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Abstract

We study the massless Dirac field on the line in the presence of a point-like defect char-

acterised by a unitary scattering matrix, that allows both reflection and transmission.

Considering this system in its ground state, we derive the modular Hamiltonians of the

subregion given by the union of two disjoint equal intervals at the same distance from

the defect. The absence of energy dissipation at the defect implies the existence of two

phases, where either the vector or the axial symmetry is preserved. Besides a local term,

the densities of the modular Hamiltonians contain also a sum of scattering dependent

bi-local terms, which involve two conjugate points generated by the reflection and the

transmission. The modular flows of each component of the Dirac field mix the trajectory

passing through a given initial point with the ones passing through its reflected and trans-

mitted conjugate points. We derive the two-point correlation functions along the modular

flows in both phases and show that they satisfy the Kubo-Martin-Schwinger condition.

The entanglement entropies are also computed, finding that they do not depend on the

scattering matrix.
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1 Introduction

The study of the geometric entanglement between complementary spatial regions has provided

important insights in quantum field theory, quantum gravity, condensed matter and quantum

information during the last few decades.

Considering a quantum system in the state described by a density matrix ρ and assuming

that its Hilbert space is factorised as H = HA ⊗ HB in correspondence with the spatial

bipartition A ∪ B, the reduced density matrix ρA ∝ e−KA of the subregion A is a hermitean

and positive semidefinite operator normalised by TrAρA = 1. The hermitean operator KA is

the modular Hamiltonian (also known as entanglement Hamiltonian) of the region A [1, 2]

and its spectrum provides the entanglement entropy SA = −TrA(ρA log ρA). The modular

Hamiltonian KA leads to define the family of unitary operators U(τ) = e−iτKA , parameterised

by the modular parameter τ ∈ R, that generates the modular flow O(τ) ≡ U(τ)OU(−τ) of

any operator O localised in A. This modular flow describes the intrinsic internal dynamics

induced by the reduced density matrix.

It is important analytic expressions for the modular Hamiltonians in terms of the funda-

mental fields and for the corresponding modular flows. The first seminal example, in generic
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spacetime dimensions, is the modular Hamiltonian of half space x > 0 for a Lorentz invariant

quantum field theory in its vacuum. This modular Hamiltonian, found by Bisognano and

Wichmann [3, 4], is given by the boost generator in the x-direction. In Conformal Field The-

ory, by combining the result of Bisognano and Wichmann with the conformal symmetry, some

modular Hamiltonians can be written in explicit form [5–10]. All these modular Hamiltonians

are local: they are written as an integral over A of a local operator multiplied by a proper

weight function.

The first example of non-local modular Hamiltonian has been found by Casini and Huerta

[11] for the massless Dirac field in its ground state and on the infinite line, when the subsystem

A is the union of disjoint intervals, by employing the lattice results for this operator obtained

by Peschel [12] (see also the reviews [13, 14]). In [11] also the modular flow of the Dirac

field has been found, while the two-point correlators along this evolution satisfying the Kubo-

Martin-Schwinger (KMS) condition [1] have been written in [15]. Other modular Hamiltonians

for the massless Dirac fermion containing non-local terms have been discussed in [16–19].

In the examples of modular Hamiltonians mentioned above, the underlying system is invari-

ant under spatial translations. The simplest way to break this symmetry in 1 + 1 dimensions

is to consider a quantum field theory on the half-line. For the massless Dirac field on the half

line, the energy conservation imposed in any boundary conformal field theory [20–22] allows

only two kinds of boundary conditions [23, 24]. Correspondingly, two inequivalent models

are defined: the vector phase and the axial phase. Each phase is parameterised by an angle

and characterised by specific conservation laws; indeed, either the charge or the helicity is

preserved but not both of them [25]. Instead, for the massless Dirac field on the line both

these symmetries are conserved. In these two inequivalent phases, the modular Hamiltonians

of an interval and the corresponding modular flows for the Dirac field have been studied in

[26]. These modular Hamiltonians contain bi-local terms and preserve the symmetry of the

underlying phase.

The invariance under spatial translations on the line is broken also by introducing a point-

like defect. A basic difference between boundaries and defects (see [27] for a recent review)

is that apart from reflection, the latter ones are able to transmit as well. In the theory of

quantum transport [28–31], a defect is usually implemented by a one-body scattering matrix,

which describes its interaction with the bulk particles. Such a scattering matrix can be

introduced by adding to the bulk Hamiltonian an interaction term localised at the defect.

This is for instance the conventional approach to the Kondo effect [32–35]. Another option,

which works for point-like defects, is to impose boundary conditions on the bulk fields at the

defect. This approach finds relevant applications to the transport in quantum wire junctions.

The boundary conditions characterising the defect have an important physical impact. For

quantum wires, where the universality in the bulk is described by a Luttinger liquid, the

boundary conditions at the junction can give origin to rich phase diagrams [36–38], whose

degree of universality has still not been fully understood. Instead, we recall in this respect

that for one dimensional systems with a single boundary, conformal field theory provides a

complete classification of the universality classes [20–22].
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Figure 1: The bipartition of the line mainly considered in this manuscript: Two disjoint equal

intervals with length b − a separated by a distance 2a, placed symmetrically with respect to

a point-like defect described by the scattering matrix S.

The entanglement entropies, namely the entanglement entropy SA and the Rényi entropies

S
(n)
A ≡ 1

1−n log(TrρnA) with n > 2, have been studied in many models in the presence of

a boundary or a defect [39–47]. Some local entanglement Hamiltonians in models with a

boundary have been explored in [9, 10, 26, 48, 49].

In this manuscript we consider the massless Dirac fermion on the line in the presence of a

point-like defect and in its ground state. The defect is characterised by a unitary scattering

matrix S, which is determined by imposing the most general scale invariant boundary condi-

tions without energy dissipations. In this setup, we derive the modular Hamiltonians of the

union of two disjoint equal intervals at the same distance from the defect (see Fig. 1). The

associated modular flows are also investigated. Our analysis heavily employs the results of

[26] for the modular Hamiltonian of one interval on the half-line.

The outline of the manuscript is as follows. In Sec. 2 we discuss the massless Dirac fermion

on the line in the presence of a defect, introducing also the auxiliary fields. These new fields

are used in Sec. 3 to write the modular Hamiltonians. In Sec. 4 we compute the entanglement

entropies. The modular flows and the correlation functions along them are discussed in Sec. 5

and in Sec. 6 respectively. In Sec. 7 we consider some limits of the spatial bipartition shown

in Fig. 1 where the modular Hamiltonians become local. In Sec. 8 we extend the modular

Hamiltonians and their modular flows to a generic value of the physical time. The results are

summarised and further discussed in Sec. 9.

2 Dirac fermions with a point-like defect on the line

In this section we review the basic properties of the massless Dirac field with a point-like defect.

The defect, localised in the origin x = 0 of the infinite line R without loss of generality, splits

the line in two half-lines (edges). In order to treat these two edges in a symmetric way, we

find it convenient to adopt the following coordinates{
(x, i) : x > 0, i = 1, 2

}
(2.1)

where x indicates the distance from the defect and i labels the edges, as shown in Fig. 1.
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2.1 General features

The massless Dirac field ψ(t, x, i) in the i-th half-line is the following doublet made by the

two complex fields

ψ(t, x, i) =

(
ψ1(t, x, i)

ψ2(t, x, i)

)
(2.2)

whose dynamics in the coordinates (2.1) is described by the Dirac equation

(γt∂t − γx∂x)ψ(t, x, i) = 0 x > 0 (2.3)

where

γt =

(
0 1

1 0

)
γx =

(
0 −1

1 0

)
. (2.4)

The associated energy-momentum tensor is

Ttt(t, x, i) =
i

2

[
(∂xψ

∗) γtγx ψ − ψ∗ γtγx (∂xψ)
]
(t, x, i) (2.5)

Txt(t, x, i) =
i

2

[
(∂tψ

∗) γtγx ψ − ψ∗ γtγx (∂tψ)
]
(t, x, i) (2.6)

where ∗ denotes Hermitean conjugation.

The bulk dynamics is invariant under both Uv(1) vector and Ua(1) axial phase transforma-

tions, which are defined respectively by

ψr(t, x, i) 7−→ ei θv ψr(t, x, i) ψr(t, x, i) 7−→ ei(−1)
s θa ψr(t, x, i) θv , θa ∈ [0, 2π) .

(2.7)

The corresponding vector current {jt, jx} and axial current {kt, kx} are given by

jt(t, x, i) = kx(t, x, i) = [ψ∗ψ](t, x, i) jx(t, x, i) = kt(t, x, i) = [ψ∗γtγxψ](t, x, i) (2.8)

which describe respectively the electric charge and helicity transport in the system.

The equation of motion (2.3) implies the local conservation laws in the bulk, namely

∂tTtt(t, x, i)− ∂xTxt(t, x, i) = 0 x > 0 (2.9)

and

∂tjt(t, x)− ∂xjx(t, x, i) = 0 ∂tkt(t, x)− ∂xkx(t, x, i) = 0 x > 0 . (2.10)

In order to determine the dynamics of the system on the line, we must fix the boundary

conditions at x = 0. These boundary conditions define the defect.

In this manuscript we consider the most general boundary conditions which ensure energy

conservation. This requirement is equivalent to impose [23] the validity of the Kirchhoff rule

lim
x→0

2∑
i=1

Txt(t, x, i) = 0 ∀t ∈ R . (2.11)
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In the presence of defects which allow both reflection and transmission, the Kirchhoff rule

(2.11) is the counterpart of the Cardy condition [20–22], imposing the vanishing of the energy

flow through a boundary. Using the explicit form of Txt in (2.6), we find that the condition

(2.11) can be satisfied in two ways: either

ψ1(t, 0, i) =

2∑
j=1

S(v)

ij ψ2(t, 0, j) (2.12)

or

ψ1(t, 0, i) =
2∑
j=1

ψ∗2(t, 0, j)S(a)∗
ji (2.13)

where S(v) and S(a) are generic 2×2 unitary matrices whose physical meaning is clarified below.

Like on the half-line [23, 24, 26], the boundary conditions (2.12) and (2.13) are scale in-

variant and determine the bulk internal symmetry group. In particular, the condition (2.12)

preserves Uv(1), but breaks down Ua(1). Instead, the condition (2.13) preserves Ua(1), break-

ing down Uv(1). Thus, in the presence of an energy preserving defect, one cannot keep both

the Uv(1) and Ua(1) symmetries. This means that (2.12) and (2.13) define two inequivalent

models, called respectively vector phase and axial phase throughout the manuscript.

The components of the Dirac field satisfy the following anticommutation relations at equal

time [
ψr1(t, x1, i1) , ψ

∗
r2(t, x2, i2)

]
+

= δr1r2 δi1i2 δ(x1 − x2) (2.14)[
ψr1(t, x1, i1) , ψr2(t, x2, i2)

]
+

=
[
ψ∗r1(t, x1, i1) , ψ

∗
r2(t, x2, i2)

]
+

= 0 (2.15)

In order to construct the quantum fields satisfying the equation of motion (2.3), the equal

time anticommutatots (2.14)-(2.15) and the boundary conditions (2.12)-(2.13), we introduce

two CAR algebras A+ and B+ generated by

{ai(k), a∗i (k) : k > 0, i = 1, 2} , {bi(k), b∗i (k) : k > 0, i = 1, 2} , (2.16)

which satisfy the canonical anti-commutation relation (CAR) and anti-commute each other.

In the vector phase, the components of the field can be decomposed as [23]

λ1(x+ t, i) =

∫ ∞
0

dk

2π

[
ai(k) e−ik(x+t) +

2∑
j=1

S(v)

ij b
∗
j (k) eik(x+t)

]
(2.17)

λ2(x− t, i) =

∫ ∞
0

dk

2π

[ 2∑
j=1

S(v)∗
ij aj(k) eik(x−t) + b∗i (k) e−ik(x−t)

]
(2.18)

whereas in the axial phase the decomposition reads

χ1(x+ t, i) =

∫ ∞
0

dk

2π

[ 2∑
j=1

bj(k) S(a)∗
ji e−ik(x+t) + a∗i (k) eik(x+t)

]
(2.19)

χ2(x− t, i) =

∫ ∞
0

dk

2π

[ 2∑
j=1

S(a)∗
ij aj(k)eik(x−t) + b∗i (k) e−ik(x−t)

]
. (2.20)
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The two-point functions of these fields in the Fock representation of the CAR algebras A+

and B+ provide the basic ingredients to study the modular Hamiltonians.

In the vector phase, one finds the following two-point vacuum expectation values

〈λ1(x1 + t1, i1)λ
∗
1(x2 + t2, i2)〉 = δi1i2 C(t12 + x12) (2.21)

〈λ2(x1 − t1, i1)λ∗2(x2 − t2, i2)〉 = δi1i2 C(t12 − x12) (2.22)

〈λ1(x1 + t1, i1)λ
∗
2(x2 − t2, i2)〉 = S(v)

i1i2
C(t12 + x̂12) (2.23)

〈λ2(x1 − t1, i1)λ∗1(x2 + t2, i2)〉 = S(v)∗
i1i2

C(t12 − x̂12) (2.24)

where

C(ξ) =
1

2πi(ξ − iε)
=

1

2πi

[
P.V.

1

ξ
+ iπδ(ξ)

]
ε > 0 (2.25)

and

t12 = t1 − t2 x12 = x1 − x2 x̂21 = x1 + x2 . (2.26)

In the axial phase, a similar analysis leads to

〈χ∗1(x1 + t1, i1)χ1(x2 + t2, i2)〉 = δi1i2 C(t12 + x12) (2.27)

〈χ2(x1 − t1, i1)χ∗2(x2 − t2, i2)〉 = δi1i2 C(t12 − x12) (2.28)

〈χ∗1(x1 + t1, i1)χ
∗
2(x2 − t2, i2)〉 = S(a)

i1i2
C(t12 + x̂12) (2.29)

〈χ2(x1 − t1, i1)χ1(x2 − t2, i2)〉 = S(a)∗
i1i2

C(t12 − x̂12) . (2.30)

In order to discuss both the phases in a unified way, let us introduce the doublets

ψ(t, x, i) ≡
(
ψ1(x+ t, i)

ψ2(x− t, i)

)
λ(t, x, i) ≡

(
λ1(x+ t, i)

λ2(x− t, i)

)
χ(t, x, i) =

(
χ∗1(x+ t, i)

χ2(x− t, i)

)
(2.31)

and set the unifying notation

ψ(t, x, i) ≡
{
λ(t, x, i)

χ(t, x, i)
S ≡

{
S(v) vector phase

S(a) axial phase .
(2.32)

In this notation the boundary conditions (2.12) and (2.13) at x = 0 can be written as follows

ψ1(t, i) =
2∑
j=1

Sij ψ2(−t, j) . (2.33)

The 2× 2 matrix S represents the unitary scattering matrix characterising the defect [23].

In this respect, |S11|2 and |S22|2 describe the reflection probabilities from the defect, whereas

|S12|2 and |S21|2 give the transmission probabilities between the two edges. The relative

quantum scattering data are generated by the operators {a∗i (k), b∗i (k), ai(k), bi(k)}, which

create and annihilate asymptotic particles with momentum k in the i-th edge.

By using the correlators (2.21)-(2.24) and (2.27)-(2.30), one finds the following result for

the density-density correlation function

〈jt(t1, x1, i1) jt(t2, x2, i2)〉 ≡ 〈 :ψ∗ψ : (t1, x1, i1) :ψ∗ψ : (t2, x2, i2) 〉 (2.34)

= δi1i2
[
C(t12 + x12)

2 + C(t12 − x12)2
]

+ |Si1i2 |2
[
C(t12 + x̂12)

2 + C(t12 − x̂12)2
]
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which nicely illustrates the impact of the S-matrix on the physical observables in the system.

The two extreme cases correspond to full reflection and full transmission, defined respec-

tively by

Sref ≡
(

1 0

0 1

)
Stran ≡

(
0 1

1 0

)
(2.35)

In the case of full transmission, the components ψline
r of the Dirac field on the whole line x ∈ R

can be written in terms of the coordinates introduced in (2.1) as

ψline
1 (x+ t) ≡

{
ψ1(x+ t, 1)

ψ2(−x− t, 2)
ψline
2 (x− t) ≡

{
ψ2(x− t, 1) x > 0

ψ1(−x+ t, 2) x < 0 .
(2.36)

We find it convenient to collect the two-point correlation functions at equal time t1 = t2 ≡ 0

into the following 4× 4 matrix
〈ψ1(x, 1)ψ∗1(y, 1)〉 〈ψ1(x, 1)ψ∗2(y, 1)〉 〈ψ1(x, 1)ψ∗1(y, 2)〉 〈ψ1(x, 1)ψ∗2(y, 2)〉
〈ψ2(x, 1)ψ∗1(y, 1)〉 〈ψ2(x, 1)ψ∗2(y, 1)〉 〈ψ2(x, 1)ψ∗1(y, 2)〉 〈ψ2(x, 1)ψ∗2(y, 2)〉
〈ψ1(x, 2)ψ∗1(y, 1)〉 〈ψ1(x, 2)ψ∗2(y, 1)〉 〈ψ1(x, 2)ψ∗1(y, 2)〉 〈ψ1(x, 2)ψ∗2(y, 2)〉
〈ψ2(x, 2)ψ∗1(y, 1)〉 〈ψ2(x, 2)ψ∗2(y, 1)〉 〈ψ2(x, 2)ψ∗1(y, 2)〉 〈ψ2(x, 2)ψ∗2(y, 2)〉

 . (2.37)

By using (2.21)-(2.24), (2.27)-(2.30) and the convention (2.32), we find that this correlation

matrix can be written as

C(x, y;S) =


C(x− y) S11C(x+ y) 0 S12C(x+ y)

S∗11C(−x− y) C(−x+ y) S∗12C(−x− y) 0

0 S21C(x+ y) C(x− y) S22C(x+ y)

S∗21C(−x− y) 0 S∗22C(−x− y) C(−x+ y)

 . (2.38)

This matrix, which is the basic input in the derivation of the modular Hamiltonian, can be

simplified by diagonalising S. This is achieved by introducing a new basis of auxiliary fields.

2.2 Auxiliary fields basis

In order to deal with the correlation matrix (2.37), we find it convenient to introduce the

unitary matrix U that diagonalises S, namely

U S U∗ =

(
eiα1 0

0 eiα2

)
U U∗ = I . (2.39)

The unitary matrix U leads to define the auxiliary fields [44]

ψ̃(t, x, i) ≡
(
ψ̃1(x+ t, i)

ψ̃2(x− t, i)

)
(2.40)

where

ψ̃1(x+ t, i) ≡
2∑
j=1

Uij ψ1(x+ t, j) ψ̃2(x− t, i) ≡
2∑
j=1

Uij ψ2(x− t, j) . (2.41)
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We stress that ψ̃1(x + t, i) and ψ̃2(x − t, i) have unusual localisation: they are given by a

superposition of the local fields ψ1(x+t, j) and ψ2(x−t, j) respectively, computed at the same

time t and distance x from the defect but in different edges j ∈ {1, 2}. However, the auxiliary

fields provide a convenient basis to deal with the boundary conditions (2.33) at x = 0, which

take the following simple diagonal form

ψ̃1(t, i) = eiαi ψ̃2(−t, i) i ∈ {1, 2} . (2.42)

Furthermore, the auxiliary fields obey the canonical equal-time relations (2.14) and (2.15).

This feature is essential in the derivation of the modular flow in Sec. 5. The physical observ-

ables and the corresponding correlation functions (see e.g. (2.34)) will be always expressed in

terms of the physical doublet ψ(t, x, i).

In the auxiliary field basis, the matrix of correlation functions reads
〈ψ̃1(x, 1) ψ̃∗1(y, 1)〉 〈ψ̃1(x, 1) ψ̃∗2(y, 1)〉 〈ψ̃1(x, 1) ψ̃∗1(y, 2)〉 〈ψ̃1(x, 1) ψ̃∗2(y, 2)〉
〈ψ̃2(x, 1) ψ̃∗1(y, 1)〉 〈ψ̃2(x, 1) ψ̃∗2(y, 1)〉 〈ψ̃2(x, 1) ψ̃∗1(y, 2)〉 〈ψ̃2(x, 1) ψ̃∗2(y, 2)〉
〈ψ̃1(x, 2) ψ̃∗1(y, 1)〉 〈ψ̃1(x, 2) ψ̃∗2(y, 1)〉 〈ψ̃1(x, 2) ψ̃∗1(y, 2)〉 〈ψ̃1(x, 2) ψ̃∗2(y, 2)〉
〈ψ̃2(x, 2) ψ̃∗1(y, 1)〉 〈ψ̃2(x, 2) ψ̃∗2(y, 1)〉 〈ψ̃2(x, 2) ψ̃∗1(y, 2)〉 〈ψ̃2(x, 2) ψ̃∗2(y, 2)〉

 . (2.43)

A peculiar feature of this basis is that the correlation matrix becomes block-diagonal

C̃(x, y;α1, α2) = C(x, y;α1)⊕C(x, y;α2) (2.44)

where

C(x, y;α) ≡
(

C(x− y) eiαC(x+ y)

e−iαC(−x− y) C(−x+ y)

)
. (2.45)

This correlation matrix has been employed in [26] to determine the modular Hamiltonian of

an interval in the half-line.

Using (2.39) one finds that the matrices C(x, y; S) and C̃(x, y;α1, α2) are unitarily equivalent

U C(x, y;S)U∗ = C̃(x, y;α1, α2) U ≡


U11 0 U12 0

0 U11 0 U12
U21 0 U22 0

0 U21 0 U22

 (2.46)

where U is unitary because U is unitary.

The equivalence (2.46) and the block-diagonal form (2.44) of C̃(x, y;α1, α2) in terms of

(2.45) imply that the auxiliary field basis allows to study the system with a defect on the

line by combining two independent half-line problems with the boundary conditions (2.42).

Indeed, the auxiliary fields ψ̃r1(x, i1) and ψ̃r2(x, i2) fully decouple for i1 6= i2. Accordingly,

these fields have vanishing transmission probability in agreement with the diagonal form of

the associated scattering matrix corresponding to (2.42). As mentioned above, once the two

independent half-line problems have been solved, their solutions must be combined to restore
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the local field ψ(t, x, i)-picture, which codifies the physical reflection-transmission properties

of the defect defined by the original scattering matrix S.

Our strategy in the following consists in first employing the results of [26] to write the

modular Hamiltonians, the modular flows and the correlation functions for the auxiliary fields

ψ̃(t, x, i), then inverting (2.41) to recover from them the corresponding quantities in the basis

given by the physical fields ψ(t, x, i).

We remark that the above setting has a natural generalisation to a space with the geometry

of a star graph
{

(x, i) : x > 0, i = 1, ..., n
}

with n edges [50]. In that case, the defect is

described by a n × n unitary scattering matrix and provides a physical model of a quantum

wire junction [51].

3 Modular Hamiltonians

In this section we derive the modular Hamiltonians of the subregion Asym given by the union

of two disjoint equal intervals at the same distance from the defect (see Fig. 1), by employing

the results of [26].

In the coordinates (2.1), the union of the two red segments in Fig. 1 reads

Asym =
{

(x, i) : 0 < a 6 x 6 b , i = 1, 2
}
. (3.1)

By introducing A ≡ [a, b], the modular Hamiltonian is the following quadratic operator [12–14]

KAsym =

∫
A

∫
A

:Ψ∗(0, x) log
(
CA(x, y;S)−1 − I4

)
Ψ(0, y) : dx dy Ψ(0, x) ≡

(
ψ(0, x, 1)

ψ(0, x, 2)

)
(3.2)

where CA is the restriction of (2.38) to A, the normal product in the CAR algebras A+ and

B+ has been denoted by : · · · :, I4 is the 4 × 4 identity matrix and Ψ has four components

defined through (2.31).

By employing the basis of auxiliary fields defined in (2.40) and (2.41), together with (2.46),

we find that the modular Hamiltonian (3.2) can be written in terms of the auxiliary fields as

follows

KAsym =
2∑
i=1

∫
A

∫
A

: ψ̃∗(0, x, i) H̃A(x, y, i) ψ̃(0, y, i) : dx dy . (3.3)

The kernel H̃A(x, y, i) is the 2× 2 matrix

H̃A(x, y, i) ≡ log
(
CA(x, y;αi)

−1 − I2
)

x, y ∈ A i ∈ {1, 2} (3.4)

where CA is the reduced correlation functions matrix obtained by restricting (2.45) to the

interval A.

The results of [26] imply that

KAsym = K loc
Asym

+Kbi-loc
Asym

(3.5)

where K loc
Asym

is a local operator, while Kbi-loc
Asym

is a sum of bi-local operators.
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The local term in (3.5) reads

K loc
Asym

= 2π
2∑
i=1

∫ b

a
βloc(x) T̃loc(0, x, i) dx = 2π

2∑
i=1

∫ b

a
βloc(x)Ttt(0, x, i) dx (3.6)

where

βloc(x) =
(b2 − x2) (x2 − a2)
2 (b− a) (a b+ x2)

(3.7)

and

T̃loc(t, x, i) ≡
i

2
:
[(

(∂xψ̃
∗
1) ψ̃1−ψ̃∗1 (∂xψ̃1)

)
(x+t, i)−

(
(∂xψ̃

∗
2) ψ̃2−ψ̃∗2 (∂xψ̃2)

)
(x−t, i)

]
: . (3.8)

The last expression in (3.6) is written in terms of the physical basis; indeed, from (2.41) we

have
2∑
i=1

T̃loc(t, x, i) =
2∑
i=1

Ttt(t, x, i) (3.9)

where Ttt(t, x, i) is the normal ordered version of the energy density (2.5), namely

Ttt(t, x, i) ≡
i

2
:
[(

(∂xψ
∗
1)ψ1−ψ∗1 (∂xψ1)

)
(x+t, i)−

(
(∂xψ

∗
2)ψ2−ψ∗2 (∂xψ2)

)
(x−t, i)

]
: . (3.10)

As for the bi-local term in (3.5), from the results of [26] for the auxiliary fields we find

Kbi-loc
Asym

= 2π
2∑
i=1

∫ b

a
βbi-loc(x) T̃bi-loc(0, x, x̃, i) dx = 2π

2∑
i=1

∫ b

a
βbi-loc(x)Tbi-loc(0, x, x̃, i) dx

(3.11)

where the weight function reads

βbi-loc(x) ≡ a b (b2 − x2) (x2 − a2)
2 (b− a)x (a b+ x2)2

(3.12)

and

x̃ ≡ ab

x
(3.13)

with the bi-local operator defined as

T̃bi-loc(t, x, x̃, i) ≡
i

2

{
eiαi :

[
ψ̃∗1(x̃+ t, i) ψ̃2(x− t, i) + ψ̃∗1(x+ t, i) ψ̃2(x̃− t, i)

]
: (3.14)

− e−iαi :
[
ψ̃∗2(x− t, i) ψ̃1(x+ t, i) + ψ̃∗2(x− t, i) ψ̃1(x̃+ t, i)

]
:

}
.

The bi-local term Kbi-loc
Asym

has been expressed in (3.11) also in terms of the physical fields by

employing (2.41), which give

2∑
i=1

T̃bi-loc(t, x, x̃, i) =
2∑
i=1

Tbi-loc(t, x, x̃, i) (3.15)
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where we have introduced

Tbi-loc(t, x, x̃, i) =
i

2

2∑
j=1

{
:
[
ψ∗1(x̃+ t, i)Sij ψ2(x− t, j) + ψ∗1(x+ t, i) Sij ψ2(x̃− t, j)

]
: (3.16)

− :
[
ψ∗2(x̃− t, i)S∗ij ψ1(x+ t, j) + ψ∗2(x− t, i) S∗ij ψ1(x̃+ t, j)

]
:

}
.

We remark that, differently from the local term K loc
Asym

, in the bi-local term Kbi-loc
Asym

the left

and right movers ψ1 and ψ2 are mixed through the scattering matrix S.

In the modular Hamiltonian of Asym on the line R without defect [11, 15, 52], which cor-

responds to the limiting case of full transmission, the left-right mixing is absent and the

counterpart of Kbi-loc
Asym

depends only on two conjugate points, whose standard coordinates in R
are x and −x̃. Instead, in our case, the occurrence of the defect implies that, in the standard

coordinate on R, the bi-local term (3.11) involves two conjugate points for any given x: they

are x̃ and −x̃ which can be interpreted respectively as the reflected conjugate point (it also

occurs for an interval in the half-line [26]) and as the transmitted conjugate point. These

points play a distinguished role in the modular evolution described in Sec. 5.

We find it worth comparing the modular HamiltoniansKAsym in the two inequivalent phases.

While the local term Tloc(t, x, i) has the same form when expressed in terms of the fields λ

and χ given by (2.31), crucial differences occur between the bi-local terms in the vector and

in the axial phase. Indeed, by using (2.32) and (2.31) in (3.16), in the vector phase we have

T vector
bi-loc (t, x, x̃, i) =

i

2

2∑
j=1

{
:
[
λ∗1(x̃+ t, i) S(v)

ij λ2(x− t, j) + λ∗1(x+ t, i) S(v)

ij λ2(x̃− t, j)
]
: (3.17)

− :
[
λ∗2(x̃− t, i) S(v)∗

ij λ1(x+ t, j) + λ∗2(x− t, i) S(v)∗
ij λ1(x̃+ t, j)

]
:

}
while in the axial phase the bi-local operator reads

T axial
bi-loc(t, x, x̃, i) =

i

2

2∑
j=1

{
:
[
χ1(x̃+ t, i)S(a)

ij χ2(x− t, j) + χ2(x− t, i)S(a)

ij χ1(x̃+ t, j)
]
: (3.18)

− :
[
χ∗2(x̃− t, i)S(a)∗

ij χ∗1(x+ t, j) + χ∗2(x− t, i) S(a)∗
ij χ∗1(x̃+ t, j)

]
:

}
.

In the two inequivalent phase, the bi-local contribution has a different structure which respects

their symmetry content. Indeed, the bi-local operator (3.18) preserves the Uv(1) symmetry,

but breaks down Ua(1); while the opposite holds for the bi-local operator (3.19).

In the special cases of full reflection or full transmission, by employing (2.35) and (2.36)

into the above expressions, one recovers respectively either the modular Hamiltonian of an

interval on the half-line [26] or modular Hamiltonian of two disjoint equal intervals on the

line [11].
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4 Entanglement entropies

The entanglement entropies S
(n)
A with n > 1 are obtained from the moments of the reduced

density matrix TrAρ
n
A for integers n > 2. These moments provide the Rényi entropies S

(n)
A in

a straightforward way and the entanglement entropy SA through an analytic continuation of

the integer parameter n to real values as follows

S
(n)
A ≡ 1

1− n log
[
TrAρ

n
A

]
SA ≡ lim

n→1
S
(n)
A = − ∂n

(
TrAρ

n
A

)∣∣
n=1

. (4.1)

For the massless Dirac field, the entanglement entropies can be computed from the two-

point correlators restricted to the subsystem A as explained in [13, 14].

By employing the basis of the auxiliary fields, we can compute the entanglement entropies

S
(n)
A for the bipartition of the line shown in Fig. 1, when the entire system is in its ground

state. Since in the basis of the auxiliary fields the contributions corresponding to the two

edges decouple, S
(n)
A are obtained by summing these two contributions, which are equal. The

final result is twice the entanglement entropies of the bipartition given by an interval in the

half-line, found in [26], namely

S
(n)
Asym

=
n+ 1

3n
log

[
2
√
a b (b− a)

(a+ b) ε

]
+O(ε) (4.2)

where ε > 0 is the ultraviolet cutoff and a� ε.

The entanglement entropies of the bipartition of the line where the subsystem is an interval

with the defect at its center, i.e. A = {(x, i) : 0 6 x 6 a, i = 1, 2}, which corresponds to

the bipartition shown in Fig. 1 in the limiting case where a = 0, can be studied in a similar

way, by employing the results obtained in [26] for the interval adjacent to the boundary of

the half-line. Thus, for the entanglement entropies S
(n)
0,a of an interval with the defect at its

center we find

S
(n)
0,a =

n+ 1

6n

(
log(a/ε) + log 2

)
+O(ε) . (4.3)

Combining (4.2) and (4.3), we can construct the following ultraviolet finite quantity

S
(n)
0,a + S

(n)
0,b − S

(n)
Asym

=
n+ 1

3n
log

(
a+ b

b− a

)
+O(ε) . (4.4)

We remark that both the entanglement entropies (4.2) for the two disjoint equal intervals

Asym and (4.3) for the interval with the defect in its center are independent of the scattering

matrix S. This is due to the symmetry of these bipartition. The independence of the scattering

matrix for the entanglement entropies of an interval with the defect in its center has been also

observed for the non-relativistic fermion in [47]. Instead, it is known that the entanglement

entropies of bipartition which are not symmetric w.r.t. the position of the defect on the line

depend on the parameters characterising the defect [43–45].

The impurity entanglement entropies for the spatial configuration that we are considering

are ultraviolet finite quantities obtained by subtracting S
(n)
Asym

and the entanglement entropies

of the same bipartition on the line without the defect [40]. In our case, by using (4.2), one finds
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that the impurity entanglement entropies vanish. This is due both to the symmetric choice

of the bipartition and to the nature of the defect, which is scale invariant in our analysis.

Examples where the impurity entanglement entropies are non trivial have been studied e.g.

in [40, 42–47].

5 Modular flows

In the following analysis we fix the time variable t = 0 in (2.31) and consider the modular

evolutions of the fields ψr(x, i) generated by the modular Hamiltonians introduced in Sec. 3.

The modular flow generated by KAsym for the components of the massless Dira field is

defined as

ψr(τ, x, i) = e−iτKAsym ψr(x, i) e
iτKAsym x ∈ A r ∈ {1, 2} (5.1)

and it can be determined by solving the initial value problem

i
dψr(τ, x, i)

dτ
=
[
KAsym , ψr(τ, x, i)

]
− ψr(τ = 0, x, i) = ψr(x, i) (5.2)

This modular flow can be obtained by first finding the modular flow of the auxiliary fields

introduced in Sec. 2.2, which is given by the solution of

i
dψ̃r(τ, x, i)

dτ
=
[
KAsym , ψ̃r(τ, x, i)

]
− ψ̃r(τ = 0, x, i) = ψ̃r(x, i) (5.3)

and then writing the result in the physical basis.

The commutator in (5.3) can be computed by employing the expression of the modular

Hamiltonians in terms of the auxiliary fields and the fact that the equal-time canonical anti-

commutation relations hold for the auxiliary fields. By introducing

Ψ̃(τ, x, i) ≡
(
ψ̃1(τ, x, i)

ψ̃2(τ, x̃, i)

)
(5.4)

after some algebra we find

d

dτ

(
Ψ̃(τ, x, i)

Ψ̃(τ, x̃, i)

)
= 2π

[
B(x, i)⊕B(x̃, i)

]( Ψ̃(τ, x, i)

Ψ̃(τ, x̃, i)

)
i = 1, 2 . (5.5)

The 4× 4 block diagonal matrix within the square brackets in the r.h.s. is expressed in terms

of the 2× 2 matrix

B(x, i) ≡
(

Bloc(x) − eiαiβbi-loc(x)

e−iαiβbi-loc(x̃) −Bloc(x̃)

)
(5.6)

where Bloc(y) is the following differential operator

Bloc(y) ≡ βloc(y) ∂y +
1

2
∂yβloc(y) (5.7)

and the weight functions βloc(y) and βbi-loc(y) are given by (3.7) and (3.12) respectively.
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At this point we recognise that the equations in (5.5) for the auxiliary fields are two in-

dependent copies labelled by i ∈ {1, 2} of the modular flow equations for an interval on the

half-line studied in [26]. By employing the results of [26], we find that the modular flow for

the auxiliary fields with x ∈ (a, b) reads
ψ̃1(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
ψ̃1(ξ, i)−

a b

ξ
eiαi
(
ξ − x

)
ψ̃2(ab/ξ, i)

)]∣∣∣∣
ξ=ξ(τ,x)

ψ̃2(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
ψ̃2(ξ, i)−

a b

ξ
e−iαi

(
ξ − x

)
ψ̃1(ab/ξ, i)

)]∣∣∣∣
ξ=ξ(−τ,x)

(5.8)

where

P (ξ;x) ≡
√

βloc(ξ)

βloc(x) (a b+ x2)(a b+ ξ2)
(5.9)

and

ξ(τ, x) =
(b− a)

(
e2πτ+w(x) − 1

)
+
√

(b− a)2
(
e2πτ+w(x) − 1

)2
+ 4ab

(
e2πτ+w(x) + 1

)2
2
(
1 + e2πτ+w(x)

) (5.10)

with

w(x) = log

[
(x+ b)(x− a)

(x+ a)(b− x)

]
. (5.11)

The function ξ(τ, x) describes the modular evolution of any point x ∈ A and satisfies

ξ(0, x) = x ξ(τ, x) ∈ (a, b) and ξ(−τ, x̃) =
a b

ξ(τ, x)
≡ ξ̃(τ, x) . (5.12)

This guarantees that the solution (5.8) fulfils the initial condition ψ̃r(0, x, i) = ψ̃r(x, i), where

ψ̃r(x, i) provide the assigned initial configuration for the auxiliary fields on the line.

Combining the solution (5.8) for the auxiliary fields with (2.39), (2.40) and (2.41), we obtain

the modular flow of the physical fields
ψ1(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
ψ1(ξ, i)−

a b

ξ

(
ξ − x

) 2∑
j=1

Sij ψ2(ab/ξ, j)

)]∣∣∣∣∣
ξ=ξ(τ,x)

ψ2(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
ψ2(ξ, i)−

a b

ξ

(
ξ − x

) 2∑
j=1

S∗ij ψ1(ab/ξ, j)

)]∣∣∣∣∣
ξ=ξ(−τ,x)

(5.13)

which is one of the main results of this paper. Considering e.g. the first expression in (5.13),

we observe that the modular evolution of ψ1(τ, x, i) is determined not only by the modular

evolution of the initial data for ψ1(x, i) along (ξ(τ, x), i), but also by the modular evolution

of the initial data for ψ2(x, i) along the two conjugate trajectories (ξ̃(τ, x), 1) and (ξ̃(τ, x), 2).

From the second expression in (5.13), we have that a similar consideration holds for ψ2(τ, x, i),

with ξ(τ, x) replaced by ξ(−τ, x). This is a consequence of the fact that the scattering matrix

S, which occurs explicitly in the flow, allows both reflection and transmission.

In Fig. 2 we show the modular evolution of the arguments of the fields mixed by the modular

flow (5.13), for four different choices of the initial point in Asym at τ = 0. When x 6=
√
ab,
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a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

0

<latexit sha1_base64="84OJEhLz/UwST/xXno+jtqPL74k=">AAAB5HicbZDLSgMxFIbP1Fsdb9Wtm2ARXJWZIqgLseDGZQV7gXYomfRMG5vJDElGKKVP4MaF4lbwIXwPN+LbmF4W2vpD4OP/zyHnnDAVXBvP+3ZyK6tr6xv5TXdre2d3r+Du13WSKYY1lohENUOqUXCJNcONwGaqkMahwEY4uJ7kjQdUmifyzgxTDGLakzzijBpr3XqdQtEreVORZfDnULz6cC/T9y+32il8trsJy2KUhgmqdcv3UhOMqDKcCRy77UxjStmA9rBlUdIYdTCaDjomx9bpkihR9klDpu7vjhGNtR7Goa2MqenrxWxi/pe1MhOdByMu08ygZLOPokwQk5DJ1qTLFTIjhhYoU9zOSlifKsqMvY1rj+AvrrwM9XLJPy1dFCtlmCkPh3AEJ+DDGVTgBqpQAwYIj/AML8698+S8zgpzzrzjAP7IefsBTCaOtw==</latexit>

x

<latexit sha1_base64="i2CtW1NtU+cOiT6pJ5QN63Opeag=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEI8RJmRFxOBrx4TMAskITQ06lJ2vQsdPeIYcgTeNCDIl59Dk8+gjcfxLud5aCJPzR8/H8VXVVuJLjStv1lpRYWl5ZX0quZtfWNza3s9k5VhbFkWGGhCGXdpQoFD7CiuRZYjyRS3xVYc/uXo7x2i1LxMLjWgwhbPu0G3OOMamOV79rZnF2wxyLz4Ewhd/Ge//54aB6W2tnPZidksY+BZoIq1XDsSLcSKjVnAoeZZqwwoqxPu9gwGFAfVSsZDzokB8bpEC+U5gWajN3fHQn1lRr4rqn0qe6p2Wxk/pc1Yu2dtRIeRLHGgE0+8mJBdEhGW5MOl8i0GBigTHIzK2E9KinT5jYZcwRnduV5qB4VnOPCednOFU9gojTswT7kwYFTKMIVlKACDBDu4QmerRvr0XqxXielKWvaswt/ZL39ADAakOY=</latexit>

⇠ > 0

<latexit sha1_base64="BbW3hWe564IRB2heIALuv/DxAI4=">AAAB9XicbVDLSgNBEJyNr7g+EvXoZTAIegm7ElBPBkTwGME8IBvD7KQ3GTI7u87MqmHJf3jxoIhXP8C/8OYn+BdOHgdNLGgoqrrp7vJjzpR2nC8rs7C4tLySXbXX1jc2c/mt7ZqKEkmhSiMeyYZPFHAmoKqZ5tCIJZDQ51D3++cjv34HUrFIXOtBDK2QdAULGCXaSDfeA/O6cKs4ERo77XzBKTpj4HniTkmhnPs+O7Q/Lirt/KfXiWgSgtCUE6WarhPrVkqkZpTD0PYSBTGhfdKFpqGChKBa6fjqId43SgcHkTRlto/V3xMpCZUahL7pDInuqVlvJP7nNRMdnLRSJuJEg6CTRUHCsY7wKALcYRKo5gNDCJXM3Ippj0hCtQnKNiG4sy/Pk9pR0S0VT69MGiU0QRbtoj10gFx0jMroElVQFVEk0SN6Ri/WvfVkvVpvk9aMNZ3ZQX9gvf8Ayx6U8g==</latexit>

i = 1

<latexit sha1_base64="PJ1+/CL7j5Ni94442GX+XXumR9A=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUlAXYsGNy4r2Au1QMmmmDc0kQ5IRytBHcONCqW59CV/DnW9jpu1CW38IfPz/OeScE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4U2WNx+p0kyKBzOKqR/hvmAhI9hY655ded1iyS27U6Fl8OZQuv6cZHqrdYtfnZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbosAR1X46HXWMTqzTQ6FU9gmDpu7vjhRHWo+iwFZG2Az0YpaZ/2XtxIQXfspEnBgqyOyjMOHISJTtjXpMUWL4yAImitlZERlghYmx1ynYI3iLKy9D46zsVcqXd26pWoGZ8nAEx3AKHpxDFW6hBnUg0IcneIFXhzvPzsR5n5XmnHnPIfyR8/ED4WKR+A==</latexit>

⇠ > 0

<latexit sha1_base64="BbW3hWe564IRB2heIALuv/DxAI4=">AAAB9XicbVDLSgNBEJyNr7g+EvXoZTAIegm7ElBPBkTwGME8IBvD7KQ3GTI7u87MqmHJf3jxoIhXP8C/8OYn+BdOHgdNLGgoqrrp7vJjzpR2nC8rs7C4tLySXbXX1jc2c/mt7ZqKEkmhSiMeyYZPFHAmoKqZ5tCIJZDQ51D3++cjv34HUrFIXOtBDK2QdAULGCXaSDfeA/O6cKs4ERo77XzBKTpj4HniTkmhnPs+O7Q/Lirt/KfXiWgSgtCUE6WarhPrVkqkZpTD0PYSBTGhfdKFpqGChKBa6fjqId43SgcHkTRlto/V3xMpCZUahL7pDInuqVlvJP7nNRMdnLRSJuJEg6CTRUHCsY7wKALcYRKo5gNDCJXM3Ippj0hCtQnKNiG4sy/Pk9pR0S0VT69MGiU0QRbtoj10gFx0jMroElVQFVEk0SN6Ri/WvfVkvVpvk9aMNZ3ZQX9gvf8Ayx6U8g==</latexit>

i = 2

<latexit sha1_base64="m2mnCrfr+aPghswTnRl1MN/YJNU=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEV2WmFNSFWHDjsqK9QDuUTJppQ5PMkGSEMvQR3LhQqltfwtdw59uYabvQ1h8CH/9/DjnnBDFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5ssbz5SpVkkH8wopr7AfclCRrCx1j27KncLRbfkToWWwZtD8fpzkumt1i18dXoRSQSVhnCsddtzY+OnWBlGOB3nO4mmMSZD3KdtixILqv10OuoYnVqnh8JI2ScNmrq/O1IstB6JwFYKbAZ6McvM/7J2YsILP2UyTgyVZPZRmHBkIpTtjXpMUWL4yAImitlZERlghYmx18nbI3iLKy9Do1zyKqXLO7dYrcBMOTiGEzgDD86hCrdQgzoQ6MMTvMCrw51nZ+K8z0pXnHnPEfyR8/ED4uaR+Q==</latexit>

⌧

<latexit sha1_base64="wb6dcW1oMl8DXsfLVr0/z8npOGU=">AAAB63icbZDLSgMxFIbP1Fsdb1WXboJFcFVmRPACYsGNywr2Au1QMmnahiaZIckIZegruHGhiDv1PXwGN+LbmGm70NYfAh//fw4554QxZ9p43reTW1hcWl7Jr7pr6xubW4XtnZqOEkVolUQ8Uo0Qa8qZpFXDDKeNWFEsQk7r4eAqy+t3VGkWyVszjGkgcE+yLiPYZFbL4KRdKHolbyw0D/4Uipcfr1/uRfxWaRc+W52IJIJKQzjWuul7sQlSrAwjnI7cVqJpjMkA92jTosSC6iAdzzpCB9bpoG6k7JMGjd3fHSkWWg9FaCsFNn09m2Xmf1kzMd3TIGUyTgyVZPJRN+HIRChbHHWYosTwoQVMFLOzItLHChNjz+PaI/izK89D7ajkH5fObrxi+RwmysMe7MMh+HACZbiGClSBQB/u4RGeHOE8OM/Oy6Q050x7duGPnPcfSOCSHA==</latexit>

a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

0

<latexit sha1_base64="84OJEhLz/UwST/xXno+jtqPL74k=">AAAB5HicbZDLSgMxFIbP1Fsdb9Wtm2ARXJWZIqgLseDGZQV7gXYomfRMG5vJDElGKKVP4MaF4lbwIXwPN+LbmF4W2vpD4OP/zyHnnDAVXBvP+3ZyK6tr6xv5TXdre2d3r+Du13WSKYY1lohENUOqUXCJNcONwGaqkMahwEY4uJ7kjQdUmifyzgxTDGLakzzijBpr3XqdQtEreVORZfDnULz6cC/T9y+32il8trsJy2KUhgmqdcv3UhOMqDKcCRy77UxjStmA9rBlUdIYdTCaDjomx9bpkihR9klDpu7vjhGNtR7Goa2MqenrxWxi/pe1MhOdByMu08ygZLOPokwQk5DJ1qTLFTIjhhYoU9zOSlifKsqMvY1rj+AvrrwM9XLJPy1dFCtlmCkPh3AEJ+DDGVTgBqpQAwYIj/AML8698+S8zgpzzrzjAP7IefsBTCaOtw==</latexit>

x

<latexit sha1_base64="i2CtW1NtU+cOiT6pJ5QN63Opeag=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEI8RJmRFxOBrx4TMAskITQ06lJ2vQsdPeIYcgTeNCDIl59Dk8+gjcfxLud5aCJPzR8/H8VXVVuJLjStv1lpRYWl5ZX0quZtfWNza3s9k5VhbFkWGGhCGXdpQoFD7CiuRZYjyRS3xVYc/uXo7x2i1LxMLjWgwhbPu0G3OOMamOV79rZnF2wxyLz4Ewhd/Ge//54aB6W2tnPZidksY+BZoIq1XDsSLcSKjVnAoeZZqwwoqxPu9gwGFAfVSsZDzokB8bpEC+U5gWajN3fHQn1lRr4rqn0qe6p2Wxk/pc1Yu2dtRIeRLHGgE0+8mJBdEhGW5MOl8i0GBigTHIzK2E9KinT5jYZcwRnduV5qB4VnOPCednOFU9gojTswT7kwYFTKMIVlKACDBDu4QmerRvr0XqxXielKWvaswt/ZL39ADAakOY=</latexit>

⇠ > 0

<latexit sha1_base64="BbW3hWe564IRB2heIALuv/DxAI4=">AAAB9XicbVDLSgNBEJyNr7g+EvXoZTAIegm7ElBPBkTwGME8IBvD7KQ3GTI7u87MqmHJf3jxoIhXP8C/8OYn+BdOHgdNLGgoqrrp7vJjzpR2nC8rs7C4tLySXbXX1jc2c/mt7ZqKEkmhSiMeyYZPFHAmoKqZ5tCIJZDQ51D3++cjv34HUrFIXOtBDK2QdAULGCXaSDfeA/O6cKs4ERo77XzBKTpj4HniTkmhnPs+O7Q/Lirt/KfXiWgSgtCUE6WarhPrVkqkZpTD0PYSBTGhfdKFpqGChKBa6fjqId43SgcHkTRlto/V3xMpCZUahL7pDInuqVlvJP7nNRMdnLRSJuJEg6CTRUHCsY7wKALcYRKo5gNDCJXM3Ippj0hCtQnKNiG4sy/Pk9pR0S0VT69MGiU0QRbtoj10gFx0jMroElVQFVEk0SN6Ri/WvfVkvVpvk9aMNZ3ZQX9gvf8Ayx6U8g==</latexit>

i = 1

<latexit sha1_base64="PJ1+/CL7j5Ni94442GX+XXumR9A=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUlAXYsGNy4r2Au1QMmmmDc0kQ5IRytBHcONCqW59CV/DnW9jpu1CW38IfPz/OeScE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4U2WNx+p0kyKBzOKqR/hvmAhI9hY655ded1iyS27U6Fl8OZQuv6cZHqrdYtfnZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbosAR1X46HXWMTqzTQ6FU9gmDpu7vjhRHWo+iwFZG2Az0YpaZ/2XtxIQXfspEnBgqyOyjMOHISJTtjXpMUWL4yAImitlZERlghYmx1ynYI3iLKy9D46zsVcqXd26pWoGZ8nAEx3AKHpxDFW6hBnUg0IcneIFXhzvPzsR5n5XmnHnPIfyR8/ED4WKR+A==</latexit>

⇠ > 0

<latexit sha1_base64="BbW3hWe564IRB2heIALuv/DxAI4=">AAAB9XicbVDLSgNBEJyNr7g+EvXoZTAIegm7ElBPBkTwGME8IBvD7KQ3GTI7u87MqmHJf3jxoIhXP8C/8OYn+BdOHgdNLGgoqrrp7vJjzpR2nC8rs7C4tLySXbXX1jc2c/mt7ZqKEkmhSiMeyYZPFHAmoKqZ5tCIJZDQ51D3++cjv34HUrFIXOtBDK2QdAULGCXaSDfeA/O6cKs4ERo77XzBKTpj4HniTkmhnPs+O7Q/Lirt/KfXiWgSgtCUE6WarhPrVkqkZpTD0PYSBTGhfdKFpqGChKBa6fjqId43SgcHkTRlto/V3xMpCZUahL7pDInuqVlvJP7nNRMdnLRSJuJEg6CTRUHCsY7wKALcYRKo5gNDCJXM3Ippj0hCtQnKNiG4sy/Pk9pR0S0VT69MGiU0QRbtoj10gFx0jMroElVQFVEk0SN6Ri/WvfVkvVpvk9aMNZ3ZQX9gvf8Ayx6U8g==</latexit>

i = 2

<latexit sha1_base64="m2mnCrfr+aPghswTnRl1MN/YJNU=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEV2WmFNSFWHDjsqK9QDuUTJppQ5PMkGSEMvQR3LhQqltfwtdw59uYabvQ1h8CH/9/DjnnBDFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5ssbz5SpVkkH8wopr7AfclCRrCx1j27KncLRbfkToWWwZtD8fpzkumt1i18dXoRSQSVhnCsddtzY+OnWBlGOB3nO4mmMSZD3KdtixILqv10OuoYnVqnh8JI2ScNmrq/O1IstB6JwFYKbAZ6McvM/7J2YsILP2UyTgyVZPZRmHBkIpTtjXpMUWL4yAImitlZERlghYmx18nbI3iLKy9Do1zyKqXLO7dYrcBMOTiGEzgDD86hCrdQgzoQ6MMTvMCrw51nZ+K8z0pXnHnPEfyR8/ED4uaR+Q==</latexit>

⌧

<latexit sha1_base64="wb6dcW1oMl8DXsfLVr0/z8npOGU=">AAAB63icbZDLSgMxFIbP1Fsdb1WXboJFcFVmRPACYsGNywr2Au1QMmnahiaZIckIZegruHGhiDv1PXwGN+LbmGm70NYfAh//fw4554QxZ9p43reTW1hcWl7Jr7pr6xubW4XtnZqOEkVolUQ8Uo0Qa8qZpFXDDKeNWFEsQk7r4eAqy+t3VGkWyVszjGkgcE+yLiPYZFbL4KRdKHolbyw0D/4Uipcfr1/uRfxWaRc+W52IJIJKQzjWuul7sQlSrAwjnI7cVqJpjMkA92jTosSC6iAdzzpCB9bpoG6k7JMGjd3fHSkWWg9FaCsFNn09m2Xmf1kzMd3TIGUyTgyVZPJRN+HIRChbHHWYosTwoQVMFLOzItLHChNjz+PaI/izK89D7ajkH5fObrxi+RwmysMe7MMh+HACZbiGClSBQB/u4RGeHOE8OM/Oy6Q050x7duGPnPcfSOCSHA==</latexit>

a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

0

<latexit sha1_base64="84OJEhLz/UwST/xXno+jtqPL74k=">AAAB5HicbZDLSgMxFIbP1Fsdb9Wtm2ARXJWZIqgLseDGZQV7gXYomfRMG5vJDElGKKVP4MaF4lbwIXwPN+LbmF4W2vpD4OP/zyHnnDAVXBvP+3ZyK6tr6xv5TXdre2d3r+Du13WSKYY1lohENUOqUXCJNcONwGaqkMahwEY4uJ7kjQdUmifyzgxTDGLakzzijBpr3XqdQtEreVORZfDnULz6cC/T9y+32il8trsJy2KUhgmqdcv3UhOMqDKcCRy77UxjStmA9rBlUdIYdTCaDjomx9bpkihR9klDpu7vjhGNtR7Goa2MqenrxWxi/pe1MhOdByMu08ygZLOPokwQk5DJ1qTLFTIjhhYoU9zOSlifKsqMvY1rj+AvrrwM9XLJPy1dFCtlmCkPh3AEJ+DDGVTgBqpQAwYIj/AML8698+S8zgpzzrzjAP7IefsBTCaOtw==</latexit>

x

<latexit sha1_base64="i2CtW1NtU+cOiT6pJ5QN63Opeag=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEI8RJmRFxOBrx4TMAskITQ06lJ2vQsdPeIYcgTeNCDIl59Dk8+gjcfxLud5aCJPzR8/H8VXVVuJLjStv1lpRYWl5ZX0quZtfWNza3s9k5VhbFkWGGhCGXdpQoFD7CiuRZYjyRS3xVYc/uXo7x2i1LxMLjWgwhbPu0G3OOMamOV79rZnF2wxyLz4Ewhd/Ge//54aB6W2tnPZidksY+BZoIq1XDsSLcSKjVnAoeZZqwwoqxPu9gwGFAfVSsZDzokB8bpEC+U5gWajN3fHQn1lRr4rqn0qe6p2Wxk/pc1Yu2dtRIeRLHGgE0+8mJBdEhGW5MOl8i0GBigTHIzK2E9KinT5jYZcwRnduV5qB4VnOPCednOFU9gojTswT7kwYFTKMIVlKACDBDu4QmerRvr0XqxXielKWvaswt/ZL39ADAakOY=</latexit>

⇠ > 0

<latexit sha1_base64="BbW3hWe564IRB2heIALuv/DxAI4=">AAAB9XicbVDLSgNBEJyNr7g+EvXoZTAIegm7ElBPBkTwGME8IBvD7KQ3GTI7u87MqmHJf3jxoIhXP8C/8OYn+BdOHgdNLGgoqrrp7vJjzpR2nC8rs7C4tLySXbXX1jc2c/mt7ZqKEkmhSiMeyYZPFHAmoKqZ5tCIJZDQ51D3++cjv34HUrFIXOtBDK2QdAULGCXaSDfeA/O6cKs4ERo77XzBKTpj4HniTkmhnPs+O7Q/Lirt/KfXiWgSgtCUE6WarhPrVkqkZpTD0PYSBTGhfdKFpqGChKBa6fjqId43SgcHkTRlto/V3xMpCZUahL7pDInuqVlvJP7nNRMdnLRSJuJEg6CTRUHCsY7wKALcYRKo5gNDCJXM3Ippj0hCtQnKNiG4sy/Pk9pR0S0VT69MGiU0QRbtoj10gFx0jMroElVQFVEk0SN6Ri/WvfVkvVpvk9aMNZ3ZQX9gvf8Ayx6U8g==</latexit>

i = 1

<latexit sha1_base64="PJ1+/CL7j5Ni94442GX+XXumR9A=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUlAXYsGNy4r2Au1QMmmmDc0kQ5IRytBHcONCqW59CV/DnW9jpu1CW38IfPz/OeScE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLRMFKF1IrlUrQBrypmgdcMMp61YURwFnDaD4U2WNx+p0kyKBzOKqR/hvmAhI9hY655ded1iyS27U6Fl8OZQuv6cZHqrdYtfnZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbosAR1X46HXWMTqzTQ6FU9gmDpu7vjhRHWo+iwFZG2Az0YpaZ/2XtxIQXfspEnBgqyOyjMOHISJTtjXpMUWL4yAImitlZERlghYmx1ynYI3iLKy9D46zsVcqXd26pWoGZ8nAEx3AKHpxDFW6hBnUg0IcneIFXhzvPzsR5n5XmnHnPIfyR8/ED4WKR+A==</latexit>

⇠ > 0

<latexit sha1_base64="BbW3hWe564IRB2heIALuv/DxAI4=">AAAB9XicbVDLSgNBEJyNr7g+EvXoZTAIegm7ElBPBkTwGME8IBvD7KQ3GTI7u87MqmHJf3jxoIhXP8C/8OYn+BdOHgdNLGgoqrrp7vJjzpR2nC8rs7C4tLySXbXX1jc2c/mt7ZqKEkmhSiMeyYZPFHAmoKqZ5tCIJZDQ51D3++cjv34HUrFIXOtBDK2QdAULGCXaSDfeA/O6cKs4ERo77XzBKTpj4HniTkmhnPs+O7Q/Lirt/KfXiWgSgtCUE6WarhPrVkqkZpTD0PYSBTGhfdKFpqGChKBa6fjqId43SgcHkTRlto/V3xMpCZUahL7pDInuqVlvJP7nNRMdnLRSJuJEg6CTRUHCsY7wKALcYRKo5gNDCJXM3Ippj0hCtQnKNiG4sy/Pk9pR0S0VT69MGiU0QRbtoj10gFx0jMroElVQFVEk0SN6Ri/WvfVkvVpvk9aMNZ3ZQX9gvf8Ayx6U8g==</latexit>

i = 2

<latexit sha1_base64="m2mnCrfr+aPghswTnRl1MN/YJNU=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgEV2WmFNSFWHDjsqK9QDuUTJppQ5PMkGSEMvQR3LhQqltfwtdw59uYabvQ1h8CH/9/DjnnBDFn2rjut7Oyura+sZnbym/v7O7tFw4OGzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5ssbz5SpVkkH8wopr7AfclCRrCx1j27KncLRbfkToWWwZtD8fpzkumt1i18dXoRSQSVhnCsddtzY+OnWBlGOB3nO4mmMSZD3KdtixILqv10OuoYnVqnh8JI2ScNmrq/O1IstB6JwFYKbAZ6McvM/7J2YsILP2UyTgyVZPZRmHBkIpTtjXpMUWL4yAImitlZERlghYmx18nbI3iLKy9Do1zyKqXLO7dYrcBMOTiGEzgDD86hCrdQgzoQ6MMTvMCrw51nZ+K8z0pXnHnPEfyR8/ED4uaR+Q==</latexit>

⌧

<latexit sha1_base64="wb6dcW1oMl8DXsfLVr0/z8npOGU=">AAAB63icbZDLSgMxFIbP1Fsdb1WXboJFcFVmRPACYsGNywr2Au1QMmnahiaZIckIZegruHGhiDv1PXwGN+LbmGm70NYfAh//fw4554QxZ9p43reTW1hcWl7Jr7pr6xubW4XtnZqOEkVolUQ8Uo0Qa8qZpFXDDKeNWFEsQk7r4eAqy+t3VGkWyVszjGkgcE+yLiPYZFbL4KRdKHolbyw0D/4Uipcfr1/uRfxWaRc+W52IJIJKQzjWuul7sQlSrAwjnI7cVqJpjMkA92jTosSC6iAdzzpCB9bpoG6k7JMGjd3fHSkWWg9FaCsFNn09m2Xmf1kzMd3TIGUyTgyVZPJRN+HIRChbHHWYosTwoQVMFLOzItLHChNjz+PaI/izK89D7ajkH5fObrxi+RwmysMe7MMh+HACZbiGClSBQB/u4RGeHOE8OM/Oy6Q050x7duGPnPcfSOCSHA==</latexit>

a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

a

<latexit sha1_base64="o2RLCJS35TfvTH7Rik3tZABKAEQ=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgV2s7l7aI9FpkHZwr5y/fC98dD66jczn22OhFLAgw1E1SppmPH2k2p1JwJHGZbicKYsj7tYtNgSANUbjoedEgOjdMhfiTNCzUZu787UhooNQg8UxlQ3VOz2cj8L2sm2j93Ux7GicaQTT7yE0F0REZbkw6XyLQYGKBMcjMrYT0qKdPmNllzBGd25XmoHRedk+JFxc6XTmGiDOzDARTAgTMowTWUoQoMEO7hCZ6tW+vRerFeJ6UL1rRnD/7IevsBDT6Qzw==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

b

<latexit sha1_base64="8iAjk2Q7wl8LcR6f1V4bsLFyJOE=">AAAB6HicbZDJSgNBEIZrXGPcoh69NAYhXsKMiMvJgBePCZgFkiH0dGqSNj0L3T1CGPIEHvSgiFefw5OP4M0H8W5nOWjiDw0f/19FV5UXC660bX9ZC4tLyyurmbXs+sbm1nZuZ7emokQyrLJIRLLhUYWCh1jVXAtsxBJp4Amse/2rUV6/Q6l4FN7oQYxuQLsh9zmj2lgVr53L20V7LDIPzhTyl++F74+H1lG5nftsdSKWBBhqJqhSTceOtZtSqTkTOMy2EoUxZX3axabBkAao3HQ86JAcGqdD/EiaF2oydn93pDRQahB4pjKguqdms5H5X9ZMtH/upjyME40hm3zkJ4LoiIy2Jh0ukWkxMECZ5GZWwnpUUqbNbbLmCM7syvNQOy46J8WLip0vncJEGdiHAyiAA2dQgmsoQxUYINzDEzxbt9aj9WK9TkoXrGnPHvyR9fYDDsKQ0A==</latexit>

0

<latexit sha1_base64="84OJEhLz/UwST/xXno+jtqPL74k=">AAAB5HicbZDLSgMxFIbP1Fsdb9Wtm2ARXJWZIqgLseDGZQV7gXYomfRMG5vJDElGKKVP4MaF4lbwIXwPN+LbmF4W2vpD4OP/zyHnnDAVXBvP+3ZyK6tr6xv5TXdre2d3r+Du13WSKYY1lohENUOqUXCJNcONwGaqkMahwEY4uJ7kjQdUmifyzgxTDGLakzzijBpr3XqdQtEreVORZfDnULz6cC/T9y+32il8trsJy2KUhgmqdcv3UhOMqDKcCRy77UxjStmA9rBlUdIYdTCaDjomx9bpkihR9klDpu7vjhGNtR7Goa2MqenrxWxi/pe1MhOdByMu08ygZLOPokwQk5DJ1qTLFTIjhhYoU9zOSlifKsqMvY1rj+AvrrwM9XLJPy1dFCtlmCkPh3AEJ+DDGVTgBqpQAwYIj/AML8698+S8zgpzzrzjAP7IefsBTCaOtw==</latexit>
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Figure 2: Modular evolutions of the arguments of the fields mixed by the modular flow in the

r.h.s’s of (5.13), for a point (x, i) (solid lines) and its conjugate points (x̃, i) (dashed lines)

and (x̃, j 6= i) (dashed-dotted lines), at τ = 0. The blue and the red curves correspond to the

first and to the second equation in (5.13) respectively. The vertical dotted lines identify the

point
√
ab in the two edges. Top panels: i = 1 with either x <

√
ab (left) or x >

√
ab (right).

Bottom panels: i = 2 with either x <
√
ab (left) or x >

√
ab (right).

three distinct curves occur and the ones in the same edge intersect at either |τ0| or −|τ0|,
where 2πτ0 = |w(

√
ab )− w(x)| = |w(x)| because w(

√
ab ) = 0.

For full reflection or full transmission, from (2.35) and (2.36), the sum in the r.h.s. of (5.13)

involves only one term and, accordingly, we recover the modular flow of the massless Dirac

field either for an interval on the half-line [26] or for Asym on the whole line [11] respectively.

We find it worth reporting the explicit expressions of the modular flows in the two phases.
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By using (2.31) and (2.32) in (5.13), in the vector phase we have
λ1(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
λ1(ξ, i)−

a b

ξ

(
ξ − x

) 2∑
j=1

S(v)

ij λ2(ab/ξ, j)

)]∣∣∣∣∣
ξ=ξ(τ,x)

λ2(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
λ2(ξ, i)−

a b

ξ

(
ξ − x

) 2∑
j=1

S(v)∗
ij λ1(ab/ξ, j)

)]∣∣∣∣∣
ξ=ξ(−τ,x)

(5.14)

while the modular flow in the axial phase reads
χ1(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
χ1(ξ, i)−

a b

ξ

(
ξ − x

) 2∑
j=1

χ2(ab/ξ, j)S(a)∗
ji

)]∣∣∣∣∣
ξ=ξ(τ,x)

χ2(τ, x, i) =

[
P (ξ;x)

((
a b+ x ξ

)
χ2(ξ, i)−

a b

ξ

(
ξ − x

) 2∑
j=1

S(a)∗
ij χ1(ab/ξ, j)

)]∣∣∣∣∣
ξ=ξ(−τ,x)

.

(5.15)

Each modular flow preserves the symmetry characterising its modular Hamiltonian. Indeed,

in the vector phase, the modular flow (5.14) preserves the Uv(1) symmetry and breaks the Ua(1)

symmetry, while, in the axial phase, the modular flow (5.15) preserves the Ua(1) symmetry

and breaks the Uv(1) symmetry.

6 Correlation functions along the modular flows

The modular evolutions (5.14) and (5.15) provide the corresponding correlation functions in

the corresponding phase, which describe the quantum fluctuations along the modular evolution

parameterised by τ .

The initial data involved in (5.14) and (5.15) are expressed via (2.17)-(2.20) in terms of

the generators of the CAR algebras A+ and B+. Adopting the Fock representation for these

algebras, one derives the correlation functions in the presence of the defect in closed and

explicit form. Similar calculations have been done for the massless Dirac field in the ground

state, when the subsystem is the union of disjoint intervals in the line [15, 19] or an interval

in the half-line [26].

Interestingly, all the correlation functions along the modular flow can be written through

the distribution

W (τ ;x, y) ≡ ew(x) − ew(y)
2πi(x− y)

1

ew(x)+πτ − ew(y)−πτ − iε
(6.1)

where w(x) is the function defined in (5.11). In the limit ε → 0, the expression in (6.1)

satisfies

W (τ ± i ;x, y) = W (−τ ; y, x) = W (τ ;x, y) (6.2)

where the overline denotes the complex conjugation.
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In the vector phase, the non-vanishing two-point functions take the form

〈λ1(τ1, x1, i1)λ∗1(τ2, x2, i2)〉 = 〈λ∗1(τ1, x1, i1)λ1(τ2, x2, i2)〉 = δiii2 W (τ12;x1, x2) (6.3)

〈λ2(τ1, x1, i1)λ∗2(τ2, x2, i2)〉 = 〈λ∗2(τ1, x1, i1)λ2(τ2, x2, i2)〉 = δi1i2 W (τ12;x2, x1) (6.4)

〈λ1(τ1, x1, i1)λ∗2(τ2, x2, i2)〉 = 〈λ2(τ2, x2, i2)λ∗1(τ1, x1, i1)〉 = S(v)

i1i2
W (τ12;x1,−x2) (6.5)

〈λ∗1(τ1, x1, i1)λ2(τ2, x2, i2)〉 = 〈λ∗2(τ2, x2, i2)λ1(τ1, x1, i1)〉 = S(v)∗
i1i2

W (τ12;x1,−x2) (6.6)

with

τ12 ≡ τ1 − τ2 . (6.7)

Using the first identity in (6.2), one verifies that the correlation functions (6.3)-(6.6) satisfy

the Kubo-Martin-Schwinger (KMS) condition

〈λr1(τ1, x1)λ
∗
r2(τ2 + τ + i, x2) 〉 = 〈λ∗r2(τ2 + τ, x2)λr1(τ1, x1) 〉 (6.8)

〈λ∗r1(τ1, x1)λr2(τ2 + τ + i, x2) 〉 = 〈λr2(τ2 + τ, x2)λ
∗
r1(τ1, x1) 〉 (6.9)

where r1, r2 ∈ {1, 2}. The validity of (6.8) and (6.9) is a crucial feature of the modular group

(see Theorem 1.2 in chapter VIII of [2]), hence it also provides a valuable consistency check

of our results.

Besides the KMS conditions, the correlation functions (6.3)-(6.6) satisfy also the modular

equations of motion following from (5.2). An illustrative example is[
1

2π
∂τ1 −Bloc(x1)

]
〈λ1(τ1, x1, i1)λ∗1(τ2, x2, i2)〉 = −βbi-loc(x1)

2∑
j=1

S(v)

i1j
〈λ2(τ1, x̃1, j)λ∗1(τ2, x2, i2)〉

(6.10)

with x1 6= x2. From (6.3) and (6.5), we have that (6.10) is equivalent to[
1

2π
∂τ −Bloc(x)

]
W (τ ;x, y) + βbi-loc(x)W (τ ;−x̃, y) = 0 (6.11)

whose validity in the limit ε→ 0 follows directly from the definition (6.1).

The correlation functions (6.3)-(6.6) in the vector phase have a direct physical application

to the electric an helical transport across the defect. Indeed, they lead to the density-density

correlators

〈jt(τ1, x1, i1) jt(τ2, x2, i2)〉 = 〈kx(τ1, x1, i1) kx(τ2, x2, i2)〉 (6.12)

= δi1i2

[
W (τ12;x1, x2)

2 +W (τ12;x2, x1)
2
]

+
∣∣S(v)

i1i2

∣∣2[W (τ12;x1,−x2)2 +W (τ12;−x1, x2)2
]

and to the current-current correlators

〈jx(τ1, x1, i1) jx(τ2, x2, i2)〉 = 〈kt(τ1, x1, i1) kt(τ2, x2, i2)〉 (6.13)

= δi1i2

[
W (τ12;x1, x2)

2 +W (τ12;x2, x1)
2
]
−
∣∣S(v)

i1i2

∣∣2[W (τ12;x1,−x2)2 +W (τ12;−x1, x2)2
]

which depend explicitly on the reflection and transmission probabilities |S(v)

i1i2
|2. In agreement

with conservation of the Uv(1) symmetry in the vector phase, the correlator (6.13) satisfies
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the Kirchhoff law at the defect in x1 = 0; indeed

2∑
i1=1

〈jx(τ1, 0, i1) jx(τ2, x2, i2)〉 = (6.14)

=

2∑
i1=1

[ (
δi1i2 − |S(v)

i1i2
|2
)
W (τ12; 0, x2) + δi1i2W (τ12;x2, 0)− |S(v)

i1i2
|2W (τ12; 0,−x2)

]

=
2∑

i1=1

(
δi1i2 − |S(v)

i1i2
|2
) [
W (τ12; 0, x2) +W (τ12;x2, 0)

]
= 0

where we have employed the unitarity of S(v) and the identity

W (τ ;x, 0) = W (τ ; 0,−x) . (6.15)

Notice that, instead, the helical current violates the Kirchhoff law in the vector phase

2∑
i1=1

〈kx(τ1, 0, i1) kx(τ2, x2, i2)〉 =
2∑

i1=1

(
δi1i2 + |S(v)

i1i2
|2
) [
W (τ12; 0, x2) +W (τ12;x2, 0)

]
6= 0 .

(6.16)

Thus, helicity is not conserved across the defect, in agreement with the breaking of the Ua(1)

symmetry in this phase.

In the axial phase, the two-point functions read

〈χ1(τ1, x1, i1)χ
∗
1(τ2, x2, i2)〉 = 〈χ∗1(τ1, x1, i1)χ1(τ2, x2, i2)〉 = δiii2 W (τ12;x1, x2) (6.17)

〈χ2(τ1, x1, i1)χ
∗
2(τ2, x2, i2)〉 = 〈χ∗2(τ1, x1, i1)χ2(τ2, x2, i2)〉 = δi1i2 W (τ12;x2, x1) (6.18)

〈χ∗1(τ1, x1, i1)χ∗2(τ2, x2, i2)〉 = 〈χ2(τ2, x2, i2)χ1(τ1, x1, i1)〉 = S(a)

i1i2
W (τ12;x1,−x2) (6.19)

〈χ1(τ1, x1, i1)χ2(τ2, x2, i2)〉 = 〈χ∗2(τ2, x2, i2)χ∗1(τ1, x1, i1)〉 = S(a)∗
i1i2

W (τ12;x1,−x2) . (6.20)

These correlators satisfy the KMS conditions

〈χr(τ1, x1, i1)χ∗r(τ2 + τ + i, x2, i2) 〉 = 〈χ∗r(τ2 + τ, x2, i2)χr(τ1, x1, i1) 〉 (6.21)

〈χr1(τ1, x1, i1)χr2(τ2 + τ + i, x2, i2) 〉 = 〈χr2(τ2 + τ, x2, i2)χr1(τ1, x1, i1) 〉 (6.22)

〈χ∗r1(τ1, x1, i1)χ
∗
r2(τ2 + τ + i, x2, i2) 〉 = 〈χ∗r2(τ2 + τ, x2, i2)χ

∗
r1(τ1, x1, i1) 〉 (6.23)

where r, r1, r2 ∈ {1, 2}.
The electric and helical transport can be studied also in the axial phase, as done above for

the vector phase. In this case the helical current satisfies the Kirchhoff law, while the electric

current violates this law, in agreement with the symmetry content of the axial phase.
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7 Special bipartitions

In this section we discuss some limiting regimes of the spatial bipartition shown in Fig. 1

whose the modular Hamiltonians are local operators.

7.1 Two equal intervals at large separation distance

The limiting regime where the equal intervals are at large separation distance can be explored

by first setting b = a+ `, x = a+ v with v ∈ [0, `] and then sending a→∞. In this limit we

have x̃ = a+ ṽ +O(1/a), where ṽ ≡ `− v.

In this limit, the modular Hamiltonians found in Sec. 3 become local because the weight

functions (3.7) and (3.12) simplify respectively to

βloc(x) = β0(v) +O(1/a2) βbi-loc(x) = O(1/a) β0(v) ≡ v(`− v)

`
(7.1)

where it is worth remarking that β0(v) with v ∈ [0, `] is the weight function occurring in the

modular Hamiltonian of an interval of length ` in the infinite line with the first endpoint in

the origin, when the entire system is in its ground state [5, 7].

In this limit, the function (5.10) occurring in the modular flow becomes

ξ(τ, x) = a+ ζ(τ, v) +O(1/a) ζ(τ, v) ≡ ` v e2πτ

`+ (e2πτ − 1)v
. (7.2)

By using this result and taking the limit of (5.13), for the modular flow we obtain

ψ1(τ, x, i) =
[√

∂vζ(τ, v) ψ1(a+ ζ, i)
]∣∣∣
ζ=ζ(τ,v)

ψ2(τ, x, i) =
[√

∂vζ(τ, v) ψ2(a+ ζ, i)
]∣∣∣
ζ=ζ(−τ,v)

(7.3)

where we used that β0(ζ)
β0(v)

= ∂vζ(τ, v).

The correlators along the modular flow in the two phases and in this limiting regime can

be written from the expressions in (6.3)-(6.6) and in (6.17)-(6.20), by observing that (6.1) in

this limit becomes

W (τ ;x, y) =
`

2πi
[
v(`− y0) eπτ − y0(`− v) e−πτ − iε

] . (7.4)

7.2 Interval with the defect in its center

The bipartition of the line given by an interval with the defect in its center, when the massless

Dirac field is in its ground state, can be studied by taking the limit a → 0 in all the results

discussed above, whenever it is allowed (this is not the case e.g. for the entanglement entropies

(4.2)).

In this limit, the function (5.11) becomes

w(x) = log

(
x+ b

b− x

)
x ∈ [0, b) (7.5)
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<latexit sha1_base64="NeLvJX5oNyhtUb51Vv4VGjXv3IY=">AAAB6nicbZDLSgMxFIbP1Futt1GXggSL4KrMiKCCYsGNyxbtBdqhZNJMG5rJDElGKEOXLt24UMStD+HWV3DnM+hDmF4W2vpD4OP/zyHnHD/mTGnH+bQyc/MLi0vZ5dzK6tr6hr25VVVRIgmtkIhHsu5jRTkTtKKZ5rQeS4pDn9Oa37sc5rVbKhWLxI3ux9QLcUewgBGsjXXNzt2WnXcKzkhoFtwJ5C/ev+5238rfpZb90WxHJAmp0IRjpRquE2svxVIzwukg10wUjTHp4Q5tGBQ4pMpLR6MO0L5x2iiIpHlCo5H7uyPFoVL90DeVIdZdNZ0Nzf+yRqKDEy9lIk40FWT8UZBwpCM03Bu1maRE874BTCQzsyLSxRITba6TM0dwp1eehephwT0qnJadfPEMxsrCDuzBAbhwDEW4ghJUgEAH7uERnixuPVjP1su4NGNNerbhj6zXH9PNkfQ=</latexit>

⇠ > 0

<latexit sha1_base64="f2RD5NZMx8itT5uEPDZ6LibOmfM=">AAAB+HicbVDLSsNAFJ3UV62PRgU3bgaL4KokIqjgouDGZQX7gKaUyfSmHTqZxJmJGkO/xIUuFHHrp7jzA/wPp4+Fth64cDjnXu69x485U9pxvqzcwuLS8kp+tbC2vrFZtLe26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXIz8xi1IxSJxrdMY2iHpCRYwSrSROnbRu2fY68GN4kRo7HTsklN2xsDzxJ2SUmW3fhen30/Vjv3pdSOahCA05USpluvEup0RqRnlMCx4iYKY0AHpQctQQUJQ7Wx8+BAfGKWLg0iaMtvH6u+JjIRKpaFvOkOi+2rWG4n/ea1EB6ftjIk40SDoZFGQcKwjPEoBd5kEqnlqCKGSmVsx7RNJqDZZFUwI7uzL86R+VHaPy2dXJo1zNEEe7aF9dIhcdIIq6BJVUQ1RlKBH9IJerQfr2Xqz3ietOWs6s4P+wPr4Ac/aljs=</latexit>

i = 2

<latexit sha1_base64="C0Qb7lCJctqI7eKuwDBWmamyc3Y=">AAAB6nicbZDLSgMxFIbP1Futt6pLQYJFcFVmSkEFxYIbly3aC7RDyaSZNjSTGZKMUIYuXbpxoYhbH8Ktr+DOZ9CHML0stPWHwMf/n0POOV7EmdK2/WmlFhaXllfSq5m19Y3Nrez2Tk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9ylNdvqVQsFDd6EFE3wF3BfEawNtY1Oy+0szk7b4+F5sGZQu7i/etu/63yXW5nP1qdkMQBFZpwrFTTsSPtJlhqRjgdZlqxohEmfdylTYMCB1S5yXjUITo0Tgf5oTRPaDR2f3ckOFBqEHimMsC6p2azkflf1oy1f+ImTESxpoJMPvJjjnSIRnujDpOUaD4wgIlkZlZEelhios11MuYIzuzK81Ar5J1i/rRi50pnMFEa9uAAjsCBYyjBFZShCgS6cA+P8GRx68F6tl4mpSlr2rMLf2S9/gDVUZH1</latexit>

b

<latexit sha1_base64="rHDmmL0ZVmnKzalRe+RBJk6LoPg=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGBXWjBTcuW7AXaIeSSc+0sZnMkGSEUvoEblwo4tZX8Q3c+Tam0y609YfAx/+fQ845QSK4Nq777Swtr6yurec28ptb2zu7hb39uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGt5O88YhK81jem2GCfkR7koecUWOtatApFN2Sm4ksgjeD4s3nWaZKp/DV7sYsjVAaJqjWLc9NjD+iynAmcJxvpxoTyga0hy2Lkkao/VE26JgcW6dLwljZJw3J3N8dIxppPYwCWxlR09fz2cT8L2ulJrz0R1wmqUHJph+FqSAmJpOtSZcrZEYMLVCmuJ2VsD5VlBl7m7w9gje/8iLUT0veeemq6hbL1zBVDg7hCE7Agwsowx1UoAYMEJ7gBV6dB+fZeXPep6VLzqznAP7I+fgBvwaPHg==</latexit>

b

<latexit sha1_base64="rHDmmL0ZVmnKzalRe+RBJk6LoPg=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGBXWjBTcuW7AXaIeSSc+0sZnMkGSEUvoEblwo4tZX8Q3c+Tam0y609YfAx/+fQ845QSK4Nq777Swtr6yurec28ptb2zu7hb39uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGt5O88YhK81jem2GCfkR7koecUWOtatApFN2Sm4ksgjeD4s3nWaZKp/DV7sYsjVAaJqjWLc9NjD+iynAmcJxvpxoTyga0hy2Lkkao/VE26JgcW6dLwljZJw3J3N8dIxppPYwCWxlR09fz2cT8L2ulJrz0R1wmqUHJph+FqSAmJpOtSZcrZEYMLVCmuJ2VsD5VlBl7m7w9gje/8iLUT0veeemq6hbL1zBVDg7hCE7Agwsowx1UoAYMEJ7gBV6dB+fZeXPep6VLzqznAP7I+fgBvwaPHg==</latexit>

0

<latexit sha1_base64="IjXowA8JCDtN9SZtQGE2UAauUbI=">AAAB5HicbZDJSgNBEIZrXOO4Ra9eGoPgKcyI4AJiwIvHCGaBZAg9nZqkTU/P0N0jhJAn8OJB8Srog/gMXsS3sbMcNPGHho//r6KrKkwF18bzvp2FxaXlldXcmru+sbm1nXd3qjrJFMMKS0Si6iHVKLjEiuFGYD1VSONQYC3sXY3y2j0qzRN5a/opBjHtSB5xRo21brxWvuAVvbHIPPhTKFx+vH25F+l7uZX/bLYTlsUoDRNU64bvpSYYUGU4Ezh0m5nGlLIe7WDDoqQx6mAwHnRIDqzTJlGi7JOGjN3fHQMaa92PQ1sZU9PVs9nI/C9rZCY6DQZcpplBySYfRZkgJiGjrUmbK2RG9C1QpridlbAuVZQZexvXHsGfXXkeqkdF/7h4Viidw0Q52IN9OAQfTqAE11CGCjBAeIAneHbunEfnZVK44Ew7duGPnNcfKFaPYg==</latexit>

⌧0

<latexit sha1_base64="GjEa11gJBMg1FueBM8pclOiJqb4=">AAAB7XicbVDLSgNBEOyNrxhfqx4FGQyCp7Argo9TwIvHCOYByRJmJ7PJmNmZZWZWCEv+IRcPinj1lH/wGwQP/o2TxIMmFjQUVd10d4UJZ9p43peTW1peWV3Lrxc2Nre2d9zdvZqWqSK0SiSXqhFiTTkTtGqY4bSRKIrjkNN62L+e+PUHqjST4s4MEhrEuCtYxAg2Vqq1DE7bXtsteiVvCrRI/B9SLLuH48/R+7jSdj9aHUnSmApDONa66XuJCTKsDCOcDgutVNMEkz7u0qalAsdUB9n02iE6tkoHRVLZEgZN1d8TGY61HsSh7Yyx6el5byL+5zVTE10EGRNJaqggs0VRypGRaPI66jBFieEDSzBRzN6KSA8rTIwNqGBD8OdfXiS105J/Vrq8tWlcwQx5OIAjOAEfzqEMN1CBKhC4hxE8wbMjnUfnxXmdteacn5l9+APn7RuMdpLY</latexit>

�⌧0

<latexit sha1_base64="HaAwFdYD1xxOJ2++jAO/JPOD6Es=">AAAB7nicbVDJSgNBEK1xjXEb9SjIYBC8GGZEcDkFvHiMYBZIhtDT6Uma9PQM3TVCGPIPevGgiFcv+Qe/QfDg39hZDpr4oODxXhVV9YJEcI2u+20tLC4tr6zm1vLrG5tb2/bOblXHqaKsQmMRq3pANBNcsgpyFKyeKEaiQLBa0Lse+bV7pjSP5R32E+ZHpCN5yClBI9VOmkjSltuyC27RHcOZJ96UFEr2wfDr4WNYbtmfzXZM04hJpIJo3fDcBP2MKORUsEG+mWqWENojHdYwVJKIaT8bnztwjozSdsJYmZLojNXfExmJtO5HgemMCHb1rDcS//MaKYYXfsZlkiKTdLIoTIWDsTP63WlzxSiKviGEKm5udWiXKELRJJQ3IXizL8+T6mnROyte3po0rmCCHOzDIRyDB+dQghsoQwUo9OARnuHFSqwn69V6m7QuWNOZPfgD6/0H9qaTDw==</latexit>

x

<latexit sha1_base64="nVRmCReFLbV3O0vtJtAHIdU7r+0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIqgnAx70mIBZIBlCT6cmadPTM3T3iHHIE3jxoIhXH8Cn8Am8efRN7CwHjf7Q8PH/VXRV+TFnSjvOp5WZm19YXMou51ZW19Y38ptbNRUlkmKVRjySDZ8o5ExgVTPNsRFLJKHPse73z0d5/QalYpG40oMYvZB0BQsYJdpYldt2vuAUnbHsv+BOoXD2fvd18baTltv5j1YnokmIQlNOlGq6Tqy9lEjNKMdhrpUojAntky42DQoSovLS8aBDe984HTuIpHlC22P3Z0dKQqUGoW8qQ6J7ajYbmf9lzUQHJ17KRJxoFHTyUZBwW0f2aGu7wyRSzQcGCJXMzGrTHpGEanObnDmCO7vyX6gdFt2j4mnFKZRKMFEWdmEPDsCFYyjBJZShChQQ7uERnqxr68F6tl4mpRlr2rMNv2S9fgMjH5Dk</latexit>

⌧

<latexit sha1_base64="Z7+keoit7zuH4gp2MXLlnim2LMU=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIrsqMCOpCLLpxWcFeoB1KJs20oUlmSDJCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPOtPG8b2dhcWl5ZbWw5q5vbG5tF3d26zpOFaE1EvNYNUOsKWeS1gwznDYTRbEIOW2Eg+s8b9xTpVks78wwoYHAPckiRrDJrbbBaadY8sreWGge/CmULj/ci+Tty612ip/tbkxSQaUhHGvd8r3EBBlWhhFOR2471TTBZIB7tGVRYkF1kI1nHaFD63RRFCv7pEFj93dHhoXWQxHaSoFNX89muflf1kpNdBZkTCapoZJMPopSjkyM8sVRlylKDB9awEQxOysifawwMfY8rj2CP7vyPNSPy/5J+fzWK1WuYKIC7MMBHIEPp1CBG6hCDQj04QGe4NkRzqPz4rxOShecac8e/JHz/gOElJGR</latexit>

⇠ > 0

<latexit sha1_base64="f2RD5NZMx8itT5uEPDZ6LibOmfM=">AAAB+HicbVDLSsNAFJ3UV62PRgU3bgaL4KokIqjgouDGZQX7gKaUyfSmHTqZxJmJGkO/xIUuFHHrp7jzA/wPp4+Fth64cDjnXu69x485U9pxvqzcwuLS8kp+tbC2vrFZtLe26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXIz8xi1IxSJxrdMY2iHpCRYwSrSROnbRu2fY68GN4kRo7HTsklN2xsDzxJ2SUmW3fhen30/Vjv3pdSOahCA05USpluvEup0RqRnlMCx4iYKY0AHpQctQQUJQ7Wx8+BAfGKWLg0iaMtvH6u+JjIRKpaFvOkOi+2rWG4n/ea1EB6ftjIk40SDoZFGQcKwjPEoBd5kEqnlqCKGSmVsx7RNJqDZZFUwI7uzL86R+VHaPy2dXJo1zNEEe7aF9dIhcdIIq6BJVUQ1RlKBH9IJerQfr2Xqz3ietOWs6s4P+wPr4Ac/aljs=</latexit>

i = 1

<latexit sha1_base64="NeLvJX5oNyhtUb51Vv4VGjXv3IY=">AAAB6nicbZDLSgMxFIbP1Futt1GXggSL4KrMiKCCYsGNyxbtBdqhZNJMG5rJDElGKEOXLt24UMStD+HWV3DnM+hDmF4W2vpD4OP/zyHnHD/mTGnH+bQyc/MLi0vZ5dzK6tr6hr25VVVRIgmtkIhHsu5jRTkTtKKZ5rQeS4pDn9Oa37sc5rVbKhWLxI3ux9QLcUewgBGsjXXNzt2WnXcKzkhoFtwJ5C/ev+5238rfpZb90WxHJAmp0IRjpRquE2svxVIzwukg10wUjTHp4Q5tGBQ4pMpLR6MO0L5x2iiIpHlCo5H7uyPFoVL90DeVIdZdNZ0Nzf+yRqKDEy9lIk40FWT8UZBwpCM03Bu1maRE874BTCQzsyLSxRITba6TM0dwp1eehephwT0qnJadfPEMxsrCDuzBAbhwDEW4ghJUgEAH7uERnixuPVjP1su4NGNNerbhj6zXH9PNkfQ=</latexit>

⇠ > 0

<latexit sha1_base64="f2RD5NZMx8itT5uEPDZ6LibOmfM=">AAAB+HicbVDLSsNAFJ3UV62PRgU3bgaL4KokIqjgouDGZQX7gKaUyfSmHTqZxJmJGkO/xIUuFHHrp7jzA/wPp4+Fth64cDjnXu69x485U9pxvqzcwuLS8kp+tbC2vrFZtLe26ypKJIUajXgkmz5RwJmAmmaaQzOWQEKfQ8MfXIz8xi1IxSJxrdMY2iHpCRYwSrSROnbRu2fY68GN4kRo7HTsklN2xsDzxJ2SUmW3fhen30/Vjv3pdSOahCA05USpluvEup0RqRnlMCx4iYKY0AHpQctQQUJQ7Wx8+BAfGKWLg0iaMtvH6u+JjIRKpaFvOkOi+2rWG4n/ea1EB6ftjIk40SDoZFGQcKwjPEoBd5kEqnlqCKGSmVsx7RNJqDZZFUwI7uzL86R+VHaPy2dXJo1zNEEe7aF9dIhcdIIq6BJVUQ1RlKBH9IJerQfr2Xqz3ietOWs6s4P+wPr4Ac/aljs=</latexit>

i = 2

<latexit sha1_base64="C0Qb7lCJctqI7eKuwDBWmamyc3Y=">AAAB6nicbZDLSgMxFIbP1Futt6pLQYJFcFVmSkEFxYIbly3aC7RDyaSZNjSTGZKMUIYuXbpxoYhbH8Ktr+DOZ9CHML0stPWHwMf/n0POOV7EmdK2/WmlFhaXllfSq5m19Y3Nrez2Tk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9ylNdvqVQsFDd6EFE3wF3BfEawNtY1Oy+0szk7b4+F5sGZQu7i/etu/63yXW5nP1qdkMQBFZpwrFTTsSPtJlhqRjgdZlqxohEmfdylTYMCB1S5yXjUITo0Tgf5oTRPaDR2f3ckOFBqEHimMsC6p2azkflf1oy1f+ImTESxpoJMPvJjjnSIRnujDpOUaD4wgIlkZlZEelhios11MuYIzuzK81Ar5J1i/rRi50pnMFEa9uAAjsCBYyjBFZShCgS6cA+P8GRx68F6tl4mpSlr2rMLf2S9/gDVUZH1</latexit>

0

<latexit sha1_base64="IjXowA8JCDtN9SZtQGE2UAauUbI=">AAAB5HicbZDJSgNBEIZrXOO4Ra9eGoPgKcyI4AJiwIvHCGaBZAg9nZqkTU/P0N0jhJAn8OJB8Srog/gMXsS3sbMcNPGHho//r6KrKkwF18bzvp2FxaXlldXcmru+sbm1nXd3qjrJFMMKS0Si6iHVKLjEiuFGYD1VSONQYC3sXY3y2j0qzRN5a/opBjHtSB5xRo21brxWvuAVvbHIPPhTKFx+vH25F+l7uZX/bLYTlsUoDRNU64bvpSYYUGU4Ezh0m5nGlLIe7WDDoqQx6mAwHnRIDqzTJlGi7JOGjN3fHQMaa92PQ1sZU9PVs9nI/C9rZCY6DQZcpplBySYfRZkgJiGjrUmbK2RG9C1QpridlbAuVZQZexvXHsGfXXkeqkdF/7h4Viidw0Q52IN9OAQfTqAE11CGCjBAeIAneHbunEfnZVK44Ew7duGPnNcfKFaPYg==</latexit>

⌧0

<latexit sha1_base64="GjEa11gJBMg1FueBM8pclOiJqb4=">AAAB7XicbVDLSgNBEOyNrxhfqx4FGQyCp7Argo9TwIvHCOYByRJmJ7PJmNmZZWZWCEv+IRcPinj1lH/wGwQP/o2TxIMmFjQUVd10d4UJZ9p43peTW1peWV3Lrxc2Nre2d9zdvZqWqSK0SiSXqhFiTTkTtGqY4bSRKIrjkNN62L+e+PUHqjST4s4MEhrEuCtYxAg2Vqq1DE7bXtsteiVvCrRI/B9SLLuH48/R+7jSdj9aHUnSmApDONa66XuJCTKsDCOcDgutVNMEkz7u0qalAsdUB9n02iE6tkoHRVLZEgZN1d8TGY61HsSh7Yyx6el5byL+5zVTE10EGRNJaqggs0VRypGRaPI66jBFieEDSzBRzN6KSA8rTIwNqGBD8OdfXiS105J/Vrq8tWlcwQx5OIAjOAEfzqEMN1CBKhC4hxE8wbMjnUfnxXmdteacn5l9+APn7RuMdpLY</latexit>

�⌧0

<latexit sha1_base64="HaAwFdYD1xxOJ2++jAO/JPOD6Es=">AAAB7nicbVDJSgNBEK1xjXEb9SjIYBC8GGZEcDkFvHiMYBZIhtDT6Uma9PQM3TVCGPIPevGgiFcv+Qe/QfDg39hZDpr4oODxXhVV9YJEcI2u+20tLC4tr6zm1vLrG5tb2/bOblXHqaKsQmMRq3pANBNcsgpyFKyeKEaiQLBa0Lse+bV7pjSP5R32E+ZHpCN5yClBI9VOmkjSltuyC27RHcOZJ96UFEr2wfDr4WNYbtmfzXZM04hJpIJo3fDcBP2MKORUsEG+mWqWENojHdYwVJKIaT8bnztwjozSdsJYmZLojNXfExmJtO5HgemMCHb1rDcS//MaKYYXfsZlkiKTdLIoTIWDsTP63WlzxSiKviGEKm5udWiXKELRJJQ3IXizL8+T6mnROyte3po0rmCCHOzDIRyDB+dQghsoQwUo9OARnuHFSqwn69V6m7QuWNOZPfgD6/0H9qaTDw==</latexit>

x

<latexit sha1_base64="nVRmCReFLbV3O0vtJtAHIdU7r+0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIqgnAx70mIBZIBlCT6cmadPTM3T3iHHIE3jxoIhXH8Cn8Am8efRN7CwHjf7Q8PH/VXRV+TFnSjvOp5WZm19YXMou51ZW19Y38ptbNRUlkmKVRjySDZ8o5ExgVTPNsRFLJKHPse73z0d5/QalYpG40oMYvZB0BQsYJdpYldt2vuAUnbHsv+BOoXD2fvd18baTltv5j1YnokmIQlNOlGq6Tqy9lEjNKMdhrpUojAntky42DQoSovLS8aBDe984HTuIpHlC22P3Z0dKQqUGoW8qQ6J7ajYbmf9lzUQHJ17KRJxoFHTyUZBwW0f2aGu7wyRSzQcGCJXMzGrTHpGEanObnDmCO7vyX6gdFt2j4mnFKZRKMFEWdmEPDsCFYyjBJZShChQQ7uERnqxr68F6tl4mpRlr2rMNv2S9fgMjH5Dk</latexit>

<latexit sha1_base64="y/nKoVfp2DtrnjBb5XVOG44uQ3U=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV1B1JMBLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tUv8Ru8+TdONjloYkFDUdVNd1eQCK6N6347K6tr6xubha3i9s7u3n7p4LCp41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHt1G89otI8lvdmnKAf0YHkIWfUWKlOe6WyW3FzkGXizUn55hNy1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1n+aETcmqVPgljZUsakqu/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZLNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1Fx6265ej1LAwpwDCdwBh5cQhXuoAYNYIDwBC/w6jw4z86b8z5rXXHmM0fwB87HDxq8jds=</latexit>a <latexit sha1_base64="y/nKoVfp2DtrnjBb5XVOG44uQ3U=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV1B1JMBLx4TMA9IljA76U3GzM4uM7NCWPIFXjwo4tUv8Ru8+TdONjloYkFDUdVNd1eQCK6N6347K6tr6xubha3i9s7u3n7p4LCp41QxbLBYxKodUI2CS2wYbgS2E4U0CgS2gtHt1G89otI8lvdmnKAf0YHkIWfUWKlOe6WyW3FzkGXizUn55hNy1Hqlr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1n+aETcmqVPgljZUsakqu/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZLNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1Fx6265ej1LAwpwDCdwBh5cQhXuoAYNYIDwBC/w6jw4z86b8z5rXXHmM0fwB87HDxq8jds=</latexit>a

Figure 3: Evolutions of the arguments of the fields along the local modular flows. Left: Interval

of length 2b with the defect in its center (see (7.8) and (7.9)). Right: Two semi-infinite lines

at the same distance a from the defect (see (7.14)).

and the weight functions (3.7) and (3.12) simplify respectively to

βloc(x) → β0(x) βbi-loc(x) → 0 β0(x) ≡ b2 − x2
2b

=
1

w′(x)
. (7.6)

Thus, in this limit, the modular hamiltonians become a local operator which has the same

form of the modular Hamiltonian of the interval of length 2b on the line centered in the

origin. We remark that, although the scattering matrix S does not appear explicitly in this

local operator, it enters in the definitions of the Dirac field in the energy density (3.10).

The limit a→ 0 of the function ξ(τ, x) in (5.10) can be written in terms of w(x) in (7.5) as

ξ(τ, x) = b
e2πτew(x) − 1

e2πτew(x) + 1
= b

x cosh(πτ) + b sinh(πτ)

b cosh(πτ) + x sinh(πτ)
. (7.7)

The non-local contributions in the modular flow (5.13) vanish when a → 0. However, we

remark that ξ = 0 at some point of its modular evolution where |τ | = τ0 (see Fig. 3, left

panel). Taking into account the defect boundary condition (2.33) at this point of the modular

evolution, for the modular flow of the components of the Dirac field we find

ψ1(τ, x, i) =


√
∂xξ ψ1(ξ, i) τ > −τ0√
∂xξ

2∑
j=1

Sij ψ2(ξ, j) τ 6 −τ0
ξ = ξ(τ, x) (7.8)

ψ2(τ, x, i) =


√
∂xξ ψ2(ξ, i) τ 6 τ0√
∂xξ

2∑
j=1

S∗ij ψ1(ξ, j) τ > τ0
ξ = ξ(−τ, x) . (7.9)
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The evolution of the arguments of the fields in the r.h.s.’s are shown in the left panel of Fig. 3.

The splitting of the curve at |τ | = τ0, where ξ = 0, is due to the fact that the defect allows

both reflection and transmission.

When a→ 0, the function W (τ ;x, y) is (6.1) with w(x) given by (7.5), namely

W (τ ;x, y) =
b

iπ
[
(x+ b)(b− y) eπτ − (y + b) (b− x) e−πτ − iε

] . (7.10)

By employing this expression either in (6.3)-(6.6) or in (6.17)-(6.20), we obtain the correlation

functions along the modular flow when a→ 0, either in the vector phase or in the axial phase

respectively.

7.3 Two semi-infinite lines

We find worth considering also the bipartition where the subsystem is made by two semi-

infinite lines at the same distance a > 0 from the defect, which can be obtained by taking

b→ +∞ in Fig. 1. In this limit, the function (5.11) becomes

w(x) = log

(
x− a
x+ a

)
x > a (7.11)

and for the weight functions (3.7) and (3.12) one finds

βloc(x) = β0(x) +O(1/b) βbi-loc(x) =
β0(x)

x
+O(1/b) β0(x) ≡ x2 − a2

2a
. (7.12)

We remark that, despite the fact that the limit of βbi-loc(x) is non vanishing, the modular

Hamiltonian becomes local in the same limit because the fields in the bi-local term (3.11)

vanish, as also discussed in [26]. Indeed, x̃ → ∞ when b → +∞, hence ψj(x̃) → 0 for

j ∈ {1, 2}.
In this limiting regime, the function (5.10) simplifies to

ξ(τ, x) = − a e
w(x)+2πτ + 1

ew(x)+2πτ − 1
= a

x cosh(πτ)− a sinh(πτ)

a cosh(πτ)− x sinh(πτ)
. (7.13)

This expression provides the modular flow of the Dirac field, which can be found by taking

the limit b→ +∞ of (5.13). The result reads

ψ1(τ, x, i) =
[√

∂xξ ψ1(ξ, i)
]∣∣∣
ξ=ξ(τ,x)

ψ2(τ, x, i) =
[√

∂xξ ψ2(ξ, i)
]∣∣∣
ξ=ξ(−τ,x)

(7.14)

where the first expression holds for τ 6 τ0 and the second one for τ > −τ0, with τ0 = 1
2π |w(x)|.

In the right panel of Fig. 3, we show the evolution of the arguments of the fields in the r.h.s.’s

of (7.14) for a given point which has spatial coordinate (x, 1) at τ = 0.

The correlators along the modular flow in this limiting regime can be written by first taking

the limit b→ +∞ of (6.1), that gives

W (τ ;x, y) =
a

πi
[
(x− a)(y + a) eπτ − (y − a) (x+ a) e−πτ − iε

] (7.15)
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and then employing the resulting expression either in (6.3)-(6.6) for the vector phase or in

(6.17)-(6.20) for the axial phase.

Considering the partition A ∪ B of the line where A is the interval with the defect in its

center and B its complement, the local modular Hamiltonians obtained in Sec. 7.2 and in this

subsection can be combined to construct the full modular Hamiltonian

KA∪B = KA ⊗ 1B − 1A ⊗KB (7.16)

where 1A and 1B denote the identity operators on A and B respectively.

8 Modular evolution in the spacetime

The modular evolution and the modular correlation functions of the fields at fixed time t = 0

has been considered in Sec. 5 and Sec. 6. In the following analysis, we extend these results to

generic values of the physical time t by taking advantage of the fact that, even in the presence

of the defect, in both the phases the Dirac field depends on the light cone coordinates defined

by

(u±, i) = (x± t, i) x > 0 i ∈ {1, 2} . (8.1)

The canonical anti-commutation relations in the algebras A+ and B+ imply

[ψ1(u+, i) , ψ
∗
1(v+, j)]+ = δij δ(u+ − v+) [ψ2(u−, i) , ψ

∗
2(v−, j)]+ = δij δ(u− − v−) (8.2)

[ψ1(u+, i) , ψ
∗
2(v−, j)]+ = Sij δ(u+ + v−) [ψ2(u−, i) , ψ

∗
1(v+, j)]+ = S∗ij δ(u− + v+) . (8.3)

In light cone coordinates, the auxiliary fields are introduced as follows

ψ̃1(u+, i) =

2∑
j=1

Uij ψ1(u+, j) ψ̃2(u−, i) =

2∑
j=1

Uij ψ2(u−, j) . (8.4)

Let us consider the spacetime region defined by (see the grey region in Fig. 4)

D ≡ D1 ∪ D2 Di =
{(

(u+, i), (u−, i)
)

: a 6 u± 6 b
}
. (8.5)

By applying the results of [26] for the modular Hamiltonians in the spacetime to the aux-

iliary fields {ψ̃1(u+, i), ψ̃2(u−, i)} for i = 1, 2, we obtain

K = K loc +Kbi-loc . (8.6)

The local term K loc in this decomposition reads

K loc = 2π
2∑
i=1

∫ b

a
βloc(u) T̃loc(0, u, i),du = 2π

2∑
i=1

∫ b

a
βloc(u)Ttt(0, u, i) du (8.7)

where (3.8) and (3.10) have been used. The bi-local term in (8.6) is

Kbi-loc = 2π
2∑
i=1

∫ b

a
βbi-loc(u) T̃bi-loc(0, u, ũ, i) du = 2π

2∑
i=1

∫ b

a
βbi-loc(u)Tbi-loc(0, u, ũ, i) du (8.8)
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where the bi-local operators (3.14) and (3.16) have been employed and ũ± ≡ ab/u± is conju-

gate to u±. The weight functions βloc(u) and βbi-loc(u) are (3.7) and (3.12) respectively.

The modular flow of the auxiliary fields is governed by the following initial value problems

i
dψ̃1(τ, u+, i)

dτ
=
[
K , ψ̃1(τ, u+, i)

]
− ψ̃1(0, u+, i) = ψ̃1(u+, i) (8.9)

i
dψ̃2(τ, u−, i)

dτ
=
[
K , ψ̃2(τ, u−, i)

]
− ψ̃2(0, u−, i) = ψ̃2(u−, i) (8.10)

where the initial configurations ψ̃1(u+, i) and ψ̃2(u−, i) are related to the initial configurations

of the physical fields through (8.4). The system made by the four partial differential equations

in (8.9) and (8.10) decouples into two independent systems corresponding to i = 1 and i = 2,

each of them made by two partial differential equations. These equations are of the form

analysed and solved in [26]. By employing the solution found in [26], in this case for the

modular flow of the auxiliary fields we find
ψ̃1(τ, u+, i) =

[
P (ξ;u+)

((
a b+ ξ u+

)
ψ̃1(ξ, i)−

a b

ξ
eiαi
(
ξ − u+

)
ψ̃2(ab/ξ, i)

)]∣∣∣∣∣
ξ=ξ(τ,u+)

ψ̃2(τ, u−, i) =

[
P (ξ;u−)

((
a b+ ξ u−

)
ψ̃2(ξ, i)−

a b

ξ
e−iαi

(
ξ − u−

)
ψ̃1(ab/ξ, i)

)]∣∣∣∣∣
ξ=ξ(−τ,u−)

.

(8.11)

This solution extends (5.8) to generic t in terms of the light coordinates u±.

The modular flow of the physical fields ψr can be found by inverting (8.4) and employing

the modular flow (8.11) for the auxiliary fields. The result is
ψ1(τ, u+, i) =

[
P (ξ;u+)

((
a b+ ξu+

)
ψ1(ξ, i)−

a b

ξ

(
ξ − u+

) 2∑
j=1

Sij ψ2(ab/ξ, j)

)]∣∣∣∣∣
ξ=ξ(τ,u+)

ψ2(τ, u−, i) =

[
P (ξ;u−)

((
a b+ ξu−

)
ψ2(ξ, i)−

a b

ξ

(
ξ − u−

) 2∑
j=1

S∗ij ψ1(ab/ξ, j)

)]∣∣∣∣∣
ξ=ξ(−τ,u−)

.

(8.12)

This flow has the features highlighted for (5.13). In particular, the modular evolution of

each component in (8.12) is obtained by combining the modular evolutions of the initial data

for three fields whose arguments follow different trajectories in general. The initial points at

τ = 0 of these trajectories are related by conjugation (see (3.13)). Furthermore, the scattering

matrix S characterising the defect explicitly occurs in the mixing described by (8.12).

In Fig. 4 we show three sets of conjugated modular trajectories in the spacetime, denoting

them through different colours. The three modular trajectories within each set are indi-

cated by different kind of lines (solid, dashed and dashed-dotted) and their initial points

at τ = 0 correspond to the markers characterised by the same kind of symbol (circle,

square or triangle). The filled markers indicate the initial points with coordinates P0 =

((u+,0, i), (u−,0, i)) (in particular, i = 1 in Fig. 4), while the empty markers correspond to the

points obtained from P0 through the conjugation (3.13), namely ((ab/u+,0, i), (ab/u−,0, i)) and
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i = 2
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0

Figure 4: Three sets of conjugated modular trajectories in the spacetime for the modular flow

of the Dirac field in the presence of a defect in the origin (see (8.12)).

((ab/u+,0, j), (ab/u−,0, j)), with j 6= i. The green set of modular trajectories is characterised

by the fact that its curves pass through the points ((
√
ab , i), (

√
ab , i)) with i ∈ {1, 2}. In this

case, the two modular trajectories within the same grey diamond coincide.

In the vector phase, the modular flow of the Dirac field can be found by employing (2.32)

into (8.12). The result reads

λ1(τ, u+, i) =

P (ξ;u+)

(a b+ ξu+
)
λ1(ξ, i)−

a b

ξ

(
ξ − u+

) 2∑
j=1

S(v)

ij λ2(ab/ξ, j)

∣∣∣∣
ξ=ξ(τ,u+)

λ2(τ, u−, i) =

P (ξ;u−)

(a b+ ξu−
)
λ2(ξ, i)−

a b

ξ

(
ξ − u−

) 2∑
j=1

S(v)∗
ij λ1(ab/ξ, j)

∣∣∣∣
ξ=ξ(−τ,u−)

.

(8.13)

These fields provide the correlation functions along the modular flow in the vector phase, in

the light cone coordinates. They read

〈λ1(τ1, u1+, i1)λ∗1(τ2, u2+, i2)〉 = 〈λ∗1(τ1, u1+, i1)λ1(τ2, u2+, i2)〉 = δi1i2W (τ12;u1+, u2+) (8.14)

〈λ2(τ1, u1−, i1)λ∗2(τ2, u2−, i2)〉 = 〈λ∗2(τ1, u1−, i1)λ2(τ2, u2−, i2)〉 = δi1i2W (τ12;u2−, u1−) (8.15)

〈λ1(τ1, u1+, i1)λ∗2(τ2, u2−, i2)〉 = 〈λ2(τ2, u2−, i2)λ∗1(τ1, u1+, i1)〉 = S(v)

i1i2
W (τ12;u1+,−u2−) (8.16)

〈λ∗1(τ1, u1+, i1)λ2(τ2, u2−, i2)〉 = 〈λ∗2(τ2, u2−, i2)λ1(τ1, u1+, i1)〉 = S(v)∗
i1i2

W (τ12;u1+,−u2−) . (8.17)

In the axial phase, expressions analogous to (8.13)-(8.17) can be written.
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9 Conclusions

In this manuscript we have studied some modular Hamiltonians and the corresponding mod-

ular flows for the massless Dirac field on a line in the presence of a defect characterised by a

2× 2 unitary scattering matrix S. The system is in its ground state and the bipartition of the

line is given by the union of two disjoint equal intervals at the same distance from the defect.

For preventing energy dissipation, the defect which allows for both reflection and transmis-

sion, must satisfy the Kirchhoff rule (2.11). This leads to two inequivalent models, the vector

phase and the axial phase, characterised by the scale invariant boundary conditions (2.12)

and (2.13) respectively, where different symmetries are preserved, as discussed in Sec. 2.1.

By employing a basis of auxiliary fields (see Sec. 2.2) and the results of [26], we have obtained

the modular Hamiltonians (3.5), where the local term is given by (3.6)-(3.10) and the bi-local

term by (3.11)-(3.16). The bi-local operator (3.16) depends explicitly on the scattering matrix

characterising the defect. Furthermore, considering the integrands in the sum of bi-local terms

(3.11), for any point, two other conjugate points are also involved. This feature, which is due

to the fact that both reflection and transmission are allowed by the defect, represents an

important difference with respect to the non-local modular Hamiltonians for the massless

Dirac field available in the literature, where either two or infinitely many conjugate points are

involved [11, 16–18, 26]. The symmetry of the bipartition and the nature of the defect lead

to entanglement entropies that are independent of the scattering matrix (see (4.2)).

The modular flows of the Dirac field generated by these modular Hamiltonians have beed

found. They are given by the solution (5.13), which becomes (5.14) in the vector phase and

(5.15) in the axial phase. These modular flows mix three modular trajectories, as shown

also in Fig. 2 and Fig. 4. The correlators of the Dirac field along the modular flows have

been written in terms of the function (6.1), where w(x) is given by (5.11). Their explicit

expressions are (6.3)-(6.6) in the vector phase and (6.17)-(6.20) in the axial phase. The

modular flow equations lead to write modular equations of motions for these correlators (see

e.g. (6.10)). We have checked that the current-current correlators satisfy the Kirchhoff law

at the defect (see e.g. (6.14)). In some limiting cases for the spatial bipartition, the modular

Hamiltonians become local. These limits, which have been explored in Sec. 7, correspond to

equal intervals at large separation distance, to a single interval with the defect in its center

or to two semi-infinite lines at the same distance from the defect.

The modular Hamiltonians and the corresponding modular flows found for t = 0 have been

extended in the spacetime to a generic value of the physical time t in Sec. 8. The results are

given by (8.6)-(8.8) for the modular Hamiltonians and by (8.12) for the modular flows. In the

vector phase, the explicit expressions for the modular flow of the Dirac field and its correlators

are given in (8.13) and (8.14)-(8.17) respectively.

Various directions can be explored in the future. For instance, it is natural to consider

spatial bipartitions made by an arbitrary number of disjoint intervals in a generic configuration

with respect to the defect, as done in some models on the line without the defect [11, 13, 53–

56]. Some entanglement Hamiltonians in free models on the lattice [12–14, 57, 58] and also

their continuum limits have been studied [48, 59, 60]. It would be interesting to recover also
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the modular Hamiltonians found here through these lattice calculations.

Entanglement quantifiers closely related to the modular Hamiltonians are the corresponding

entanglement spectra [12–14, 61] and entanglement contours for the entanglement entropies

[62, 63]. In 1+1 conformal field theories, some modular Hamiltonians and their entanglement

spectra have been explored through boundary conformal field theory methods [9, 10, 48, 64–68]

and it is worth trying to employ these techniques also in the presence of defects.

It would be interesting to study modular Hamiltonians for models where the scale invariance

is broken, by the impurity (see e.g. [38, 40, 42–47, 69, 70], where mainly the entanglement

entropies have been studied) or in the bulk e.g. through a mass term [59, 71]. Modular

Hamiltonians in the presence of defects in higher dimensional models [49, 72] and in the

context of the gauge/gravity correspondence [73–82] deserve further studies.
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[10] E. Tonni, J. Rodŕıguez-Laguna and G. Sierra, “Entanglement hamiltonian and entanglement

contour in inhomogeneous 1D critical systems”, J. Stat. Mech. 1804, 043105 (2018),

arxiv:1712.03557.

27

http://dx.doi.org/10.1063/1.522605
http://dx.doi.org/10.1063/1.522898
http://dx.doi.org/10.1007/BF01208372
http://dx.doi.org/10.1007/BF02096738
http://arxiv.org/abs/funct-an/9302008
http://dx.doi.org/10.1007/JHEP05(2011)036
http://arxiv.org/abs/1102.0440
http://dx.doi.org/10.1007/JHEP12(2013)020
http://arxiv.org/abs/1305.3291
http://dx.doi.org/10.1088/1742-5468/2016/12/123103
http://arxiv.org/abs/1608.01283
http://dx.doi.org/10.1088/1742-5468/aab67d
http://arxiv.org/abs/1712.03557


[11] H. Casini and M. Huerta, “Reduced density matrix and internal dynamics for multicomponent

regions”, Class. Quant. Grav. 26, 185005 (2009), arxiv:0903.5284.

[12] I. Peschel, “Calculation of reduced density matrices from correlation functions”,

J. Phys. A 36, L205 (2003), cond-mat/0212631.

[13] H. Casini and M. Huerta, “Entanglement entropy in free quantum field theory”,

J. Phys. A 42, 504007 (2009), arxiv:0905.2562.

[14] V. Eisler and I. Peschel, “Reduced density matrices and entanglement entropy in free lattice

models”, J. Phys. A 42, 504003 (2009), arxiv:0906.1663.

[15] R. Longo, P. Martinetti and K.-H. Rehren, “Geometric modular action for disjoint intervals and

boundary conformal field theory”, Rev. Math. Phys. 22, 331 (2010), arxiv:0912.1106.

[16] I. Klich, D. Vaman and G. Wong, “Entanglement Hamiltonians for chiral fermions with zero

modes”, Phys. Rev. Lett. 119, 120401 (2017), arxiv:1501.00482.
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