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PENCIL-BEAM APPROXIMATION OF FRACTIONAL FOKKER-PLANCK

GUILLAUME BAL' AND BENJAMIN PALACIOS?

ABSTRACT. We consider the modeling of light beams propagating in highly forward-peaked tur-
bulent media by fractional Fokker-Planck equations and their approximations by fractional Fermi
pencil beam models. We obtain an error estimate in a 1-Wasserstein distance for the latter model
showing that beam spreading is well captured by the Fermi pencil-beam approximation in the
small diffusion limit.

1. INTRODUCTION

The stationary Radiative Transfer Equation (sRTE) models the mesoscopic equilibrium state
of particles, such as photons or electrons, propagating across heterogenous media. The density of
particles at the equilibrium state results from the interaction of them with the microscopic con-
stituents of the underlying background, by virtue of absorption and scattering. More specifically,
denoting by u(x,#) the phase-space density of particles, this is, those located at position 2 € R?
and moving in direction 6 € S1, the sRTE is given by

(1.1) 0-Vyu+ I =1I(u)+ f,

where f(z,0) represents a source or sink; A(x) measures absorption caused by the medium; and
J(u) controls the rate of collisions between particles and the background. It is commonly defined
as an integral operator of the form

I(u) = /Sdl k(x,0,0") (u(x,0") — u(x,0)) do’,

where the scattering kernel k(z,6’,0) represents the probability of a particle at a location =z,
changing direction from €’ to 6 due to collisions. It is commonly assumed to be symmetric in the
angular variable, this is, k(x,6',0) = k(x,0,6").

In specific circumstances, a single or even a few scattering interactions are not enough to consid-
erably change the direction of propagation of traveling particles. However, when collisions occur
with high frequency, for example in the propagation of light in biological tissues or in thick atmo-
spheres, their accumulative effect becomes significant and therefore visible at a larger scale. This
is the regime of highly forward-peaked scattering. It intents to model a diffusive transport at a scale
where the initial directionality of particles is not completely lost, but frequent enough to produce
some mixing effect. It is suitable for the study of electron and photon transport [10} 25| 27], optical
imaging and microscopy [13] 24], and laser propagation on turbulent media [I8] 29]. More details
on its derivation and application to inverse problem can be found in [4 5], and we refer the reader
to [14] for a mathematical introduction to the theory of the transport equation.
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A standard choice for scattering kernel in this regime is the well-known Henyey—Greenstein
phase function [19], defined in 3-dimensional space as

1 1—g°

kucg(d',0) = — - .
H6(9.,6) A (1—1—92—299’-0)3/2

The parameter A > 0 is the mean free path, the mean distance between successive interactions
of particles with the underlying medium; while g € (—1,1) is the anisotropy factor, representing
forward-peaked scattering and determining the mean scattering cosine associated to kg (6,0').
The closer g is to 1, the more forward-peaked the scattering is. Physically, the most meaningful
distance is the transport mean free path given by A* = A/(1 — g). It measures the average
distance over which particles change directions ‘significantly’ after undergoing a large number of
forward-peaked collisions when g is close to 1.

Its been pointed out in a number of publications that Henyey—Greenstein scattering has small
but significant large-angle effect, and this behavior is not accurately captured by standard ap-
proximation models such as the (local) Fokker—Planck equation and its respective Fermi-Eyges
pencil-beam equation, which are better for numerical implementations and practical purposes. See
for instance [10}, [24]. Moreover, the derivation of these simpler approximation models are known to
fail for this specific kernel [2§]. Phenomena of this type are not specific to the Henyey—Greenstein
kernel and occur also for the Rutherford scattering kernel in electron transport [10} 25].

There has been previous attempts to find better suited approximation model such as the
Boltzmann—Fokker—Planck equation and the Generalized Fokker—Planck equation (or Leakeas—
Larsen equation) [25]. In the highly forward-peaked limit when g — 1, it was shown in [3] (for the
time-evolution case) that (a rescaling of) global solutions to RTE with Henyey-Greenstein scat-
tering cross-section, weakly converge in L? to functions satisfying a fractional version of Fokker—
Planck, where the limiting scattering term involves a singular integral operator which resembles a
fractional Laplace-Beltrami operator on the unit sphere. The hypoelliptic property of the associ-
ated integro-differential operator was also analyzed. Similar results have been obtained in [16] [17]
for the radiative transfer equation with long-range interactions. Analyzing the limiting scaling of
this equation, the authors demonstrated the emergence of a Fokker—Planck type operator in the
highly forward-peaked limit, with a diffusion component consisting of another singular integral op-
erator whose high frequency behavior equals that of the Laplace-Beltrami operator on the sphere.
The first publication provides precise hypoelliptic estimates for such operators.

The main goal of this paper is the study of the propagation of narrow beams in the highly
forward-peaked regime. This corresponds to the analysis of the fractional Fokker—Planck equations
obtained in [3], for particle sources that are highly concentrated in phase-space and with a choice of
scales so that A* > 1. The latter condition ensures that the beams remain narrow over a domain
of interest. In this setting, the magnitude of the diffusion coefficient in the fractional Laplacian
is small compared to the spatial dynamic of particles and characterized by a small parameter e.
Analogously to what the authors have done in the local case (s = 1) in [7], we provide a higher
order approximation to the Fokker—Planck solution by means of pencil-beams, which are solutions
to appropriate fractional Fermi pencil-beam equations. We establish error estimates to contrast
the accuracy of the approximations for the pencil-beam model and the ballistic (i.e., unscattered)
transport solution. We perform this analysis in an adapted 1-Wasserstein sense with a level of
accuracy given in terms of powers of the diffusion parameter e. Similarly as in [3], we consider a
generalized version of the Henyey—Greenstein forward-peaked scattering.
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1.1. Highly forward-peaked radiative transfer for narrow beams. In space dimension d >
2, we say k(z,0',0) is a Henyey—Greenstein scattering kernel with parameters (g, s, m) whenever

)  (—gm(l+g"
d—1
B (—g+2g0-00) 7T
b a Lipschitz function, and with m > 0 so that

(1.3) /Sd1 ky(z,0',0)d0 = O(A™Y).

We recover the standard 3-dimensional kernel when the parameters are (g,1/2,1). For a general
fractional exponent s € (0,1), one easily verifies that in dimension d = 3, (g, s,2s) satisfies the
required scaling for the integral of b, in (IL.3). The collision operator associated to such kernels is
given by

(1.2)  ky(z,0,0) = . (,0,0) e R x ST1 x st

Jg(u) == / kg(x,0,0") (uw(z,0") — u(z,0)) df'.
Sd-1
We work in the narrow beam regime for particle transport defined by the following hypotheses:

i. The scattering kernel is of Henyey—Greenstein type with parameters (g, s, m).
ii. The transport mean free path is given by A* := A/(1 — ¢)™, where (1 — g)"™ < A. More
precisely, we take (1 — g)™ = €A, for e < 1.

iii. The source term f(x,#) is highly concentrated near a single point (zq,fy) € R? x S4-1.
The exponent 2s in condition 44 is included here for notational convenience, and agrees with the
exponent considered in [7] as we approach the local case s = 1. Without loss of generality, we
assume in most of the article that (zg,6y) = (0, N) with N = (0,...,0,1). We also consider the
following modified version of 4ii:

ii’. f € L;?eﬂLiﬂ is a compactly supported d-approximation to the identity d,0n(8), i.e., such
that U fpdxdd — @(O,N)‘ < 6 for all p € C(RY x S41).

1.2. Fractional Fokker—Planck equation (fFPE). As ¢ — 1, a Henyey-Greenstein kernel
formally converges to the singular one

2nr—dgl-—se2sb(x)

d—1 ?

(1-6.¢)2 "

whose link to the fractional Laplacian was noticed in [3] and established by means of a stereographic
transformation § : S\ {S} — R?~! with S = —N. The unit sphere is considered to be an embed-
ded hyper-surface in R, where spatial coordinates have been fixed so that N = (0,...,0,1) = —S.

The stereographic coordinates (with respect to V) and its associated surface measure are then
defined by

(1.4) k(z,0,0') :=

1 2d—1 )
v = 8(9) = m(el, PN ,ed_l) and df = mdv, with <U> = (1 + |’U|2)1/2;

while its inverse transformation is defined as

_ 20 1—|v]?

_ 1 N e
=50 (G gr)

The identity

g0 ==Vl

(0)?(v)?’
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allows us to write the limiting singular integral [pa_ k(x,6’,0)(u(0’) — u(9))d§’ in stereographic
coordinates as

[ P kot 0) (u) = u(w) o'
Rd-1
where [u]s = u(v) stands for the pullback u(8~!(v)), and with kernel such that

2m=25¢25p (1) dv' dv
8~ v — o[- 1F25 (/) d—1-2s () d—1-2s~

ks(z, v, v)dv'dv = [k(z,0',6)d0' db]
By introducing the following version of the fractional Laplacian on the unit sphere (as in [3]),

(1.5) [(—Ag)su]s = <->d_1+25( — Av)s’wg, wg = @‘Ezf%’

with the Euclidean fractional Laplacian given by the singular integral

fw) = flv+2)

‘Z’d—1+2s

(—A0)'9(v) = 416 /

Rd-1

dz,

we see that in the (so far formal) limit g — 1, we encounter the fractional Fokker—Planck equation
(1.6) 0 - Vou+ Nz)u + o (x) <(—A9)Su — cu> = f, inR%xs¥

where o(x) = 05_117527”_256(3:) and ¢ = ¢4 > 0, for suitable positive constants cq_j s, cq s (see
appendices A.2 and A.3 in [3] for more details). A rigorous convergence result is presented in
Section 2 (see also [3]).

Using this notation, the limiting kernel (I4) takes the form k(z,0,0') = ¢250(x)K(¢',0), where
we define its angular part and the associated integral operator as

—1

Cd—l,s2s_ 2

(1.7) K(0,0) := —
(1—-6-0)="°

Jo(u) = / K(0,0)(u(®) — u(0))do.

It will be occasionally more convenient to work with the integro-differential version
(1.8) 0 Vau+ Aa)u = o (@)Ig(u) + f(x,0),
where, in stereographic coordinates, the integral part takes the form

Bo(wls = camve [ () = u(0) Ks(v',0) () V'

(1.9) (o)~ (d=1-25) () ~(d=1-25)

|’U _ U/|d—1+2s

with  Kg(v',v) :=
Throughout the paper, we will assume the following conditions on the coefficients of equation (LS)):

o and A are Lipschitz continuous, and there exist constants

1.10
(1.10) 00, Ao > 0, such that o9 < o(x) < oyt and Ao < Mz) < Ayt
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1.3. Fermi pencil-beam approximation. Similarly as in the original derivation of the Fermi
pencil-beam equation (see, for instance, [9]), we can derive an approximation to the fractional
Fokker—Planck equation (.G by following simple formal computations. Let u be the solution to
(CE) (or equivalently (L8)-(L9)) upon which we perform a change of coordinates that we proceed
to define. We introduce the stretched coordinate system, or pencil-beam coordinates, as

X := (202,29 and V =e18(0),
defined on R? x R%~1. In addition, the volume form on R% x S%~! adopts the representation
(26)2(d—1)
<€V>2(d_1)
We see that in pencil-beam coordinates, the function U(X,V) = (2€)24Dy(2eX’, X9, J(eV))

satisfies the equation
V. oo1-&V?
(eV)?" (eV)?

dxdf = dxav.

> SVxU + A\2eX', XU

= ®0(2eX, X a1 / (UX, V') = U(X,V)) Ks(eV, V') (V)24 DV’ + F,
Rd-1

for F(X,V) = (2¢)2@=1 f(2eX’, X J(€V)). By ignoring the dependence of U and F with respect

to €, we can take the point-wise limit as € — 0 in order to (formally) deduce the fractional Fermi

pencil-beam equation

(1.11) PU) = dyalU +V -VxU + NU 4+ 5(~Ay)*U = F, in R x R

where 7(X?) = (0, X?) and A(X?) = A(0, X%). R? stands for the half-space X = (X', X9) € R?
with X4 > 0.
We also define the backward (or adjoint) problem as

(1.12) P (W) i= —0xaW =V - VW + AU + 5(—Ay)*W = F, in RE x R,

For more details on the derivation of the Fermi pencil-beam equation we refer the reader to [9].

1.4. 1-Wasserstein distance. Narrow beam solutions are by construction singular. Approxima-
tion errors need to be measured using a metric that adequately captures beam spreading, which
is intuitively a form of a ‘mass’ transport. A natural notion to measure the mass transport of
probability measures is given by the 1-Wasserstein (or earth-mover) distance. In our setting, while
solutions preserve positivity, their total mass may vary. As we have done in, e.g., [6] [7] for similar
reasons, we consider a generalization of the standard 1-Wasserstein distance.

We denote by BLj, the set of ¢ € C(R? x S¥1) such that [|¢||c < 1 and Lip(¢)) < &, for a
fixed parameter x > 1. Given two finite Borel measures in R% x S¥~1, 1 and v, their 1-Wasserstein
distance is defined as

Wi (11, v) := sup {/wm —v):yY € BLM} :

For any 2 C R? open and bounded, we can similarly define a 1-Wasserstein distance in the compact
region ) x S1 by restricting the test functions to this set, which we denote by W}z ().

The parameter s defines the spatial scale k= over which we wish to penalize transport. The

uniform bound on % allows us to penalize variations in total mass.
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1.5. Main results. Our main result asserts that a suitable transformation of a Fermi pencil-beam
solution approximates the solution to the fractional Fokker—Planck equation, at a higher accuracy
than the ballistic solution —the one that completely neglects diffusion (i.e., a solution to (L.6]) for
e=0).

Theorem 1.1. Assume that conditions i, ii and iii’ hold with the latter satisfied for 6 < €*%k. Let
u be the solution to the fractional Fokker—Planck equation (LG, v the ballistic solution, and U
the solution to the corresponding fractional Fermi pencil-beam equation (LII). The pencil-beam
approzimation in the original variables is defined by

u(z,0) == (26)"24 DU ((2¢) 12, 2, e718(6)).

Then, for any s’ € (0,s) in dimension d > 3, or any s’ € (2s — 1,s) in dimension d = 2, there
exist positive constants My = My(d, s, s’), My = Ms(d, s,s") and m = m(d,s) (depending also on
A and o) such that

W (u,u) < My -k, and m-min{er, 1} < W(v,u) < My - (ex)™n{251}

where My — oo as s’ — s, while My — 0o when s — s for s < 1/2, otherwise, My is independent
of .

The proof of this result is split into Theorems B3] and [4.4] which we prove in Sections 1] and
[4.2] respectively.

By linearity, we may generalize the above pencil-beam approximation to sources that do not
satisfy condition #i (and hence 7i’). We construct a general approximation by (continuously)
superposing pencil-beams. The details of this definition are postponed to Section [l

Theorem 1.2 (Approximation via continuous superposition). Under the hypotheses of the previous
theorem, except for hypothesis iii, the same conclusion holds for a broad source f satisfying

feLl'RIxSTY, f>0 and supp(f) € RY x S,
and w(z,0) = [pa,ca—1 f(y, mu(z, 0;y,m)dydn, a continuous superposition of pencil-beams.

Our last result concerns the approximation to fractional Fokker—Planck solutions by means of
a finite number of pencil-beams.

Theorem 1.3 (Approximation via discrete superposition). Under the hypotheses of the previous
theorem, we reach the same conclusions for some u(x,0) := Zle a; - w(z,8;2;,0;), a discrete
superposition of pencil-beams.

Throughout the paper, we adopt the notation a < b to denote an estimate of the form a < Cb,
for a constant that is independent of € and k. We will occasionally use the notation: Q = R%xS%1,
Qy = }Ri xS Q=R x R and Q = }Ri x R4-T,

The paper is organized as follows. We begin with the study of the sRTE and its Fokker—Planck
approximation. Well-posedness results are proven in Section Bl as well a convergence result in the
1-Wasserstein framework, along the lines of [3] for the L?-case. In Section B we show existence and
uniqueness of solution to the fractional Fermi pencil-beam equation, and prove some integrability
properties of their solutions which will be of great importance in subsequent sections. We then
move to the approximation analysis where we define in details the pencil-beam approximation and
provide the proof of our main Theorem [Tl This is the content of Section @l We conclude the
article with constructions, based on the narrow beam case, for the superposition of pencil-beams
and the proof of Theorems and [[.3]in Section
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2. STATIONARY RADIATIVE TRANSFER AND FRACTIONAL FOKKER—PLANCK EQUATIONS

2.1. Well-posedness of sSRTE. The existence and uniqueness of global solutions in L? is (eas-
ily) deduced from the well-posedness in bounded domains [I4]. It follows by an approximation
argument after confining equation (I.I]) to a bounded region 2 x S*~! with smooth boundary, and
solving the null Cauchy data problem there. Defining

W3 :={ueL?(QxS¥1} : 0-Voue L2Q xS},

and similarly W2 when © = R¢ in the previous definition, the standard argument states that the
solutions ug € W2 converge to the desired global solution u of (L)) as Q — R?, and moreover
uw € W2. A proof of this can be found in Appendix [Al

Theorem 2.1. For f € L*(Q), there exists a unique solution u € W? to the stationary RTE (L))
for an integrable symmetric kernel. Furthermore, if f > 0 then u > 0.

We need the following two properties of solutions to the sSRTE with Henyey—Greenstein kernels.
The fist one follows directly from the mass-conservation property: J4[-]:

(2.1) /S 9, 0)d0 = /S B /S W0 O, 0,6) 8 = .

Lemma 2.2. For a nonnegative source f € L'(Q), the solution to (L1)-(L2) satisfies the estimate
[u?ll e < AG I f Nl for all g € (0,1).

Proof. This follows by integrating equation (LI]) and the fact that for f > 0, u9 > 0. Indeed, by
integration by parts and (2.1)) we get

/H-qugdde—i—/ )\ugdazdez/Ug[ug]da:de—i—/fdde.
Q Q Q

=0 =0

O

Lemma 2.3. For f € L®(Q) N L*(Q) the solution to (LI)-(L2) satisfies the estimate |[u?]|oo <
Ao flloo for all g € (0,1).

Proof. We follow [20]. Let M = ||f||o and assume there exists a > 0 and a bounded set A C R”
with positive measure such that (without loss of generality) u(x,0) > MA;' + a in A. For any
small enough ¢ > 0 we can find a ball B C @ such that

meas(B N A) > (1 —0)meas(B).

This in particular implies the inequality meas(B\A) < ¢ - meas(B).
For such ball we take a nonnegative function h € C2°(B) so that h < meas(B)~

/(ﬁB(B) —h)dmd@' - ‘1—/hdmd9' <4

Let o € W2, ¢ > 0, be the unique solution to the backward sRTE,
—0-Vao+ Ao =T4lp] + h,

which according to the previous lemma it satisfies

/Q(,pdxde <! /Q hdxdd < A\g' (1 +6).

1 and
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Its existence, uniqueness, and regularity follows similarly as in Theorem 2] by means of [14],
Chapter XXI-Proposition 8]. Then,

/fgpdxd& < M/ @dxdd < MG (1 +96).
Q
On the other hand,
(2.2) / fodzdd = / uhdzdf,
Q Q

where we split the integration into two integrals, one over B N A and another one over B\ A. By
our initial assumption,

wWhdzdd > (MM + (/ —XB__1zde —/ _XB___p da;d@)
/BOA ( 0 ) BNA meas(B) BNA (meas(B) >

> (M 1 a) (meas(B NA)

mons(B) 5> > (MM + a)(1 - 20),

and also
/ uShdwdd < ||u?] 2 ||h]| 2 < [[u?]| 2| h]| P meas(B\A) '/ < [[u?|| 28"/,
B\A
We then obtain a contradiction by noticing that (22 and previous estimates imply that for some
C > 0, independent of ¢,
(MAG' +a)(1 = 26) — C3Y2 < MAGL(1 +6),

and consequently
MM +a < M+ C8Y2,
which cannot hold if § is sufficiently small. O

2.2. Well-posedness of fFPE. Let’s introduce the bilinear form
1
Blup)i=g [ [ KE0O) — u0) () - o(0))d'a,
gd—1 Jga—1
for the kernel K(¢',6) as in (L), and define its associated Hilbert space H3 given by
H :={uec L} : Blu,u) < +oc}, for se(0,1),

with inner product

(u, )iy = B(u, ) +/ updf.

Sd-1
It is worth mentioning how Hj and H*® (R4™1) are related to each other when stereographic coor-
dinates are considered. It turns out that passing to stereographic coordinates, Hu||%1% is equivalent

(up to a multiplicative factor) to

(u(v') — u(v))? ' / Ju(v)|?
/}Rd1 /Rd1 [0 — |4 1425 () d=1=2s () d—1-2s dv'dv + Rt (0)20@=D) v,

which yields the inclusion H*(R%1) [H3 | - Moreover, one can also verify that

(u(v) = u(v))? $/2, 112 2
/]Rd1 /]Rdl v/ — w]d=1H2s (/) d=1=25 (y)d=1=2s dv'dv ~ || (~20)/ wSHLZ(Rdﬂ) + HUHLZ(S‘I’I)’
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which implies the following equivalence of norms
(2.3) lull g ~ 1(=20)*2ws | p2@a-1y + lullz2a-1y ~ [(=20)*ull.
Let us consider now the Hilbert space J{ := L%(Rd; H%), equipped with the norm

2 2 2 2
18 = 113, + € [ 17lfgda,

where we use the shorthand notation L%e for L?(R% x §%1). Tts dual will be denoted by (32)".
Denoting the transport operator 7' = 0 -V, we define the solution space for the fractional Fokker—
Planck equation as

Yo ={f e Tfe ()}, withnorm || fllys = [ fllsce + 1T fll3esy -

Definition 2.4. We say that a function u € Y¢ is a weak solution of (L6) if for all p € CX(RY x
S4=1), it satisfies

(2.4) /—u(9 - Vz) + Aupdxdd + e2s/a(x)3(u, p)dx = /fcpda:d@.

The well-posedness and some properties of the solutions to the fractional Fokker—Planck equa-
tion are summarized next. Additional properties are stated in Theorem [2.7] after we obtain a
convergence result for sSRTE-solutions in the highly forward-peaked limit.

Theorem 2.5. Let o, \ satisfying (LIQ). For any f € Li o there exists a unique solution u € Y
to ([LY). Moreover, there is C > 0 such that |lullys < C||f||L3c,e for all f € Li,e'

Proof. 1. Following the definition of weak solution, we introduce the bilinear form a : HxC® — R
so that the left hand side of ([24]) is given by a(u, ), while the right hand defines the linear operator
L(p) mapping L : C>° — R. The bilinear form becomes a bounded linear operator in H? when
freezing the second component ¢ € C2°, and moreover, using integration by parts we get

a(ip, ) = minf{o, oo} lelfs, Vi €

Then, applying [7, Theorem 2.4] (see also [26]) for the pre-Hilbert space F = (C2°, | - ||l3¢s) we
obtain the existence of a weak solution u € H?, which in addition satisfies u € Y?, since (2.4])
allows to define T'u in the sense of distributions, and 7" is a bounded linear operator in H?.

It is not hard to verify that the set C°(R? x S9~1) is dense in Y, and this allows us to obtain
the integration by parts formula

(2.5) (ur, Tug)ges (gcsy = —(ua, Tut)ges (3esys Vi, u2 € Y,

In particular, (u,Tu)gs 3¢5y = 0. The identity (23] is obtained as in []. More recent proofs of
similar density results are presented in [2, 12]. The density used in this paper is easier to establish
as we do not deal with boundaries.

It follows from the weak formulation of the fractional Fokker—Planck equation that

(u, Tu)ges 305y +/)\\u]2dxd9+e2s/a(m)B(u,u)daz = /fuda:d@,
and consequently,
. 1 1
min{o, o0 Hullk < 1712z Julzz , < 56721512, + 502l

where we choose § > 0 small enough so that we can absorb the last term with the left hand side.
Uniqueness of solutions follows directly from the continuous dependence estimate. O
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2.3. Convergence of sRTE and some properties of fFPE. In what follows, we take the
kernel k4(z,0,0") to be in the narrow beam scaling, thus, we assume it satisfies condition 4i. Then,

€25(14 g)™b(x)
a1,
(1+92—296'9’) 2

(2.6) kg(z,0,0) :=

whose limit as g — 1 is given by (L4)
We next extend the weak-L? convergence result in [3] to the topology induced by the Wasserstein
distance.

Theorem 2.6. For any open bounded Q C R? and a nonnegative and integrable function f, there
exists an increasing sequence {gi}r C (0,1) converging to 1, and ko > 0 depending on ||A||c1 and
lfllz1, such that

W%—M(ug’c,u) —0 as k— oo,
for all k > Ko, and where u9 are the solutions to (ILI]) with kernel (2.6]) and parameter g = gy,
and u is the solution to the fractional Fokker—Planck equation (L.Q)).

Proof. Let f be a nonnegative integrable function and consider an increasing sequence {g, }n>1 C
(0,1) so that g, — 1 as n — oco. We have that u9» > 0 for all n, and therefore, we can regard
Audn /|| fllzr as a family of Radon probability measures since (as in Lemma [2.2))

/Aug"dxde fll, V> 1.

In the compact set Q x S¥~!, weak*-compactness for measures (Banach-Alaoglu theorem) yields
then the existence of a subsequence {u9" }j, and another Radon probability measure pu, for which

L
1F1 2

with Cy(Q x S?=1) the set of bounded continuous functions in Q x S¥~!. Writing instead ¢ =
Xo/|lf]l L1, and since A € Lip(R% x S%=1), then we can find x¢ > 0 such that for all & > ko,

/ Yufnedrdd — / YA u(,0), V€ BLig(@x 877,
QxSd-1 QxSd-1

(2.7) / e uIk dxdf — ou(z,0), Ve Cy(x s,
QxSd-1

QxSd-1

Due to uniqueness of the distributional limit, one verifies that ||f| 1A~y = udwdf, with u
solution to (II)) and limiting scattering cross-section (L4) (i.e. the fractional Fokker-Planck
equation (L8])). This follows from similar computations as in [3], leading to

[w?llzz , + 110 Voudll 2 ) + [Tgu?llrz < Cllfllzz
uniformly in g, which subsequently imply weak—Liﬂ convergence to a limiting function u, i.e.
0-Voud + M u? —Jg[u?] = 0-Vyu+ u—Jplu] as g— 1.

The previous then implies
W%’R(ugk,u) —0 as k— 0.
d
With the aid of the previous convergence theorem, some properties of the radiative transfer

solution are inherited by the limiting function. This yields the following additional properties for
the solution to the fractional Fokker—Planck equation.
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Theorem 2.7. Let o, A and [ as in Theorem[2.3. The unique solution u to the fractional Fokker—
Planck equation (LO)) satisfies the following additional properties:

1. (non-negativity) if f > 0 then u > 0;

2. (continuous dependence for bounded sources) ||uloo < Ao || fllco for all f € LN Li,e-

Proof. 1. The non-negativity of u for a source term f > 0 follows from the analogous property of
the sSRTE in Theorem [Z1] and the convergence in Theorem

2. The continuity in the L*°-norm follows in a similar fashion as Lemma 2.3] for sSRTE. We point
out here the main differences in the argument. The exact same computations yield to (2.2]) for
a test function g4, solution to the backward sRTE. Instead of estimating directly the right hand
side fQ u9hdxdf, we take the limit as ¢ — 1 and obtain

/fgod:nd@ = /uhdwd@,

where ¢ is the Weak-Lgﬂ limit of the solutions g4, thus it solves a backward fractional Fokker-

Planck equation. It is of course nonnegative and with Li’e—norm bounded by Ay '(1 + 6). The
proof is then complete by repeating the remaining steps in the proof of Lemma [2.3] O

2.4. Regularity of solutions to fFPR. The regularity results of this section are based on a
local representation of the fractional Fokker—Planck equation, in a neighborhood of an arbitrary
(z9,00) € R? x S¥~1. The idea is to pseudo-localize the equation in the sense that we can approx-
imate a solution to the Fokker—Planck equation with smooth and compactly supported functions,
satisfying a Fokker—Planck equation with a smooth source that might not be compactly supported.

Theorem 2.8 (Regularity of solutions).

1. (Sub-elliptic regularity) For o, and f as in Theorem [2.3, the unique solution u to the
fractional Fokker—Planck equation is a strong solution, and more precisely (—Ag)*u, Tu €
12, (R% L2(S%1);

loc

2. (Continuity) For f € Ly N Liﬂ, the solution u to the fractional Fokker—Planck equation
(LB) is locally Hélder continuous in R xS, and consequently, it belongs to C(R%xS4~1).

Proof. 1. The subelliptic character of fractional order kinetic equation is known to derive, for ex-
ample, from commutator identities and energy estimates [11,[1]. In order to adapt these arguments
to the setting of the fractional Laplacian on the unit sphere, we pseudo-localize the equation and
consider suitable local coordinates that allow us to apply known results.

By a standard localization and mollification technique (see Appendix[B]) we can assume without
loss of generality that u is a smooth and compactly supported solution to the fractional Fokker—
Planck equation (@), or equivalently (L.8]), with support contained in R™ X Si‘l, and for a
right-hand side f € C®°(R? x S¥71) N L2(R? x S~1). By considering beam coordinates, we see
that for 6(v),0'(v') € S,

WYy —v-v =1
B (v){v')
Therefore, multiplying (L.8]) by <U>_g and setting u(z,v) = <U>_%_1
equation

u(z,v), we obtain the kinetic

Opatt +v - Vyu = /%(m, v, ") (U(x,v) — a(x,v))dv + f(z,v),
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for f: E?:o fj with

and for a kernel defined by

(2.9) k(z,0v',v) = 2m_%_86280($)¢d}1+, with  h(v,v') = (V){@') —v v — 1.

Notice that here, f(x,v) stands for [f|Sifl]fB which is in L*(R? x R (v)~dzdv).

We now estimate the L2-norm of (—Ag)*u in terms of the kernel k(z,v,v'). By comparing (L8]
and (L8], we have

v 1/2
I(=B0)ullzz, = 19(u) — culzz, S ( [ ot + clula? (dwd)

+ ”U”Lg’e-

(2.10) < H [ Fao @) - dw)av

L2

T,v

The last inequality follows, in particular, from the fact that f € L*(R% x R*1; dxdv), which we
prove next. The latter spaces is denoted in this section by L:2r:7v' Indeed, we directly have that
Ifollzz, S 1fllzz, and | fullzz, S lullz2 , and morcover,

xv:M k(z,v,0+2) |2 - (v>% — <U>% >dz
o) = g [ R H( W+ *

u(z,v) ) v v+ s R OES -

o) = [Tl v vt s uv+2)  u) I 1 i
fs{@,v) /k( e )<<v+z>d§1 @ﬁl) <<v>% <v+z>%>
u(z,v) [~ 2 1 1
+ = [ k(z,v,0+ 2 - — - — - | dz
2<U>2/ ( )<(v>§ (v+2)2 <v—z>§>
u(z, v) k(z,v,0 — 2) — k(z,v,0 + 2 L ! 2
+2<U>112i1 /(k( » Uy ) — k(z,v,v+ ))( )d
We show in Appendix [C] that for some 8 € (0,1),
p

1
_’U - U/’2 < h(v7vl) < _’U - U/’27
2 2
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which then implies the inequality (see (C.4]))
. - (1))25
!k(az,fu,v —z) — k(z,v,v +z)| < W.

The above (and the compact support of u) allows us to estimate the L?-norm of fy and the last
two terms in f3, by a constant times ||ul| ;2 ,- For the remaining term in f3, we notice that

H/E(m,v,v%—z)( u(v+f+)1 - U(Z)l) ( L _ 1 1>dz
(vtz) 2 (o) ) ()2 (v+2)>

5//%(96,11,1)—1—2)(5(:;;_:;2;) dedv

S [ Oatwlaudads + ul

S =20 2ullzs |+ llulZs

2

N[ =

2
Lm,v

Summarizing, we have shown that
1Pz, S 01z, + lullge, + (=20 2ull 2 .

It then follows from the above and results from [I] (see Appendix [Dl) that

(= A0)* @ 22 + (= A2) Tl g2 S I f 12 + [l e + [[(—20)*2 12,
and subsequently (see Remark [D.2)),

‘ /E(x,v,v')(ﬂ(:n,v') —u(z,v))dv

Combining the above, ([210), and the estimates |[ul[zz =< |ul/z2 , and

S IFllze + fllze + 1(=A o) lls
L

T,V

=802y S [ [ Favv,o+2) @0+ 2) — T0)* dedo S (-0 2l + [l
we finally deduce that
-0y ullZs | S Wiz, + el + I(-20) 2l

Using equation (L) one also has that Tu € L?(R? x S9~!) with and analogous estimate.

Lastly, given any bounded set Q C R% and a partition of unity defined on R? x S%~!, the above
yields that (—Ag)*u and Tu belong to L2(Q x S?1) for any solution to the fractional Fokker—
Planck equation (IB) with source f € L2(R? x S4~1).

2. Similarly, the continuity of solutions is a consequence of the continuity property satisfied by
solutions to fractional order kinetic equations, and more generally satisfied by solutions to some
linear transport equations with singular scattering kernels. We again localize the solution in order
to use beam coordinates on the sphere.

We assume without loss of generality that u(-,-) is a compactly supported solution to the
fractional Fokker—Planck equation (IEI) with support in V x Si‘l, for some open bounded set
V c R, and for a source term f € L2 20N L3%p By the previous regularity result, it is indeed a
strong solution.
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By considering beam coordinates, we saw above that u(x,v) = <v>_%_1u(:p, v) solved
O+ v Vo= [ o) (@lo.v) ~ o))’ + o)

with f and k defined respectively in (28] and (Z3J). It turns out that the kernel (see Appendix
[C) satisfies the point-wise inequalities,
1 D (v)* ()"

/
o=y S k@) S o e

which directly implies coercivity of the integral operator associated to k. Namely, for every R > 1,
there is C' > 0 so that for all cp : }Rd_l — R compactly supported inside the ball Bp,

WP,
——————s—dvd
= /Rd I/Rd 1 ’U—U”d 1+25 Y

<= [ (L R ) =~ ponar ) plordo + ol

Rd-1 Rd-1

The same inequality helps us to deduce the non-degeneracy condition (in the case s < 1/2):
\inl max((v' —v) - €,0)2k(x,v,0")dv’ > er? 7>, Vv € Bg.
€=+ J Br(v)

Finally, we also verify that

/ E(:E,v,v/)dv/ <r72 V¥r>0and v € Bg;

R4=1\B;(v)

/ E(w,v,v/)dv <r72  Vr>0and v € Bp.
Br\Br(v')

As long as we have f € L®(R? x Bg), the Holder regularity result in [21] guarantees that
is Holder continuous in V x R4, and consequently, u(z, ) is continuous in a neighborhood of
(LZ'(), 90) . B

In order to show that f is bounded, and since f,u € Ly (by virtue of Theorem 2.7)), it remains

d+1

to deduce the boundedness of f2 and f3 in ([2.8)). Indeed, denoting p(v') = <<U>>;2:1 , we see that
vy T2

) = [ Ry, 0') (o) = o))
= 3 [F.v0+ (@) ol +2) - plo - )iz

+ % /(%(az,v,v —z) — %(m,v,v + 2))(e(v) — p(v — 2))dz.

Moreover, since ¢ is twice-continuously differentiable and using also that w(z,v) is compactly
supported, we have that (again from (C.4]))

1 1
< I — S — <
| fo(z,0)] S |u(z,v)] </|Z|<1 | z|d—1-2(1=9) dz + /z>1 | z|d—1+2s dz) S lulloo-

We similarly obtain |f3(z,v)| < ||ulls, Which allows us to conclude that ||f|lso < ||f]lec and the
proof is complete. 0
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We saw above that solutions to the fFPE can be viewed locally as solutions to evolution integro-
differential kinetic equations, and it was this precise local form that allowed us to derive the
regularity properties. How the optimal Holder exponent associated to solutions of (.G depends
on the regularity of the source f term (e.g., Lipschitz continuous) remains unclear.

Several recent results related to the more general and/or closely related non-local kinetic models,
such as the Boltzmann equation without cut-off, may be found in [21], 22} 23] [30]. It is expected that
results along those lines could lead to quantitative approximation estimates in the 1-Wasserstein
sense between the (stationary) radiative transfer solution, in the narrow beam regime, and the
fractional Fermi pencil-beam solution. We proved above that the radiative transfer solution con-
verged in the highly forward-peaked limit, in a weak sense (and with no known estimates), to
the fractional Fokker—Planck solution (Theorem [2.6]), and furthermore, the latter solution can be
subsequently approximated by a pencil-beam in the narrow beam regime (Theorem [[I] above).
The main obstacle that prevents the application of the regularity results in [21], 22] 23], 30] resides
in the a-priori regularity assumed on the solutions. The Holder estimates proved in [21] [30] hold
for weak solutions and thus are appropriate for our work. In contrast, the local Schauder estimates
and their global extension obtained respectively in [22] and [23], assume solutions to be at least
classical. A generalization of the Schauder estimates for weak solutions would be necessary to
quantify the convergence of radiative transfer to the Fokker-Planck equation, something we do not
pursue here.

3. ANALYSIS OF THE FRACTIONAL FERMI PENCIL-BEAM EQUATION

3.1. Existence of solutions and properties. Let F € C(R,;8'(R2™~1)) and G € 8'(R*"1).
In this section we will assume o(X"™), \(X") € C(R,). Analogously to the non-fractional case we
have an explicit characterization of the solutions to the fractional Fermi pencil-beam equation.
However, this time it is explicit only in the Fourier domain.

We denote by Fx/[f](&, X% V) = fe_iX/ff(X, V)dX' the Fourier transformation of f with
respect to X', and similarly we denote by Fy the Fourier transform operator with respect to the

angular variable V. We also write §x/y = §x/Sv.
Lemma 3.1. For the above choice of parameters there exists a unique solution to
OxnU+V -VxU+6(—Ay) U+ =F, X =(X',X")eR", VeR"!
U=GaG, (X', V) e RA=D X7 =,

whose Fourier Transform (with respect to transversal and angular variables) is given by
(3.2)

X"y xn n s~
FxvUNE X" n) = e Jo XUE, LIG)(E 0+ X"E)e o (X —0gFra @

(3.1)

-X7L n ~ n
- / e I AN g L IF)(E b+ (X7 — t)e)e K X E gy,
0
Proof. 1t follows in a similar fashion as in the non-fractional case. We refer the reader to the proof
of [7, Proposition 4.1]. O

Lemma 3.2. Let U as in the previous lemma with null interior source (F =0) and G = §(X)d6(V).
Then,

/ (X' &)UX', X4 V)dX'dV =0, for all & € RY™! and X¢ > 0.
R2(d—1)

/ (=AY U(X', X4 V)dV =0, for all X' € R¥ and X > 0.
Rd-1
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Proof. Using that integration is equivalent to the zero Fourier coefficient we get

/ (X' &)UX', X4, V)dX'dV
R2(d—1)

B /R (X' &)vIUI(X', X, 0)dX’
= i - [Ve[07](0, X%, 0)

— e Jo Amdr <23 S xd t)2s'&(t)dt> (6o - €)lglPotelel 57 (X et gm0 V"

Similarly,

| AU XV = Sl A Ul X%0)

= PO, X )],y =0,

0

Lemma 3.3. Let U be as in LemmalZ 1 with null interior source (F =0) and G = §(-=Y",-—W).
Then, for any ® € C(R? x R"~1)n HY(R"; L?(R2"=1))) we have the following integration by parts
formula

/ Udxn®dXdV = — / (0xnU)®dXdV — (Y',0,W).
R% xRn—1

R7 xRn—1
Proof. We use Plancherel’s formula to write
/ Uaan)dXdV = / S"X’,V[U] (aXnS"X/’V[(I)])dXdVdf,dnan
R7 xRn—1 R2(n—1) xR
= - / (0x»Fx v[U])Fxr v [®)dXdVdE dnd X™ — Sx' vIU]|xn=08x,v[®]| xn=0d&dn
R

2(’)171)><R+ R2(n—1)

- /]R Rn—1 (0xU) @dXdV - /eiY,{HW.ngX’,V[‘I’]’Xn:odfd??.
xR

O

Lemma 3.4. Let F € C.(Q) and Lipschitz continuous with respect to Z = (X', V), and G = 0.
Let U be the solution to [B1)). There exists C > 0 so that Uxn(Z) = U(X', X", V) satisfies

[Uxn(Z1) — Uxn(Z2)| < CLip (F)|Z1 — Z3],

for all Zy,Zy € R2=1 gnd X" > 0.
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Proof. For arbitrary (X!, X", V1), (X}, X", V3) € R2"~1) we have
UX, X" V) —U(X5, X", V)

= /ei(Xi'g)“(Vl'”)Sx',v[U](&X",U)dédn—/ei(Xéf)Jri(V?'")ngv[U](5,X”ﬂ?)dﬁdn

Xt
://0 e I 2O Ey S [ (v F = Ty en v vy TR F

% {e_ 7 |77+(X”—T’)£|255(7“)d7’} dtdedv

X"
= //0 e i A (Tx1—(xn—y(v—12) i F = Txy— (xn—)(v 1) e F)
X gy [en I It e a ] gy,
Therefore,
X'n/
UK, ) = U6, X7 V)| < Lin(F) [ [ 106 = X5 = (X" = (0 = Va), Vi~ Vo)
0

S5 ) [e— 5 |n+(X"—r>f|256<r>dr} dtdX'dv

X e S;(},V

< CLip (F)(|X] — Xb| + Vi — V),

for C' > 0, a uniform upper bound of

xn o~
// (14 (X" —t))e fo AWr
0

Sy [en I XTI XV < oo,

0

3.2. Integrability properties of solutions. We state some integrability properties for the fun-
damental solution associated to the fractional Fermi equation that will be used in the following
sections. The fractional Fermi equation (3] is a slight generalization of the fractional Kolmogorov
equation (see §2.4 in [21])

(3.3) fe+v-Vaf +(=A)f=h, z,veRL

Lemma 3] provides us with a fundamental solution (solving (31 with sources F' = 0 and G =
d(X)o(V)) which takes the self-similar form

1 N X’ 1% X4 _
B4 V) =) <(Xd)1+;—s’ (Xd)%> exp (- /0 )\(T)d7'> ,

for some appropriate constant c;_1 > 0, and with J defined via its Fourier transform:

A6, m: X%) = exp <_ /01 I — Tg|2s(~,<Xd(1 — T)>d7'> .

In what remains of this section, we abbreviate the exponential factor in the definition of J by
d ~
writing A(X9) := exp (— fOX )\(T)dT). The solution to the initial value problem (B.]) takes the
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form

(3.5)
UX,V) = / GY' W)J(X' =Y — XW, XV —W)dwdy’
Rdfl Rd 1

Xd
- / / FY,WJX —Y — (X1 —YHw, X - YLV — W)dwdyY.
Rd-1 JRd-1

The next proposition is the analogous to [21, Proposition 2.1] for the fractional Fermi equation
and we state it without proof.

Proposition 3.5. For J and J as above we have:

(1) The function J is C*° and decays polynomially at infinity. Moreover, § and all its deriva-
tives are integrable in R2(@=1).

(2) For every X* >0, [po@—1) J(X,V)dX'dV = A(X9).

(3) J>0andJ > 0.

(4) For any X% > 0,

176X ey = A3 1 ey
1= A2 X g acay = (XA (= AV)23]| s oo

We use the Riemann-Lebesgue theorem to deduce explicit estimates for the decay at infinity of
the kernel J. Indeed, for any pair of multi-indices «, 8 such that |a| 4 |8| = d — 1, one verifies that

1
N dp 1 2s

A Xd -1 8aaﬁ~ ) 7Xd < —6_00 fo ‘T]—I—T§| dT7

( ) ‘ 5 n\j(g 7] )’ ~ 0 |,’7+p£|d_1_25
o—00 Jg In+7€28dr

Intpgd—1=2s
This yields (thanks to the Riemann-Lebesgue theorem) that X' *VA3(X’,-, V) € Co(R*4~1) and
consequently, for some v > 0,

which is integrable since Fubini’s theorem implies the integrability of (p,7,&) —

1
(1+ X2+ [V/[2) T+

AXH3X, x4 V) <

uniformly in X% > 0. By averaging J with respect to either X’ or V one deduces that v < s. This
follows from the fact

Sy < / J(X, V)dX’> = exp (—al(Xd)|77|2s> AX?Y)  and
s [ 3051V ) = exp (~en(X 1) A,

where o1(X?) := [; 7( TXd)dT and o9(X?) := 01 725G (1 X%)dr. Therefore, for some C,C’" > 0,

~ CA(X?
(1d )1+2s) = /“(X’ V)dX' < 2(1(d)—1+25);
(3.6) (1+|V| )2 (L+[V[*)2
' C'=TA(X %) C'A(X?)

s < /3(X,V)dV’ <

(1 + ‘Xl’Q)%(d—l-i—Z@ (1 + ‘X’2)%(d_1+2s) :
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In a similar fashion we can obtain upper bounds for the decay of the derivatives of J. For any
o/, B’ multi-indices we see that

dp

e—00 Jo In+rEl*dr
I+ p[lel+IBI=Ta" -5 -2s ’

1
A o] ¢ Sem XD) <
uniformly in X¢ > 0, and the right hand side is still integrable for |a| + || = d — 1 + |[&/| + |5
which yields the decay
AXY)
(L+ X724 |V]2) e

for some 0 < 7/ < s. We then obtain the next.

Vx>0,

(3.7) 05,00 3(X, V)| S

Lemma 3.6. For any nonnegative real numbers m,n, such that m +n < |a| + |5|, with «,f
multi-indices,

Y (m—laD+ L (n—
H\X/ymyw"a;,aéj(x,V)HD(R%H):0((Xd)(1+25)< lal) 35 (n=181) 5 (x4,

Proof. We use the self-similar form of J to obtain

/Rz(dn X[V |0% 05T (X, V)| dX'dV

/
o0l (5 —= - Y ‘dX’dV
(X5 (x) %

X' Vv
%053 _, _ | [dX'aV
o V‘”((Xd)lm <Xd>28>‘

G A(XA
_ _ca AT / X V|
(Xd)d—l"rT R2(d—1)
_ Cd_lA(Xd) / |X/|m|V|n
(Xd)d_1+d%+\a|(1+§)+lﬁ\§ R2(d—1)

By means of a change of variable and the decay estimate (3.7]) we conclude the proof by noticing
that

/RQ(d1) |X/|m|v|n|8()x(’6\ﬁ/=](X, V)|dX’dV

_ 1 1 )pl
(Xd)d—1+%+\a|(1+%)+\6|% R2(d—1)

< (Xd)(m—loc\)(lJr%)+(n—\6|)iA(Xd).

(a;‘g,aeg) (X, V) ‘dX’dV

0

Remark 3.7. We can improve the above estimates for the cases with no differentiation involved.
Using the sharp decay estimates for the averages of J in (3.6), we obtain that for any m < 2s,

X T3(X, V)Hp@g?(d—ﬂ) + IIVI"I(X, V)|’L1(R2(d71)) < oo, VX?>o.
This implies
X" J(X, V)l @ew-1y = O((Xd)(1+2‘1_s)mA(Xd)), for m < 2s;
VI T(X, V)l oy = O((X D =mAXY), for n < 2s.
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Remark 3.8. If instead of considering the whole half-space le_ x R%! as domain of integration one
restricts the estimates to a compact region, it is possible to obtain estimates for exponents m > 2s
and n > 2s. However the appearing constants will grow with the (transversal, i.e. in X', V) size
of the domain, logarithmically for m (or n) = 2s and polynomially for m (or n) > 2s.

We will need the following decay estimates for the fractional Laplacian of J.
Lemma 3.9. For any nonnegative real numbers m,n, such that m,n < 2s,
X[ (= A0 )T, V)l gy = O((X D31 (X ));
IV (=A0) T V) 1 sy = O((X D 2" TAX).
Remark 3.10. The constants in the estimates blow up as m or n approaches 2s.

Proof. We do the estimation involving powers of |V|, the other case is simpler and follows similarly.
Recall the following singular integral definition of the fractional Laplacian:

sy _ Cds ZJ(V) _J(V+Z) _J(V_Z)
(—Ay)'T =5 /R ErEEr dz.

Then,

Lo WA 06 V)X av
R2(d-1)

R2(d—1) Rd—1 |z|d—1+2s

Rd-1 ‘Z’d 142s

< (Xd)n/2s—1A(Xd)/
~ R2(d—1)

We split the integral with respect to z into two integrals for the respective regions |z| < 1 and
|z] > 1. For the former, we see that

R2(d—1) l2|<1 || °

1 1
5/ W/ / VI?IVEI(X,V +r2)|dX dVdrdz
Re-1 |2 =5 Jo Jrew-0
1 1
S| iy V — 12" V33X, V)|dX dV drd
~ /|Z|<1 |Z|d—1—2(1—5)/0 /Rz(dl)’ rz["|Vi3(X, V) Vdrdz

dz R
- </| | ﬁ) Lo VI DI V)X Y <
2|< _

where the finiteness of the last integral with respect to (X', V') follows from the previous lemma.
On the other hand, for |z| > 1 and using Remark B.7] we easily obtain that

2~ V o~ V o~ .
R2(d1) j2[>1 |z[d-1+2s

dz
< A V"X, V)dX'dV < .
( . ‘,) Lo WIPEV)
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Remark 3.11. Similar estimates hold for more general solution to (8I]) by means of the represen-
tation formula (3.5]). We indeed use this in the proof of Lemma

4. APPROXIMATION ANALYSIS FOR NARROW BEAMS

4.1. Fractional Fermi pencil-beam approximation. The next lemma is a crucial step in the
proof of the pencil-beam approximation result.

Lemma 4.1. Let ¢ € C.(Q) NLip,.(Q) so that the backward fractional Fokker-Planck system,
(4.1) — 0 Vap + Ao =Tp(p) + 0.

has a unique continuous strong solution p. Let U be the solution to the fractional Fermi pencil-beam
system (B.1)) with

F=0, G=46X")(V), ¢=0(0,X% and X=x0,X9),

and extended by zero to X < 0. (i.e. for X" > 0, U coincides with the fundamental solution J
defined in the previous section). In dimension d = 2 we take s’ € (2s — 1,s) and for d > 3 we
choose s € (0,5s). Then, there exists Cy > 0 so that the rescaling

u(z,0) := (26)"2 Dy ((2e) 72, 2%, e 18(6))
satisfies

‘/ u(z, 0)¢(x, 0)dzdd — (0, N)| < Cye® k',
Q

where N = (0,...,0,1) € S%! and Cy — o0 as s’ — s.

Proof. We define ¥ and ® as the following rescaling of ¢ and ¢ respectively:

(4.2) o(z,0) = ((2e) 12!, 2%, e718(0)) and  (x,0) = U((2¢) L2, 2, e718(0)),
thus [|®[lec = [[llec S [¢]lcc = [|¥[lco- Then,

/ wpdzdf = / u(=0-Viyp+ Ao —Jp(p)) dzdf
Q Q

= / u <—9 Ve + Ao + €250 (x) <(—A9)5<p - cd,sgo)> dxdf
Q
=L+ 1+ I3+ 1.

The proof consists in showing that

L+ I+ Iy + I, = ©(0,0,0) + / dXdV + O(e*' k"),

?;,_/ 5V>2(d—1)
=0

(U)
~—
where we recall P is the fractional Fermi pencil-beam operator defined in (IIT]).

Estimation of I;. The advection component [y = — fQ u(9 . chp) dxdf is computed as follows. A
change of variables gives us

_ V. -Vx® 1— V|2 dXdV
h= _/Ridel [(1 + 52|V|2>UJr <1 + e2|V|2>(8qu))U} (eV)2(d-1)”
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where the integration by parts formula from Lemma [3:3] and the decay of U at infinity lead to

B V-VxU 1— V|2 dxXdv
= _/Rd CRA-1 [(1 + 62|V|2)(I) + <1 + e2|V|2>(aX‘iU)(D] (eV)2(d-1)
a
+ (0,0,0)

P
= (V- VxU + 0xal) ——=——dXdV + ©(0,0,0) + E ().
Rideil <6v>2(d 1)

The error term is given by

B = —92¢2 VI (V. VU + OyalU) DAX AV + €2 VI (v .V U)®dXdV.
1= € <EV>2d( . X/ + Xd ) + € <EV>2d( . X/ ) .
RY xRd-1 RY xRd—1

The next simple inequality is used extensively in subsequent estimations in order to reduce the
powers of |V| and obtain integrability:

€2|V|2
<€V>2m

2|72 1-s' , ,
(VT < V% for any s’ € (0,5) and m > 1 — 8.

< 2s’V2s’ :
<V Trawprs <

(4.3)

Then,
! o0 /
B [ IV A Ul oy
+ VIV VUl gea-n + IV Ul gea-n ) dX
where the integrals on the right hand side are finite according to Lemmas and

Estimation of Iy. Similarly, for I, = fQ Aupdzdf we obtain

3 : ' xd d o
I /]Rix]Rdl A <6V>2(d_1) dXdV + /}RiXRdl ()\(EX , X ) )\(0, X ))U <6V>2(d_1) dXdV
(4.4) —
~ ¢
AU ——5—dXdV &
/Ride1 <EV>2(d—1) + Jl( )7

Let us skip for a moment the estimation of J;(®) and move on to I3 and Iy.
Estimation of 1. We see that

)

@D dXdv,

I, = —6280($)Cd75/ updzdl = —€2SU($)Cd75/ U
Q Q

thus, from the the explicit dependence on € we easily verify that |Iy| < €2*¢||oo.
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Estimation of I3. Recall I3 = %0 (x fQ (—Ag)*pdzdf. We drop for a moment the dependence
in X’ and by abusing notation write o instead of o(2¢X’, X%). We have

I _/ / Uv) ( (V) (V) ) o dV'dXdV
3= Re xi-1 Ji-1 (eV)d=1-25 \ (eV)d=1-25 ~ (e}//)d—1-2s ) 225}/ — \//[d~1+2s

/ / o( v ( uwv) o) ) o dV'dXdV
]Rd YRd-1 JRd—1 <€V> —2s <€V>d 1-2s <€V/>d—1—28 228“/ _ Vl‘d—l+2s

/ (V) ( (V)  UWV+z) UV -2 )a dzdXdV
21+2s Rd Rd—1 EV d 1-2s <€V>d—1—2s <€(V + z)>d—1—2s <€(V _ z)>d—1—2s |Z|d—1+2s

QU(V) = U(V + 2) — U(X,V — 2))
21+2s/ R 1/d L (V) 2(d 1 25) 2[4 1+25 odzdXdV

UV +2z)

|d 5, O' dzdXdV

/ / (V) 1
21—1—25 Rd YRA-1 JRd—1 €V> —1-2s <EV>d—1—2s ( V—l—Z d—1-2s

(V) 1
5= - dzdXdV
Jr21+28 /RiXRdl /Rdl <ev>d—1—2s <<6v>d—1—2s (e(V — 2))d-1- 25> Md 1+2 ‘7

=31+ I32 + I33.

The first integral gives

(4.5) Iy = / 5(Xd)<ev>;%(—Av)sUdXdV + By (D) + Jo(®),

with error terms
1
— - (— S 4s _ = / d
Es _/Rd it <€V>2(d—1)( Av)U (V)" = 1) Zz0(2eX", X7) dXdV,

and

1

d
(4.6) 2 =35 /R A (o(2¢X’, X — 0(0, X)) 7 (—Av) UdXdV.
+% a

<6v>2(d—1
On the other hand,

X, V)
I I o(2eX’, x4 o V)
327 138 21+25 /Rd «Rd— 1/Rd 1 ¢ )<€V>d 1=2s

2 1 1 UV + 2)
X < (eV)d—1- 2s (e(V + z))d—1-2s n (e(V — Z)>d—1—25> [ d—1+2s dzdXdV

d(X
/ / 2 X/ Xd) ( 7V)
21+2s Rd xRd—1 JRd—1 <V>

1 UV =2) =U(V +2))
X <<€V>d 1-2s (6(V—Z)>d 1- 2s> |Z|d_1+25

dzdXdV.
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By denoting h(z) = W, the above simplifies to
I3o+ 133
1 O(X,V) (2h(0) — h(2) — h(—2))
S 2eX’, X4 ’ 4% dzdXdV
ol12s /Ridel /Rdl o(2eX", )<€V>d—1—2s |2|d—172s (V +2) dz
1 P(X,V) UV —2)=U(V +2))
— 2e X! XN— "2 (R(0) — h(— dzdXdV.
+ olt2s /RiXR‘” /Rdl o (2eX’, )<6v>d—l—2s( (0) = h(=2)) 2|d—1+2s <

To continue with the estimation we split the each integrals into two, for the respective regions
|z| > 1 and |z| < 1. For the former we use that

(d—1-28)(V + 2)

V:h(z) = (e(V + 2))d+1-2s

therefore
[B(0) = h(2)] < CE[2(|V £ 2|+ |2]), V|2| > 1,V eRI,
which directly implies
[21(0) = h(2) = h(=2)| < [h(0) = h(2)] + [1(0) — h(=2)| < CE*[2|(|V + 2| + [2]).
Since |h| <1 we then have that for any s’ € (0, s),
[1(0) = h(z)|"*07) < CIR(0) — h(2)* < C¥([V £ 2 + |2,

and similarly for |2h(0) — h(z) — h(—z2)|. The above gives us that on the region |z| > 1,

T + Tl < C (.11 mrmrtzmmeyd2) lolloell@loll(1 + VDT lr < O [ oc:

z[>1 |z
For the second part, |z| < 1, we compute

(d—1-28)T  (d—1-25)(d+1—2s5)e*(V +2)4(V + 2)

Vi) = (e U |

2|V 2|2

eV t2)) a3 < 1 it follows

thus, from the inequality

(4.7) 120(0) — h(z) — h(—2)| < CE¥|z]%, V|z| <1,V e R

and this leads to the estimate

D(X.V) (2h(0) — h(z) — h(~2)
26X', X* : dzdXdV
/RtJirXRdl /Rdl U( €A, )<EV>d—1—2s |Z|d—1+2s U(V —+ z) 2z

< Colacl@laclUllr () sz < O

On the other hand, we notice that

1 L2 (V—tz
B(0) — h(—2) = /O 2 Vh(t2)dt = (d— 1 — 25)¢ /O o _(‘;»;2_28 dt.
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Thus
i 2(X,V) (U(V —2)-U(V +2))
Lo Lo 26X s (100) ) 2 v
(X, V) z2-(V—tz) (UV —2)—-UV+2)
2 d
— (d—1—2s)e // o @eX X ) T P dtdzdXdV
cRX, XYB(X,V) 2 (U(V =2V —U(V +2)V) :
=Cé d=1=3s ((V _ t2))d+1-2s d—112s dtdzdXdV + O(€”),
(eV) (e(V —tz)) |z
where the error terms is given by
o(2eX", XHO(X,V) [ (! tdt UV —2)=U(V +2))
c / (VYT </0 (v - tz>>d+1—2s> g ARV

< CElollocl|® oo 1011 ( Sy ez dz).
For the remaining integral we see that
2 (UV=2)V-UV+2)V) = (U(V—=2)z:(V-2)=UV+2)z-(V+2)) +|>(UV —2)+ U (V +2)).
Thus, for any 2 = z/|z|, with 0 < |z| < 1, by defining the function
9:(V) = (£-V)U(V),

we have that

L 02X, XHO(X, V) 2-(UV —2)V-UV +2)V)
// (eV)d=1=25(¢(V — tz))d+1-2s Z[d-1+% dtdzd X dV
o(2eX, XHD(X,V) 9:(V—2)—g:(V +2) 1
’ . - tdzdX
// (eV)d=1=2s (¢(V — tz))dt1-2s < |2 ) 2| 1-20-9) dtdzdXdV

26X’ L XHo(X,V) 1
// EV a—1= 28 (V — tz)>d+1_25 (U(V — Z) + U(V + Z)) m dtdZdXdV,
and hence, denoting by D{ g: = W the difference quotient of g:;(V'), the integral is

bounded by
B 1
Cllolal®lle ([ ([ 105001V X ) ity + 10 (o s ts) )
<C P D& gy (V U — 1 d
< Cllollool®lloo sSup sup || Dy ga (V)1 ) + U]l f|z|<1 [Z[d—1-2(1—5) z
wesSd—2 N z|<1

< Clloflol|®lloe (NVIVV UL + [[U]l11)

where the last inequality follows from [15], §5.8.2], while the boundedness of the L'-norms of U are
due to Lemma This concludes the proof that |I32 + I3 3| < Ce®'||¢)]|00

We still need to estimate the error terms of I3; (defined in (4.5)). By simply noticing that
(V)4 — 1| < 2|V [2(eV)2(25=D) | then

B3| < EQHUHOO/ %K—Av)sw dXdv.
RY xRd—1 (eV) (d—2s)

Therefore, we get an O(¢2*") upper bound by means of the inequality {3) with m = d — 2s and
the integrability Lemma Notice that for (£3]) to hold we need d —2s > 1 — s, or equivalently
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s’ > 2s+1—d. For d = 2 this translates into s’ > 2s — 1, while for d > 3 it is always satisfied.
This explains the hypothesis imposed in the statement of the theorem.
We deduce |E3| < €2%||9]|oo With constant depending on fR+ V)28 (—AV)8U||L1(R2(d71))dXd.

Estimation of J; and Jy. Let us now estimate J; and Jy (defined respectively in (£4) and (£.0)).
We write J; and Jy as follows,
1 /
Jy == / (A(eX', X4 — N0, X)) U(X,V)®(X,V)dXdV + O(e*).
2 Jrd xrd-1
with a reminder depending on |||V|*'U(X, V)], and
1

J2 :ﬁ

/ (0(2eX", X%) — 0(0, X)) B(X, V) [(—Ay) U(X, V)]dVdX + O(),
R% xRd—1

with a reminder depending on |||V |2 (=Ay)*U(X,V)||1. To proceed we need the next lemma
whose proof is postponed until the end of this section.

Lemma 4.2 (Sub-optimal approximation for the adjoint equation). Let ¢(z,0) = ®((2¢)~'a’, 2%, e718(0))
and Y(z,0) = U((2e)7 12’ 2%, e718(0)) with ¢ solution to the backward fractional Fokker—Planck
equation

—0-Vap +do =Tglel + 9, e Ce(Q).
Let W be the unique solution to the backward fractional Fermi pencil-beam equation (LI2]) with
source W. Then, for any f absolutely integrable function in ]Ri x R and for any s' € (0,s),
there exists C > 0 (depending on o, X and || f||;1) such that

‘ / FOAXAV — dede( < Cemin{1 25} ||| .
R4 xRd-1 R4 xRd-1

with C = Cy blowing up to infinity as 8" — s for s < 1/2, and independent of s’ otherwise.

In view of the previous lemma we get

7 :1/ (MeX’, X%) = A0, X)) W(X, V)U (X, V)dXdV + O(2),
2 Jrd xri—1
and
B [ (26X XN — o0 X)W V) (- A0 UK, VY]aVAX + 0,
R4 xRd-1

where we used the Lipschitz property of A and o to obtain the O(e?)-error when interchanging ®
with W. In order to utilize the Lipschitz continuity of W we employ Lemma We first split
the computations into two cases. For s < 1/2 we do not need Lemma [3:2] and simply obtain
[T S NI > llss 2 X[ U (X, V)|l + Ce,
for some s’ € (0,s). Otherwise, for s € (1/2,1), the lemma allows us to write
€

g = / VM0, X™) - X (W(X, V) = W(0,V)) U(X,V)dXdV + O(e2).
2 Jrd xri—1

from which we deduce
1] S el T E I o |IX[TTU (X, V)| + Ce,

forr =2s'—1and s’ € (1/2,s). In both cases, we end up with an estimate of the form |.J;| < €25's%".
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Regarding Jo, Lemma yields
1

- o(2e¢X’ dy o d
% /MXRM( (2¢X’, X%) — 0(0, X))
x (W(X,V) = W(X,0)) [(~Av)*U(X,V)]dVdX + O(*).

Similarly as above, we reduce the exponent by interpolating upper bounds and obtain

1 —s _s s’
2l < glolS IS [ (e’ X0 = o0, X9
+XRE

Jo =

< [W(X,V) = W(X,0)[|(~Ay) U(X, V)|[dVdX + O(e>),
which then gives rise to

| Ja| < C oI5 lolIE v 2w /Rd g AXTFIVI|(CAV) U X, V)[dVdX +O(e),
X

and consequently |Jo| < Ce?' k5", The positive constant depends on

X' (=Av) UX, V)| and  [|[V]* (=Av)*T(X, V)|
which are finite thanks to Lemma [3.91 O
Theorem 4.3. Let § < €2k and f € L;f’g N L;ﬂ be a compactly supported &-approzimation to
the identity 6o(x)0n(0), this is | [ fodudd — o(0,N)| < 6 for all ¢ € C(Q). We let u(z,0) be
the solution to the fractional Fokker—Planck equation ([I6) (or equivalently (L8)-(L9)). For any

s € (2s — 1,s) in dimension d = 2, and s’ € (0,s) for d > 3, there exists a constant C =
C(s',d,\,0) > 0, blowing up as s’ — s, such that

Wi (u,u) < Ce® k.
Proof. For an arbitrary ¢ € C.(Q) N Lip,(Q) let ¢ be the unique solution to (4.I]). We see that

/(u — u)zbda:d@‘ = ‘/wﬁdmd@ — /fgpdxd@

<

/uq/}dde—cp(O,N) + ‘cp(O,N) —/fcpda:d@‘.

The proof follows from the hypothesis on the source f and Lemma [4.11 O

Proof of Lemma [{.2. We let U be the solution to the inhomogeneous fractional Fermi pencil-beam
equation P(U) = f with boundary conditions U|xn—y = 0, and let u be its rescaling

u(z,0) = (2¢) 2@ DU((2e) 71!, 2%, 7 18(0)).
One verifies that

fwdxdv = UvdXdv,
Q, Q,
and hence a change variables leads to

fWdXdV = / wdzdd + R(e*),
Q9 Q+
with the reminder term given explicitly by

R(e>) = /QU\IJ (1= (@)Y axav < e ([0l gy + 11VIUN) 1y gy 191
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The proof then reduces to showing that
( / wydzdd — / f<I>dXdV‘ < Cemn{l2| g o,
Q+ 9

for any s’ € (0, 1), with the constant depending on this choice.
We proceed as in the proof of Lemma (1] using the following decomposition

/ uipdzdl = / u(—0-Vio+ Ap —IJg(p)) dxdb
Q+ Q4

=+ 1+ I3+ 14,

where the term I; are defined as in Lemma [T with U replaced by U. The objective is to show
that

(X'
LAL+Is+ 1 = / U(X’,0,V) OXL0V) hvrgy

Ri—1 xRd—1 e (€V/)2(d=1)
(4.8) 0

+ [ P(U)DAXAV + O(emin{l2shy,
e

Most of the estimates performed in the proof of Lemma .1l remain identical, although with upper
bounds now depending on various integrals of U (which are guaranteed to be finite by virtue of
Lemma and the convolution formula for pencil-beam solutions (3.5])). These are subsequently
bounded by the L'-norm of f (see §3.21 and Remark B.IT). The main difference is that we are
interested here in obtaining a sub-optimal accuracy for the error, namely O(emin{1’2s/}), so that
Lipschitz-continuity of o and A is enough to deduce (4.g]). O

4.2. Ballistic approximation. We denote by v the solution to the ballistic transport equation
(4.9) 0-Vyv+ ANz)v = f(z,0),
which, for a source f € L'(R? x S%71), has the explicit form

(4.10) v(z,0) = L[f](z,0) = / " e I Ma—so)is f(x —t0,0)dt.
0

For a point source f = do(x)dn(6) the solution is defined in the distributional sense as
(4.11) (v,9)) = / e o MOdsyy (s NN, W € C(R? x ST,
0

where 0 stands for the origin in R4,

We now compare the order of approximation between the ballistic solution and the pencil-beam
approximation introduced in the previous section. We obtain a lower and upper bound for their
1-Wasserstein distance for different choices of parameters.

Theorem 4.4. There exists a constant ¢ > 0 (independent of € and k) such that
cek <Wh(v,u) for 1<r<e ! and c<Wi(v,u) for r>el.

Moreover, there exist constants Cy > 0 and Cy > 0, with the former blowing up to infinity as
s' € (0,s) approaches s, and the latter blowing up to infinity as s \ %, such that

WL(v,u) < Cy(er)®  if s€(0,1/2] and W.(v,u) < Ceer if se (1/2,1).



FRACTIONAL FOKKER-PLANCK & FERMI PENCIL-BEAMS 29

Proof. Upper bound. Let 1) be an arbitrary test function in BLL,{(Rd x §%1) and ¥ its rescaling
according to ([£2]), which is Lipschitz with constant O(ex). For s’ € (0, s) we have that

L o0 dX'dVdt
_ — f 0 ,8)ds - / /
<U u7/l/}> / (& 0 \I’(O,t, O)dt /0 /Rz(dl) U(X ,t, V)\Il(X 7t7 V) <€V>2(d_l)

0
- / <e— Jo MO.)ds gy (. ¢, ) — / / UX' ¢, V)U(X' t, V)dX’dV> dt + O(e*).
0 0 R2(d—1)
The expression inside parentheses is equivalent to
/ J(X' 4, V) (\11(6, £,0) — (X', 1, V)) ax'dv,
R2(d—1)

with J the fundamental solution to the fractional Fermi pencil-beam of Section There are two
scenarios depending on the values of the exponent s. For s > 1/2, we take s’ = 1/2 above and get

(v—u9) 5 6/4/ e o MO (X7 V)X 8, V)l g1 geca-ydt = O(ex).
0

On the other hand, for s < 1/2, we interpolate the Lipschitz and the L> bound of the difference
W(0,t,0) — W(X',t,V) to get

(v —u,) S (er)™ /0 e Jo MO [[(XT V)P T (X!, V)| a1 mata—ydt = O((er)™).

for any s’ € (0, s) with the constant in the estimate blowing up as s’ approaches s.
The desired estimates follow after taking supremum with respect to 1.

=517l When passing to

Lower bound. Let us choose a specific test function: ¥ (x,0) = ¢1(2') =e
stretched coordinate we denote Wy (X’) = e~ 21Xl and therefore (X, V) = ¥;(X’). The Fourier
Transform of ¥y is given by
. €K
V(€)== Fxr—e[V1](€) = ca g
2

(4m2e2k2 + |£]2)
for some constant c; > 0. We find that

(v, ) = / e~ S ATS)ds (. 1. Gt = / o JaA@s)ds / By (€)dédt
0 0 Rd-1

(4.12) o0 _ 1
= cde;{/ e o ’\(O’S)ds/ —dédt.
0 Rd—1 (4#262%2 + |£|2)§

On the other hand,

/
/ / UX' t, V)U(X' V) —sr— dXdV di
R2(d—1) (eV')2 (d-1)

< / / U(X',, V) (X)dX dVdt.
0 R2(d—1)

Then, the integration with respect to V and the Plancherel’s identity yield
</ 06,00 (¢, Hyddt
0 Rd-1

(4.13) o0 . —7(1)[¢[*
< cdem/ e~ Jo ’\(O’S)ds/ ¢ —dédt,
0 Rd—1 (47‘(262/12 + ’5‘2)5
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where 7(t) := f(f r25G(r)dr (=~ t**1). Let us compare this to ([ZI2)). We get
0o . — e TIEP
(v —u, ) > cde;{/ e o ’\(O’S)ds/ (1 c )d dédt > 0.
0 Rd—1 (471'262/{2—1— |£|2)§

To simplify notation, we consider a generic constant ¢ > 0 independent of ¢ and x so that once
passing to spherical coordinates we get

oo . 0o (11— —7(t)r?s
(v —u,9p) > cem/ e Jo ’\(O’S)ds/ (1-e )d rd=2drdt.
0 2

0 4Am2e2K2 + 12)

1 —7(t)r

We now analyze the integral I(t) := ek fo %T‘i 2dr. The term inside the parentheses
4Am2e2)2 472

is bounded from below by

r
1_— e—T(t)r25 _ 287’(75)/ p2s—le—7(t)p25 dp
0

> 287_(t)e—7—(t)r23 / p2s—1dp
0

_ T(t)e_T(t)TQS P25

which leads to

(3] e—T(t)r25Td—2+2s
I(t) > em'(t)/ —dr.
0 2

(4m2€2K2 + 12)

We then get
rd—2(1-s)

I(t) > exr(t)e”™® /1 —dr > cer ;d T(t)e ™®,
0 (47m2(er)?+1)2 ((2mer)2 4+ 1)2

Consequently, under the resolution restriction x < ¢!, we obtain the estimate

(v —u, ) > cer /OO T(t)e " e~ Jo AMOrdr gy,
0

Let us now consider the case x > ¢~!. We can use a different lower bound, namely

—r(t)r2s . d—242 —7(t)(er)?s
o /OO e~ T zdr 5 _ene (#)(ex) i /m rA=24254p > ()25 TOER)
0 (4m2e2k2 +12)2 (er)? (472 4+ 1)2

thus
<U —u, ¢> > C(E/{)2s / T(t)e—ﬂ-( )(er)?s fo (0,s dsdt > (E/{) / t2s+le—at2s+1(en)2se_ﬁtdt
0 0

for some «,8 > 0 depending on ||o]/s and ||A]|so. Performing the change of variables p =
t(er)?s/ 5t we get

0 s _2s © s
&@%/ 9”109“W>-ﬁﬁ>(m)%“/ pretleman®* =beg,
0 0

2s
which is a worse lower bound since ek > (ex)™ 2+ for all s € (0,1) when ex > 1.
Since the requirement on the Lipschitz constant for ¢ is Lip(¢)) < x (with & > €71), by taking

Pi(z) = e~ 17l and repeating previous computations we arrive to the stronger lower bound

(v —u, ) = O(1). O
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5. APPROXIMATION VIA SUPERPOSITION OF PENCIL-BEAMS
Let f € L'(Q) be such that
f>0 and supp(f) € R?xs% !,

We denote by {Uy,(X,V)}yn a continuous family of pencil-beams indexed by the parameters
(y,m), so that Uy, is the solution to the fractional Fermi pencil-beam equation (LIII) with initial
condition G = §(X")§(V — €718(n)), extended by zero for X < 0 (the source F is always taken
to be null), and for diffusion and absorption coefficients

F(XT) =o(y+X%) and NX?) =My + X).

The construction of the approximation via pencil beams is based on the superposition of the U, ,’s.
We define their respective affine transformations as

u(,5y,m) = (202U, o T, (y,m) € supp(f),
where each Ty, : RY x S41 5 (2,0) — (X, V) € R? x R encodes an affine transformation of
the spatial coordinates plus a rescaled stereographic projection of the angular variables. They are
given by

Tye,n(:Ev 0) = ((26)_11_[77L (:E - y)v UM (:E - y)v 6_1877(0)) )
where II, 12 = (Id — nm™)x is the orthogonal projection of x onto the subspace 1, while Sy

denotes the stereographic projection of the unit sphere that takes 1 to the origin in R?~! (defined
similarly as in Section [I]).
The approximation via pencil-beams is then defined as

(51) uw,0) = | mute. Oy, )i,
which acts in the distributional sense according to the rule
(u, ¢) = /Q/Qf(y, mu(x, 0;y,n)p(x, 0)dedddydn, ¢ € Co(Q).

We give once again the statement of the approximations results for the superposition of beams,
as formulated in Section These results follows almost directly from the narrow beam case.

Theorem (Theorem [[2). The same conclusion of Theorem [Il holds for a source f satisfying
felQ), f>0 and supp(f) €R% xS L.
and u given by the continuous superposition of pencil-beam in (5.1]).

Proof. Let 1 be an arbitrary test function in BLl,R(Rd x S%1) and ¢ the solution to the backward
Fokker—Planck system. We see that

/ Y(x,0) (u—u) dzdd =/ f(y,m)e(y, n)dydn
Q Q

— /Qf(y,n) </Q u($,0;y,n)1/)($,0)d$d9> dydn.

Therefore, the estimate for the 1-Wasserstein distance between the Fokker—Planck solution and
the superposition of pencil-beams follows by noticing that

‘ / u(z,0;y,n)(z, 0)dzdd — so(y,n)' S ¥kt
Q

!
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as a consequence of Lemma 4] and for a constant uniform with respect to (y,7n) but depending
on ||f[|rs, [Allcr and [[of|cr.

Regarding the upper and lower bounds of the distance between the ballistic transport solution
(i.e. v(z,0)) and the pencil-beam approximation, we again use the explicit expression of v given

in (4I0), and see that
/ W(z,0) (v — ) dzdf = / /OO e o Mw=smds £y ) n)(y, m)dtdydn
Q QJo
- [ st ( / (e Os. )z, 0)dd9 ) dydy
= / f(y,m) / Tk Ay+smds (4 4 tn, n)dtdydn
Q 0

—/Qf(y,n) </Q u(w,@;y,n)¢(w,9)dwd9> dydn.

Therefore, the upper and lower bounds arise from the analysis of the difference

(5.2) / e Jo Nty 1 )t — / u(, 0 y,m)(x, 0)dado.
Q

0

For each pair (y,7n), a coordinates rotation plus passing to stretched coordinates allow us to simplify
the second integral and get

, , dX'dV dt
/ /RM VXt VYUY V) s,

for ¥ defined by the relation yp(z,0) = W o Ty  (x,0). Following the proof of Theorem .4l it is not
hard to realize that

, ;. dX'dVat o rrerids
/ /]R2(d 1 Uy (X7, 8, V)W (X, tV)<v>2(d 1):/0 Jo X vrsmds\y (G, ¢, 0)dt + O((er)*),

where we take s’ € (0,s) for s € (0,1/2] and s’ = 1/2 for s € (1/2,1), and with the remainder
independent of the values of y and 7. By noticing that

@(67 t, 6) = 1/1(y +tn, 77)79

the upper bound follows directly.

The same computations performed in the proof of Theorem [£4] to obtain a lower bound can be
carried out here, in order to bound from below the differences in (5.2) uniformly with respect to
y and 7. O

We end this article by stating the analogous result in the case of a discrete superposition of
pencil-beams. Given a spread out source f as in the previous theorem, which we assume to be
bounded, we can approximate it in the 1-Wasserstein sense as a finite sum of delta sources. Indeed,
there exists a simple function g = ZZ'I:1 aiXR,;, a; > 0 and with xp, the characteristic function for
the open set R; C @, which without loss of generality can be taken of diameter |R;| < €2, so that

1Ift:n-(:c—y),thenO:(Id—m]T)(x—y):(x—y)—tn, this is, x = y + tn.
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f |f — gldzdd < k. We set a; = a;meas(R;), with meas(R;) denoting the measure of R; with
respect to dxdf. Then,

I
WL ) S €k, Fla,0) = by, (2)3,(9),
i=1
since for any ¢ € BL1 ,

[ ot = Pasas| <| [ vt - g)dxde' +| [ vta~ Prazar

< ‘WHOOE K+ Z @i

I
< €2k + Z aimeas(R;)|R;|k = O(€*k).
i=1

/ (z,0) — ¥(xi,6;)) d:vd@‘

0

Considering the same affine transformations defined previously, we set

(5.3) Zaz' u(z, 0;24,6;),

a discrete superposition of pencil beams, Where
u(e, 5, 0;) == (2¢) VU, g, 0 T3, 0,5
with the Uy, g,’s defined as in the continuous case. Following the same steps as in the previous
proof, we deduce the following result:
Theorem (Theorem [[3]). The same conclusion of the Theorem [ 1l holds for a source f satisfying
fell@QNL®Q), f>0 and supp(f) € RY x S471.

and u given by the discrete superposition of pencil-beam in (5.3]).
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APPENDIX A. PROOF OF THEOREM [2.]]
Let f € L>(R? x S°1) and ug € W the unique solution to

0-Vou4u=73u)+ f, inQ xS

(A1)
u =0, onI'_|

which is non-negative whenever f > 0. Since the scattering kernel is integrable and assumed to be

symmetric with respect to its angular entries, the existence and uniqueness of uq follows from [14),

Chapter XXI-Theorem 4] provided A > Ag > 0. The non-negativity property can be derived from

the proof of Proposition 6 in the same reference. Moreover, by zero-continuing ugq to the whole

space, and regardless of €2, we have the estimates

uallL2@axsn-—1y) < I FllL2@n xsa-1
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thus, the Banach-Alaoglu theorem gives us a limit function v € L*(R? x S*1) and a convergent
sequence {ugq, }i, such that ug, — u weakly in L?. Moreover, the limit satisfies the same inequality
which then gives us uniqueness of solutions. It remains to show that u € W? and it satisfies (LT)).

Without loss of generality, we assume {{2 }\ is an increasing sequence of open bounded subsets
of R%. Let Qf, be an arbitrary element. For any ¢ € C°(R? x S?~1) there exist kg > 0 so that
© € CX(Q, x S¥71), and for k > ky we have that

/ ((—9 -Vzp)ua, + )«quk)dde
R4 xSd—1
_ / / k(2,0 0) (ua, (2, 0) — ugy, (z,0))¢(, 0)d6 dwdd + / Foodadd.
Rd XSd71 Sd*l Rd XSd71

Therefore, we can take the limit as k& — oo and obtain
/ (=0 - Vap)u + Apu)dzdd
RdxSd—1
= / / k(z,0,0" ) (u(z,0) — u(z,0"))o(z,0)dd’ dxdf + / fodzdd.
RdxSd—1 Jsd—1 Rd xSd—1

On the other hand, using (A} we see that [|(0 - Viugq, )la,llr2mixsi-1) < Cxpllfllp2mdxsi-1y,
thus passing to a subsequence we deduce that u € W? and u is a strong solution of (LI)). We
directly deduce that w > 0 for f > 0.

APPENDIX B. LOCALIZATION AND MOLLIFICATION

We consider stereographic coordinates on the unit sphere and smooth and compactly supported
mollification kernels £(z) and 7(v). The localization and mollification technique is a standard
procedure for local operators and we thus focus on the singular integral term in (L.8]). For a fixed
pair (y,v") € REx R, we consider the test function o(z, §) defined via stereographic coordinates
as [¢]s(z,v) = x(y,v")E (y — x)n’ (v —v)(v)2@1) with y a smooth compactly supported function,
and

@) =673 %) and 1f(x) = 5@ D@Dy,

with 6 > 0 small, and ¢ and 1 smooth, nonnegative functions, with compact support around their
respective origins, and such that [¢(z)dz = [n(v)dv = 1.

In the weak formulation of Fokker—Planck (2.4]), the non-local part corresponds to the integral
[ o(z)B(u, p)dz, which in stereographic coordinates rewrites as

/a(x)B(u, )dx
_ % / / o(z) / K(O,0)(u(w,0) — u(z, 0))(0(z,0') — o(x, 0))d8’ dodz
://J(x)(—Av)s/z <<:>(ffﬁ)2> S(=A,)? <<f>2%> dvda

—c//a(a:)u(a:,v)cp(a:,v)(v>_2(d_1)dvdx.
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We use the notation w(z,v) = (U;Ld(f’fi)%. Then, for the test function introduced above, we have

that

/J(x)B(u, p)dx
_ X(y,v”) //0($)£5(y B :E)((_AU)S/?w)(x,U) / n&(v// _ U) <,U>d—1+2s o né(v// _ U/)<?}/>d_1+2s dv/dvd:E

|’U _ U/|d—1+s

+ ex(y,v") // w(z, )& (y — )’ (V" — v)dedv
= X(y, o)) / / o () (y — 2)((— D) 2w) (&, 0) (= Ay)*20) (" — v)dvde

~x0) [ [ @€y - a8, w)a)

" /77 ( ) (< >d 14+2s _ < //>d 1+2s) _ 776(UH _ U') ((,Ul>d—1+2s _ <U">d_1+25)

/
o = o A1t dv'dvdx

+elx (6‘5@?7) i (ou))(y, 0")
= o(y)xy, o) {0y 142 / / £3(y — 2) (= A)*"2w) (2, 0) (— D)/ 20) (0" — v)dvda

Ty, o) "y / / (0(2) — o (W)E (Y — 2)((— A0)2w) (@, 0) (— Ag)*2n) (0" — v)dvd

— X(30") / [o@€ - 28, w)aw)

" /77 ) (( >d 14+2s _ < //>d 1+2s) _ 776(21” _ U) (<U>d_l+25 _ <U”>d_1+25)

‘U _ U/‘d—l-l-s

dv'dvdx
+e(x - (€ @n’) * (ou)(y, o).
Using the Fourier definition of the fractional (Euclidean) Laplacian, we see that
(=D (f+g) = (KPS - (KPS (9)) = ((—A)°f) * ((Av)°9).

Thus, the first term on the right-hand side is equivalent to
o) (o) Xy ) (A (8 @ 5 w) (y,0).

However, we would like to obtain an expression for (v)~(@=1=25) (x . (€% ® n® * u)), which involves
computing the commutators between convolution and multiplication by <v>_(d_1_2s)
the fractional Laplacian and multiplication by y. We have

, and between

«(fg) = Fn*g)+ / 0w — o) (F( — ') — f(0))do/

and also that
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Then, denoting @(z,v) = x(z,v) - (€2 @0 * u)(x,v) and w(z,v) = < 7;11(961”)25, we see that

X, ") (=80 (& @0 5 w) (3,0")

0 0 U V"
— (8@ ) - ET I a0 )

5 @m0 w0 (1.0 S@ndxu)(y,v"
(Egrmip) — o) (x(y,0) - x(y, "))
|’U _ U//|d—1+28

xtr) (807 [ [ €20 i) (e — ot ) e ) (")

Bringing the above computations together, we conclude that

/ o (2)B(u, 9)dz = o (5)[(—20) @)y, 0") + Ry, "),

with an error h(y,v") given by

h(y,v")
6 O 4 w(z. v
— oty ST (a0 )

8 0w (2.0 S@mnd swu) (z,v”
e )> (x(y,v) = x(y,v"))
‘U _ U//‘d—l+2s

dv

oty [ ( v
+ o)y (o) ((—Am / [ €= = o ute G0 ) (07

Fxtwe )  [ [0@) = o) = (=807 0) w0 (-8 )" v)deds
X" / [ @ -y [T B OG0 g,

‘U—U,‘d_l+8
+e(x - (€ @) * (ou))(y,v")

(U)d_1+28 _ (U”>d_1+28.

where {1(11/;1)) = (U/>d£1725 - <v>d71172s and (2(v,v") =
We will show that h € L2(R% x R4 (v)~2(4=D dzdy), with norm bounded by the sum of ||ul| 2
and ||(—Ag)®?ul 12, times a constant factors that is independent of the mollifying parameter §.
We recall that integrating over the unit sphere translates into integration on R~! for the measure
<U>_2(d_1)d?]. Our main tool throughout the next computations is Young’s inequality.
o We start with I, whose upper bounds is obtained by a simple application of Young’s inequality:

o)l L2 rxsa-1y S 10) ™V x - € @ % oull 2 asga-1) S 1€ @ 0l 1 (rara—y [[ull 21y
e Let’s recall the equivalence of norms in (2.3]). For I5, we have that

[FE ”LQ(Rded*l) SO (_A9)8/2UHL2(Rd><Sd*1)7
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with a constant depending on

sup (" — '>d—1—2s/ 1’ (0)Ga(v" = ', 0") = 1’ ()G (v = -, v") dv’
@1 et |- ol Li(Rd-1)
sup <U>d—1—2s / 775(' — )G, ) - ( —v)Ga(v, )d ! .
veRd-1 o —v|* = L3 (supp (x))

Let us verify that the previous quantities are finite and remain bounded as 6 — 0. After rescaling
the integration variables, the first integral takes the form

/< 5Ud128

where G3(v,0") = (v)Ga(t — Sv,0") = n(v) (v — Su)=1525 — (u)d=142) For |2] < 1,

dz

/<3v+zv ~ G, |

LE] Z|d 1+s

|<3(’U + z, U”) - 4'3(’07 U”)|

1
< 2] / Voo + t2,0")|dt
0
1 1
< ol / / Vn(w + 2)[[ (0" — 76(0 +12)) - (0 + £2)| (0" — 76(v + £2))4=+25drdt
0 0

1
+ 02| / (v + t2)||v + t2| (V" — 5(v + 2))3 25 gt
0

Therefore, since v" € supp(x) and 7 is compactly supported, we have

mo_ I
/@u _ 5U>d—1—2s/ Gv+2,0") = Gv,v )dzdv
|z|<1

5S‘Z’d_1+5

_ d—2+2s d—1-2s
// / / V(v + t2)|[v + t2] (0" — 76(v + £2)) 242 (" — 5v) drdtdzdv
|z|<1

||d1 (1-s)

d—342s /,,I1 __ d—1-2s
Lt S// / In(v 4+ t2)||v + tz|(v" | — (v + 2)) (V" — dv) dtdrde
|z]<1 z

’d 1—(1—s)
< 6 7d.
~ /z<1 ]z\d 1—(1-s) o

For |z| > 1 we instead have that

‘C?)(U + z, UH) - C3(Ua UH)‘

1
< on(v + Z)/O |(v" —t8(v + 2)) - (v + 2)| (V" — té(v + 2))3 3254t

1
+ 677(1)) / ’(U// — t(;’l)) . ?}‘ <1)// _ t5U>d_3+2sdt.
0
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Thus, using again the compactness of the support of 7, for all v” € supp (),

/< 5U>d—l—2s / |>1 C3(U + z, UH) C3(U7U//)d dv

53’2‘d 1+s

_ d—3+2s/, 11 __ d—1-2s
// / n(v + 2)[(v" —té(v + 2)) - (v + Z|)||<d — t6(v + z)) (" — dv) dtdzdv
|2|>1

_ . _ d—3+42s _ d—1-2s
4ot / / / tov) - vl ‘Z’dt_af) 2 (W' = dv) dtdzdo
\z\>l

< o1- / _ 1
2[>1 ‘Z’d 1+s

Regarding the second quantity in we see that after a rescaling of all the variables v,v" and

v’ we get
/ <5U>d—1—2s
dsupp (x)

We enlarge the domain of integration for v” to a fixed ball B, containing supp (). Since 7 has

compact support, we can find R > 0 large enough so that n(v” —v') = n(v” — v) = 0 whenever
V'] [v] > R.

Following similar computations as above we deduce the following upper bound for the region
[v], |v'| < R:
/ <5,U>d—1—2s

1
< gl / S —; P
zl<2p |2[d71=(1=9)

In the case of |[v| < R and |v'| > R, we obtain an upper bound, up to a constant factor, given by

dv'| dv”.

/ (" = v')¢a (8, 6v") — n(v” — v)¢a(dv, dv”)

o8 |’U _ ,U/|d—1+s

dv'| dv”

/ n" —v")(a(0v',6v") — n(v" — v)(a(dv, 0v")
|v'|<R e

n("” — v")Ga(6v', 5v") — n(w” —v)¢a(v,80") 1
s /d—14s dv'| dv
B, |JR/2<|v'|<2R 65v — /|
Ca(dv, 60") 1 ogon
+/ / ————————dv'|dv
By |Jw|>2r 0°|v — vf[d-1+s
1 1
< i / —dz —I—/ —dz |,
( jzl<p |21 (179) 21>2R 2|77
and similarly, for |v| > R/2 and |v'| < R we get the upper bounds
AR R e U R VY
B, |Jjv|<r §%fv — v|d=1s

1
< gl / __ 4
z|<3R |2[d71=(1=9)
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if R/2 < |v| < 2R, and for |v| > 2R,

/ <5U>d—1—2s

<51—s <5,U>d—1—2s < 61—5
~ (ol = RS Y ’

/)
V| dv”

58|,U _ U/|d_1+8

/ n(v” —v")¢ (0, 60") d
[v'|[<R

e We analyze now the L?-norm of I;. Again by Young’s inequality we obtain the estimate
2
1all 2 (e xsa-1y S Cll(=A0)*?ull 2 gaxsa1),
with a constant depending on

s 00) = o)e = (AT )

(y,v"")€supp (x)

L1 (RIxRI-1) ;
(B.2)

sup
(z,v)ERExRI-1

(o(2) = (D€ (- = 2)((=A)**n°)(- = v)‘

L (supp (x))
Both terms above are O(§'~*), since for all z,y € RY,

1o () = @)E (y = i@y (@) =o(:NE( = @)1y S 6
and for all v € R4~! and v” € supp(x),

I((=20)*20°) (0" = a1y, 1((=20)*20°) (- = 0) | L1 supp ) S 5

e We write I3 as follows

Is = o(y) (")~ x (g, ") /65@ - x)%
[ w o) (02 - i) - =) (W) - gl

1 25)
/
X [0 = o[ T dvdv'dz.

Thus, we obtain the estimate

23] L2 (Raxsa-1y < Cllullp2(raxsa-1y,

for a constant depending on

\d—1 Nd—1
(o =) (0 = i) =@ =) (0% = )
sup / 1 d—112s dv ;
7 v —v
v’ €supp (x) ’ ’ L1(Rd-1)
(B3) Nd—1 Nd—1
w0 ) ()2 - S ) - (0" =) () - )
Sup / o — [d-1+2s dv

veRe L1 (supp (1)

By rescaling v,v’ and v” and after a change of variables the integrand takes the form

/ P 4z =) (v

UI d—1 s UI d—1
- (U//i_ziﬁ) - 776(1)” - U’) <<U/>2 - Wﬁ)
2] 1F2s dz

/>2s

G+ 2,0") 4+ (v — 2,0") — 20 (V"0

525 |d—1+2s dz

39
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for C4(v,v") = n(v — ) ((5v’>23 - M). We also notice that for v” € B, (see definition

6v>d7172s
above), since 77 has compact support, the integrand is compactly supported as a function of z and
v'. Therefore, we set R > 0 so that such support is contained |z|, [v'| < R. We have that

[Ga(v" +2,0') + GV = 2,0") = 26 (0", 0")] < [Vl oo 2]

< §2. With this in mind, we first

~

and the desired estimates follow after showing that ||V2(4|
observe that

<5U/>d_1

1 t !/
‘<5vl>2s _ S 52/0 <5( |U+ (U U)| 2S|U—U/|dt § 52’

v+ t(v —w)))dti-

in the support of the integrand. We also have that on the same support,
2s (o)1 2 2s (o)1 2
‘Vu <<5U,> T God T )| Vo [ (00 — s || S 07

<5,U>d—1—2s
e For I we see that for |v”| > R with R > 0 large enough so the support of x is contained in
the ball BR/2 X BR/27 then

<U>d7172s <v//>d7172s

(£3@n ) (y,0) @‘5@”‘5*“)@’””)) x(y,v)

[Ia| S ()it ( dv

(|U”| _ R/Q)d—1+2s
& @’ xu)(y,v) (£ @1 *u)(y,v")
<o )

<U>d—1—2s <U//>d—1—2s

5/ (€8 @ P+ w)(y, 0)|do + (€7 ® 1 * u)(y, "),
Br,2

and consequently,

dydv”
1"\|2
/]Rdef? ’IQ(y7U )‘ <’U”>2(d_1)

5/
BR/QXB%

On the other hand, noticing that

2
dydv” <
(v)20d=1) ~ lll 2 (gaxsa-1).

/B (€ @ 1 % u)(y,v)|dv + |(€° @ 7 ) (y, ")
R/2

0 P u / N / ' 1 1 /
W)~ [uto— s+ [ oo ut!) (e — o )
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and denoting (5(v,v') = (v — v') (<v>d*11*2s - (U,>d11,25 >, we have that

dydv”
\12
/RdeR [I2(y,v") (uy2@-1)

(Eon’xu)(ye) _ (Eon )y _ mn |
</ <1)”>45 / ( (oyd—1-2s {o/yd—1-25 ) (x(y,v) = x(y, v ))dv dydu”
~ BR/ZXBR ‘v _ U’l‘d_1+25
2
< / o1y / (€ ®@n’ x w)(y,v) = (€ ®n° * w)(y,v")) (X(v) = x(v") dyde”
~ BR/ZXBR ‘v _ U//’d—1+2s
w [ wnt] [ - xoe”)
BR/QXBR
(f§5 — )¢5 (v, v )u(z, v )dedy' — f§5 (y — )¢ (0", v )u (x,v’)dxdv’)dv2dydv,,
|U _ U//|d 1+2s
SI(=A0) 72 @’ w)| 2,
p Gs(0,0) = Go(u",v') ’
+/ /E (y — (// A= e (@, o) |d dv> dx| dydv”
BR/QXBR ‘
SIE @i (-A )S/szp
2
+/ // G5 (v, ') = lJ(rzs - )’|u(y, N|dv'dv| dydv”
BR/QXBR ‘
S I(=A0)*wlf3
’C5 U ?} (UH U/)‘ nd—1 \u(y,’u/)\ / 2 "
+/ /(/ v dv | —=—==dv'| dydv
BR/QXBR //’d 1+2s 1 < > <U/>d 1

S (=29)*2ulf72 + Cllull L2 (raxsi-1),

with C' depending on both:

Cs5(v,0") v’ _
Sup //| //|d 15—25 1)|<vl>d ldvdvl;

v"E€BR

G5 (v,0") = (50", 0)] d—1 "
éﬁgl/B / //|d o (W) dvdv”
v R

We need to make sure that these quantities do not diverge as 6 — 0. Indeed, rescaling all three
variables v, v’ and v”, we get

G5 (v,v") = G, V)], a1
// //‘d l+25 1 (v)" dvdv’
1

// "’7 . U 5U d _ — >d _ 25) o 77(,0// _ ’U’) <<5U,/>d71—2s - <5v,>d112S>‘<5vl>d_ldvdvl-

525 1|y — pf|d-1+25-1
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The numerator above is bounded by

1 1 W
UH|/ V(" +t(v —0") —')| 6(" + t(v — v")))d—1-2s - (5v/yd—1-2s (vt

§ "+ t(v — ")
(5(1}” + t(v _ v”))>d+1_2s

< 8w — ”|/ (V0" +t(v = ") = )] + [n(v" + t(v — o) = ) )dt,

—|—5|v—v”|/ In(v" +tlv—2") =) (6v"y4Lat

which implies that the quantities above are O(§2(179)).
We conclude this section with the estimation of ||I1]|;2. We see that

5 § o ((— s o 2
thliz,é/((g ®n° xu)(y,v") (=A,)")(y, )> dyd”

( //>d—1 (U//>d—1—4s

2 S
e n )y, o) |7 (A0 ) ) ||
// d—1 12 (1)”>d_1_48 ~
The first term on the left is estlmated by noticing that
& @n’ xu)(y,v &y v — )W) u(, v) 2
(vyd—1 v d 1 (v)d 1dmdv 12 < CHU”LQ(Rded*l)’

for a constant dependlng on

6,Ull_v Ud_l o — ) (v d—1
sup [ o= sup [ o S s

" eRd—1 <U”>d_ 1 " €Rd—1

and similarly

S (1 d—1
n° (v —v){v) "
su dv’ < .
veRfl/ <U//>d_1 ~ H,’?HLl

On the other hand,
‘ (A V@) _

<U//>d—1—4s

Ix(y,v" + 2) + x(y,v" — 2) = 2x(y,v )Id
Y d=1=1s 2] 1+2s <

[V2x(y,v" + 2)]
< (v//jgﬂg’dl (p/"yd—1-1s |2[d-1- 2(1 )

X (y,v" + 2)|
+ < , Sg]gdfl (p/")d=1=1s 2] 1+2sdz
vz

WHM < 00.

Therefore,

APPENDIX C. ESTIMATES FOR h(v,v")

We recast h(v,v') as

(v, 0) = @) W') — 0o — 1= )0} = 5 (0P + 1) + gl — /P 1
(C.1)
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This directly gives
(C.2) h(v,v") < |v —'2

On the other hand, denoting p(v') = (v'), one realizes that it satisfies

Therefore,

If p=|v—"20| > |v] we see that

! 1 ! 1
1— dt < 1l— —————dt
/0 \/ <U+t(v’—v)>2 _/0 \/ 1+ 2(1 +t2)p?

< \/1 +i2dt < <t71+t <t V14 t2>)

1—|—2p

-5 (1—%ln(1+\/§)>,

which is strictly positive (this follows from the inequality In(1 + ) < x for z > 0) and smaller
than 1. This implies

P — <>r_f<1—71n<1+f>)rv'—vr.

Similarly, if now we set p = |[v| > [v/ — v|, the same computations leads us to conclude that there
is ¢ € (0,1) such that

p() —p(@)] < clo |, Vo,o € RIT,
Then, from the above, (C.1l), and (C.2)), we conclude that
s

1
(C3) §|’U - U/|2 < h(v7vl) < §|’U - U/|27
2

for f = <1— : (1— %ln(l—l—\/i)) ) € (0,1).

In addition, h(v,v + z) satisfies the following inequality for |v| < R and |z| < 1:

1 _ 1

h(v,v 4 2)*  h(v,v — 2)®
< |h(v,v + 2)*71 + h(v,v — 2)°|

< “ () = o+ 202 = () = (0 - 2))?
h(v,v+ 2)oh(v, 0 — )71
(C.4) ) 2 2
S T [0 =+ 2D = (@) = (0 = 2)

1 1
5W|(v+z)—(v—z>||2(v>—(v+z>—(v—z>| SW?

for a constant depending on R.
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APPENDIX D. SUBELLIPTIC ESTIMATES

In this appendix we use results from [I] to obtain subelliptic regularity for a kinetic equation
with singular scattering kernel of fractional order. We consider

(D.1) Of+v-Vof = | k(t,z,v,2)(flv+2)— f(v)dz+g, teR, zecRveR?,
R4
for a kernel given by
(0)* (v + 2)°
h(v,v + z)%“’

and with a(t,z) a continuous and positive function, bounded from below by a positive constant.
We prove the following:

with  h(v,v+2) = E\ZP - 1(<U> — (v +2))?,

(D.2)  k(t,z,v,2) = a(t,z) 2 2

Theorem D.1. Let f be a smooth solution to (D.I))-(D.2) with compact support contained in a
bounded set  C R x R? x B, for some small p > 0. Then,

N2z + (=205 flzz < Cra (lgllze + 1711z + I(=20)72f 1 12)

Proof. We rewrite equation (D.J) in the following form
(D.3) O +v-Vaf +alt,z,v)(=A)"f = g,

a1
with a(t,z,v) = <%) ? (v)?*a(t, r) and, denoting o = d;21 + s, a source term given by

(fo+2) =~ F@)(w+2) = (o))
h(v,v + 2)«

7=g+ () atto) |

+ (’L)>23a(7f,x) /(f(’U + Z) - f(U)) <h(v ’U1+ z)a B (ﬁ’1‘2)a> dz.
9 2 z

Furthermore, since f(¢,x,v) is compactly supported, we can assume without loss of generality that
a is of the form b%(t,x,v)x(t,x,v) +a_, for b%(t,x,v) = (a(t,z,v) —a_), x smooth and compactly
supported, and a_ = inf; , , a(t,z,v) > 0 constant. This can be seen by following an application
of Jensen’s inequality when integrating over the region |v| > R > p. In fact,

2
)2 (— Sfl2dv = v)s w 2 v
[ Jwrcaysta= [ o ( [ ‘U_Z‘d_msd) y

9 <U>4s ,
: /z<p e </U>R (Ju] — p)2d-1)+as d’”) dz S |IFIIZe-

We then take a cut-off function y, with compact support satisfying Q C supp(x) € RxR%! x Bg,
and write

it 2, 0) () f = @t 2,v) — @) (~A0) f + A (~A) S

= (V*(t,z,v)x(t, z,v) +?i_)/ (f(v‘)zpfl(i;j Z))dz

+R (0= x(taw) | U (”,)2@ J@+2),,
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Therefore, f satisfies the equation

O +v-Vof + (b2X +a—)(_Av)sf =G,

for a source G given by

G =g+ b (t,z,v)(1 — x(t,z,v)) / (F(v) — v + Z))dz,

lz‘d—1+2s

which we claim it satisfies

1GlIz2 S Nlgllzz + 1112 + 1(=20)*2 fllz + pI(=20)° £l 2-

For this, it only remains to estimate the norm of the two integral terms in the definition of g.
Let us write g = go + g1 + g2 with go = g. For the second summand, we see that in the region
\v\ > R > p, we repeat some computations above in order to get

2dv = |lf(v+ 2)|((v+2)° — (v)*) >2
/|v|>R 91(v)] dv—/U>R< / LT dz | dv

9 <U>48 )
5/z<p‘f ) </U>R<|v|—p>2<d—l>+4sd”> dz 5 Iz

For |v| < R, the estimate follows by noticing that g; (v) satisfies

7 (v)] S /| . flotz) —f@l, />1 fo+2) = f@)

|2[d- 14251 |2[d-1+2s

Therefore, using Holder’s inequality, and Jensen’s inequalities for the finite measures \z[ (d—1+2s) g
in |z| > 1, we obtain

2 2
2 |flv+2) = fv)| [f(v+2) = fv)]
/v<R () dv s /|v|<R </z<1 |2|d—1H2s—1 dz) ot /v<R </z>1 |z|d-1+2s dz) v
[f(v+2) = f(v)]? 1
< /|v|<R </z<l |2|d—1H2s dz) </z<1 ]z\d—l—(l—S)) dv

flo+2)— f(v)? s
-/ / D TOE pgo < 18072112 + )2
o|<R J)z[>1 ||

We now estimate g2(v), which we rewrite as

_Walta) [ Fo - 2)— 2 (0 R T
g2(v) = 5 /(f( +2) + f( ) —2f( ))<h(v,v—|—2)°‘ (%|Z|2)a>d

- D [0+ - 10D (i — re )

(D.4)

We then split the integration in two and write g2(v) = g5 (v)+g5 (v), with each summand associated
to the respective region of integration |z| > 1 and |z| < 1. The integrals in g5 (v) are easily bounded
by || fllz2 and it thus remains to analyze g5 (v).

We next decomposes g5 (v) = g5 (v) + g55(v) following ([D.4]). We notice that for g5, (v) we can
repeat the trick of restricting the estimate to |v| < R for some R >> p, since otherwise, the compact
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support of f allows to estimate the L?-norm of those integrals by || f||;2. Then, the remaining part
(i.e. for |v| < R) is bounded by a constant factor times

1 1
/Z<1 [F(v+2) = f()] ‘ h(v,v+2)®  h(v,v—2)® dz.

It follows directly from (C.4)) that

|f(v+2) — f(v)]
|92<,2(U)| N /|Z|<1 P dz, for all [v]| <R,

and consequently
lg52(0) 122 S 1(=A0)*2 fll g2 + [1f | 2
Finally for g5, (v), we take a smooth cutoff x supported inside {|v| < 2p}, and x = 1in {|v| < p},
and split the coefficient (v)**a(t,z) = a;(t,z,v) + az(t,z,v), with a1(t,z,v) = x(v)(v)**a(t, z).
When estimating the norm of 92<,1(”)= we obtain an integral associated to each coefficient a; and

az. For the latter, the associated integral is easily bounded by C,| f|| 2 as we have done before
(now taking R = 2p), for a constant that increases as p — 0. For a; we have that

Ix(v) g5 (0)]17

2
1 1
= / (al(t,x,v) /|Z|<1(f(v—|-z)+f(v—z) —2f(v)) (h(v,v+z)°‘ - (%’2‘2)(1) dz) dv

2
f inz —in-z —in-v 1 1
= / ( el fl)(e* 4 e "% — 2)/6 T ay(t, z,v) <h(’U7U + 2)@ B (%‘2’2)(1) d?}dz) dn.

We first notice that due to the compact support of a;(¢,z,v) as a function of v, which is contained
in the ball |v| < 2p, we have that

. 1 1
—inv _ d
/e ai(t, z,v) <h(v,v+z)a (%|z|2)0‘> v

This follows from the fact that the above difference inside the parentheses is bounded (up to a
constant factor) by |v|?/|z|?“.
We split the integration in [|x(v)gs:, (v)||2, into several regions. For |n| < 1, we simply estimate

2

< P
~ ’2‘20‘.

€% + 7% — 2| S nf*[zf® < |2
which allows us to bound the integral on this region by a constant times || f||7,. For 1 < |n| < 1/|z],
we use the the inequality |e/* + e~ — 2| < |n|?|2|?, and

1
2 2s
|77| /z<1/|?7 |Z|2a_2 o |77|

Finally, for || > 1/|z| and § € (0,2s), we have that |z|72* < ||?7%/|2|4" %9 and

1 1 t=1

25—0 25—0

ul / s 4z < Il —‘
1jnl<|zl<1 1214710 9 le=1/In|

With the aids of the previous inequalities and Jensen’s inequality, we obtain

Ix(v)g51 (V)72 < p° / F)P@ A+ [n1*)dn < 2 (I1£1122 + 1(=A0)* fII22) -

< .
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In summary, we have deduced the estimate

lg2()llz2 S Coll Fllz2 + 1(=20)*2 Fll 2 + pll(=20)* f | 2.
We then apply Theorem 1.2 from [I] and obtain

s

H=A0)* Flle + (=20 75 g < G (G + 171122)

where if f is assumed to have a sufficiently small support, then we can absorb the term p||(—A,)* f|| .2
in the upper bound with the left hand side and conclude that

s

1(=20)* fllz2 + [(=Az) 2 fll2 < Gy, <||9||L2 + 1Al + II(—Av)s/zflle) -

Remark D.2. From the previous theorem and its proof we also obtain that

‘ k(t,2,0,2)(f (0 +2) = f)dz|| S Ifllee + 1(=20)* Fllze + 1(=A0)*f |2
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