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Abstract

We investigate the emergence of topological defect lines in the conformal Regge
limit of two-dimensional conformal field theory. We explain how a local operator
can be factorized into a holomorphic and an anti-holomorphic defect operator con-
nected through a topological defect line, and discuss implications on analyticity and
Lorentzian dynamics including aspects of chaos. We derive a formula relating the in-
finite boost limit, which holographically encodes the “opacity” of bulk scattering, to
the action of topological defect lines on local operators. Leveraging the unitary bound
on the opacity and the positivity of fusion coefficients, we show that the spectral radii
of a large class of topological defect lines are given by their loop expectation values.
Factorization also gives a formula relating the local and defect operator algebras and
fusion categorical data. We then review factorization in rational conformal field theory
from a defect perspective, and examine irrational theories. On the orbifold branch of
the ¢ = 1 free boson theory, we find a unified description for the topological defect
lines through which the twist fields are factorized; at irrational points, the twist fields
factorize through “non-compact” topological defect lines which exhibit continuous de-
fect operator spectra. Along the way, we initiate the development of a formalism to
characterize non-compact topological defect lines.
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1 Introduction

Two-dimensional conformal field theory enjoys special kinematics that lead to holomorphi-
cally factorized continuous symmetries [1]. However, except in very special cases, the full
theory is not holomorphically factorized. The local operators transform as bi-modules of
the left and right-moving chiral algebras, but a generic local operator cannot be regarded as
the composite of holomorphic and anti-holomorphic local operators. In rational conformal
field theory [2] there is a weaker sense of holomorphic factorization. Loosely speaking, on an
oriented manifold M, the holomorphic and anti-holomorphic degrees of freedom dwell on
two separate copies of My (more precisely, My and its orientation reversal Mz), connected
through a bulk topological quantum field theory [3-8]. The truly holomorphically factorized
case is when the bulk theory is trivial. Extensive studies in the past have revealed that
rational conformal field theory, three-dimensional topological quantum field theory, mod-
ular tensor category, and various other mathematical structures are different facets of the
same underlying truth [9-18,/4-8]. In particular, the nontrivial dynamics of the conformal
field theory, encoded in the three-point structure constants, can be explicitly expressed in
terms of invariant data of modular tensor category, or equivalently as link invariants of the
topological quantum field theory; crossing symmetry is solved by solutions to the pentagon
identity.ﬂ This paper investigates whether some of this rich structure and insight survive

IThis formulation is ignorant of the explicit form of the chiral algebra blocks, and in particular, the
normalization of the blocks is a gauge ambiguity. There is no purely categorical way to decide which gauge
gives the canonically normalized blocks (corresponding to normalizing the two-point function of chiral algebra
primaries). Other means such as solving the null state decoupling equation |19] or the Wronskian method [20]
are necessary to determine this piece of the conformal field theory data. An explicit illustration of this point
will be given in Section



when we venture beyond rationality. Since general conformal field theory has no relation
to bulk topological quantum field theory, it is instructive to first reformulate holomorphic
factorization in a purely two-dimensional framework. The role of line defects in the bulk
topological quantum field theory is replaced by topological defect lines (TDLs) of the con-
formal field theory, and a local operator can be regarded as the composite of a holomorphic
and an anti-holomorphic defect operator connected by a topological defect lineE] For ratio-
nal theory, this reformulation is a superficial one, obtained essentially by ignoring the third
dimension of the bulk, and giving a new name, Verlinde lines [52}23/|33,40], to the projected
shadows of line operators in the bulk theory. Nonetheless, this new perspective permits the
extrapolation of key ideas to theories that need not have a bulk correspondence. Mathe-
matically, only the structure of fusion category [53,54], and not modular tensor category, is
required to describe the dynamics of topological defect lines. Less is more.

Loosely speaking, a local operator O on the Euclidean plane zZ = z* is holomorphically-

defect-factorized if

©O(2,2) ~ D(z) 5 D(2)

| (1.1)
where £ is a topological defect line, and D and D are holomorphic and anti-holomorphic
defect operators. These objects are introduced in Section 2, and a precise definition of factor-
ization is given in Definition [I] To avoid confusion with the stronger sense of holomorphic
factorization (of the full theory), the factorization described above will be referred to as
“holomorphic-defect-factorization” throughout this paper.

Holomorphic-defect-factorization obscures the meaning of spacetime signature. Starting
from a Euclidean correlator, Lorentzian dynamics are obtained by continuing the complex
coordinates z, Z of local operators independently to real z and z [55-59]. However, for
a holomorphically-defect-factorized local operator, a new interpretation is available: The
correlator stays in the Euclidean regime, but becomes one involving defect operators and
topological defect lines. This dual perspective suggests that aspects of Lorentzian dynam-
ics are dictated by fundamental properties of topological defect lines. In particular, for a
four-point function involving holomorphically-defect-factorized local operators, the confor-
mal Regge limit [60,61] at infinite boost is completely fixed by the action of the topological
defect line on local operators. For rational theories, this connection was explored from a bulk
perspective by [62] in the context of out-of-time-ordered correlators and chaos. We reformu-
late this connection in a purely two-dimensional way, and generalize beyond rationality. In
particular, the “opacity” of a Lorentzian four-point function is related to the matrix elements

2Topological defect lines in two-dimensional quantum field theory have been investigated in [21-23,4-
7,124,8,125-48]. The modernized view of (generalized) symmetries as topological defects was developed
in [33,49H51].



of the factorizing topological defect line. By a unitarity bound on the opacity proven in [63],
we show that the spectral radii of factorizing topological defect lines are determined by the
loop expectation values. Interestingly, in higher dimensional conformal field theory, light-ray
operators [64] dominate the Regge limit of four-point functions, and explain the analyticity
in spin of the Lorentzian inversion formula [63]. The central role played by line operators in
the conformal Regge limit appears to be a common theme.

The connection between topological defect lines and Lorentzian dynamics is bidirectional.
The Regge limit of correlators allows the discovery of topological defect lines given the
correlators of local operators. Traditionally, a topological defect line L is characterized by a
topological map L on the Hilbert space H of local operators, subject to stringent consistency
conditions, including the condition that the modular S transform of the twisted partition
function Try L gFo—s1glo~31 gives a sensible partition function for the defect Hilbert space
[23]. A close analogy is the characterization of a consistent conformal boundary condition as
a (closed string) state satisfying the Cardy condition [65-67]. Due to this analogy, we also
call this condition for topological defect lines the Cardy condition. At the level of principle, it
would be desirable to have a direct formula for £ in terms of correlators of local operators. As
we will explain, assuming that a local operator is holomorphically-defect-factorized through
L, the conformal Regge limit provides such a formula. Conversely, the conformal Regge limit
serves as a nontrivial test of whether a local operator is holomorphically-defect-factorized.
We call this the strong holomorphic-defect-factorization criterion (Definition @ We also
formulate the weak holomorphic-defect-factorization criterion (Definition , for topological
defect lines satisfying a weaker version of the Cardy condition.

The holomorphic-defect-factorization criteria are put to test in the ¢ = 1 free boson the-
ory, on both the toroidal branch and the orbifold branch. On the toroidal branch, all local
operators are holomorphically-defect-factorized through U(1) symmetry defect lines, regard-
less of rationality. On the orbifold [68,69] branch, although the cosine operators are always
factorized, for the twist fields we find a dichotomy between rational and irrational points. At
rational points, the twist field correlator satisfies the strong holomorphic-defect-factorization
criterion, and we obtain a uniform formula describing the map L for the topological defect
line £ through which the twist field factorizes; in particular, at 72 = u/v with u, v coprime,
the planar loop expectation value is (L)g. = y/uv. At special rational points, it can be ex-
plicitly checked that our formula agrees with the Verlinde formula [52|. At irrational points,
only the weak holomorphic-defect-factorization criterion is satisfied. More precisely, the twist
field factorizes through a “non-compact” topological defect line with the defining property
that its defect Hilbert space exhibits a continuous spectrum (Definition E] A non-compact

3Topological defect lines exhibiting continuous spectra in compact theories were previously encountered
in [28].



topological defect line cannot be described by a semi-simple object in a fusion category. We
initiate a preliminary development of a more general framework—TDL category—that in-
cludes non-compact topological defect lines and relaxes semi-simplicity. In many examples,
the more general TDL categories (which contain non-compact topological defect lines) arise
in the limit of sequences of fusion categories, in which sequences of simple topological defect
lines converge to non-compact topological defect lines.

This paper is organized as follows. Section [2|introduces topological defect lines, explains
the meaning of holomorphic-defect-factorization, expresses the three-point function of local
operators in terms of defect data, discusses the properties of factorizing topological defect
lines, and introduces non-compact topological defect lines and TDL categories. Section
studies correlators of holomorphically-defect-factorized local operators, and connects the
conformal Regge limit to fundamental properties of topological defect lines. In particular,
it is explained how the conformal Regge limit provides a way to discover topological defect
lines. Section [ explores further aspects of Lorentzian dynamics, including a unitarity bound
on the opacity of the four-point function in the conformal Regge limit, its relation to a
formula on the spectral radii of the topological defect lines, and the connection to chaos
via out-of-time-order correlators. Section |5 examines holomorphic-defect-factorization in
rational theories, first from a purely two-dimensional perspective, and then reviews the
three-dimensional bulk perspective. Section [f] tests holomorphic-defect-factorization beyond
rationality, by studying the ¢ = 1 free boson theory on both toroidal and orbifold branches.
Section [7] ends with a summary and further comments. Appendix[A] proves that the crossing
symmetry of holomorphic defect operators implies the crossing symmetry of holomorphically-
defect-factorized local operators. Appendix |B|proves the spectral radius formula by utilizing
the Perron-Frobenius theorem and its generalizations. Appendix [C] collects formulae and
computations relevant for the study of the free boson orbifold theory in Section

2 Holomorphic-defect-factorization of local operators

2.1 Topological defect lines

Let us first review basic properties of topological defect lines (TDLs), which encompass and
generalize symmetry defect lines. The exposition here largely follows [43]; for other relevant
references see footnote 2l TDLs can reverse orientation, act on local operators by circling
and shrinking, end on defect operators, join in junctions, undergo isotopic transformations
without changing the correlation functionals, and different configurations of TDLs are equiv-
alent under the so-called F-moves. The direct sum of two TDLs gives another TDL, and
correlation functionals are additive under direct sums.



A TDL £ has an orientation reversal £, meaning the equivalence of
LY = YL . (2.1)

It acts on a local operator by circling and shrinking,

L © = ©L(d)(z2) . (2.2)

In particular, the loop expectation value of a TDL L on the plane iﬂ

(L)ge = . (2.5)

A TDL is associated with a defect Hilbert space obtained by quantizing on the cylinder with
twisted (by the TDL) periodic boundary conditions. The defect partition function is

Zp(1,7) = Lo (2.6)

Via the state-operator map, states in the defect Hilbert space H, correspond to defect
operators on which the TDL can end. Since the defect Hilbert space has a norm, every
defect operator D € H, has a hermitian conjugate DT € Hz of the same weight,

(h’Da BD) = (hDT7 BDT) ) (27)

4The planar loop expectation value (L)ge is related to the quantum dimension d, in the categorical
language by a factor of the Frobenius-Schur indicator x .

de
L)p: = —. 2.3
(L) o (2.3)
The quantum dimension d is equal to the vacuum expectation value of £ wrapping the non-contractible

cycle on a cylinder, i.e.
de = (L)giyp - (2.4)

The two loop expectation values are related by at most a phase arising from the extrinsic curvature improve-
ment term [43].



and the two are related by charge conjugation.

A TDL L is called simple if the defect Hilbert space H,z has a unique ground state
with (h,h) = (0,0), and called semi-simple if can be uniquely expressed as a direct sum
of finitely many simple TDLs. Any TDL L’ such that the defect Hilbert space H . has
a ground state with (h,h) = (0,0) is said to be isomorphic to L, in the sense that there
is a Virasoro-equivariant isomorphism between H, and H,. A category of TDLs is called
semi-simple if every TDL is semi-simple. We assume semi-simplicity for now, and comment
on the more general situation later.

A trivalent junction of TDLs is depicted as
Ly

Ly (2.8)
Ly

The marking x labels the ordering of edges at trivalent junctions, and can be permuted
around by the cyclic permutation map V¢, 0o — Vi,cs.c,- The junction vector space
Vi oo associated to a trivalent junction is defined as the subspace of topological weight
(0,0) states in the defect Hilbert space Hg, £,.,- The space of possible trivalent junctions
is encoded in the fusion rule of the simple TDLs; the fusion coefficients correspond to the
dimensions of the junction vector spaces.

There is a trivial TDL Z that represents no TDL insertion. However, when it ends on
another TDL £ forming a trivalent junction, it introduces a map from the junction vector
space V.77 (resp. other permuted orderings) to C. Such a trivalent junction could be
removed by evaluating the map on the identity junction vector 1,7 7 (resp. other permuted
orderings).

A configuration of TDLs is a (linear) correlation functional of junction vectors, and
different configurations are equivalent under F-moves

»Cl £4 £1 £4
= Z £6 e} (FZ£417£2’£3)£5,[,6 3 (29)

L:Q £3 EQ LS

where the F'-symbols are bilinear maps

L1,L2,L3 . _ _
(FZ4 )ﬁs,ﬁﬁ : V£1,£27£5 ® VE5,£3,£4 — V£2,£3,£6 ® V51,£6,£4 : (2'10)

7



In particular, the planar loop expectation value (2.3) is related to an F-symbol by

1
LL.L ,
(Fe " )zz 2 lezg® 1z — 5™ X(lzez®11z)- (2.11)
R
The aforementioned cyclic permutation map is related to an F-symbol the F-move

L4

(2.12)

Lo

For simplicity, the marking x will be ignored subsequently, which means that our formulae
will be correct up to cyclic permutation maps.

2.2 Holomorphic-Defect-Factorization Hypothesis

Definition 1 (Holomorphic-Defect-Factorization) A local operator O on the Euclidean
plane 2 = 2* with definite conformal weight (h,h) is said to be holomorphically-defect-
factorized if it can be obtained in the following coincidence limat:

© O0(z,2)[z=r = /(L)p x lim D(2) -—4—05(2’) : (2.13)

Z'—z=z*

)

where L is a simple topological defect line, D is a holomorphic defect operator of weight (h,0
0,h)

in the defect Hilbert space H., and D is an anti-holomorphic defect operator of weight (
in the dual defect Hilbert space Hz.

Definition 2 (Factorizing topological defect line) A simple topological defect line L is
said to be factorizing if there exists is a holomorphic defect operator in the defect Hilbert
space Hz, and an anti-holomorphic defect operator in the dual defect Hilbert space H.

Throughout this paper, we use solid dots to represent holomorphic defect operators,
empty dots to represent anti-holomorphic defect operators, and solid-inside-empty dots to
represent local operators. The limit in is well-defined because there is no singularity.
As we will see in Section the overall factor is such that if D and D are each properly
normalized,

(D(0) -—é—- Di(1)) = (T)T(O) ——D(1)) =1, (2.14)



then O is too,
(0(0)O'(1)) = 1. (2.15)

We write
0O-DED (2.16)

for brevity.

When studying local operators in a conformal field theory, it is often natural to choose
a real basis, in which the two-point function of every basis operator with itself is nonzero.
However, holomorphically-defect-factorized local operators are generally complex. In fact, as
we will see in Section [2.3] if a local operator is holomorphically-defect-factorized through an
oriented line (£ # L), then its two-point function with itself vanishes, so it cannot be real In
the concrete example of the free compact boson theory, the exponential operators, which are
complex, are holomorphically-defect-factorized through U(1) symmetry defects. By contrast,
the cosine and sine operators, which are real combinations of exponential operators, are
themselves not holomorphically-defect-factorized by Definition [1][

Definition 3 (Holomorphic-defect-factorization prerequisite) A local operator O of
weight (h, h) is said to satisfy the holomorphic-defect-factorization prerequisite if there exists
a simple topological defect line L such that the defect Hilbert space H, contains a defect
operator of weight (h,0), and the dual defect Hilbert space Hz contains one of weight (0, h).

Holomorphic factorization further implies the following statement about the analyticity

of general correlators, with the special case of sphere four-point functions rigorously proven
in [70]{]

Proposition 1 (Analyticity) An n-point correlation function involving holomorphically-
defect-factorized local operators at (z;, Z;) admits an analytic continuation for z; and z; being
independent complex variables on a branched cover of C*", where branch points can only
occur when two defect operators collide.

2.3 Operator product expansion

Holomorphic-defect-factorization provides a new perspective on the local operator produc-
tion expansion (OPE). The OPE between two holomorphically-defect-factorized Oy and O,

5Throughout this paper, £ = £’ means that they are in the same isomorphism class.

60ne could define a relaxed notion of factorization by allowing finite sums of holomorphically-defect-
factorized operators. We do not do so here.

"This implication is due to the anonymous JHEP referee.



follows from performing an F-move on £; and £, and expressing the O; x Oy OPE as a sum
of products of Dy x Dy and Dy x Dy OPEs,

Ly —
- - 5 Di(21) =—— 1(Z1)
O1(21,21) Oa(22, 22) = lel <£1>R2 L
2 _
Dy(z) s——o Dy(2)
(2.17)
D1 (z1) r 51(51) o
= H?=1 (Li)ge Z :>+C _ ° (Ffl’ﬁl’b)zz (e, Zo10 12Tk -
2 Da(2) Dy (%) e 1 o
Suppose O, is the hermitian conjugate of Oy, i.e. Oy = O}L, and take the vacuum
expectation value. Holomorphy forces
L=T, Lo=L,, Dy=Di, D,=D, (2.18)
which gives
(010)O}(1)) = (Dy(0) 5 DI(1) % (B (0) e Dy(1)) . (219)
This shows that the OPE formula (2.17) has the correct normalization factor.
To proceed, define the three-point defect correlation functionalsﬁ
Dy (0)
OD1,D2,D3 = < /J\ > : Vﬁl,ﬁz,ﬁs — Ca
Dy(1) Dj(o0)
_ (2.20)
D1 (0)
Cp,p,m, = /j\ ) - Ve = C
Dy(o0) Dy(1)

A central formula is a relation between them and the three-point coefficient Co, 0, 0, of local
operators,

Cor.0,05 = \/ izt (Lidge X (Cpy 2,0y @ Cp, 5, 5,) © Oty 0,25 » (2.21)

8The notation / means moving an operators to the other patch of the sphere while taking into account
the conformal factors.
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where the bi-vector O, ¢, r, has multiple equivalent expressions

1 £101C
@E1,£2,£3 = <£3> , X (FZ; " 2)1753 (151721,27 12722,52)
R
1

L2,L2,L
= X (FZ; ? S)I,El (1,62,22,17 11,23,£3) (222)

<£1>R2
1 L5 Ts T
= <£2>R2 X (sz’ 3 1)I,£2 (1£372371—, 117217[:1) .

The formula (2.21]) can be derived by starting with

D (21) ‘—£’1—° Dy (%)
(O1(21,21) Oa(22, ) Os (25, 28)) = Ty (Lidme X { Do) o By(z) ). (2.23)

performing an OPE via (2.17)), and then performing an F-move on a trivial line connecting
L and L3 to arrive at

D (z1) Dy (%)

3 4 Dy (22 Lpk Dy (2
[Tz (Li)ge X ;( (22) (22) ) (2.24)

Ds(23) D3(z;3)

L.L,C. L1,L1,L
© (F23 S)Ivzl (1672727 12723763) ® (FZ; ' 2)Z,Z (1111,21,1’ 11,22,52) :

If we take the vacuum expectation value, then holomorphy forces £’ = T and £ = L3, and

gives (2.21)) with O, £, £, written in its first expression in (2.22]). Analogous derivations by
first taking the Oy x O3 or the O; x O3 OPE arrive at the other two expressions for O, ¢, 2.
Note that the equivalence of the three expressions for O, ,, ., is a purely fusion categorical

property.
In Appendix [A] we show that given (2.21]), the crossing symmetry of holomorphically-

defect-factorized local operators follows from the crossing symmetry of holomorphic defect
operators.

2.4 Closedness, uniqueness, and commutativity

Using the above formulation of local OPE in terms of TDL fusion and defect OPE, we can
argue for the following properties of holomorphic-defect-factorization.

11



Proposition 2 (Closedness of factorized operators) If two local operators Oy and Oy

are both holomorphically-defect-factorized, O; = D; L—iﬁi, then all operators in the O1 x Oy
operator product expansion (OPE) are holomorphically-defect-factorized.

This proposition obviously follows from ((2.17)).

Proposition 3 (Closedness of factorizing topological defect lines) The set of factor-
1zing topological defect lines is closed under fusion.

Given Proposition [2] it suffices to argue that every TDL L appearing in the fusion of two
factorizing TDLs £; and L, is factorizing. This can be shown by considering

L
/J\ /J\ (2.25)

Dl (Zl) DQ(ZZ) 52(22) 51 (El)
and taking the Dy Dy and D, Dy OPEs.

Proposition 4 (Uniqueness of factorization) The holomorphic-defect-factorization (2.13)
of a local operator O is unique (up to isomorphism) if existent.

Suppose O = D LEp_p X 5/, by taking the operator product expansion (2.17) of
O = D £ D with its hermitian conjugate OF = (D’)f £ (Z_DI)T, one would conclude that

the fusion £LL produces the trivial TDL, which implies that £ = £’. Furthermore, the
orthonormality of defect operators implies D = D’ and D = D.

Proposition 5 (Uniqueness of holomorphic defect operator) FEuvery topological defect
line hosts at most one holomorphic defect operator that is highest-weight with respect to the
maximally extended chiral algebra.

Suppose a topological defect line £ hosts a set of holomorphic defect highest-weight operators
(with respect to the maximally extended chiral algebra) D;, chosen to be orthonormal, then
the holomorphic defect OPE gives

L oy —
Di(z) == Dj(0) = D """ Cp i 9(0). (2.26)
Q

12



where 2 are holomorphic local operators. All €2 must be chiral algebra descendants of the
vacuum, because otherwise the chiral algebra would have been further extended. Then by
associativity, D; and D; appear in each other’s OPE with €2, i.e. they are in the same chiral
algebra module. Thus, every topological defect line hosts at most one holomorphic defect
highest-weight operator, and only the vacuum module appears in the holomorphic defect

OPE.

However, not every topological defect line hosts a holomorphic defect operator in its
defect Hilbert space. A simple example is given by the charge conjugation symmetry defect
line in the three-state Potts model.

Proposition 6 (Commutativity) The fusion rule of factorizing topological defect lines is
commutative.

Let Oy and O, be local operators holomorphically-defect-factorized through £, and L, re-
spectively. The operator product expansions of O;(z, 2)O(0,0) and Os(z, 2)O1(0,0) contain
the same set of local operators that factorize through £, L5 and L5 £,. By Propositions
and [4] we must therefore have £1 Ly = Lo L.

2.5 Non-compact topological defect lines

In the above, we have assumed that the category of TDLs is semi-simple. To incorporate non-
semi-simple TDLs, the usual fusion categorical framework needs to be enlarged. To motivate,
consider the Tambara-Yamagami categories [71] with G = Z,, and embed Z, in U(1).
Heuristically, the infinite n limit should give rise to a Tambara-Yamagami category with G =
U(1). Indeed as we will see below, a properly-normalized version of the non-invertible TDL
produces upon self-fusion an integral over U(1) symmetry lines. While such a mathematical
framework has not been fully developed, we nevertheless attempt to characterize the key
properties of such TDLs. For the lack of a better name, we refer to this generalized structure
as a T'DL category.

Definition 4 (Weak Cardy condition) A topological defect line is said to satisfy the
weak Cardy condition if its defect Hilbert space has a positive norm.

In particular, the weak Cardy condition allows for continuous (delta-function normalizable)
spectra inside the defect Hilbert space along with discrete (normalizable) states. By contrast,
the usual Cardy condition requires the spectrum of the defect Hilbert space to be discrete.

Definition 5 (Non-compactness) A topological defect line with a continuum inside the
defect Hilbert space is said to be non-compact.

13



A TDL category contains TDLs satisfying the weak Cardy condition. Importantly, there
exists a basis of TDLs, parameterized by variables taking both discrete and continuous values,
such that every TDL can be expressed as a direct integral over the basis TDLs with positive
measure (discrete TDLs correspond to delta-function measures). This basis must contain all
the simple TDLs, and possibly some non-compact TDLs.

There are two ways to normalize a simple TDL. The standard way, which we call Cardy
normalization, is to demand that the leading term (corresponding to the ground state)
in the ¢, g-expansion of its defect partition function Z,z(7,7) has unit coefficient. The
alternative way, which we call loop normalization and denote the corresponding TDL by
[, is to normalize the cylinder loop expectation value <Z>SIXR to one. The two are related
by L= <‘C>Sl><]R L. For non-compact basis TDLs, Cardy normalization is not always well-
defined, as the ground state in H .7 may sit at the bottom of a continuous spectrum; therefore,
the only natural normalization is the loop normalization.

In terms of basis TDLs, the F-move could be defined in the same way as (2.9)), but with
the sum replaced by an integral over the basis TDLs, and with the F-symbol becoming an

integration measure. Accordingly, every appearance of “ ) . 7, for instance in (2.17)) and
(2.24)), should be interpreted as integrals over the basis TDLs.

We will encounter an example of such a TDL category in the free boson orbifold theory
in Section [6.2l An important lesson we learn from this example is that the more general
TDL category (which contains non-compact TDLs) can arise as a limit of a sequence of
semi-simple fusion categories. More precisely, a non-compact basis TDL L can arise as a
limit of a sequence of simple TDLs L,,, such that when £, is Cardy normalized, the loop
expectation value (L,)q,p diverges in the n — oo limit, while at the same time the spacing
in the spectrum of the defect Hilbert space H,, diminishes. Hence, the sequence of defect
Hilbert spaces Hz of the loop-normalized simple TDLs EN = (L, >S_11><JR[’ converges to a
Hilbert space with continua in its spectrum. This limiting defect Hilbert space could thereby
be identified as that of a non-compact TDL L= lim,, oo £n

The general structure of the fusion of two non-compact basis TDLs £ and £’ can also be
nicely understood from the limit of a sequence of fusions of simple TDLs E and E’ The
decomposition of the fusion product £,, £/, must either contain a simple TDL whose loop
expectation value diverges in the n — oo limit, or be a sum whose number of summands
diverges in the n — oo limit. In the latter case, we find that the decomposition of the fusion
L £’ should contain a direct integral of simple TDLs.

We stress that an infinite direct sum of Cardy-normalized TDLs is unphysical because the
defect partition function diverges, as we presently explain. By the modular S-transformation,
the defect partition function is related to the twisted partition function, which is proportional
to the cylinder loop expectation value ( )qi, . In a unitary compact theory, the ( )qi, g of
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every topological defect line is lower-bounded by one. An infinite sum of numbers lower-
bounded by one produces infinity. Therefore, when such an infinity is formally encountered
in taking the limit of theories or fusion categories, one should loop-normalize the simple
TDLs, and interpret the limiting TDL as a non-compact TDL that has a continuous yet
finite defect partition function.

To illustrate the ideas presented above, consider the Tambara-Yamagami categories |71]
with G = Z,,. At finite n, the fusion rule is

NZ=D ", (2.27)

where 7 is the symmetry line corresponding to a generator of Z,,, and N is the non-invertible
TDL with (N)q gz = v/n. The naive n — oo limit produces an infinite sum on the right,
and relatedly (N)qi,p diverges. Suppose the Z, symmetry is embedded in a U(1) whose
elements are parameterized by 6 € [0, 27). If we denote the U(1) symmetry lines by Ly, then
the embedding map is

W™ Logm . (2.28)

By defining the loop-normalized

~ N N
N = = —, 2.29
Wse Vi (229)
(2.27) becomes
n—1
~ 1
2 - — m. 2.30
NT=— mzzon (2.30)
In the n — oo limit, the sum becomes an integral
~ 2m do
N* = —Ly. (2.31)
o 2m

In the holomorphic-defect-factorization of a local operator O, the factorizing TDL could
be a non-compact basis TDL L, and the defect operator D could sit in a continuum in the
defect Hilbert space H ;. Note that while the local operator O is normalizable, the defect

operator D is delta-function normalizable. To make sense of O = D £ D as an operator
equivalence inside correlation functions, the expectation value ( ) should be defined with the
additional prescription of appropriately removing “§(0)” factors.

Let us try to make precise the preceding paragraph by considering a sequence of local op-
erators O,, that factorize through a sequence of simple TDLs £,,. We write the holomorphic-
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defect-factorization in a slightly different form:

© On(2,2);=+ = lim Da(z) =—=—D,(¥) , (2.32)

zl—z=2z*

where Zn is loop-normalized, and the defect operators 57“ D,, are normalized asH

571 = <£n>]§2 <£n>§1><]R D, , Z_)n = <£n>]§2 <£">S§1XRZ_)"’ (233)

in order to absorb all factors of (£,,)g> and (£,,)q1, . Under this normalization, the two-point

functions (2.14]) become

~ En ~ ~t ‘Cn = 1
(Dy(0) =—=—D}(1)) = (D,(0) *~Du(1)) = (Lu)gi,z" (2.34)

and the relation (2.19) between the local operator two-point function and defect operator
two-point functions becomes

_ L, - ~ L, ~
(O4(0) OL(1) = (La)ghn % (Da(0) == DE(1)) x (Do (0) = Dy(1).  (2.35)

The n — oo limit of correlators of local operators, such as the two-point function ([2.35)), is
finite.

In the spectrum of the limiting non-compact TDL L= lim,, oo Zn, the limiting holomor-
phic defect operator D = lim,,_,, D,, is buried inside a continuum, say parameterized by u,
and becomes delta-function normalizable,

(D(i0) 5 DH(wi 1)) = b —v). (2.36)

Likewise for the anti-holomorphic defect operator D. From this prespective, the diverging

(L) élxR on the right hand side of should be interpreted as a “4(0)” factor. Moreover,
In a correlator of local operators, such as the two-point function (2.35)), a specific power of
“5(0)” should be removed. The (£,)g! 5 factor in transits to such a removal operation
in the n — oo limit, and schematically becomes

1 ~ L ~1 L ~

(0(0)01(1)) = =" (D(0) === DI(1)) x (D (0) *~—° D(1)). (2.37)

=g
—~
@)
~—
[N}

9Note that (L£,)p2(Ly)gz = <£n>§1xR'
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3 Holomorphically-defect-factorized local operators in
the Regge limit

3.1 Action on local operators in the conformal Regge limit

Suppose a local operator is holomorphically-defect-factorized, O = D £ D, then to study
the action of £ on a particular local operator ¢, we can take the four-point function
(O1(0)O(z,2)p(1)¢'T (00)) and send z around 1 while keeping % fixed. This wraps £ around
o(1). By then sending z, Z — 0 with z/z fixed and removing the leading singularity, we

obtain (£(¢) ¢'), where £ is loop-normalized such that £(1) = 1. This limit is none other
than the conformal Regge limit [60,/61] of the four-point function. The following is a
visual for when L is simple:

(3.1)

(15,2,17 11,5,2)
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In the second-to-last line, we used the relation between the planar loop expectation
value and the F-symbol (FLL’L’L)LQ (1,77 17 £7)- In the last line, we kept the leading term
in the z, Z — 0 limit corresponding to the domination of £ = Z, and used to rewrite
the F-symbol as an inverse planar loop expectation value.

Normally, continuing z and z independently takes a correlator off the Euclidean plane.
However, if one of the operators is holomorphically-defect-factorized, then the correlator has
a new interpretation as a Euclidean correlator involving not only local operators, but also
defect operators joined by topological defect lines.

3.2 Holomorphic-defect-factorization criterion in the torus Regge
limit

To study the action of £ on all local operators at once, one can consider the torus two-point
function (O(z,2)O(0))r2(r7). By sending z — z + 1 (spatial translation) with Z fixed and
then z, z — 0 with z/Z fixed while removing the leading singularity, one obtains the torus
partition function Z c (7,7) with the loop-normalized L wrapped along the spatial direction.
The following is a visual for when £ is simple:

D(z) D(z)
(L)ge ¥ 4 = D j;“z) L
D(z)
@(9(0) @(9(())
(3.2)
D(z)
D .
. 1 y (Z) 7 1 6217rh y
(L) = (L)po 2222 L
00
|ow
In the last step, we kept the dominant £ = 7 contribution, and performed a 27 angle

rotation of £ at D to return to the original configuration, thereby creating the extra ™"

phase. With the e phase stripped off, we call this the spatial torus Regge limit.

The modular S transform of ZE(T, 7) gives the defect partition function Z;(7,7), i.e.
the torus partition function with L wrapped along the temporal direction. The latter could
be obtained directly from (O(z, 2)O(0))12(- 7 by sending z — z — 7 (temporal translation)
with z fixed and then z, Z — 0 with z/z fixed while removing the leading singularity. The
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following is a visual for when L is simple:

D(%)
(L)ga ¥ % - <£1>R2 Zez}:zh (3.3)
D(z)
low)

With the e?™ phase stripped off, we call this the temporal torus Regge limit.

As we have seen, the conformal and torus Regge limits naturally produce correlators with
loop-normalized TDLs. When L is simple, we expect that multiplication with (L), gives
the more standard Cardy-normalized torus partition function, which has a ¢, ¢ expansion
with positive integer coefficients (Cardy condition). This requirement presents a nontrivial
criterion for the factorization of the local operator O through a simple TDL.

Definition 6 (Strong holomorphic-defect-factorization criterion) Given a local op-
erator O in a unitary conformal field theory, if the torus two-point function (O(z, 2) O(0))r2(- 7
in the temporal torus Regge limit has a q, ¢ expansion with positive integer coefficients up
to some overall number, then O is said to satisfy the strong holomorphic-defect-factorization
criterion.

To incorporate holomorphic-defect-factorization through non-compact TDLs, the dis-
creteness and integer-coefficient requirements need to be relaxed, hence the Cardy condition
should be replaced by the weak Cardy condition of Definition [}

Definition 7 (Weak holomorphic-defect-factorization criterion) Given a local oper-
ator O in a unitary conformal field theory, if the torus two-point function (O(z, z2) O(0))12(- 7
in the temporal torus Regge limit is the Laplace transform of a non-negative density of states,
then O is said to satisfy the weak holomorphic-defect-factorization criterion.

While the weak holomorphic-defect-factorization criterion is certainly natural in non-
compact theories like Liouville or Toda [33], it also applies to compact theories. In particular,
topological defect lines satisfying the weak criterion but not the strong criterion will arise in
the free boson orbifold theory at irrational points in Section [6.2]

4 Lorentzian dynamics and holography

As discussed in Section , the conformal Regge limit [60,61] of the four-point function of a

. . . L = .
pair of holomorphically-defect-factorized local operators O = D — D computes the matrix
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element of the map L on the Hilbert space of local operators. Traditionally, the conformal
Regge limit is interpreted as a limit of Lorentzian correlators, since analytically continuing z
around 1 while fixing Z moves the local operator off the Euclidean plane onto the Lorentzian
sheet. In holographic theories, the conformal Regge limit corresponds to the Regge limit of
the bulk S-matrix — the high energy limit with a fixed impact parameter. There is also a
close connection to chaos [72H75], as the conformal Regge limit is equivalent to the late time
limit of the out-of-time-ordered-correlator (OTOC) at finite temperature [76].

To be concrete, let us consider the Euclidean four-point function of a pair of hermitian
conjugate operators @, Of with another pair of hermitian conjugate operators ¢, ¢! on the
complex plane

(O (21, 21) O (22, 22) P23, Z3) 01 (24, Z4))

G(z,2z) = — — = - 4.1
52 = 0 (o1, 2000, 20) 0z 20)6 (e, 20) 4
where the cross ratios are _
2127234 _  Rl12R34
= — N z = . (42)
213%224 213224
By conformal symmetry, the positions of the operators can be fixed to
2=—p, zm=p, z3=1, z4=-1. (4.3)
Then the cross ratios are related to the global variables p, p by [77]
A _ z
p= "0 P= 0 (4.4)

(14+v1—2)2’ (14+v/1—-2)2°

Under the analytic continuation sending z around 1 while fixing z, the cross ratios become

independent variables; on the Lorentzian sheet, they are both real. In the conformal Regge

limit, (1 —2) — e*™(1 — z) with z fixed and then z, z — 0 with z/Z fixed, p and p scale as
4

p=-+O0(), p=c+0(). (4.5)

The analytic continuation and the conformal Regge limit could be equivalently described in
the p-coordinate. One first write p and p as

p=re?, p=re?. (4.6)

In Euclidean signature, the distance from the origin r» and the angle 6 are real. One then
analytic continues the angle 6 as § = —i( — ¢, and arrives at the Rindler coordinates

p=re,  p=re s, (4.7)

where the ¢ is the boost parameter (rapidity) of the O, O operators relative to the ¢, ¢f
operators.
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Figure 1: The conformal Regge limit depicted in the global p-coordinate. The dotted lines
are the light-cones of the operators ¢ and ¢'.

The conformal Regge limit [60,/61] corresponds to the large boost limit where the pair
of O, OF operators become time-like separated from the pair ¢, ¢, respectively, and O and
O" approach the light-cone of each other. Under the holographic duality, this limit can be
interpreted as the high energy scattering of particles created by the operators ¢ and O with
a fixed finite impact parameter.

4.1 Opacity bound and spectral radius formula

The four-point function in the conformal Regge limit has the expected behavior [61]]
p L(jo-1)
G@jﬁ~1—#<% , (4.9)
p

where G(z, 2)° denotes the four-point function after the continuation of z around 1, and j,
is the Regge intercept, i.e. the analytic continuation of the leading Regge trajectory j(A)
to A = 1. In unitary theories, [63] used the Cauchy-Schwarz inequality["]

1G(2,2)°] < G(z,2), 0<z2<1 (4.10)
to prove that the Regge intercept is bounded by

jo< 1. (4.11)

10Tn the conformal Regge limit, our variables p and p are related to the variables o and p in (55) and (56)
of [61] by B
16% =02, pp=e* (4.8)

where the variables o and p appearing on the right are the ones defined in [61].
H'We thank Petr Kravchuk for a discussion.
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The Regge behavior of the Lorentzian four-point function can be separated into two
distinct classes, transparent jo < 1 and opaque jo = 1 [78]. When j, < 1, the Lorentzian
four-point function factorizes into a product of two-point functions in the conformal Regge
limit; holographically, the particle created by the operator ¢ and that by O pass through
each other without interacting in the high energy fixed impact parameter limit. By contrast,
when jo = 1, the Lorentzian four-point function does not factorize, and the bulk scattering
is nontrivial.

The behavior in the Regge limit can be further subdivided into transparent, refractive,

and opaque. If we define
rl0.¢] = lim  G(z,2)", (4.12)

z—0, z/Z fixed

then the four-point function is called transparent if r[O, ¢] = 1, refractive if r[O, ¢] is a
nontrivial phase, and opaque otherwise.E We then define the notion of opacity

kO, 9] =1 —|r[O, ¢]| (4.13)

for the four-point function G(z, z). Note that while the four-point function has zero opacity
when |70, ¢]| = 1, there could still be nontrivial refraction that corresponds to a nontrivial
phase of r[O, ¢]. The inequality (4.10)) shows that

K[O0,¢] > 0. (4.14)

If the operator O is holomorphically-defect-factorized through a topological defect line
L, then according to (3.1]), we have

rl0, 6] = (4.15)

L {(¢'(0) £(9)(1)
(L)ee (67(0) (1))

When k[0, ¢] = 0 (in other words |r[O, ¢]| = 1), the nontrivial Regge dynamics are encoded
in the subleading >_ ., part of (3.1). By contrast, when x[O,¢] > 0 or |r[O,¢]| < 1,
the leading £’ = Z piece is already nontrivial, and incorporates an O(1) contribution from

the second piece in (4.9). The opacity bound (4.14) immediately implies a corollary about
topological defect lines in unitary conformal field theory.

Corollary 1 In a (1+1)d unitary conformal field theory, the spectral radius . of a factor-
1zing topological defect line L, defined by

(91(0) L{o)(1))
n:—max{' (6(0) o(1)) ‘} (4.16)

12By the definition of |78], refractive scattering is opaque.
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1s equal to the loop expectation value of L, i.e.
re = |(L)g2] - (4.17)

In other words, for any factorizing topological defect line L and any local operator ¢,

<1. (4.18)

In Appendix , we give complementing arguments for the spectral radius formula (4.17))
without assuming that the TDL L is factorizing, by use of the Perron-Frobenius theorem
and its generalizations.

Finally, the spatial torus Regge limit (3.2)) of the torus two-point function of O conve-
niently packages the infinitely-boosted conformal Regge limit for all possible ¢.

4.2 Aspects of chaos

The relation between the conformal Regge limit and the chaos limit of the Lorentzian four-
point function at finite temperature 7 = S~ could be seen by conformally mapping the
complex plane to the cylinder S! x R by z = emTW(THz), where the S! is the thermal circle
with periodicity 5 [73,76]. The Euclidean time 7 could be further analytically continued to

Lorentzian time t by

27 . 27 . 27T - 21 .
ao=en T gy — e d ) gy o) gy = e F ) (4.19)
27 . 27 . 2 . 2 . .
_ 27 (¢ _ _2m (¢ _ 2T (e _ 27 (0
7 = e 8 (Hie) , Zy=e¢e B (t+ie2) , Zz3=e7 (2—ies) , Zy=ep (z=iea)

The ordering of the operators in the correlator is specified by choosing €; < €4 < €5 < €3. At
t = 0, the operators are space-like separated and z; = 2. When ¢ increases from ¢ = 0 to
t > |z|, the cross ratio z moves across the branch cut at [1,00) onto the second sheet, while
Z remains on the first sheet. In the late time limit ¢ — oo, both z and z approach 0 with
their ratio z/z = eF 4 (’)(6727”) fixed, which is precisely the conformal Regge limit.

The out-of-time-ordered correlator (OTOC) captures the perturbation caused by the
operators ¢ on the later measurements 0. The behavior of the four-point function in the
conformal Regge limit translates to the exponential time dependence of the OTOC at
late time

G(2,2)° ~1—#ed ™ (4.20)
The exponent A is related to the Regge intercept jo by A = jo — 1, and bounded according
to by A < 0. When A < 0, the OTOC approaches the product of two-point functions
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signifying that the effect of the operators ¢’s on the measurements O’s exponentially decays
at late time. When A\ = 0, the effect of the operator ¢ could have finite imprint on the
measurement O at infinite time.

In a chaotic system, the effect of the operator ¢ on the measurement O could grow
exponentially during some intermediate time scale. At large central charge ¢ and the time
scale t ~ (log e, the OTOC is expected to behave as [73,[79-83]

G(2,2)° ~1— i 2V (4.21)
C

The chaos exponent Ay could take positive values and bounded in unitary theories by [75]
Ap <1. (4.22)

Probing the chaotic behavior of the OTOC requires taking the limit 2 — 0 while
fixing Z/2z and ¢ X z. Such a limit could be similarly studied by applying the manipulations
in to large ¢ theories. One would need to include subleading terms that involve lasso
diagrams [43].

5 Rational conformal field theory

5.1 Holomorphic-defect-factorization and Lorentzian dynamics

The holomorphic-defect-factorization prerequisite (Definition |3)) is the existence of holomor-
phic and anti-holomorphic defect operators of suitable weights in some defect Hilbert spaces,
so that holomorphic-defect-factorization is at all possible.

The local operators transform as bi-modules of the holomorphic and anti-holomorphic
chiral algebras. The highest-weight operators in the bi-modules are labeled by O, ;, where
the indices ¢ and j label the irreducible modules of the holomorphic and anti-holomorphic
chiral algebras. Modular invariance further constrains the set of ©;; that appear in the
theory, and the holomorphic-defect-factorization prerequisite is satisfied by the existence of
the Verlinde lines [52,23}33],40].

In a diagonal modular invariant rational conformal field theory, the partition function of
local operators is

Z(r,7) =Y xilr)xl). (5.1)
The Verlinde line £ acts the local operator O;; by

> _ Ski

£k((’)m) = g Om‘ s (52)
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where Sy; is the modular S matrix, and ¢ = 0 denotes the vacuum module. The partition
function twisted by the Verlinde line Ly is

Sk
Z5(7,7) = Try L g0 3igh s = Z S]; (T)xi(7) - (5.3)

The partition function for the defect Hilbert space H, is obtained by a modular S transform.

The result is
2y (7, 7) ZNiz Xi(T)X5(7) 5 (5.4)

where the fusion coefficients N ,fn are non-negative integers given by the Verlinde formula [52],

: SkeSieS
Ni=) S—M] : (5.5)

L

The holomorphic-defect-factorization prerequisite is satisfied because Np; = d;; and N; ,go = 5%.
In other words, for any admissible highest-weight operator O;; with weight (h;, h;), the defect
Hilbert space of the Verlinde line £; contains one defect highest-weight operator of weight
(hi,0) and another one of weight (0, h;).

When there exists a permutation automorphism ( of the irreducible modules of the chiral

algebra, satisfying
C0) =0, Sciyei =S Tewewy =Tij» (5.6)

there is a modular invariant partition function
=) X)X (7). (5.7)

The topological defects lines in such theories were classified by Petkova and Zuber [23]. The
Verlinde line £, acts on the local operator O; ¢y by

-~ Sk@

Li(Oic) = S0 Oicti) - (5.8)

After similar manipulations as before, we find the partition function for the defect Hilbert
space H,,

1
Zp, (1,7) ZN,i ) Xi(7)x;(7T) . (5.9)

The holomorphlc defect-factorization prerequisite in this case follows from N, = d;; and
N, ,fo U) = (5] . In other words, for any admissible highest-weight operator O; ¢(;y with weight
(hi, hey)s the defect Hilbert space of the Verlinde line £; contains one defect highest-weight
operator of weight (h;,0) and another one of weight (0, h¢()).
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Diagonal or not, the defect Hilbert space H ., projected onto the subspace of holomorphic
operators (resp. anti-holomorphic operators) is an irreducible module of the holomorphic
(resp. anti-holomorphic) chiral algebra, encapsulated in the equations

lim ¢~ % Zp, (7,7) = xi(7),  lim ¢ % Z¢, (7,7) = Xew) (7) - (5.10)

q—0 q—0
The diagonal case is when the permutation map ¢ is the identity map.

As proven by Moore and Seiberg [10], every rational theory has a maximally extended
chiral algebra with respect to which the theory is either diagonal or permutation modular
invariant. And since all operators in the same chiral algebra module can be factorized
through the same topological defect line, the preceding discussion covers all possibilities.

The full set of topological defect lines that not necessarily commutes with the maximally
extended chiral algebra is vast, even in rational theories. The fact that all local operators
are factorized through Verlinde lines, i.e. TDLs that commute with the maximally extended
chiral algebra, suggests the following proposition.ﬂ

Proposition 7 In rational conformal field theory, if L is a topological defect line whose
defect Hilbert space H, contains a holomorphic defect operator, and whose dual defect Hilbert
space Hz contains an anti-holomorphic defect operator, then L and L are Verlinde lines.

Every L satisfying the assumed property produces a local operator by holomorphic-defect-
factorization, and this map is injective by Proposition {4} but as discussed in rational confor-
mal field theory all local operators are factorized through Verlinde lines.

Let us comment on the Lorentzian dynamics of rational conformal field theory. Using
(5.2) and (j5.8)) for the action of £, on local operators, the infinite boost limit (4.15]) is given
by the modular S matrix as

_ S00Ski
SorSoi

T[Ok,g(k), Oi,((i)] (5.11)
The diagonal case (¢ being the trivial permutation) reproduces the result of [62] derived
from the monodromy properties of the chiral algebra blocks, or equivalently from a bulk
perspective (reviewed in Section by use of the braiding of anyons. However, we emphasize
that the derivation of our formula only involves the F-symbols alone, and hence applies
beyond rationality.

13We thank Zohar Komargodski and Kantaro Ohmori for highlighting this implication.
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5.2 Example: Ising conformal field theory

The Ising conformal field theory has three local operators, the identity 1, the energy operator
¢, and the spin operator ¢. It has three topological defect lines, the trivial Z, the Z, symmetry
defect line 7, and the non-invertible Kramers-Wannier duality line N [24/[25,31]. The fusion
rule is

w=I, N*°=T+n, nN=N. (5.12)
The local operators are holomorphically-defect-factorized as follows:
e=v1Y, =17, (5.13)

where 1 is a weight (3,0) free fermion, and 7 is a weight (55, 0) defect operator. Consider
the vector of holomorphic-defect four-point functions

T T
A
T T f[g §:|2(Z)

f(z) = - . (5.14)

T T

1 1
n 2 16 16
}{: Crrw x F|E

T T

Under crossing, the (properly normalized) Virasoro blocks transform as

EE IR £[& ]
pEla-2 Lo ERINC
- 2 . Nl
11% \/5(2_1> 11% (5 5>
FlEw]ia-2) FlE ]
1616% 1616%

A gauge choice means that canonical junction vectors have been chosen, so all correlation
functionals can be turned into correlation functions by the implicit insertion of canonical
junction vectors. Henceforth defect thee-point correlation functionals become simply defect
three-point coefficients. Suppose we adopt the gauge choice of |43] where the nontrivial
F-symbols are

1 (11
N, NN, N
(B e = =1, B = (1 _1> . (5.16)

The crossing equation

F(1—2) = = G _11) £(2) (5.17)



becomes simply

(1 Cf,mp) . % (; —1) - % G _11) x <1 Cf—,w) : (5.18)

which gives C2_, = 3. The formula (2.21)) and (2.22) give the three-point coefficient

1 1 1 1
00—70—75 == <N>R2 <77>R2 07-77-7w Cfﬂiﬂzj @777777'/\/' = \/5 x 1 x \/; X \/; X \/; = 5’ (519)

up to a sign that can be absorbed into a redefinition of ¢ and 1.

N |—=

Alternatively, one may choose a gauge in which the F-symbols are identical to the crossing
matrix of Virasoro blocks,

NN 113
Fyt = — 2 5.20
- 06A) 54
trivializing the defect three-point coefficients. The formula (2.21)) becomes
Coge = N2/ Mgz On vy = V2Ox v, (5.21)
and in this gauge (2.22)) is computed to be (using the first expression)
1 NN N 1
Onwg = 75— X (Ey" )z = 5= 5.22
RN, >22)

1
5
F-symbols have become nontrivial. For instance,

giving the same result C,,. = However, in this gauge, many previously trivial (= 1)

1
(ENN Nz =5 (5.23)

The trivialization of defect three-point coefficients is at the cost of complicating the F-
symbols.

Next let us study the emergence of the Kramers-Wannier duality line N from Lorentzian
dynamics. The torus two-point function of the spin operator o is [84]

1y
_ 0:01(0|7) | * | 0v(517)
(0(2,2)0(0))r2(r7) = |7 : (5.24)
e = G | 2| ot
normalized such that in the limit z, z — 0,
(0(2,2)0(0))12(rm) = |25 2(1,7) (5.25)
where Z(7,7) is the torus partition function
4
Z(r,7)=>_16,(0|7)|. (5.26)
v=2

Consider the torus Regge limits.
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Spatial torus Regge limit. Under z — 2z + 1,
(0(2,2)0(0))r2(r7) = (0(2 4+ 1,2)0(0))12(r,7)
( |

T =0GIM)0(517) + 0a(GIn)s(517) + 05 Gl GIT) (5.27)
n(7)] |

Then

. im 1 _ _ 04(31m)03(317) + 0s(5|7)0u(517)  ZN(7,7)
Zgrgoe |z]1(0(z 4+ 1,2)0(0))r2(r5) = 0 =—5

(5.28)
Temporal torus Regge limit. Under z — 2z + 7,
(0(z 20 (O)r2rm) = {0z + 7. 2)0 (012007
_ iz [2:0:0017) |7 B5(5Im)02(51T) + Ba(51m)0(517) + 161(317)0a(5I7) (5.29)
01(z|7) [n(7)]
Then
L im 1 _ 05(37)0:(517) + 62(517)05(517)  Zn(7,7)
lim e s |z]1(o(2 4+ 1,2)0(0))p2(y 7 = —2 2 2 27— .,
Jm, v el otz +1,2)0 O)rerm 7)) V2
(5.30)

In the above we used some identities (C.4) for the Jacobi theta functions. Noting that
(L)g2 = V2, we recover the expected twisted torus partition functions Z%(7,7) and Z (1, 7).

5.3 Bulk perspective

The holomorphic part of a rational conformal field theory (RCFT) is the boundary edge
theory of a bulk topological quantum field theory (TQFT) [3,12-14]. A celebrated example
is Witten’s correspondence between Wess-Zumino-Witten (WZW) models and Chern-Simons
theory [3]. The states of the latter quantized on any spatial slice My correspond to the chiral
algebra blocks of the WZW on M. General RCFTs are dual to more general topological
orders, such as Dijkgraaf-Witten theories, or abstract sets of anyons described by modular
tensor categories.

A TQFT on M, x [0, 1] corresponds to a diagonal RCFT on My [4-§]. The holomorphic
degrees of freedom live on one boundary, the anti-holomorphic ones live on the other, con-
nected through the bulk by anyons. From this point of view, the Verlinde lines in a diagonal
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RCFT are the two-dimensional avatars of anyons in the TQFT, and the holomorphic-defect-
factorization of local operators becomes evident,

D(z)

o

O(z,2) = L , (5.31)

D(z)

where we abused the notation by labeling the anyon also by £. The meaning of treating z, z
as independent complex variables is also clear, and the nontrivial monodromies of blocks
correspond to the braiding of anyons. The action of a Verlinde line £’ on a holomorphically-

defect-factorized local operator O = D £ D could be realized as the linking of the anyon
lines £ and L in the three-dimensional bulk. For example, the action of the Verlinde line
Ly, on local operator O;; is realized as

D(z) D(z)

. Shi
L0ua) = L CALD = L L (5.32)

D(z) D(z)

where we apply braiding to unlink the £ and £’ and use the relation between braiding and
the modular S matrix. The result agrees with the action . Since topological defect lines
in general conformal field theory need not admit braiding, we refrain from using braiding in
the following.

Consider S? x [0, 1], and insert four anyon lines Ly, ..., L4 at 21, ..., 24 € S? extended
from one S? boundary to the other, as shown in the upper left picture of Figure 2} This
configuration gives a state in the Hilbert space ﬁSQ;zi,ﬁi X 7/{\52;22_721_, where 7:282;%51- is the
Hilbert space of the holomorphic chiral algebra blocks of the RCFT, and 7:282%21'721' the anti-
holomorphic [3].

We now argue that this state corresponds to a crossing symmetric four-point function of
local operators Oy, ..., Oy4. First, we apply a sequence of F-moves on the anyons, to achieve
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Figure 2: The conformal block decomposition of the four-point function of the
holomorphically-defect-factorized local operator ([5.31).

the configuration on the upper right of Figure |2l Next, we cut the space along the spherical
surface represented by the dashed line. The cutting generates two new boundaries with op-
posite orientations that could be either S? with one marked point or no marked point, which
has a zero-dimensional or one-dimensional Hilbert space, respectively. Hence, the anyon that
crosses the cutting surface must be a trivial line. By gluing this configuration with two solid
B? balls with opposite orientations along the cutting surface, we obtain the configuration
on the bottom right of Figure , where the left (resp. right) connected component gives a
state in the Hilbert space 7:[\32% c; (resp. ﬁ32;gizi). They correspond to the holomorphic and
anti-holomorphic blocks of the chiral algebra. The total configuration is a finite sum over
the holomorphically factorized products and gives the conformal block decomposition.

6 Free boson theory

Are operators holomorphically-defect-factorized in irrational theories? This section examines
the ¢ = 1 free boson theory whose moduli space contains both rational and irrational points.
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6.1 Toroidal branch

As we presently explain, all local operators in the compact boson theory are holomorphically-
defect-factorized through the U(1) symmetry defect lines, which are Wilson lines of the
background U(1) gauge field.

The U(1),, x U(1), momentum and winding symmetry Wilson lines can be explicitly
represented by
1

Loy = :exp {gwmrﬁ%) / dz X, (2) — %(er— O / 20X n(3 )} L (6.)

r

Integer spectral flow gives an equivalence relation

,C(g Ow) ™ ,C(g;m%) , o — Qm, 9:1] — 0y, € 2n7. (6.2)

m; m

The flavored torus partition function of L, 4, is

s

p2
Zﬁ(gm Ow) (7_ 7 10mm~+i0ww TL

m
7 SRLI
q ) pL,R r wr, (63)

m,weZ
whose modular S transform gives the defect partition function

m+ 0, /27
; pL’R_—r/ + (w + Oy /2m)r . (6.4)

%\w
%\W

Ze, Qw)(T T
meZ

In fact, a defect operator can be explicitly identified by taking the representation (6.1)) of
L 6,0, and integrating by parts. Doing so in different spectral flow frames gives different
defect operators that belong to the same defect Hilbert space of L, 6,). We will see an
example momentarily.
An exponential local operator
4 , _ m m

Om,w(zu 2) — . PLXL(2)+iPRXR(Z) . . pL=—-4uwr, pp=——wr (6.5)

r r

is holomorphically-defect-factorized through a particular symmetry Wilson line £, which has
two useful representations (among infinitely many)

E*ﬂ(%+w,m+wr2) ~ £ﬂ(f%+w,m7wr2) ) (66)

which are equivalent under (w,m) units of spectral flow. Using the first representation, the
defect partition function (6.4)) involves the sum

2

'—m (! —w)r 2,7 m oy
3 () (o) 6.7)

m/ w' €7
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The term m’ = w’ = 0 corresponds to the unique holomorphic-defect current algebra primary
D, Whereas the term m’ = m, w’ = w corresponds to the unique anti-holomorphic one
Dunw- These two defect current algebra primaries can be explicitly obtained via integration
by parts. Using the first representation

22
E—w(%-ﬁ-w,m—i—wﬂ) = - eXp |:_Z(% + UN’)/ dz aX(Z):| o (68)

integration by parts gives a holomorphic defect operator on one end

2
Dppw(z1) =: rtwnXel@) . p — % +w*r? +2mw, h=0. (6.9)
r

Using the second representation

Z9o _
Lor(—m twm—wr?) = 1 €XP |:Z(@ — wr)/ dz 8X(z)} - (6.10)
r r 5
integration by parts gives an anti-holomorphic defect operator on the other end
— _ m2
Dm,w(ZQ) _ ez(*fwr)XR(w) : h = 0, h = — + wir? = 29muw . (6.11)
r

The exponential local operator is holomorphically-defect-factorized as
Om,w = Dm,w i 5m,w . (612)

Let us check that the torus Regge limits are consistent with the above analysis. The
torus two-point function of the exponential local operator (6.5)) with its conjugate is

- 0.6, (0|7 2PLmw 9.0, (0|7 3Phmw
(O D)0 () g ny = (ﬁ) (ﬁ)

6,(z|7) 0,(z|7) (6.13)
1 .
X T O Omat (772, 2),
m’ w’
where
1.2 1 2 . B
@m,m’,w,w’<7-7 ’7‘7 z, 2) — q4pL,m w q4 R, ’,w’e’m—(pL,m’,w/pL,m,wZ*pR,m/,w/pRan,wZ) ) (614)

Consider the spatial torus Regge limit. Under z — 2z + 1, we find
(azemov))%p?w (a 261(0) >)
= 6 ;MW _—
) 01(z|7)
D PP @ (T 2

m’ w’

<Om,w(z +1, E)O—m,—wm»Tz(

L]
[n(r)[?
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where we have used

0y(z + 1|7) = —04(2|7). (6.16)

In the further z, Z — 0 limit, we find

<Om,w(z +1, E)O—m,—wm))Tz(

T,T)

%p%,m,w q%pQR,m,w (617)
In(m)>

1, .2 1,2 1,2 -
- 6§Z7rpL,m,wZ_ﬁpL,m,wz_ipR,m,w E elﬁpL,m’,w’pL,myw q

m/ w’

Stripping off the leading z, Z divergence and the overall 2 ™Emu factor corresponding to
e~ %™ phase in (3.2)), the exponential operators O, .+ are transformed by the phases

eiWPL,m’,w’pL,m,w _ eiﬂ'(mT,er’r)(%err) eiw[m’(%-‘rw)-ﬁ-w’(m-ﬁ-wﬂ)] _ ei(m’Gm—‘rw'@w)' (618)

A modular S transform recovers the expected defect partition function (6.4]). We could have
also directly taken the temporal torus Regge limit to arrive at (6.4]).

Let us comment on the Lorentzian dynamics. For the four-point function of exponential
operators, (4.15]) gives the conformal Regge limit at infinite boost

T‘[Omﬂu’ Om/7w/] = eiw[m'(%+w)+w’(m+wr2)] . (619)

Suppose one is interested in the four-point function of real operators, i.e. the cosine and

sine operators

Coszzzi 2.z z.zZ)) = COS(Ppr,AL(Z RAR(Z
0% (2, 2) \/§<Om’“’(’ )+ O —w(z, 2)) = V2cos(pL X1 (2) + prXr(2)) 620

%wmm 2) = O u(22) = VEsin(p X1 (=) + prXa(2).

suitable combinations of (6.19) give

O (2,2) =

O3, 05 ] = —r[055,, O3 ] = 1O, O3]
= cosT [m’ (g +w) 4w (m+ wr2)] . (6.21)
6.2 Orbifold branch
The S!/Zs partition function is
Zs1 /7, (1,7) = % <Zs% (1,7) + |93|(;()f;|(27)‘ + |92(T)94(T|>7l(t>||§2(7)03(T)‘) (6.22)
- g2+ B+ B+ 6




The first two terms enumerate the untwisted sector, and the latter two enumerate the twisted
sector which is universal and independent of the radius r. At ¢ = 1, an irreducible module
with primary weight A = n? for n € Z>o has a null state at level 2n + 1, and h = (n + %)2
for n € Z> at level 2n + 2, so the degenerate characters are

n? n+1)2 n+1)2 na3)2
) = T g = T (623
The untwisted sector can be written as
2T = Y e ame0) + 5 (Zaari7) = )
' n,NEL>q |77(T)‘ (624)
n—ne2Z

where the first piece enumerates the degenerate Verma modules that are universal on the
orbifold branch, and the second piece enumerates the rest including the cosine operators

Omw(z,2) = cos(pLX + prX), pLr= % +wr, (m,w)#(0,0). (6.25)

At irrational 7 (not r?), all cosine operators are non-degenerate, but at rational r, some
cosine operators become degenerate. For the simplicity of discussion, we ignore the subtlety
at rational r, and always refer to the states counted by the first piece in (6.24)) as degenerate
Verma modules, and to the states counted by the second piece as cosine operators and their
descendants.

On the orbifold branch there is a universal D, symmetry, as reviewed in Appendix [C.3]
The five order-two elements correspond to the symmetry lines

Moy Ty N=TmTwlnvs T =TTy Ny = T T T - (6.26)

From the orbifolding perspective, 0, and 7}, descend from the momentum Z, symmetry line
in the S! theory, 1, and 7/, from the winding Z,, and 7 is the emergent Z, symmetry line
that assigns +1 charge to the untwisted sector and —1 charge to the twisted sectorE

At arbitrary radius r, there is a continuous family of unoriented topological defect lines
— which we call cosine lines — with (£)g. = 2. They descend from the orientation-reversal-
invariant combinations of the U(1)  x U(1), symmetry Wilson lines in the S theoryB

St/z 1 1
E(On/l,;w) - ﬁ?em,ew) + £§(e?mﬂw) . (6.27)

4That a single Zo symmetry line in the S' theory descends to multiple symmetry lines in the S!/Zs
orbifold theory is due to the non-uniqueness of symmetry action on the twisted sector.
15This combination is not simple before orbifold, but can become simple after.
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Cosine lines are labeled by a pair of quantum numbers (6,,,60,), which not only have
periodicity (27,0) and (0,27) due to integer spectral flow, but are also identified under
(O, Ow) — — (O, Oy). The fusion of cosine lines gives

L6 00) Lo 00) = LOnr6r, 00+60) T L(b—b" 60—01) - (6.28)

m?

They act on the nontrivial cosine operators by
Z(vagw)(Omgwr) = 2cos(m'0p, + w'0y) Oy (6.29)

on the degenerate Verma modules by a factor of 2, and annihilate the twisted sector states.
For any pair of positive integers (NN, N,,), there is a subring generated by finitely many

objects
{'C(emvgw) | Hm € Z/Nm7 ew S Z/Nw} . (630)

A cosine line can be either simple or non-simple; in the latter case it must be the direct
sum of two symmetry lines.m Because the orbifold theory does not have any continuous
symmetry except at S!_,/Zs = S!_,, generic cosine lines are simple. However, for

(O, 0) = (0,0), (7,0), (0,7), (m,7) (6.31)

because the original £(9 0.) Was already unoriented, one expects s 9 9 ) to be non—snnple
They are the following direct sums of D, symmetry lines:

Stz Stz stz
ﬁ(oé)2:I+n7 £(7r’/0)2:77m+77;n7 E(/)2—77w+7lwa

(6.32)
stz
L0 = Nt + T -
In the rest of this section, the label S'/Z, will be suppressed.
The torus partition function twisted by L, 0,) (in the temporal direction) is
ZEomoo (1, 7) = | Y+ Y| 2008(6mm + fyw) X2 (T)x,2 (7)
me7Z meZso 4 4
wWEZ>o w=0
1+ (—=1)ntn
w2 Y POV e (O
n,nEZZO
1 i tioew P |03(7)04(7)] m
= —0 ImmMT GG f s pLr = — wr
[n(7)[? m%Z In(7)[?

16The quantum dimension of a cosine line is <£(9m79w)> = ‘<£(9m79w)>R2| = 2. In a compact conformal

STxR
field theory, every topological defect line has quantum dimension > 1, and = 1 if and only if the topological
defect line is a symmetry line |[43]. Since the quantum dimension is additive under direct sum, the claim
follows.

17See [43] for this phenomenon in the Zy orbifold relation between tetra-critical Ising and three-state Potts.
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The defect partition function of L, g, is obtained by a modular S transform to be

P% P%{ 0

m+ 3%
, PLR= TQW + (w+ P2, (6.34)

02(7‘)03(7’) Z (](2711-5251)2 (635)

is a ¢-series with positive integer coefficients.

Consider a cosine line Lr(m o mwr2y With m, w € Z. Tts defect partition function involves

L(mtm wrQ,l ﬁl—w"rQ
Z q1< j— +(w'+ ))q4(r ) . (636)

m/ w' €7

the sum

The m’ = w’ = 0 term corresponds to a holomorphic defect primary D,,,, of weight h =
i (% + wr)2, and the m' =
primary D,,,, of weight h = % (% — wfr)2. The cosine operator is holomorphically-defect-

factorized as

—m, w' = —w terms corresponds to an anti-holomorphic defect

Om,w = Dm,w £ Z_Dm,u) ) L= ﬁﬂ(%+w7m+wr2) . (637)
In particular, Oy, ,, has charge 2 COS(T('T—; +mw?r?) under the line Lr(m 4y miwr2) it factorizes
through.

What about operators in the twisted sector? Consider the twisted sector ground states
& of weight (55, =), where ¢ = 1,2 label the two fixed points. When rational, by the
discussion in Section , in some (possibly complex) basis, they must be holomorphically-

defect-factorized. Let £ denote an operator in such a basis, then
Le —=
E=D—1D, (6.38)

and the defect partition function of L¢ is obtainable from a limit of the twist field two-
point function on the torus. In Appendix [C.4] we examine special rational points on the
orbifold branch and identify L¢ as Verlinde lines. However, we can characterize L¢ in a more
universal fashion by computing the torus two-point function of twist fields in the temporal
torus Regge limit. This computation is carried out in Appendix using the formulae
of [85-88| for general correlators in orbifolds. Moreover, the fusion rule of L¢ or Le with its

orientation reversal is computed in Appendix [C.6]

Interestingly, we find a clear distinction between rational and irrational theories:
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1. If r? = u/v is rational with u, v coprime, then the strong holomorphic-defect-factorization
criterion is satisfied, and the planar loop expectation value of Lg¢ is (Lg)p = uv.
The loop-normalized defect partition function is given in (|(C.4§]).

When w is even, the fusion rule is

2u—2 v—1 u—2
/Cc‘,' ﬁé' =1+ Nm + Z Z 'C—7r I +w,m+wr?) + Z ‘C m) - (639)
mEEOZ 771106222 mEZZ

When u and v are both odd, the fusion rule is

2u—2 wv—1 u—1
Lele=T+ > > Lenmiwmiw? + Y Lon(mm- (6.40)
e, e mea

2. If r? is irrational, then the strong holomorphic-defect-factorization criterion fails, but
the weak criterion is satisfied. More precisely, the so-obtained loop-normalized defect
partition function is

(2n+1)2  p? p2 _(2n+1)?2
Zz (1,7 PZ/ ( 5 g7 4qTq 1 ) , (6.41)

which in fact does not depend on r. The defect spectrum H z_ is continuous, hence Eg

is a non-compact TDL.

The loop-normalized torus partition function with Eg wrapped along the spatial direc-
tion is

ng (7’, 7‘) = Z;O (_)nXh:n2 (T)XB:T’LQ (77_) ) (6.42)

n—ne27

indicating that L¢ annihilates all non-degenerate modules, and acts on the degenerate
modules by a sign.

The fusion rule is

I 40,db,y,
L, ﬁ = =y . 6.43
ERLE = 2/0v (2’71')2 (Om,0w) ( )

The TDL Zg in the theory with irrational r2 is a non-compact TDL characterized in
Section [2.5, and belongs to a more general T'DL category. In fact, many of the structures
of this more general category could be understood by taking limits of fusion categories. For
any irrational 72, consider a sequence of coprime integers (u,,v,) for n = 1,2, ---, such
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that in the n — oo limit, u, /v, converges to 72. The TDL Eg in irrational theory could be
obtained by taking the n — oo limit of the Zg in rational theory. Both the defect partition
function for Eg and the fusion rule for Eg L in the irrational theories indeed arise as limits
of those in rational theories, as we presently explain.

First, in Appendix , we find that the sequence of defect partition functions Z,, g1z,
for ? = u, /v, in the n — oo limit reproduces the defect partition function at irrational
points. Note that there are infinitely many different sequences of coprime integers (uy,v,)
whose ratios w, /v, converge to the same irrational number. At first sight, it is not obvious
that the corresponding sequences of the defect partition functions all converge to the same
result. However, as we find in , the defect partition function Z., q1/7, depends only
on the product uv. Hence, the n — oo limit coincides with the uv — oo limit, and the limits
of all possible sequences agree. Furthermore, the result does not depend on 7.

Second, consider the sequence of fusion rules (6.39) or (6.40) with r* = w,/v,. Divide

by w,v, on both sides of the fusion rule, and change the Cardy normalized L¢ to loop-
normalized L¢. Now, in the n — oo limit, the sequence of fusion rules converges to the
fusion rule (6.43)) for the non-compact TDL L¢ at irrational points.

To end, let us remark on the Lorentzian dynamics of twist fields. According to ,
at irrational points, the Lorentzian four-point function exhibits transparent behavior for
degenerate primaries with even n, refractive behavior for degenerate primaries with odd n,
and opaque behavior for all non-degenerate primary ¢ (we have r = 1,—1,0 in the three
cases, respectively).

7 Summary and discussion

In this paper, we explicated the following aspects of two-dimensional conformal field theory.

1. We presented a purely Euclidean portrayal of treating the coordinates z, z of a local
operator as independent complex variables. The local operator can often be factor-
ized into a pair of holomorphic and anti-holomophic defect operators, connected by a
topological defect line.

2. We proposed that local operators can be factorized not only through simple topological
defect lines, but also through non-compact topological defect lines that have continua in
their defect spectra. We extended the categorical framework to include such topological
defect lines.

3. Based on factorization, we derived relations among correlation functions of local op-
erators, correlation functionals of defect operators, and the F-symbols characterizing
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the splitting and joining of topological defect lines.

4. We proposed a procedure for discovering topological defect lines. This point warrants
further remarks. A topological defect line is traditionally characterized by a map
on local operators satisfying certain conditions — including but not limited to the
commutativity with the Virasoro algebra and the consistency of the defect partition
function obtained by the modular S transform. From this perspective, a topological
defect line is a solution to a set of consistency conditions, rather than something
computed directly from the data of local operators. In this paper, by considering the
conformal Regge limit, we have shown how the four-point function or torus two-point
function directly generates the defining data for topological defect lines.

5. We characterized aspects of the conformal Regge limit by fundamental properties of
topological defect lines. In particular, whether the bulk scattering is transparent,
refractive or opaque [7§| is dictated by the action of topological defect lines on local
operators. The proof of the unitarity bound on the opacity by [63] gave us Corollary ,
which says that the spectral radius of any factorizing topological defect line is always
given by the loop expectation value. We also give a complementing argument for the
spectral radius formula (4.17)), with additional caveats but without assuming that the
topological defect line is factorizing, by utilizing the representation theory of the fusion
rule.

6. Applying our procedure for discovering topological defect lines, we obtained a unified
description of the topological defect line through which the twist field factorizes in the
¢ = 1 free boson orbifold theory. The result at irrational points suggests the existence
of non-compact topological defect lines even in compact theories.

Consider a local operator O that is holomorphically-defect-factorized through a topolog-
ical defect line £. As shown in Table [T there are three logical possibilities regarding the
finiteness of highest-weight operators (with respect to the maximally extended chiral alge-
bra) in the O x O OPE and whether a Cardy-normalized £ is well-defined, such that the
fusion £ L gives a direct sum. Most of our examples, including all local operators in rational
theories and the exponential or cosine operators in the ¢ = 1 free boson theory, fall into
Scenario (a). The twist field in the free boson orbifold theory falls into scenario (c). We are
not aware of any realization of Scenario (b).

Does every conformal field theory admit a (generally complex) basis of local operators
in which every local operator is holomorphically-defect-factorized? The answer is negative
in the strong sense of Definition [6] since it is violated at irrational points in the free boson
orbifold theory, where the topological defect line through which the twist field hypothetically
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‘ L L finite direct sum ‘ Cardy-normalized £ not well-defined
O x O finite (a) (b)
O x O not finite impossible (c)

Table 1: For a local operator O that is holomorphically-defect-factorized through a topolog-
ical defect line £, the logical possibilities regarding the finiteness of highest-weight operators
(with respect to the maximally extended chiral algebra) in the O x O OPE and whether a
Cardy-normalized L is well-defined, such that the fusion £ £ gives a direct sum.

factorizes exhibits a continuous spectrum in the defect Hilbert space, violating the usual
Cardy condition. However, in the more general weak sense of Definition [7] that allows
factorization through non-compact topological defect lines, the posed question becomes more
intriguing. For irrational theories embedded in a conformal manifold with “dense enough”
rational points, such non-compact topological defect lines may be regarded as the limit
of sequences of Verlinde lines[™ Under this generalized notion, we conjecture that every
conformal field theory has a holomorphically-defect-factorized basis of local operators.

The close connection between the opacity bound and the spectral radius formula illu-
minates a virtue of this conjecture. The Perron-Frobenius theorem allows us to prove the
spectral radius formula for simple lines. Moreover, as noted in Appendix [B], generalizations
of the Perron-Frobenius theorem to integral bounded operators extends the scope of the
spectral radius formula to non-compact topological defect lines. These arguments comple-
ment the proof using the opacity bound of [63]. Finally, we comment that a similar bound
on the four-point function in the light-cone limit, (1 — z) — €*™(1 — 2) with Zz fixed
and then z — 0 with z fixed, was derived from causality constraints in [90].
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A Defect crossing implies local crossing

The crossing symmetry of a four-point function of holomorphic defect operators is the F-

D, (0) D/,(0) D, (0) Diy(0)
Ls
( ) = A Lo ) o (L ) ey (A)
Dy(2) Ds(1) Dy (2) Ds(1)

decomposed into properly normalized s- and t-channel Virasoro blocks times defect three-
point correlation functionals (bi-covectors) [

hp, hp, |
ZF[hD; hDﬂ h ( ) X CDl,DmDT ® CD5’D3’D4
D
Ds 5
A3
E E h’Dz h’D1 (1 _ Z) % C ® C o (F£1,£2,£3) ( )
hpy hp, |, D D,,D3,D} D1,D6,Dy La Ls,L6 5

Ls Des

where ¢ is the holomorphic central charge. The sums ZDS and ZDG are over holomorphic
Virasoro primaries in the defect Hilbert spaces H,, and H,,. When the theory has an
extended chiral algebra, one could decompose the defect four-point function with respect to
the extended chiral algebra. The crossing equation takes the same form as (A.3), but with
F representing the chiral algebra blocks that may depend on other quantum numbers beside
h, and the sums ZDS and Zpﬁ are over holomorphic highest-weight operators of the chiral
algebra in the defect Hilbert spaces H,, and H,,.

In rational conformal field theory, the defect Hilbert space of a simple topological defect
line £ projected onto the subspace of holomorphic operators is an irreducible module of the
maximally extended chiral algebra. In other words, there is a single highest-weight defect
operator D; for each H,,, and hence, each defect four-point correlation functional is equal
to a single chiral algebra block composed with the appropriate three-point defect correlation
functionals. One can always trivialize the defect three-point correlation functionals by a
special choice of basis junction vectors. This has two complementary ramifications. First,
the formula for the three-point coefficients of local primary operators now only involves

19 A standard normalization for a block is to require unit coefficient for the leading coefficient in the cross
ratio expansion

hpy hpsg

f[’wl hmr () = 2"Ps=PrTlPe (14 O(2)) (A2)
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fusion categorical quantities, and the holomorphic defect four-point crossing equation ((A.3])
reads simply

C

hp, ho, _ hp, ho, |© L1,Lo,L

‘F[h; hzj,ms (2) = Z f[h; h;]h%(l —z) X (FZ: ) s,k - (A.4)
Le

Hence the nontrivial dynamical data is solved if one could determine the explicit values of the

F-symbols in this special basis that trivializes the defect three-point correlation functionals.

However, actually finding such a basis requires knowing the explicit blocks, for which one

must resort to solving the null state decoupling equation [19] or the Wronskian method [20)].

Moreover, as demonstrated in the example of Ising in Section [5.2] the F-symbols in such a
basis are rather complicated.

The four-point function of holomorphically-defect-factorized local operators can be eval-
uated as follows. In the s-channel,

(O1(21,21) Oa(22, Z2) O3(23, Z3) Ous(24, Z4))
Dl (Zl) 51 (51)

D2(22) D2<52)
=V H?:I <‘Ci>R2 < >
c;: Dj3(23) D3(z3)
Dy(z4) 54(24)
© [(ng’@)z,z” (10,2’,17 12,24,&1) ® (ngz’ZB)z,zf (1£,Z,Iv 11,23,.63)
L1,L1,L (A-5)
® (FE5)12 (2 1z,
D1(21> D4(Z4) 2_)4(24) 51(21)
1L, (£ >_£_< >L<
= > ) )
<£4>R2 Xﬁ:
Dy (22) Dj3(23) D3(z3) Ds(z)

LI LT
° [(Fzg s Qepzlog,e) ® B2 7 )z (e, 2,10 11,22,@)] :

By performing block expansions on the defect four-point functions, and using (2.21)) and
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(2.22), we recover with the usual s-channel conformal block expansion for local operators,
(O1(21,71) (92(22, Zy) O3(z3, 23) Oa(24, 24))

S IR N EANCE Y

AC4 R2 hD2 hDS ’D

L DeHh 0 DeHE=0
x C. r®C RC- - C5.55 (A.6)
D1,D2,D Ds3,D4,D D1, D' Dy D3,D,Ds4

L,LC,LCa _ _ L£1,L1,L0\ _ _
o [(FEF™)re, (22122000 ® (FE5 )0z (14 2120 1270 2)
ho, ho,]¢ ho, ho, ¢ =
= z 7 7 z .
> :]ThOQhog}wf )7 |hon hol, (F) Cor020 Cos 0.0
0
Similarly, in the ¢-channel,

(O1(21, %1) Oa(29, Z2) O3(23, Z3) Oa(24, Z4))
Di(z1) Dy (21)

(22) Dy(Z,)
\/ i= 1 Z _ >
e Ds(zs) Ds(z3)
Dy(24) PAEN
' L' L £1,C1,C
© [(F@ 4)1,2” (15',2’,1’ 11,24,64) ® (le ' )I,Z’ (161,21,Ia 1I,Z,L>

Lo oL (A7)
® (FZ; ’ S)I,Z <1£27ZQ,I7 11,23,,63)

Hf (L >R2
<£4>R2

L1,L1,C Lo,Lo,L:
o [(le ' )Z,L4 (151,21,Za 12,2,5) ® (Fz; ’ 3)I,Z (152,22,17 11,23,53) :

Hence, by (2.21)) and ([2.22]), we recover the usual ¢-channel conformal block expansion for
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local operators

(O1(21,%1) Oa(22, Z2) O3(23, Z3) Oa(24, Z4))

oD Vb o ANCEEE e

(L4) hps ho, B
4 R2 L DeHh ODGH}L 0 5 (A‘8)
X Uy, 0,01 @ Cpy.00s ® U, 5t 5, ® Cp, 5, D
LLE S I
’ [(FZ Jree (oo o 12z, @ (P 2z (e 2z 11753,53)}

- z@: ]—“[h@ hol]zo(l —2) ]—"FLO? }—Lol]zo(l —2)Co0,,05,0Co,,00, -

hOg hO4 hOS ho4

Let us perform two more F-moves on the last line of the s-channel expression (A.5) to
arrive at

Ve I I
B <‘C4>R2 [,[,’ L”
(A

° [(Fg’zz’zg)f,cf ® (F&’LB’EQ)E 0/}

LI L0 T
° [(FZS res Qepz o) ® B2 7 )z (e 2,10 11,22,52)] :

9)

Compared to the last line of the ¢-channel expression ((A.7]), we see that crossing symmetry
of holomorphically-defect-factorized local operators is a consequence of

1. Crossing symmetry ({A.3)) of holomorphic defect operators, and

2. The fusion categorical identity

> [FEE )0 @ (R ) 1]
L

LLL £1,L1,C A.10

° [<F 7 e Uezz oz, e,) © (B ) e (g 2y 1z, 0,) (A.10)
L1,C1.C L2,L2,L

5[:’ (F . )I,,C4 (1[:1,21,1-7 1I7Z’7£’) ® (FZ; : S)Ivﬁl (]‘[:2,22,I7 1I,Zg,£3)

for fusion categories that admit a gauge in which the cyclic permutation map is trivial.
If not, the identity involves extra cyclic permutation maps/F-symbols.
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B Spectral radius formula from the Perron-Frobenius
theorem

Consider a quantum field theory hosting a finite (sub)set of simple topological defect lines
(TDLs) {£; | i =1,...,n} that generate a commutative ring R under fusion and direct sum.
Let the fusion coefficients be N,
given by Ni’j-. Associativity implies that N, furnishes a non-negative matrix representation
of the fusion rule, called the regular representation reg, which is the direct sum of irreducible

and let N; denote the matrix whose (7, k) component is

Ze

complex representations, reg = @, , ra.@ We write r < regifr € {ry,...,r, }.

On a cylinder, a TDL wrapped on the spatial circle acts as an operator on the Hilbert
space. If the theory is unitary and if there is a unique vacuum, then every TDL acts on the
vacuum with a positive eigenvalue. In other words, the cylinder loop expectation value is
positive, (L;)qi,p > 0 for all i = 1,...,n. This set of numbers solves the abelianized fusion
rule,

(Li)sir (Li)gixm = Z Ni];‘ (Lr)siv (B.1)
k

and furnishes a one-dimensional representation of R. The relation between (L;)q,p and
(L;)g2 was discussed in footnote [4} in particular,

(Lidgirm = [{Li)ge] - (B.2)

The abelianized fusion rule (B.1)) can be interpreted as saying that (L,)q g is a simultaneous
eigenvector of N; with eigenvalue (£;)q:, -

Consider the matrix N;(e) = N; +€ ). N; for € > 0, which is irreducible (in the Perron-
Frobenius senseErD because for any pair of simple TDLs (L, £;) one can always find a (not
necessary simple) TDL £ such that £; appears in the decomposition of the fusion £ L. By
the Perron-Frobenius theorem, (L,)q . is the unique positive eigenvector of N;(e) (up to
an overall multiplicative factor), and the spectral radius of N;(¢) is the Perron-Frobenius
eigenvalue (Li)gi, g + € (Lj)g1 - By taking the € — 0 limit, we find that (L;)gi,p is the
spectral radius of IN;, i.e.

vINv
viv

<(Lgp Vi=1,...,n, VYoeC". (B.3)

20While the regular representation has integer entries, we purposefully omit the word integer as it serves
no purpose here. Also, the irreducible complex representations comprising the regular representation are not
necessarily non-negative in any basis.

21A matrix is called reducible if an off-diagonal block can be set to zero by a permutation of basis. A
matrix that is not reducible is irreducible. A matrix M is irreducible if and only if for any pair of matrix
indices (i, j), there exists a positive integer n such that (M™); ; > 0.
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Proposition 8 In a (1+1)d unitary quantum field theory on a cylinder with a unique vac-
uum, let R be the fusion rule of a finite set of simple topological defect lines {L; | i =
1,...,n}. Denote by EA, the operator corresponding to wrapping L; on the spatial circle. For
any state |¢) transforming in an irreducible representation r < reg with respect to the ring
R, the following inequality holds

<¢T2z¢> .
| S (Ldgip, Yi=1,....n. (B.4)

In particular, if R is a group, then because every irreducible representation < reg, the above
inequality holds for all |¢).

In conformal field theory, the simple factorizing TDLs generate a commutative ring (see
Definition [2| and Proposition @E By further utilizing the state-operator map, we obtain a
unitary bound on the opacity.

Corollary 2 In (1+1)d unitary conformal field theory, if a local operator O is holomorphically-
defect-factorized through a topological defect line L that generates under fusion a finite sum
of simple objects, and if ¢ (not necessarily holomorphically-defect-factorized) transforms in
an irreducible representation r < reg, then in the infinite boost limit, the opacity given by
(4.15) and is bounded by k[0, 9] =1 —|r[O,¢]| > 0. If L is invertible, then there is

no restriction on ¢.

For Verlinde lines in rational conformal field theory, the simultaneous eigenvectors can
be expressed in terms of the modular S-matrix by the Verlinde formula [52]
Si S;
N Vi = =2V,  (vin); = 22,
SOm

S, (B.5)

The Perron-Frobenius eigenvector is the zeroth eigenvector vo = Si/Som = (Li)giyp- The
expression in is the ratio between the k-th eigenvalue and the Perron-Frobenius eigen-
value, so its absolute value is no more than one. This proves the spectral radius formula
for Verlinde lines in all unitary rational conformal field theories.

Finally, the Perron-Frobenius theorem have been generalized to integral bounded opera-
tors by several theorems: Jentzsch Theorem [91], Schaefer Theorem [92] and Zerner Theo-
rem [93]; see e.g. [94] for a summary of these theorems. One could include the non-compact
factorizing TDLs into the set of basis TDLs, and apply these theorems to fusion rules in-
volving direct integrals.

22The full set of factorizing TDLs generally contains non-compact ones. Here we focus on a commutative
ring generated by the simple factorizing TDLs.
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C Free boson orbifold theory

This appendix concerns the holomorphic-defect-factorization of twist fields on the orbifold

branch of the ¢ = 1 free boson theory. We first review the basic definition and properties

of Riemann theta functions that are used to express general correlators, give the character

decomposition of the torus partition function, and describe the universal D, symmetry. We
then examine dual descriptions at special rational points, and cast the topological defect lines
as Verlinde lines. Finally, we compute the torus Regge limit of twist fields, and determine

the action of the factorizing topological defect line and its fusion properties.

C.1 Riemann and Jacobi theta functions

The Riemann theta function is defined as

0 m (2l7) = Y explim(n+a)-7-(n+a)+2in(n+a)-(z+ B)).

nez9I

By definition, it changes characteristic under shifts in z:

em (z+klr) = e{ﬁik} (2[7),

0 m (z + k7|7) = exp(—ink?7) 6

a+k

(e

When g =1 and «, 3 take values in %Z, they are the Jacobi theta functions

ueln) = 03| i), eateir) = |l

0

03(2|7) = 0 M (27), Ou(z|r) =0 m (2]7) .

Thus ] 1
91(Z+§|7') = —92(2‘7), 92(Z+§|7') :91<Z|T),

1 1
93(2—1-5\7') = 04(2|T), (94(z+§]7') = 05(z|T),
1(z + 5|m) = e FOuIT), o=+ 5Ir) = ¢ Tl (2|7,

05(z + gh) = e_%792(2|7) . Oz + %|7') = —6_%791<Z|T) )
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Next consider modular transformations, and restrict to z = 0 for simplicity. For Riemann
theta functions,

of, o Jor e = el o), o
o1 " (0] — 1) =ege 2B 0|7 (0]T) . |
a T B
For Jacobi theta functions,
1
0,(0|7 +1) =er05(0|7), 63(0] — ;) =e5 /7 03(0|7),
1
05017 +1) = ex 04(0]7),  62(0] = —) =es V7 04(0[7) (C.6)
i 1
02(0|7’+1) =¢eret (92(0|T>, 94(0| — ;) = E£g \/;92(0|7'),
with er =g = 1.
C.2 Partition function and character decomposition
The partition function of the free boson orbifold theory is
_ 1 i vk |03(7)04(7)] | [02(7)05(7)] | [2(7)04(7)]
Z(1.7) = 55 qrqr + - C.7
P2, MEOE T 2@E T 2@ (€7)
Let us decompose it into irreducible Virasoro characters
(12 _ (n+1)?
KA h=n*nez,
n(7)
(n+3)? _ g(n+3)?
xa(r) = L2 i h=(n+1%nelk, (C.8)
n(7)
h
. otherwise .
[ 7(7)
At irrational 72,
_ 1+ (=1~
269= ¥+ Y | womm+ ¥ FE o
g, &)t ek (C.9)
+ Z (14 cos @ — sin ("T)”)X@Hn? (T)X a2 (T),
nAeZs0 16 16
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where we have used the identities

7- 93 2n+1)2 . (2n+1)?
) E q 16 \/ E cos%—sm%)q 6

TLGZ>0 HEZ>0 (C 10)
1+ 103(7)04 L4 (=1 — '
! = Y = Y e
|77(T)| n,nEL> n,neZ
>0 B >0
n—ne27
At rational r? = u /v with u,v coprime, but irrational 7,
i — 14 (~1)™
2= > 2 [ xena @+ Y 5w ()
MEZ,wELsy MEZL>o 4 4 n,REZL>0
mu#twu w=0
(C.11)
> ZW + ZW > ()
mEZL, weLsxo 4 mEL, wexo 4
+ Z (1 + cos (n_gﬁ)ﬂ — sin (n—gﬁ)w)X(%HP (T)X @nsn2 (T) -
n,AEZ> 1 10

If r itself is rational, then the characters with pr, € Z or pr € Z are further reducible.

C.3 D, symmetry

The momentum and winding Z, symmetry lines in the S' theory descend to pairs of Zs
symmetry lines (9, 7.,) and (9, 1%,), respectively, in the S!'/Z, orbifold theory. Without
loss of generality, n, and 7, generate a D, symmetry. The emergent Z, symmetry that
assigns +1 charge to the untwisted sector states and —1 charge to the twisted sector states
corresponds to the symmetry line 7 = ny, Ny N Nw- The five order-two elements act on the
cosine operators and the twisted sector ground states associated to the two fixed points by

ﬁm(om,w> =(-1)"0 maw (&) = &2, Mn(&2) = &1,

ﬁw(om,w) = (-1)"0 maw (&) = =&, (&) = &,

ﬁ(om,w) Om,wv 7/7\(51) =-&, 7/7\(52) =&, (C~12>
ﬁm(OmWJ) = (=1)"Omuw 7/7\/m(51) = —&, 7/7\/m(82) ==&,

ﬁw(om,w) = ( 1)wom,wa 7/7\/W(51) = &1, 7/7\/w(52) =&
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The twisted partition functions are

zm(rr) = >+ Z) (—1)™x

s XA+ Y X ()X (7)
mEZ meEZxso 4 4 n,nNEL>q
WEZ~0 w=0 n—ne227Z
1 . vk |03(7)04(7)] :
= ( 1)mq4q4 +—:an(777__)7
P 2, 20 ()P
Zr(r ) = 3+ D | CD"x e (Dxa (D + D Xnen2(T)Xien2 (7)
meZ mEZx>o 4 4 n,ﬁEZEQ
WEZ>0 w=0 n—ne27Z
1 2oA ()0 L (C.13)
= (_1)wq4q4 + _ZnW(TvT)7
2|?7(T)|2mzw;Z 2|n(7)[?
7= D+ D | x2@xaa ™+ D Xnme2(T) X2 (7)
meZ MEZ>o 4 4 n,ﬁEZZO
wWEZL>o w=0 n—ne27Z
— Z (1+C08@—Sin@
n,ﬁGZzo
1

)X<2n+1>2 (T)X(2n+1>2 (7')
16 16

(M)0a(1)| _ [62(1)03(7)| _ |62(7)0a(7)]
e 2ln(7)? 2ln(7)[? 2ln(T)?

|02(7)05(7)| 1
+ ) p - j: w + r,
e LT e ER A
grgE | [0:(r)0s(7))| m+ 3
I (T, T) = Zy (1,7) = + . DLR=
! ! P e R e
1

Zn<Ta 7) =

é,é B |05(7)04(7)|
= e 2 41

0a(1)05(7)]  10a(r)0a(7)]
e MR " 2@E  2mpE (©H
Sl DR I EAT SR DIVERC Tty
N 102(7)03(7)|  102(7)04(7)]
MEOE 2P
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C.4 Special rational points

Holomorphic-defect-factorization can be explicitly examined at special rational points via

dual descriptions:

1
Sr:l

(a) ZQ = Si:Z 9
Si-vava _ SM(4,6)

Sl
(c) TZ;‘E = Ising?,
gl 2 (C.15)
@ Sev_sue)
Z, — U(1) "’
o Shov_ SME.6)@ ()
Ly (=D~
Sl
(f) %ﬁ = Sym®Ising, ...,
2

where SM denotes an A/ = 1 super-Virasoro minimal model. We adopt the notation for Dy
symmetry lines in Appendix [C.3 and denote the cosine lines by L, ,) as in Section [6.2}

(a)

In the S!_,/Z, theory, all local operators including the twist fields are exponential op-
erators in the S!_, description, factorized through U(1) symmetry lines. Complex com-
binations of the twist fields in S!_,/Zy correspond to the exponential operators with
m = 41, w =0 in S!_,, and are factorized through the Zg symmetry lines E?i:f,n)-
1L
16 16
Schwarz sector and one in the Ramond sector) in the bosonized SM(4,6) description.
They are factorized through unoriented Verlinde lines with (Lg,)g> = v/6. The self-fusion
of each line gives

The twist fields of S!_ Va3 /Zy are the two weight ( ) operators (one in the Neveu-

LeyLey =T +nw+Loaxgy+ Lz, L Ley =1+ Ty + Lo tLgm (C16)

The twist fields &; at the two fixed points of Si: 3 /Zs are linear combinations of the oy
and o, operators in the Ising? description,

1 1
8125(01+02), 52: 5(0'1—0'2). (C].?)

They are factorized through the Kramers-Wannier duality lines N and Ny with (N )g. =
(N2)ge = V2. Fusion gives

NN =T+n, i=1,2, (C.18)
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where 7; is the Ising Z, symmetry line in each copy. They are identified inside the
universal Dy symmetry as
M= 2=y (C.19)

Further note the identification between cosine lines and Verlinde lines
Loo=T+n, Laoy=nmm+0,, Lzm=NN, (C.20)
and 7, is the symmetry line that permutes the two copies of the Ising models.

The twist fields of S!_ 3/ L2 are the two weight (15+ 75) operators in the Z, parafermion
theory. Complex combinations of the twist fields are factorized through oriented Verlinde

lines Lg, L with (Le)ge = v/3. Their fusion with each other gives

167 16
Schwarz sector and one in the Ramond sector) in the bosonization of the tensor product
of SM(4,6) with the (—1)*" topological field theory. They are factorized through

Verlinde lines with (£)g. = /6.

The twist fields of S!_ e /7y are the two weight (-, -1) operators (one in the Neveu-

1 L)
16° 16
operator \%(Ul +09) in the untwisted sector, and also the replica twist field ground state.

The former is factorized through the Verlinde line £ (= N; + N, before the symmetric
product orbifold) with (£)g. = 2v/2.

The twist fields of Si:z 3 /7 in the language of Sym?Ising include the weight (

We observe a pattern: If r* = u/v with u, v coprime, then the twist fields in the S!/Z, theory
are factorized through a topological defect line £ with (£)p. = /uv. That this is true for
all rational r? is proven in Appendix [C.5]

C.5 Torus Regge limit of the twist field two-point function

The torus Regge limit computes the loop-normalized defect partition function Zz(7,7), as

was explained in Section . If Z;(7,7) has a discrete expansion in ¢, ¢, and if the coefficients

are integers up to an overall multiplicative factor, then one can strip off the factor and obtain

the Cardy-normalized defect partition function Z,(7,7) with positive integer multiplicities.

This overall factor is inverse (L)g. of the defect, so

. 25(7,7_')

Zp(1,7) = T (C.22)
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In the free boson orbifold theory, the holomorphic-defect-factorization of local operators
in the untwisted sector can be figured out relatively easily using hints from the pre-orbifold
free compact boson theory. However, the holomorphic-defect-factorization in the twisted
sector is far from obvious. To characterize the factorizing TDL, we resort to the torus Regge
limit. The covering space formalism for computing general correlators of orbifolds [68,/69]
was developed in [85,86], and applied to the ¢ = 1 free boson theory in great detail in [87,88].
In particular, our notation and formulae follow [88] closely.

In the free boson orbifold theory, the bosonic field X is double valued. When computing
the partition function on a Riemann surface, there are distinct topological sectors distin-
guished by whether X flips sign around each nontrivial cycle. On a closed Riemann surface
of genus g, those sectors are labeled by ¢; € %Zg around a-cycles and 0; € %ZQ around
b-cycles, for i = 1,...,¢9. In a given sector described by &;, d;, the double-valued field X on
¥4 can be lifted to a single-valued field X on a double-sheeted cover ig. The cover ig is
a replica-symmetric genus 2g Riemann surface, and its modulus is described by the period
matrix II., 5, of Prym differentials (replica-symmetric holomorphic one-forms on ig). The
modulus Il 5, is fixed by the period matrix 7 of ¥, the sector ¢;,0;, and the positions of
twist fields; this relation will be explicitly given for ¢ = 1 later.

Consider an orthonormal basis of twist field ground states, and let £ be any of the two
basis twist fields. The twist-field two-point function on a genus-g Riemann surface ¥, is
given in Dijkgraaf-Verilinde-Verlinde (5.13) to be

_ — cl TT u =
<S(Z7 Z)g<0)>29(7'ﬁ') =277 Z Z (7“, H5i76i7 Haiﬁi) Z;,ai (7-’ 7_) ) (023)
6,',(51'6(%22)9
where

Z25(r,7) = Z3"(1,7) (C.24)

Let us explain the pieces comprising this formula.

1. Z%r, 10, 5,11, 5,) is the classical contribution to the partition function. It is a solitonic
sum over momentum and winding on the two-sheeted cover X, of X,

_ 1T _
ZC](T’ H5i75i7 Haz‘ﬁi) = Z CXp |:§(p ’ HEiyéi "p—D- H5i75i p):| ) (025)
p,pEl’y
where
I, = {(ﬁ—kwir,% —wir) | mi,w; € Z} , (i=1,...,9). (C.26)
r T
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2. ZX5 (1,7) is the quantum contribution to the partition function. And Zg"(7,7) is a
common factor shared by all distinct topological sectors, that only depends on the
period matrix 7 of 3.

3. Finally,
Vi + %
9;

Vi
|02

(5 Jowl27)

, (C.27)

¢}
—
S
—
—
B
SN—
|
=
n
]
N~—
I
00—

7

where ; € (3Z5)7 is arbitrary, w is the holomorphic one-form on ¥y, and E(z,0) is the
prime form, the closest thing to z that respects the global structure of the Riemann
surface. At short distances, E(z,0) ~ z.

We now specialize to g = 1. The classical solitonic sum Z¢(r, Hg,g,ﬁ&(;) is just the free
compact boson partition function with 7 set to II. 5. The common factor in the quantum
contributions to the partition function is

1
Z3N T, T) = ) C.28
T = (€2
The prime form on a torus is
1
HEE
B(zq) = — (C.29)
0,0 E} (z | 7’)’2:0

The Abel map is 3 = % foz w, where w is the holomorphic one-form on »,—;. The Schottky
relation (the arbitrariness of ; mentioned before)

JHOES ) THEE: o

1

em (0| 2Mg ) 9[5] (0| 2Mo,)

implicitly defines Iy, as a function of 3 and 7. Let II(3,7) = Ilyo(3,7), then the rest of
II. 5(3,7) are related via half-integer shifts of 3

Mes(,7) =G+ 0 +e7,7). (C.31)
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Using the Schottky relation ((C.30]) together with the identities

o35+ 5120 =0[] 5120,

017G+ 7 1 27) = e~ LVIEREIERY (C.32)
) 0|
o6+ 157 120 =exn(= 106" 5120,

we find that in the limit of the two twist fields colliding z — 0, the period matrix II behaves
as

Hoo(0,7) =7, II,1(0,7) =ioc0, H;O(O,T):Z‘O—F, I 1(0,7) = —1+40". (C.33)

N

1 1
’2 27

We are now ready to examine the torus Regge limit. To recap, the torus two-point
function is a sum of four terms

1

(E(2,2)E(0)) sy (rr) = 2P

Z ZC1<T7 H5,67 ﬁs,é)

6,56%22

(C.34)

Under z — z + 1,

ZCI(Ty H£,5a ﬁa,é) — ZCI (Ta H576+% 3 ﬁa,ﬁ) ;

A 0
— ¥ [E(,0)|

Jogermolilageim o

r———— )

0 O} Of200L5,1) 0 H (0 | 210, 5)

4]

o | + v
[\

0

2ith — oF phase will henceforth be

stripped off. In the further z, Z — 0 limit, in each term the limiting II and II each takes one
of the four values given in , and the combined limits of the four terms are summarized
in Table [2] It suffices to examine say the first and third limits in Table [2] as the remaining
two are related by complex conjugation.

where we have set v = 0 without loss of generality. The e

For the first limit, IT — 700 projects the solitonic sum to p = 0, where we see a dichotomy
between rational and irrational r2. If irrational, then the only term with p = 0is p = p = 0;
if 72 = u/v is rational, then p = 0 corresponds to

(m,w) € {n x (u,v) |n €Z}. (C.36)
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Hence

lim Z%(r,11,7) = lim Z exp [E(pzﬂ —]32?)]

T—ioc0 II—ico 2
II—7 p:ﬁerr
= fim Y exp {%(T ) — (2 wr)%ﬂ
T mer d (C.37)

Z exp [—2iruvn’7] = 6 {g] (0]2uvT) r? = u/v rational ,

1 r? irrational .

Next consider the third term. The II, II-dependent factors are the classical solitonic sum
together with the denominator of ((C.35]),

lim —
II—i0t+

M- 1-i0* [8] (0| 211) 9{ } (0| 21T |

Z(r, 11, )
0 (C.38)
0

The limit can be easily taken by first performing a modular transformation. Writing II' =
—1/H and I = —1/1I, and noting

Z9(r, ILTL) = VIV x 2, IV, TT), em (0] 2IT) = \/g x em 0] %’), (C.39)

(C.38) becomes

Z(r, 1, TI) _ 2 Z(r, IV, IT )
TI—4i0+ fim

e e @m 20 weo|f o %’)@(o ks

¢

]

lim —

0
HICE
lim
T —1-i0 9[0]((”
0

5 :
=\ exp(—%) r? = u/v rational , (C.40)

uvﬁ/)
)

lim — = 7"2 irrational .

\

Collecting everything, the final results are summarized as follows.
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(IL, 1T)

(ico, T)

N N N/~ —~
NiF= O O M
ik O M= O Sy

(7-7 _ZOO)
(i0T, —1+1407)
(=140, —i0™")

Table 2: Limiting values of the moduli (II,II) in the spatial torus Regge limit for the four
terms in the torus two-point function of twist fields.

C.5.1 Rational points

If r? = u/v is rational, then the loop-normalized torus partition function twisted by Lg¢ is

7L (r,7) = ZEZSRﬂ - |ngf)l2{ (9 m 0| 27)9{8} (0 | 2uvT) + C.c.)

(C.41)

Using the identities

0 m (0 | 2uvT)

n(7)

0
GM (0] 27) ) i(—l)"xnz(r), (C.42)

n(7) s

= > X@(T),

m,weZ,pr=0

we can decompose the twisted partition function into Virasoro characters

Z*e (1,7 .
i) = Z X2 (T Z )+ cc. | (one-sided degenerate)
(Le)re mEZ, WL [
+ Z Xn2 (T)Xn2(T) (two-sided degenerate) (C.43)
n,NEZ>q )
1 _ _
+ Z (1 + cos (”_2”)” — sin ("ZR)W) (twisted sector)

vV 2uv

n,ﬁ€Z>0

nm

% (_1) (1 cos & +sin 2 ) (1—cos 2X +sin &F)

X(2n+1>2 ( )X(2ﬁ1+61)2 (7') .

The action of L¢ can be figured out by comparing the decomposition of the twisted partition
function ((C.43)) with the decomposition of the partition function with no twist (C.11f), which
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for the ease of reference we reproduce below

Z(1,7) = Z + Z X p2 (T)Xp%{ (1) (non-degenerate)
mMEZL, WEL>o MEZ>0 4 K
mu#£twu w=0
+ Z X p2 (1) Z Xn2(T) + c.c. (one-sided degenerate)
mEZ,g€Z>0 4 n=0
1 —1 n+n -
+ Z %an (T)Xn2(T) (two-sided degenerate)
n,’ﬁEZZQ
+ Z (1 + cos @ — sin @) X @nin? (T)X @nsn2 (T)  (twisted sector) .
16 16
’VL,’FLGZZO

The above decompositions are irreducible if r is irrational (though r? is rational); otherwise,
the characters with pr, € 27Z or pr € 27Z are further reducible. For the simplicity of discussion,
we assume that r is irrational.

The action on primary states without multiplicity can be directly read off: in the un-
twisted sector, L¢ annihilates all non-degenerate primaries with no multiplicity, and acts on
the (one- and two-sided) degenerate primaries by signs. On primary states with multiplic-
ity, the action of L¢ cannot be unambiguously determined from alone. Nevertheless,
in the following we propose an action that is consistent with the special rational points
examined in Appendix [C.4] and we believe that this action is correct at all rational points.

The non-degenerate states in the untwisted sector have multiplicity two when m = m/u
and w = w'v, with m’, w' € Z and m’ # +w’. We propose that in an appropriate basis, L¢
acts on them by

Nom ((1] _01> | (C.44)

In the Ising? description of the Si:ﬁ/Zg point, Lg = N or N3 acts on the pair of Vir? x Vir-
primaries 1, €2 by £v/2.

The twisted sector primaries all have multiplicity two. The pattern exhibited by the
special rational points in Appendix suggests that L¢ is oriented when u and v are both
odd, and unoriented otherwise.

When L is unoriented, we propose that in an appropriate basis, its action is

(1 1eon 2 sin 221 B 4 ) (Vf 8) | (C.45)
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Consider again Ising? = Si: \/5/ Zy. The Vir® x Vir~ primaries in the twisted sector are
01, 09, 012, €109. In this subspace, the TDL L¢ = N; annihilates o, and o€, but acts on
09 and £102 by :i:\/§

When L¢ is oriented, we propose that in an appropriate basis, its action is

(_1)i(1—cos T +sin ) (1—cos ﬁ77r+sin777" et 0 (046)
0 e 1)’

and the action of its orientation reversal L¢ is given by the complex conjugate. In the S!_,
description of the S!_,/Z, point, the twisted sector ground states correspond to

1 m
mo= (G207 =g -2, m=d, e =0, (C47)

In this subspace, the Zg line Lg = E?i:f ) indeed acts by the phases appearing in (C.46)).
4 b

The modular S transform gives the loop-normalized defect partition function|

2. (7,7) = m{ (e M 0| gwm 0] 5)+ C.c.)

+2 (e[_}j 0] @9[_031] 0] g> +c.c.) }

The planar loop expectation value (L£)g, = y/uv is the smallest number such that the Cardy-

(C.48)

=

normalized defect partition function
ZL(T, '77-) - <£>R2 X Zb’7 S,}./Z2 (7-, 77-) (049)

has a character expansion with positive integer coefficients "]

1

ZNote that 60 {_21] (0] 5) defined in (C.1)) as a g-series has coefficients that are % times integers due to
i

3im
+ 4

the combinations of ei%, e phases. The % is compensated by the overall v/2 factor to produce integer

coefficients.

24For each of the two pieces in braces in ((C.48)), there are terms in the g, g-expansion with coefficient
2. But when the two pieces are combined, all terms have coefficients that are multiples of 4, canceling the
overall 1.
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C.5.2 Irrational points

If r? is irrational, and suppose the twist field factorizes through some Lg, then the spatial
torus Regge limit gives

78 (v 7) = 2In(17)| (0[2](0&7”@(0&7))

1
G (*Z T )>'

The partition function and twisted partition function can be decomposed into irreducible

(C.50)

Virasoro characters as
2

1+ ‘9 m (0[27)

> Xt Xiemz +

Z(1,T) =
2An(r)P
n!ﬁ€2Z (051)
Z5(1,7) = Y (=) Xh=n2Xiier -

Since all states in the untwisted sector have no multiplicity, it is clear that £ acts on the (two-
sided) degenerate modules by a sign, and annihilates the non-degenerate modules (there are
no one-sided degenerate modules when 72 is irrational). The twisted sector has multiplicity
two, so the action of Zg on the twisted sector cannot be unambiguously determined from
(C.50) alone. Nevertheless, this action should be the uv — oo limit of the corresponding
action of the loop-normalized Eg at rational points: Eg annihilates the twisted sector at
irrational points.

The modular S transform of (C.50)) gives the defect partition function

Zn7) = szlv( Ik (fr flo1 o+ Aefifeo

(2n+1)2 (2n+1)2

q 16 16 C‘
\/_In DY e )

(2nt+1)2 p2 p? _(2n+1)?2
_ ’n(T_)P Z/O dp (q 16 qP4 +qp4 g 1o ) ,
n=0

which has a spectrum of primary operators continuous in twist,

(npy= (B 7y @ Rnd D

neZ, peR. (C.53)
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At irrational points, the defect partition function (C.52)) coincides with the uv — oo limit
of that ((C.48]) at rational points,

1 , 1 1 T 0 T
[ - 2 _ _
u})gnoo ZES (T 7—) 4|77(7')| u}}l)noo uv (9 |:O:| (O ’ 2) 0 |:0:| (0 ’ 2U’U) - C'C'>

— > ( ot o o (2"“)2) C.54
q uv q uvq 16 .
- T, 7 (G:54)

m,nel
1 (2n+1)2 p2 P2 (2n+1)2
= Z dp 6 g4 4+qgiq 16 .

Thus Eg is a non-compact TDL at irrational points.

C.6 Fusion rules for the non-compact topological defect lines

Consider the fusion of the Lg¢ line with its orientation reversal. When r? = u/v is rational
with w, v coprime, the result can be decomposed into a sum over simple TDLs. One could

decode the fusion rule by from the twisted partition function of the loop-normalized Zg Le,

~ = L Z -
Zﬁgﬁg(,]_”],_) _ 7~ S(;’ﬂ')
(Le)ge
= > gl Zw +Z><n2 > X (7)
meZ,welsy * mEZ,wELso  *
muv=wu mv=—wu

+ Z + Z XU’U(’VVL4+’LU)2 (T)W (055)

mEZ, wEl>o mEZxo

m#+tw w=0
14 (=1)"*"
> VT e
n,ﬁ€Z>0
1 n—mn)m . n+4n)m N
T ) Z (14 cos ¥ b ) — S u)X(an)? (7 )X<2ﬁ1+61)2 (1),
n,ﬁ€Z>0

computed by twice applying the L¢ action proposed in Appendix [C.5]
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When u is an even integer, the twisted partition function (C.55) can be written ad>)]

L= Lel =
Zﬁg ,Cg (7_’ 77_) _ Z <££5>(/27_7 T)
E/R2
2u—2 v—1
1 1 L _PR
_ E (2m/ 4w )m+mi(m/+ Jw, = =R
- —€ qgiqt
2 e M L

105()04(7)] 1 [102(7)05(7)] | |02(7)04(7)]
" | [2|n<f>|2 EETTGE }

1 f, PR
_ E + E 14+ (=1)™)gaqgs
mEZ MEZ>0
WEZ>0 w=0

2u—1 v—1 2
() u PL
2 |: S !/ / . !/ ! ] <

+ g E cos m(um +w')m 4 mi(m’ + Uw)w q

m=0 w=2
me227Z me27

u—2

P2 p2
+ Z 2 cos [m’(%m’ + w’)m} q4Lq4R}

m=2
me27

63()04(1)] 1 [10:(0)0s(7)] _ 182(7)0(7)]
MG *uv[ G GIE ]

from which we find the decomposition of L¢ L¢ to be

2u—2 v—1

£€£€_I+nm+z Z[’—ﬂ +wm+w7‘2+2£

m=0 w=2

me2Z me27Z mEQZ

(C.56)

(C.57)

When u is odd and v is even, by an analogous calculation we obtain a similar fusion rule

with v and v exchanged and 7,, replaced by 7, which is expected by T-duality.

25As noted before, the pattern exhibited by the special rational points in Appendix suggests that

Le = Lg is unoriented when u or v is even.
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When v and v are both odd integers, the twisted partition function can be written as

L= LeLle =
Zﬁg[,g (7_7 7:) — Z (;—7 T)
<~C£> 2
i PR
uv| DS £
mr meEZ MEZ>0

WEZ>0 w=0
2u—1 v—1

v u PR
92 [ Y / . / wo ] L _"R ‘
—1—21022 cos m(um +w)m+m(m+vw)w qeq (C.58)
mEZ meZ
u—1 2 2
[ PL _PR
9 [ U / ] PL _PR
+ ng cos m(um +w)m| g g
me2Z,
P L (IO o]
2n(r)> w | 2dn(7)P? 2in(r))> |
from which we find the decomposition of Lg L¢ to be
2u—2 v—1 u—1
ES £E =7+ Z Z ﬁfw(r%+w,m+wr2) + Z E—w(%,m) . (059)
meal meas mea,
For arbitrary u and v, the twisted partition function can also be written as
L= LeL =
ZC‘SE‘S(T’?) _ 7€ 8(;’,7’)
<‘C5>R2
1 ri, o} 03(7)0 1 []62(7)6 02(7)0
O e s oI [Tl Tl
2in(r)I* =, 2|n(7)] wo | 2[n(7)] 2|n(7)|
wWEVZ
_ 1654551 + 10a(457) I L 1s(D0a(r)] 1 [!92(7)93(7)! n !92(7)94(7)!}
An(7)[? 2n(m)P wo [ 2dn(7)? 2[n(7)|?

The defect partition function of the loop-normalized Eg L is obtained by a modular S
transform to be

Zigig(Tﬂ_')
_ 8GIP +16:GOP  16:(7)6s(7)] i{|e4(7)93(7)|+|92(T)94(T>|} (C.61)
2uv|n(7)[? 2n(m)> wv [ 2[n(7)? 2n(m |-

The Cardy-normalized defect partition function is the above multiplied by <£5>%2 = uv, and
has a discrete spectrum with integer multiplicities.
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The defect partition function at irrational 72 is obtained by taking the uv — oo limit

lim Z. = (7,7)

wv—oo Lele

1 1 m2 a2 (m=%)% (n-%)? ’92<7—>93(7)’
=—— lim — (qwqw+q W )+—
2’77(T)|2 W00 U m%;z 2|77(T)\2

L (Ga(r)Bs(7))] (C.62)

1 [*" df,do
e .
2/0 (2r)2 Lo (T T) 5

from which we deduce the fusion rule

~ = 1 (% d6.do
—— wom . C.63
Le Le 2/0 2n)? L(0,,04) (C.63)
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