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POTENTIAL THEORY FOR A CLASS OF STRONGLY DEGENERATE
PARABOLIC OPERATORS OF KOLMOGOROV TYPE
WITH ROUGH COEFFICIENTS

MALTE LITSGARD AND KAJ NYSTROM

ABSTRACT. In this paper we develop a potential theory for strongly degenerate parabolic
operators of the form
L:=Vx- - (AX,Y,t)Vx)+ X -Vy — 0,
in unbounded domains of the form
Q={(X,Y,t) = (£, Zm, Y, Ym,t) ER™ ' X RXR™ ' X RX R | &y > (2, Y, Ym, )},

where 1) is assumed to satisfy a uniform Lipschitz condition adapted to the dilation structure
and the (non-Euclidean) Lie group underlying the operator £. Concerning A = A(X,Y,t) we
assume that A is bounded, measurable, symmetric and uniformly elliptic (as a matrix in R™).
Beyond the solvability of the Dirichlet problem and other fundamental properties our results
include scale and translation invariant boundary comparison principles, boundary Harnack
inequalities and doubling properties of associated parabolic measures. All of our estimates
are translation- and scale-invariant with constants only depending on the constants defining
the boundedness and ellipticity of A and the Lipschitz constant of . Our results represent
a version, for operators of Kolmogorov type with bounded, measurable coefficients, of the by
now classical results of Fabes and Safonov, any several others, concerning boundary estimates
for uniformly parabolic equations in (time-dependent) Lipschitz type domains.
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1. INTRODUCTION

The operator
K=Vx -Vx+X-Vy -9
in RNt N = 2m, m > 1, equipped with coordinates (X,Y,t) := (21, ..., Tm, Y1, Ym,t) €
R™ x R™ x R, was introduced and studied by Kolmogorov in a famous note published in 1934
in Annals of Mathematics, see [2I]. Kolmogorov noted that K is an example of a degenerate
parabolic operator having strong regularity properties and he proved that K has a fundamental
solution which is smooth off its diagonal. As a consequence,

(1.1) Ku=feC*® = uelC>,
for every distributional solution of Ku = f. Today the property in (|1.1)) is stated
(1.2) K is hypoelliptic.
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As can be read in the introduction of Hérmander’s monumental paper on the hypoellipticity of
operators published in Acta Mathematica in 1967, see [20], the operator studied by Kolmogorov
served as an important model case for Hormander when he developed his theory. Today the
Kolmogorov operator, and more general operators of Kolmogorov-Fokker-Planck type with
variable coefficients, play central roles in many applications in analysis, physics and finance.

Kolmogorov was originally motivated by statistical physics and he studied K in the context
of stochastic processes. Indeed, the fundamental solution associated to K describes the density
of the stochastic process (X¢,Y;) which solves the Langevin system

(1.3) dX; =+v2dw;,
vy, =X, dt,

where W, is a m-dimensional Wiener process. The system in ([1.3)) describes the density of
a system with 2m degrees of freedom. Given Z := (X,Y) € R*™, X = (x1,...,2y) and
Y = (y1,...,ym) are, respectively, the velocity and the position of the system.

Kinetic theory is concerned with the evolution of a particle distribution
f(X,Y,t):Dx DxRy - R, D, DCR™,

subject to geometric restrictions and models for the interactions and collisions between particles.
Generally, assuming no external forces, the evolution of the particle density is described by the
Boltzmann equation

(1.4) hf+X-Vyf=Q(f f)

The left-hand side in describes the evolution of f under the action of transport, with the
free streaming operator. The right-hand side describes elastic collisions through the nonlinear
Boltzmann collision operator. The Boltzmann equation is an integro- (partial)-differential
equation with non-local operator in the kinetic variable X. The Boltzmann equation is a
fundamental equation in kinetic theory in the sense that it has been derived rigorously, at least
in some settings, from microscopic first principles.

In the case of so called Coulomb interactions the Boltzmann collision operator is ill-defined
and Landau proposed an alternative operator for these interactions: this operator is now called
the Landau or the Landau-Coulomb operator. The operator can be stated as

(1.5) Of+X-Vyf=Vx- -(Af)Vxf+B(f)f)

where

X X
A(F)(X, Y1) i= amy / (I ~ X ® ‘X,|> X' H(X - XY, t) dX,
Rm

(1.6)
B(f)(X,Y,t) := b,y / \X’]VX'f(X —X’,Y,t) dx’,
]Rm

and v € [-m, 0], am~ > 0, and obviously the collision term in has a divergence structure.
The operator in is a nonlinear drift-diffusion operator with coefficients given by convo-
lution like averages of the unknown. As mentioned above the Landau equation is considered
fundamental because of its close link to the Boltzmann equation for Coulomb interactions.
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In the case of long-range interactions, the Boltzmann and Landau-Coulomb operators show
local ellipticity provided the solution enjoys some pointwise bounds on the associated hydro-
dynamic fields and the local entropy. Indeed, assuming, for all (Y,t) € D x I, that

M, < f(X,Y,t) dX < M (Local mass),
]Rm
1
B f(X,Y,t)|X|? dX < Ey (Local energy),
RmMm
fX,Y,t)In f(X,Y,t) dX < H)y (Local entropy),

Rm™m
one can prove that

0 <A < A(f)(X,Y,t) <AL |B(f)(X, Y, 1) < A,

for (X,Y,t) € D x DxI , 1.e., under these assumptions the Landau equation becomes locally
uniformly elliptic. As a consequence, and as global well posedness for the Boltzmann equation
and the construction of solutions in the large is an outstanding open problem, the study of
conditional regularity for the Boltzmann and Landau equations has become a way to make
progress on the regularity issues for these equations. We refer to [34] 6], 111 12}, 13}, 23| 35] for
more on the connections between Kolmogorov-Fokker-Planck equations, the Boltzmann and
Landau equation, statistical physics and conditional regularity. Furthermore, we have learned
a lot from the interesting survey of C. Mouhot [27].

As outlined above, kinetic theory and the idea of conditional regularity is one way to motivate
the study of the local regularity of weak solutions to the equation

(1.7) VX'(AVXU)—FBVXu—i-X‘Vyu—atU:O

assuming A is measurable, bounded and uniformly elliptic and the starting point for our analysis
is the recent results concerning the local regularity of weak solutions to the equation in
established in [18]. In [I8] the authors extended the De Giorgi-Nash-Moser (DGNM) theory,
which in its original form only considers elliptic or parabolic equations in divergence form, to
hypoelliptic equations with rough coefficients including the ones in . Their result is the
correct scale- and translation-invariant estimates for local Holder continuity and the Harnack
inequality for weak solutions.

The results in [I8] represent an important achievement which paves the way for developments
concerning operators as in in several fields of analysis and in the theory of PDEs. In this
paper we contribute to the understanding of the fine properties of the Dirichlet problems for a
subclass of operators of the form stated in ([1.7)), we will for simplicity here only consider the
case B = 0, in appropriate domains  C RV*1 and we note that in general there is a rich
interplay between the operators considered, applications and geometry. Indeed, as discussed,
the Kolmogorov operator, and the more general operators of Kolmogorov-Fokker-Planck type
with variable coefficients considered in this paper, play central roles in many applications in
analysis, physics and finance and depending on the application different model cases for the
local geometry of 2 may be relevant:

(i) AX Y ) = (@, Zm, ¥y Ym» t) € RV 2 > 9y (2, Y1)},

(1.8) (i) XY, t) = (@, %m, U, Yym, 1) € RV | gy > 00(X, 5, 1)},
(i53)  {(X,Y,t) = (T, Zm, Yy Ym, ) € RVTL| £ > 4h3(X, V)],
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In particular, in finance and in the context of option pricing and associated free boundary
problems, case (i) can be relevant. In kinetic theory it is relevant to restrict the particles to a
container making case (i7) relevant. Case (iii) captures, as a special case, the initial value or
Cauchy problem.

To be precise, in this paper we consider solutions to the equation Lu = 0 in Q where L is
the operator

(1.9) L:=Vx- -(AX,Y,t)Vx)+ X -Vy — 0,

in RVFL N =2m, m > 1, (X,Y,t) := (Z1, .ces T, Y1y s Yy ) € R™ x R™ x R. We assume
that

A= A(X, Y, t) = {ai,j(X, Kt) le:l
is a real-valued, m x m-dimensional, symmetric matrix valued function satisfying

(110) 5_1‘€|2 S Z az,](vaat)glgy ’A(X,Y,t)fd S KJ’&HC”

ij=1
for some x € [1,00), and for all £,¢ € R™, (X,Y,t) € RN+, We will refer to x as the constant
of A. Throughout the paper we will also assume that

(1.11) A = A(X,Y,t) = I,, outside some arbitrary but fixed compact subset of RV+1,
where I, denotes the m x m identity matrix, and that
(1.12) a;; € C®(RN T

for all 4,5 € {1,...,m}. The assumptions in and will only be used in a qualitative
fashion. The constants of our quantitative estimates will depend on m and . The assumption
is only imposed to simplify matters as we will work in unbounded domains. In particular,
as our results are local by nature this assumption is a modest constraint. The assumption
simplifies matters concerning the continuous Dirichlet problem. We note that the results in
[18] were derived for operators including the ones in assuming and also assuming,
implicitly, (1.12). Naturally, this is not an issue in situations when uniqueness of weak solutions
can be ensured. Concerning €2 we restrict ourselves to case (1.8)) (i) and unbounded domains
Q Cc RN*! of the form

(1'13) 0= {(vat) = (:c,xm,y,ym,t) € RNJrl ‘ Tm > ¢($7y,ym;t)},

imposing restrictions on v of Lipschitz character. To generalize the program of this paper to
the geometrical contexts (1.8]) (i), (iii), are interesting and relevant projects.

Our main result is a potential theory for operators £ as in , assuming only ,
and , in unbounded Lipschitz type domains as in (|1.13]). Beyond the solvability of the
Dirichlet problem and other fundamental properties our results include scale and translation
invariant boundary comparison principles, boundary Harnack inequalities and doubling prop-
erties of associated parabolic measures. All of our estimates are translation- and scale-invariant
with constants depending only m, k, and the Lipschitz constant of ). These results are, up to
a point, established allowing A and 1 to depend on all variables with y,, included. However,
the more refined results established are derived assuming in addition that A as well as ¢ are
independent of the variable y,,. The reason for this is discussed in detail in the paper but
this is a way to handle the rigidity in the underlying Harnack inequality, a rigidity that stems
from the subelliptic nature of the operators considered. In the prototype case A = I,,, i.e.,
in the case of the operator K, the corresponding results were established in [30] but we also
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refer to [7], [8] and [9], where a number of important preliminary estimates concerning the
boundary behavior of non-negative solutions to equations of Kolmogorov-Fokker-Planck type
in non-divergence form in Lipschitz type domains were developed. Together, these papers seem
to represent the only previous result of their kind for operators of Kolmogorov type.

To put the importance of our results into perspective it is relevant to outline the progress on
the corresponding problems in the case of uniformly parabolic equations in R™*1! i.e., in the
case when all dependence on the variable Y is removed in ((1.9)), leaving us with the operator

(1.14) Vx - (A(X,)Vx) — 8.

In this case and in the case of (time-dependent) Lipschitz type domains, scale and translation
invariant boundary comparison principles, boundary Harnack inequalities and doubling proper-
ties of associated parabolic measures were settled in a number of fundamental papers including
[16], [17], [33], [I5] and [28]. Subsequently, this type of results have found their applications in
several important fields of analysis including the analysis of free boundary problems, see [4],
[5] and [I] for instance.

2. PRELIMINARIES

2.1. Group law and metric. Throughout the paper we will use the notation (Z,t) = (X,Y,t) =
(%, T, Y, Ym, t) and (z,t) = (z,y,t). The natural family of dilations for £, (6,),>0, on RV*1
is defined by

(2.1) 6-(X,Y,t) = (rX,r3Y, rt),

for (X,Y,t) € RV r > 0. Our class of operators is closed under the group law

(2.2) (Z,D)o(Z,t)= (X, Y, D)o (X,V,t)= (X +X, Y +Y —tX,i+1),

where (Z,t), (Z,t) € RN*1. Note that

(2.3) (Z,t) ' =(X,V, )" = (=X, -Y —tX, —t),

and hence

(2.4) (Z, D) to(Z,t)=(X, Y, D) ' o(X,Y,t) = (X - X,)Y =Y + (t—D)X,t— 1),

whenever (Z,t), (Z,1) € RN*1. Given (Z,t) = (X,Y,t) € RV*! we let

(2.5) I(Z.Dl1 = (X Y20l = [0 Y) e, ()] = ]+ [ ]2,

We recall that there exists a positive constant ¢ = ¢(m) such that

(2.6) 12,672 < el (2,00, 1(Z,8) 0 (Z,D]) < e(I(Z.D]] + [(Z. DI,

whenever (Z,t),(Z,t) € RN*1, Using it follows immediately that

(2.7) I(Z.H e (Z )l <cl(Z )7 o (Z,D)],

whenever (Z,t),(Z,1) € RN*!. We define

(2.8) d((Z,1),(Z,1)) := é(l!( 2,6 o (Z )] + (2,07 o (Z,D)]).

Using it follows that

2 NZD e (ZO] < (2.0, (Z.0)) < (2.5 o (21
cH(Z )™ o (Z,1) < d((Z,1),(2,1)) < cll(Z,t) ™ o (Z,D)]
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with constants of comparison independent of (Z,¢), (Z ,1) € RVF1. Again using (2.6) we also
see that

(2.10) d((Z,),(Z,1)) < e(d((Z,1), (Z,1)) + d((Z,1),(Z,1))),

whenever (Z,t),(Z,1),(Z,t) € RVN*!, and hence d is a symmetric quasi-distance. Based on d
we introduce the balls

(2.11) B.(Z,t) = {(Z,t) e RN | d((Z,1),(Z,1)) <7},

for (Z,t) € RNt and r > 0. The measure of the ball B.(Z,t), |B.(Z,t)|, satisfies
I < |B(Z,t)| < er?, q = 4m + 2,

independent of (Z,t).

2.2. Geometry. A function ¢ (x,y, ym,t) : R™71 x R~ x R x R — R satisfying

(212)  [(2, Yy 1) = (E, Gims D] < M) 0 (2,0 + [ym — Gin + (E = DY, Gin, D),

for some constant M € (0,00), will be referred to as a Lipschitz function. Given a Lipschitz
function v we say that

(2.13) Q:={(Z,t) = (2, Zm, Y, Ym,t) € RNA! | Ty > V(X, Y,y Ym, t) }

is an unbounded Lipschitz domain with constant M, or simply a Lipschitz domain with constant
M.

Several of our scale- and translation-invariant estimates will be formulated using certain
reference points which we now introduce. Given p > 0 and A > 0 we let

ATy = (0,Ap,0,—3Ap°, p?) eR™ T X RXR™ ' xR xR,
(2.14) A,n = (0,Ap,0,0,0) cR™ ' x Rx R™ ' xR x R,
Ay = (0,4p,0,500°, —p?) e R™ T X R X R™ ' xR x R.
Given (Zg,t9) € RV*! we let
AT\ (Zo,t0) = (Zosto) 0 Ay, Apa(Zo,to) := (Zosto) © Apa-
2.3. Weak solutions. Consider Ux xUy xJ C RV with Ux ¢ R™, Uy C R™ being bounded

domains, i.e, open, connected and bounded sets, and J = (a,b) with —co < a < b < co. Then
u is said to be a weak solution to the equation

(2.15) Lu=Vx- (AX,Y,t)Vxu)+ X -Vyu— 0 =0,
in Uy x Uy x J C RN*Lif

(2.16) u € Ly (Uy x J,Hx(Ux)),

and

(2.17) —X - Vyu+ 0w € LY, (Uy x J,Hy' (Ux)),

and if Lu = 0 in the sense of distributions, i.e.,

(2.18) ///(A(X, Y, )Vxu-Vxé+ (X - Vyd)u — udyg) dX dY dt = 0,
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whenever ¢ € C3°(Ux x Uy x J). Similarly we say that u is a weak supersolution, Lu < 0 for
short, if for all ¢ € C§°(Ux x Uy x J) such that ¢ > 0, we have

(2.19) /// AX,Y, t)Vxu-Vx¢— (X - Vyo)u+ udi¢) dX dY dt <O0.

Further, u is a weak subsolution if —u is a weak supersolution.

We say that u is a weak solution to the equation Lu = 0 in Q if v is a weak solution to
Lu = 0in Ux x Uy x J € RNt where Uy ¢ R™, Uy C R™ are bounded domains, and
J = (a,b) with —o0 < a < b < oo, whenever Ux x Uy x J is compactly contained in 2. Weak
super- and subsolutions are defined analogously.

3. STATEMENT OF MAIN RESULTS

We first prove the following three theorems giving the solvability of the continuous Dirichlet
problem, a Holder continuity estimate up to the boundary and an estimate usually referred to
as the Carleson estimate. Our standing assumptions concerning A is that A satisfies
with constant x and that and hold.

Theorem 3.1. Let Q@ C RN*! be a Lipschitz domain with constant M. Given ¢ € Co(08),
there exists a unique weak solution u = u,, u € C(Q2), to the Dirichlet problem

(3.1) {ﬁu:O in §,

u=w on 0.

Furthermore, there exists, for every (Z,t) = (X,Y,t) € Q, a unique probability measure w(Z,t,-)
on 00 such that

(3.2) u(Z,t) //BQ (Z,1)dw(Z,t, Z,1).

The measure w(Z,t, E) is referred to as the parabolic measure associated to L in 2 and at
(Z,t) € Q and of E C 09.

Theorem 3.2. Let Q C RN*! be a Lipschitz domain with constant M. Let (Zg,ty) € 09
and r > 0. Let u be a weak solution of Lu = 0 in Q N By (Zp,to), vanishing continuously
on 0Q N Bar(Zo,ty). Then, there exists a constant ¢ = c¢(m,k, M), 1 < ¢ < 00, and o =
a(m,k, M) € (0,1), such that

(3.3) lu(Z,t)] < c(

sup  |uf
QNBa,- (Zo ,to)

d((Zv t)a (207 tO))>a

r
whenever (Z,t) € QN B,/.(Zo, to)-

Theorem 3.3. Let Q@ C RNt be a Lipschitz domain with constant M. There exist positive
A=A(m, M) and c = c(m,r, M), 1 < ¢ < 00, such that the following holds. Let (Zy,ty) € OS2
and r > 0. Assume that u is a non-negative weak solution to Lu = 0 in Q N Bor(Zo, to),
vanishing continuously on 0 N Bay(Zy,to). Then

u(Z,t) < culAF (o 10))
whenever (Z,t) € QN By(Zo,to), 0 < p <r/e.
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We emphasize that Theorem Theorem are proven assuming only that Q c RN*! ig
a Lipschitz domain with constant M, that A satisfies with constant x, and that
and hold. The latter assumptions are only used qualitatively. However, our next set of
results are proven under the following additional structural assumptions:

(/L) A(X’ Y’ t) = A(xuxm7y7ym)t) = A(xuxm7y7t)7
(i1) (@, y,ym,t) = ¥(z,y,1),
whenever (z, T, Y, Ym,t) € R¥FL. That is, in the following both A and 1) are assumed to

be independent of the variable y,,. Using this additional assumption we prove the following
theorems.

(3.4)

Theorem 3.4. Let Q C RN be a Lipschitz domain with constant M and assume in addition
(3.4). There exist positive A = A(m,M) and ¢ = c(m,k, M), 1 < ¢ < oo, such that the
following holds. Let (Zy,tg) € OQ and r > 0. Assume that u is a non-negative solution to
Lu =0 in QN By (Zo,ty), vanishing continuously on 0 N Bar(Zo, to). Let po =1/c,

(3.5) mt = U(A;_O A(Zo,t0)), m™ = U(Apo A(Zo,t0)),
and assume that m~ > 0. Then there exist constants ¢y = ci(m,k, M), 1 < ¢1 < 00, g =
ca(myk, M,m™* /m™), 1 < ey < oo, such that if we let py = po/c1, then
u(Z,t) < CQ'LL(ApyA(ZO,{O)%
whenever (Z,t) € QN Bp/cl(Zo,fg), for some (Zo,to) € 90N By, (Zo, t0), and 0 < p < py.

Theorem 3.5. Let Q C RNT! be a Lipschitz domain with constant M and assume in addition
(3.4). There exist positive A = A(m,M) and ¢ = c(m,k, M), 1 < ¢ < oo, such that the
following holds. Let (Zy,ty) € 02 and r > 0. Assume that u and v are non-negative solutions
to Lu =0 in Q, vanishing continuously on 0 N Ba,(Zo,to). Let pg =1/c,

ml - (A;ro A(Z()7t0))7 m; = U(Apo A(Z()at(]))
m2 - (A;_ A(ZO?tO))) m2_ = U(ApO,A(ZO)tO))a

and assume m; >0, my > 0. Then there exist constants c¢; = ¢1(m, Kk, M),

(3.6)

Cy = CQ(ma R, M? mii_/m1_7 m;/mg)’

1 < ey, <00, 0 =0a(m,k, M,m{ /my,mg /my), o € (0,1), such that if we let p1 = po/ci,
then

U(Z’t) _ U(Z7£)‘ < 02<d((Z’ t)?(ng))>UU<Ap7A(Z:07£0))
a p u(Apa(Zo. o))

uw(Z,t)  w(Z,t)
whenever (Z,t),(Z,1) € QﬂBp/Cl(Zg,fo), for some (Zo, to) € ONNB,, (Zo, o), and 0 < p < p1.

Theorem 3.6. Let Q C RN be a Lipschitz domain with constant M and assume in addition
(3.4). Then there exist positive A = AN(m, M), ¢ = ¢(m,k, M), 1 < ¢ < oo, such that the
following is true. Let (Zy,tg) € 092, 0 < pg < oco. Then

w(Acpo A(Zo,to) o0 nN ng(Zo,to)) < CW(AZ;JO,A(ZO’tO)’ o0nN Bp(Zo,fo))

for all balls B,(Zo, o), (Zo,to) € 09, such that B,(Zo,to) C Bapy(Zo,to)-
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As mentioned before, in the prototype case A = I, i.e., in the case of the operator K, Theo-
rems 3.4 are proved in [30], and our Theorems represent far reaching generalizations
of the results in [30]. Here it is also fair to refer to [7], [8] and [9] for some relevant estimates in
the context of operators in non-divergence form. Compared to these previous results, the proofs
presented here consistently have to take into account that in this paper the coefficients {a; ;}
are, from a quantitative perspective, only assumed to be bounded, measurable, symmetric and
uniformly elliptic.

The results in [30] are established assuming that Q C RN*! is a Lipschitz domain with
constant M and that (73) holds (in [30] obviously (¢) is satisfied). In particular,
for reasons that are explained in detail in [30] the results, including the translation invariant
doubling property of parabolic measure, were derived using the assumption that the defining
function for € in , 1, was assumed to be independent of the variable y,,. This assumption
gave the authors a crucial additional degree of freedom at their disposal when building Harnack
chains to connect points: they could freely connect points in the x,, variable, taking geometric
restrictions into account, accepting that the path in the y,, variable will most likely not end
up in ‘the right spot’. This possibility to conduct translations in the y,, variable is also reason

why we in Theorems assume ((3.4)).

3.1. Structure of the paper. The rest of the paper is organized as follows. In Section
we establish crucial local estimates such as a maximum principle, energy estimates, interior
regularity estimates, Harnack inequalities and related estimates. We also introduce, and state
estimates of, the fundamental solution. Section [5]is devoted to the proof of Theorem which
is based on estimates introduced in Section [l In Section [6] we discuss the Dirichlet problem
and prove Theorem We also prove a maximum principle on unbounded Lipschitz domains.
In Section [7] we prove Theorem In Section [§] we introduce the Green function and discuss
its relation to the parabolic measure associated to £ and 2. In Section [0]we prove a weak com-
parison principle close to the boundary and discuss some consequences of it and the structural
assumption . Note that up until and including Lemma assumption is not used.
Furthermore, assumption is only used explicitly in the proofs of Lemma and Lemma
and implicitly in subsequent statements based on Lemma In Section [10| we prove The-
orem It is worth noting that Lemma (and therefore assumption ) appears to be
crucial to the proof. In Section [11] we prove Theorem In Section [12] we discuss properties
of the parabolic measure associated to £ and 2. In particular we prove Theorem and prove
estimates of the related kernel function.

Convention concerning constants. Throughout the paper we will use following conventions.
By ¢ we will denote a constant satisfying 1 < ¢ < oo, and ¢ will at most depend on m, k and
M unless otherwise stated. We write that ¢; < cg if ¢1/c2 is bounded from above by a positive
constant depending at most on m, k and M. We write ¢; = c2 if ¢1 < ¢ and ¢a < ¢1.

4. BASIC PRINCIPLES AND ESTIMATES

Throughout the paper we will use the notation
Qr = {(X,Y,0) | |z <, |wi| <73, |t] <72},
Qmyr ={(X,Y,0) | |z3] <r, i=1,...,m—1, |z, <4Mr, |y;| < 3 |t < r?),
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where 7 > 0, and given (Zy,t9) = (Xo,Yo,t0) € RV we let Q.(Zo,t0) = (Zo,to) o Qr,
Qrr(Zo,to) = (Zo, to) o Qur,r. Note that given M > 0, there exists ¢ = ¢(m, M) > 1 such that
(4.1) B,.;e(Zo,to) € Quryr € Ber(Zo, to),

for every (Zo,to) € RN*! and r > 0. Given ¢ as in (2.12)), Q as in ([2.13)), and (Zo, ty) € 9Q we
let

QT(Z():tO) = QM,T(Z())tO) N {(Xa}/at) | @b(%Y»t) < xTm < 4Mr + ¢($0,Y(),t0)},
AT‘(Z07tO) = QT(ZOatO) n {(Xv}/at) | Tm = ¢($7Yat)}

Note that there exists ¢ = ¢(m, M), 1 < ¢ < 0o, such that

(4.3) aQn BT/C(Z(], to) C Q-(Zo,to) C Q2N Ber(Zo, to)

for all (Zp,tp) € 02 and r > 0.

Throughout the paper we will, given (Zy,tp) € 092 and r > 0, rather consistently use the
notation Q,(Zo,to), :(Zo,to), and A, (Zy, tp) instead of the notation used in statement of our
main results: B,(Zp,t0), QN B (Zp, o), and 02N B, (Zp,to). Using (4.1)) and (4.3)) we note that
we can readily move between the two different sets of notation.

(4.2)

4.1. Comparison/maximum principle. We first prove the weak maximum principle in
0,(Zp,tp) and we recall that we are qualitatively assuming ((1.12]).

Lemma 4.1. Let (Zy,tg) € RN r >0, Q, := Q,.(Zo, to). Let u € C?(Q,) N C(Q,) be such
that

> )
(4.4) {ﬁu_() in Q,

u<0 ondQ,.
Then u <0 in ..
Proof. We can without loss of generality assume that (Zy,t9) = (0,0). Using (1.10) we see

that amm(Z,t) > k=1 > 0 for all (Z,t) € RV*L. Using (1.12) we can rewrite the operator in
non-divergence form,

E = Z ai,j(X7 Y7 t)axzx] + ZbZ(Xuyvat)al‘J + X - VY - ata
7,7=1 =1

where

bi(X, Y1) = On,ai5(X, Y1) € L®(Qurar)-
=1
Assume that

(4.5) max ¢ > max u.

T T

For € > 0, put ue = u + eeX*™ for some constant K > 1 to be chosen. Then u, — u uniformly

on €, as e — 0. Let (Xe, Y., t.) be such that u, (XE, Y., te) = maxg-u.. By compactness we may
pick a subsequence such that (X'e, Y., te) — (X Y, t) and by using the uniform convergence we
have

uw(X,Y, 1) = maxu.
Qr
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Using (4.5) we have (X',Y,f) € Q. and, for € small, (Xe, Ae,t}) € Q.. Note that
vX,Y,tue(X& )A/E7 tAE) - 07
and that

Z Qg5 (X67 }A/ev fe)axixjus(Xev }A/ev tAe) = trace(A(Xg, Yea 7ge):HX (UE(X67 Yea 7ge))) <0,
ig=1
where Hx (u(X,Y,t)) denotes the hessian matrix in the X-variable of u at (X,Y,t). Thus,
ﬁue(Xe; ffe; tAe) = trace(A(Xe, YAvw tAe)HX(ue(Xa ifa tAe)))

m
(4.6) + > bil(Xe, Yo, b) Oy ue(Xe, Ve, )
i,j=1

+ Xe : VY’U'€<XE7 }A/eafe) - 8tue(Xea YveatAe) <0.

On the other hand,
Lue(Xe, Ve, te) = Lu(Xe, Ve, be) + L (eeom)
= Lu(Xe, Yo o) + €K™ (K apm m(Xe, Yo, be) + b (Xe, Yo, o))
> eKe" " (K /K — bl L (@) > 0,

for K large enough. This contradicts (4.6) and hence (4.5). Hence (4.5)) is false and the proof
is complete. [l

4.2. Energy estimates and local Hélder continuity. We state and prove the following
energy estimate.

Lemma 4.2. Let (Zg,tg) € RVt > 0. Let u be a weak solution to the equation Lu = 0 in
Q2r(Zo,to). Then

(4.7) /// IVxul> dZdt < r 2 /// lu|? dZ dt.
r(Zo,to) Q2r(Zo,to)

Proof. The proof is standard and we note that can without loss of generality assume that
(Zo,to) = (0,0) and we let Q, := @Q,(0,0). Let ¢ be a test function such that ¢ € C5°(Q2,),
¢ =11in Q, and r|Vxo| +7r2|(X - Vy — 8;)¢| < 1 in Q. Using that Lu = 0 in Q2 and using
¢%u as a test function, which is allowed due to that we are qualitatively assuming , we
obtain

(4.8) / / / (A(X, Y, )Vxu- Vx(¢*u) + (X - Vy (¢*u))u — ud(¢*u)) dZ dt = 0.

Manipulating this equality, using ([1.10])), Cauchy-Schwarz and the properties of ¢, the lemma
readily follows. O

The following two lemmas are proven in [I§].

Lemma 4.3. Let (Zg,tg) € RNt > 0. Let u be a weak solution to the equation Lu = 0 in
Q2 (Zp, to). Then there exists o € (0,1), depending only on m and k, so that

d<<Zt><Zt>>> sup |l

4 QQT‘(ZO 7t0)

‘U(th) _u( ~7t~)‘ rg (
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whenever (Z,t),(Z,t) € Q.(Zo,to).

Lemma 4.4. Assume that Lu = 0 in Qa, = Qor(Zo, to) C RN Given p € (1,00) there exists
a constant ¢ = ¢(m, k,p), 1 < ¢ < oo, such that

1/p
(4.9) sup |u| < c(ﬁ[ |ulP dZdt) .
QT 2r

4.3. Harnack’s inequality and Harnack chains. To state the Harnack inequality we in-
troduce some further notation. We let

(410) Q7 ={(X,Y,t) [fai| <, |y <v®, —r* <t <0}, Qr (Zo,t0) = (Zo,t0) © Qy
for (Zy,tg) € RN*L. The following Harnack inequality is proved in [I8].

Lemma 4.5. There exist constants ¢ = ¢(m,k) > 1 and o, 3,7,0 € (0,1), with 0 < a < f <
v < 02, such that the following is true. Assume u is a non-negative solution to Lu = 0 in
Q- (Zo, to) for some r >0, (Zy,tg) € RVFL. Then,

sup u <c inf |,
Qr (Zoto) QF (Zoto)

where
Qi (Zo,to) = {(z,t) € Qy.(Zo,to) | to — ar? <t < tp},
Qr (Zo,to) = {(a,t) € Qy,(Zo,to) | to — 4% < t < to — pr}.
We remark that the constants «, 5,7, 0 appearing in the above lemma can not be chosen
arbitrarily and this is in contrast to, for example, the case of uniformly parabolic equations.

Definition 1. A path «: [0,7] — RV*! is called admissible if it is absolutely continuous and
satisfies

(4.11) %’y(r) = w;(1)0s,(4(7) Zxkayk — 8(y(7))), for a.e.T € [0, 7],
7j=1

where w; € L%([0,T7)), for j =
that v connects (Z,t) = (X,Y,
and y(T) = (Z,1).
Definition 2. Given a domain @ ¢ R¥*! and a point (Z,t) € Q, we let Az = Azn ()
denote the closure of the set

{(Z,f) € Q | there exists an admissible « : [0,T] — €2, connecting (Z,t) to (Z,f)}.
We will refer to Az (€2) as the propagation set of the point (Z,t) with respect to (2.

1,...,m, and X is a non-negative measurable function. We say
t) € RN“ to (Z,1) = (X,Y,1) e RN i < ¢, if v(0) = (Z, )

Definition 3. Let Q@ ¢ RV*! be a domain. Let (Z,t), (Z,%) € Q, t < t, be given. Let
{r]}] 1 be a finite sequence of real positive numbers and let {(Z;,t; )}J 1 be a sequence of

points such that (Z1,t1) = (Z,t). Then {{(Z;,t;)}% Ly {rj} 1} is said to be a Harnack chain
in Q, connecting (Z,t) to (Z,1), if
(i) @ (Zjtj) CQ, forevery j=1,....k,
(4.12) (i1) (Zj1,tj41) € QVT_] (Zj,t), forevery j=1,...,k—1,
(i) (Z,1) € Qpy(Zns th)-
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Let u be a non-negative weak solution to Lu = 0 in Q. Assume that {{(Z;,t;) ?:17 {r; }§=1}

is a Harnack chain in €, connecting (Z,1) to (Z,t), and let ¢ be the constant appearing in
Lemma Then, using Lemma we see that

(4.13) w(Zji1,tj41) < cu(Zj,tj), forevery j=1,...,k—1,
and hence,
(4.14) w(Z,1) < cu(Zy, ty,) < Fu(Z,t).

To use Lemma [£.5] efficiently we will build Harnack chains using admissible paths.

Lemma 4.6. Let y(7) : [0,t —t] — RNT1 £ < t, be an admissible path, starting at a point with
time coordinate equal to t, with A = X\(1) = 1, and let a,b be constants such that 0 < a <b < T,
T :=t—1t. Then there erist positive constants h and n, depending only on m, such that

* llw()IP? - —Vb—a
(4.15) o dr <1 = 7(b) €Q,.(v(a)), wherer =vb—a.
Furthermore, the set Q. (v(a)) N{t =T — b} is contained in Int (A@)(@Qr))-

Proof. The first part of the lemma is a consequence of Lemma 2.2 in [3]. The second conclusion
follows by arguing as in the proof of Proposition 3.2 in [9]. O

Lemma 4.7. Let Q C RVt be a domain. Let v, t, t, A\, T, h, 1, be as in Lemma@ and
define {7;} as follows. Let 7o =0, and define Tj41, for j > 0, recursively as follows:

t—t 2 o 2
(i) if/ Hw(;—)”d7'>1 then Tj+1:inf{0€(7j,t—ﬂ:/ |W(;Z—)”d7'>1},
Tj Tj

t—t 2
(i7) if / Hw(}:)“ dr <1 then 1j41 =t —t.
7j

Let k be smallest index such that 7,11 =t —t. Define, based on {r;}**}

j=0
Tigl — T .

(4.16) ;= % j=1,...,k,

and let (Z;,t;) = y(15) for j =1,..., k. Assume that

(4.17) (1) : [0,t — 1] = £, and Q. (Zj,t;) C Q,

for every j =1,...,k. Then there exists a constant ¢ = c¢(m,k), 1 < ¢ < 0o, such that if u is

a non-negative weak solution to Lu =0 in ), then
(4.18) w(Z,1) < R T e@Idr) oz )

Proof. This can be proved by proceeding as in the proof of Proposition 1.1 in [3] using Lemma
and Lemma Indeed, let {{(Z;,t;) ?:1» {r;}¥_,} be as in the statement of the lemma.

Using the assumption (4.17) and applying Lemma then yields that {{(Z;, tj)}g‘?:l, {r; }é?:l}
is a Harnack chain connecting (Z, 1) to (Z,t) with

1 t—t
k§1+/ l|w(7)||? dr.
h 0

This gives the inequality of the lemma. [l
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Let

(4.19) Bi= <8 {)m> E(s) = exp(—sB*),

for s € R, where I,;, and 0 represents the identity matrix and the zero matrix in R™, respectively.
Furthermore, let

t +2
1 0 tl -5 1
4.20 c(t :—/Es(m >E*sd3— mo —ylm)
whenever ¢ € R. Note that det C(t) = t*™ /12 and that

(4.21) €)' =12 (Z_:gfm tj]m) .

U S

Lemma 4.8. Let Q C RVT! be a domain. Let (Z,t), ( ~,f) €, t <t, be given. Consider the
path (1) = ((7),t —7) : [0,t — {] — RNT1 where

(4.22) () = E(~r) (Z (et — Bl —DZ - Z)) .

Then v(0) = (Z,71), v(t —t) = (Z,7) and (3(7),t — 7) is an admissible path. Moreover, the
path satisfies (4.11)) with

(4.23) W(T) = (Wi(7T), ooy win (7)) = E(r)*C Yt — ) (E(t — ) Z — Z).

Let h, B8, {7}, {r;} and {(Z;,7)} be as in Lemma[{.7 Assume that

(4.24) (1) : [0,t — 1] = Q, and Q,(z5,t5) C Q,

for every j =1,...,k. Then there exists a constant ¢ = c¢(m,k), 1 < ¢ < 0o, such that if u is
a non-negative weak solution to Lu =0 in ), then

(4.25) w(Z,0) < C(H—%(C*l(t—f)(Z—E(t—f)Z),Z—E(t—f)Z))u(Z’ 0.

Proof. That (1) is an admissible curve satisfying (4.22)) is shown by direct computation. Using
the assumption of the lemma we see that we can apply Lemma [£.7] However, in this case, by
a direct computation, we see that

/Ot_t llw(n)||2dr = (€Yt —1)(Z - E(t —1)Z),Z — E(t —1)2),

which proves the result. O

Remark 4.1. Just to be clear, to apply Lemma the critical assumption to be verified in
a specific application is (4.24)).

Based on the notion of propagation sets the following (general) geometric version of the
Harnack inequality can also be proved using Lemma 4.5 and Lemma [4.7

Lemma 4.9. Let Q € RY* be a domain and let (Zy,to) € Q. Let K be a compact set contained
in the interior of A(z,1,)(2). Then there exists a positive constant c = c(m,k, M, K), such
that
supu < cx u(Zy, to),
K

for every non-negative weak solution uw of Lu =0 in ).



POTENTIAL THEORY FOR OPERATORS OF KOLMOGOROV TYPE 15

Proof. The lemma can be proved using the same reasoning as in the proof of Lemma [£.7} we
refer to [2] for details. O

In light of Lemma we could pose the following alternative definition of a Harnack chain:
{{(Zj,tj)};?:l, {rj};‘?:l} is a Harnack chain in , connecting (Z,t) to (Z,1), if

(1) Q;J,(Zj,tj) CcQ, forevery j=1,...,k,
(4.26) (@) (Zj+1,tj41) € Kj CInt(Az,,)()), for every j=1,..., k-1,
(i41) (Z,1) € K}, C Int(A(z, +)(2)),

where K is a compact set, for each j = 1,--- ,k, and Int(A(z, +,)(€2)) denotes the interior of
the set Az, ;,)(€2). Note that similarly as before, if u is a non-negative weak solution to Lu = 0

in Q and if {{(Z},t;) 5?21, {rj}é?:l} is a Harnack chain in the sense above, then by Lemma
u(Zj1,tj1) < cx,u(Zj, t)), forevery j=1,... .k —1,

and hence

(4.27) w(Z,t) < cu(Zy, ty,) < Fu(Z,1),

where ¢ := max{cg; }§:1-

4.4. Admissible paths and cones.
Lemma 4.10. Let A be a positive constant. Define
(4.28) zn = (0,A,0,—2A) e R x Rx R ' x R.
Then, the path
0,1] = RY T 7 5 (1) = 61+ (24, 1)

s admassible.
Proof. Note that by definition

7(7—) = (O¢ (1 - T)Aa 07 _%(1 - 7_)3A7 (1 - 7-)2) , T € [Oa 1]
By a direct computation we see that

d

57(7) = (0,-A,0,2(1 —7)2A, —2(1 — 7)), 7 € [0,1].

In particular,
(4.29) %’Y(T) = > wi(1)d, (7(7) + A7) (Z 20y, (7(7)) — 3t(7(7))> , 7€ [0,1],
j=1 k=1

where w; =0 for j € {1,..,m — 1}, wy, = —A and A(7) =2(1 — 7). O
To continue, we recall the following cones, or cone like objects, introduced in [9]. Given
(Zo,to) € RNTL Z ¢ RN, £ € Ry, consider an open neighborhood U C R of Z, and let
Z;w(zo,to) = {(Zo,t0) 00s(Z,t) | Z€ U, 0< s <1},
z,

(4.30)
Z5 :(Zo,t0) = {(Zo,t0) 0 05(Z,—1) | Z € U, 0 < s < 1}.
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Given p > 0 and A > 0, recall the points A:; A Apa, A; A» introduced in ([2.14). In addition we
introduce

~ 2
A;:A - (07 _Ap7 07 gAP37 Pz),

(4.31) _ )

Ap_,A - (07 _Apa 07 —gA,O:s, _p2)7
and
(4.32) zzl,jf,A(Zo,to) = (Zo,to) © Aim

whenever (Zp,ty) € RN+1 Let the points z;t, A Ei A be defined through the relations
(4.33) AiA = (ZiAaPQ)a Ai/\ = (EZE,Aap2)'
Given 7, 0 <n << 1, A, and p > 0 we let
+ +
Upn, Bnp((zpﬁA,O))ﬂ{(Z,t) |t =0}.

Then, based on (4.30)), we define

Cp'r]A(ZO’tO) Zjﬂ: g=  (Zosto),
(4 34) PN pom, A
' +
CpnA(Z07t0) ZA;:EA’U:nA(Z()’tO)
The sets
(4.35) CpnA(Z()’tO) CpnA(Z()7t0)

will be referred to as cones with vertex at (Zp,to) as, for 1 small, they represent cones around
admissible paths passing through (Zy, ty) as well as the points Aff’A(ZO, to), and AiA(Zo, to).

4.5. Cones in Lipschitz domains. The standing assumption in all lemmas stated in this
subsection is that © C RNT! is a Lipschitz domain with Lipschitz constant M, and that
Q, = (2o, 1), A, = A (Zy, 1g) for some (Zy, ty) € 9 fixed, and for r > 0.

Lemma 4.11. Consider Q.. There exist A = A(m, M), 1 < A < oo, and cg = co(m, M),
1 < ¢p < o0, such that the following is true. Let pg = 7/co, consider (Zy,ty) € A,y and
0 < p < po. Then there existsn = n(m, M), 0 < n < 1, such that if we introduce C;EQn A(Zo, t0),

C;thA(Z(]atO as in - then
(Z) C;%Z'mA(Z ) - QT‘?

(436 (i) Chy \(Zot) C RV .

Proof. This is a consequence of Lemma 4.4 in [9]. O

Lemma 4.12. Consider Qa,. There exist A = A(m, M), 1 < A < oo, and ¢y = co(m, M),
1 < ¢p < 00, such that the following is true. Let po = 1/co, consider (Zo,to) € Ap,, 0 < p < po,
and let A;E’A(Zo,to), Af’A(Zo,to), be the reference points introduced. Then

A:A(Z&t()) € QT:

(4.37) N
A;l:,A(ZO,tO) € RNJFI \QT,
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and
(i) 1= d(P,a(Zo;to); (%0,t0))/ps
(4.38) (it) 1S d(Bpa(Zosto), Azr)/p,
whenever P, (Zo, o) € {AiA(ZO,tO),AiA(ZOJO)}- Furthermore, the paths
(4.39) v (r) = Aa,f)p,A(Zo,to), 7 (7) = A (Zoto), T € [0,1],

are admissible paths.

Proof. Note that (4.37)) follows immediately from Lemma Furthermore, (4.38) is a con-
sequence of Lemma 4.4 in [9]. That the paths in (4.39) are admissible follows from Lemma
4.10 O

Lemma 4.13. Consider Qg,. There exist A = A(m, M), 1 < A < oo, and ¢y = co(m, M),
1 < ¢y < 00, such that the following is true. Let pg = r/co, p1 = po/co, assume (Z,t) € Qp,
0<p<p1,and let d=d((Z,t), As). Then there exist (Zi,15) € Aeyp and p* such that

(Z,t) = Az[i,A(ZOi,ta[) and p*/d ~ 1.

Remark 4.2. Consider Qg,. From now on we will let A = A(m, M), 1 < A < oo, ¢g =
co(m, M), 1 < ¢y < o0, and n = n(m, M), 0 < n < 1, be such that Lemma [4.11] and Lemma
hold whenever (Zy,ty) € Ay, and 0 < p < pg, po = r/co, and such that Lemma holds
whenever (Z,t) € Q,, 0 < p < p1, p1 = po/co.

4.6. The Harnack inequality in cones. The standing assumption in all lemmas stated in
this subsection is that Q € RN¥*! is a Lipschitz domain with Lipschitz constant M, and that
Q, = Qr(Zo,fo), A, = AT(ZO,fO) for some (Zo, to) € 09 fixed, and for r > 0. Furthermore, A,
o, M, po = r/co, p1 = po/co, are chosen in accordance with Remark

Lemma 4.14. Consider Qa,. Let §, 0 < § < 1, be a degree of freedom. There exists ¢ =
ce(m,k,M,5), 1 < ¢ < oo, such that following holds. Assume that u is a non-negative weak
solution to Lu = 0 in Qap,, let (Zo,tg) € Ay, and consider p such that 0 < p < p1. Then

(1) sup u<ec inf u,
44 Bﬂ/c(Agrp,A(ZOvtO)) BP/C(A;A(ZOJ/O))
.40
(4.40) (44) inf u>c! sup u,
BP/C(A(S_PyA(ZO’tO)) Bp/c(A;’A(ZOJtO))
and
(4.41) () Ajsrp,A(Zojo) € B,(A3, A(Zo, 1)),

@) Ay, A(Zo.t0) € Byre(Az, 4 (Zo,10)),
whenever (Zo, to) € A, e(Zo, o).

Proof. Let § as in the statement of the lemma be given. By construction and Lemma[4.11] there
exists a constant ¢ = é(m, M, 0) such that

(4.42) Byje(As, ) C Corap a(Z0,t0) C Q.
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Using translation and dilation invariance, we may assume that (Zp,tg) = (0,0) and that p = 1.
We need to show then, that there exist ¢1, co and c3, each only depending on m, x, M and 6,
such that

(4.43) sup u < czu(A;“’A)7 inf  w> cglu(AiA),
Bije, (AfA) Byje, (A5 0)

and

(4.44) AL\ (Zo, 1) € Biye, (A ), Asa(Zo,T0) € Buye, (A5 ),

whenever (Zy, ) € Ay /e, Note that using (4.42) and Lemma we see that

appemt (A (Ch,a0.0)),

and hence there exists a constant ¢ = ¢(m, M, ) such that

a1 (4, (62400)-
Similarly,
A5y €t (A (Crana0.0))),
when (Z,1) € Byje(As ). Now follows by putting ¢; = max{¢, ¢’} and applying Lemma
Finally, as AE;A € Bi/e (Ai 1), and using from continuity of the map
(Zo,to) = A5, (Zo, o),

we see that (4.44]) holds. O

Lemma 4.15. Consider Qq,.. There exists vy = v(m, k, M), 0 < v < 00, such that the following
holds. Assume that u is a non-negative weak solution to Lu = 0 in Qg , let (Zo,to) € A, and

consider p, p, 0 < p < p < p1. Then
WAL\ (Zo,t0)) S (/) (A (Zo, o)),

(4.45) > > N "
w(A3 \(Zo,to)) 2 (B/p)"w(A, \(Zo, to)).

Proof. By constructing Harnack chains along the paths given in (4.39) and applying Lemma
the lemma follows. See Lemma 4.3 in [9] for further details. O

Lemma 4.16. Consider Qo.. There exist ¢ = ¢(m,k, M), 1 < ¢ < 00, and v = v(m,k, M),
0 < v < o0, such that the following holds. Assume that u is a non-negative weak solution to
Lu =0 in Qop, and let (Zy,tg) € Ay, Then

(p/d)’yU(A;:A(Zo,t())),
(d/p)’yu(A;,A(ZOa tO))a
whenever (Z,t) € Qa,/.(Zo,t0), 0 < p < p1, with d = d((Z,t), Aa,).

u(Z,t) <
(4.46)
u(Z,t) 2

Proof. This lemma is proved by combining Lemma [£.15| with Lemma [£.13] and applying Lemma
We refer to the proof of Lemma 3.10 in [30] for further details. O
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4.7. Fundamental solutions and estimates thereof. In this subsection we introduce a
fundamental solution to £. The adjoint operator to £ is defined as

(4.47) L=V (AX,Y,t)Vx)— X - Vy + 0.

Definition 4. A fundamental solution for £ is a continuous and positive function I' = I'(Z,t, Z, t),
defined for t < t and Z, Z € RY, such that
(i) T(-,-, Z,1) is a weak solution of Lu = 0 in RN x (£,00) and I'(Z, ¢, -, -) is a weak solution
of L*u=0in RV x (—o0,1), )
(ii) for any bounded function ¢ € C(RY) and Z, Z € RY, we have

(4.48) lim  w(Z,t) = ¢(2), lim w(Z,1) = ¢(2),
(Z)—(2,D) (Z,H)—(Z,1)
t>t t>t
where

(4.49) u(Z,t) //RN t,Z,0)p(2)dZ,  v(Z,1): //RN t, Z,0)p(Z) dZ.

Remark 4.3. Note that for any ¢ € C5°(RV*!) the following identities hold

// (AX, Y, )VxT (-, Z,1) - Vx¢p+T(-,, Z,8)(X - Vy¢ — 9¢)) dX dY dt = ¢(Z,1),

// (AX, Y, DOVT(Z,t, ) - Vg —T(Z,t,-, )X - Vg — 0;0)) dX AY df = ¢(Z,1).

Remark 4.4. The functions in (4.49)) are weak solutions of the following backward and forward
Cauchy problems,

Lu(Z,t) =0, (Z,t) € RN x (,00), Lv(Z,1) =0, (Z,1) RN x (—o0,t),
w(Z,t) = ¢(Z), Z RV, v(Z,t)=d(Z) ZeRN.

Let B and E be as defined in (4.19) and let C be defined as in (4.20)). Recall (4.21)). Using

this notation, an explicit fundamental solution to the constant coefficient operator

A
(4.50) LY = SVx - Vx+X-Vy-a,
with pole at (Z,f), (-, Z, t), can be defined by
(4.51) TNZ,t,Z,t) :=TNZ - E(t—1)Z,t —1,0,0)
where
(4.52) T\(Z,1,0,0) = ! e (COT2.2)) - ipy s g
T (2nA)m/det C(t) ’ ’
(4.53) \(Z,t,0,0) =0, ift<0.

Here (-,-) denotes the standard inner product on R,

Lemma 4.17. Assume that A satisfies (1.10) and (1.12)). Then there exists a fundamental so-
lution T'(Z,t, Z,t) to L in the sense of Definition . Furthermore, there exist positive constants
At, A7, depending only on m and k, such that

(4.54) M (Z,t,2,1) ST(Z,,2,8) STV (2,1, 2,1)

for all (Z,t), (Z,t) with t > t.
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Proof. We refer to [31], [14], 10] for the existence of the fundamental solution for £ under the
additional condition that the coefficients are Holder continuous. See also [25]. g

Using Lemma and the arguments in Subsection 2.2 in [30], we have the upper bound
1

d(Z.1),(Z,1))a-%

(4.55) T(Z,t,Z,1) <
for all (Z,t), (Z,t) with ¢ > .

5. BOUNDARY HOLDER CONTINUITY: PROOF OF THEOREM [3.2]

Theorem is an immediate consequence of Lemma [5.4] stated and proved below. To start
the argument towards the proof of Lemma [5.4] we first need to introduce some additional
notation.

Recall the reference points defined in (4.31]) and, in particular,
- 2
Ay = (0,—Ap,0, —gAp?’, —p?) eR™" I xRxR™ ! xR xR.
Recall that if (Zy, o) € 012, then A;A(ZO, to) = (Zo,to) © A;A is a reference point in RV+1\ 0
and into past relative to tg. We furthermore let
(5.1) Qr = {(X,Y) | |zl <7, lysl <r®},
for r > 0. We also let X o
QT(Zﬂ t) = ((Za t) © QT‘) N {(Zat) | t= t},
whenever (Z,t) € RVN*1. We recall the cylinders Q; introduced in ([#.10)), and we, in addition,

introduce

m = Qn X {t] =13 <t <0}, Qp.,(Z.t)=(Z,t)0Qy, ,,
The following is the key lemma proved in this section.

Lemma 5.1. Let (Zo,to) € 02 and v > 0. Then there exists a constant K = K(m,rx, M) >
1, such that the following is true. Let u be a mon-negative weak solution of Lu = 0 in
QN Qky0.(Zo,t0), vanishing continuously on 02 N Q. 5.(Zo,to). Then there exists § =
O(m,k, M,K), 0 <60 <1, such that

sup u <6 sup Uu.

QﬂQ;/K(ZQ,tQ) QQQ;(-T’QT(ZQ,M))

Proof. We first note that we can without loss of generality assume that (Zy,t9) = (0,0) and
r = 1. Let K > 1 be a constant to be fixed below. We let ¢; € C°(RY) be such that
0<¢;<1,and ¢ =1o0n R R
Qur+1) \ Qr—1);
and such that ¢; =0 on R R
Qur—2) U (RY\ Q(i12))-

Similarly, we let ¢o € C§°(R™) be such that 0 < ¢ < 1, ¢2 =1 on

Qrcr1) \ (Bayar(Ay p) NA{L [t = —4}),
and such that ¢ = 0 on

(Buiyar(Ag ) N{t |t =—4}) U RY\ Quics2))-
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Note that by construction we have (BQ/M(AiA) N{t|t=—4}) c RN\ Q. Using ¢; and ¢»
we let ®1(Z,t) and ®o(Z,t) be the solutions to the Cauchy problem for £ with data ¢ and ¢g,
respectively, on {t = —4}. Hence L®1(Z,t) = 0 = LP3(Z,t) whenever (Z,t) € RN ¢ > —4
and we can represent ®1(Z,t) and ®,(Z,t) using the fundamental solution. The remainder of
the proof will consist of showing the validity of four claims from which the lemma will follow.

Claim 1: There exists a constant ¢ = ¢(m,k, M) > 1 such that
(5.2) 1 <c®(2,1),
whenever (Z,t) € 0Qx ,N{(Z,t) | =4 <t < 0}.

Proof of the claim. Using Lemma, we see that solution to the Cauchy problem with initial
data ¢; can be represented as

D1 (Z,t) = //RN 0(Z,t, Z,—4)$1(Z)dZ

where T'(-,-, Z,1) is the fundamental solution for £ with pole at (Z,%). Note that by Lemma
417 we have the lower bound

(5.3) IMNZ,t, Z,—4) <T(Z,t, Z,—4)

for some ¢ = c¢(m,x) > 0, where T*(-, ,Z t), A := A7, is the fundamental solution for the
constant coefficient operator defined in (4.50). Hence,

//RNFA“Z —4)4:(2)dZ

Let 6 > 0 some small fixed constant and consider the shifted cube
Qs(Z,—4) = ((Z,—4) 0 Qs) N {(Z,t) | t = —4}.

Note that Q5(Z, —4) € (Qr4+1\Qr—1) X {(Z,t) | t = —4}. Using this together with the fact
that I is non-negative, smooth and not identically zero in Q(;(Z —4), we have

// T™(Z,t,Z,~4)¢1(Z)dZ > // T™(Z,t,Z,-4)dZ > 1.
RN Q(;(Z774)

The completes the proof of the claim. ([
To simplify notation a little, we will in the sequel write
(5.4) V:= sup u.
QI’WQ;(’2

With this notation, we see that by using || and the maximum principle on Q N Q% , we
obtain

(5.5) W(Z,t) < cUD(Z,t) + UDo(Z, 1),
when (Z,t) € QN Q[_QQ, and thus, in particular, when (Z,t) € QN Q7 .

Claim 2: If (Z,t) € QN Q7 , then there exist ¢ > 1, and an integer n > 1, both independent of
K, such that

(5.6) & (Z,t) < ce ¢ KRN,
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FIGURE 1. The shaded regions represent the two cases in the proof of Claim 2.
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Proof of the claim. Again using Lemma with A := A", we have

(Z,t) = //RN D(Z,t,Z,—4)$1(Z)dZ

</
Qr4+2\Qr—2

sf reezeaa
Qr+2\QKr—2

1 _1 (L
5 // e 2\ \ t+4
ATt A 4)2m Qr+2\QK—2

I(Z,t, 2,

We now consider now the two cases,
X — X[>>m|K — 3 and | X — X|* < m|K — 3|

In the first case we immediately see that

(5.7)

In the second case we note that |Y — 17]2 > mKS, for K large enough, and due to the geometry

1 1 |2
JEVEN

—4)dz

\\fl

|X—X|2+

(t

of QK+2\QK_2. Also, | X + X|? < K? and using that

2AY = V) + (t+4)(X + X)|

we can also in the second case conclude the validity of (5.7)) for some ¢ > 0 independent of K.
This together with the elementary fact that there exists 7 > 1 (independent of K') such that

2 ~ ~ ~ ~
=3V Y- (t+4))X + XP+|Y -V +2(t+4) (X + X)|?

SY = VP = (t+ 421X + X2+ (IY = P]+2(t +4)|X + X])

\QK+2\QK—2\ < K" yields that
O,(Z,t) < c// ) e cK* a4z < CefcflKQKn,
Qr+2\QK -2

which is the statement of the claim.

To be able to estimate ®o(Z,t) we write

Py =1— Dy

_3 _
(t+4)3

|2(Y—f/)+(t+4)(x+5()\2)

Sy 2 (D)) e

dz.

2
9
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where now, in particular, Py is a non-negative function such that
by(2,-4) =1,
whenever (Z,—4) € (B (A5 ) N{t |t =—4}).
Claim 3: There exist € > 0 small, and ¢ > 1, both depending only on m, k and M, such that
(5.8) by(Z,t) > 7,

whenever (Z,t) € (8(1_6)/1\/1([12_(176)7/\) N{t|t=—4(1-¢)?}).
Proof of the claim. As in the proof of Claim 1 above we fix a small § > 0. Let ¢ > 0 be such
that

when (Z,t) € (B(l—e)/M(Ag_(l,e) A) Nt t=—4(1—¢€)?}). Now, since $o = 1 — ¢y is bounded

A

on RY, we can represent ®5 as

Bo(Z,1) = / /R (21,7, 4)da(2) 42

and the claim follows by essentially the same argument as in the proof of Claim 1. U
Claim 4: There exists Ky = Ko(m, k, M) > 1 such that if K > Kq then
(5.9) Do(Z,t) > &L,

whenever (Z,t) € QN QI_/K, for a constant ¢ = é(m,k, M) > 1.

Proof of the claim. The idea is to choose an admissible curve v(7) connecting the origin to
Az A and construct a Harnack chain along it. Consider the curve

’7(7_) = AQ_T,A'

A direct calculation shows that

%’Y(T) = wi(1)0:,9(r) + A7) <Z Ty, Y(T) — fm(ﬂ) :
j=1 k=1

with wy,, = —2A, wj =0 for j = 1,---,m — 1, and A\(7) = 87. Hence 7(7) is admissible.
Furthermore v(0) = (0,0) and (1) = Az A. Hence, using Lemma [4.7| we deduce that
(5.10) sup Dy < Ce®5(0,0),

85(‘427(175),/\)

for some C¢ > 0 and € > 0 small. It follows from that
$9(0,0) > ¢t
Using that ~ is admissible it can be shown that for § > 0 small, (1) = fl;ﬂA(Zo,to) is
admissible whenever (Zo, ) € Q5 . Pick then § > 0 small enough so that ¥ is admissible and
(1) € (3(1—5)/1\4(1‘12_(1,6)7,\) N Be(f‘ig_(l,g%,\))’
whenever (Z,tg) € Q5. The claim now follows by picking Ko > 1/4. O
As a consequence of the last claim we have

(5.11) Oy(Z,t) = 1= Dp(Z,t) < (1-&7)
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whenever (Z,t) € QN Q;/ - We now put the estimates together and we can conclude that we
have proved that if K > K, then

w(Z,t) < WD (Z,) + UBy(Z,t) < W(ce ™ T KT 4 (1-&71)),

whenever (Z,t) € QN Ql_/K as we see from ([5.5)), (5.6) and (5.11]). Given ¢, we choose K > K|
so that

ce—¢ KPR < i
— 267
and we let § = 1 — (2¢)~! < 1. Put together we see that
(5.12) u(Z,t) < 0,
whenever (Z,t) € QN Q1 /- This completes the proof of the lemma. O

Lemma 5.2. Let (Zy,t9) € 02 and r > 0. Let u be a non-negative weak solution of Lu = 0
in QN Qar(Zo, to), vanishing continuously on 0 N Qar(Zo,to). Let 0 < 6 < 1 be given. Then
there exists a constant ¢ = c(m,k, M,0), 1 < ¢ < 00, such that

sup u <6 sup U.
QNQ,/(Zoto) Q2NQ2r(Zo,to)

Proof. The lemma is an immediate consequence of Lemma [5.1 U

Lemma 5.3. Let (Zy,t9) € 02 and r > 0. Let u be a non-negative weak solution of Lu = 0
in QN Qar(Zo, to), vanishing continuously on 0 N Qo (Zo,to). Then, there exist a constant
c=clm,rk,M), 1 <c¢<o0, and o = a(m,k, M) € (0,1), such that

u(Z,t) < c<d((Z’ t), (Zoio)))"‘

,
whenever (Z,t) € QN Q,/c(Zo, to)-

sup u
QﬂQZr(ZO 7t0)

Proof. The lemma follows immediately from Lemma [5.2 ]

Lemma 5.4. Let (Zy,to) € 02 and r > 0. Then there exists a constant K = K(m,k, M) >
1, such that the following is true. Let u be a mon-negative weak solution of Lu = 0 in
an QI_(nQr(ZO?tO)J vanishing continuously on 02 N Qf_(r,zr(Z0>t0)~ Then there exists 0 =
O(m,k, M,K), 0 <6 <1, such that

sup ut <0 sup ut,

QNQ,, x (Zosto) QNQx 2, (Zosto)

where ut(Z,t) = max{0,u(Z,t)}, u (Z,t) = —min{0,u(Z,t)}.

Proof. We first prove the lemma for u™. In this case the argument is essentially the same as
that in the proof of Lemma In particular, if we let
Ut = sup ut,
QOQI_(TJT(ZO’tO)

then we see that (5.5) still holds but with ¥ replaced by ¥*. Furthermore, simply repeating
the argument in Lemma [5.1] we deduce

u(Z,t) < U,
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whenever (Z,t) € QN Q;/ #(Zo,to). Obviously this completes the proof for u*. Concerning the
same estimate for u~ we see, by analogy, that

(5.13) —u(Z,t) < 0U~,
where
U = sup (—u) = sup u,
QQQ;{T,ZT(ZOJO) QHQ;(T,QT(ZO¢0)
whenever (Z,t) € an@,, x(Zo,t0) and from 1) we deduce Lemmafor u~. This completes
the proof of the lemma. O

6. THE DIRICHLET PROBLEM: PROOF OF THEOREM [3.1]

We here consider the well-posedness of the Dirichlet problem with continuous boundary
data for the operator £ in domains 2,.(Zp, tg) introduced in . We recall that in Definition
3 in [30] it was introduced what we here, as in [30], refer to as the Kolmogorov boundary
of Q.(Zy,to), denoted Ok (Zp,tg). The notion of the Kolmogorov boundary replaces the
notion of the parabolic boundary used in the context of uniformly parabolic equations and by
definition 0x 2, (Zp,to) C 00 (Zo,to) is the set of all points on the topological boundary of
Q,(Zy, to) which is contained in the closure of the propagation set of at least one interior point
in Q,. The Kolmogorov boundary 0k, (Zp, to) is the largest subset of the topological boundary
of Q,.(Zy,tp) on which we can attempt to impose boundary data if we want to construct non
trivial solutions to the Dirichlet problem in €,.(Zy, ty) for the operator £. The notion of regular
points on 92,(Zy, tg) for the Dirichlet problem only makes sense for points on the Kolmogorov
boundary. Based on this we consider the well-posedness of the boundary value problem

{Eu =0 in (2o, to),

6.1
(6.1) u=¢ on 0 (Zy,to).

where ¢ € C(RN*!). The boundary data should be understood as only imposed on the
Kolmogorov boundary. Indeed, we define solutions to (6.1)) as follows.

Definition 5. Let ¢ € C(RVT!). We say that u is a solution to the Dirichlet problem in (6.1])
if u is a weak solution to Lu = 0 in Q,(Zp,ty), if u is continuous on the closure of ,(Zy, to)
and if u = ¢ on I, (Zp, to).

To prove solvability of the Dirichlet problem in , as defined in Definition |5 we will make
use of our qualitative assumption in . We remark that the assumption in can be
removed once uniqueness of solutions to can be established under the assumption that
coefficients have no smoothness beyond being bounded and measurable. Indeed, in this case,
and by an approximation argument, is suffices to consider the Dirichlet problem in for
the regularized operator

(6.2) Lo=Vx - (A(X,Y,)Vx)+ X -Vy — 0,

where € > 0 is small and A€ is a regularization of A constructed by a group convolution of A
with respect to an approximation of the identity with parameter e.

Lemma 6.1. Assume (1.10) and (1.12). Let o € C(RN*). Then the Dirichlet problem in
(6.1) has a unique solution u and

[l oo (9, (Zo,t0)) < 111l Lo (020 (Zosto))-



26 MALTE LITSGARD AND KAJ NYSTROM

Proof. As A is smooth we can freely switch between considering £ as an operator in divergence
form and as an operator in non-divergence form. In non-divergence form we have

(6.3) L= Z am@xixj + Z &ciai,jaxj + X -Vy — 0,

3,j=1 1,j=1

with 0,,a,; locally bounded. The lemma now follows from the methods employed in [26]. In
particular, it is enough to prove existence of barrier functions at each (Z,t) € 9xQ.(Zo, tp). In
the following we can, without loss of generality, assume that (Zp,t9) = (0,0). We introduce
the sets

St = 4 n{(X, Y.t
Sy, = Q.n{(X,Y,t
S = Q.Nn{(X,Y,t
Sy = Ln{(X,Y,t

| x;=+xr}, i=1,---,m—1,

| £x; > 0, yi::tr?’}, i=1,--,m,
—

| Xy, = 4Mr},

~— — ~—  —

and we note that

Ok (Zo,to) = Ar U; ST, U; S5, U S3U Sy,
As points of the sets Sfci and 5S4 are non-characteristic for the operators these points are regular
for the Dirichlet problem. Indeed for a point (Z, t) € Si. U Sy, the function

w(Z,t) = oKW _ —KI(Z)—(Z.5)—v|?

)

where v is an exterior normal and K > 1 is large enough, is a barrier at (Z ,1). For points
(Z,t) € S, the function
w(Z,t) = £((9)i — vi)
is a barrier. For the set S5 a barrier is constructed analogously, in particular the function
w(Z,t) =t + 1

is a barrier at (Z,—r2) € S3. Finally, consider (Z,%) € A,. It follows from Lemma that
there exist n = n(m, M), A = A(m, M), and 0 < p < r such that the cone C'p*nA(Z,t?)7 as
defined in (4.34]), satisfies

CooaZ, 1) e RN\ Q.

This implies that (Z ,1) satisfies the assumptions of Theorem 6.3 in [26] and thus is a regular
point. In particular, the set of regular points coincides with dxQ,.(Zy, tp). The inequality

[ull Lo (@, (Zo,to)) < 1l L 0k (Z0,t0)

is a consequence of the maximum principle of Lemma [4.1] O

6.1. Proof of Theorem Let Q € RV be a Lipschitz domain with defining function 1)
and constant M. Let ¢ € C(99Q) N L>®(9NQ) be such that o(Z,t) — 0 as ||(Z,t)|| — oo. To
prove Theorem we first need to prove that there exists a unique solution u = u,, u € C (Q),
to the Dirichlet problem

(6.4) {[,u:O in €,

u=w on 0.
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The uniqueness part of this statement is a consequence of Lemma [6.2| stated and proved below.
To prove existence we note that we can without loss of generality assume that (0,0) € 01,
and that ¢ > 0. Given @, let ug, for £ > 1, be the unique weak solution to Lu = 0 in
Q. = 2N Q(0,0) with boundary values

uk(Z,1) = p(Z, )¢ (H(Zt)‘

k

and u = 0 on 9N\ Ay. Here, ¢ is a continuous decreasing function on [0, co) such that 0 < ¢ < 1,
¢(s) =1for 0 < s <1/2, and ¢(s) = 0 for s > 3/4. Existence and uniqueness of wuy follows
from Lemma By construction 0 < uy, < ugy1 < ||@]|p=(00,n00) in 2k and we deduce,
using the maximum principle and the Harnack inequality that

) ,  when (Z,t) € A,

SUp g, =yl  (ug —uj)(Ag ), k>G>,

l

for some constant ¢ = ¢(m, k, M). In particular, u can be constructed as the monotone and
uniform limit of {ux} as k — oo on the closure of §; for each I > 1. Furthermore and similarly,
by the maximum principle and the Riesz representation theorem we deduce that

w(Z,1) = //m o(Z2.1) dw(Z,t, 2.1),

for all (Z,t) € Q, where {w(Z,t,-) | (Z,t) € Q} is a family of Borel regular probability measures
on 0N. This finishes the proof of Theorem O

We next prove the following version of the weak maximum principle in unbounded Lipschitz
domains used in the proof of the uniqueness part of Theorem (3.1

Lemma 6.2. Let Q be a Lipschitz domain. Let u € C*(2) N C() be such that

(6.5) Lu=0 1inQ,
u<0 on oS

Then v <0 in €.

Proof. We can without loss of generality assume that (0,0) € 9Q. Consider Q, = Q,(0,0),
Q,=QNQ,, for p>0. Let R >0 and

M := maxu.
Qo

We let A be a smooth matrix-valued function such that

- Az, if (Z,t) € Qg
A(Z:1) = {Im, if (Z,t) € RNtI\Qyp.

Then, using we see that if R is large enough then A = A on RVt We fix R so
large that this holds. Then A is constant and equal to the m x m identity matrix outside
the cube Qap. A defines the operator £ which coincides with £ on RN+ and in particular
with I outside QQ2r. Let € > 0 be given and assume that u > 2¢ at some point in 2. Note
that the maximum principle that we are to prove is known to hold for K. Therefore, using
Theorem [3.2 and estimates for the fundamental solution, see Lemma [£.17] we see that there
exists 0 < § = d(e, M) < 1 such that u < € in Q\Ug s, where

UR,5 = QR/(S N {(Za t) = (x,xm,y, ymat) € RN | T > ¢(x,y,ym,t) + 5}
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Hence u > 2¢ at some point in Ugr 5. However, applying Lemma we see u < € in Ug 5, which
yields a contradiction. Hence u < 0 in €2 and the proof is complete. O

Recall that the operator adjoint to L is
(6.6) L7=Vx (AX,Y,t)Vx) = X - Vy + 0.

In the case of the adjoint operator £* we denote the associated Kolmogorov boundary of €,
by 05€,. Lemma [6.1] and Theorem [3.1] then apply to £* subject to the natural modifications.
In particular, the following is true.

Theorem 6.1. Let @ C RN*! be a Lipschitz domain with constant M. Given ¢ € Co(09),
there exists a unique weak solution u = u,, u € C(Q2), to the Dirichlet problem

Lu=0 1in€,
U= on 0.

Furthermore, there exists, for every (Z,t) = (X,Y,t) € Q, a unique probability measure

w*(Z,t,-) on OQ such that
w(Z,1) // (Z.0) dw* (Z,t, 7,1).
onN

The measure w*(Z,t, E) is referred to as the parabolic measure associated to L* in 2 and at
(Z,t) € Q and of E C 09.

Definition 6. Let (Z,t) € . Then w(Z,t,-) is referred to as the parabolic or Kolmogorov
measure associated to L relative to (Z,t) and 2, and w*(Z,t,-) is referred to as the (adjoint)
parabolic or Kolmogorov measure associated to L£* relative to (Z,t) and €.

7. PROOF OF THEOREM [3.3]

To prove Theorem it suffices, by a simple argument as in the proof of Theorem 1.1 in [9],
to prove the following proposition.

Proposition 7.1. Q ¢ RN*! s a Lipschitz domain with Lipschitz constant M. Let (Zo, to) €
o0, r >0, and let A, co, 1, po, p1, be chosen in accordance with Remark[{.4 Assume that u is
a non-negative weak solution to Lu = 0 in Qo (Zo,to) vanishing continuously on Ao (Zy,to).
Then
sup  u S u(A:;A(ZO,tO))7
Qap/c(Zo,to)

for all0 < p < p1.

Proof. Without loss of generality we may assume that (ZO, to) = (0,0), r=1. Fix 0 < p < p1.

By Lemma H we have for, any 0 < 7 < 1, that A(1 Nph = Aa T)pA(O,O) is a point on
an admissible path starting at AT oA = = A" o A(0,0). Moreover, A'E_Tm A is an interior point of
the propagation set AA;A (Cp 0 A(O 0)) as defined in Deﬁnition Hence, for 7 € (0,1/4] fixed,

there exists € = e(7) > 0 such that

K 1= Qo (Afnpn) 1t (A, (G50 0.00)
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By Lemma there then exists a constant cx = cx(m, k, M, ) such that

supu < cgu(Al,).
I ps

Note that we can, due to linearity of £, without loss of generality assume that cKu(A; A =1
and hence

(7.1) supu < 1.
K

Furthermore, using the continuity of the function (Z,t) — A?rl—T)p A(Z,t) we can conclude there
exists €; = e1(m, M, 1), 0 < €1 < 1 such that

(7.2) Aa_T)p A(Z,t) e K, whenever (Z,t) € A,,.

To proceed we fix 0 < 0 < 1 to satisfy 0 < § < ¢~7, where c is the constant in (2.10)), and ~
is as in Lemma We then choose (g, 0, A) subject to the restriction

< mi (1 ) 1 1

€ min € — T

0 P1, €1, P C%WC’ 6(1 —T)pC() )
1 CM

(7.3) o< mm{ " 2¢cpeme’ co }’

3(142¢)2¢0 Y
A > max{l, c1(2eprce)?, 01<CMC ( Cl) CO) },
60(1 *0(9;)

where ¢ is the constant appearing in Lemma cyr is the constant appearing in (4.3)), €1 is
as in ([7.2)), ¢; is the constant ¢ in Lemma and c is the constant appearing in Lemma

Suppose now that there exists a point (Z1,t1) € Qocq = Qo< (0,0) such that
M M
(7.4) ’LL(Zl,tl) > A

The idea of the argument is to, based on the assumption in ([7.4]), derive contradiction to the
assumption that w is continuous up to the boundary. Note that (4.3) and the choice of ¢ in

(7.3) imply that
(7.5) (Zl,tl) € Qe N Qaeo-
o
To complete the argument by contradiction it suffices to prove the following claim.
Claim: If (7.4) holds, then there exists a sequence of points {Zj,tj}?‘;l C Q< , such that
<o

U(Zj, tj) > )\Qlij,
and such that
(7.6) d((Zj,tj),Aey) = 0, as j — oo.

Proof of the claim. We are going to use induction to prove that there exists a sequence
{Zj,t;}32, such that for every j € N, we have

(7.7) (Zj,t;) € Q0 and u(Zj, ;) > N

To proceed by induction, we first note that by our choice of (Z1,%1), (7.7) holds for j = 1.
Next, assume that ([7.7)) holds for j = k. Using Lemma and that epcy b« p1, we deduce
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that there exist (Zk,fk) € A, and pi < Co(inT)p < 1 such that (Zg,tx) = A:{k(l_ﬂp’/\(

Note that Aa_T)p(Zk, tx) € K, by (7.2) since ¢y < ¢1. Using Lemma [4.16| we see that

Zy ).

_ . 1—-7)p\” L
(78) )‘91 ¥ < U(Zkatk) = U(A,—gj_k(lf‘r)p,A(thk)) <ca <(d)> U(A?_l—f)p,A(Zkatk))a

where d = d((Z,tr),0Q). In particular, using that d < d((Zg, tx), Zk,tk , (7.8), (7.1)), and
that (1 —7)p < 1, we see that

A 11 k-1
(7.9) pr = d((Zi,tr), (Zi, tr)) < cf A 70 7.
We now want to apply Lemma [5.2] but to do that we first have to show that
(7.10) O N Qacpy, (Zi, 1) C As.

By using (2.10)), (7.9), and (4.3]), we see that for any (Z,t) € Qgcpk(Zk,fk) we have
d((Z7 t)> (07 0)) < C(d((Z, t)a (Zk’7 tAk)) =+ d((Zk) tAk)a (07 0)))

2
< c(2¢cpy + earep) < —,
cm

because of the bounds on €y and A in (7.3]). This together with (4.3 proves (7.10|). Hence, we
can use Lemma [5.2] to deduce that

NR < u(Zg,tg)) < sup wu<€ sup w.
Q. (Zi ) Qacpy, (Zi,tr)

In particular, we see that there exists (Zxy1,tr11) € Qgcpk(Zk, t1,) such that
)\O_k < U(Zk+1,tk+1),
which is the second statement of ([7.7)). We need to check that (Zji1,tp11) € Qe . By repeat-
<0
edly using the pseudo-triangular inequality m, we see that

W) d(Znotir) 0.0) < o (21,12, 0,0 )+ S S Zyor i), (Znt )
7j=1
Now, notice that

d((Zjrsti41), (Z,))

L1 1
<c(l+2c)cf A 70 7,
where the last inequality follows from ([7.9). Plugging this into (7.11)), and recalling (7.5|) yields

1 o .
A((Zrs1, trsn), (0,0)) < c(aeo +e(l+20)e{(A0) 7S :(9%)]) < Ceg ,
- 0CM
J=1

due to the choice of o and A in ([7.3). Using the above and (4.3)), we see that
(Zkt1,th41) €Q 0 N C Neo.
cpc cQ

0¢M

Hence ([7.9) holds for j = k+ 1 and hence, by induction, for all j. Note that (|7.9) implies (7.6)).
Thus proof of the claim is complete. [l
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To complete the proof of Proposition we now see that the claim implies a contradiction
as, by continuity, lim;_,oc u(Z;,t;) = 0. Hence, (7.4)) can not be true and therefore
sup u < /\cKu(A:;A).

Q o€
°M

This finishes the proof of the proposition. ([

8. RELATIONS FOR THE KOLMOGOROV MEASURE AND THE GREEN FUNCTION

We define the Green function for £ associated to €2, with pole at (Z, t) € Q, as
(8.1) G(Z.4,2,0) = T(Z,1, 2,4) // (2,0, 2,0) dw(Z.t, 2,),
o0

where I' is the fundamental sol}ltion to the operator L, see Lemma If we instead consider
(Z,t) € Q as fixed, then, for (Z,1) € Q,

(8.2) G(Z,t,Z,1) =T(Z,t,Z,1) — / / [(Z,t,Z,1)dw*(Z,t, Z,1),

o0
where w*(Z ,t,-) is the (adjoint) parabolic measure associated to £* and defined relative to
(Z,t) and Q.

Lemma 8.1. Let Q C RNt be a Lipschitz domain with constant M. Let A, co, 1, be in
accordance with Remark[{.3. Let (Zo,to) € OS2 and v > 0. Then

Tq_2G(Z’ t’ A:FA(ZO7 to)) S (.U(Z, ta AT(ZO, tO))a
whenever (Z,t) € Q, t > 8r% + .

Proof. We can without loss of generality assume that (Zy,t9) = (0,0). Hence we want to prove
that

ra72G(Z,t, A:A) Sw(Z,t,Ay),
whenever (Z,t) € Q, t > 8r2.
Let in the following (Z,t) € Q. By Definition [8.1| we have
(8.3) G(Z,t,Af\) =T(Z,t,Af,) — // [(Z,t, At dw(Z,t, Z,1).
k) I 8Q I
Obviously, we have that
(8.4) G(Z,t,Af)) <T(Z,t, ATY),

whenever (Z,t) € Q. Let 0 < § < 1, be a degree of freedom such that Qs (A',) C Q. We
introduce the sets

S1={(Z,t) e Q| t =7} \ Qsrj2(Al)),

Sy ={(Z,1) € |t >r*} N O(Qsr2(A[ )
Using and we see that there exists ¢ = ¢(m, k, d) such that
5 G410 <o o

when (Z,t) € Ss.

(8.5)
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Next, let v(Z,t) = w(Z,t,A,) for (Z,t) € Q. Then Lv =01in 2, 0 < v(z,t) < 1 in Q and
v(Z,t) =1 in A,. Hence the function u(Z,t) = 1 — v(Z,t) satisfies the assumptions of Lemma
[£.2] and it follows that

(8.7) W(AD A A 21

We now note that if we choose § = §(m, k, M) sufficiently small, then Sy C BT/C(A:A) where

the constant ¢ = ¢(m, k, M, ) is the one appearing in (4.40)) of Lemma Then using (8.7),
and apply inequality (i) of (4.40)) to the function v(Z,t) = w(Z,t, A,), to can conclude that

(8.8) w(Z,t,A,) 2 1 whenever (Z,t) € Ss.

Note that G(Z,t,Af,) = 0if (Z,t) € S1. Hence, from (8.6)), (8-8), and from the maximum
principle, it follows that

(89) rq_QG(tha A:_A) S W(Z,t, AT):
whenever (Z,t) € QN {(Z,t)| t > 8r?}. This completes the proof of the lemma. O

Lemma 8.2. Let Q C RV*! be a Lipschitz domain with constant M. Let (Zy,ty) € 0 and
r > 0. Then

/// VG )]2dZdt</// ot Z,1)[*dZ di,
Zo,to) Qar(Zo,to)

whenever (Z,t) € Q, t > 8r% +to.

Proof. We can without loss of generality assume that (Zop,to) = (0,0) and we simply write
Q. = Q.(Zo,t0). Let u(Z,t) := G(Z,t,Z,t). We wish to estimate

/// IV su(Z,1)|*dZ di.

O = Q, N {(2,0) | d((Z,1),09) > ¢}

Given € > 0 we let

and
Se = Q57N 5,

Let ¢, € C§°(Q2r) be such that ¢; =1 in @, and let 7. € C(‘)’O(Qgéz) be such that 7. = 1 in
5,.. We furthermore choose ¢, and 7. so that

r[Vxér| +72|(X - Ty = 0] S 1,
and

€|Vxnel + 62‘(X Vy =0in| S 1.

Note ne can easily be constructed by considering (RN +1.d, dZ dt) as a homogeneous space and
proceeding through a partition of unity associated to Whitney decompositions of €2, see below.
Using this notation we note that

/// |VXu|2dZdt<hm///Q IV su(Z,8))2(n?¢?) dZ dt,
(s 2r

and we compute

J[[ 1vsuzdpeeaazais [[[ v v azai
QQr Q2r
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N ///Q AV gu - Vg (un?¢y) dZ di

- // AV zu-uV ¢ (n2¢2)dZ dt =: I ¢ + L.
QQ7

We first consider I . and we note that un; ng is a valid test function in the weak formulation
for L*u = 0in ,, as A is assumed to be smooth. Therefore, using that L*u = 0 in €,., and by
the properties of 7. and ¢,, we have

L. < / / /Q W?|(X - Vg - 0)(n2e?)| dZ di
2r
1 T | Yoo
> w?¢?dZ di + — u?dZdi.
€ Se r Qo

1 2.2 17 37
Je::ez/// w22 dZ df.

Now, applying Theorem |3.2] -, the adjoint version of Theorem and using and (| .,

we see that
Je. < 2/// t, Z,t)*xs, dZ dt
QQT

1 o o
S (*) sup  G(Z,1, A, (Zo, t0)) // G(Z,t,Z,t)dZ dt
€ AT/ (Zosto)EA2r S

<72 (5) q+2///G t,2.8)dZ di.
€ 7"

Now, using that (RV*!, d, dZ dt) is a homogeneous space, let W, = {I;}; be a covering of S,
with Whitney cubes {I; } such that |I;| S €. Let (Z;,t;) € 0 be a point on 02 closest to I;

as measured by d. For (Z,1) € I; we have, by Theorem and Lemma that
G(Z,t, Z,t) < G(Z,t A;A(Zj,tj)) s e’q”w(Z,t, Ace(Zj,15)),
where ¢ = ¢(m, k, M), 1 < ¢ < co. Hence

// G(Zt,Z,H)AZdt < Y |l T Pw(Z,t, Aee(Z;, t5))
Se I;EW.

S Z €2w(Z,t,Ace(Zjvtj)) 5 62'
IjEWe

(8.10)

Let

We can conclude that e\
Je < <7) r~9t2 50, as e — 0,
r

and that the estimate of I . is complete.

Now we turn our attention to the term /5 . and in this case we immediately see using Cauchy

Schwarz that
e [[] veuzpeienaza
Q2r

1 | .
+g—1<2/// u2¢§d2dt+2/// uZdZdt>,
€ Se r Qop
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where € is a degree of freedom. Hence we can reuse the estimates starting from (8.10) to
complete the estimate of Iz . and hence to complete the proof of the lemma. O

Lemma 8.3. Given 6 € C°(RNT1) we have the representation formulas

0(Z,t) / 0(Z,1) t,Z,t /// AV :G(Z,t,Z,1)V 30(Z,t)dZ di
0N
/// G(Z,t,Z,8)(X - Vs — 0;)0(Z,1)dZ di,

0(2,5)://399(2,{ w*(Z,1,2,1) — // AVxG(Z,t, Z,1)Vx0(Z,t)dZ dt

///G t,2,0)(=X - Vy +8,)0(Z,t) dZ dt,

whenever (Z,t), (Z,t) €

Using the maximum principle we see that
t,Z,1) = // Z, 1) dw(Z,t, Z,1),
[2/9]
whenever (Z,t) € Q and (Z,1) € RNt1\Q. Then, using Lemma 8.2 we see that
// AV 2 G(Z,t,Z,1)V 30(Z,1) — G(Z,t, Z,1)(X - V3 — 0;)0(Z,1) dZ dE

—/// AV G2, 2,0V 20(2,1) — G(Z,t, 2,D)(X - Vs — 0)0(Z2,T) dZ dL.
RN+1

Using the definition of G, properties of I'; and Fubini’s theorem we see that the integral in the
last display equals

a0 //BQ<//RN+1AV £, 2,0V 0(Z,1)

~T(Z,t,Z,1)(X -V — 0p)0(Z,1)dZ df) dw(Z,t, Z,1)

which, again by properties of I', equals

0(Z,t) +// 0(Z,1)dw(Z,t, Z,1).
o0

This finishes the proof of the first formula. The proof of the second formula is analogous. [
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Using Lemma we see, in particular, that

/mez f)dw(Z,t, Z,1) ///Av 1, 2,0V <0(2,7)dZ dF
/// G(Z.t,2.D)(X - Vy —0)6(Z.F)dZ di,

J| oznasrzizo- [[[ aviaznzivsoznaza
///G t,Z,0)(=X - Vy +,)0(2,1)dZ dt,

whenever 6 € C3°(RVN*1\ {(Z,1)}) and 0 € CP(RNF1\ {(Z,1)}), respectively.

Lemma 8.4. Let Q C RN*! be o Lipschitz domain with constant M. Let A, co, 1, be in
accordance with Remark [{.3. Let (Zy,to) € 0Q and v > 0. There ezists ¢ = c(m,k, M),
1 <e¢ < oo, such that

(Z t AT‘/C(ZO7tO)) r- ZG(Z t, A (Z[),to)),

whenever (Z,t) € Q, t > 8r% +to.

Proof. We can without loss of generality assume that (Zy,t9) = (0,0). Hence we want to prove
that there exists ¢ = ¢(m, k, M), 1 < ¢ < 0o, such that
w(Z,t, 0y ye) STYG(Z,L AL,
whenever (Z,t) € Q, t > 8r%.
Let (Z,t) € QN{(Z,t) | t > 8r?} and let §, 0 < § < 1, be a degree of freedom to be chosen.

Given 6, we let § € C°(RN*1) be such that # = 1 on the set Qsr/2, 0 = 0 on the complement
of Q3sr/4, and such that

(67)|V x| + (67)%(X - Vy — ;)0 < 1.
By the definition of 6 we have

(8.11) w(Z,t, Dgpj9) < / 0(Z,t)dw(Z,t, Z,1).
o0

By the representation formula of Lemma 8

0(Z,1) // (Z,D)dw(Z,t,Z,1) — // AV :G(Z,t,Z,)V 30(Z,1)dZ di
o0

///G t,Z,6)(X - Vy — 0;)0(Z,1)dZ di.

By construction §(Z,t) = 0 whenever (Z,t) € QN{(Z,t) | t > 8r?}, and hence through the last
two displays we deduce that

(8.12)
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In particular, Cauchy-Schwarz, and (8.12)) yields

W(Z,1, Dgejo) S (67)*F° <///Qé ’VXG(ZJ,Z,I?)FdZdE);
== (ff] \G(Z,t,Z,f)FdZdE);

Using Lemma [8.2] with 7 replaced by dr we obtain

///95 G(Z.t, 2. D242

Using this inequality, and (| m, we have

(8.14) w(Z,t,Ngrpa) S (///96 Z,f)\Qdde)é

To complete the proof we now use the adjoint version of Theorem [3.3 and deduce

w(Z,t, Dgrj2) S (67)92G(Z,t A )

(8.13)

t, Z,1)|?dZ dt.

9261"

and this completes the proof of the lemma if we choose 6 = §(m, k, M) small. g

9. A WEAK COMPARISON PRINCIPLE AND ITS CONSEQUENCES

In this section we prove the following lemma.

Lemma 9.1. Let Q C RNT! be a Lipschitz domain with constant M. Let (Zy,to) € 0Q, r > 0
and let A, co, m, po = r/co, p1 = po/co be in accordance with Remark . Assume that u and v
are non-negative weak solutions to Lu = 0 in Qo.(Zoy,to) and that u and v vanish continuously
on Nop(Zo,ty). Then there exists c = c¢(m,k, M), 1 < ¢ < 00, such that

v(A, A (Zo,t0)) _ w(Z,1) < U(A;A(ZOJO))
u(Al\ (Zo,t0)) ~ u(Z,t) ~ u(A; \(Zo, t0))’

whenever (Z,t) € Q,/.(Zo,t0) and 0 < p < py.

(9.1)

S

Proof. Again we can without loss of generality assume that (Zy,ty) = (0,0) and we let g, =
er(Zo,to), Ar = Ar(Zo,t()), and A;‘:,A = A;A(Zo,to).

Let 0 < ¢ < 1 be a degree of freedom only depending on m and M and consider the set
A66p\A4<€p'

Claim 1: There exist 0 < § < 1, only depending on m and M, and a set of points {(Z;, ;) },
with (Z;, ;) € Neep\Duaep such that

(9'2) {A(Sep(zut )}z 1 is a covemng OfA6€p\A4Epa
and such that
(9.3) Asep/a(Zis ti) 0 Dsepir(Zj,t5) = O wheneveri # j,
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for some \(m, M,c) > 1, where c is the constant from . Furthermore, this covering can
be constructed so that
L

(9.4) > w(Z.t, Nsep(Zisti) 2 1,
i=1
whenever
(9.5) (Z,1) € 02, N {(Z.) € Qar | d(Z.1), Azy) < 6%2p).

Proof of the claim. The claim follows immediately from a standard Vitali covering argument,
Lemma and the same argument as in the proof of ({8.7]). O

Based on {(Z;,t;)}L, we introduce the function

L
(9.6) U(Z,t) =Y w(Z,t, Dsep(Zin i) + (ep) Y 2G(Z,t, Ay, )
i=1
where K > 1 is an additional degree of freedom to be chosen. We now partition the boundary
of 5., into the sets

Y= 8955[) N {(Z, t) € Qop | d((Z, t),AQr) < 526p},
Yo = aQSap N {(Za t) S Q27’ | d(<Z7 t)vAQT) > 5250}-

Note that 3y is the part of the boundary of 25., which is close to 9€s5., N 9 and X is the
remaining part.

(9.7)

By the construction of the covering above, in particular using , we see that
(9.8) U(Z,t) 21,
whenever (Z,t) € ¥;. To estimate ¥ on ¥y we prove the following claim.
Claim 2: There exist K > 1, depending at most on m, £ and M, such that
(9.9) (ep)32G(Z,t, A,y p) = ¢ for all(Z,t) € T,

Proof of the claim. Suppose (Z,t) € ¥a. It follows from Lemma that there exists K > 1,
depending at most on m, x and M, such that

(9.10) (EP)I2G(Z,t, Ay n) 2 (E0)T2G (AR s ARepn)-
Therefore the claim follows if we can show that
(9.11) (e0)T* (A epanr Akepn) 2 1

To prove this, let G be the Green function for the set Quep( A, p A)- Then by scaling, and the

continuity of G close to Ay, , we can conclude that there exists 77 = 7j(m), 0 <7 <1, such
that

(gp)Q72é(A]_((1—ﬁ)sp,A’ Al_(ep,A) z L.

Therefore, by the maximum principle,

(gp)q72G(A]_((1—ﬁ)sp,A’ Af_(sp,A) Z L.
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Finally, by the Harnack inequality, see Lemma we obtain

-2 — — —2 — —

(912) (Ep)q G(AKsp/)\,A’AKap,A) Z (gp)q G(AK(lfﬁ)sp,A’AKap,A) Z L,
and the claim is proved. O

Using (9.9) we can conclude ¥(Z,t) > ¢!, when (Z,t) € 0Qs,. Furthermore, applying
Theorem we also see that we can without loss of generality assume that K is such that
(9.13) U(Za t) SJ U(A—il;sp,A)v
when (Z,t) € Qg.,. Hence, v is assumed to vanish on Ay, it follows from the maximum principle
and (9.13)) that
(914) U(Z’ t) 5 U(A;_(gp,A)\IJ(Z7 t))

whenever (Z,t) € Q..

Having established an estimate on v from above, we now need to establish an estimate on u
from below. We proceed by arguing similarly to the proof of Lemma We define the two
sets

S1:={(Z,1) € Qo [ t = —(kep)* P\ Qsp/2(Akcpn)s
S :={(Z,t) € Qar | t > —(kep)?} N IQsp/2(Afcpn);
and as in the proof of Lemma see , we obtain

(9.16) cil(sp)q*QG(Z,t,AI_{EmA) <1, for all (Z,t) € Q5.

(9.15)

Note that we can choose § < 1 so that the closure of Qs,/2(A,, ») is contained in the cone
Cxk. o 2(0,0). Using this, continuity of u, and the maximum principle, we have

(9'17) U(Z7 t) Z (Ep)q_QG(Za t, Al_{ap,A)u(AI_{ap,A)7
when (Z,t) € Q5c).

Claim 3:

(918) (Ep)q_2G(Zat7A[_(5p,A) 2 \I/(Zv t)?

whenever (Z,t) € 08,.
Proof of the claim. By arguing as in the proof of Lemma [8.4] we deduce that

(9'19) W(Za t, Aéap(Zia tz)) 5 (510)q_2G(Z’ ta A;(ngA)a

whenever (Z,t) € 0§, and for all i = 1,...., L. This yields by construction. O
Combining Claim 3 and we first obtain the estimate

(920) U(Z7 t) Z u(AI_(Ep,A)\II(Z7 t)a

when (Z,t) € §.,. Using this in combination with we can conclude that

(9.21) w(z.t) > “Areon) oy

Finally, putting ¢ = % completes the proof of the lemma in one direction. The proof on the

other direction follows by simply interchanging v and v. [l
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Lemma 9.2. Let Q C RNt be o Lipschitz domain with constant M and assume in addition
. Let (Zy,to) € 02, r > 0 and let A, co, n, po = 7/co, p1 = po/co be in accordance with
Remark . Assume that w is a non-negative weak solutions to Lu = 0 in Qa,(Zo,to) and that
u vanishes continuously on As,.(Zo,to). Define v, through (Zo,to) = (2°,29,,4°,9%,,t°). Then
there exists ¢ = c(m,k, M), 1 < ¢ < oo, such that

u(A;O:A(ZO’tO)) < u('r7xm7y7ygzat) < u(A:)rmA(ZO’tO))
u(A) (Zo.to) ~ @, @m, g ymi t) ~ u(A 4 (Zosto))

whenever (T, Tm, Y, Ym,t) € Ly, /c(Zos t0)-

(9.22)

Proof. Again we can without loss of generality assume that (Zy,tp) = (0,0) and we let Q9. =
Q2T(Z0,t0), AT = Ar(Zo,t(]), and A;;E,A = A;‘:’A(Zo,to).

We fix 0 < g9 < 1 and consider @(Z,t) = u(x, Tm, Y, ym + 313, 1), with € € (—eg,e0). Put
r(l—e)

F=——>",
4
Then u is a solution to Lu = 0 in o7, and since 2, is y,,-independent @ vanishes continuously
on Asz. Using this and that Qo7 C Qs we can apply Lemma to the functions u and v = @

in Q97 to obtain

(A7, 0) _a(Zt) _ a(Af )
w(AL )~ u(Z,t) Y u(As )

P1, ﬁl’

(9.23)

for all (Z,t) € Q;,/c, p1 = po/co = 7/ct. As, by definition, g1 < o, it follows immediately from
Lemma [£.14] that

(9.24) U(A;)"—l,/\) S CU(A;O,A)’ U(A,i,A) 2 U(APTO,A)’

as the constant appearing in Lemma [£.14] depends on m k, M and §, and with ¢ in this case
fixed as § = 1/cg, where 1 < ¢y < oo is the constant associated to g7 in accordance with

Remark [4.2]

Next, note that given a small degree of freedom 0 < § < 1, if ¢ < g9 < §/cZ, then we
obviously have

Af 3+ (0,0,0,6%°,0) € Qs (A7, 1),
Ay +(0,0,0,6%%,0) € Qspy (A, 4)-

P1,

(9.25)

We can now choose §, depending on m, «, M and cg, so that we again can apply Lemma [4.14
to conclude that

WAL S sup w S uAg ),
Q5ﬁ1(A,31,A)

20 i(A;, 0) 2 it uZu(dg )
u(A; ) 2 in uZ u(A; A)
p1, Qs (A5, ) 0,
By combining this with (9.23)) the lemma follows. O

Lemma 9.3. Let Q C RNt be o Lipschitz domain with constant M and assume in addition
(3-4). Let (Zo,tg) € 02, r > 0 and let A, co, 0, po = /co, p1 = po/co be in accordance with
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Remark . Assume that u is a non-negative weak solutions to Lu =0 in er(Zo, fo) and that
u vanishes continuously on Ao, (Zo,to). Let

mt =w(Al \(Zo,h0)),  mT =w(A, \(Z,lo)),

and assume that m~ > 0. Then there exist constants 1 < ci(m,k, M) < oo and 1 <
ca(m, k, M,m™* /m™) < oo, such that

(9.27) u(A, \(Zo, t0)) < cau(Apa(Zo,to)) < cGulAf y(Zo, 1)),
whenever 0 < p < p1/c1 and (Zo,to) € Apl(Zo,fo).

Proof. We start by noticing that the path
v(7) := (Zo,to) o (0,Ap,0,7Ap, —7), TE€ [0,p2]
is admissible and that
7(0) = Apa(Zo, to),
Y(p*) = (Zo,to) © (0, Ap, 0, Ap®, —p?).
Furthermore, by and as € is y,,-independent we have by construction that
vy ([O,pQ]) C Q9 (Zo, 1).
By constructing a Harnack chain we can deduce, using Lemma that
(9.28) u(y(p%)) < u(Apa(Zo,to)).

Noting that A ,(Zo,to) and v(p?) only differ in the y,,-coordinate and applying Lemma
we obtain

- 2 +
mo () m
T (A (Zato) e

when 0 < p < p1/c. The above inequality together with (9.28) yields that

(9.29)

)

_ mt
u(Ap,A(ZO’tO)) S mi (AP,A(ZO)tO))a

when 0 < p < pj/c. This proves the first part of (9.27)), and the second part is proven in
analogy. We omit further details. O

10. PROOF OF THEOREM [3.4]

To prove Theorem [3.4] it suffices to prove the following lemma.

Lemma 10.1. Let Q ¢ RNt be o Lipschitz domain with constant M and assume in addition
. Let (Zy,tg) € 0, v > 0 and let A, co, n, po = r/co be in accordance with Remark .
Assume that u is a non-negative solution to Lu = 0 in Qo (Zo, to), vanishing continuously on
AQT(ZO,IJ;O). Let

(101) m+ = U(A:)FO,A(ZO?tO))’ mo = U(A;O,A(th()))a

and assume that m~ > 0. Then there exist constants ¢y = c1(m,k, M), 1 < ¢1 < 00, cg =
ca(m,k, M,m™ /m™), 1 < ¢y < 00, such that if we let py = po/c1, then

’U,(Z7 t) S CQU(APJ\(Z(), to)),
whenever (Z,t) € Q. (Zo,t0), and 0 < p < p1.
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Proof. We will assume that (Zg,tg) = (0,0). To prove the lemma we have to show that there
exist constants 1 < ¢; < oo depending only on m, x and M, and 1 < ¢3 < 0o depending only
on m, k, M and m*/m™, such that

u(Z,t) < cau(Apn),

when (Z,t) € Q,/., and 0 < p < p1. Let pg be defined as in the statement of the lemma, and
let p, 0 < p < p1, be fixed. Consider the number

(10.2) p*=max{p|p<p<po, d(p) = d(p)},
where
(10.3) $(p) == pTu(Af L),
and where ~ is the constant in Lemma Then

8!

)
(10.4) u(A;A) < (,0*> u(A;;’A).
From Lemma [£.15 we obtain
*\ Y
_ p N

(10.5) u(A, \) <c <p> u(A, )

We prove the following claim.

Claim: There ezists a constant ¢ = c(m, s, M,m*/m™), 1 < ¢ < oo, such that

(10.6) u(A:*7A) < cu(A,. y)

Proof of the claim. Let K > 1 be a large degree of freedom. We consider two cases.
Case 1: gj—ﬁ( < p*. In this case the claim is trivial in the sense that Lemma m yields

“(A:*,A) < <po> ! U(A;ro,/\)

u(A,n) T\ u<A;0,A)7
so that
m* (po 2 —
) £ 2 (2) ulag )

Case 2: L& > p*. In this case we first note, by the definition of p*, that p < p* < pg and as
p* < 2Kp* < pyg it follows from the definition of p* that

u(Ay z) > (2K) u(Agg e 0)-
Using this inequality and applying Theorem we see that
(10.7) ¢ '2K)TT sup u < u(A;;’A),

QQKp*/B
for some 1 < ¢ < oo depending on m, x and M. By dilation we can from now on and without
loss of generality assume that p* =1 and we put K := K/c. Then (10.7) states that

(10.8) & H2K)Y SUp u < u(AfA),

2K
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for some 1 < ¢ < oo depending on m, x and M and where Ugr for 0 < R < oo is the thin in
time cylinder

(10.9) Ur:=QrN{(Z,t) e RV | 4 <t < 1}.
We may also assume, without loss of generality, that
supu =1,
Usit
which transforms into
(10.10) u(Af,) =& (2K) 7.
We define
10.11) Y= (OxUyi) N{(Z,t) e RV | ¢ = —4},

Zi};t = ((3KU212)\ZI_~()\A2I~<'

Then, given a weak solution u to Lu = 0 in €2, 7, vanishing continuously on A, z, we have by
Theorem B.1] that if (Z,t) € U,z, then

(10.12) u(Z,t)://- w(Z,8) dw(Z,t, 7, )+//W W(Z,8) dwl(Z,t, 7,D).

Using (|10.12)), applying Lemma stated and proved below, and ((10.10) we see that

1 N
u(Afy) < / / ulZ,0) Aol A Zi1) + 5 2R)
(10.13) K .
< // u(Z,t) dw(AIA,Z, t) + §u(AiA),

K

where E[T( is as in (10.11]). Thus,

(10.14) u(Af,) < 2supu.
5
K

To proceed we use again Theorem to see that for each choice of (Z,%) € E;{ N 0N there
exists a small € > 0, depending only on m, k and M, such that

sup  u < cu(A:rE A(Z,f)).
£ N0 (Z5) ’
This inequality, together with (10.14) and Lemma yield
u(AIA) < 2cu(Z,1),

for some (Z,1) € U, . where
g o N+1 2
(1015) Upig e =Upg N{(Z,1) e RV [ -4 <t < —4 4 (ce)?}

N{(Z,t) e RN | d((Z,t),09) > ¢/c}.

The claim now follows from an application of Lemma[T0.3|which is stated and proved below. [J
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Using Theorem (110.4), (10.5) and the claim we see that

gl
sup u < cu(A;rA) <c <'[1> u(A;r* A)
7 p )

Q
(10.16) ol )
p _ _
< cc <p*> u(Aj p) < CQCU(Ap*’A).
Existence of the sought constants ¢; and ¢z now follow from Lemma [0.3] and the proof of the
lemma, and therefore Theorem [3.4] is complete. O

10.1. Technical lemmas: Lemma [10.2] and Lemma [10.3l

Lemma 10.2. Let ¢ and v be as in (10.10). Then there exists K = f((m,ﬁ, M), 1< K < oo,
such that

1 ~
/ / u(Z,1) (A7 5, Z,1) < 562
yint ’
K

Proof. We have
(10.17) // u(Z,t) dw(A \, Z,t) < w(A],, S8).
xint
Let 1 < XA < K be a degree of freedom. We construct similarly to in the proof of Lemma a
test function ¢ € C*°(RV¥*1), 0 < ¢ <1, such that

¢(Z,t) =1, for (Z,1) € Qp \\Q_\N{(Z,t) e RN |t = —4},
(10.18) (Z,t) =0, for (Z,t) € Qr_,_,N{(Z,t) e RNT |t = —4},
¢(Z,t) =0, for (Z,t) € RYV*N\Qp ) N{(Z,t) e RVF! [t = 4},

and let ® be the solution to

L& =0, in{(Z,t)c RN |t> -4},
O(Z,—4) = ¢(Z,—-4).

Arguing as in the proof of Claim 1 in the proof of Lemma [5.3] we see that there exist 1 < ¢ < oo
and 1 < X\ < oo both only depending on m, x and M, such that

(Z,t) > ¢,

whenever (Z,t) € Ei}{‘t. It follows then by the maximum principle that
(10.19) //Zm u(Z,t) dw(Af y, Z,t) < (A7 ).
K

Furthermore, by noting that

o) = [[ L2002, -0z
) RN+1 )
and arguing as in the proof of Claim 2 in the proof of Lemma [5.3, we may deduce that

(10.20) B(A] ) < ce KK,
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with both 1 < ¢ < 0o and 1 < 17 < oo independent of K. Combining the above with (10.19)
yields

(10.21) //Eim u(Z,t) dw(AfA,Z, t) < ce—C K2 fen
K

Thus the lemma follows by picking K large enough. O

Lemma 10.3. Let (Z,t) € Ui{s be arbitrary. Then there exists a constant
c = c(m, K, M., K, m*/m7),

such that
u(Z,t) < cu(Ay ).

Proof. This is a consequence of Lemma 6.2 in [30]. Indeed, in [30] it is proved, using Lemma
and Lemma that it is possible to construct an admissible path, connecting an arbitrary
point (Z,t) € Uf{ . to Ai A» and an associated Harnack chain so that one, in combination with
Lemma [9.2| can prove that

w(Z,t) < e(m, k, M,e, K,m™ /m™)u(A7 ).

We omit further details and refer the reader to Lemma 6.2 in [30]. |

11. PROOF OF THEOREM

In this section we give the proof of Theorem To set up, let Q ¢ RN¥*! be a Lipschitz
domain with constant M and assume . Without loss of generality we assume that (0,0) €
09Q. Let r > 0 and consider Qg, = Q9,(0,0). Let A, cp, po and p; be as in Remark
Assume that v and v are non-negative weak solutions to Lu = 0 in (2, vanishing continuously
on Ag, = Ay, (0,0). Let m and m3 be as in and recall that by Lemma we have

min{m;,m; } >0 = min{m{,m7} > 0.
For any 7 > 0 and (Z,t) € Qg, U Ag, we will in the following use the notation

0sCr(zp(u) ;== sup  u-— inf  w
m(Z) Q2,NQ#(Z,t) Q2rNQ7(Z0t)

for the oscillation of a function u in the set Qs N Q7(Z,t). Our proof will be based on a
decrease of the oscillation

v
OSC&(ZJ) (a) .
Note first that by Lemma and the assumptions on mf and mzi, there exists a constant
¢ = ¢(m, K, M) such that

+

LAY my _1my
OSCpl/C’(O’O) E ~ 07_’_ —Cc — < 00.
my my

Let now 7 > 0 be fixed and let € = e(m, k, M), 0 < £ < 1 be a small degree of freedom to be
chosen later. Fix 0 < p < eF and (Z,t) € Q.. We consider two cases.

Case 1: Q,(Z,t) C Qo
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In this case we assume that p < d((Z,t),Ag,). Consider the function

~ - v —1 ~ - v ~ -
11.1 (2,1 ;:( <7)) 70— inf (7) 7.0,
) w2 = (s (1)) 2D - e ()u(Zd
Two immediate consequences of the definition of the above function are
o(Z,1
(11.2) 0< U2
u(Z,t)

when (Z,t) € Q9 N Q,(Z,t), and

v
11. — =1
(1.9 oscyizo (2)
We introduce an additional small degree of freedom 0 < § < 1 and assume

B((Z.1) 0 (0,—6p) _ 1
u((Z,t) o (0,—6p2)) — 2°

By Lemma we see there exists § = d(m, ), 0 < 6 < 1, such that

(11.4) >

(11.5) o((Z,t) 0 (0,—6p%)) < ¢i(Z,1),

and

(11.6) u(Z,t) < cu((Z,t) o (0,5p%)),

when ( N,f) cQ Sp(Zv t). Furthermore, using Theorem we see that
(11.7) u((Z,t) 0 (0,0p%)) < cu((Z,t) o (0, —5p%)).

We arrive then by using ((11.2))-(11.7) at
1 (2 —6p? o(Z

(118) - S ’U(( 7t) o (07 5p2)) S CU( 7t>
2 u((Zv t) © (07 _5/) )) U( )

for a constant ¢ = ¢(m, Kk, M, mf/mf,m;/m;), when (Z,t) € QSp(Z7 t) and thus,

v
(11.9) 0SC5, (7.1) <u> <4,

<eg,

with § =1 —1/(2¢), in particular 0 < § < 1. Plugging in the definition of ¢ into (11.9) yields
v\\ ! v
(oe0izn () oipizn (3) <0

v

(11.10) 0SC5, (71) (%) < Bosc, (2, (5) .

Note that if (11.4) does not hold then we replace © by v — ¥ and note that (11.2]), (11.3]) and
(11.4) holds for uw — v, so that we may deduce that

u—v
0SC5, (7.4) 0 <4,

and hence that (11.10)) holds. By iterating ([11.10) we obtain

v p o1 v
(1111) OSCp,(Z,t) <E> S (W) OSCd((Z,t)7A27-)7(Z,t) <E> ’

and consequently
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for some o1 = o1(m, k, M,m{ /my,m$ /m5), 0 < o1 < 1.

Case 2: Q,(Z,t) N (RNTI\Qy,) #£ 0.
In this case we assume that p > d((Z,t), As,). Fix a point (Zp,ty) € Ag, such that
d((Zv t)a (Zo, tO)) = d((Za t)a A2T)'
Then there exists a constant ¢ = ¢(m, k, M), 1 < ¢ < oo, such that
(11.12) Qp(Z,t) C Qacp(Zo, to),
and thus
v v
0SCp,(Z,t) (ﬂ) < 08Cacp,(Z,t) <*> :

U
Let ¢ be the constant appearing in Lemma and put p := 8ccp. Define now v as in (11.1))

but with p replaced by p and (Z,t) replaced by (Zy,tp). Consequently, (11.2)) and (11.3) holds
with p replaced by p and (Z,t) replaced by (Zo,tp). Assume now that

0(A;/5,4(Z0:10)) S 1
uAs 3 (Zost) = 2

Since ¥ and u both are solutions to Lu = 0 in €y, that are non-negative in Q, N Q3(Zo, to)
and vanish continuously on Asg,., we may apply Lemma and (11.2)) to obtain

0(A7)5 A (20, 0)) _ é@(Z,E)
U(A;/ZA(ZOJU)) B U(Z’E)

when (Z,1) € Qa, N Qacp(Zo, o). Arguing as in the proof of Theorem recall in particular
(10.6]), we conclude that

(11.13)

(11.14) <eé

9

0(A; /90 (Z0,t0))  0(A5 )5 5(Z0,t0))

(11.15) o/ < ’
u(Aﬁ/ZA(ZOvtO)) U(A;/ZA(ZUatO))
where ¢ = ¢(m, k, M,mJ /m; ), and hence
1_ wZ,0) _
— <cc———= < c¢,
2 u(Z,t)

whenever (Z, t) € Qo N Q2cp(Z0, o). It follows then that

v

(11.16) 0SCocp, (Zo,to) (u) <40,

where § = 1—1/(2¢¢), in particular we have again 0 < § < 1. Rearranging the above expression
similarly as in Case 1 and using ((11.12)), we obtain

(11.17) 0SCy, (7,1) (%) < 0055, 7,,10) <%> .

Also similarly to Case 1, if (11.13]) does not hold we replace © by v — v and conclude again that
(11.17) holds. Iterating (11.17)) yields

o o ()= (2) "o ()

u T u

for some o9 = oo(m, k, M,m{ /my,m3 /m3), 0 < o9 < 1.
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Now we combine ((11.11]) and ((11.18)), and put 0 = min{o1, o2} to arrive at
v P\° v
(11.19) 0SCp,(7,t) <E> <c <j) OSCF (Zo.t0) (—)

7 u
whenever (Z,t) € Q,, p < €. Let now (Z,1) e 2,. From the above inequality it follows by
choosing e small enough, and applying Lemma and Theorem that

v(Z,t)  v(Z,1)

w(Z,t)  w(Z,1)
(11.20) <c (CW(Z))> 08C7,(0,0) (%)

v
< OSCd((Z,t),(Z,E)),(Z,t) (a)

This concludes the proof.

12. PROOF OF THEOREM

The purpose of this section is to prove Theorem The content of the theorem is that
if Q is a Lipschitz domain and holds, then the associated Kolmogorov measure is a
doubling measure, with doubling constant depending only on m, x, and M. Theorem
follows immediately from the following lemma as we without loss of generality can assume that

(Zo,to) = (0,0).

Lemma 12.1. Let 2 be a Lipschitz domain with constant M and assume (3.4). Let r > 0 and
let A be as in Remark . Then there exists a constant ¢ = c(m,k, M), 1 < ¢ < oo, such that
(12.1) w(A:A,AQf(Zo,f())) SJW(A:A,AF(ZO,EQ)),

when (Zo,fo) € 090 and A;(Zojfo) C A

Proof. Let (Zy,1p) € 0 and 7 > 0 be such that Az(Zy, 1) C A, /e, where ¢ = c(m, k, M),
c > 1 is a large degree of freedom to be chosen. Then by choosing ¢ large enough and applying
Lemma [8.4] we obtain

(12.2) w(ASy, Do (Zo,10)) S 972G (A ), Agera(Z0,10)),

for some ¢ = ¢(m, k, M), 1 < é < oo, where G(A:A, -) is the adjoint Green function for Q with
pole at A;fA.

Claim: Tt holds that

G(A;F,A’ A;r/lOOO,A)

G(AF,, A

(12.3)
r/1ooo,A)

~ 1.

To prove the claim we first deduce using the definition of the Green function, the maximum
principle and Lemma and by a similar argument as in the proof of Claim 2 in the proof
of Lemma that

s 1 q—2 + +
¢ =r G(Ar,mAr/looo,A)

qu?G(A:m A;/IOOO,A)

IN

¢,

(12.4)

IN

¢,
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for some é = é(m, K, M), 1 < ¢ < co. We need to establish a lower bound for G(4;,, A;/looo A
Using the adjoint version of Theorem [3.3] we see that

(12.5) Sélp G(A:F,Av (Z,1) < G(A::N Ar_/woo,A)‘

C

On the other hand, arguing again similarly as in the proof of Claim 2 in the proof of Lemma
[0.1] we see that

(12.6) Sup G(AfN (Z1) > G(AT AT

2—q
r/(lOOc),A) 2

The claim follows.

Using the claim, the adjoint version of Theorem [3.4] and the scale-invariance of Theorem
[B.4] we find that
(12.7) G(A ), Ager(Zo,t0)) S G(A] L, AT (Zo, o),

whenever (Zy,1p) € Q and Q(Zo,ty) C Q. /c- Now an application of the adjoint version of
Lemma [£.15] and Lemma [8.1] yields

(12.8) FIPG(AS AT (Zo,10)) S TFI2G(A] L, AT (Zo,h)) S w(Af L, Ai(Zo, o))

267
Combining ((12.2)), (12.7), and ((12.8]) finishes the proof. O

12.1. Estimates of the kernel function. We end this section by proving two further esti-
mates. Lemma [12.2) and Lemma [12.3| are analogues in our setting to Lemma 4.13 and Lemma
4.14 in [29], where they are proven for the operator K.

Lemma 12.2. Let Q be a Lipschitz domain with constant M and assume (3.4)). Let (Zy,t9) €
o) and r>0. Let A be in accordance with Remark . Let (Zo,to) € 0Q and 7 > 0 be such
that Q#(Zo, o) C Qr(Zo,to). Then there exists ¢ = c¢(m,rx, M), 1 < ¢ < oo, such that

5 = = w(AJCA(ZOJ?O))AF(Z’E))
12.9 K(AY (Zo,to), Z,%) == li T _
129 (Ace(Zorfo)s 20) = Jiny S (Zorto), Ar(Z,0)

exists for a.e. (Z,t) € Ai(Zo, 1), and

(12.10) ¢t < w(Af \(Zo,to), Ar(Zo, 1)) K (AL (Zo,ho), Z,1) < ¢

whenever (Z,t) € Ai(Zo, 1o).

Proof. First of all, we notice that (12.9) exists for a.e. (Z,1) € A#(Zo,ty) by Lemma

We have to show that (12.10)) holds. Let (Z,%) € A#(Zy, 1) and let 7 < 7. We see that as a
consequence of Lemma and Lemma there exists ¢ = ¢(m, k, M), 1 < ¢ < oo so that

G(A;,A(Zoago)aA:{A(Z,a) < w(A;.7A( )
G(AL A (Zo.10). Ay (Z.0) ™ (AT, \(Zo,10). Ar(Z.1))

(12.11)
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Next, using the adjoint versions of Theorem and Lemma [0.3] and arguing as in the proof
of Lemma [12.1] (see in particular (12.7))), we deduce that

G(A;Z,A(207£0)?A7_‘,A(Z>ﬂ) - G(AZ—F,A(ZmEO))A;:A(Zaa)

12.12 - ~ _ .
(12:12) (A% \ (Zort0) Arn(ZD) ~ GUAT \(Zort0), A, A(Z,D)

We can then conclude that
W(A;,A(Z()? 7;0)7 AF(Zv E)) ~ G(A(;"A(Z()v EO)? AF,A(Zv E))

12.13 - ~ _
(12.13) AL (o to) AZD) ~ CIAL  (Zor o), Ay (Z.1))

Note that a consequence of the adjoint version of Theorem is a boundary Harnack inequality
for solutions to the equation £*u = 0. Furthermore, when v and v in the formulation of (the
adjoint version of) Theorem are the functions G(A;A(Zo,fo), -) and G(A;A(Zo,fo), )
respectively, we can use Lemma and Lemma to estimate the quotients mf /mi and
my /m, so that in this particular case we have

co(m, Kk, M, mf/mf,m;/mg) = co(m, Kk, M),

where ¢y is as in the formulation of Theorem [3.5] We hence deduce that there exists some
¢ =¢é(m,k, M) > 1 such that

G(A;:’A(Zo,fo),Af,A(Z,f)) B G(A;’A(Zo,to),A'F/E,A(ZovtO))
G(AL A(Zot0), Ara(Z,1) — G(AL 4

Thus, we see that

wW(AF A (Zo,10), AR(Z,T))  G(AL 1 (Zo,T0), Arjen(Zo, o))
w(AL A (Z0,10), Ar(Z,1)  G(AF 4 (Zo, to), Agjea(Zo, To))

(12.14)

(12.15)

Using arguments similar to those used in Claim 2 in the proof of Lemma see in particular

(9.11)), the (adjoint) Harnack inequality, and arguing as in Lemma see (|12.3)), and then
using Lemma [8.1] we see that

G(AL \(Zo, 1), As sz (Zo, _
(12.16) IS ( f:’A( 0:f0) /7A(~0 ~0))W(A;A(Z07t0)vAE/E(ZOatO))'
G(ACT,A(Zf)vtO)aAF/E,A(ZDatO)) ’
Using (|12.16)) and arguing similarly, wee obtain
G(A% \(Zo,10), Arjza(Zo, To)) N 1
G(AT A (Zo,t0), Arjen(Zo,T0)) — w(AZ A (Zo,t0), Asye(Zo, 1))

Finally, using the obvious relation

w(AL A (Zo,t0), Arje(Zo,10)) < w(AL A (Zo,to), Ai(Zo, o))

(12.17)

together with Lemma [12.1) we have

w(A:rF,A(Z&EO)’AF(Z’E)) 1

~

WAL A (Zost0), Ar(Z,D) — w(Af, \(Zo,to), Ae(Zo, To))|

Letting # — 0 concludes the proof. O
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Lemma 12.3. Let € be a Lipschitz domain with constant M and assume . Let (Zy, tp) €
o andr > 0. Let A be in accordance with Remark. Let ( Zo,to) € 00 cmd 7 > 0 be such
that Qi(Zo,to) C Q,(Zo,to). Then there exists ¢ = c(m, r, M), 1 < ¢ < oo, such that

WAL A (Zo,t0), E)
w(Af A (Zo,to), Ar(Zo, o))
whenever B C Ax(Zy, to).

w(A(;,A(Zoa tNO)a E)a

Proof. Fix some subset E C Aj Z t). By definition we then have
w40 (20,8) = | / K(A% A(2,8),(2,8) dw( A%, \ (Zo,to), (Z,7).
Using Lemma [12.2] m m, we see that

// crA ZO?tO) Af(Z()?tNO))K(Acr A(Z Z E))dw AcrA(Z()?tO Z ﬂ

// dw Zo,t(] Z t_>
and hence that

w(AL A (Zo,t0), Ar(Zo,t0))w (A A (Zo, To), E) S w(AL ((Zo,to), B).
Analogously, we see that
w(AZ A (Zo,10), B) S w(Af A (Zo,t0), Ax(Zo, t0) )w (A A (Zo,10), E),
which finishes the proof. O
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