9)
and ™ = ¢™ in ([@0), adding both expressions and integrating the time variable
in [0,¢] gives

ag(3X +2u)?

t
m 2 m 2
DAY (@ 28 [ 1T

m Loom
A (R + SO+ (54
t
~ [ [ et adyar
0 Jw
t 1 ) t o
[ [ [ reangeadas [ wogevara. o
0 JuJ-1 0 JIn
where we have introduced the following norms:

2., = / (a5 + (n8)2)vady ¥ € [L2(w)),

which is equivalent to the usual norm |-|o ., because of the ellipticity of (a®?) and
the regularity of 6. Also,

mll2., = / 0Py (M) (1) Vady Y € Vag (),
w

which is a norm in V), (w) because of the Korn inequality (56) and the ellipticity
of a®P?7 (see (BH)). Finally,

el = / D Dpipr/ady,
w

which is a norm in Hg(w) equivalent to the usual || - |1, because of the ellipticity
of (ao‘ﬁ ), the regularity of 6 and the Poincaré inequality.

By using the Holder inequality in the right-hand side terms of (€1]), then using
Theorem [J for the terms on I'y followed by the use of Gronwall inequality, we
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obtain that the following weak convergences take place for subsequences indexed
by m as well:

g T i L¥(0,T5Viy(w), €7 =& LY(0. 7 L)), (62)
¢" s Cin (0,75 LA (W), (" ——= ¢ in L*(0,T; Ho (w)), (63)
(64)

Using these convergences back in (59)—(60), we find Problem

We will now prove the additional regularities for €, € and ¢. First, we add
equations (59) and (60) and write the resulting equation at times ¢ =t + h and t,
with h > 0 and 0 < ¢ < T — h. Then subtract these last two equations and take
" =¢&" (1) — €"(t) € Vim and o™ = (™ () — ("™(t) € Sm to obtain

2 / p((Em(E) — E7(0))a™ (E3(F) — £7(1)) + (E () — E(1)) (&' (D) — €5 ())) ady
+ / 0P (€™ (1) — €™ (1)) vas (& (1) — &7 (1)) Vady

_|_

, ( L 0B +2? )(C;n(,g),Cm(t))(gm(f)fgm(t))x/&dy

/w A+ 2p
/w

+
N}

ko (¢ (1) = ¢ (1))a*? 9 (¢ (1) — (1)) Vady

(F'(D) = F'(0)) (" () ~ él”(t))\/ady+/(Q(f)*Q(t))(Cm(f)*Cm(t))\/ady, vi € [0,T —hl,

whichgives

oo~ am T(3X +2p)? m m
GAE" D - O + 5 51€"® - €Ol + (3 TELBD) Siemp - (0

2RI (D) — ()2, = / (Fi(B) — FL(0)) (€7 () — €7 (1)) v/ady
+ / Q) — QU™ (D) — ¢ (1)) Vady, Vi€ [0,T - ).

Next, we integrate in [0,¢] to get

PIE" () &7 ()2 o — pl&" ()~ €7 O o + 1™ () — €™ (1) 2 — 5 1€7 () — €™ (O3

2 2 2 2
+ (o4 BB o) - o - (54 LR i) - )

t t . . . .
+2k/0 lC™ (4 h) — ¢ <r>|||a,wdr:/0 /N<F (r 4 h) — F{() (& (r + h) — €7(r))v/ady dr
t
+ / / (Qr+ ) — Q) (C™(r 4+ h) — ¢ (r))adydr, Vi€ (0,7 hl,
0 w
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and dividing the equation by h? and taking limits when h — 0 we obtain

2 2 t
OLT(3)\+2H) im 2 ‘m 2
L ) e O+ 25 [ 110

ad (3\ + 2u)?
A+ 2p

P (R + 1" O+ (54

t . .
— A" O+ IO+ (54 Y Obo+ [ [ Fo@evamga

t
+ [ [ evaaan, welo)
0 Jw
from which, by Young’s inequality, we obtain

ag(3X +2u)?

oo 1,.m, .o
A O+ 1" O+ (54 TS

t
)|Cm(t)|(2),w+2k /0 1E™ (r) |2, wdr

o 1 .m 283X 4+21)2\ | n

<AE" O+ 1€ O+ (5+ TR ) oy,
t t

+C(f,h,q)+é/ {|ém(r)|37wdr+/ |g'm(r)|g,w}dr, vt €10,7T]. (65)
0 0

In order to obtain bounds for |§m(0)|3w and |g'm(0)|37w we first notice that equa-
tions (BY) and (GQ) hold for ¢ = 0 due to the compatibility required between initial
and boundary conditions. Therefore, taking t = 0 and ™ = ém(O) € Vin in (B9)
and o™ = {™(0) € Sy, in @) and, taking into account the initial conditions, we
obtain

PE™ (O = / P& (0) Vady < 5 + 5" O

(mM) OB = [ @O)Em0) Vady <

~ NP 2
)\_'_2” C+6|C (0)|0,UJ7

S| =

where & and ¢ are sufficiently small positive constants.
Now, back to (63, taking into account the initial conditions and the bounds above
we have

o (3X +2p)?

am o 1,.m, .o
A O+ IR+ (54 TEE

t
)€+ 2 [ 1701
t t
SCJré/ {|ém(r)|awdr+/ |g:m(7‘)|37“,}d7"7 vt e [0,T].
0 0

Next, we use the equivalence between then norms | - |4, and |- |0, and we apply
Gronwall’s Lemma to conclude that

€ (03w + 1" )5 <C, Ve [0,T],

and further

t
1E™ ()20, + 2K / ™) | 2.wdr < C Ve € [0,T).
0
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Therefore, the following weak convergences take place for subsequences still in-
dexed by m.

£ S Em L0 T V(@) €7 S €in (0T [P W)),  (66)
("I Ein L9(0, T 12 (W), €™ —— in L2(0,T; HY (). (67)

Uniqueness: We proceed by contradiction. We first assume that there exist two
solutions (&', ¢1) and (&2, ¢?). Define € = ¢! — €2 and ¢ = ¢! —¢%. Now, take n = £
in the version of (B7) for &' and n = 72 in the version of (B7) for £€2. We then sum
both expresions to find that

2/ p(€aa®Pés +§3§3)\/5dy+/ AP (€)Y (€)Vady — 4/ %ﬂfuaﬂvaﬁ@\/ﬁdy =0.

Similarly, take ¢ = ¢ in the version of (E8) for ¢! and ¢ = —C in the version of
G8) for ¢2. Then, we sum both expresions to find that

T(BA+2u)? = c iy BAN42) - g
2 [ (o SEREEE) G [ rontar oy [ SR i =0

Then, we add both expressions above and integrate with respect to the time vari-
able in [0,¢], to find

- 1= az (3N +2u1)%\ - b
PIEMD e + SIED 0 + (ﬂ + %) (3.0 + 2k / (). dr = 0.
H 0
(68)
We deduce from (68) that € = 0 and ¢ = 0, thus showing uniqueness.
O

Now, we present here the main result of this paper, namely that the scaled
three-dimensional unknowns (u(e),9(g)) converge, as ¢ tends to zero, towards a
limit (w,d) independent of the transversal variable, and that this limit can be
identified with the solution (¢, ¢) of the Problem 8] posed over the two-dimensional
set w.

In what follows, and for the sake of simplicity, we assume that for each ¢ > 0
the initial condition for the scaled linear strain is

€i||j(6)(07') =0, (69)

this is, the domain is on its natural state with no strains on it at the beginning of
the period of observation.

Theorem 5 Assume that 6 € Cg(Q;R3). Consider a family of elastic elliptic shells
with thickness 2e approaching zero and all sharing the same elliptic middle surface
S =0(w). For alle, 0 < e <eq let (u(e),9(g)) be the solution of the associated three-
dimensional scaled Problem [8l for m = 0. Then, there exist functions ¥,ua € HI(Q)
satisfying ¥ = 0, ua =0 on y x [=1,1] and a function uz € L*(2), such that

(a) 9() = 9, ua(e) = ua in H' () and uz(e) — ug in L*(2) whene — 0 a.e. in
(0,T),
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(b) 9 and u = (u;) are independent of the transversal variable x3.

Furthermore, the pair (u,9) can be identified with the solution of Problem [8.

Proof. We follow the structure of the proof given in [8, Theorem 4.4-1] for
the case of elastic elliptic membrane shells. Hence, we shall reference some steps
which apply in the same manner and omit some details. Also, for the sake of
readability we may use the shorter notations e;|;(¢) := e;);(e;u(e)). In addition
to that, all references to (B0) or (BI]) have to be considered as for m = 0 and drop
the superindices. The proof is divided into several parts, numbered from (i) to (v).

(i) A priori boundedness and extraction of weak convergent sequences. For e > 0
sufficiently small, there exist bounded sequences, also indexed by e, and weak
limits as specified below:

ua(e) siﬁ Ua in L0, T; H(2)), wus(e) j\ ug in L>(0,T; L*(2)),

. * .. 00 ) 3 * .
u(e) g, uin L0, T5 [L7(2)]7), €i||j(5) 5 Gilli

in L>(0,T; L*(2)),
* . roo ) .2 )
9(e) - 9 in L7(0,T; L*(2)), 0a9(e) e Yo in L7(0,T; L*(£2)),
e '939(e) —— 93,1 in L*(0,T; L*(12)).
e—0
Moreover, 9,uq =0 on Ip.

For the proof of this step we take v = u(e) in (B0) (see Remark ) and
¢ =9(e) in (BI) and sum both expressions to find

| plia@)a” @ig(e) + is(eVia () Vol o+ | AT EJegule)éay 0Vl
+ [ B0Vl + [ 00 (030(6) + F5099()050()V o

2

:/ fiui(s)\/g(s)dx—l—/ hiui(z-:)\/g(s)dl"—l—/ q9(e) \/g(e)dz. (70)
2 I'n 2
We now introduce the following norms:

ol = [ (s ©us + (Va0 € (@)

which is equivalent to the usual norm |- |y o because of the ellipticity of
(9°”(¢)) and the regularity of ©. Also,

o)), 0 = /Q AT (e (25 v)eq (63 v) Vg (e)dz Yo € V(2),

which is a norm in V(£2) because of the Korn inequality (see [8, Theorem
4.4-1]) and the ellipticity of A" (). Finally,

el = /Q Bapg® (£)050/9(@)dz,

which is a seminorm in S(£2). Because of the uniform ellipticity of the tensors
and matrices involved, and the properties of g(g), we are going to be able to
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use constants independent of ¢ in the estimates below. Indeed, going back to

@), we obtain

pd 2 1d 2 B d 2 2 k 2
g eE)lge).et + 5 lluE)lae), o} + 5 5 {100)0,0} + kN9 g0 + E—2|3319(6)|0,n

:/jmﬁmg@m+/zﬁﬁ%@@w+/mm%@@m
(9] I'n (9]

Integrating in [0, ¢] with respect to the time variable, using the equivalences
mentioned above, together with the uniformity with respect to e of the con-
stants involved in those equivalences, integrating by parts the term with the
tractions h?, using TheoremBland Young’s inequality, we find that there exist
a constant C' > 0 independent of  such that

|7l(€)(t)|c2>,rz+|€i\\j(€)(t)|c2),9+|19(6)(t)|3,n+/0 (|3a19(6)(7‘)|c2),9+E%|3319(€)(7")|3,9)d7'
SC(/O |’1(€)(T)|g,ndr+/o |19(6)(7‘)|c2>,9d1"+/0 les115(2) (M]3, 2dr
+ [t [ a6 adr+ [ b0+ O 1)

Hence, by using Gronwall’s inequality and the three-dimensional Korn’s in-
equality that can be found in [8 Theorem 4.3-1], all the assertions of (i)
follow.

(i) The limits of the scaled unknowns, u;, ¥ found in Step (i) are independent of x3.

The part corresponding to u; is analogous to the Step (i) in [8, Theorem
4.4-1], so we omit it. Regarding 9, its independence on z3 is a consequence
of the boundedness of {¢~*939(¢)}.

(i4i) The limits eq)|; found in (i) are independent of the variable x3. Moreover, they
are related with the limits w := (u;) and 9 by

1
eal|p = Yap(u) = 5(8au5 + 0gua) — Lapuo — bagus,
eaH3 = O, (71)

_ap(3X+2p) A aB
3|3 = X+ 20 - )\+2ua Cal|p-

(72)

Indeed, first considering v = u(e) in B7) and n = w in E3) (par abus de lan-
gage, since u is independent of z3, but actually w € [H*(£2)]? x L?(R2)), taking
into account Step () and the convergences I'75(c) — I'y5 and Fgﬂ (e) = bag
in C%(2) given by ([@3)-(@H), we have that

eal1(6) = 5 (Opua(e) + aus()) — I24()up(e) = oy = Tap(w) in L2(Q) ae. in (0,7).
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Moreover, e, 3 are independent of x3, as a straightforward consequence of
the independence on z3 of u; (Step (i4)). In addition, let v € V(£2). As a
consequence of the definition of the scaled strains in [7)—([39), we find

eeq|p(e5v) = 0in L2(R2),  eeqqs(esv) = %&wa in L?(02),
geg||3(e;v) = d3v3 in LQ(Q), for all e > 0.

Now, for all v € V(£2), in (B0) we can take as test function ev € V(£2). Then,
taking into account (B3]), we have

: /Q pliia(€)g™ ()vs + i ()vs) /() da + € /Q AT () ey (€)ey (6 0) Vo (@)de
- /Q a7 (3A+ 20)9(€) (eea) 5(53 2)9°P (€) + eqy 3 (€3 v)) Vg (@
za/inv“/g(a)dxA

Passing to the limit as ¢ — 0, decomposing Aijkl(e) into the components
with different asymptotic behaviour (see ([@0)—([4I)), the properties of g(e)
(see (6)) and the convergences in Step (i), we obtain the following equality:

/ (Q,uaaaeaugagvg + A+ 2u)63H383v3) Vadx —I—/ )\aaﬁeanﬂagvg\/adx
2 2
:/ ar(3X + 2p)993vsv/ade Vv € V(§2), a.e. in (0,7). (73)
2

By taking particular test functions and using Theorem [2] we deduce ().
Then, we go back to (73) and use again Theorem [l to deduce (72)). The
independence of eg)|3 on z3 is a consequence of this relation, as well.

(iv) We find a limit two-dimensional problem verified by functions w = (u;) and 9.
In particular, since the solution of this problem is unique, the convergences on
Step (i) are verified for the whole families (u(g))e>0 and (9(€))e>0. We have
that w(t) = (u;(t)) € Vas(w) and 9(t) € S(2) a.e. in (0,T).

By using [8, Theorem 4.2-1] (parts (a) and (b)), and Step (ii) we find that
o € Hg(w) and 9 € H}(w). Therefore, @ € Vi;(w) a.e. in (0,T). Now, let
v = (v;) € V() be independent of the variable z3. Then, the asymptotic
behaviour of the functions I'?;(e) and I'f3(e) (see {@3)-(EH)) implies the
following convergences when e — 0 (see B0)—(B9)):

1 .
eanﬁ(s;v) — yag(v) = 5((%1;,3 + dgva) — Fgﬂvg — bapvs in LQ(Q), (74)
1 .
eal3(e;v) = §aav3 +b%ve in L2(12), esjs(s;v) = 0. (75)

Having this in mind, let now v = (v;) € V(£2) be independent of z3 in (G0)
and take the limit when e — 0. In the process, we make use of the asymptotic
behaviour of AY* (2) (see @0)-EI)) and g(c) (see [@T)), take into account
in L°°(0,T; L?(R2)), simplify by using

*
the weak convergences e;|;(e) — ¢;;
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(1) and consider the precise limits of the functions e;|;(e;v) in (Z4)—(Z3).
As a result, we obtain the equality

/Q pliiaa™vg + iigvs)vadz + /Q (/\aaﬁa‘” + (a7l + amaﬁa)) €o||rVap(v)Vadz
+ [ 20 egigrap(o) Ve [ an(3h+ 290 05(0) Vads
2 2
; fiv“/adwr/ hviv/adl a.e. in (0,T). (76)

I'n
Using (72) and since u, v and 9 are all independent of z3 (see Step (7)), we
can identify them with their averages and we obtain from (76]) that

oru(3A+20) 5

2 [ plind® 5+ iisva) Vady + [ @ or (@)van()Vady ~ 4 [
w w A+ 2p

w

:/w (/1 fidx3> mx/adyju/F h'5;\/adrl, a.e. in (0,T), (77)

_1 N

By 5(0)vady

where a®??7 denotes the contravariant components of the fourth order two-
dimensional tensor defined in (54). Now, given n = (n;) € [H{(w)]?, we can
define v = (v;) such that v(y,z3) = n(y) for all (y,z3) € 2. Then v € V(§2)
and it is independent of xs; hence, as a consequence of [8 Theorem 4.2-1],
the variational problems above are satisfied for ¥ = n. Since both sides of the
equation above are continuous linear forms with respect to 3 = ns € L? (w)
for any given oo € Hi(w), these expressions are valid for all n = (1;) € Vas (w),
since H}(w) is dense in L?(w).

Similarly, let ¢ € S(£2) be independent of z3 in (BI)) and take the limit when
e — 0. We take into account the weak convergences in Step (i), simplify by
using the time derivative of ({2). As a result, we obtain the equality

20304 2u)2\ = _
2 / (6+ %72’“‘)) dpr/ady + 2 / kdaDa®? Dgpv/ady
w w

+4/w%;;2ﬂ) a® fyaﬁ(u)\/_dy*/Qsﬁ\/_dy Vo € Ho(w), (78)

hence obtaining (E8), with ¢ identified with 4.
The weak convergences are, in fact, strong.

For this step we first consider a case without tractions, that is, we take h = 0.
Then we will show the changes to be made for the case with tractions. In
both cases we are using a monotonicity argument. We define the quantity:

Ae) = /Q p ((iia (&) — iia)g™ () (ig(e) — itg) + (iia (&) — iia) (ia(e) — 1i3) ) v/9(&) da
+/9Aijkl(6)(€kw(€)*ekw)(émg‘(ﬁ)*éinj) g(e)dx
+/5(19(s) 9)(0(g) — 9)\/g(e)dx
2
+ /Q F0a(9() — 0)9° (€)05(9(e) — 9) + =5 (Ba(9(<) — 9))* 19V
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On one hand, we integrate with respect to the time variable in [0,¢] and take
into account (69) and the initial conditions in Problem [6] to obtain

2/0 A(g)dr = /Qp ((ua(s) - ua)gaﬁ(g)(uﬂ(s) — uﬂ) + (ds(e) — us) ) Vg(e)dx
+ /Q AT (&) (epa() — enyp) e (6) — eay) Vo (@)
+ /Q B(e) —9)*/g(e)dx
t 1 )
2 [ [ 10u(0() - 09 (03(0(0) ~ 9) + 5 (0a(0(e) ~ )"}/ (e
0 (9]

(79)
and as consequence of ([@2) and ({g), we find
! 2 2 2
[ A)s = i) - il + leq€) — capsla +196) ~ 90
0
t ) 1/t )
+ / 0a(<) ~ Dadf3 ods + % / 1030(c) — 039]2 ods. (80)
0 0

On the other hand, from the expression of A(e) and making use of (B0)—(G1)
for v = 4(e) and ¢ = ¥(e), we deduce that

Ale) = /fuz(s g(e)dz — = /A” ()enyu(e)eq Vol d-’v+/QA”“(s)ekwéauvQ(E)d-’”
—% pita(2)g*? (e)ig/g(e) dw+/ piiag™” (e)ig\/g() dw
2
- E pug(a 31/ g(e)dzx + pdgag g(e)dz
+/ qﬂ(s)\/g(s)dxf E/ Bﬂ(s)ﬂ\/g(s)dx—l—/QBﬁﬁy/g(g)dﬁt
/ kDa0g™? ()5 (9(e) — 9)\/g(e)dz — / kDo (e)g™ (£)859+/g(e)dx
_61 / k3995 (9(e) — 9)\/9(e dac——/ kd39(2)050+/g(e)da. (81)
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Integrating with respect to the time variable in [0,¢] and taking into account
the initial conditions given in Problem [l and (69]), we obtain

/OA(S)dr:/O /inui(a)s/g(s)dxdr—/QAijkl(5)ek||l(5)emj\/g(5)dx+/0 /QAijkl(5)ek||léi“j\/g(s)dxdr
- / pita ()9 (e)isg/9(&) da + / / piing® ()it \/g(@) dudr
(9] 0 (9]
—/ pug(a)ugx/g(a)qut/ ptisug+/ g(e) dxdr
(9] (9]

t
0
K t
+/0 /Qqﬁ(s)vg(s)dxdr—/Qﬂﬁ(a)ﬁ\/g(s)dqu/o /9519194 /o(@)dwdr
K t
_/ / k@aﬂgaﬁ(g)aﬁ(ﬁ(g) — 19) g(E)dl’dr —/ / kaaﬁ(s)gaﬁ(a)aﬁﬂmdxdr
0o Jo o Jo

1 /[t 1 [t
- 5—2/0 /Q kd3003(9(e) — 9)\/ g(e)dadr — 5_2/0 /Q kd30030+/g(e)dzdr.

Take into account that 939 = 0, and let ¢ — 0. Using the weak conver-
gences studied in steps (i) and (iv), the asymptotic behaviour of the func-
tions AYF! (&) and g() (see ([ED)-@I) and @H)) and the Lebesgue dominated
convergence theorem, we find that

t t . t t
lim [ A(e)dr :/ / Fri/adzdr f/ / pﬁaaaﬁuﬂ\/ad:vdr f/ / piiztz~/adxdr
0 0 J 0 J 0o J

e—0

t B t
7/ / A”kl(O)ekHléi”j\/dedr—l—/ / qﬂ\/adxdr
0 JN 0 JN
t t
- / / BY9\/adzdr — / / kda¥a™P g9~/ adzdr. (82)
0o JN 0 JN

Moreover, by the expressions of AY*(0) (see [@D)-@I)) and using (1) we
have

/Q Aijkl(O)ekHzéiHjx/ad:E = /Q (/\aaﬁam + u(a*a’" + amaﬁa)) €o||rbal|gVade

—|—/Q)\aaﬁ€3H3éaHﬁ\/ad:E+/Q(ACLUT60||T+(A+2ILL)63H3) é3||3\/ad:8.

Then, using ([72), we find that (82)) is actually null, since its expression above
coincides with the result of adding (7)) for v = u to ([I8) for ¢ = ¥ (both
integrated in [0, ¢]). Indeed,

t t _
lim ; A(a)dr:/o (/Q fzum/adx—/gpﬂaaaﬁuﬁ\/ﬁdx—/Qpiigugx/adx—%/Qaaﬁ‘”ean.réanﬂ\/adx

e—0

2 2
+ [ ¢9vadx — B8+ op(3A+24)° 99/ adz — k@aﬁaaﬂaﬁﬁﬁdx)dr =0.
Q Q A+ 2pu Q
(83)

Now, for the case where tractions are not null, in (&Il) we have an additonal
term

/F : hii(e)\/g(e)dT.
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We integrate ([BI) in [0,¢] and integrate by parts the terms with tractions
corresponding to the first two components, which can be displayed as

t
~ / / B (Yuta(2) (1) /g (&)L dr + / B (#)ua () (1) /g (@) dT
0 I'n I'n
t
3 .
+/0 /FNh (r)us(e)(r)\/g(e)dl dr. (84)

When passing to the limit ¢ — 0, the terms with ua(g) above converge by
using compactness arguments, since uq(e) € H'(£2 x (0,7)) and the trace
into L?(I"x (0,T)) is a compact operator (see [I6, p. 416]). For the term with
u3(e) we first recall that a(e) € V(£2) and 9(e) € S(£2) (see Remark ).

Next, we use the technique of incremental coefficients in the time variable
to justify additional regularity and boundedness for u(e) independently of
e. Indeed, take the sum of both equations in Problem [@] for m = 0. Then
consider the case for time t + h and subtract the case for time ¢t. Next, use
v=1u(e)(t+h) —u(e)(t) and p = ¥(e)(t+ h) — I(e)(t). We find

/ p((iia(e)(t+ h) — iia () () g™ () (ip(e) (¢ + h) — g (e) (L))
+ (ug(e)(t+ h) —ts(e)(t))(us(e)(t + h) —us(e)(t)))\/g(e) dzx
s [ A e -+ 1) fekme;u(s))(t))(einj(s;u<t+h)) ey G UO)VaEda

+ [ e+ W) =)D+ )= 9(6) ()TN

+ [ K(0ud(e)(t+ ) = 2u0(&)(0)g" (@9t +h) = 0590(2)(0) + 5 (09 + ) = 259(6) (1)) a(E)a
= [ () = PO+ 1)~ o)) Vo + | () ) ) — i (e) () Vo Ear
+ /Q(q(t 1) — q(®) (@)t + ) — 9(e) (1)) Va()dz ae. in (0,T — h).

Equivalently,

rya " |u<e><t+h> () Oey 0+ 3 e leagp 5 ule) (¢4 B~ w(@) (D))
" 55 D19+ 1)~ DD g+ kD)t +B) ~ Db @B 0
E—2|3319(€)(t+ h) — d39(e) (H)[5,
< [ 0w - )W) @ EWVoE [0 W) EE ) (€ O)VaEar

+ [ (alt+ 1) =) @E) e+ 1) =9(6)(0) Vallds ae. in (0.7~ ).
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Now, integrate in [0,¢] and use integration by parts to find
pi () (¢4 h) — () () 2y 0 — 3 o) () — 6l Oy
+ %Hekw(&; u(e)(t+ h) — u(e) ()l %e).0 — %Hekw(&; u(e)(h) — u(2)(0)24e),0
+ B3 W(E)E+R) ~ W o~ 5 1) (R) ~ IO ¢
+ / {k|8a19(z-:)(r +h) - 80119(5)(1")@(8)19 + E%|8319(5)(r +h) - 8319(5—:)(1")%79} dr
0
t . .
< / (f(r+h) = £(r)(@i(e) (r + h) = 1i(e)(r)) /g (€)dwdr
2

/ / (a(r + 1) — a()) (D(E)(r + B) — 9(e) () v/g()dar
—/O /F (i 4 ) — i (1)) () (4 1) — ws(2)(r)) Va (@)L dr
+ /F (A (r + h) = B (1)) (ui(e) (r + h) = wi(e) (r)) Vg (e)dT o
Divide by h? and take limits when h — 0. Then,

1 . 1 . 1,. 2
5Pl ) 0+ glle(e#(@) O, + 85 9O 4

< 20l O o). + 3 llen(e;w(E)0) 2o, + B [ O]

/ / Fir)ii(e)i(r) /g (e)dadr +/ / (1)) (r) \/g(e) dadr

/ [, i) VaEarar+ [ i) )i )
Notice that, from the left hand side we get
lepu(es @) (O ey, 2 3 llewu s 4@ (e a+Crla(©) (D304 Callia(© DR o
On the right hand side,

/ (@) a0V € 1AW 1y + Slia VO
and, since it(c) € V(£2), que can use Theorem [ to find

], G O) s YO)Wa@ar < S 1] r + e (e O o

Also,

/ot /p K (i)a(r) V() dldr < C(h) +C / [t () ()13 2,
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and
/ / 73(r)i(e)s(r) v/g(e) dldr < C(h) + C / e (5 ) () (8) 2 o,
0 I'n 0

where C(h) is a constant depending on data.

In addition to that, we can obtain estimates for i(e)(0) and 9(¢)(0) in L?
equivalent norms. Indeed, take the problem for time ¢t = 0. Use v = 4(e)(h) —
u(e)(0) and ¢ = J(g)(h) — I(¢)(0) and the initial conditions. We also assume

that h’(0) = 0. We find

| plia(E)(01g™(€) g () (1) = 5 (£)(0) + 3 (2)(0) ine) ) — s (£) (0)) V&)
+ [ B0 (1) — 9(6)(0)ValF)a

= [ £ - 1 O)aEe + [ @) 1) = 9(6)(0) Vol

Divide by h? and take limits when h — 0. Then,
L0 ) 0+ 3 IO ,
< [ F i) Voo + [ i0)i(:)(0) Valida
Now using Young’s inequality we can obtain
[@(2)(0) 50y 0 + [9()O0)]5 , < C(F0).

Thus, by using Gronwall’s inequality in (BH), we get to obtain that |e;)|; (i)()[5
is bounded independently of e.
As a consequence of Step (i) and ([@9), for v = 7u3(e) we find that

iz (e)lo,ry < Cleyj(i)(e)lo,e a-e. in (0,T).

Then, there exists ¢» € L>°(0,T; L?(I'y)) such that for a subsequence keeping
the same notation, it holds uz(g) = ¢ in L>°(0,T; L*(I'y)). Since we are in
the conditions of [20l Theorem 3.6], we can identify ¢ = 4.

Besides, we use Lebesgue Theorem where needed, as well. Thus, the limit of
the terms with traction (84) is

- /O t /F B )ua)Vadr dr + /F K@t Vadr

+ /O t /F : h? (r)us (r)y/adl dr.

We can undo the integration by parts, then reason like in (83]).

Finally, the strong convergences ¢;|;(¢) — ¢;; in L>(0,T; L*(£2)) also imply
the strong convergences for u; (), by following arguments not depending on
the particular set of equations, but on arguments of differential geometry and
functional analysis which do not differ from those used in [8, Theorem 4.4-1].
Therefore, we just omit them and refer the interested reader to the book.

0O
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6 Back to the physical framework

It remains to be proved an analogous result to the previous theorem but in terms
of de-scaled unknowns. We shall present the limit problem in a de-scaled form.
The scalings in Section [B] suggest the de-scalings &5 (y) = &;(y) and ¢°(y) = ¢(y)
for all y € @. This way, from Problem [8 we can derive

Problem 10 Find a pair ¢ — (£(y,t),(%(y,t)) of [0, T] — Vi (w) x H} (w) verifying
28/ p(€aa ng + &) Vady + / a7 (€) Yo (m) VVady
w w

« 3N+2 ;
- 45/ aru(3X + 2p1) Csaaﬁhﬁ(n)\/ady = / F"*niz/ady Yo = (0;) € Vi (w),
w At 2u w

2 2
% / (5 + O‘T(i’iizj“)) Cepr/ady + 2¢ / kO5CE 0P 50\ ady

o 3N+ 2 :
+4e/ %ﬂapaaﬁmﬂ(ég)\/ﬁdyZ/Q%ﬁdy Vo € Hy(w),
w M «

with £€5(-,0) = £€°(-,0) = 0 and ¢°(-,0) = 0.

Above, we have used F»¢ := ffe fhedag + hé\’f, with hf() = hb%(-,¢), and Q° =

ffe ¢°dz5. Moreover, the convergences uq(¢) — uq in H'(2) and uz(e) — ug in

L?(02) from the Theorem [ and [8, Theorem 4.2-1] together lead to the following

convergences:

1 : € € : 1 1 : € .. : 2 1 : € 3 € : 2 :

— ugdzr3 = o in H (2), — ujdrs — &3in L7(02), — ¢“dz5 — ¢in L*(2) a.e. in (0,T)).
2e 2e |, 2e |,

—€

Furthermore, we can prove the convergences of the averages of the tangential and
normal components of the three-dimensional displacement vector field. To this
end, we can use the same arguments as in [8, Theorem 4.6-1].

7 Conclusions and Outlook

We have found and mathematically justified a two-dimensional limit model for
thermoelastic shells, in the particular case of the so-called elliptic membranes. To
this end we used the insight provided by the asymptotic expansion method and we
have justified this approach by obtaining a convergence theorem. Future work will
be devoted to the asymptotic analysis of contact models, possibly thermoelastic
elliptic membrane and also flexural shells, which would be found under different
sets of hypotheses for the order of the functions involved or the geometry of the
middle surface. We are also interested in cases when contact takes friction into
account and it is coupled with other effects like wear, adhesion or damage.
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