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Abstract: We consider a closed surface in R?® evolving by the volume-
preserving Willmore flow and prove a lower bound for the existence time of
smooth solutions. For spherical initial surfaces with Willmore energy below
87 we show long time existence and convergence to a round sphere by per-
forming a suitable blow-up and by proving a constrained Lojasiewicz—Simon
inequality.
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1. Introduction and main results

For an immersion f: ¥ — R3 of a compact, connected and oriented surface ¥ without
boundary, its Willmore energy is defined by

W(f) = i/zmdu. (1.1)

Here 1 = py denotes the area measure, induced by the pull-back of the Euclidean metric
gf = f*(-,-),and H = Hy := (ﬁf, vs) denotes the (scalar) mean curvature with respect
tov=vp: ¥ — S?, the unique unit normal along f induced by the chosen orientation
on Y, see (2] below. By the GauBi-Bonnet theorem, the Willmore energy (1) only
differs by a topological constant from the squared L?-norm of A°, the trace-free part of
the second fundamental form. Indeed, we have

W) = /E A2 dju = 2WV(f) — dmx(2), (1.2)
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where x(X) denotes the Euler characteristic. Note that both energies are not only
geometric, i.e. invariant under diffeomorphisms of ¥, but also conformally invariant,
i.e. invariant under rigid motions and inversions provided the center of inversion does
not lie on f(X). As already observed in [41], W(f) > 4m with equality only for round
spheres. Therefore, W and hence also W are a natural way to measure the total bending
of an immersed surface with various applications also beyond differential geometry, for
instance in the study of biological membranes [9, [16], general relativity [I5] and image
restoration [13].

The analysis of the Willmore flow, i.e. the L?-gradient flow associated to the energy
W, started with the work of Kuwert and Schitzle. In [21], they proved a lifespan
theorem under the assumption that the concentration of curvature of the initial datum is
controlled. In [20], this was used to set up a blow-up procedure and to prove convergence
to a round sphere if the energy is sufficiently small. Then in [22], long-time existence and
convergence was shown for the flow of spherical immersions with initial datum fy: S? —
R3 satisfying W(fy) < 8. The threshold 87 already appears in the celebrated Li-Yau
inequality for the Willmore energy [27, Theorem 6], yielding that f is an embedding if
W(f) < 8r. Furthermore, this threshold is in fact sharp for the convergence result in
[22], see [28] for numerical experiments and [4] for an analytic proof. It remains an open
problem to prove or disprove whether this singularity happens in finite time.

Recently, similar convergence results have been established for the Willmore flow of tori
of revolution [12] with the same energy threshold and also for the Willmore flow of
Hopf-tori in the three-sphere S3 [19].

Moreover, various authors have extended the methods of Kuwert and Schatzle to related
geometric evolution equations also involving constraints, including, for instance, the
surface diffusion flow [32), B9 140], Helfrich-type flows [31), 5] and other higher order
flows [3,29]. In [18], the area-preserving Willmore flow was studied. Related constrained
evolution problems for the elastic energy of curves have been considered in [14], [I1] and
[35], for instance.

In this article, we introduce a constrained gradient flow, which evolves an initial immer-
sion f: ¥ — R3 such that W decreases as fast as possible, while V, the signed volume of
f(3), defined by

V(1) =3 [(fr)an (19

is kept constant. The analogous problem for the mean curvature flow was introduced by
Huisken [I7]. More explicitly, we say that a smooth family of immersions f: [0,T) x ¥ —
R3 is a volume-preserving Willmore flow, if it satisfies the geometric evolution equation

Ohf=(—AH —|A°PH + \) v, (1.4)
where A = Ay is the Laplace-Beltrami operator on (3, gr) and the Lagrange multiplier
A= A(t) := A(ft) depends on the immersion f; := f(¢,-) and is given by
_ fz |A0|2H du
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(1.5)



where A(f) := [5;dus denotes the total area of X. In Section 23] we will prove that
(L) actually decreases W, hence also W by (L.2)), while keeping V fixed. Note that
the energies defined in (ILI)) and (I.2)) do not change, if we reverse the orientation on
Y. While the normal v and hence the volume (LL3]) change sign, the flow equation (L4
with A as in (L5 is also invariant under reversing the orientation.

The stationary solutions to the volume-preserving Willmore flow (IL4]) are characterized
as solutions of the PDE

AH +|A°?H = )\ for some )\ € R. (1.6)

Formally, (L8] is the Euler-Lagrange equation of critical points of W (and hence of W)
subject to a volume constraint, so we refer to solutions of (IL6]) as (volume)-constrained
Willmore immersions, see Lemma 2.4] and Lemma below. By changing from A to
—\, (L) is preserved under reversing the orientation on Y. Note that while the energies
W and V may not be well-defined, (L6 makes sense even if ¥ is not compact, and we
still term noncompact solutions of (L6l constrained Willmore immersions.

Our first main contribution extends the energy concentration-based lower bound on the
lifespan for the Willmore flow [21] to the volume-preserving Willmore flow.

Theorem 1.1. There exists an absolute constant & > 0 such that if fo: ¥ — R3 is an
immersion with W(fo) < K and p > 0 is chosen such that

/ |Ag>dpo < e <& for all z € R,
Bp(x)

then the mazimal existence time T of the volume-preserving Willmore flow with initial
data fy satisfies

T > épt,
for some ¢ = ¢(K, (X)) > 0 and furthermore for all 0 < t < ép* it holds

/ A2 dp < é7le  for all z € R3. (1.7)
B,(x)

Following the notation of [21], the integrals above have to be understood over the preim-
ages under fy and f;, respectively.

The proof of Theorem [I.] follows the concentration-compactness strategy developed by
Kuwert and Schétzle for the Willmore flow in [2I]. Since this method is relying on
smallness of the curvature in small balls, it is intrinsically local, making the nonlocal
nature of the Lagrange multiplier a major difficulty. To compensate this, the L*/3-norm
of A\ naturally appears in these estimates, a scale-invariant quantity (see Remark [2.2))
which we can control under certain assumptions, see Section 1] below. In particular,
we do not assume a-priori L>°-bounds on A as in [32], [39]. However, to show this correct
integrability, we have to allow the constant ¢ to depend on an upper bound for the initial
energy, as well as on the topology of 3, in contrast to [2I, Theorem 1.2].

Our second main contribution extends the convergence result of Kuwert and Schétzle
[22] Theorem 5.2] in the following



Theorem 1.2. Let fy: S — R3 be a smooth immersion such that W(fo) < 87 and
V(fo) # 0. Then the volume-preserving Willmore flow with initial datum fy exists for
all times and converges smoothly, after reparametrization, to a round sphere with radius

R = 3%@815%00.

As in [20] 22], the strategy to prove Theorem is a blow-up construction based on the
lifespan bound in Theorem [Tl The blow-up limit is a constrained Willmore immersion
and in general noncompact. However, apart from a small energy regime [30], for A # 0
there is no classification of solutions to (L6G). Nonetheless, under an L2-integrability
assumption on the Lagrange multiplier, we are able to conclude that the blow-up is a
Willmore immersion, i.e. A = 0 in (6). In the energy regime of Theorem [[.2] this
integrability can be deduced from a reverse isoperimetric inequality [36l 4]. Together
with the removability result [22] and the classification of Willmore spheres [8], we then
conclude that the blow-up limit is compact. A result of independent interest is that the
volume-constrained Willmore functional satisfies an appropriate constrained version of
the Lojasiewicz—Simon gradient inequality in the sense of [34]. Finally, this inequality
yields a stability result in the spirit of [10] from which we conclude global existence and
convergence of the flow if a blow-up is compact.

Note that in view of [22] Theorem 5.2], we believe that the reparametrization in Theo-
rem is not necessary, but a common consequence when relying on the Lojasiewicz—
Simon gradient inequality, cf. [I0, Lemma 4.1].

This article is structured as follows. First, we recall some definitions and compute the
evolution of relevant quantities in Section Pl Section B is devoted to proving a key
ingredient of the paper: localized integral estimates in the spirit of [21], which now
require an L*3 in time integrability of the Lagrange multiplier. Combined with the
careful a-priori estimates of A which we establish in Sectiond] they are then used to prove
the lifespan bound, Theorem [I11], in Section Bl In Section [6l we construct a blow-up limit
and study its properties. We then deduce a convergence result for compact blow-ups
in the spirit of [I0] by proving a constrained Lojasiewicz—Simon gradient inequality in
Section [, before proving Theorem in Section [§ For the sake of readability, some
details and well-known arguments have been moved to the appendix and may be skipped
by the eager or experienced reader.

2. Preliminaries

In this section, we will review the geometric and analytic background and prove some
first properties of the flow (L4]). In the following, ¥ will always denote a compact and
connected oriented surface without boundary. Note that in contrast to |21} 20], we work
exclusively in codimension one, which simplifies the relevant geometric objects.



2.1. Immersed and embedded surfaces in R?

An immersion f: ¥ — R? induces the pullback metric g = f*(-,-) on ¥, which in local
coordinates is given by

9ij = (0if, 0;f),

where (-, -) denotes the Euclidean metric. The chosen orientation on ¥ determines a unit
normal field v: ¥ — S? along f, which in local coordinates in the orientation is given by

_ Oif xOof
V_7|81f><82f|' (2.1)

We will always work with this unit normal vector field. The second fundamental form
of f is then given by projecting the second derivatives of f in normal direction, i.e. in
local coordinates we define A;; := (0;0;f,v). The mean curvature and the tracefree part
of the second fundamental form are

.. 1
H = gZJAZ'j and A?j = Aij — §ng‘j,

where g 1= (gij)_l. Note that g, A and A® are scalar valued (3)—tensors. Moreover, for
any vector field X along f, we have the tangential and normal projections

P'X :=P"1X :=g"(X,0,£)0; f
PrX :=PYX:=X-P'X
The Levi-Civita connection V = V; induced by g extends uniquely to a connection on

tensors, which we also denote by V. For an orthonormal basis {ej,es} of the tangent
space, the Codazzi-Mainardi equations then yield

ViH = (V;A)(ei,ej) = 2(V;A%) (e, ¢5). (2.2)
The Laplace—Beltrami operator on (¥, g) is given by
Ay = g7V, V€, for £ € O(D).
For a ((2))— tensor T;;, its tensor norm is IT? = gijgkéﬂijg and hence we get
AP = |A°)? + %HQ. (2.3)
Consequently, using (.2]), we find

/2 AP du = V() + 2W(f) = D) — dmx(5). (2.4)



2.2. The PDE perspective

Note that in the general context of constrained gradient flows on Hilbert spaces, cf. [34,
Section 5], the flow in a Hilbert space H associated to the energy £ = Y/ with constraint
G = —V = constant is formally given by

{ of  ==VaW(f) = MHVaV(f), t>0
f(0) = fo,

where the Lagrange multiplier is defined by the formula

(YW(), VV()u
IV V(I

If we choose H := L%*(duy), by the explicit form of the L?-gradients (see Lemma 2.4
below), the divergence theorem and the fact that 9% = (), this definition coincides with
the flow in (IL4]) with Lagrange multiplier A as in (LE]). In particular, A does not contain
any derivatives of the curvature and is therefore of lower order compared to the leading
term —AH in (L4])). This will significantly simply the analysis of A later on.

Despite that, the flow equation (L4) is still a quasilinear, degenerate parabolic PDE
of 4*" order which is nonlocal due to the Lagrange multiplier. Hence, even short time
existence and uniqueness is not immediate. However, as A is of lower order, for smooth
initial data one can show the following local well-posedness result by using an appropriate
fixed-point argument in parabolic Holder spaces, see for instance [33], Section 7] and [23|
Section 3.1].

AF) = -

Proposition 2.1. Let fy: ¥ — R3 be a smooth immersion. Then there exist T € (0, 00]
and a unique, nonextendable smooth solution f: [0, T)x% — R3 of the volume-preserving
Willmore flow with initial datum f(0) = fo.

An important property of the volume-preserving Willmore flow is the following parabolic
scaling, which directly follows from the scaling behavior of the geometric quantities.

Remark 2.2. If f: [0,T) x ¥ — R3~ is a volume-preserving Willmore flow, then for
any p > 0 the family of immersions f(t,p) := p~Lf(p*t,p) is also a volume-preserving
Willmore flow on [0,T) x ¥ with T = p~*T. Moreover, by a direct computation we have

T%_T~% T2 _T~2~
AM@IM—AM@IM ALWNMM&—ALWHMM&-

Note that the power p = % is the only exponent for which the LP-norm of A behaves
correctly with respect to the rescaling above and will naturally show up in Section [3
below. In Section [, we show how to control both of these integrals.

2.3. Evolution of the geometric quantities

In this section, we recall the variation of the relevant geometric quantities and the
(localized) evolution of the energy. The proofs are standard and can be found in [21], 20],
for instance, or follow from direct computations.



Lemma 2.3. Let f: [0,T) x ¥ — R3 be a smooth family of immersions with normal
velocity O, f = v. For an orthonormal basis {e1,ea} of the tangent space, the geometric
quantities induced by f satisfy

(Org)(ei,e5) = —24;5€, (2.5)
Or(dp) = —HEdp, (2.6)

O H = A&+ | A€ + %H%, (2.7)
(0:A)(ei,e5) = V& — A Agj€, (2.8)
(0, A% (es,e5) = (V?jé)o — gi] A" %€, (2.9)
O = —grad,  =: gijﬁigajf. (2.10)

As a consequence, we find the first variation of the energy and the volume.
Lemma 2.4. Let f: ¥ — R3 be an immersion. Then, the first variations of W and V
are given by

V'(f)e=- /(14 o) dp,

Wi(e = [(AH+ AP H g dp, (211)
for all ¢ € C>®(Z;R3) normal along f. Here and in the following, we always integrate
over the whole surface ¥ if the domain of integration is not specified.

This means that the L?(du #)-gradients of W and V are given by the identities

VW(f) = (AH + |A°PH)v,
VVY(f) =—v.

These gradients are purely normal, so we will often work with the scalar L?(dp £)-gradient
Ve W(f) = AH + |A°?H. (2.12)

By direct computation, along a solution of (I.4]) the volume is indeed preserved since

d
SV =0, (2.13)

whereas by (2.I1]) and (2.13]) the energy decreases by

d

S == [1asPdu<o (2.14)

Remark 2.5. The computation in (ZI4) implies that W is a strict Lyapunov function,
i.e. W is strictly decreasing unless f is constant. By (LL2]) this also holds for W.



It is now easy to prove the following rigidity result for constrained Willmore immersions.

Lemma 2.6. Let X be a compact, oriented surface without boundary and let f: ¥ — R3
be a solution to (LG) with V(f) # 0. Then f is a Willmore immersion, i.e. a solution
to (L) with A = 0.

We note that the assumptions in Lemma are automatically satisfied if f is an em-
bedding of a compact surface, since then V is exactly the volume of the domain enclosed
by f(X) by the divergence theorem. On the other hand, the example of an infinitely
long cylinder shows that the statement of the lemma is no longer true without the
compactness assumption.

Proof of Lemma[2.6. We observe that by the scaling invariance of the Willmore energy,
we have W(f + tf) = W(f) for all || < 1. Hence, by (II)) (which also holds for

variations which are not necessarily normal, see for instance [23, p. 11]), we find

0= o W) - [ = [(@H + AP 1) i =32V,

using (LO) and then (L3)) in the last step. As V(f) # 0, this yields the claim. O

3. Localized energy estimates

In this section, we will use the interpolation inequalities developed in [21] 20]. As we shall
see, control over the concentration of curvature and A enables us to estimate derivatives
of arbitrary order of the second fundamental form.

In the following, we restrict to a particular class of test functions. Let 7 € C°(R3) with
0 <7 <1and |[DY]ec <A,||D?*¥]|ec < A? for some A > 0. Then setting

v:=4o0f:]0,T) x ¥ — R we find
|Vy| < CA and [V2y| < CA% + C|A|A, (3.1)

for a universal constant C' € (0,00). Note that v, has compact support in space for all
0 <t < T. The estimates in (3] follow by the identities

Vv = (D¥o f)Df
V2y = (D*j0 f)(Df-Df-) + (D7 o f)A(, ).

Unless specified otherwise, constants C' € (0, 00) are always universal and are allowed to
change from line to line.
Following the strategy in [21, Secion 3], we can prove the following

Lemma 3.1. Let f: [0,T) x ¥ — R3 be a volume-preserving Willmore flow. We have

1 1 [
6t/§|H|274du+g/IVW(f)Izw“duéCA2/|A|2H272du+CA4 [ ]szu
>0



+)\/|A0|2H74 dp+CA|)\|/H273 du,
for some universal constant C' with 0 < C' < oo and

1 .
o [14Py 5 [P du < Oa? [1APLAP apr A% [ 1P

[v>0]
+)\/|A0|2H74du+CA|A|/|A0|273du.
Proof. See Appendix [Bl d

Under the assumption of non-concentrated curvature, the following estimate by Kuwert
and Schatzle allows us to locally control derivatives up to second order of the second
fundamental form by the localized Willmore gradient and the localized energy. In the
form stated below, it follows directly from [20, Proposition 2.6 and Lemma 4.2].

Proposition 3.2 ([20]). There exist absolute constants £9,C € (0,00) such that if
f: ¥ = R3 is an immersion with

/ A2 dp < <o,
[v>0]

for some v as in [B.1]), then we have

[ (24P 4 APV AR 4149 A dp < € [IVW(DP dus et [ (AP an
[v>0]

This will be the crucial tool in studying the volume-preserving Willmore flow if the
concentration of curvature is controlled, cf. Sections [ to [6l Note that in Lemma BTl a
term involving A and a cubic power of A occur. However, the energy decay only allows
us to control square powers of A, hence we have to pay the price in terms of a higher
power of the Lagrange multiplier.

Proposition 3.3. Suppose f: [0,T) x X — R3 is a volume-preserving Willmore flow. If
/ |APPdp < o at time t € 0,T),
[v>0]
where g9 > 0 is as in Proposition [32 and v is as in (B.1]), then we have
0 [1APY o [ (V24P + IAPIVAP +141%) 74 de
<ont [ AP au Ot [1AP
[v>0]

at time t for some universal constants cq, C' € (0,00).



Proof. Combining Lemma [3.I, Proposition and (Z3), we find
o / AP dutco / (IV2AP + [AP[VA[ + |A[°) 7" dp

< CA2/\A]472du+CA4/

AP / AP dp+ CA / AP+ du.
>

For the first term on the right hand side above, for ¢ > 0 we estimate

A2/|A|472 dp < 5/|A|674 d,u+C’(s)A4/

|AI2 dp.
[v>0]

For the third term, we use Young’s inequality with p =4,¢q = % to obtain

3 1A < [1A0 s cE@E ARt an
Similarly for the fourth term, we find

A\A\/\Ay%%f)dug 0A4/

[v>

4
AR dn o / APy dp.

Taking € > 0 small enough and absorbing yields the claim. O

The integrated form of Proposition [3.3] will be particularly useful.

Corollary 3.4. Let f: [0,T) x ¥ — R? be a volume-preserving Willmore flow such that
for o > 0 as in Proposition and v as in (3.1) we have

/ |APdu<e<ey forall0<t<T.
[v>0]
Then there exist universal constants cy,C € (0,00) such that for all 0 <t <T we have

t
[ paPdura [ [ (9PAR 4 APIVAP +14°) du
=1 0 Jh=1]

t
< / |A0|2d,uo+CA4€t+C€/ |)\(7')|% dr. (3.2)
[v0>0] 0

Here we used the notation f[vo>0}”40‘2 dpo = fh>0

A2d( .
ﬂ ‘ ,Ut:O

Note that in order to bound the left hand side of ([3.2]) up to time ¢ = T', the control of
the curvature concentration alone does not suffice. Recalling the nonlocal nature of the
evolution ([L4]), this is not entirely surprising. However, the above result shows that this
lack of control can be compensated, if in addition we can bound the L*/ 3(0, T")-norm
of A, a spatially global quantity, which behaves correctly under parabolic rescaling by
Remark We will discuss under which assumptions A € L%/ 3(0,T) can be guaranteed
in Section [

As in [20], an appropriate higher order version of Corollary 3.4l can be used to prove
higher order interior estimates.

10



Proposition 3.5. Let f: [0, T)x% — R? be a volume-preserving Willmore flow. Suppose
p > 0 is chosen such that T < T*p* for some 0 < T* < oo and

/ |APdu<e<ey forall0<t<T,
By(z)

where x € R3, g9 > 0 is as in Proposition [3.2 and fOT\)\\% dt < L < co. Then, for all
m € Ng and t € (0,T) we have the estimates

m

IV All 2B, )5 (a)) < C(m, T", L)Vet™ 1,

m+1

IV Al Lo (B, (x)) < C(m, T™, L)y/et™ 4.

The proof of Proposition is essentially the same as in [20, Theorem 3.5], so it is
moved to Appendix [Cl

4. Integral estimates for the Lagrange multiplier

In Proposition BB we were able to control all derivatives of the second fundamental
form, if the concentration of curvature is sufficiently small and the Lagrange multiplier
has some sort of integrability. This section is devoted to showing time integrability of A
under certain assumptions.

4.1. The L*3(0,T)-norm of )\ in the case of non-concentration

First, we will control the L*/3-norm of X, which will be the key ingredient in the proof
of the lifespan result in Theorem [Tl We begin by making the following observation for
immersions with non-concentrated curvature.

Lemma 4.1. There exists an absolute constant 0 < &1 < 87 such that if f: X — R3 is
an immersion, xo € f(X) and p > 0 satisfies

/ AP dp <e <ey,
B,(z0)

then we have p < C.A(f)%, where 0 < C' < 00 is an absolute constant.

Proof. By Simon’s monotonicity formula [37, (1.4)] and (Z3) for any xg € f(X) and
some universal constant 0 < C' < oo we have

ez (it e+

|H|? du) < Cp~2u(f~H(Bp(20))) +2Ce1.
Bp(mo)

For &1 := J7 > 0 we thus find § < Cp~2u(f~1(B,(z0))) < Cp~2A(f). O

11



Proposition 4.2. Let f:[0,T) x ¥ — R3 be a volume-preserving Willmore flow with
W(fo) < K such that p > 0 satisfies

sup / |APdu <e<ey forall z € R?,
0<t<T JB,(x)

where g9 = min{ep,e1} € (0,87), with £y as in Proposition and €1 > 0 as in
Lemma [{.1 Then, we have

+ 1
t t
/O N3 dr < O(K, x (X)) (? + F) forall0<t<T.

Proof of Proposition [{.3. First, fix 3: € R3. Let 4 € C2°(R3) be a bump function with
XB,p(x) <7 < XB,,(:): HD’YHoo <= and D%l 0o < p%. Therefore, v := Yo f is as in
BI) with A = £, and thus by mtegratmg Proposition B3] from 0 to 7 we find

/ |A]? dps
Bp/2($) t=1

g/ |A0|2du0+£4// |A|2dudt+C/|>\|§/ AP dpdt.  (4.1)
B,(x) pP™Jo JB,(z) 0 B,(x)

P

+c0/ / (IV2AP + |APIVAP + | AF) dudt
/2

It is possible to find (z¢)en C R? with R? = (J,en B2 () such that each point y € R?
is contained in at most M of the balls B,(x¢), where M > 0 is a universal constant, in
particular independent of p > 0. Therefore, choosing x = x, in (4]]) and summing over

¢ € N we find

/ /]A\6dudt§2/ / |A|S dp dt
0 ¢ 70 JB,a(xe)
CM [T T
gM/]AO\Zduo—ir?/ /\A[QdudtJrCM/ ])\]%/]A\Zdudt
0 0

Now, by (24) we have [|A|>du < C(K,x(¥)) and hence

/OT /]A\6du dt < C (K, (%)) (1 + o /OTw‘é dt> . (4.2)

Thus, using (2.3]), Holder’s inequality and Lemma [£.1] we find from (L.5])

[wiase [Cago (/IAI?’dM) a=o [Ty fiarae)a
gcp—2</0 /|A|6d,udt>2</0 /|A|2d,udt>2

Therefore, using (24)), the energy decay (2I4]), (£2]) and Young’s inequality, we find

/OT])\y%dt§C(K,X(E))j< +—+</ \A\adt> )

12



gC(K,x@))( i %) 3 | O

4.2. An L’-type estimate

In this section, we prove an L2(0,T)-type estimate for A, which will be crucial in the
analysis of the blow-ups in Section [l Since we rely on a reverse isoperimetric inequality
[6], this is the first instance where we require the Willmore energy to be below 8.

As a first step, we want to relate the diameter to the Lagrange multiplier. To that end,
we use the different scaling of W and V to obtain a different representation of A, cf. [14
pp. 1236 — 1237] and also [30), Proof of Theorem 1.4].

Lemma 4.3. Let f: [0,T) x ¥ — R? be a volume-preserving Willmore flow. Then for
allt €[0,T) and any p € R3 we have

BAV(fo) = — / Ot ) dpi = — / Of, F — ) dp

Proof. Fix t € [0,T). For a > 0, consider the immersion h, :=p + a(f; —p): & — R3.
We then have W(hy) = W(f;), whereas V(ha) = o3 V(fy). Thus, we find

d

| OWlla) + MO V() = 0+ X V(fo)

a=1

whereas by the definition of L?(duy)-gradients we have
d

do

(W(ha) + A0 V() = [(FW(F) 4 AV V), £ =) d

a=1 t

Therefore, by (IL4) and Lemma [2.4] we have the identity

Vo) =~ [@uf7 = p)dn on 0.7
Picking p = 0 yields the first equality. O

This finally enables us to prove the desired L?-estimate.

Proposition 4.4. Let f: [0,T) x ¥ — R3 be a volume-preserving Willmore flow with
W(fo) <8t —§ for § > 0. Then, for all 0 <t < T we have

/ N (r)A(f,) dr < COW(fo)?.

Proof. Observe that by [2.13]), we have |V(f)| = |V(fo)|. Picking some p(t) € f:(X) for
each t, we find by Lemma [£3] and Cauchy—Schwarz

[A(®)] < 3“) /|3tft|dﬂtdlamft( ) < 3W 5) </|3tft|2d/tt> diam f;(%).
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Squaring this inequality, by Simon’s diameter estimate [37, Lemma 1.1] we conclude

C
V(fo)l?

Now, by the reverse isoperimetric inequality [6, Theorem 1.1] (see also [36, Theorem 1]
for the spherical case), and the assumption on the initial energy, we have

N(0Af) < AUFPW(f) / 002 .

N (0A(f) < COW(S) / 100 il? .

Integrating in time and using (2.14)) and (I.2]) we conclude

/A2 A(f)dt < C(6 /Wft ( /(VW(ft),(?tft>dut> dt
) [ Wiam(at = ) [ —o oV at < COW)

Renaming 7 into ¢ yields the claim. O

5. Proof of the lifespan theorem

In this section, we will prove Theorem [[.T], which yields a lower bound on the maximal
existence time of the volume-preserving Willmore flow. This will be crucial for the
construction of the blow-up in Section [l

Here we only work with the integrability of the constraint parameter A which we proved
in Section [ and do not require strong L*°-type bounds as in [32, (A1)], [39, (7)].

Proof of Theorem [I1. This can now be achieved in the same fashion as [21, Theorem
1.2], so we focus on the differences arising from the Lagrange multiplier. Without loss
of generality, p = 1, cf. Remark If I' > 1 denotes the number of radius % balls

necessary to cover Bi(0) C R?, we set & := £% with €3 > 0 as in Proposition 2 We
observe
g(t) := sup / |A?dpu < T - sup / |AI2 dy, (5.1)
z€R3 J By () z€R3 J By 5(x)

and, for a parameter 0 < 8 < 1, to be specified below, define
to :=sup{0 <t <min{T, [} |e(r) <3Teforall 0 <7 <t} > 0. (5.2)

Picking an appropriate test function in Corollary [3.4] we obtain

t
/ ’A‘z dp < / \A0]2duo+3cPA4€t+3cF€/ ]A]%(T) dr
B2 (x) B (x) 0

14



for all 0 < ¢ < typ where ¢, A € (0,00) are universal constants. By the choice of £ and
Proposition 2] the integral fg |)\|% dr grows less than linearly in ¢ € [0,%9). Hence, by
a suitable application of Young’s inequality, we find

/ |A]2dp < / | Ao|? dpto + 3cDA%et + = + C(K, v (), ¢, D)te
By (x) Bi(x) 2
< [ AoP o+ 5+ OO x(D). e T At (5.3)
Bi(z)

If we choose 7! := 2C(K,x(X),¢,I',A), the assumption ty < min{7, 8} contradicts
maximality of ¢y in (5.2)). Consequently, tg = min{7T’, 8} has to hold. If ty = 3, we find
T > 3. In this case, (L) then follows from (5.11), (5.3]) and the definition of 5.

Assume tg = T < . Then from (5.3]) we find fBl/2(x)|A|2 dp < 2¢e, hence by (B.1), we

have

e(t) <2le <gy foral 0<t<t. (5.4)

Now, T' < § by assumption and L = f0T|)\|% dt < C(K,x(X)) by Proposition We
may use Proposition B.5land argue exactly as in [21, Theorem 1.2] to prove f(t) — f(T)
smoothly as ¢ T, which enables us to smoothly extend the flow past 7. Taking
¢ € (0,8) € (0,1) small enough, (54]) guarantees that (L) is satisfied. O

6. Construction of the blow-up

In this section, we will rescale a volume-preserving Willmore flow as we approach the
maximal existence time to obtain a blow-up limit, combining the approaches in [20],
Section 4] and [22, pp. 348 — 349]. As we shall see, if the Lagrange multiplier has a certain
integrability in time, then the limit is not only stationary, but even an unconstrained
Willmore immersion.

Definition 6.1. For a smooth family of immersions f: [0,T)x¥ — R3 t € [0,T),r > 0,
we define the curvature concentration function

tor) = swp [ |AP d
z€R3 J B (z)

Theorem 6.2. Let f: [0,T) x ¥ — R? be a mazimal volume-preserving Willmore flow
with initial energy W(fo) < K. Let (t;)jen C [0,T),t; /T, (rj)jen C (0,00), (z;)jen C
R? such that

k(tj,rj) <es:=&t forall j €N, (6.1)
where £ >0 and ¢ = ¢(K, x(X)) € (0,1) are as in Theorem [I1l. Then we find

tj+rje<T, (6.2)
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and after passing to a subsequence, the rescaled and translated immersions

fj .—r_l (f(t; —i—r ¢,-) — ;)

converge as j — oo smoothly on compact subsets of R3, after repammetmzatwn to a
proper constmmed Wzllmore immersion f: ¥ — R3 of (I]EI) with W(f) <K.
Moreover, if fo 2A(fy) dt < oo, then f is an unconstrained Willmore immersion.

Note that while we cannot apply Lemma to the limit immersion, under the L*-
integrability condition above, we still find that the Willmore part of the evolution dom-
inates in the blow-up.

Remark 6.3. By Proposition [[.Z), the condition fOT At)2A(f;) dt < oo is automatically
satisfied if W(fo) < 8w, i.e. if K < 8 in Theorem [6.2.

Remark 6.4. For general sequences (t;);en, (7j)jen and (x;) en, the limit may be trivial,
for instance, ¥ = 0, if [j parametrizes the round spheres 0By (x;) with x; — oco. In order
to make use of the construction, we will select t; and x; such that this cannot happen.

Any constrained Willmore immersion f : © — R? which arises from the process described
in Theorem is called a concentration limit. More precisely, we call f a blow-up if
r; — 0, a blow-down for r; — oo and a limit under translation if r; — r € (0,00). Note
that by (6.2 the last two can only occur if T = oc.

Proof of Theorem[6.3. For j € N, we consider the rescaled and translated flows
fiz [=r7,r N(T = 1)) x & — R?,
filt,p) =t (f(t; + 7t p) — x5)
and observe that f; is a volume-preserving Willmore flow with initial datum given by

fi(0) =, “1(f(tj,-) — x;) and maximal existence time r;4(T — t;). In particular by

Remark 2.5 we have W(f;(0)) < K for any j € N. Moreover, by (6.1l we have

sup [ |40, ding 0 = sup / TAg, P, <=
zeR3 J By (z) BT (z)

Hence, by Theorem [[.T] the maximal existence time of the flow f; is bounded from below

by ¢ = ¢(K, x(X)) and ([6.2]) follows. Furthermore, (7)) yields

sup / |Ag; . |2d,ufj(t,.) <E&<egy foral0<t<e,
$ER3 Bl(

using that & < e9 by definition (cf. Proof of Theorem [[1), where g2 > 0 is as in
Proposition Consequently, by Proposition the L*/3 (0, ¢)-norm of the Lagrange
multiplier of f; is bounded by C'(K, x(X)) for any j € N. Therefore, using € < g3 < g9
(cf. Proposition [4.2)) by Proposition we find

IV™Ap ) loe < Clm, K x(2))E55 for0 <t <é. (6.3)
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Moreover, using the scale-invariance of the Willmore energy, (Z14]) and the a-priori
energy bound, we can use Simon’s monotonicity formula [37] to conclude that

R™pg,.) (Br(0)) < C(K, x(Z)) < oo forall 0 <t<éR>0.

Thus, we may apply Theorem [A1] and Corollary [A.2] to the sequence of immersions
fi = fi(é).

After passing to a subsequence, we thus find a proper limit immersion f Y — R3,
where 3 is a complete surface without boundary, diffeomorphisms ¢, : ( j) = Uj, where
U; C % are open sets and 3(j) = {p € 3| |f(p)| < 7}, and functions u; € C=(3(5); R?)
such that we have

A

fiod;=F+u; onX(j)

as well as ||@muj||Loo@(j) g — 0 for j — oo for all m € No.
For j € N, we now define the flows f; := fj 0 ¢; == f;(-,0;(-): (0,¢] x £(j) — R? and
observe that they also satisfy the curvature estimates (6.3)).
We use (6.3) to estimate

AU < CllAR IS < CHE, x(%),9). (6.4)
Now, using (L5), (6.3) and (6.4)), it is not difficult to also bound [0, A(f;(%,))| and thus
10 f;(¢, -)HLOO@O)) fort € [€,¢], j € N by C(K,x(X),&). From here on, it is a standard

procedure to establish L*°-bounds in a local chart (U, ) of 3, i.e. estimates of the form
Hamatflj”LOO(U) + Ham-i_lf.jHL‘X’(U) < C(m7K7X(E)7§) for all t € [676]7”7‘ > 07

for all j > J sufficiently large, where d denotes the coordinate derivative in the chart
(U, 1), see for instance [21], p. 331-332]. By (2.1]), this also transfers to estimates of the
induced normal field v 7= © ¢j.

Moreover, using the scale-invariance, cf. Remark 2] and the invariance under repara-
metrization, we have the evolution

ouf; = ~VW(j) + A Ji)vj (6.5)

Using the established bounds and the evolution (6.3)), it is not difficult to see that fj
converges in C([¢,é]; C™(P;R3)) for all P C % compact and for all m € N to a limit
flow fiim: [€, €] X > — R3 and A(fj) = Nim in CO([€,¢;R) as j — oo, after passing to a
subsequence

Fix P C ¥ compact and let j € N be large enough. Then, using (6.5), (ZI3) and 2I4)

/ [0 du e < / LS + M08 g = /;<—t ()t

In particular, using the convergence f; — fiim in C([¢,&); C™(P;R?)), we find

/5 /P’atflz‘m!z dpg,,, dt < Jlggo W(f(t; + r;-lg, ) = W(f(t; + r?é, ) =0, (6.6)
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by scale-invariance and monotonicity of the energy Consequently, fi, is constant in
time, hence fiim, = fiim(¢,) = limj_o f5(¢, ¢5(-)) = limj00 fj © 5 = /. We observe
that o := v (¢,-) is a global and smooth normal vector field on ¥ and hence X is
orientable. Setting A := A, (¢) and using (6.5]) we find

j—o00

so f solves (L8) and hence is a constrained Willmore immersion. In addition, the lower
semicontinuity of the Willmore functional W with respect to smooth convergence on
compact sets (which is discussed in [I2) Appendix B] for instance) yield

W(f) < liminf W(f;) <W(fo) < K.

J—00

For the “moreover” part of the theorem, we note that since f; is a volume-preserving

Willmore flow we find by (L4]) and (L3

E o . -
| owitangar< [ W0 dug, o
:L /Z<—8tfj+A(fj)ufj,vW(fj)>dej dt

—— [Lamisars [ MGPAG) dr (©:7)
3 3

As in ([6.6]), the first term goes to zero as j — oo. For the second term, note that by
([@3E), A scales by A(r~1f) = r3A(f) for r > 0. Therefore, we find

/g A F (g 4t ) PAGe f (g + 7t ) de

ti+rie

ti+rie
- / A (7, ) Py 2A(f ()t dr = / A PA(S,) dr,

jHrie e

after a change of variables. Recall that by assumption fOT A Adt < 0o, so the second
term in (6.7)) also goes to zero as j — oo using dominated convergence. Consequently,

by (6.7)), we have

| [ ang,, e = s [ [ [9W0P dug, e =0
§ JP £ JP

J]—00

Since fiim(t,-) = f and as P was arbitrary, we conclude VW(f) =0, so f is a Willmore
immersion. U

We can choose (t;);en, (75)jen, (j)jen such that the concentration limit is nontrivial,
even if T = oo. The argument is exactly as in [22, p. 348-349], so the proof can safely
be omitted.
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Proposition 6.5. Let f: [0,T) x ¥ — R3 be a volume-preserving Willmore flow with
0 < T < oco. Then, we can choose sequencest; /' T, (rj)jen C (0,00) and (z;)jen C R3

A

satisfying (6.1)) such that the concentration limit f: > — R3 from Theorem [6.2 satisfies

|Ap[>dps >0,
/Bl(O) f f

in particular ¥ # 0.

7. Convergence for compact concentration limits

The main result of this section is the following

Theorem 7.1. Let f:00,T7) x ¥ — R3 be a volume-preserving Willmore flow and let
f:2 = R3 be a concentration limit with ¥ # (). If ¥ has a compact component and

(i) V(f) #0 or
(ii) V(f) = V(fo) =0,

then f 18 a limit under translation. Moreover, the flow exists globally and converges, as
t — oo, after reparametrization by diffeomorphisms, to a constrained Willmore immer-

si0n foo with W(foo) = W(f).

Under certain assumptions, the first part of the statement can also be directly obtained
from the scaling behavior of the volume.

Remark 7.2. Under the assumption that S s compact, we have V(f) = lim;_ o0 rj_?’Vo
which immediately yields that

(i) if V(f) £ 0, then f cannot be a blow-up or a blow-down;

(ii) if Vo # 0, then f cannot be a blow-up.

N

Clearly, these arguments fail if V(f) = Vp = 0.

The key ingredient to prove the powerful convergence result Theorem [(1] relies on a
suitable extension of the Lojasiewicz—Simon gradient inequality.

7.1. The constrained tojasiewicz—Simon gradient inequality

In this subsection, we will state and prove a constrained or refined Lojasiewicz—Simon
gradient inequality, cf. [34], for the volume-preserving Willmore flow. A similar result
for the length-preserving elastic flow of curves was recently proven in [35].

The strategy is the same as in [I0 Section 3|. First, in order to get rid of the invariance of
the Willmore and volume energy, we restrict ourselves to normal variations. Throughout
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this section we will fix some smooth immersion f: ¥ — R3. The normal Sobolev spaces
along f are defined by

WS R = {¢p € WHH(S;R?) | Pho = ¢},
for k € Ng, with L2(3;R3)+ := WO2(2; R?)L. Note that L*(X;R*)! is a Hilbert space

with inner product

(D1, 02) L2(sre)L = /2(¢1,¢2>de for ¢, € L*(S;R%) ™. (7.1)

Remark 7.3. (i) Note that since we are in codimension one, we have
WHEA(S R = {uvy | u e WH ()},

for k € Ny, where vy is the unit normal to f and WF2(S) :== WF2(3;R). In fact,
the map Wh2(2) — Wh2(S;R3) L u — ¢ = uvy is an isomorphism of Banach
spaces and for k = 0 an isometry between the Hilbert spaces L*(X) and L*(3;R3)*.

(ii) Since ¥ is compact, the spaces W*2(3;R3) and L*(X;R?) do not depend on the
metric, cf. [2, Theorem 2.20].

First, we prove a constrained Lojasiewicz—Simon gradient inequality in normal directions
in a neighborhood of a constrained Willmore immersion, i.e. a solution to (LGI).

Proposition 7.4. Let f: X — R? be a smooth constrained Willmore immersion. Then,
there exists C,o > 0 and 0 € (0, 3] such that for all ¢ € WH2(S;R3) L with ||¢ a2 < o
and V(f + ¢) = V(f) we have

IW(f + ) =W(HI'? < CIVW(S + ) = Af + 0)vrell 22 (dps):
where A is as in (LH).

Proposition [.4] will follow from [10] and [34, Corollary 5.2]. To that end, we need to
show the analyticity of certain maps and study their second variations. Most of the
results will follow from [I0] in the case of codimension one, only the volume needs to be
studied in detail.

Lemma 7.5. Let U := B,(0) C W4%(). Then for p > 0 small enough and writing
fu = f+uvy for ue U we have

(i) fu: X — R3 is an immersion and U — WH2(Z;R3), u s f, is analytic;
(ii) the map U — CO(Z;R3),u > vy, is analytic.

Proof. (i) Taking p > 0 small enough and using the Sobolev embedding W*2(%)
C1(X) we find that f, is an immersion for all w € U. The map u ~ f, is linear
and bounded, hence analytic.
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(ii) In local coordinates (y',y?) in the orientation on X, by (i) and the Sobolev embed-
ding theorem W*2(X) < C1(X) , the map B,(0) — C*(3;R?), u — 91 fu X 9,2 fu
is bilinear and bounded, hence analytic. Moreover, since f, is a C'-immersion by
(i), the denominator in the definition of vy, in (2.1)) is uniformly bounded away
from zero. Since R3\ Bs(0) — R3,z ﬁ is analytic for any § > 0 the claim

follows from the characterization of analytic Nemytskii operators on C(X), cf. [1|
Theorem 6.8]. O

Let U = {¢p € WH2(S;R3)* | ¢ = wyy with u € U}. By Remark [7.3) (i), U is open in
W42(3;R3)L. We consider the shifted energies, defined by

WU = R,W(¢) = W(f +9),
V:U =R, V(9) :=V(f + ).
Lemma 7.6. Under the assumptions of Lemma [7.0, the following maps are analytic:
(i) the function U — CO(X), ¢ — Pi+d, where dpipry = pripdpy;
(i) the function U — R, ¢ — W();
(iii) the function U — L2(S; R3¢ s PEVW(f + @)pyrio;
(iv) the function U — R, ¢ — V(4);
(v) the function U — L*(Z;R3) L ¢ s P (—vpigprag)-

Proof. Statement (i) is [10, Lemma 3.2 (vii)] and (ii) follows from [10, Lemma 3.2 (iv)
and (vii)].

By [10, Lemma 3.2 (v) and (vi)], U — L3*(Z;R3):, ¢ — VW(f + ¢) is analytic, and
hence (iii) follows from (i).

Note that by Remark [73, U — U, ¢ — u = (¢, v¢) is linear and bounded, thus analytic.
Therefore, U — C°(3;R3), ¢ + vy, 4 is analytic, hence so is V and by (i) statement (v)
follows. O

As a last missing ingredient towards proving the constrained Lojasiewicz—Simon gradient
inequality, we compute the first and second variations.

Lemma 7.7. Let H := L2(%;R¥)L . Under the assumption of Lemma [7.5, for each
¢ € U, the H-gradients of W and V' are given by

VW (¢) = PEVW(f + ¢)psis,
VuV(e) = Pt (=VitoPrto) - (7.2)

Moreover, the Fréchet-derivatives of the H-gradient maps of W and V' at uw = 0 satisfy

(VW) (0): W2, RHE — L2(2,R*)Y  is a Fredholm operator with index zero,
(VaV) (0): WH(8,R®): — L2, R%)*: s compact.
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Proof. For ¢,v € U, we have by the first variation of the Willmore energy and 1)

Gl W) = [ 4000 duprs = (PEYWG + Dhorront),

dt|,_,
where we also used 1) = PL4.

Similarly, %‘tzo V(p+t)) = — [c(Vye, V) dpprg = — <PLVf+¢pf+¢,1/)>H. The Fred-
holm property of (VyW)'(0) follows from (L2) and [10, Lemma 3.3 and p. 356]. For
the last statement, we use (ZI0) and Remark [Z3] (i) to obtain for ¢ = uvy

4
dt

Vittg = — grad,u = —grad (¢, vy).
t=0

Now, by @8), we find $|,_ preteduy = 5|,y (Aipree) = —(Hprp, ¢)dpy. Using
([Z2]) we obtain, since the gradient term is tangential,

(VaVY ()= Pt L

Tl Wrroprie) = Ptgrad,(¢,vs) + Prvg(Hyvy, ¢)

t=0
= I/f(Hfo, ¢>
As this is only of zeroth order in ¢ € W42(2;R3)*, the claim follows from the Rellich—
Kondrachov Theorem, see for instance [2, Theorem 2.34]. O

Proof of Proposition [TJ). We verify the assumptions of [34, Corollary 5.2] for the Hilbert
space W42(%; R?)+ which embeds densely into H = L?(3; R?)*. The functionals W and
V are analytic with analytic H-gradients in a neighborhood U of zero by Lemma
By Lemma [Z.7] the second variation of W at zero is Fredholm of index zero, whereas
the second variation of V' at zero is compact. Note that ViV (0) # 0 since we have

(TuV 7)== [ o) dug = —A(f) <.

Thus, by [34, Corollary 5.2], W satisfies a constrained Lojasiewicz—Simon gradient in-
equality near ¢ = 0, i.e. there exist C,o > 0 and 0 € (0, %] such that for all ¢ € U with
|o|lywa2 < o and V(¢) = V(0), we have

(W (¢) = W)™ < ClIPVaW ()|,

where Py: H — H is the H-orthogonal projection onto {y € H | (y,VV(¢))g = 0}, cf.
[34, Proposition 3.3]. Thus, for \(f + ¢) as in (L3]), we find

1YW (9)l7 = 1P (VW (6) + A(f + ) VV ()7 < IVW () + A(f + @) VV ()13

= LIV +0) = X+ Ovpaclpsiodnsec (7.3

Now, by the Sobolev embedding theorem W42(¥;R3) — C1(¥;R?), we may bound
lpf1elloo for all ||@|lya2 < o. Using (Z3) and the definition of W and V' yields the
claim. ]
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This finally yields the inequality for all directions.

Theorem 7.8. Let f: ¥ — R? be a constrained Willmore immersion. Then, there exist
C,o > 0 and 0 € (0,1] such that for all h € WH(S;R3) with ||h — f|lwa2 < o and
V(h) = V(f) we have

W(h) = W(HI'? < CIVW(R) = A)vall 2 g

Proof. Let C,0,0 as in Proposition [[4l Like in [I0, p. 357], there exists ¢’ > 0 such
that every h € W42(3;R3) with ||h — f|lya2 < o' can be written as ho ® = f + ¢
where ®: ¥ — ¥ is an orientation-preserving diffeomorphism and ¢ € W42(%;R3)+
with ||¢||ya2 < 0. Then, we have W(h) = W(f + ¢) and V(h) = V(f + ¢) = V(f) by
invariance under diffeomorphism, and moreover by the geometric transformation of the
L?-norms

IVW(R) = A(R)vnllr2(ap) = IVV(Sf + @) = MS + O)VrrollL2(auy o)

Renaming ¢’ into o, the statement then follows from Proposition [7.4l O

7.2. An asymptotic stability result
The following stability result is an analogue of [I0, Lemma 4.1].

Lemma 7.9. Let fiy: ¥ — R3 be a constrained Willmore immersion and let k € N,
k>4, 8 > 0. Then there exists ¢ = e(fw) > 0 such that if f: [0,T) x ¥ — R3 is a
volume-preserving Willmore flow with V(f) = V(fw) satisfying

(i) I fo — fwllcre < e for some a > 0;

(ii) W(f(t)) > W(fw) whenever || f(t) o ®(t) — fwllcx < 0, for some diffeomorphisms
B(t): D = 3

then, the flow exists globally, i.e. we may take T" = co. Moreover, it converges, after
reparametrization by some diffeomorphisms ®(t): ¥ — X, smoothly to a constrained
Willmore immersion foo, satisfying W(fw) = W(fs) and || foo — fwllcr < 6.

The proof of Lemma is essentially a nonlocal version of the one of [10, Lemma 4.1],
with the classical Lojasiewicz—Simon inequality replaced with the constrained one. It is
thus moved to Appendix [Dl This finally enables us to prove Theorem [T.11

Proof of Theorem [7.. By Theorem [6.2] there are t; / T,r; — r € [0,00] and z; € R3
for all j € N such that ¢; + ér? < T and

fi=ri (fl+erf, ) —ay) = f (7.4)
smoothly, after reparametrization, on compact subsets of R3, where f :Y 5 R3is a

constrained Willmore immersion. By assumption, 3 contains a compact component and
thus, by the same argument as in [20, Lemma 4.3], we may assume > = ¥ is compact.
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Consequently f] od; — f smoothly on ¥, where ®;: ¥ — ¥ are dlffeomorphlsms Note
that now f is a Constralned Willmore immersion of the compact surface S = ¥. Thus,
there exists ¢ = (f) as in Lemma [0 We would like to apply Lemma [Z.9 for the flow
with the initial datum fj o ®;, however, this might not have the correct volume. Under
the assumptions of the theorem, we can fix that by another rescaling. Note that by
smooth convergence and since ¥ is compact, if V(f) # 0, then also V(fj o®;) # 0 and
®; is orientation-preserving for all j sufficiently large. For such j € N, we deﬁne

oo (GE0S) it v o
1 it V(f) = V(fo) =0,

By smooth convergence and convergence of the volume, we have v; — 1 as j — o0, so
we may assume v; € (0,2) and

ijofjo ° (I)jo - fHC4,a < |vj0 - 1|Hfj0 ° ‘I)jOHC4,a + Hfjo 0 q)jo - f”C"LO‘ <§g, (75)
if we choose j = jo sufficiently large. We define 7, := v;)lrjo € (0,00). By Remark [22]
the flow

hjo(ta ) = 77]7)1 (f(tjo + f?0t7 ) - mjo) ° q)jov te [0777]7)4(11 - tjo))7

is again a volume-preserving Willmore flow with hj, (v ¢) = vj, fjo o ®;, and volume

V(hjy) = V(vjy fio © ®jy) = V(f) by definition of vj,. Moreover, for ¢ € [0, 7704(T —tj,))s
we have using monotonicity of the energy, the invariances of the Willmore energy and
ty T

Wihjp(1) > lim  W(f(tjo +75,9)) = lim W(f(s)) = lim W) =W(f).

——4
5T (T—tjy) k—o00

The last equality holds since the convergence fk ody, — f is smooth. This together with
([Z3) yields that the assumptions of Lemma[Z.9] are satisfied, and thus the flow hj, exists
globally with

hj,(t) o ®(t) — fo  smoothly as t — oo,

where ®(t): ¥ — ¥ are diffeomorphisms and f. is a constrained Willmore immersion.
Hence, f also exists globally, so we may take T' = oco. Moreover, for all ¢t > t;, we have

F (@50 851 = 11)))
= o (T = 130), DA = 130)) ) + gy = Tjo oo + o (7.6)

as t — oo smoothly on . It remains to show that f is a limit under translation. Let
rj — 1 € [0,00]. Picking t :=t;, + ¢ér{, k € N, in (Z.6]), we obtain for the diameters

dy := diam f(ty + érg)(2) — 7, diam foo (8),  as k — oo,
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whence limy_, di; € (0,00) since ¥ is compact. On the other hand, using (Z.4]) we find

diam f(2) = lim 7} 'dy, € (0,00),
k—o0
as & # () is compact by assumption. Consequently, limy_,o, % € (0, 00). O

8. Convergence to the sphere

In this section, we will prove our main convergence result. While X was a general
surface before, in this section we will work exclusively with ¥ = S2. The key ingredients
in proving Theorem [[L.2 are the blow-up procedure, the classification of Willmore spheres
in R? due to Bryant [§], and a removability result for point singularities [22].

Proof of Theorem L2 Let f: [0,T) x S — R? be a volume-preserving Willmore flow
with initial datum fp with 7" maximal and W(fy) < 8x. If fj is a constrained Willmore
immersion, then it is a Willmore immersion by Lemma 2.6, since V(fy) # 0. Hence
it has to be a round sphere since by [8, Section 5|, the critical values of Willmore
immersions of spherical type are 4wd with d € N\ {2,3} and the global minimizers are
the round spheres [41]. In this case the result follows. If fj is not a constrained Willmore
immersion, then the energy instantaneously drops below 87 by Remark 2.5 so we can
assume W(fo) < 8.

By Theorem [6.2] Remark and Proposition 6.5}, there exist t; T, (r;)jen C (0,00)
and (z;)jen C R3 such that the corresponding concentration limit f '3 5 R3is a
unconstrained Willmore immersion satisfying

2

Moreover, by Theorem we have W( f) < 8. Suppose ¥ is not compact. There is
zo € f(2) and with the inversion I(z) := |z—zo| 2(z—x0), we set & := I(f(2))u{0}. By
the removability result [22, Lemma 5.1], ¥ is a smooth Willmore surface. Moreover, since
3 is complete by Corollary A2} so is f(3). Hence, dist(zo, f(2)) > 0 and consequently
5 is bounded. Using the definition of & and the completeness of f(3) again, it is not
difficult to show that ¥ is closed in R? and thus compact. Furthermore, by [22, Lemma
5.1], we have W(X) < 87 and ¢g(X) = 0 and hence ¥ is a Willmore sphere. Using [} 41]
as above, we conclude that X has to be a round sphere. Since f (f]) is not compact by
assumption, this yields that f (f]) = I71(2) is a plane, contradicting (8I)).

Thus, ¥ is compact, hence by arguing as in [20, Lemma 4.3], we can assume S =% =82
By [8,41] and the Li-Yau inequality [27], we then have that f parametrizes an embedded
round sphere, in particular V( f) # 0. Hence, Theorem [(T] yields global existence and
convergence to a constrained Willmore immersion fa, with W(fss) = W(f). By [4d],
foo parametrizes a round sphere. Since the volume is preserved by (2.13)), we conclude

that V(7j, foo + j,) = V(fo) and consequently the radius is R := (W)% > 0. O
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Appendix A Smooth convergence on compact sets

The essential tool in the construction of the blow-up in Theorem was the following
local version of Langer’s compactness theorem [25] by Kuwert and Schétzle [20], see also
[7] and [12, Appendix B] for some consequences of this notion of convergence.

Theorem A.1 ([20, Theorem 4.2]). Let fj: $; — R3 be a sequence of proper immer-
sions, where ¥; is a 2-manifold without boundary. Let ¥;(R) := {p € £; | |f;(p)| < R}
and assume the bounds
1i(E5(R)) < C(R) for any R > 0,
vaAjHLoo(Ej) < C(m) for all m € Ng.

Then, there exist a proper immersion f: IR R3, where S is a 2-manifold without
boundary, such that after passing to a subsequence we have a representation

fiogj=f+u; on () ={peS||fp) <}
with the following properties:
¢j: 2(j) — U; C %5 is a diffeomorphism,
% (R) CUj if = j(R),
uj € C®°(2(5); R3) is normal along f,

||©muj\|Loo(z(j)) — 0 as j — oo, for any m € Ny.
Corollary A.2. In Theorem [A 1, the manifold (f],gf) is complete.

Proof. Suppose (Pn)nen C Y is a Cauchy- Sequence with respect to the Riemannian
distance d on 3. Recall that the metric 9gj f*(-, -) on ¥ induced by the immersion f

makes f an isometry. Now, for any curve 7: [0,1] — S such that 7(0) = pp, (1) = pm
we have

’f(pn) - f(pm)‘ < ﬁ(fof)/) = [’(7)7

and hence we find |f( w) — f(pm)| < cz(pn,pm) for all n,m € N. In partlcular there exists
R > 0 such that (f(pn))nen C Br(0). As f is proper we find p, € f1(Bg(0)) which is
compact. Since (pn)nen is Cauchy, lim,, o p, € 3 exists. O

Appendix B Proof of Lemma [3.1]

This section is devoted to proving Lemma Bl First, we compute a localized version of
(214). Although the calculations are essentially the same as in [21], Section 3], we give
some details here how the dependence on A comes into play.
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Lemma B.1. Let f: [0,T) x ¥ — R3 be a smooth volume-preserving Willmore flow,
7 € CX(R3) and n :=17o f. Then, we have

o [ s ndu+ [IVWDPydi=x [ 1P Hyd—2 [ 9.50()(VH, V) du
-~ /VSCW(J”)HAH du + / %Hzam dp  (B.1)
and
o [14Fnan+ [19W()Pndn = A [ AP Hndn —2 [ V.00 (VH. Vi) d

=2 [ A P+ [14Pom g
(B.2)

Proof. We use a (local) orthonormal basis {e;}i=12. As in [20, (31) and (32)], using
[26) and (27) we find

O (%}ﬁ du> = —|VW(f)|Pdp + ANAH dp + MA° PH dp + V; (HV € — €V, H) dp
Consequently, we compute using integration by parts
0t/%H2?7du+ /|VW(f)|277dM
=2 / (AH + |A°PH)ndp + / (26VHVin + HEAD) dp + / %HQBm dp.
Now, using (2.I2]) we observe that
[ eevinvin+ trean ap = -2 [ VWG VitrVandu+ 22 [ VirVinan

—/VSCW(f)HAndu—i-)\/HAndlu.

Recalling that A(Hn) = AHn + 2V, HV;n + HAn, the identity (B.1]) follows.
For the second identity, we proceed as in [20, p. 423]. Using (2.5 and the identity
A?kAng% =0 (see [2I}, (2.5)]), a short computation yields

1
A (Bei, e)A%(es,e5) = §\A0]2H§. (B.3)
Applying (Z.6]), Z9) and (B3] yields
B; (|A°[ dp) = 2Vi(V;€A%(ei,¢5)) dp — ViEVH dp + |A°PHE dp,

where we used (2.2) and the fact that A%(V?j )V = A%V?jf as AY is trace-free. Conse-
quently we find

O (JA°P dp) = 2Vi(V;£A%es,€5)) dp — Vi (EVH) dp — [VW(F) P dp + AV V(f)
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Integration by parts and (2.2)) then yield
o [ 14Fndn+ [[9W()ndu
=2 / Vs W(f)ViHVndp — 2 / VW ()AL VEm dp + / | A% 20y dp
+ A [—/VZ-HdequQ/ViHdequ/AHndqu/\AO]QHndu]

The claim follows from integrating by parts in the terms involving A. U
Equipped with this evolution identity, we can now prove Lemma 311

Proof of Lemmal31l Again, we use a local orthonormal basis {e;}i—1 2. To prove both
inequalities in Lemma 3.1} we estimate the evolution in Lemma [B.1] with n = v*. The
last term in (B.J) and (B.2]) generates an additional term with A, since

0| < CAY?|0f| < CAY® (IVWV(F)] + |A]) - (B.4)

Therefore, both (B and (B.2]) contain two terms involving A. The terms without A can
be estimated exactly as in [20, Lemma 3.2] (with p=! = A). The claim follows after we
estimate the A-term generated by 9yn as in (B.4) and keep the term A [|A°2Hy*dpu. O

Appendix C Proof of Proposition

This section is devoted to proving Proposition

Following [21], 20], for tensors ¢,1 on X, we denote by ¢ % ¢) any multilinear form,
depending on ¢ and v in a universal bilinear way. In particular, we have |¢x | < ¢|o||]
and V(¢ x 1)) = Vo x 1 + ¢ x V. Note that since we are in codimension one, we can
work with tensors with scalar values and not with normal values.

Moreover, for m € Ny and r € N,r > 2 we denote by P/*(A) any term of the type

PrA)= Y V'Ax---xV"A
i14+ir=m

In addition, for 7 = 1 we extend this definition by denoting by P;"(A) any contraction
of V™A with respect to the metric g. We can now compute the evolution of higher
order derivatives of the second fundamental form.

Lemma C.1. Let f: [0,T) x ¥ — R3 be a volume-preserving Willmore flow. Then for
all m € Ny we have

Q(VTA) + AX(V™A) = P2 (A) + PI(A) + AP (A).
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Proof. First, we note that H is a contraction of A and hence H = PY(A), and conse-
quently also A = PY(A). Thus, by (L4]), we have

£=—AH+ P)(A)+ A (C.1)
For m = 0 we insert this into (28] to obtain
HA=V?+Ax Ax€=—V*(AH) + Pi(A) 4+ PY(A) + \PY(A),

Using [21, (2.11)] twice, we find VZAH = AV?H + P(A), hence by Simons’ identity
[38] we have

QA = —A2A + P(A) + PY(A) + APY(A).

Assume the statement is true for m > 1. Using [21], Lemma 2.3] with ¢ = V™A and the
fact that we are in codimension one yields

OVTTIA L ATYTHA = V(P (A) + P (A) + APy (A))
+ Z ViA* VIAxVEH™ A
i+j+h=3
+A*VEXVTA+VAxEx V™A
= Py(A) + PL(A) + AP (A),

where we used (C.I)) in the last step. O

In analogy to [20, Proposition 3.3], we have localized energy estimates for higher order
derivatives of A.

Lemma C.2. Let f: [0,T) x ¥ — R3 be a volume-preserving Willmore flow and vy as
in BJ). Then for ¢ = V™A,m € Ny and s > 2m + 4 we have

d 2.8 1 2 s
E/W v du+2/\V Py dp
4 R 4
<C <|A|3 + HAllioo([woD) /|¢|27 dp+C <1 +[A[s + IIA\Vioo([wo})) /[ 0]IAIQdM
>

where C'= C(s,m,A) > 0.

Proof. In the following, note that the value of C' = C(s,m, A) is allowed to change from
line to line. Using |21, Lemma 3.2}, we find

d
G 168y dn [19%0 du
<2 (ot au+t [Axoroneran+ [loPsr 00 du

e / 6P (VA + 2V P) du + © / 6P (VAP + 1AM v d, (C.2)

29



where 0y + A2¢ =Y and & = PZ(A) + P{(A) + A by (C). By Lemma [C1] we have
2 [y it [Axoroner durC [6RIVAR +141" du
=/(P§”+2(A)+P§”( )) * ¢7° du+/\/Pz ) * ¢y dp. (C.3)
Moreover, by @) we find
[16P 0 dn = [10Py D7 o f) (-AH — APH+ N dp (€

We proceed by estimating all the terms involving X in (C.3]) and (C4). For the A-term
on the right hand side of (C.3]), using [21, Corollary 5.5] with k = m, r = 3 we find

/ PI(A) * 67 dp < C(s,m, MINAl =50, ( / 6% du + /[ O]IA\2dM>-
>

The A-term on the right hand side of (C4)) is estimated using Young’s inequality with
p= % and g = 4 to obtain

CIN| [162* du < CIE 1oy di C [loPa*td
Consequently, we find from (C2]), (C3), (C4) and Young’s inequality
%/|¢|278 dpe+ /IV2¢IWS dp
< [ (epra) + ) wor dut [l Do fov) (~AH — AP H) du
+C (15 + 1Al s 0 /I¢|275 A+ C (N5 + Al 50 /[M]IAI2 dps
€ [lortaut [loPyt (92114 219%) d (©5)
Now, all the terms involving A on the right hand side of (C.3) are as in the statement.

For the second and the last term in (C.H]), one may proceed exactly as in the proof of
[21] Proposition 3.3]. This way, one creates additional terms which can be estimated by

Jioprtaus [19oprause [10opydurc: [ japyicna,
>

for every € > 0, using twice the interpolation inequality [21, Corollary 5.3] (which triv-
ially also holds in the case k = m = 0). The first term on the right hand side of (C.3))
can then be estimated by means of [21, (4.15)]. After choosing £ > 0 small enough and
absorbing, the claim follows. O
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Proposition can now be deduced from a Gronwall-type argument exactly as in [20),
Theorem 3.5]. To keep track of the role of A\, we give the details here.

Proof of Proposition [323. Without loss of generality, after rescaling as in Remark 2.2,
we may assume p = 1.

We pick a cutoff function 5 € C°(R?) with XBj/u(z) SV < XBi(x) such that v :=4o f
is as in (B.]) with a universal constant A > 0. Now, using Corollary 3.4 we deduce

T
/ / (IV2A]? + |A]®) dpdt < Ce + CA'eT + CeL = C(T*, L)e, (C.6)
B3y
using T' < T™. Consequently, by using we find
g 4
/0 [ANZoe (B, )y At < C(T™, L)e. (C.7)
Now, we change to another test function 5 € C°(R3) with XByja(z) <7 < XBju(x) and

v :=4o f. Note that (3] still remains satisfied with a universal A > 0. We now define
Lipschitz cutoff functions in time via

)

) fort < (j— )%
(t-G-Dg), for(j-DE<t<jz
, fOI‘tZ] ,

§i(t) =

e

where m € N and 0 < j < m. We also define £_1(¢) := 0 and &y(t) := 1 for all ¢t € R if
m = 0. We note that &,,(T") =1 and

< dtgj < fj 1, for all j € Ng. (C.8)

We now define a(t) = HA||LOO(BS/4( ) Bi(t) = [|V% A4 +4dp. Then, by Lemma [C.2]

and using v < 1 we have

CBi(0) + 3B (0) < CGm) (NI +a() B0+ CG.m) (14 DOIS +an)

Therefore, if we define e; := &;E; this implies using (C.8))
d 4
Zei(t) < ZEAOE (1) +CGom) (M) +a<t>) (1)
. 4
+0Gm) (1+ MO +a(0)  — 56OE (). (C.9)
We will now show that this implies for 0 < j <m and ¢t € (0,7)

1/t C(j,m,T*, L
ei(t) + 3 /0 & (s)Ej41(s)ds < w (C.10)
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We proceed by induction on j. For j = 0 we have g = 1 on (0,7). Therefore, we
have ey = [|A]*4*du < e by assumption. Moreover, by (C.6) we find fot Ei(s)ds =
fgf |V2A]248dpds < C(T*, L)e.
For j > 1 we have, integrating (C.9) on [0,¢] and using e;(0) =0
1 t
60 +3 | @B
¢ 4 t 4
<ctom) [ (NI +a) ei(s)ds+ Clme [ (L4 +a() ds
0

0
t
7 [ G eas

<cGom) [ (M1 +a) (6)ds + O, 7 Dje + CETIREE B
< cliom) [ (W) + a(o) e s+ CETTDE

using (C.7)), the induction hypothesis and T" < T*. Therefore, Gronwall’s inequality

yields using (C.6]) and (C1)

€;(t) < —%/0 &i(8)Eja(s)ds + W

LC(j,m,T*, L)e 4 .
+/O SR ZE (NS + als)) exp (C(T°, 1)) ds
C(m,L,T*)e

1 t
< —5/0 §i(8)Eja1(s)ds + T3 ;

which proves (C.10). Now evaluating at t = T with j = m, we find

C(m,L,T*)e

Tm for all m € N.

/|v2mA|2,y4m+4 d,u <
The estimate for V2™*1 A follows from the interpolation inequality in [21, Lemma 5.1]
withr=1p=¢q=2,a=1,8=0,s =4m+6 and t = % € [—%,%] Renaming T
into t proves the L?-estimate. The L>-estimate then follows using the L>-interpolation
estimate in [21) Lemma 2.8|, together with [2I) Lemma 4.2]. O

Appendix D Proof of Lemma

Proof of Lemma[7.9 We follow [I0, Lemma 4.1]. There exists a diffeomorphism
®: ¥ — 3, such that for ¢ > 0 small enough, fy o ® can be written as a normal
graph over fy, i.e.

foo® = fw + vy 0 = fo,
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for some pg: 3 — R, such that
[eollgaa < Ce, (D.1)
for C independent of €. We now wish to solve the equation

O fr = =VW(f) + X(Fo)v,. (D.2)

t

with initial datum fg, where 0} = Pti Oy and ft = fw + @iV, , for smooth functions
¢t 2 — R. By (D.2) and ([ZI2) (as in [10, (4.4)] with codimension one) we compute

B )
O(p0) P Fvgy, = —(AHp, + [AG P Hp vy, + Mfovy,
) o
= _(g;;zg];‘faijkﬁ@t)P vy,

+ <1 +/ BO(',(Pt,D(Pt,D2<Pt) d:“fw) Bl('a@taD@t7D2(ptaD3S0t)a
b

(D.3)
using (LL5]), where By, B; are smooth functions depending on fy. Note that the nonlocal
terms appear due to X\. Now, if || f; — fw|lc1 < ¢ is small enough, g?g}’%g is uniformly

t t

elliptic and we may assume that
]PJ‘ftX\ > |X| - ]PTfWX — PTftX\ > %\X!, for all X normal along fyy . (D.4)
Therefore, (D.3]) is equivalent to
Oyepr + gj{g?faijkeﬂpt
= <1 +/EBO(',90t,DSDt,D280t)deW> Bi(+, 1, Doy, D>y, D y). (D.5)

Since the right hand side of (D.E) is only of third order in ¢y, it is not too difficult
to see that the parabolic initial value problem (D.5) with initial datum ¢( satisfying
(D.T)) has a unique local solution in the Holder space H &Ta’k*'o‘([o, Ti] x 3;R) for some
0 < Ty <T. This follows from maximal regularity results for linear parabolic problems,
in Holder spaces, cf. [24], and a fixed-point argument using the contraction principle,
see also Proposition 2.1l and the corresponding references. Here the order reduction for A
discussed in Section 2.2is crucial. Now, we apply Theorem[.8 to fyy. By the embedding
C4(B) — W*2(X), we may assume that the constrained Lojasiewicz—Simon inequality
is satisfied for all | — fi||cs < o with exponent 6 € (0, 3]. Choosing ¢ > 0 sufficiently
small, we may without loss of generality assume Ce < o < 0 with o as in Theorem [7.§]
and that 77 is the maximal existence interval for (D.5]) for which we have (as part of our
definition of 77)

Ifi — fwller <o <6 forall t e[0,T7). (D.6)
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By parabolic Schauder estimates, from (D.5) and (D.I) we obtain a bound on the
parabolic Holder space norm, i.e. H(pHH ko < C, and hence for k as in the state-
ment

N e

I/ = fwllora < C for all t € [0,T7). (D.7)

By (D.2), we find
Oufe + &dfy = =VW(f) + A fov,,

where & denotes the tangential velocity. Next, by classical flow theory, see for instance
[26] Chapter 17], there exists a unique smooth family of diffeomorphisms satisfying

0P =& oP,on Xfor 0 <t <)
Oy = Ids; .

A direct calculation yields 9 (f; o ®;) = —VW(f; 0 ®;) + A(f; o P4)vf, 05, SO
0,73) X £ = R®, (t,p) = fro ®ro @ (p)

is a smooth volume-preserving Willmore flow with initial data fo o ®go ® 1 = fy. As
the solution to the volume-preserving Willmore flow is unique, cf. Proposition 2.1], we
conclude T3 < T and

fi=fio® 00 ' forall0<t<Ti.

It suffices to prove that f is global and converges as t — oo to a smooth Willmore
immersion f,, with the desired properties.

First, we show that we may assume W(f;) > W(fw) for all t € [0,T}). By assumption
and ([D.6), we have W(f;) > W(fw). If W(f;) = W(fw) for some t € [0,T}), then by
Remark 25 f and f are stationary and the claim follows. Hence, we may indeed assume
the strict inequality W(f;) > W(fw).

Let 6,C as in Theorem [[.8 By 2I3)), (D.6) and since V(f;) = V(fw), we may apply
the constrained Lojasiewicz—Simon gradient inequality to obtain

< W) - W)’

= —0 (W) = W(w))" ™ (VWD) 010 12(au)
= —0 (W) = W(iw))"™ (W) = Az, 0 T2 c2taus,)
= 6 (W) = W(fw)" INW(F) = M ez 198 Fll 2o

0.1z
> 5”@ fellz2any)
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for 0 <t < Tp. Now, using (.4)), (D.6)) and the resulting equivalence of the metrics gy,
and g 7o we find

- C — —
”atftHL2(dﬂfW) < —g% (W(ft) - W(fw))g for every tc [O,Tl) (D8)

Integrating in time and using the triangle inequality we find

. - S _ (%
1 = Sl 2@y ) < 1o = Sl z2@ugy ) + € (W(o) = W(iw))
< Cllfo— fwltes),

using the mean value theorem for the Willmore energy and assuming that € > 0 is small
enough. As in [10, p. 361], by interpolation for some 8 € (0,1) we find for t € [0,7})
and k as in the statement, using (D.7) and (D.1])

1fe = fwller) < Cllfe = fwllgeiaqy e = fwllags g, )
3 g
< Cllfo— fwligasy < 0 < 3, (D.9)

if € > 0 is sufficiently small. Since 77 > 0 is chosen maximal with respect to (D.6]), this
implies T = oo, which yields that f exist globally and satisfies || f, — fwllck(x) < o for all
t > 0. Therefore, (D.8) yields 9, f; € L'([0,00); L*(X,dpy,,)), and consequently, there
exists fao = limy_yo0 f; in L3(%,du fw ). Similar to (D.9), an interpolation argument and
O yield limy_,o f; = foo in CF(X). By parabolic Schauder estimates, one can then
obtain L°°-bounds on higher order derivatives, such that by interpolation again, one can
show that the convergence lim;_, o ft = foo is even smooth. Since the volume-preserving
Willmore flow is a gradient flow, fo is a constrained Willmore immersion. Using that
[ foo = fwllcr(z) < o, we find by Theorem [Z.§] that

W(fso) = W(w)I'™? < CIVIV(foo) = Mfoo) ¥t L2,y = 05

s0 Wi ) = W(fw). O
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