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SPECTRAL DECOMPOSITION AND DECAY TO GROSSLY DETERMINED

SOLUTIONS FOR A SIMPLIFIED BGK MODEL

ALIM SUKHTAYEV AND KEVIN ZUMBRUN

ABSTRACT. Extending work of Carty, we show that H' solutions of a simplified 1D BGK model
decay exponentially in L? to a subclass of the class of grossly determined solutions as defined by
Truesdell and Muncaster. In the process, we determine the spectrum and generalized eigenfunctions
of the associated non-selfadjoint linearized operator and derive the associated generalized Fourier
transform and Parseval’s identity. Notably, our analysis makes use of rigged space techniques
originating from quantum mechanics, as adapted by Ljance and others to the nonselfadjoint case.
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In this paper, extending a line of inquiry initiated by Carty [C16l [C17], we consider the spectral

decomposition and decay to grossly determined solutions of a simplified BGK model

O;—{(t,a:, v) + v%(t,x, v) = —f(t,z,v) + /R w(r)f(t,z,r)dr,
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where w(v) = e~**/\/7 and the unknown function f(t,z,v)w(v) represents the molecular density
function of a rarefied gas, with f(z,t,-)w(-) corresponding to the probability distribution of veloci-
ties v at point (z,t). The linear integro-partial differential equation was derived by Cercignani
in the context of the slip-flow problem [Ce] as a decoupled density equation by reduction from the
full 1D BGK model, itself a simplification of Boltzmann’s equation. Whereas Boltzmann’s equation
or the full BGK model has 5 conserved moments, corresponding to mass, momentum, and energy,
has only one, corresponding to mass: namely, the integral p(x,t) := [qw(r)f(z,t,7)dr.

The notion of grossly determined solutions of a kinetic equation, introduced by Truesdell and
Muncaster [TM] in the context of Boltzmann’s equation, consists of a manifold of solutions that is
invariant under the time-evolution of the equation, each solution of whose evolution is determined
entirely by the spatial distribution of its (finitely many) conserved moments. It was conjectured
in [TM] that all solutions of an appropriately defined class converge time-asymptotically to some
class of grossly determined solutions, the evolution of which, depending only on the macroscopic
fluid-dynamical quantities corresponding to moments of the kinetic equation, can be considered
as a nonlocal generalization of the classical compressible Navier-Stokes equations. See [C16] for
further discussion.

In the suggestive pair of papers [C16l [C17], Carty by a combination of Case’s method of ele-
mentary solutions [Cal, [Ce], Fourier transform techniques, and direct first-principles computation,
addressed for model the questions of existence and converence to grossly determined solutions,
obtaining a number of interesting results. In particular, for Fourier modes { € (—+/m, ++/7), he
deduces the spectra of the generator L¢ of the associated Fourier transformed evolution equation,
and computes associated continuous and point eigenfunctions. He observes that superpositions
of point eigenfunctions make up a family of grossly determined solutions [C16, Main Theorem)],
while continuous eigenfunctions, having spectra with uniformly negative real part, are exponen-
tially decaying. From these observations, he concludes [C17), Discussion, Section 6] that elementary
solutions, defined as solutions with initial data fy having Fourier transform fo(f) compactly sup-
ported in (—+/m, ++/7) and satisfying mild additional assumptions (detailed in [C17, Thm. 10]),
decay to the class of grossly determined solutions given by superpositions of point eigenfunctions.

However, Carty stops short of stating a precise theorem on convergence. In particular, in the
absence of a Parseval type identity, it is unclear in what norm the (transient) continuous eigenmodes
might decay, other than an artificial one defined in terms of the spectral decomposition itself.
Moreover, the issue of completeness of the spectral decomposition is left unaddressed, even in the
class of (necessarily real analytic) solutions with compactly supported Fourier transform considered
in [C17]. Thus, there are a number of interesting questions left for further investigation in this work.

The purpose of the present paper is to address these remaining questions: more precisely, to
place Carty’s specialized computations in a larger functional analytic framework, from which we
can then determine completeness, convergence, etc. in a systematic way. The framework that
we find useful for this problem is the theory of rigged spaces (e.g., [N60, [L70, [R83]) introduced in
quantum mechanics for the study of spectral decomposition in the presence of continuous spectrum,
and especially the work of Ljance [L70] on “completely regular” (or “small-dimensional” in a certain
prescribed sense) perturbations of multiplication operators.

Denote by L2 the weighted L? space of functions of the velocity v, with associated inner product
(f,9)r2 = Jg f(v)g(v)w(v)dv. Denote by 1 the “unit” function 1(z,v) = 1. Then, we may rewrite

e
Of = Lf, where Lf := —(v0; + 1)f + (f,1)12 1. (1.2)

Evidently, 1(z,-) € L2 is the Maxwellian, or equilibrium state for which the collision operator
Q(f) == (f,1)r21 — f over L2 (i.e., the righthand side of (I.1))) vanishes.
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Taking the Fourier transform of f in z, following Carty [C16l [(C17], we obtain
8tf = LE = _<Z.U‘£ + 1)f+ (f7 1>L12v17 l(U) =le L?U(R)7

where f denotes Fourier transform in z and ¢ is the associated Fourier frequency, reducing the
problem to the study of and the spectral decomposition of L¢ (for ease of writing we use
the same symbol 1 to denote the constant function over z,v and over v alone). Noting that L
decomposes into the sum of the multiplication operator S¢ := —(iv&§ +1) and the rank-one operator
V= (-,1)121, we find ourselves, finally, in the setting studied by Ljance [L70].

The spectral decomposition of multiplication operator S consists entirely of essential spec-
trum, with associated generalized eigenfunctions given by delta distributions. The content of [L.70],
roughly speaking, is that the spectral decomposition of the perturbed operator L¢ = S¢ + V- or,
indeed, any such “small-dimensional” perturbation of a multiplication operator S¢ — consists of the
same set of essential spectra as Sg, with associated generalized eigenfunctions given by generalized
delta-functions (in particular, again diagonalizable), together with a (possibly empty) set of isolated
point spectra of finite multiplicity. These eigenmodes are shown to be complete in the sense that
the associated forward and backward generalized Fourier transforms satisfy a “generalized Parse-
val inequality” for functions in appropriately restricted domains, relating Hilbert inner product of
two functions to their spectral expansions in terms of generalized eigenfunctions, or “generalized
Fourier transforms.” Moreover, there is presented a calculus based on analytic continuation by
which eigenmodes may be represented, and in principle computed or estimated.

Here, applying the abstract formalism of [L70] to the rank-one perturbation , we show that
the left and right continuous eigenmodes of L¢ may be computed explicitly, and associated forward
and backward generalized Fourier transforms U and B, as multiples of a Hilbert transform— see
(5.9). For Fourier frequencies & # £/, this yields estimates

[Uegllrz, < Cr(E)llgllrz, and (B fllrz, < Co(E)Ifll 22,

with constants C; depending on §. For general £, we have the uniform estimates

[Uegll g1 < Cillgllay, and [[Befllzs, < Call fllL2;

see Proposition [7.6] Similar estimates hold for discrete eigenmodes induced by the rank one per-
turbation, as encoded by an associated projector Py«(£); see Corollary Together with the
generalized Parseval inequality, these yield respectively completness of the spectral decomposition
with respect to L2 and uniform bounds from H,, to L2 of the solution operator for (L.I]); see
Theorems and . From the latter, we obtain rigorous H. — L2 time-exponential decay
bounds on the continuous part of the spectral decomposition, yielding time-exponential decay to
grossly determined solutions in L2 for data in H), at the sharp rate O(e*); see Theorems
An auxiliary argument based on Priiss’ Theorem and Cj semigroup estimates gives exponential
decay from L3 — L2, at a lesser rate O(els= D4 € > 0, to a different grossly determined solution
consisting of an appropriate Fourier truncation of the grossly determined solution of Theorems [8.3
see Theorem In passing, we establish a convenient finite-codimension parametric version
of Priiss’ theorem, Corollary that appears of independent interest. We note that in both
settings- the rigged-space framework of our first set of results, and the semigroup framework of the
second- the appearance of an additional, unbounded, parameter given by the Fourier frequency &,
significantly complicates the analysis by the need for uniformity of all estimates with respect to €.
These results rigorously recover and in complete the analysis begun in [C16, [C17]. The methods
used in this rank-one case would appear to apply to any finite-rank perturbation. In particular,
it should apply to the linearization of the full BGK equation, which has a rank-5 linearized col-
lision operator corresponding to projection onto the tangent space of the 5-dimensional manifold
of Maxwellians, to yield a similar result of exponential decay to grossly determined solutions. A
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very interesting open problem would be to determine the implications as regards decay to grossly
determined solutions for the full nonlinear equation.

Another very interesting direction is the study of the full Boltzmann equation with hard potential,
for which [G62] the associated linearized operator L¢ is a compact perturbation, hence arbitrarily
well approximated by finite-rank ones. This would be interesting not only from the standpoint of
grossly determined solutions, but also of explicit description of the spectral decomposition of the
linearized operator, hopefully giving detailed estimates like [BMO05], or L resolvent estimates as
conjectured in [Z17] (see also [PZ16].

From the standpoint of general theory, our analysis provides a very interesting case study for
the nonselfadjoint rigged space framework of [L70], for which essentially all spectral computations
can be explicitly carried out- see the computations of essential and discrete spectra in Theorem [7]
and Proposition and the first to our knowledge in which the theory is applied to obtain time-
asymptotic bounds for an interesting physical system. Moreover, the results highlight what seems
to us a fundamental direction for further development of the rigged space approach to behavior of
nonselfadjoint systems, namely, the issue of loss of derivatives/unbounded condition number of U,
an extreme version of nonunitarity of eigenvases for nonselfadjoint operators in general. Different
from the selfadjoint case discussed, e.g., in [A69, [A96], this means that sharp evolutionary behavior
is not immediately obtained from the spectral decomposition of the generator, but may, as here,
involve substantial cancellation between modes, an issue standardly treated by the use of resolvent
bounds in place of exact spectral decomposition. The questions suggested here are whether (i)
cancellation may (at least in some cases) instead be detected directly from a very explicit description
of the spectral expansion, thus combining the useful aspects of detailed eigenexpansion and control
of conditioning, and (ii) resolvent estimates or some analog may be obtained from the rigged space
formulation itself. These aspects are discussed further in Sections [9] and [I0]

Plan of the paper. In Section [2, we recall the rigged space framework of [L70], which we
use in Sections to obtain a detailed spectral decomposition of the (linear) scalar BGK model
. In Sectio we use the spectral decomposition to obtain existence and decay to grossly
determined solutions of solutions of , with a loss of two derivatives in velocity v. This is
repaired in Section [J] using a different, Cp semigroup argument requiring less spectral detail, but
giving a lower exponential rate. We conclude the main text with discussion and perspectives in
Section [I0] Finally, an exact computation of discrete spectrum is given in Appendix [A]

2. RIGGED SPACES
We consider the Hilbert space L2 (R), where w(z) = ™% /\/7 will be denoted by H. Let
N=Q.={2€C: |32 <€}, e¢>0.

Definition 2.1. An element ¢ € H is called regular if there exists an extension z — ¢(z) from the
real z-axis to the complex z-plane, which is holomorphic in 2. A regular element ¢ € H is called
completely reqular if for each €1 € [0, ) the following holds

sup /|<;5 x +iy) |Pw(z)de < oo.
[—e1,e1]

The linear spaces of regular and completely regular elements will be denoted by ®y and ® respec-
tively.

The space ® (of completely regular elements) is regarded as a sequential Hilbert space with
topology defined by the norms:

Il = {5 [0+ )l + lote — Pz} ™, v e o.0)
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We denote by ®* the space of semilinear continuous functionals defined on ®, and by (¢*, ¢) the
value of the functional ¢* € ®* at the point ¢ € ®. For each ¢* € ®* there exists y € [0,¢) such

that
* ¢*? ¢
|¢*|—y = sup I ) < 00. (2.1)
ozece @y
And, we have the following embeddings:
®C HC . (2.2)

We shall now find an analytic representation of the functional ¢* € ®*. These functionals will
be called generalized elements of the space H.
In particular, if the sesquilinear form

q>*<','>q> 1 P*x P - C
denotes the duality pairing between ®* and ®, then
P* <f7 ¢><1> = (fa ¢)L12U(R)7 f € L’LZ,U(R)7 ¢ € (1)7 (23)

that is, the pairing ¢+(-,-)¢ is compatible with the inner product in L2 (R). Let R € B(®, ®*).
Since ® is reflexive, (®*)* = &, one has

R:®—d" R':d— ",
Moreover, R* is defined as follows
o+ (R), V) = (@+)= (¢, R )or = o(p, R*Y)or = o+ (R*Y, d)a. (2.4)
From this point on, we will drop subscripts in ([2.4)).

Definition 2.2. We denote by ®*, the class of complex-valued functions z — ¢*(2) which are
holomorphic for |3z| > 7 and satisfy the condition

sup / |o* (2 + iy)|Pw(x)dz < co.
ly|>n /R
For each function ¢* € ®*  the boundary values ¢* (z=+in) exist for almost all z € R. In addition,
6% (2)w'/?(2)] = 0 as 2| — o0
uniformly in the region [Jz| > 7.

Definition 2.3. For arbitrary ¢ € ® and ¢*() € ®, we define

/ (= ()dz, (2.5)

(6,6 : = (6%, 9),

co—iy co+iy
/ ey (2.6)
co—1iy —oo+iy
and ~ is an arbitrary number in [n, ¢)

Clearly, (2.5) defines a generalized functional ¢* € ®*. We say that the function ¢*(-) in (2.5))
represents the functional ¢*. Moreover, one can show that for each generalized element there exists
a unique representing function.

where
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Remark 2.4. Let ¢* € ®* be represented by ¢*(-). We define

1 N N . .12 1/2
lolln = {5 [ 16" + i)l +16° (@ — i)z} (2.7)
Using the Fourier transform, one can show that the norm ([2.1)) is equivalent to the norm ([2.7)).

3. THE SiIMPLIFIED BGK MODEL

We consider now the linear integro-partial differential equation

g{ (t,z,v) + vg'i(t,x,v) = —f(t,x,v) —i—/Rw(r)f(t,x,r)dr,

a simplification of the 1D Boltzmann equation for the slip-flow problem [Ce], where f(t,z,v)w(v)
represents the molecular density function of a rarefied gas. Here, the role of ¢ € H in the previous
section is played by the unknown f(v) € L2, with weight w(v) = e¥"/\/7 corresponding to a
Maxwellian distribution.

3.1. Associated Spectral Problem. We first take the Fourier transform of equation (|I.1]) in the
spatial variable, that is,

of 3 . N
a(t’fvv) - —’L)fo(t,g,’()) - f(taf’v) + /R’w(T‘)f(t,f,T‘)dT. (31)

Next, we introduce the following operator associated with the right-hand side of (3.1)) and acting
in the weighted L? space L2, which is the standard one considered for Boltzmann’s equation [G62].

(L9)(€:0) = —vitg(€,v) = gl€0) + [ w(rlg(é.r)ar
g € dom(L) = {h € L*(R*};w(v)dédv) : Lg € L*(R*w(v)dédv)},

and
(Leg)(o) : = —vi€g(v) — (0) + [ wir)ar)ar
g € dom(L¢) = {h € L2(R;dv) : Leg € L2 (R; dv)}.
We also decompose L¢ into the sum Mg and V, i.e.
L¢:= M¢+V, dom(L¢) = dom(M¢),
(Meg)(v) : = —vigg(v) — g(v),
g € dom(Mg) = {h € L2/(R;dv) : M¢h € L2(R;dv)},
(Vg)(v) :=(9,1)121, 1 =1 for a.e. v €R.
Notice that V? = V* =V € B(L2(R; dv)).
3.2. Spectrum of L.

Definition 3.1. A closed operator M € % (X), where X is a Banach space is said to be semi-
Fredholm if ran(M) is closed and at least one of dimker(M) and codimran(M) is finite.

Definition 3.2 (Kato). Let A be the set of all complex numbers A such that M — A is semi-
Fredholm. The essential spectrum of M denoted by oess(M) is the set of all complex numbers that
are in the complementary set of A, that is,

Oess(M) := {\ € C : either ran(M — AI) is not closed or

ran(M — M) is closed, but dimker(M — AI) = codimran(M — AI) = oo}.
6



Remark 3.3. In general A from Definition is the union of a countable number of components
Ay, and v, (A) := dimker(M — A1), pn () := codimran(M — AI) are constant in each A, except
for an isolated set of values A,; of A. If v, = p,, = 0, A,, is a subset of p(M) except for the isolated
eigenvalues A,; of M with finite algebraic multiplicities. If v, > 0, \,; behave like ’isolated
eigenvalues’, in the sense that their geometric multiplicities are larger than geometric multiplicities
of eigenvalues that are in their immediate neighborhood.

Since M in (3.2)) is a multiplication operator, it is clear that o(M¢) = oess(Mg) ={A € C: A =
—1 4+ iw,w € R} for £ # 0, and o(My) = 0ess(My) = {—1}. Moreover, since the operator V is
Me¢-compact (or relatively compact with respect M), by [K80, Theorem 5.35.],

O'ess(Lé) = Uess(Mﬁ) = {)\ eC:A=—-1+4iw,we R}, & 7é 0,
Uess<LO) = Uess(MO) - {_1}
Definition 3.4 (Kato). An operator V is said to be M-degenerate If V is M-bounded and
dimran(V) is finite. One can show that a M-degenerate operator is M-compact.

(3.3)

Let V be M-degenerate, then for any A € p(M),
N :=T+VR'\)=T+V(M - ),
N :=T+R\NV=I+M-\)"'V
are bounded operators in B(L2(R)) and
w(\) = det(I + V(M — X)™') =det(I + (M — XI)~'V)

K
K

is well defined. ~ -
Hence, for M¢ and V' from (3.2]) we can rewrite K (A, §) and K (A, &) from (3.4) as

KA &) =1+ (- (RY(X8)) 1)z 1,
K(A&) = 1+ (1) 2 RO\ €)1,

We also introduce the operator K(\,€) := I + VRN, &V = I+ V(Mg — M)~V € B(L2(R)).
Notice that for M¢ and V' from (3.2

(N &) = det(K (A, ) = det(K (), €)) = det(K (A, €)) = det(1 + (RU(\, €)1,1)12)

_1_/ w(v)dv
N RUIE+ T+ N

In general, w and K are meromorphic functions of A in any domain of the complex plane consisting
of points of p(M) and of isolated eigenvalues of M with finite algebraic multiplicities. In our case,
w(+,€) and K(+,&) are analytic functions in any domain of the complex plane consisting of points
of p(Mg). Let p(X\) be a numerical meromorphic function defined in a domain A of the complex
plane. We define the multiplicity function v(\, ) of p by

k, if X is a zero of p of order k,
v(A\, ) = ¢ —k, if \is a pole of p of order k,
0, for other A € A.

We also define the multiplicity function #(\, L), where L = M + V by

0, if A € p(L),
(A, L) = ¢ dim(P), if A is an isolated point of o(L),
~+00, otherwise,
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where P is the projection associated with the isolated point of o(M). The following theorem holds
Theorem 3.5. Fiz {. Let Mg be the operator from (3.2) and X € C\ 0ess(M¢). Then
DA, Le) = v\, w(+,§)), A€ C\ gess(Me).

Moreover, if X € 0(L¢) \ 0ess(L¢), then X is a zero of the function w(-,§) and an isolated eigenvalue
of L¢, and the algebraic multiplicity of A as an eigenvalue of L¢ coincides with the order of X as a
zero of w(-,&). Moreover, the operator K—*(\, &) exists and is bounded in H for all A\ ¢ oess(Le)
except for a finite number of X\j(§). And o4(L¢) = {\;j(§)}. Finally, if X € p(L¢), then

RO\ §) = R = RO OVE (AL OVRI(N, ). (35)
Proof. 1t follows from [K80, Theorem 6.2] after a slight modification. t

Next, we describe the discrete spectrum of L.

Proposition 3.6. For any & € (—+/m,+\/7) there exists a unique \*(§) € (—1,0] such that w(A*(£),&) =
0. Moreover, the multiplicity of such X\*(§) as a zero of w(-,§) is one. And if £ € C\ (—/m, /),
then w(-,&) does not vanish. Moreover, \*(-) is a continuous function of & for & € (—+/m, /)
-1 <X*(¢) <0, lim, o+ A*(&) =—1 and lim, , - A*(€) = —1.

Proof. Notice that for any fixed £, w(-, &) is defined only for A € C\ gegs(M). Let X € C\ oess(Me)
and A = a + ib, then

/R w(v)dv :/( w(v)dv _/R(l—i-a—(vé*—i-b)i)w(v)dv‘

)

viE +1+X Jg(wEF+b)i+1+a (1+ a)? + (v€ + b)?
Notice that if b := S\ # 0, then [, % # 0 which implies that w(-,£) does not vanish.
On the other hand, when b = 0, fR % = 0 (the integrand is an odd function). Hence,

/ w(v)dv _/ (1 4+ Nw(v)dv
RVIE+ 1+ A R (1+X)2+ (v€)?

Note that if A € R, then X\ € C\ 0css(Mg) if and only if A # —1. Next, we analyze the function
w(-, &) for A € (—o0, —1)U(—1,00). In particular, if £ # 0, by the dominated convergence theorem,

lim w(\ &) = lim (1 _/R ((1 + Nw(v)dv )v=(1:+>\)u

—(14))?
)\~> 1+ \f/ 14 ( u£

A——1+ A——17F 1+ )\)2 + (v§)2 (3 6)
Lo L de g —1- VT |
== 7 g = 0 g e T) =1 -

On the other hand, if £ =0
) 1+ MNw(v)dv, IR
A, w(3,0) = m (1= /R w) B ,\Er—nﬁ(l 1+ U
Similarly, if £ # 0
lim w(\ &) =1+ v (3.7)

A——1— |§’
And, if £ =0, limy_,_1- w(A,0) = co. By applying the dominated convergence theorem, one can

also show that for any £ € R
lim w(\§) =1. (3.8)

[A| =00
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Next, we calculate the derivative of w(¢,-) by applying a corollary of the dominated convergence
theorem on differentiation under integral sign. If A > —1, then

d . d (1 + )\)w(v)dv v=(1+M\)u —(1+M)%u 2
ﬁw()\,ﬁ) - d)\(l_/R (1—}—)\)24-(’06)2) = d)\ \/>/ 1+ ug

1 =201+ AuZe~ (12 gy 200+ 1) / u2e~(1+0)*u 2du (3.9)
VT Jr 1+ (ug)? vk T4 (ug)?
(the integrand is a positive cotinuous function).

Similarly, if A < —1, then

d —2(A+1) [ uZe~ (N gy,

—w(A 0. 3.10

Ao =— 7 /R 1+ @2 (3.10)
By (3.6), (3.7), (3.8), (3.9) and (3.10)), we see that for each fixed £ € (—o0, —v/7| U [\/T, 0) w(-,§)
doesn’t vanish for any A € (—o0,—1) U ( 1 oo) (also, see Figure [LC). Now, we consider three
different cases: € € (0,/7), £ =0 and Ee( ,0

Case 1. Let & € (0,/m). From 1) 1) and (3.10)) it is clear that there exists a
unique A*(£) € (—1, 00) such that w()\* (£),£)=0 (also, see Flgure 1B)). Next, we rewrite the function

w in the following way:

w0 =1- 27 (FE2),
where f(z) = [ 2499 By (3.6), and (B-8), we see that
lim f(z) = Vm, lim f(z) = =V, ‘xlligloof(w) = 0. (3.11)
Moreover,
S0 =5 (557)

Therefore, f is a one-to-one differentiable function on (—o0,0) U (0, 00). Next, for 13 6 (0, f we

find a unique A*(§) € (=1, 00) such that w(A*(£),£)=0, that is, 0 = w(A*(£),&) =1— ¢ ( 2 )
or,
L+ A"y _ e\ ppe
f( ) =6 o NEO=67710 -
Hence,
2
WO =g O - 1=af) 1= [T 11 g = a s e (00o0)

On the other hand, if f~1(¢) =z, x € (0,00), then

. 2w (v)dv v2w(v)dv v2w(v)dv
A @)—/RM‘1—Aw<”>d”‘ﬂw‘1—‘ﬁw<0-

Hence, A*(-) is a continuous function of ¢ for £ € (0,4/7) and —1 < A*(§) < 0. Next, we find
limg_,o+ A*(&) and lim, N A*(€). It follows from ([3.11]) and the dominated convergence theorem
that
2
d
lim A*(&) = lim (&f71(¢) — 1) = lim (zf(2) — 1) = — lim / vw(v)dy =0,
R

£—0+ £—0t T—00 T—00 2 —+ 02
hm V() — 1 ey 1) = 1 - v2w(v)dv B
. (&) = . (f7(€) —1) = lim (zf(z) —1) = — lim e
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Moreover, one can show that A\*(-) is strictly decreasing function of £ for £ € (0, /7). Indeed,
/ *
O‘))\()‘ (5)7 5)

By (3.9), w\(A*(£),£) > 0 for £ € (0,/7). And, by applying a corollary of the dominated conver-
gence theorem on dlfferentlatlon under integral sign, for A\ > —1 we have

1+ Nw()dv | v=1+3u O 1 e~ (1N gy
400 =560 [ i oer) a?( VA e TR
1 —2tu2e~ (AN gy 9¢ —(1+0e? gy

7 [ e L e 70 e

Therefore, by and (3.13), (A\*)/(-) is strictly negative for £ € (0, /7).

Case 2. Let £ € (—/m,0). As in Case 1, one can analytically show that A*(-) is an in-
creasing, differentiable function of £ for £ € (—/7,0), =1 < A*(&) < 0, limg_o- A*(§) = 0 and
lim£ﬁ7ﬁ+ A (&) = —1.

Case 3. Let £ = 0. Then,
(1+ Nw(v)dv 1
A0)=1- =1- . .14
w(3,0) /R 1+ A)2 1+ A (3.14)

Therefore, w(, 0) vanishes only at A = 0 (see Figure [LA]).
Hence, putting all three cases together, we conclude that \*(-) is a continuous function of £ for

€ (—/m /), =1 < X&) <0, lm, |, o A" () = —1 and lim,_, - )\*(5) = —1 (see Figure
. Note that Figure is numerically simulated using the implicit formula (A.1) for A*(-). O

Theorem 3.7. Let { € (—/m, /7). Then the discrete spectrum of L¢ consists of only one iso-
lated eigenvalue \*(§) with the corresponding eigenvector ey (-, &) := m € L2 (R), moreover,

A (&) € (—1,0] and A*(§) is of algebraic multiplicity one. Similarly, €1(-,§) := € L2(R)
1s the eigenvector of LZ corresponding to the isolated eigenvalue \*(§).

(3.12)

(3.13)

1

Proof. The description of the discrete spectrum of Lg is shown in Proposition [3.6, Now, we would
like to find the corresponding eigenvectors. Fix £ € (—y/m, /7). It follows from Proposition
that there exists a unique A\*(¢) € (—1,0] such that w(A\*(£),€&) = 0. Consider the L2-function

m. Since W()\*(g) 5) = 0 we have fR W‘gi’[’:(f) =1= (UY/& + 1 + )\*(g))m, or,
. dv * *
(—vig — 1) vi£+1}k)\* + |5 mg-s—l-g)\*(g) =1=A (S)m Therefore, Lee; = A*(§)er. O

Proposition 3.8. The maps R°(-,-)1, (R%(-,-))*1,: C\{\ : R\ = —1} xR — L2 (R) are continuous.
In particular, the following maps are continuous

1) ( %20 Vg, CA{A: RA = —1} x R— (L, (R))",

(2) (RO(., )1, 1)z - C\{)\:§R)\:—1}><R—>C,

(3) w(-,-) = det(l—i—(RO(-,-)l, Dpz2) :C\{A:RA=-1} xR=C,
(4) ROON(), )1 : (=7, 7)) = Li,(R),

(5) (- (R(X"(), N D1z (v VT = (LL(R),

(6) W (A(), ) s (=v/m V) = R

Proof. Let A = a + ib, where a,b € R. Then

0 g w(v)dv B w(v)dv
HR ()\,f)luLﬁ, _/R ]vif—l— 1+)\|2 o /R (v§+b)2+ (1+a)2'
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FI1GURE 1. The \* and w curves

Notice that
w(v)

il :C\{N:RA=—-1} xR — R is continuous. (3.15)

Moreover, if |a + 1| > 6 > 0, then

w(v) _ w(v) w(v) ww)dy 1
i€ +1+ A2 (vE+b)2+(1+a)? < 52 and /R 2 52 < o0. (3.16)

By (3.15), (3.16) and the dominated convergence theorem, we conclude that || R°(-, )1||%2w :C\{\:

RN = —1} — R is continuous. Similarly, one can show that (R%(-,-))*1: C\{A:RA = -1} xR —
L2 (R) is continuous. Items (1)-(3) immediately follow from continuity of (R°(-,-))1 and (R%(-,-))*1.
Items (4)-(5) follow from continuity of (R°(-,-))1 and (R°(-,-))*1 and the fact that \*(:) is a
continuous function of ¢ for € € (—+/,/7) (see Proposition [3.6)).
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(6) By formula (3.9)), we have

A+ 2,— (147" (€)%u? g
SO (E), ) = 2 “””/R“ u

ves 1+ (ug)?
Notice that
20— (142" () u?

% (0)? : (=v/m,/7) = R is continuous. (3.17)
Moreover, if |1 + A*(£)| > 0 > 0, then
2,—(14A%(€))%u?
— — <u?e ", and / u2e 0" du < oo, (3.18)
1+ (uf) R

By (3.17)), (3.18) and the dominated convergence theorem, we conclude that w'(A*(+),) : (—v/7,/7) —
U

R is continuous.

Theorem 3.9. 1. Fix g9 > 0 and let At1+so ={AeC: R\ > —1+4¢e9}. For all \ in
{|A\] > R, R sufficietly large} ﬂAfH_go, there exists v > 0 such that |w(\, &)| > v uniformly
for & € R. Moreover, |w(\,§) — 1] = 0 as |A\| = oo within AfHEO, uniformly for & € R.

2. Fiz & € (0,\/7) and € > 0. Then for any AT > X*(&) + ¢ there exists v > 0 such that
lw\E)| > v for |€] > & and X € {\ € C: RA = A}, Moreover, |w(\,€) — 1] = 0 as
€] — oo uniformly for A € {\ € C: R\ = AT}

3. For any —1 < AT < \*(&) — € there ewists ¥ > 0 such that |w(\,€)| > v for |¢] < & and
Ae{deC:RA= )}

Proof. 1. Let A=a +ibe AT 1+E , where a,b € R. We consider the following cases:

a) Let a >> 1. Then [w(X,&)—1] = | [5 mgi(ﬂi:zb < Jr T{ijﬁ = a‘. Therefore, |w(X,&)—1] — 0

as a — oo, uniformly for & € R
b) Let —1 +¢e9 < a < m and |b] > dp, where m, §y are fixed and m,Jy > 0. We break the integral
into three parts. That is,

w1 =| [ Oy [ o
RVIE+ 1+ a+1ib |vi€ + 1+ a + ib)
[vg|<(1-0)]b]
w(v)dv w(v)dv
=I1+4+11+11I
+ / |m’§+1+a+ib|+ / |vi€ + 1+ a + ib| + L+ L
(1=0)|b|<[v€]|<(146)]b] [v€]=(1+6)]b]

where 0 < 6 < §, 6 is fixed and § < 1. Next, we estimate each integral separately.

o w(v)dv w()dv _ 1
L= / €+ 0)it14a = / o = o

[v€|<(1-0)]b] [vg|<(1-0)[0|

Similarly,

I — / w(v)dv < / w(v)dv < 1
o |(wE+b)i+14al — 6lb] — 0[p|
[vE€|>(1+6)]b| [vg|>(1+0)]b]

12



Now, we estimate the second integral. Since b # 0, § # 0 for the second integral. Therefore,

(1- 9)’g| <l <(1 +9)|§|. Then w(v) = %e”ﬁ < T e~ (1-02(2)? . Therefore,
w(v)dv % —1-02(@) gy
II: = <
|(wE+b)i+1+al — la + 1|
(1=0) | <[ve|<(1+0)b] (1=0) b <[v€|<(1+0) 0]
—(1—6)2 by2
Folgle T
- la + 1| = a+ 1)

where the last inequality is implied by \x!e*(ke)%Q < C uniformly for all 0 < 8 < 8, § < 1.

Therefore, by choosing 6§ = \/I;I? and by the fact that a belongs to the compact interval, we have

for all A such that —1 49 < RA < m, |SA| > dp, 09 > 0, uniformly

C
lw(A,§) =1 < V1SN LR
for £ € R. In particular, |w(X, &) — 1] — 0 as [IA| — oo (RA is bounded), uniformly for £ € R.
Combining the results from cases a) and b), we arrive the first statement of Theorem
2. Fix any AT > \*(&) +¢e. For |¢] > & and A = a + ib, where a = AT we have

w(v)dv
lw(A &) — 1\_‘/ | < / - () -
vz§—|—1+a+zb |vi€ + 1+ a + ib|

|b|<(1-0)]v¢]|
w(v)dv w(v)dv
=I+4+1I+1I1
+ |vz’§+1+a—i—ib[+ / |vi€ + 1+ a + ib| L+ ML
(1=0)[vg|<[b|<(1+0)|v¢] 6> (1+0)|v¢|

where 0 < 0 < 9§, J is fixed and § < 1. Next, we estimate each integral separately.

1=
\(vf+bz+1+a\‘/92v§ a+1)
bl <(1-0)[v€]
Similarly,
w(v)dv / w(v)dv
I := < .
(W€ +D)i+14al = Jg 02(v€)? + (a+ 1)2
[b]>(146) |v€]

Now, we estimate the second integral. Since £ # 0 for the second integral. Therefore, ﬁlg\%] <

lv| < li—@\gl Then w(v) = ﬁe”ﬁ < %67(?19)2(3)2. Therefore,
- wdo Jee @ ay
o |(v€ +b)i+1+4al — la + 1]
(1-0) [vé| <|b|<(1+0)|vé]| gl 2I<loI<i51 8l
2 0 b, —(135)%(2)?
. ﬁ1702|5|€ 1+6/ ‘¢ <C 1092
- la + 1] la+ 1]’

where the last inequality is implied by |x|e™ (19)%2 < C uniformly for all @ such that 0 < 6 < 6,
0 < 1. Therefore, by choosing § = \/lg‘?, we see that [ + I + 11 — 0 and |w(A\, &) — 1] — 0 as

|€| = oo uniformly for A € {\ € C: RA = AT}. In particular, for vy > 0 there exists a Ry > 0 such
that [w(X, €)| > o for €] > Ry (Ro > &) and A € {A € C: RX = AT}
We will consider the case {y < |£| < Ry. Choose R; > 0 large enough, then, by item 1, there
exists a 41 > 0 such that |w(), &) > 41 for Ry > |€] > & and A € {\ € C: RA = AT, |S)\| > Ry},
13




Also, since w(-, -) is a continuous function (see item (3), Theorem[3.8)) and it vanishes in the compact
region {(\,€) : A € [A\*(&), AT],0 < SA < Ry, Ry > €] > &} only at the point (\*(&), &), there
exists a 2 > 0 such that |w(), &) > 42 for Rg > |€] > & and A € {\ € C: RA = AT, |S)\| < Ry}
By choosing v = min{v;}, i = 1,2, 3, we arrive at the statement of item 2.

3. The proof of item 3 is similar to that of item 2. ]

Proposition 3.10. Let £ = 0. Then
® 0css(Lo) = { 1} and 04(Lo) = {O};
o K()\,0) = LH,Aggwghg K7Y(X\0)=T+%, XA ¢ aq(Lo).
e R(\,0) = 1+A(I+ V=5V -1 -1V, A¢ o(Lo).

Proof. The fact that oess(Lo) = {—1}, and o4(Lo) = {0} follows from ) and (3.14)).
Let f,g € H = L?(R) and assume that K(\,0)f = g. Then

g=T+VR'NOV)f = f+ (f. 1) 12 (R°(X,0)1,1) 12 1.

Therefore,
1
L2 =(f,1 1——).
(g) )L%U (f’ )L%U( 1_|_)\)
Hence,
<f7 1)L2 1 (97 1)L2 1
f=9+—F"—=9+—1"
1+ A A
The last item follows from the second item and formula (3.5). O

4. THE RESOLVENT EXTENSIONS OF Mé AND Lf THROUGH THE ESSENTIAL SPECTRUM

We would like to extend the resolvent of M, L¢ and the Birman-Schwinger determinant w(-,§)
through the essential spectrum. First, we introduce the following notation:

Iy ={z€C:Rz>—-1}, II_ ={2 € C: Rz < —1},
={zeC:|Re+1|<e}, W ={z€C: Rz +1|<elé]}, £#0, € >0.
Proposition 4.1. Fix £ # 0.

(1) (The unperturbed case). For arbitrary ¢, € ®q the function A — (RO()\,f)(Z),”L/})L%J, where
RO(\, &) = (Mg — \)™Y, has holomorphic extensions A — (R°(X\,€)¢, )+ from Iy to Iy U
Qg Moreover,

(B0 0.0 = (OG0 0)- =~ 2o F (B ED) (D) et @y

Letting
(RL(\ 6o, ¥) := (RN, €)6,¢)x, 6,0 € P,

we see that R (X, &)¢ € ®* for all ¢ € ®, that is, RL(\, &) : @ — ®*. Moreover,
(RL(X, )¢, 9) = o0(1), |A] = o0 (4.2)

uniformly in the region {\ € C: RA+ 1 > —n|¢|} in the case of Ry (N &) and uniformly in
the region {\ € C: RA+1 < n|&|} in the case of R_(\,§) for any n < e.

(RE(N,€)" = RL(\, —¢),

where the adjoint is understood in the sense of (2.4)).
14



(2) The Birman-Schwinger-type function X — K(X\ &) = I + VR(\,6)V € B(L2(R)) and
its determinant A — w(\, &) have holomorphic extensions X — Ky (), €) € B(L2/(R)) and
A= wi(NE) from Iy to Iy U Q§T In particular,

Ki(\ &) =T+VRL(\ OV (4.3)

and are operators of identity plus rank one. Moreover, for any § € [—+/7,0) U (0, /7] there
exists a unique A € Il (more precisely, A\ € [—1,0)) such that 0 € oq(K1(\,§)), and if

)
€ € R\ [—/m, /7, then 0 € p(K+(\,€)) for any X € I, and 0 € p(K_(\,€)) for any
£€Rand A €II_. Also,

KX, €) = Iz, = o(1), |A] = o0 (4.4)

uniformly in the region {A € C : RA 4+ 1 > —nl|} in the case of K1 (\ &) and uniformly
in the region {\ € C: RA+ 1 < n|¢|} in the case of K_(\,&) for any n < . Moreover,
for any & # 0 there exists a small enough v such 0 < v < e and 0 € p(K4+(\,&)) for any
Ae{AeC:0>RA\+1>—v[¢|}.

(3) (The perturbed case). For arbitrary ¢,v € ® the function X — (R(\,&)¢,9)r2, where

R(A\, &) = (Le—\)"1Y, has meromorphic extensions A — (R(X, €)é, )+ from Iy to HiUQg.
Letting

<Ri()‘7 £)¢a ¢> = (R(Av f)qsv ¢)i> Qb, 7/1 € (1)7
we see that Ry (N, )¢ € ®* for all ¢ € ¥, that is, R+ (\,§) : ® — ®*. In particular,

Ri(X\€) = RL(N, &) — RE(NOVEL (N EVRL(N€). (4.5)

Moreover, the poles of (R(-,€)¢,1)+ coincide with the poles of KI'(-,€). Also,

(R+(X,€))* = Re(X, =€), (4.6)
where the adjoint is understood in the sense of . Finally,
(Rx(A,§)o,9) = o(1), [A] = o0 (4.7)

uniformly in the region {A € C: RA+ 1 > —n|é|} in the case of Ry (X, &) and uniformly in
the region {A € C: RA+ 1 < n|&|} in the case of R_(\, ) for any n < e.

Proof. (1) Fix £ # 0. Let

(RO, )¢, )+ = z/ ¢ (z5n)¥(Zh) w(zsp)dz, zsn = (2 + 1)1, (4.8)

re(e) ~i%sn — 1= A

where the contour I'_ (£)(I'4(£)) passes along the vertical line z = —1 except for a neighborhood of

the point z = —1 + (%)z, and passes around z = —1 + % to the left(to the right) for £ > 0 and

to the right(to the left) for & < 0 without leaving the domain Q7. It is clear that (4.§]) defines the
required analytic extension. Also, note that by (4.8))

H(2)Y(Z) )\w(z)dz, (4.9)

0 _ _
(#0.90.0) = [ e

YF (5

where the contour v_ (&) = v_ for £ > 0 and y_(§) = vy for £ < 0 where the contour v_(v4) passes

along the z-axis except for a neighborhood of the point x = —%, and passes around z = %z

from below(from above) without leaving the domain . Similarly, we define v4(§) = 4 for £ > 0
15



and y_(§) = y- for £ < 0.

Moreover,
9(2)v(?) 9(2)¥(z) _
RY A, ) = - w(z)dz = — =w(z)dz
R0 = | ()az = [ )

() "6z —1—A (@) €2 —1— X
= / Mw(z)dz = / MM(Z)CZZ (4.10)
©) -4 —£) —1-

= (RL(A\, =€), ¢) = (RL(X, €))*, 9).

Now, let £ > 0. For all A from the region {\ € C: RA+ 1> —né} and Sz = —v, where n <y < ¢
we have

| =iz —1=A""<JpE+14+RAT < (=)L

Moreover, for all = such that |z| < %, where x = Rz
R e R B B e R R e Sy
- T+
Therefore,
_¢()Y(E) )w( / o f)
RY(A = z)dz| = d
#0000l =1 [ g =1 e

< (v~ nx>1A W|MHHMHm@w<><>wz
T—yi:|x|>

2

el (o lxl<m+w}!¢(z)¢(§)w(z)|dz,

giving the o(1) result in item (1). All the other cases for the o(1) result can be treated similarly.
(2) The formula

(K£(A\&u,v)pz = (u,v)r2 + (RN, )Vu, Vo), u,v € L3(R) (4.11)

defines the corresponding analytic continuations. Notice that Vu, Vv € ®.
Next, we introduce the extension of V', that is, for any ¢* € ®* and u € L2 (R) we define V : ®* —
L2 (R) as follows

(Vo™ u)rz = (6%, Vu).
Therefore,
= (¢", 1)1. (4.12)
Also, notice that the operator V € B(LQ( ),®) and V € B(®*, L2(R)). Moreover, the adjoint

operator to V € B(L2(R), ®) is equal to V € B(®*, L2 (R)). Indeed, for ¢ € ®* and f € L2 (R) we
have

(@ V) = (D) (0%1) = (1, F)2 (0% 1) = (Vo©, flrz = (V76" 1z (4.13)
Hence, it follows from (4.11) and (4.13) that
K+(A\€) =T+ VRL(\QV

and is an operator of identity plus rank one. Also, notice that

(KX, €)* =T+ VRL(\, —=€)V. (4.14)
16



Moreover, for any fixed £ # 0 and any A € 111 U QgT, we extend w(+, §) by defining w4 (-, ) to be
the determinants of K4 (+,&):

wi (A, &) :=det(KL(\§)) =det(1+ <Ri(/\7€)1, 1)) =1- / w(z)dz

Then the claim about invertibility /noninvertibility of Ky (X, &) (K_(),§)) for £ € R and X € II
(A € II_) follows from Proposition

Now, we assume that A € I, \ II;. Let A = —1 + b, then we consider two cases: £ > 0 and ¢ < 0.
Case 1. Let £ > 0. Then

/ w(z)dz 1/ w(z)dz 1 lim / w(z)dz
v P+ LT +HN A€ z—%i i€ n—0% Jr 2 — (=b/& + i)

_ 1 i (— y w(v)dv
— e (Erin(-b/9) + P ./wa/g).

If b # 0, then the imaginary part of the integral from (4.16|) doesn’t vanish. And if b = 0, then

w(z)dz
[ stes e

(4.16)

Therefore, if A € T1 \ [T and & > 0, then det(K_ (), €)) doesn’t vanish and det(K (), €)) vanishes
if and only if A = —1 and & = /7.

Case 2. Let & < 0. Similarly, one can show that if b # 0, then the imaginary part of the integral
det(K+ (A, &)) doesn’t vanish and if b = 0, then

det(KL (X, €)) = 1 - (Fv/7/€). (4.17)

Therefore, if A € I \I1; and ¢ < 0, then det(K_ (), €)) doesn’t vanish and det(K (), €)) vanishes
if and only if A = —1 and £ = —/7.

Formula follows directly from and .

The existence of v such that 0 < v < € and K (), €) is invertible in the region {A € C : 0 >
RA +1 > —9[¢|} follows from formula and the fact that the determinant of K (A, &) is a
holomorphic function in the region {A € C: 0> RA+ 1 > —¢[¢|}.

(3) Using formula (3.5), we can extend R(),£) as follows

(R(A,€)¢,v)+ = (RL(A )6, ¥) = (KL (X VRN, )6, VRLA, —€)¥) 13, (4.18)
Also, formula (4.6]) follows from (4.10)), and ([4.18)).
Finally, formula (4.7) follows from (4.2)) and (4.4)). O

Remark 4.2. Notice that the region Qg becomes an empty set for £ = 0. That is why we assume
that £ # 0 when we work with the rigged spaces. And, we will treat the case £ = 0 separately.

Remark 4.3. Here, following the rigged space formalism of [L70], we have extended the resolvent
through the essential spectrum of L¢ by restriction to analytic test functions. This is in some
sense dual to the strategy followed in scattering theory [LP89] and stability of traveling waves
[S76l, [GZ98|, [ZHI8] of extending the resolvent by restriction to spatially-exponentially decaying test
functions. However, different from the analyses of [ST6, (GZ98| [ZH98], we (and Ljance [L70]) do
not make use of the extension of the resolvent past the essential spectrum to obtain estimates, but
only the continuous extensions up to the boundary from either side; see Section —.
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5. THE GENERALIZED EIGENFUNCTIONS

Fix £ # 0 and let
1 1
270 4 i(A+1)

N(z) == w2(z), xe Qf. (5.1)

Note that 69() € or, for n > |~‘R|>\E‘+1|

sponding to §9(+) is called a generalized functional and

. The functional as an element of the dual space ®* corre-

0 .\ _ W 12 (A +1) T
<5)\7¢>—¢<T)w (T>, ¢ € P, )\695.
In particular, L
(6% 1 e @) = d(Mw'2(N), g€, XeQ. (5.2)

Remark 5.1. Note that 59170\5 is similar to the standard Dirac delta functional with the weight
w2, And the difference between two functionals is that the space of the test functions for 5071714 A€
is @ instead of the space of infinitely differentiable functions with compact support.

We now describe an extension of the operator Mg from H to ®*. First, we introduce the operator
T

T:= M+ 1, dom(T) = dom(M¢) C L2 (R).

Definition 5.2. Let dom(7'|®) = dom(M¢|®) := {¢ : ¢ € dom(T) NP, T € ®}. We denote by
dom(7T'|®*) the set of those ¢* € ®* for which there exists a ¢* € ®* such that

(", ¢) = —(¢%,T9) (5.3)
for all ¢ € dom(T|®). For a given ¢* € ®* we set T'¢p* := ™.

Lemma 5.3. Let ¢* € ®*. Then ¢* € dom(T'|®*) if and only if

(1) the limit 1(¢*) == — lim,_, o0 i€2¢* (2)w'/?(2) exists, where ¢*(-) is an analytic representation

of ¢*.

(2) the function z — —i€z¢*(2) — 1(¢*)w™2(z) belongs to some space ., nelo,e).
Proof. Assume that (1) and (2) hold. Since for ¢ € dom(T'|®) and v € (0,¢) the integral
f7 P(Z)w'/?(2)dz is equal to 0, ¥*(z) = —ifz¢*(z) — l(¢*)w V/%(2) satisfies (5.3) for all ¢ €
dom(7T'|®). Therefore, ¢* € dom(T'|®*).

Now, let ¢* € dom(T'|®*) and ¥*(-) be an analytic representation of ¢* = T'¢*. Then, by (5.3,

for some v € (0,¢) we have

i)~ 6" @FEw(EE = 0, 6 € dom(T|@).
i

Now, pick ¢ € dom(7T'|®) with analytic representation ¢(z) = 5= (z — ) 2w ~'/2(2) where |R¢| >

=5 >e.
Then the necessary part of the lemma follows from the fact that [(—i&¢¢*(¢) — ¢*(¢)w'/?(¢)) =0
from which (1) and (2) follow. O

Now, we are ready to extend M from H to ®*.
M¢ : dom(M¢|®*) C ©* — ®*, dom(M¢|P*) = dom(T'|D*),
Meg™ = (T —1)¢".

Now, we are ready to describe the generalized eigenfunctions of the operator M.
18
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Lemma 5.4. Let ¢* € dom(M¢|®*) and

(Me — \)¢* = 0. (5.5)
IF RN + 1] < €[¢], then ¢* = C8Y, and if |RX + 1| > €[¢], then ¢* = 0.

Proof. By Lemma the equation is equivalent to the following equation in terms of analytic
representations

—i62¢"(2) — ¢*(2) = WP w2 (2) + A’ (2). (5.6)
Thus ¢* = C&Y for |RA + 1] < e[¢|. And if |RX + 1| > €[¢[, then ¢*(-) from belongs to ®*, if
and only if [(¢*) = 0 which implies that ¢* = 0. O
Remark 5.5. Note that

1 1

~1/2 T
680(2) := o +i()\£+l)w (2), A€

are the generalized eigenfunctions of the operator M}, and

W0 L (IAFD)N g —i(A+1)
(890, ) = qﬁ(T)wl Q(T) ped, reql. (5.7)
In particular, L
(0% 130 0) = 2V 2(N), g€ ®, A€ Q. (5.8)

Next, we introduce the following transforms
dom(S) = L2 (R)
FE ()

(S

dom(&,) = B,
G0 = [ g xeR g #0€R
R Z— (A+in)
dom(S+) = L*(R),
; : f(2)
S A):=1 _
(SN == Mm | ==
dom(Sy) = Ly (R),
Sif:=8:(fw'/?) e L*(R) c L (R),
where the limit exists for almost all A € R. Moreover, Sf is a holomorphic function in the upper
and lower half—planes transforms S and S could be treated as bounded operator from L?(R) to
L*(R) and Si = lim, o+ S in the sense of strong convergence of operators in L?(R). Note that if

f is holomorphic in a nelghborhood of A and (2 — \)~!f(2) is integrable on (—o00, A —€) U (A+¢, 00),
€ > 0, then

dz, S\ # 0,

(5.9)

dz, A € R,

: f(2) _ [ fG)
Jim [ e = A
Therefore, for ¢ € ® we extend Sy as follows:
. 1/2
S0 = S = [ X e nen
TF -

Remark 5.6. Notice that
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where F is the Fourier transform and x. are the

5 o2miF s (e MO F, >0,
S = Fly ()e=10)
=2miF x—()e "I F, n <O,
characteristic functions of the semi-axes R4.
,,f' = (S,f) and S, f € Hl( ) for f € HY(R).
. Si = hmn_)()i S77 = +271iF'x+(-)F in the sense of strong operator convergence.
o Sif' =(S+f) and Sif € HY(R) for f € H'(R).
o (Si(fw'?) = (Si(fw)) = Se(fw/?) — 28 (vfw'/?) and Si(fw'/?) € HL(R) for f €
HL(R).

Proposition 5.7. Fix{ # 0. Then the functions wy(—1—-i&, &) defined in (4.15)) have the following
properties:

(1) we(=1—"i§,§) are analytic functions and lim|y|_o wt (=1 — X, &) = 1.

(2) if £ £ £/m, then wi(—1— i€, &) don’t vanish for all X € R.

(3) if &€ = £/m, then w_(—1 — Xi&, &) doesn’t vanish for all X € R, wy(—1 — \i&, &) vanishes
when A =0, W (—1,+y/7) # 0, and wi (=1 — Xi&, ) doesn’t vanish for all non-zero real .

Proof. (1) The functions wy(—1 — -i§, &) defined in (4.15)) could be analytically continued as

(1—M§§_1——

(€

(2) and (3) follow from formulas (4.16]) and (4.17)) and from the fact that

W (1) = = (E4w) (0) = (8 1u/)(0) = — (min (0)

Similarly, one can show that w/, (—1, —/7) = 2. O

Proposition 5.8. Let £ # 0. Then

[Ri()wf)l](z) = —Rﬁ[@l)(z) — (Sitsgn 51)0\)]: (5.10)

(L4 N)i, A€ gess(Me).

Moreover, if i is the natural inclusion map i : H — ®* (see (2.3)) and f € H, then one can show
that the analytic representation of if is of the form:

(if)(2) = —s=w ' 2(2)(Sf)(2), Sz #0. (5.11)

2T
Also, we have
(Mg — A)RL(A,€)¢ = i, ¢ € @,

RYL(N&)(Me — \)¢ = i¢y, ¢ € dom(M|®).
20
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Proof. Let 4 be a positive number such that the contour from fﬁ (see (2.6))) is outside of both v_ (&)
and 74 (£). Then

0 _ ¢(2)9(2) A=eni 1 ¢(2)¢(2)
wogow = [ —igz—l—)\w(z)dz ) e
1 ¥(@) 1/2( ) 172
277{ o / dyw'*(z)dz

1/2(2’) ——
2“5//%F(5) z— (y—2) dzp(y)w “(y)dy

e Mdz_ Pw'(2) . 1200d
27T5/w—ﬂ /mf) 2=y /ﬁ(f) - A W” ()(5'13)

Similarly, one can show that
. B 1 o(2)w'/?(2) 1/2
(if, ) = (f,w)Lg,(R) = 2m/§ [/%F({) ﬁdz}¢( Yw ' (y)dy.

Next, the first formula in (5.12)) follows from the extension formula of M, (5.4)), (5.11)) and (5.13]).
Finally, the first formula in (5.12)) follows from the definitions of dom(M¢|®) and RY (), £), and
(5.17). 0

Definition 5.9. The operator L¢ extended to the space ®* is defined as the sum of the operators
M¢ and V extended to this space. The domain of the extended operator is dom(M¢|P*).

L¢ : dom(L¢|®*) C @* — @, dom(L¢|®*) = dom (M| "),
Legp™ = (Mg +iV)o™.
We now determine the generalized eigenfunctions of the extended operator L.

Proposition 5.10. Fiz £ #0. Let A € Qg and let K (N, &) (K-(\€)) be invertible. If

(Le = N)¢* =0, ¢" € dom(L¢|PY), (5.14)
then ¢* = CT6) (¢* = C~6, ), where
Oy = (1= RLALOVEL (A V)3, (5.15)

Proof. We rewrite equation (5.14) as (Mg — X\)¢* +iV¢* = 0. By applying Proposition we
rewrite the equation (5.14) as

(Mg = N)¢* + (Mg = \)RL(A, £)Vo* = 0. (5.16)
By Lemma the general solution of this equation is of the form
¢* + RL(\, &)V = CE68. (5.17)

After applying the operator V' to both sides of and using the fact that V2 =V, we obtain
(I +VRL(\,OV)Ve* = CEVE.
Using formula , we arrive at
Ki(\&Ve* = CEVEY. (5.18)
After substituting the solution of into , we arrive at
¢* = CE6F = CH(1— RL N VKD (A, V).
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Remark 5.11. One can also show that if A\ € Qg and K (A, —¢) are invertible, then
05F = (1= RL(\ —VEL' (A, —V)oy’
are the generalized eigenfunctions of the extended operator LZ'

In order to prove the jump formulas for the resolvents, we need the following auxiliary result:

Proposition 5.12. Fiz £ #0. Let X € QgT and let K (X, €) be invertible. Then

g1 ypo
Kj:()\,f) =1 wi()\,f) VRi(Aaf)V7 (5 19)
14 1 '
Ki(\§ 1= 7(%[()\’5)1
Proof. Let f,g € H = L2 (R) and assume that K1 (\,&)f = g. Then
g=T+VRLANOV)f = f+VRLAOVf = [+ (f,1)r2 (REL(A €)1, 1)1,
Therefore,
(ga 1)L2w - (f? 1)L12U(1 + <Ri()‘7 5)17 1)) = w:l:(Av 5)(f7 1)L%U
Hence,
1
f=9- (AN (RLAOL DL =g — —m VELA V.
Moreover, if g = 1, then
R R 7T o (RIANOLLN,
f=t gV meovi= (- e = et
O

Proposition 5.13 (Jump formulas). Fiz & # 0. Let A € Qg Then
(1)
0 0 2w (AN (A1) o
(RLO.6) = R0 = —0(F— w2 (25 —) 8

2
=—§%¢%%$,¢e@

where 5%0 and 59\ are generalized eigenfunctions of the operators M¢ and Mg, respectively.

(2) If K4 (\ &) and K_(\,=&) are invertible, then
27
el
where (5?\_ and 5;5 are generalized eigenfunctions of the operators L¢ and Lg, respectively.

Proof. The first line in ([5.20)) follows directly from (4.1)).
Similar to (5.12)), we know that (Lg — A\)R+(X, )¢ = i¢ for any ¢ € ®. Therefore, if ¢* =

(Ry(N, &) — R-(N,§))¢, then (Lg — A)¢* = 0. Then by Proposition
¢" = (R+(X,€) = R-()\,€))p = CToy.
Moreover, if follows from ([5.16)) that

* * — /
Ry T e

(R+()\, 5) - R ()‘7 5))@5 = <¢7 5;_>5;\i_7 d) S (I)a (520)

¢* + RL(NE)V*)o%(z).
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Therefore, C* = —%’rl(d)* + RY(N\,§)V¢*). Next, we compute [(¢*).
[(¢") = — lim (i€2¢" (2)w'/?(2)) = —i€ lim (2[(R+ (A, €) — R-(X,€))g)(2)w'?(2)).
In particular,

lim (2[(Re (X €)¢)(2)w'(2) = lim (2[(RL(N €) = RE(AOVEL (N EVRL(N, €)d](z)w'/2(2))

—00 Z—00

Dt (RO ~ FLOLOVRLOLO + s RO OVRLLOVRL L)l ()
1 <RO ()‘a f)ﬁb, 1> <RO ()‘a 5)1? 1> 3
= g<$isgng¢><> arg[T(RE (99, 1) + == )(Ssgn e1)(N)
1 (RY(N,6)¢,1) 3
= Tﬂg(szl:sgn e)(A) — 2W§W(8ﬂ:sgn e1)(N).
Hence

w—i—()\a {)
0 ~ 0 \
e e ) + CE AT S s ).

Now, we compute [(R).(\,€)V¢*). By (513), we have I(R%(\, €)V") = 52(¢",1)(Sgn ¢1)(N). In
particular,

(RY(N,6)0,1)

(Ssen D)V + T3

16%) = 3 ((Sugn e ~ (S e)(3) - (Ssm DV)

b 2 (27”Sgn (€){¢,05") -

(6%, 1) = (Ry(\€) — R_(\, )6, 1) =2 (6, (Ry (A, —€) — R_(A, —€))1)
(RO, —OL1)2 o
e RO o
(RO —L1)2 o
W m LACEY
1 1
w+(;\, —g) ()‘ g)

Therefore, we now compute CT = —%”l((b* + RY (X, V™).

(6, [1 = (RL(N, =61, 1) +

— 1= (R"(\,—-6)1,1) +

= (¢, RO (N, =61 - RO (X, —)1).

(R (A 8o, 1) (R2(A,§)0,1)
CU+(A f) w_()\,f)

g 90 1)(Sun D)

(RO (7€), 1)
o (N8

(RO O6,1), 2
g )T |5r<¢’(

¢, 057).

ot = 2<2m'sgn (€)(¢, 620) — (Ssgn e1D(N) + (S—sen 1)(N)

+((

1 0
m&r()\,{)

_ 2<2m‘sgn (6)(6.55) - (S DA) = (S-am DW)

<R(l (5‘7 _g)gbv 1>

_ a0
- <¢a6 >( w,(j\, _5)

|§\
Remark- 27T<
€]

)35")
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6. THE GENERALIZED FOURIER TRANSFORMS

Let £ #0, A € Q and ¢ € ®. We introduce the following transforms (the generalized Fourier
transforms) U and Be:

Ues)(N) = 1/§<><¢’ t e

(BeO)N) = 7y 0077

Now, we can prove the following proposition:

Proposition 6.1. Let £ A0, A € Q and ¢ € . Then
- 1
(Ue)(A) = B(A) — - .
i€y (—1 — iNE,€)
1
Beh) (V) = ¢() — ————(Sgn (0! ?) (V).
(el i (1 E 6
Proof. Tt follows from Proposition that
(6,051 _ine) = (6, (1= RY (=1 =M EVE T (-1 =M, V)1 ine) = (6,071 i)
- <¢, RY (=1 =X, VKT (-1 —id, VY i)
It follows from (4.12]) and (| . that
Vel e = (0% e D1 = w'2(N)1. (6.1)
Using formulas and , we arrive at
RY (=1 =i VKT (=1 =M, VY iy =

It follows from formulas (4.9)), (5.2) and (6.2]) that

(S—sgn e(¢u' /%)) (N),

w1/2()\>
wi(—1—iAE,§)

RY(—1—iX& €)1 (6.2)

. . w'2(}) 6(z)
w1/2 . 711) z)dz
1/2
—o(Nwl/2(\) — z)dz (6.3)
SO R — = 1_Mfg/
. _ w2(N) ¢(2)
— w2 (\) — ——=w(z)dz
oY) ) iwy (=1 —19XE,€) /w(s) 2= A =)

Similarly,
(6,07 ise) = (0, (1= R2(=1 44X, = )VEZH (—1+iA&, —V)O™ | 50) = (6,07 15)
— (¢, RY(=1+ X6, =V (=1 40X, =V 5,)
It follows from (/5.8]) that

VI ine = (0% 50 D1 = w2 (V1. (6.4)
Using formulas ((5.19) and (6.4]), we arrive at
wl/Q(j\)

RO (—1+4XE, —E)VET (14X, VY e = RO (—1+i)E,—6)1.
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Similar to (6.3]), we have

B w'/2(\) o(2)
L0 L) = wl2(\) — — —w(z)dz.
(00 14ise) =0MwH) —z’fw_(—1+i)\£,—£)/7—(£)2)‘ (=)

O
Based on Corollary and Remark we are ready to extend the generalized Fourier trans-

forms.
e For { £0,+\/7
Ue - Hy (Rydv) — H (R;dN),

1
Usf) V) = fF(N) =
Ue f)A) = f(N) i€y (—1 — X, §)

Be - H (R;dv) — H, (R; d),
1
BN = I~ e =g S e(fw'2)(N), for f € dom(Bg) = H(R; dv).
e For £ = +/7
e - Hy (R;dv) — Hy (R; dA),

) ) = M (3) = e (S )Y, o € doma(Ole) = R,
Be - H3 (R dv) — HS(R: dN),
(Bef) ) = ) = s (S )N, for f € dom(Bg) = (R
’ (6.6)

(S_sgn ¢ (fw2))(N), for f € dom(Ue) = HE(R; dv),

(6.5)

Proposition 6.2. Let £ #0,+\/7, A € R. Then
(BeLe f)(A) =(=i€A = 1)(Be f)(A), f € dom(Le),
(UeLe f)(N) =(iEX = 1)U f)(N), [ € dom(Lg).
Proof. Let f € dom(L¢). Then

(6.7)

_ B 1 wl/2
(BeLe f)(A) =(Le f)(A) _iéw_(_1+i)\§7_§)(3sgn£( Lef))(N)

, 1 (Lef)(2)
=(—1 A—l )\ ,1 2 — wzdz
(DI + (D)~ s | )

1
=(—tEX—=1)Ff(\ )2 —
(A=) + (Dt~
[—i&(z = A) + (=i€A = D]f(2) + (f, D)r2
Yw(z)dz
X/w_@) z=A ) A

. _ié(fv 1)L2 + (f7 1)L2 (Ssgngw)(A)
—(—iEA = D) (Bef)N) + (f,1) 12 — b b
(A~ DB + (1) — e ke
=(=iEA = 1)(Be /) (M) + (f; Dz, — (f; Dpz, = (—i€A = 1)(Be f)(A)-
Similarly, one can show that (U Lg f)(A) = (€A — 1)(Ue f)(A) for f € dom(Lg). O

Notice that for each fixed A € R, 61, xe() and 6% 4 (+) can be treated as holomorphic functions

—1+iX¢
outside of the certain strip, that is,
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Lemma 6.3. Let A € R. Then the holomorphic representations of 5f1_i/\§ and 5“_I_H.)\§ are of the
following form:

W2 (N w12 (»
01 ingle) = gy o) g IS L (S1)(e) - (S,
1 1 w'2(Nw=1/2(2) 1

0"

1+z)\5( z) = i 2 — /\w_l/z(z) -

o€ (—1 4N, —€) 7 — LS () = (S-1) (W]

Proof. According to (5i (1 - RI(N VKN EV)SY. Therefore,
5f1_ug =02 ine — RU(=1 =X VR (=1 —idE VY e

It follows from ([5.1) that the holomorphic representation of 591_1-/\5 is

1 1
0 R V)
57172&(2) i o — )\w (2).
Next, according to (6.2]),
1/2
0 , “1 - 0 w (/\) 0 .
-1 — K 1(=-1= = —-1-— 1.
Finally, it is clear that the the holomorphic representations of RY ( 1 —1iX, €)1 (cf. -

w2 (z
[R(-1- 06 OT(:) = — 5D SD(E) - (S

Similarly, one can derive a formula for the holomorphic representation of §% iNE O

7. GENERALIZED EIGENFUNCTION EXPANSION

Proposition 7.1. For any f € HL(R) the following inequality holds
[ mO Q00 < Ny (71)

where o is a point on the vertical interval I = {a + in|a € R is fized, n € [—p, ], p € R is fized},
for each fized o # a m is a holomorphic function in the neighborhood of real A-axis, for o =
a m is a holomorphic function in the neighborhood of real \-axis except for a single pole a of
order 1, m is uniformly bounded at infinity with respect to o, (A — o)m(\, o) is bounded over
{a neighborhood of a} x I, and for each fized o

m( (\)
A YA = lim [ ——=———2d\ 7.2
[ minorr Jim [ D, (7.2
and, finally, C in (7.1) is independent of o.

Proof. Let e, is a cut-off function corresponding to a and defined on the real line, that is, e, is
infinitely differentiable such that e, = 0 outside of a neighborhood of a and e, = 1 in some (smaller)
neighborhood of a. Introduce E! and E?

E;(N) = (A = o)m(X, 0)ea(N),
EZ(N) =m(X, 0)(1 — ea(N)).

/im()\,a) N d\ = /El d)\+/E2 (N)dA (7.3)

Then,




Also, the following point-wise estimate holds for any function g € H'(R)

(Sa9) (@) < 1859l 72(ry + 1(S9) I 22 gy

Or,
(S09) (@) < 1891 + 159 22
. s [ 2miF (e OF, >0 - 5 + .
Since S, = { —27ri.7:*1x,(-)e*’7(')}', n<0 the limit of S,g(a) as 7 — 0% exists, and moreover,
[ 22 < Clollner
where C is independent of o. Therefore, formula ((7.1)) follows from ((7.3) and the fact that fw €
H'(R) and || fllzy,®) < 1fllzz @122, r) = 1 £l 22,y (that is, LE,(R) C Ly (R). O

Remark 7.2. Let f € LL(R) have an extension which is holomorphic in the neighborhood of the
pole o of the function m from Proposition [7.1} Then,

/ m(z,a)f(z)w(z)dz:/m()\,o')f()\)w()\)d)\. (7.4)
T+ +

Let the functionals (Sii be the generalized eigenfunctions of the operator L}, extended to ®*.

Theorem 7.3. Fiz £ #0. If ¢ € dom(S|®P) and ¢ € P, then

s = [ 1006 01 ongr VDA + (Pre(€)6.6), (7.5)

oo— Z

where v € (0,¢) is chosen so that for all X such that —v& < (sgn §)IA < 0 the operators K4 (—1 —
iNE, &) are invertible, and Py« (§) is the following operator

Py« (&) = —Residuey_x«(¢)R(\, §) for & € (—v/7,0) U (0, /),
P_1+ = —Residuey— _ R (—1, £y/7),
Py(§) =0, for & ¢ [-v/m, /7,
where A*(€) € [—1,0] such that 0 € oq(K(—1—iX*(£),€)). In particular,

o if £ € (—/7,0)U(0,/T), then for any f,g € H = L2(R) the following generalized eigen-
function expansion holds

(fag)L%U :/<f 5“I+Mg><5 1-ixe> 9 >d)\+(P/\*(§)f7Q)quy (7.6)

where \*(§) € (—1,0) is an isolated eigenvalue of L¢ and Py«(€) is the Riesz projection
corresponding to the simple eigenvalue N*(§) of Le.

o if £ = /7, then for any f,g € HL(R)
(F9)iz = [ (187,51 ag )N+ (Pas L)
:F
o if € ¢ [—/m, /A, then for any f.g € H = I%(R)
(f, 91, = /R 0 ) (01 ines 9N (7.7)
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Proof. We know (see (4.7))) that for ¢,¢ € ®

<R:|:()‘7€)¢7 1/}> = 0(1)7 ‘)“ — 00
uniformly in the region {A € C : RA + 1 > —n¢|} in the case of R4 () and uniformly in the
region {\ € C: RA+ 1 < n¢|} in the case of R_(\,§) for any n < e.
Let A be in the resolvent set of L¢. Then
1
X(%WL% —(R(A&)d,¥) 2, + < ( (A &) Leg, )z, ¢ € dom(Le|®), ¢ € D. (7.8)
Notice that for ¢,v € ®

uniformly in the region {\ € C: RA+ 1 > N} in the case of R (A, §) and uniformly in the region
{AeC:RA+1< —N} in the case of R_(\,&) for any N > 0. Hence,

tim [ (RO Leo, 9)1500 =0,

N—o0 N

where [y = [0 = [0 - Also,

lim (gf) V)2 dA = lim (gZ) V)2 dX\ = 2mi($,¥) 2

N—o0 N N—o00 IA=N A
Therefore,

.
(001 = —5 Jim_ | (ROL€6.0) 1500 (79)
Or,

Wz = ([ [T w0 o

2mi —oot—1+7 —oot—1—7
- ReSidue|§R)\+1|>'7(R()‘) f)(ﬁ) Tr[})Lgvv v > 0.

Next, we choose v as indicated in the statement of the theorem. Then
1 coi—1—~

(¢,9)rz, . ((R7(X ) = (BT(X,€)), ) 2 dA
—oot—1—7

— Residuepy1j=o(RT (A, €)d, 1) 12 — Residuegpi1)20(R(A, )b, %) 2
After the change of variables A — —1 — A&, we arrive at

§

g — — >
L 2

2772

(sem €)oo
(6.0) / (RF(=1 = iA&,€) — (R (—1 — A€, €))6, 1) 12 dA

—(sgn §)oo—i

- ReSidue|m+1|=o(R+()\7 §)b,¢) 2 — Residueypri1j20(R(A, §) @, ¥) 2

By applying Proposition we arrive at formula ([7.5)).
Formulas (| - . follow from Propositions ! 6.1| and |7.1] . U

Corollary 7.4. Let £ = 0. Then we can still use formula (7.8) for Lo, and after integration as in

(7.9), we arrive at
(fs 9z = (L =V)f, 9z +(Vf, 9Lz,

Also, note that the Riesz projection Py = —Residueyx—gR(0,0) corresponding to the simple
eigenvalue \*(0) = 0 of L is equal to V.

Theorem 7.5. Fiz & #0. Then
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o if £ € (—/7,0)U(0,/T), then for any f,g € H = L2 (R) the following generalized eigen-
function expansion holds

(f 9)i = /R (Be /)N Ueg) Nw(N)dA + (P (6)f.9) 13, (7.10)

where \*(§) € (—1,0) is an isolated eigenvalue of L¢ and Py«(€) is the Riesz projection
corresponding to the simple eigenvalue X*(§) of Le.

o if £ = /7, then for any f,g € HL(R)
(f19)1s = /; (Be )N Ueg) Vew(NdA + (P12 £.g). (7.11)
o if £ ¢ [/, /7|, then for any f,g € H = L% (R)
(F)zs, = [ BNl w(ix (7.12)

Proof. Formulas (7.10))-(7.12]) follow directly from Propositions and and Theorem O
Proposition 7.6. Let £ #0. Then

| A(Bsf)(A)(Ugg)(A)w(A)dA} < OOz llgllzz, for f.g € LE,(R) and € # 0, £/,

| [ BN NN < Cl g lalmy for f.9 € HYR) and € 20 (7.13)
:F
el ot < Cullglmys 1Beflles, < Collfllea, for g € Hy(R), f € Li,(R) and & # 0.
where the coefficients C,Cy and Cy are independent of €.

Proof. The first inequality in follows directly from Corollary and Remark Next, we
will prove the second inequality in . More specifically, we will prove the second inequality in
for ¢ > 0 and the integral [ as the other cases could be handled similarly. According to
Proposition for A € Q and f,g € ® we have

(BefY N WUen)N) =(F(0) . (11+ = E)<5+<fwl/2>><x>)
ThW-TETAG T (7.14)
S 1 _
(90 - e e g (S W),

where §(z) := g(2).
Let A € R. According to formula (4.15)), we have

= —i(1— Z,lé(m'w()\) + P.v./

R

B w(v)dv B , 32
- P.v./R D i~ mw(N) = ~2D(Y) — i€ — Ve ™),

v
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where D(\) = e’ fOA et’dt is the Dawson function. Similarly,

: )d
=—Z§(1——§( A) + P /v_ Y
)

= P.v./R “:f”‘i ‘i” — (& 4+ mw(N) = —2D(A) — i(£ + Ve ).

Therefore, the singularities in (Bef)(X)(Ueg)(A) come only from two terms and

1
S ey v Now, fix € € (0, \/772/4) 2
Case 1. Let & € (0,¢]. Since v/me ™ — /7 = o()), there exists € > 0 such that |/me ™ — /7| <
/7 /4 for all A such that |A| < €. Therefore,

|—i€wy (=1 =X, )| = | = 2D(A) — (€ — v/me ™))
> |Vre ™ — €| = |Vr — £+ Vre ™ — V| > /2, A <&

Next, notice that —2limy_,oc AD(\) = —1. Hence, there exists € > 0 such that for all |\| > ¢
| —2AD(M)| > /m/2. Therefore,

1
—iwy (—1-iAE,E)

(7.15)

[—iAEw (1 = A &) = | — 2XD(N)| = VA2, A = & (7.16)

Also, it is clear that for A such that € > |A\| > ¢, | — 2D(\)| > C, C = min{| — 2D()|,| — 2D(¢)|}.
Therefore,

|—igwr (1 =X, €)| = | —2D(N)| = €, > A 2 & (7.17)

Notice that €, and C are all independent of § Moreover, the same estimates also hold for
—ifw_(—1 41X, —¢&) with the same constants €, € and C. Therefore,

‘/ B{f ngg) d)\‘ ‘/ Bgf Z/{&Q)()\ d/\‘

|| _BHOTD DN+ | (Bep T NN
|\ <é B r18)

By (7.19) and (7.17), =xgy 11 Deo S C = max{2/y/7,1/C} for |\ <&

(similarly, i (iﬂ‘)\g —5 < <C= max{2/,/m,1/C} for || < €). Therefore, we have the following

inequality:
| <t (Bef) (N Ueg) Nw(NdA| < Cull fllez llgllzz, < Cullf 1l llglla,
where C is independent of £. For the second integral in ((7.18)), we have

1
B U, Mw(NdM\| = A) — —
| rBeh N Ueg) Vw(N)dA| wzg(f() Y -

(0 - gy S 00 )
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Then, by (7.16) and the fact that L2, (R)-norm of A(Sy (fw'/?))()) is bounded above by L2 (R)-norm
of f(\) (similarly, L2 (R)-norm of A(S; (§w'/?))()\) is bounded above by L2 (R)-norm of g())), we
have

\/A>:(Bgf)(A)(Usg)(A)w(/\)dM\ < ol fllez llgllez, < Collf a9l )

where Cy is independent of &.
Case 2. Let & € [¢,2/7 — €]. Then,

| —igw (1 +iAE, —€)| =] —2D(\) —i(€ + Vme ™) > ¢ > e (7.19)

Moreover, since lim|y|_,o e~ = 0, there exists ¢ > 0 such that for all Al > € e < 2\6/7?
Therefore,

|—i€wi (=1 = iAE §)] = |€ — Tw(A)] = €/2, [A]| = €, (7.20)

where € is independent of £. Also, we have the following representation:
i (—1 =i §) = —2D(A) —i(§ — vAe ™) = =2D/(0)A + o(X) — i(¢ — V7 + (X))

— 7.21
Yoo+ o) = ~2D/ )8 = i)+ o(A), 2

= —2D'(0)(A —

where D(-) is the Dawson function and 7 = 2‘6(% € R. Therefore, —7; 0()(‘;17;)Z.) o0 is uniformly

bounded over (\,n) € [—¢, €] X [—p, u]. Then, the second inequality in ([7.13)) follows from formulas

(7.14), (7.19), (7.20), (7.21) and Proposition [7.1]

Case 3. Let & € [24/7 — €,00). Then, we have the following uniform estimates:
|~ i (~1H+ i, 6 = | = 2D(N) — i(¢ + vme )| > [¢[ > 2V — e,
|—igwi (—1 =i, )| = | = 2D(N) —i(€ — Ve ™) > V7 — ¢,

which imply
\/(Bgf)(k)(ugg)@)w(/\)d/\| < Cillfllzz llgllzz, < Cullf ey lgllers

where (] is independent of &.

Finally, the inequalities from the third line of ((7.13)) follow from the proof of the second inequality
in ((7.13). O
Proposition 7.7. Let £ € R. Then

(1) If £ = £/7, then

P := T T (_11 :I:f) (-,e1)e1, where e = :t\/;riv’el = :F\/;iv € H,'(R). (7.22)
Here (f,e1) = [, f( Jw(v)dv for f € HL(R) (see (7.1), (7-2), (7-4)).
(2) If € (=vm V7)), th@n
1
Py(§) = ——~—( ez e,
ez 1 (723)
— W('jél)%el,wh(em el = ETiT A*(f)’él € L2w(R).

(3) ng ¢ [_ﬁv \/ﬂ; then

Py (€) = 0. (7.24)
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Proof. (1) Applying formulas (3.5]) and ( -, we arrive at
P_;+ = —Residuey— 1 RT (), i\/%) = Residuey—_1[R} (A, £v/T) VKN, £vm) VR (A, £v/7)]

! RY (N, £v/m) VR (N, £v/m) VR (N, £v/7)

= 7Residue>\:_ 1 [m

= —MRQ(—L VTV RY(—1,£/m)VRY (—1,£/7)

= —M<R3(—1,iﬁ)., IR (-1, £v/m)1, 1) RY (—1, £/7)1
=+ 9

- M(R(}r(—l,iﬁ)-, 1R (—1,£y/m)1,

Where we used the fact that (R%(—1,£y/7)1,1) = —1. Formula from the definition fo
RY(—1,£y/T), and (7.4).

( ) It follows from Theorem.that for each £ € (—+/m,/7) the eigenfunction of L¢ correspond-
ing to the eigenvalue A*(£) is ey (v) = m We also know that ker(Py«(€)) = ran((Py-(£))*)*.
Next, notice that (Py+(£))* is the Riesz projection corresponding to the isolated eigenvalue A*(§) of
the operator Lg. Hence, ran((Py«(£))*) = span{e:}, where € is the eigenfunction of L§ correspond-
ing to the eigenvalue \*(£). Therefore, Py«(§) = a(+,€1)72 e1. And since Py«(€) is the projection

1
(en,e1)p2

On the other hand, we can also compute the negative residue of the resolvent for & € (—/7,/7)
as in (1), that is,

onto span{ei}, a must be

1

Pj- :71%0)\* D)2 RO\ 1. :
In this case, the functional (RY (A\*(€), f) 1) can be represented in terms of the inner product in
L% (R), that is, (RY(A*(€),€)-, 1) = (R°(A*(€),€)-, 1)r2 . Moreover,

(e1,€1) 2 = ' (X(),¢€ )
—(R°(X(€),8)- V)2 = —(, (RPN (€),€)* V)2, = (-, @1)12,
—RO()\*(f),f)l =e1.
O

Corollary 7.8. Let £ € R. Then the operators Pyx«(§), £ € (—v/m,\/7), and P_i+ are of finite rank
into L2 (R) and H'(R), respectively, with

(P () f.9) 12| < CENSfllz2 lgllze for f,g9 € L2(R) and & # £/,
(Px-(©) £, 9)| < CIlf i wllgll e m) for f.g9 € Hy(R) and all € €R,

where C is independent of €.

(7.26)

Proof. According to Proposition [7.7]

(Py-(€)f,g) = o

Wl (A*(8), €)

where for ¢ # +./7 the pairing (-,-) can be interpreted as the L2 (R)-inner product, and in this
case, e; and &1 are the L2 (R) functions. Then the first line in (7.26]) is straightforward, and the

second line in ([7.26]) follows from Proposition O
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We introduce the following families of operators denoted by P(¢) € B(H. (R, dv), H, (R, dv))
and U Be € B(HL(R,dv), H,'(R,dv)):

P(€)i={ P.ys) € =+, (7.27)
and,

UBef.g) == / (Be )N Teg) Nw(NdA, f.g € HAR, dv), € >0,

UeBef,g) == /_i_(Bgf)()\)(Ugg)()\)w()\)d)\, f.g € HL(R,dv), £ <0, (7.28)

UeBef,g) == (I =V)f.9)ez, f.9 € Hy(R,dv), §=0.
where B¢ and U are defined in (6.5). We give an explicit description of B’g and Z/{g‘ in Appendix
By Proposition and Corollary we have

1P g Lt < C, Cis ¢-independent,
IP(©)ll 31 < C(E) for & # £,
HZ/{ngHH&]HHﬁ < O, C is ¢-independent,
U Bl 12, 2, < C(§) for & # £4/7.

Theorem 7.9 (eigenfunction expansion). Let f € L*(R,HL) (that is, f is a function of two
variables & and v, and it is an L*-function with respect to & and an H) with respect to v). Then
the following eigenfunction expansion formula is valid:

f=UBef+ P(E)f,

where the equality is understood in the weak sense (the H,'-sense).
Moreover, if f € L*(R,L2) and is compactly supported on (—/7,/7) (that is, f is compactly
supported with respect to £), then the following eigenfunction expansion formula is valid:

f=UBcf+ P(E)f,
where the equality is understood in the strong sense (the L2 -sense).

Proof. Tt directly follows from Corollary [7.4], Theorem Proposition Corollary and
formula (7.29). O

8. TIME EVOLUTION AND CONVERGENCE TO GROSSLY DETERMINED SOLUTIONS

(7.29)

8.1. Solution formula. We first take the Fourier transform of equation (1.1)) in the spatial vari-
able, that is,

of s ; N
a(ufav) - _UZ€f(t7€7U) - f(t,f,v) + /RU)(T)f(t,f,T‘)dT‘. (81)
Or, ) )
O f(t,&v) = (Lef)(E, €, 0). (82)

By Theorem for any f € L%(R, HL) we have
f=UBef + P)f.
Then the solution of (8.2) can be found in the form:
F(t.€,0) = U ((Bef) (6 0) + PE) ] (8:3)
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Theorem 8.1. Let fo(ﬁ,v) = f(O,g,v) represent the Fourier transform of the initial molecular
density of the gas and assume that fo € L*(R, H}(R)). Then the Cauchy problem associated with
(1.1) has a unique solution and its Fourier transform is

Ft,6,0) = e UE (e (Befo) (6, N)) + X O P &) fo for & € [—v/m, /7,
f(t7£7v) = e_tug (e_ié&)\t(BffO)(ga A)) fOT’E ¢ [_ﬁa \/EL

where f(t,-,-) belongs to the space L2(R, H;(R)).

Moreover, if fo € L?(R,L2) and is compactly supported on (—/7, /) (that is, fo is compactly
supported with respect to £ ), then the Cauchy problem associated with has a unique solution
and its Fourier transform is

(8.4)

f(t7£7v) = e_tug* (e_iéh)\t(Bf 0)(£a )‘)) + e)\*(&)tp(g)fo fO?"f € [_\/77-7 \/7?]7
F(t.6,0) = e U (e N (Befo) (€, V) for & ¢ [—V/, v/,
where f(t,-,-) belongs to the space L2(R, L2 (R)).

Proof. By the uniqueness of the eigenfunction expansion from Theorem if we insert (8.3]) into
(8.2) and apply Proposition we can see that the original Cauchy problem is equivalent to two
Cauchy problems:

8t(B§f)(t’§7 )‘) = (_1 - Zf)\)(Bgf)(t,f, )‘)7 (Bff)(O,f, )‘) = (BﬁfO)(fv >‘)7
Oi(P(&) ) (t,&,v) = N (E)(PE))(t,€&,v) for & € [T, /7,

. (8.5)
P(&)f =0 for £ ¢ [/, /7],
(P&))(0,6,0) = (PE)fo)(&,v).
The results follows from . O

8.2. Moments of projectors. For use in what follows, we compute, finally, the actions of P(¢)
and its dual on the unit vector 1.

Proposition 8.2. Let £ € R.
o if & =+/m. Then

1 1
P(Eyml= ———— =+ H,'(R
(£V/7) wﬁr(—l,:lz\/%)el # 0, where e; NG € H, (R),
1 1
V= a7 L= F R)
o If¢ € (—/m, /7). Then
_ 1 _ 1 9
P(¢)1 = (erem e1 # 0, where e; = ETITING € L; (R).
P¢)*1 = ! é1 # 0, where e; = ! € LA (R).

(e1,e1)r2, —vi& + 1+ M (€)
o if & ¢ [—/m,/7|. Then P(§)1 =0 and P(§)*1 = 0.
Proof. It follows from Proposition and the fact that
(e1,1) = (L) = —(RE(A"(€),9)1,1) =1 - w(A*(§),6) = 1. (86)
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8.3. Decay to Grossly Determined Solutions. Our goal in this section is to show that the
class of general solutions decay asymptotically to the subclass of grossly determined solutions.

Theorem 8.3. Let f be the general solution from Theorem with the initial molecular density
fo such that fo € L*(R, HL(R)) and let g(t,x,v) := FHP(€)f), where F~1 represents the inverse
Fourier transform map with respect to the variable &. Then

9(t, & v) = flt, E)er = N Ofig(&)er for € € [—v/m, /7,
g(t,f,v) = 0 = ﬂ(tag) fO?"f ¢ [*\/777) \/7?]

where ﬂ(t7§) = <g(t7§7 ')7 l>7 ,&0(5) = <QO(§7 ')7 1> and gO(gav) = g(oa"ga U)' In particular, g isa
grossly determined solution of equation (1.1)), i.e., its evolution is determined entirely by its moment
function

(8.7)

p(t,x) == (g(t,z,v),1).

Proof. Evidently, by (8.5)), ¢g is the solution of equation (|1.1)), or equivalently, g is the solution of
equation (8.1)) satisfying the the evolution equation:

g = N(&)g
giving
3(& v,t) = X Ego(€,0), (8.8)
From (8.8) it follows immediately that
A1) = O (¢),

giving a self-contained evolution of the moment u.
It remains only to be seen that § may be recovered aftwerward from fi. Indeed, Proposition (8.2

and formula ,
N N . _ 2 _(f ¥\ _ 1
fio(€) = (90, ), 1) = (P(€) fo, 1) = 0 for & & [/, V/7].
Thus, by Proposition and formula ,
do(&,v) = §(0,6,v) = P(&)fo = M%, evjer = jig(§)er for & € [—v/m, /7, 59

90(577)) = g(ové-vv) = P(f)fo =0 for £ ¢ [7\/7?7 \/7?]

(fo, 1) for € € [—v/7, V7).

0

Remark 8.4. Evidently, what is needed to recover g = P(€) f from = (1, g) is that the functional
(1,-) be of full rank on the range of P(); equivalently, P(£)*1 # 0, or (1,e;1) # 0, as shown in
and Proposition 8.2. This gives the general formula

g = 61ﬂ/<1,€1>,
of which the formula § = ey i of is a special case following from the fact that (1,e1) = 1.

Remark 8.5. Note that for £ € (—+/m,/7) the Fourier transform (8.7)) of our grossly determined
solution g agrees with that of the grossly determined solution of [C17, Theorem 11].
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Theorem 8.6. Let fo(ﬁ,v) = f(O,g,v) represent the Fourier transform of the initial molecular
density of the gas and assume that fo € L*(R,HL(R)). Then the solution to the Cauchy prob-
lem associated with converges to the grossly determined solution g from Theorem at the
exponential rate. More specifically,

If — 9HL2(R7H1;1(R)) < Ce_tHfOHLZ(R,H&)(R))-
Moreover, if fo € L?(R,L2) and is compactly supported on (—/7,/T) (that is, fo is compactly
supported with respect to §), then

1f = gll2rrzry < Ce 'l foll2wr L2 R)-
Proof. 1t directly follows from formula , Theorem and Theorem U

8.4. Higher regularity. Applying the results of Theorems 8.6 to the differentiated equations,
we obtain the following higher-regularity analogs.

Corollary 8.7. For fo € H' (R, H5TY(R)), 7,5 > 0, the Cauchy problem associated with ({8.1))
has a unique solution in H"(R, HS1(R)), which, moreover, satisfies

1f = QHHT(R,H;*(R)) < Ce_tHfOHHrJrs(R,H;“(R)y (8.10)
Moreover, if fg is compactly supported on (—+/m, /) then
If = gl o mops®)) < Ce I foll s r,1rs, (R)) - (8.11)

Proof. We first observe, by Parseval’s identity, that the same Fourier transform estimates used
to prove Theorems and establish also (8.10) and (8.11)) for s = 0 and arbitrary r > 0.
The full result then follows by induction on s. Namely, supposing it is true for s, we con-
sider fo € H™ (R, H:™2(R)). By the induction hypothesis, we thus have a unique solution
f € HYR,H; 1(R)). Defining now h := 9,f, we have then hg € H"™tY(R, H5M(R)), with h
satisfying the variational equation

Oth — Lh = —0, f
obtained by differentiating 0 = 0y f — Lh = 0y f + (1 —v0;) f —1(1, f)., with respect to v. Noting that
O.f € H'(R,H:71(R)) by f € H (R, H; *(R)), and recalling that hy € H™ **(R, H3M(R)),
we obtain by Duhamel’s principle, together with the induction hypothesis, that h = 0,f €
H"(R,H: Y(R)), and thus f € H"(R,HZ(R)), yielding the result for s + 1. By induction, we
thus obtain the result for all r,s > 0. O

9. L? - L? DECAY BY Cy SEMIGROUP APPROACH

Using our detailed spectral expansion of the linearized operator L, we have established L? decay
to grossly determined solutions at the sharp exponential rate O(e™"), at the expense of a loss of two
spatial derivatives. This is somewhat analogous to the case of a first-order system of PDE with real
but not semisimple characteristics, for one may observe the similar phenomenon of boundedness in
L? with loss of one or more derivatives. For example, consider the system

Ut—’Ux:O, Ut:07
0 1\ . .
0 o) &iven by a Jordan block, which
evidently has a solution that is bounded in time from H' — L?, but unbounded from L' — L?.
However, the situation is somewhat less degenerate, in that the solution is bounded (globally in
time) from L? — L2, and in fact decays exponentially in L? for L? data to the family of grossly
determined solutions, at any subcritical rate O(e("D*), ¢ > 0. This is most readily seen by

alternative, Cy semigroup estimates, as we now describe. Indeed, we do not see how to obtain such
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bounds within the rigged space framework of the rest of the paper; nor do we see how to obtain
the bounds of Theorem by usual semigroup techniques.
Consider the resolvent equation

M —Lf=A+v0,+(I-V))f=y, (9.1)
where A > 0 (therefore, A € p(L)), f € dom(L), g € L*(R,L2) and V = (,1)z2 1. Taking the
real part of the L(R, L2) inner product of (9.1)) with f gives

A1 4+ 117]1% — /R ((f,1) 2 [2dz = RS g).
By Cauchy-Schwarz, [5 [(f, 1)z [*dz < [ Hf||%2w||1||%gvdﬂf = ||f||?>. Therefore,
RAIFI2 < RUF 9)-

Hence, by Cauchy-Schwarz, ||[(A — L)"lg| < ”gy%l, verifying that e’ is a contraction semigroup
in L?(R,L2), and thus (8.1)) is well-posed from L? — L2, improving the regularity obtained in
Theorem [8.1]
To obtain L? — L? decay to grossly-determined solutions, we consider the Fourier-transformed
resolvent equation R ) )
M= Lef =\t igot+ (I-V)f =g
using a variant of Priiss” Theorem (see [Pr], [EN, Thm. V.1.11]) established in [HS, Prop. 2.1].

Proposition 9.1 (Quantitative Gearhardt-Priiss Theorem [HS]). A Cy semigroup e** on a Hilbert
space H is exponentially stable, |et| < Cre=“1t for some wy > 0, Cy > 1, if and only if its generator
L (i) has resolvent set containing the right complex half-plane AT = {\: R\ > 0}, and (ii) satisfies
a uniform resolvent estimate |(A\ — L)™Y| < M on A, in which case it satisfies for each w > 0 a
uniform exponential growth bound

e < C(w, M)e*!, C(w, M) > 1. (9.2)

Remark 9.2. Here the if only if part of Proposition [9.1|is the standart Priiss’ Theorem ([Px], [EN],
Thm. V.1.11]); the quantitative part is expressed in (JHS]). Note that the sharp abstract result
of exponential decay is relaxed to exponential growth in order to obtain the quantitative bound
(9.2). For L satisfying a uniform resolvent bound |[(A — L)™' < M on AJ := {\: R\ > —wo < 0},
we obtain from Proposition a quantitative exponential decay bound |e’!| < C(w, M)e~“! for any
0 < w < wyg. For our applications below, uniformity of estimates with respect to Fourier frequency
is convenient, and so the quantitative nature of this bound will be particularly useful. It is not
essential, however; see Remark

A useful observation is that when the closure AT lies in the resolvent set of L, we can relax in
Proposition the assumption of a uniform resolvent bound for all A € A" to a uniform resolvent
bound on the imaginary axis £y = {\ : R\ = 0} together with a uniform bound on A™ for |A\| > R
sufficiently large. For, as the resolvent is analytic on the resolvent set, we obtain from the latter
bounds via the maximum principle a uniform resolvent bound on the entire half-plane A™, thus
giving the result by Proposition Our next result generalizes Proposition [9.1] still further,
giving exponential decay conditions for finite codimension subspaces, with uniform dependence on
parameters.

Corollary 9.3 (Finite-codimension Priiss Theorem with parameters). Let L(p) be a family of

generators of Cy semigroups el®)t depending on a parameter p € K C R", with K compact.

Suppose further that (i) the vertical line £y,, = {\ : RA = —wo < 0} lies in the resolvent set of all

L(p), with a uniform resolvent bound |(A — L(p))~t| < M on Ly, for all p € K, (ii) the spectra of

L(p) lying to the right of £, are of finite total algebraic multiplicity, (iii) the total eigenprojection
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onto the spectra of L(p) lying in Af denoted by Q(p) and L(p)Q(p) are continuous with respect to
p € K, and (iv) on the complex halfplane Aj = {\: R\ > —wo}, there holds a uniform resolvent
bound |(A — L(p))~Y < M for all |\| > R sufficiently large, p € K. Then, for some w < wy and
C >0,

LT — Q(p))| < Ce ™, allp € K.

Remark 9.4. The result stated in Corollarymaybe recognized as a variant of [HS, Theorem 1.6].
Note in Corollary that it is sufficient for hypothesis (ii) to check finite multiplicity for a single
value of p, as the large-\ resolvent bound implies that spectra can neither escape to nor enter from
infinity, and so the multiplicity is independent of p.

Remark 9.5. In our particular application of operators parametrized by Fourier frequency, we could
work on the space defined by the range of I —Q(&) in each Fourier frequency &, noting that uniform
resolvent estimates for each ¢ imply by Parseval’s identity an L? resolvent bound on the whole
space, giving exponential decay by the usual (nonquantitative) Priiss bound of [Pr, [EN].
However, Proposition [9.3] avoids the need for such maneuvers, and seems of independent interest
as well.

Proof of Corollary[9.3 By Proposition it is sufficient to show that L(p)(I — Q(p)) restricted to
the range of (I —Q(p)) satisfy a uniform resolvent bound on Af, . By assumption, the resolvent set
of L(p)(I — Q(p)) contains all of QF , hence its resolvent is analytic. By the maximum principle, it
thus suffices to establish a uniform resolvent bound for L(p)(I—Q(p)) on AJ for |A| > R sufficiently
large, a bound on the compact set {|A\| < R} N L, being available by simple continuity. But the
latter uniform bound in turn follows readily from assumption (iii) on the full resolvent, plus the
observation that L(p)Q(p), since finite-dimensional, is a continuous family of bounded operators
satisfying a uniform resolvent bound C/|A|, hence the resolvent of L(p)(I —Q(p)), as the difference
between total and Q-projected resolvents, is uniformly bounded as claimed. O

With Corollaryin hand, we now readily obtain L? — L? decay to grossly determined solutions.
Modifying ([7.27)), define the truncated L(&)-invariant projectors

_ | Px:(&), £ €0, &] C (=, /),
Pe, (€) ._{ SIS

Then, following the proof of Theorem we have for any initial molecular density fo € L2 (R?),
the function

g°(t,2,0) = F 7 (Pey (6)f) (9-3)
is a grossly determined solution of ({8.1).

Theorem 9.6. For fo(&,v) € L2(R,L2(R)), the solution to the Cauchy problem associated with
(8-1) converges to the grossly determined solution g% of (9.3) at exponential rate

1f = g%l 2 12 Ry < Ce® T fo — g8l 2 12 ) < Coe™ TN foll p2m 2 )y (9-4)
for any € > 0 and some C = C(e) > 0.

Proof. The unperturbed operator M := —iv§ — 1 is readily seen to have a uniformly bounded
resolvent RO(X,£) = (—ivé —1— )" on A = {A: RA > —n} for n <1 — o and all £ € R, where
a positive ¢q is fixed as can be seen from the following estimates:
| — g — 1= A > |1+ R\ > e,
1 1
H —vE —1— )\HLOO < 5
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Moreover, the resolvent of the rank one perturbation L¢ = M¢ +V = Mg + (-, 1) r2,1 has the
following representation (see (3.5) and Proposition [5.12])

(Le =N = (I = RONOVE (A EV)RI(N€)
1
w(X, §)

In particular, by Theorem [3.9, we have uniform resolvent estimates for all L¢ on A, for |A\| > R
sufficiently large, £ € R.
For ¢ € (—+/m,/m) such that £ & [—&o, &), we have \*(£) < A*(&), and so the resolvent of L is
uniformly bounded on £)y«(¢)4¢ for any fixed € > 0, with bound depending on € (cf. and
Theorem . Applying Corollary with @) = 0, we obtain

|€L5t|L%J < CeM o)t

(9.5)

= (I — R\, OV + RO\ E)VRO()\, g)v) RO(\,€).

Similarly, we obtain the bound for £ ¢ (—/m,/7) as there are not isolated eigenvalues of L to
the right of the line £_; .

For € € [—&, &o], on the other hand, we have A*(§) > A*(&p), and so the resolvent of L is uniformly
bounded on £y« (¢)— for any fixed € > 0 such that A\*(§y) — € > —1, with bound depending on

€ (cf. (9.5) and Theorem [3.9). Applying Corollary with Q = Pg,(§) (Pe,(§) and L¢P, (&) are
3.8

continuous due to formula ([7.25)) and Proposition |3.8)), we obtain
| MO T = Pey (€12, < CeM(E0IH,

Combining these estimates yields (9.4)), by Parseval’s identity together with definition géo = P, (§) f
(vielding the first inequality) together with boundedness of P (§) (yielding the second). O

Remark 9.7. A somewhat simpler proof of Theorem [9.6| may be obtained by combining the rigged
space estimate of Theorem for & € [—&o, &), with the quantitative Priiss estimate of Proposition
for £ & [—¢&o, &o], avoiding the use of the finite-codimension version of Corollary

Remark 9.8. Note that the grossly determined solution g% of Theorem is different from the
grossly determined solution g of Theorem [8.6] the former being a Fourier truncation of the latter.
The difference between the two decays exponentially in L?(R, H,!(R)) for data in L?(R, H.(R)),
by comparison of the decay rates toward both solutions. However, it is in general unbounded in

L3R, L2 (R)), since [Py (&) g1, 12, ~ llexll y=1llllellz2, — oo as € — +/7 by Proposition

From Theorem we see that the situation of is more like that of a Jordan block in ODE
theory, for which the exponential rate is degraded from that suggested by the spectral radius, but
not destroyed, than that considered above of a Jordan block occurring in first-order PDE, where
even well-posedness is lost. More precisely, the situation is somewhere between the two, in the sense
that, for general L?(R, L2 (R)) or even L?(R, H} (R)) data, the solution of does not decay in
L?(R, L2 (R)) to any grossly bounded solution at rate O(e~r(t)), with r growing at subexponential
rate.

For, this would imply that slower-decaying modes e* () Py.(€) f(€) be contained in the grossly
determined solution, for all £ € (—+/7,4/7). On the other hand, the GDS property- specifically,
that the evolution of f, and thus u, be determined by an autonomous evolution system for pu-
together with Remark requires that g(§) for each Fourier frequency £ contain only a single
eigenmode, so that § must be exactly P(§) f . Thus, the only candidate for such a grossly determined
solution is the solution g = P f of Theorem containing the range of all P(£). But, P and thus
the complementary projection (I — P) are in general unbounded from L?(R, H}(R)) — L2 (R)) by
Remark hence g and f— g are both unbounded in L?(R, L2 (R)) and r(t) = +o0, a contradiction.

39



9.1. Grossly determined solutions vs. Chapman—Enskog approximation. It is interesting
to compare the description of asymptotic behavior given by the grossly determined solution (9.3)) to
that given by the classical Chapman—Enskog expansion [G62) [S97], or “Navier—Stokes approxima-
tion.” The latter, in the present case comprises solutions gnyg = unger satisfying the second-order

scalar conservation law
1

My = 5#361’ (9-6)

with the same data g as for the grossly determined solution . This can most easily be seen by
the fact (see, e.g., [Z01, Appendix A1l]) that the dispersion relation of the second-order Chapman—
Enskog equation linearized about a constant state is equal to the second-order Taylor expansion
A2(€) = _%52 about £ = 0 of the “neutral” spectral curve A = \,(§) passing through (£, A) = (0,0);
see . As the scalar BGK model, hence also its Chapman—Enskog expansion, is linear to begin
with, this gives

fins(€) = Mg, (9.7)

or (9.6).

Comparing the behavior of the nonlocal evolution (8.7 (i) to that of the local, diffusion equation
(9.7), we find that they are both merely bounded in L? for L? initial data. Meanwhile, the difference
between the two decays, by Parseval’s identity and the fact that A, is even, as

i | @226 b e/ = i e S22t ~ 1t

as t — +o0o. Thus, the exact solution converges exponentially to the grossly determined solution
g, but only algebraically to the Chapman-Enskog approximation Gyg, at rate (1 +¢)~! in L? for
L? initial data.

10. DISCUSSION AND OPEN PROBLEMS

In summary, we have shown that the spectral program initiated by Carty in |C16, [C17] can be
rigorously completed using the rigged space framework developed by Ljance and others [L70] for
small nonselfadjoint perturbation of (selfadjoint) multiplication operators, while at the same time
demonstrating the potential of the latter for practical applications. As noted in the introduction,
it appears likely that our approach should extend, if perhaps less explicitly, to the case of finite
rank perturbations, including the full BGK model linearized about a Maxwellian state.

However, the analysis also highlights an important limitations of the rigged space approach for
nonselfadjoint problems, at least when used as here solely via the generalized Parseval inequal-
ity /spectral expansion. Namely, different from the selfadjoint case, there can arise considerable
cancellation in the solution formula analogous to via spectral expansion for the associated
linear evolution problem. Thus, the bounds on the solution obtained here from by crudely
integrating the norm of the solution over A involve a loss of two derivatives, whereas the semigroup
estimates of Section [9 show that no such derivative loss in fact occurs.

This seems somewhat analogous to the situation of analytic semigroup theory and estimation
through the inverse Laplace transform formula e/? = ﬁ ¥ e (A—L)~1 d), where T is any sectorial
contour enclosing (in appropriate sense) the spectra of L. Taking I' distance zero from the spectra
yields the spectral expansion formula, [K80], which in general may involve Jordan blocks and other
delicate cancellation. Typically one does not estimate the semigroup in this way, but rather uses
the power of analytic extension to obtain bounds through resolvent estimates at a finite distance
from the spectra. This raises the question whether cancellation may be detected (i) (at least in
some cases) directly from a very explicit description of the spectral expansion, thus combining the
useful aspects of detailed eigenexpansion and control of conditioning, or (ii) indirectly, by using the
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analytic extension inherent in the construction of the rigged space to obtain an estimate at finite
distance from the spectrum of the original unperturbed operator.
As regards question (ii), the only route we see is to start with the formal resolution of the identity

Id = /R[R]()\)d/\ + Z]: Py, (10.1)

coming from the eigenfunction expansion analogous to Theorem where [R] denotes the jump
in resolvent R = (A — L)™' across the real line, and Py, the spectral projectors as A; runs over
the point spectrum of the perturbed operator L, then analytically continue the integral fR into the
complex plane by continuation of [R]: that is, to continue B and i/ in while holding fixed the
function f. For, otherwise, we see no useful way to estimate the trace of f on a perturbed contour
in + R from its trace on R. This leads to a solution formula

oLt — / MR\ + 3 eH Py, (10.2)
R+in j
modifying the standard inverse Laplace transform formula, valid on the class of functions for which
holds, which can be usefully estimated by varying n. For similar estimates in a different (and
sectorial) context, see, e.g., [OZ03].

We note, in the scalar BGK case considered here, that the class of functions on which
holds is H?, the same function class D(L?) on which the inverse Laplace transform formula is
guaranteed to hold by Cy semigroup theory [Pall]. Moreover, denoting [R] = Rt — R™, and noting
that fR—in e R~ (A\)d\ vanishes by causality for n > 0, we see that reduces in this case to
the standard inverse Laplace transform formula

ettt = / MRT(N)d\ + Z eLtP,\j.
R-+in j

Thus, the main advantage of the rigged-space formalism for this type of calculation seems to us to
be to give a useful functional calculus by which to compute the integral (10.2). As far as analytic
continuation of [R], it seems that this must be determined afterward to hold in strong sense and not
only the weak sense guaranteed by rigged space theory: that is, analyticity of [R] is not guaranteed
by the rigged space formalism, but is a separate issue. Whether one could conclude analyticity (in
strong sense) from the rigged space point of view is an interesting question for further investigation.

A related issue, and one of our original motivations for pursuing the present work, is whether
the explicit spectral representation formula/generalized Fourier transform afforded by the rigged
space approach, can yield also bounds in other norms than the original H; of the rigged space
construction, for example in the Banach norms WEP. In particular, as noted in [PZ16} [Z17], it is a
very interesting question related to invariant manifolds for a stationary kinetic problem (and thereby
existence/structure of shock and boundary layers) whether or not there is an L — L® bound on
the resolvent L~ of the linearized problem Lu = f restricted to the complementary subspace to the
kernel of the collision operator- in the present case, the complementary subspace to 1. The answer
for Boltzmann’s equation is not known; the study for BGK models, whose linearized operators, as
finite-rank perturbations of multiplication operators, fit the analytical framework used here, could
perhaps be a useful step toward that ultimate goal. Recall that the linearized Boltzmann equation,
as a compact perturbation of a multiplication operator, is the limit of finite-rank perturbations.

Finally, we return to the physical question with which we opened the paper, of Truesdell and
Muncaster’s conjecture [TM] of decay to grossly determined solutions for Boltzmann’s equation,
and presumably for related kinematic and relaxation systems as well. For the full BGK model, a
slight modification of the methods used here should verify decay to grossly determined solutions
at the linear level, where the grossly determined solutions are appropriate Fourier truncations of
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the family of discrete eigenmodes as the Fourier frequency £ is varied. However, so far as we know,
such a result has not been carried out in any nonlinear setting. Thus, a very interesting open
problem is to verify decay to grossly determined solutions for any example of a nonlinear kinetic
or relaxation system. An equally interesting question, assuming that such a result were carried
out, would be to identify the resulting asymptotic dynamics as a Taylor expansion in the Fourier
frequency &. This should presumably agree to lowest order with the local (i.e., differential) model
given by formal Chapman—Enskog expansion (CE); however, being nonlocal, the GDS dynamics
should differ at higher orders, for which (CE) is known to become ill-posed. This could perhaps
shed interesting new light on Slemrod’s investigations in [S97] of nonlocal closures of (CE) designed
to restore well-posedness while preserving higher-order agreement with (CE).

APPENDIX A. COMPUTATION OF DISCRETE SPECTRA

Finally, we show that, remarkably, both the spectral determinant (or “Evans function” [GLM,
GLMZ, [GLZ]) w(A, &) and the associated spectral curve A*(§), w(A*(€),£) = 0, may be explicitly
determined for the scalar BGK model, along with the full Taylor expansion of A* about & = 0.

Proposition A.1. (1) The function X* from Proposition satisfies the following singular
differential equation
ax* ¢ n A" +1
dé 22 ¢ ¢

whose implicit solution s

2 2 * 1
6252—2/62 dz, z= — + —.
£ £

If we impose the initial condition A\*(0) = 0, then the solution N*(-) is real and its implicit
formula is given by

et 2/ e dt, £ >0,
e

A* 1
e Cet)? _Z e e tat, € <0, .
A*(0) =0,
or,
(A1 A1
D - g et (X1 1)), €20,
3 £ ¢
A*(0)=0
Also, X*(+) has the following serier representation near & = 0:
00 ' 1 7j—1
X)) =) agE¥, ag= —g5 42 = > (@2r = Dagras_p), j > 2.
j=1 r=1

(2) Moreover, if X is real and & = ++/T, then w satisfies the heat equation with the imposed
tatial condition



(3) Let X be a real fized value, that is, w(X\, &) =1— |5 ﬁglﬁ’)\ = R lleA . Then, w
satisfies the following differential equation:
dw /1 2(14+X)2\ 1 2X(1+ )
oy (L2000, 1, e

e e it e

whose solution is

et a+3? 2A(1 +N)
e ¢ 42" + =
w = 5 /6 3 (1 + £2>d£

If we impose the initial condition w(\,0) =1 — 1+>\, A > —1, then the solution is

o 2A(1 + )
e ¢ BN L0 + ~
w="g /0 e E (1 n @)df,

which also implies (A.1]).
Proof. (1) We have [w(v)dv =1 and w'(v) = —2vw(v). Therefore, if S\ # —1, then

B [ vikw(v)dv w(v)dv
1_/w(”)dv_/RMfHJr)\+(1+)‘)/Rm'§+1+A

—1 parts —(i€)? w(v)dv
E/Wi+1+A (1+ M1 —w(), &) Ve (;) /Rm.gi)ldﬂ+(1+A)(1—W(A,g)).

Hence, by applying a corollary of the dominated convergence theorem on differentiation under
integral sign, we arrive at 1 = = w/\()\ &)+ (1+N)(1—w(AE)). Therefore,

L= (14+ N —w(),9)

wi(A,§) =2 e
After substituting \*(§) for A, we arrive at
—2)\*
WA(A(8).€) = 52(0. (A.2)

Next, by applying a corollary of the dominated convergence theorem on differentiation under
integral sign, we differentiate w with respect to &.

, B ivw(v)dv 1 w(v)dv w(v)dv
(A ) _/R (Vi€ +14+ N2 5(/Rm'5+1+/\ _(1+)‘)/R (m'§+1+/\)2)

zzu—wugy—ﬂ+kw%&®)

Then, by using (A.2), we obtain wg(A*(£),§) = %(1 + (1 + N (¢ ))
*(©)

* 1 * *
0 (6) _ V@, A0+ ) Zad) ¢ RN
W (¥ (6).6) NG o T te
Our next goal is to solve the obtained ODE for A*. We rewrite the given ODE as
Oy X1
¢ 62 TO9NF 62‘
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We introduce u = therefore, u' = £ 1(\*) — ¢72)\*, and v’ = T + % Now, let z = u + %

E I
Then 2/ = 5% (Zl_ 1 Next, we treat £ as a function of z. Then
g
¢ =2(&2-1),
which is a linear equation. In particular, we can rewrite it as £’ —2z€ = —2. Therefore, the solution

is

e Pt = &(z0) — 2 /Z e~ dt.

20
Notice that z = % + % The function % goes to 0 as £ — 07. Therefore, z — oo as £ — 0T, and

2 o0 2
e E= 2/ e b dt,
z

or,
et e dt, € 0.
5 (4D
+e)
Similarly, z — —oo as £ — 07, and e*Z2 = —2f e*tzdt, or,
)\*
e_(?+%)2 £/ t2dt, £ <.

Next, our goal is to find the expansion of A*(-) near 0. From the formula for w it is clear that \*(-)
is an even function and A\*(0) = 0, therefore the expansion series has only even powers greater
than 0, that is, A*(§) = >°72, az;€%. We also know that A*(-) solves the differential equation

)\*% — % + w Therefore,

Z ag; €% Z 2jag;€ " = 5t Z ag; €% Z ag; €% + Z a7
j=1 J=1 J=1 J=1 J=1

If we compare the coefficients in front of different powers of &, we arrive at
0 = +
= — a N
5 2

2 2
2a5 = a4 + a3,

j—1
agj = Z(Qr — Dagragj_y) (induction).
r=1
(2) Let £ = £4/7. Now, we compute the second partial derivative of w with respect to A.

_ w(v)dv
Oow = 2/R (£vi/T + 1+ A3

On the other hand,
d’U by parts —1 . / "LU(’U)d’U 1
d arts 1 (+9 — oy
= ﬁf mf+ 1+ )2 i W) | (iyT L1+ A3 4N
(3) We compute the derivative of w with respect to &.

dw [ 260*(1+ Nw(v)dv 2&v%w(v)dv
K eovrso I N v
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202
Introduce z = m Then dz = —de and

do _ (1+)) vw(v)ds VRS (I+XN) S d(vw(v (14N [ w() - 20*w(v) .
= e v ([ aeuen) = S [ G

v€)?w(v
:1(1—w)—2(1+)\)/( (ve) w(v) dvzl(l—w) (1+)\)</Rw(v)dv

3 & Jr 1+ A2+ (vg)? 3 3

(14 A)%w(v) 1 2014+ 2A)  2(1+))? 1 214 A)?
- L) T g - S g e = (e g )
1 2X(1+ A
L0y

do /1 2(1+X)% 1 2X\1+))
S A

Therefore, the solution is

(1402 _a+n? 2A(1+ )N -
CGE w:/e € (1—}—&)([&

£2
1+3)? a+xn? _an?
Recall that w(A,0) =1 — 1+/\ Since limg_,0fe € w=0,wehave e ¢ w= [je & (1 +
”%ﬁ))dé Or,
(1+2A)2 £ aap x4\
€ _a+ -
w="° / e & (1 n (~7+))d£. (A.3)
£ Jo &2

Finally, we would like to show that the implicit solution for A* > —1 from item (1) can be derived

from the solution for w. Indeed, let £ > 0. Then, since \* satisfies the equation w(A*(§),§) = 0.

_(+x*(€)? . . - . -
Therefore, by (A.3), we have fog e € <1 + W)df =0. Let t = %w Then d¢ =

1+>\ (ﬁ)dt and — fH_/\ © e t? <1+ 260" (€) )1+>\*( ) gt — 0. Or, f . 1+>\ 3 )+2)\*(§) dt —
T+ (8) = 1+>\€ © e -

0. Next7 we apply the integration by parts formula for the integral
00 14+ )\ _ )2 o
/1 —tQL@dt gem e~ 2/1 (1+ A*(&))e Pat.

LA () t2 1A (§)
3 3

Hence, the implicit equation for A* can be written as

_aa*(e)? oo 2 o0 2
- & - Qﬁ (14 X5 (&))e" dt+/ 22*(€)e dt =0

A% (€) L4A* (€)
3 g
_amr@)? 9 oo 2 . .. . . .
Or, e ¢ =% [T e~ dt which is identical to the first line in (A.1)). The case £ < 0 could
3
be handled in the similar fashion. ]

From Proposition item (1) evidently, we have that the second order Taylor expansion A\y(§)
of A* about 0 is

ho(€) = —5€* (A.4)
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APPENDIX B. THE ADJOINT GENERALIZED FOURIER TRANSFORMS

For general interest, we give here an explicit description of Bigf and ng‘ defined in ([7.28). We
introduce the following rigging of the spaces:

®' ¢ H := L2 (R;d)\) C ('),
which is identical to the previous rigging (2.2)), but this time it is defined with respect of .

Proposition B.1. Let S, : L*(R;dv) — L%(R;d\), Ue and Be be as in (5.9), (6.5) and ,
respectively. Then,

o St i LA(Ryd)) — L2(Ridv) and (Sif)(v) = —limos fq3oderdh, f € LA(R;dN).
From now on, we will treat Sy and Sy as operators from L?(R;d)\) to L*(R;dv) and from
L2(R;d\) to L2 (R;dv), respectively. Hence, S§ = —S+ and S§ = —Sx.

o For & #0,+\/7

Ug + Hy(R;d\) — Hy (R; dv),

. 1 - 5 fw1/2
Ue f)(v) = f(v) = 72(S-F)(v), where (S-f)(v) := (S o ) (),
wi(A) == wi (=1 —=3XEE) and f € H, (R;dN),
B¢ @ Hy(Ryd\) — Hyy\(R; dv),
1 - _ fw1/2
(Be f)(v) = f(v) + -2 (54 f)(v), where (S4f)(v) := (S4+(=——))(v),

3
w_(A) i=w_ (=1 41X, =€) and f € H (R;dN).
o For{=+\r
(M) = Hy (R d)\) — Hy (R dv),

(Ade)" )(v) = vf (v) = ;(S—O\f))(v)a where (S—(\f))(v) = (S—( o

wi(A) == wi(—1 =X E) and f € Hy (R; dN),

B¢ @ Hy(Ryd\) — Hy\(R; dv),
(Bef)(v) = f(v)+i1§(5+f)(v)7 where (S4.f)(v) := (S4(
w_(A) == w_ (=144, =€) and f € H; (R;d).

fw1/2

(),

Proof. The first item in the statement of Proposition is obvious. Now, we derive a formula for
Uf. Let d € L% (R;dv) and f € L2(R;d)). Then

Vet Dz an = [ ANTANIA [ e80T R
1 1 —
= [ @ [ — HA& §)<s (@) (N0
_ . FOuy)
_/Rd(v)f( v)dv 5/ (—1—iAg,g)}dA



v)dv + 5/ (dw) (v)(S_f)(v)dv

J a7
[ 40w = e,

it

where (S_f)(v) := (S_(fw )(v) and wy(A) := wi (=1 — A €). Similarly, one can derive the

W

remaining formulas. O

Theorem B.2. Let £ #0, v €R and ¢ € ®'. Then

where

Ueo)(0) = 1/2()<¢ o
(Bi)(0) = 7 (.08,

M S | _1/2 w2 (v)w=12(\) 1
5O =~ O+ e e TS — (SDOL
om0 1 w2 (z) w12 (N) 1
) =~ O — e e e T (6D — (SO
which can be treated as holomorphic functions of \ outside of the certain strip.
Proof. 1t is similar to the proof of Proposition O
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