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Spin-waves e.g. magnons are the conventional
elementary excitations of ordered magnets. How-
ever, other possibilities exist. For instance,
magnon bound-states can arise due to attractive
magnon-magnon interactions and drastically im-
pact the static and dynamic properties of ma-
terials [1, 2]. Here, we demonstrate a zoo of
distinct multi-magnon quasiparticles in the frus-
trated spin-1 triangular antiferromagnet Fel, us-
ing time-domain terahertz spectroscopy. The
energy-magnetic field excitation spectrum con-
tains signatures of one-, two-, four- and six-
magnon bound-states, which we analyze using an
exact diagonalization approach for a dilute gas
of interacting magnons. The two-magnon single-
ion bound states occur due to strong anisotropy
and the preponderance of even higher order ex-
citations arises from the tendency of the single-
ion bound states to themselves form bound states
due to their very flat dispersion. This menagerie
of tunable interacting quasiparticles provides a
unique platform in a condensed matter setting
that is reminiscent of the few-body quantum phe-
nomena central to cold-atom, nuclear, and parti-
cle physics experiments.

Insulating spin systems are widely studied for their
unconventional ground states, exotic magnetic excita-
tions and spin textures. Geometrically frustrated lat-
tices, like the 2D antiferromagnetic triangular lattice,
can lead to the suppression of magnetic order at low
temperatures and the emergence of fractionalized exci-
tations [3, 4]. But even a long-range ordered magnetic
phase can exhibit excitations that are entirely distinct
from conventional magnons. For instance, depending on
spin-space anisotropies and the range of magnetic inter-
actions, single-magnon quasiparticles can interact attrac-
tively with each other, generating multi-magnon bound
states. The existence of such bound states was first pre-
dicted in the 1930s by Bethe [5] in 1D quantum magnets,
using a spin-1/2 Heisenberg model. These exchange-
driven bound-states are usually observed in 1D ferro-
magnetic spin chains with S <1 [1, 2, 6]. Although two-

magnon bound states have been detected in experiments,
evidence for even higher order magnon bound states re-
mains scarce. Recently, a 3-magnon bound state was
observed in a quasi-1D antiferromagnetic spin chain sys-
tem with S=2 [7]. Because of their potential for a deeper
understanding of fundamental phenomena in magnetism
and of few-body problems (i.e. quantum mechanics of
a finite number n>2 of interacting particles), such ex-
citations are of intense current interest in the study of
insulating magnets [8-15]. But they are also important
for potential technological applications since they can for
example strongly affect the transport properties in a one-
dimensional chain of qubits [16].

Here we study multi-magnon bound state excitations
in the spin-anisotropic triangular lattice antiferromagnet
Fel,. The magnetic Fe?t ions in this compound carry
S =1 and are distributed on hexagonal planes (Fig. 1).
In zero magnetic field, Fel, orders spontaneously in a
striped antiferromagnetic phase below Ty ~ 9 K [17].
One distinctive feature for the S=1 spins in Fels is that
the energy of two spin deviations on a single-site — a
particular form of 2-magnon excitation called single-ion
bound-state (SIBS, Fig. 1d) — is comparable or even lower
than the energy of a single magnon (Fig. 1c). Recent neu-
tron scattering experiments in zero magnetic field at T
< Ty revealed that this effect stems primarily from the
balance between strong easy-axis single-ion anisotropy D
and nearest-neighbor ferromagnetic exchange interaction
Jp [18], although competing further-neighbor exchange
interactions are necessary to explain the complex mag-
netic structure and details of the excitation spectrum.
Modeling of these neutron scattering measurements also
evinced that the large spectral weight and weak disper-
sion of the SIBS originates from a hybridization with the
single-magnon band through off-diagonal exchange inter-
actions. As we will see below, the almost flat band nature
of the SIBS promotes further bound states formation and
allows for a very rich phenomenology to develop.

In the presence of a c-axis magnetic field, Fels under-
goes several metamagnetic transitions [20]; we only study
the low-field antiferromagnetic phase here (at T = 4 K
and puoH < 5 T). Using time-domain THz spectroscopy
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Figure 1. Time-domain terahertz spectroscopy set-up and multimagnon excitations of Fel,. a. Sketch of the
experimental time-domain terahertz spectroscopy set-up [19]: a polarizer (P1) linearly polarizes a terahertz waveform that is
transmitted through the sample; the sample induces ellipticity; the fast rotating polarizer P2 modulates the polarization. A DC
magnetic field is applied along the crystallographic c-axis of the sample in the Faraday geometry (the magnetic field is parallel
to the THz propagation). b-g. Single-ion states of Fe*" ions accesible at low-energy correspond to S =1 magnetic moments
with uniaxial anisotropy. The sketches represent a plane of spins in the b. ground state configuration, and with examples of
c. a one-magnon elementary excitation (spin wave), d. a two-magnon bound state (SIBS), e. a 4-magnon bound state, f. a

4-magnon anti-bound state, and g. a 6-magnon bound state.

(TDTS) we find evidence for a variety of low energy
multi-magnon excitations (up to 6-magnon character),
along with interactions and hybridization between them.
Through a comparison with exact diagonalization cal-
culations for a generalized spin-wave Hamiltonian, our
work elucidates how hybridization and interactions be-
tween magnetic excitations with different quantum num-
bers stabilize a low-energy subspace with at least 4 dis-
tinct types of quasiparticles. The presence of distinct
low-energy excitations that can be tuned by magnetic
field is of general interest for the comprehensive under-
standing of interacting quasiparticles in materials.

We conducted TDTS measurements as a function of
magnetic field (upH < 5 T along the crystal ¢ axis)
to study the low-energy magnetic excitations of Fely
(v < 1.5 THz = 6.2 meV) in the antiferromagnetic phase
at T =4 K. The Faraday geometry of the experiment
(Fig. 1a) allows extracting the transmission eigenstates
for both left-handed (LCP) and right-handed circular po-
larization (RCP) via the polarization modulation tech-
nique (see Methods). Employing long time scans of 50 ps
along with reference spectra at higher temperatures [21]
yields a high-frequency resolution appropriate for distin-
guishing resonance peaks separated by Av = 0.02 THz
(0.08 meV). While this procedure allows measuring fine
features in frequency-dependent spectra, it does not al-
low us to extract the magnitude of the transmission co-
efficients with quantitative precision. We thus normalize
intensity plots to their maximum value.

~
~

The frequency (v) and magnetic-field (uoH) depen-
dence of the complex transmission functions, plotted in
magnitude as |Tr| (RCP, Fig. 2a) and |71 | (LCP, Fig. 2b)

shows dark regions corresponding to strong absorption.
We associate these absorption lines with a wealth of dis-
tinct magnetic excitations with several crossings and ap-
parent hybridizations. At fixed frequency and magnetic
field, most branches show a different response in the RCP
and LCP channels; several resonances are present in both
channels. The steep field-slope of several branches is clear
evidence for their multi-magnon character, as discussed
further below. Earlier far-infrared spectroscopy and elec-
tron spin resonance studies [22, 23] observed the zero-field
absorption branches at v = 0.65,0.88 and 0.97 THz. The
high energy and field resolution of our experiments un-
cover new and very steep branches, as well as additional
details that are important to fully understand the low-
energy excitations of Fels (see Supplemental Information
for comparison to earlier results).

To gain further insight, we extract the absorption lines’
position by inspecting the spectra for both polarization
channels (Fig. 3a). Weak modes are sometimes diffi-
cult to track from these spectra, and we infer their en-
ergies from 2D intensity plots, along with error-bar esti-
mates. In addition to elucidating the slope of all observed
branches, i.e. the different c-axis magnetization S* of the
underlying excitations, this data elucidates crossing and
hybridization between modes with different slopes. Given
that the uniform magnetization is small below 5 T, these
excitations can be further characterized via the sign of
S# relative to the magnetic field. In Faraday geometry,
this is related to the circular dichroism of the material,
which we plot using the imaginary part of the complex
angle 0 = arctan[(Tr — T1)/i(Tr + T1)], the ellipticity
(see Methods), as a function of frequency and magnetic
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Figure 2. Magneto-transmission spectra below the Néel temperature. Magnitude of the transmission coefficients for
a. right- and b. left-handed circularly polarized lights (normalized to 1 for the maximum value), at T = 4K, as a function of
frequency and magnetic field. Horizontal striations on the plots are experimental artifacts. ¢. Calculated w|xr, (¢ = 0, w) +
Xyy(q = 0, w)] as a function of energy (or associated frequency) and magnetic field, using the exact diagonalization Lanczos

method and the model parameters described in the SI.

field (Fig. 3b). As absorptions mainly appear in either
the RCP or LCP channel, this accentuates the fact that
different excitation branches exhibit different signs of S*
(Fig. 3b).

The evolution of the excitation energies with the mag-
netic field yields effective g-factors (see SI for extracted
values) from which we identify at least four different
kinds of excitations, including the previously reported
single modes and 2-magnon excitations (branches labeled
#1 to #4 in Fig. 3a), the latter with single-ion bound-
state (SIBS) character (Fig. 1c-d). Given that the SIBS
excitations have an almost flat dispersion throughout the
Brillouin Zone [18], and given the ferromagnetic nature
of nearest-neighbor exchange interactions, SIBS display a
strong propensity to form bound states with themselves.
As a result, we infer that excitations with the highest ef-
fective g-factors (branches labeled #5 to #9 in Fig. 3a)
are exchange bound states comprising primarily two and
three SIBS, i.e. 4-magnon (Fig. 1le) and 6-magnon bound
states (Fig. 1g), respectively. For all excitations, we ob-
serve effective g-factors that do not reach precisely the
maximum hypothetical values of twice, four times, or six
times that of single magnon excitations. We associate
this effect to the hybridization between the different ex-
citations, e.g. a 4-magnon bound state can still be re-
garded as a bound state of two SIBS, but other states
mix in when proximate in energy. In fact, similar to
neutron scattering experiments [18], the multi-magnon
bound states in Fels only become detectable in TDTS

due to their hybridization with single magnon modes.
Additional insight on the role of multi-magnon hy-

bridization in Fels is gained by calculating the absorption

spectra using the microscopic spin-exchange Hamiltonian

H=> > SEThsy =" [DQF + popsgHS?] (1)

(ig) nv

where Q7* = (S7)? — 2/3, the values of the exchange
parameters \71’]“' and single-ion anisotropy D have been
established from the neutron scattering data [18], and
g = 3.2 [22]. As previously demonstrated, the nearest-
neighbor interactions in Fely are spatially-anisotropic
and include symmetric off-diagonal terms, J; * and Jlii,
that are responsible for the hybridization between states
with different S#, such as the single-magnon and SIBS. A
generalized spin-wave Hamiltonian describes the model’s
low-energy spectrum as a dilute gas of interacting single-
magnon and SIBS quasiparticles, which are treated on
equal footing [18, 24]. To study this problem beyond lin-
ear spin-wave theory, we enforce the dilute limit by elim-
inating states with more than two quasiparticles from
the Hilbert space (see SI) and perform an exact diago-
nalization (ED) of the restricted spin-wave Hamiltonian
on a finite lattice of 5 x 5 x 5 unit cells (500 spins). As
the Hilbert space dimension becomes prohibitively large
for ED if we include states with three quasiparticles, our
calculation can only account for 1-, 2- and 4-magnon ex-
citations and ignores the 6-magnon states.

The results of our theoretical calculations are
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Figure 3. Excitation branches and spectrum ellipticity. a. Position of the magnetic resonances at T' = 4K as a function of
frequency and magnetic field. All resonances in both RCP and LCP channels are represented (with some overlap). All resonances
correspond to dips in the transmission spectra, except for the data points with error bars which are only distinguishable in the
2D color plot of Fig. 2a and assigned by eye. The numbers are used to label the different excitation branches. b. Imaginary
part of the complex Faraday angle 0 (ellipticity) in arbitrary units, at T = 4 K, as a function of frequency and magnetic
field. e. Calculated w [x/{_ (¢ = 0,w) — x” (¢ = 0,w)] as a function of energy (frequency) and magnetic field, using the exact
diagonalization (ED) Lanczos method. The model parameters are detailed in the SI.

shown through the angular average of the frequency-
weighted susceptibility w [x7,(¢ = 0,w) + Xyy (2 =0, w)]
(Fig. 2c) and as the difference between the ab-
sorption in the right and the left channels via
wxf_(g=0,w) —x",(q¢=0,w)] (Fig. 3c). Both plots
exhibit a remarkable correspondence with the experimen-
tal data (excepting the absence of 6-magnon excitations
in the ED). Compared to the linear generalized spin-wave
approach of Ref. [18], ED includes non-linear interactions
that slightly renormalize quasiparticle energies. There-
fore, precisely reproducing the energies of the low-energy
modes in zero-field requires us to slightly adjust the pa-
rameters in Eq. 1 (see SI) compared to Ref. [18].

ED calculations give the absolute value of the change in
c-axis magnetization, |AS?|, for each excitation branch
as a function of frequency and magnetic field (Fig. 4).
Given that the striped magnetic structure of Fels has sev-
eral sub-lattices, we expect various branches to be present
for each magnon sector, some of which optically inactive
due to sub-lattice effects. The color-coded expectation
value of |[AS*| shows that in the absence of hybridization
(J7E = JEE = 0), excitations have a well defined S*
character, with single and two-magnon modes in purple
and blue, respectively (Fig. 4a). The four two-magnon
branches are degenerate at zero field as SIBS are com-
pletely localized on each lattice site. The Zeeman term
splits the zero-field SIBS quartet into two doublets. In
the presence of the hybridization terms J7* and J&*,
the two SIBS doublets are split by the J** term via
hybridization with non-degenerate single-magnon modes
(Fig. 4b). Including 4-magnon excitations yields a rich
excitation spectrum with a sequence of hybridization ef-
fects between all types of excitations between 1 T and
4 T (Fig. 4c).

These results highlight that the character of magnetic
excitations in Fely in an applied magnetic field is pro-
foundly affected by their strong mutual hybridization;
most branches have a mixed and changing |AS?| charac-
ter. Therefore, even if the effective g-factors give some
insight into the nature and degeneracies of the observed
resonances, labeling excitations based on their S# is not
possible. Given that excitation branches #5, #6 and
#7 from Fig. 3a have primarily 4-magnon character by
comparison to theoretical predictions (Fig. 4c), the even
larger slope of excitation branches #8 and #9 indicate
an even higher-order character, i.e. these are primar-
ily 6-magnon bound states. The hybridization of 4- and
6-magnon bound states with lower-order excitations has
three important consequences. First, they become de-
tectable in TDTS in the proximity of energy crossings.
Second, this explains why the effective g-factors of the
steeper branches do not reach their hypothetical max-
imum values, as mentioned above. Finally, it explains
why the four low-field branches, labeled #1 to #4 in
Fig. 3a, have comparable absorption intensities and sim-
ilar slopes. These are roughly equal mixtures of single
and two-magnon excitations.

In summary, we have used high frequency-resolution
time-domain terahertz spectroscopy in a magnetic field
to study the spin-anisotropic frustrated compound Fely
and developed a quantitative understanding of the na-
ture of its low-energy excitations for fields up to around
4 T. Our experiments unraveled a wealth of multi-
magnon excitations, including 4-magnon and 6-magnon
bound states. ED calculations of a generalized spin-
wave Hamiltonian [18] elucidated spectral contributions
from each |AS?| sector, enabling a complete understand-
ing of the microscopic character of excitations up to 4-
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Figure 4. Theoretical modeling of multi-magnon states in Fel,. The value of |AS?| calculated using ED of a generalized
spin-wave theory Hamiltonian including: a. only single and two-magnon excitations, without hybridization terms (J; =
Jlii = 0). Full (dotted) lines correspond to optically active (inactive) branches due to sublattice effects; b. same as the
previous panel but with hybridization effects included; c. same as previous panel but with the addition of 4-magnon bound
states and no distinction between optically active and inactive branches. These plots give an insight on the character of the
various magnetic excitations and the hybridization between them.

magnons. The strong hybridization that stems from spin-
space anisotropy leads to a unique spectroscopic situa-
tion where bound states and their interactions can be
tracked as a function of the magnetic field. Thus, Fels is a
promising field-tunable material platform to study funda-
mental quantum phenomena in magnetism and strongly-
interacting few-body models encountered in various con-
texts such as excitons in semiconductors, cold atoms, and
nuclear and particle physics.

METHODS

Sample preparation Polycrystalline samples of
Fel, were prepared from pure elements according to
Ref. [18]. Samples were ground into fine powders in
a glovebox and sealed in thin quartz tubes under vac-
uum. Large single crystals were subsequently grown by
passing the tubes in a graphite crucible with rotating
speed 20 RPM/min and pulling rate 10mm/hr through
a high-temperature induction Bridgman furnace hosted
in the PARADIM facility at Johns Hopkins University.
Crystals suitable for time-domain terahertz spectroscopy
were cut from larger crystals, resulting in shiny plaque-
ttes of several millimeters long with the c-axis perpen-
dicular to the large surface. Powder X-ray diffraction
was carried out at room temperature to characterize the
crystals [18]. This compound is highly hygroscopic and
degrades within a few seconds when exposed to air, so
the sample studied in this work was protected by a layer
of photoresist on both sides using a spin coater in a dry
glove box, and then mounted on a thin Kapton piece. An-
other identical Kapton piece was covered on both sides
with photoresist to serve as a reference for the THz trans-

mission measurements.

Time-domain terahertz spectroscopy measure-
ments Sample and reference were cooled down to
T = 4 K, in the magnetically ordered phase, with mag-
netic fields up to H = 5 T being applied at low tem-
perature. The magnetic field is applied in the Fara-
day geometry (magnetic field parallel to the propaga-
tion of the incident THz beam, see Fig. 1). We use a
linearly polarized incident beam and a polarization mod-
ulation technique to measure the transmitted THz elec-
tric field in both z and y directions simultaneously [19].
This allows us to determine the transmission coefficients
of the sample for left-handed and right-handed circular
polarizations (labeled LCP and RCP, the eigenstates of
the transmission for this system in such geometry). In-
deed, by measuring the complex transmission coefficients
Tz and Ty, we can determine the coefficients Tr and
T;, for RCP and LCP light using the change of basis
Tr,p = Tz * 1Tyy. On this sample, our TDTS exper-
imental set-up enables us to measure accurately in the
frequency range of 0.2 THz to 2 THz. A set of mea-
surements of the transmission coefficient in zero field at
different temperatures ranging from 3 K up to 300 K con-
firmed the appearance of magnetic excitations below the
Néel temperature in this frequency range.

To obtain the highest resolution in frequency reach-
able with our experimental set-up, we need to measure
long time scans. Indeed the length of the time trace, la-
beled 7, directly affects the resolution in frequency after
Fourier transform (Av = 1/7). However, such data is af-
fected by the Fabry-Perot effect e.g. multiple reflections
within the crystal which appear in the time trace signal,
inducing artificial oscillations in the frequency domain.



Therefore, we use the same technique of referencing as in
Morris et al. [21] to extract the high-resolution spectra.
We first reference long time scans at low temperature
(4 K) with time scans of the same length at higher tem-
perature (11 K, above the Néel temperature) where no
sharp feature is observed.

Assuming that the index of refraction is the same at
these two temperatures (aside from the absorption due to
magnetic excitations), this procedure cancels the Fabry-
Perot oscillations. The resulting spectrum is further ref-
erenced to a spectrum at T = 60K to correct for the
broad resonance still present at T' = 11K, using now short
time scans to avoid the Fabry-Perot effect (but giving a
high enough resolution to account for the broad reso-
nance at 11K), hence the displayed spectra as follows:

TR7L(4K,I/,7’1) TR7L(11K,I/,TS)
TR = ) (2)
TR’L(llff7 v, Tl) TR’L(GOK, v, TS)

with 7; ¢ corresponding to long and short time scans re-
spectively. See the Supplemental Information for THz
spectra at various temperatures from 4K to 60K. The
complex transmission is directly related to the magnetic
susceptibiliy (—In(T'(w)) x wx(¢ = 0,w)), but this pro-
cess makes it difficult to access accurate quantitative val-
ues of the susceptibility (hence the renormalization of the
transmission mentioned for Fig. 2). Nevertheless, the
gain in frequency resolution enables the characterization
of fine features in the magnetic spectra.

One can also extract the ellipticity of the sample as
a function of frequency and field, which quantifies the
magnetic dichroism of the material. A complex angle 6
given by arctan[(Tr —T1)/i(Tr + T1)] contains all infor-
mation on the THz polarization rotation: the real part
of this angle # is the angle of rotation of the major axes
of the elliptically polarized transmitted beam (polar ro-
tating angle) and the imaginary part is the ellipticity.
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I. GENERALIZED SPIN-WAVE THEORY

The Fels compound under external field is described by the effective S = 1 spin model,

H=3 > SITLS)—D} QF —poungH Y S, (1)

(ig) mv

where S!', u = x,y, 2 is the spin-1 operator and the single-ion anisotropy term is proportional to the (zz) component
of quadrupolar moment Q4" = (S!'SY + S¥S!)/2 — 2/35"" (symmetric traceless components of S; ® S;). The spin-
exchange tensor jf; Y is described in the main text and a detailed symmetry analysis is provided in Ref. 1. A distinctive
property of Fel, is that its low-energy modes include both dipolar and quadrupolar fluctuations because of a subtle
balance between the magnitude of the exchange interaction and the single-ion anisotropy. Consequently, the usual
SU(2) spin-wave theory must be generalized to include both types of low-energy modes. The three components of the
magnetization and the five components of the quadrupolar moment generate the SU(3) unitary transformations in the
3-dimensional Hilbert space of a S = 1 spin. Correspondingly, an SU(3) spin-wave theory can simultaneously account
for the low-energy dipolar and quadrupolar fluctuations of Fels. This generalization can be implemented by intro-
ducing the SU(3) Schwinger boson representation of the spin operators S¥ = u);rL“?/Ji? , where t; = (b; +1,0i,0,bi,-1)
and

7 1
0 -5 0 0 %= 0 10 0
L=\ 5 ? s P=|7% 0 -5 |.°=[000 (2)

The number of Schwinger bosons per site, >, b;rmbim =25 =1 is determined by the spin size S = 1.
To compute the excitation spectrum, it is convenient to work in the local reference frame defined by the SU(3)

rotation

Bi+1 ; bir
Bio | =U'-| bio |, (3)
Bi,—1 by



where Ul = A1 . A2 with

sin(#) cos(p)e’® cos(f) cos(p)e’®t —sin(¢p)e 2 ts)

Ay = | sin(f)sin(p)e’®? cos(f)sin(¢)e’™>  cos(g)e i@rtas) ) (4)
cos(f)etos — sin(@)eiee 0
and
1 0 0
A, = | 0 cos(x)e 1 sin()e!(P2mar—az—as) | (5)
0 —sin(y)e (femor—az=as) cos(x)e

Up to a phase factor, the first column of U is the optimal mean field state |i;) = BJ’ +119). The other two flavors
(m =0,—-1) of B; ., are defined by the second and third columns of U;, which are orthogonal to the first column. For
U; € SU(2), the boson f; ,, carries a quantized angular momentum m = 1 along the quantization axis 1; = (¢c|S;|1¢)-
The condensation of the 3; ;1 boson gives rise to the local dipole moments along the direction 7fi;. The 3; _; boson
changes the angular momentum by —2 relative to the local quantization axis, i.e., it generates a local quadrupolar
fluctuation. Unless there is a finite hybridization between the 5; o and 5; —; bosons, quadrupolar excitations remain
invisible to terahertz (THz) spectroscopy and inelastic neutron scattering. In fact, although the rotation matrix
U; can be approximated by an SU(2) matrix in Fel, the normal modes are strong hybridizations of the 3; and
Bi,—1 bosons, enabling the observation of predominantly quadrupolar excitations with THz spectroscopy and inelastic
neutron scattering.
The observed magnetic order in Fel, is described by a condensation of bosons in the single-particle state

eion(9) cos[p(7)] sin[6(4)]
|i) = “"2()5111[ @(7)] sin[6(7)] (6)
cos[6(7)]

on the basis of {|i,+1),[i,0),|i,—1)}, where |i,m) = bj,m|@> with |@) being the vacuum of Schwinger bosons. The
parameters 0(i), ¢(i), a1 (i), a2(i) are determined by minimizing the mean field energy Hlj\;(wlﬁi vazlh/)z) with N
being the number of lattice sites. The optimal mean field state |¢;) is an SU(3) coherent state, which in general
cannot be obtained from the fully polarized state (1,0,0)7 by applying an SU(2) rotation. For an SU(2) spin coherent
state, the length of dipole moment is d = , /ZM<SZ”)2 = 1. However, the optimal mean field state for Fely has d < 1,

implying that it is not an SU(2) spin coherent state. The deviation arises from the J7 * term that breaks the axial
symmetry about the c-axis. The net result is a 10° canting of the magnetic moments away from the c-axis and a small
reduction in the magnitude of the moment. Nevertheless, the magnitude of the moment is very close to one, d ~ 1,
as anticipated from the rather strong easy-axis single-ion anisotropy.

Since the 3; 41 boson is macroscopically occupied, (8; +1) = (6; 1) VM (M = 1 for the case under consideration),

we assume that <5g,oﬁi,0>a <ﬂ1_15i,—1> < M. This assumption justifies an expansion in the small parameter 1/M:

Bisr = Bl =M —BloBio— Bl 1811

1 1
\/M[lﬂloﬂzo O _151,_1+0(M2>}7 (7)

1

that leads to the following expansion of the dipolar and quadrupolar operators

St = MSH(i +\ﬁz () Bim + h.c.) Z Ll Blm51n+0< L > (8)

m#1 m,n#l

sz = MQZZ + \/7 Z Bl m + h C. ) Z Q:jn(z)ﬁimﬁz,n + O () ) (9)

m#1 m,n#l



where
SH(i) = (UTL“U)11 Q¥ (i) = (UZTOZZUZ»)H, (10)
St = (UlLrw) e = (Ulo=u), (11)
St () = (UTL“U) (UZTL“Ui)Hémn, (12)
Q% (i) = (UfO“UOmn— (UJOZZUZ-)Hémn, (13)

with O%* = (L#)2. Note that the variables defined in Egs. (10-13) depend only on the sublattice index because of the
translation symmetry of the magnetic structure. By applying the above formula, we obtain the 1/M expansion of the
spin Hamiltonian

H o= M2ED + MHD + MVPHG) + MOHW + oM, (14)

where terms o< M3/2 are not present because we are expanding around the mean-field state that minimizes the classical
energy (£(9)). The other terms represent the generalized linear spin wave Hamiltonian

HEO=D"S"T8 > S80S0, (5)BL 1 Bim + St (1)S ()L Bim + Sty ()81, (5)B B

(ij) mv m,n#l
+ 81 ()88 (5)Bim Bl + St ()8 (7) Bism B + St (0) zlumlmﬂ},n]
—DY N QB Bim — monsgH Y Y S5, (1)L, Bin, (15)

i m,n#l i m,n#l

the cubic interaction terms,

[ (V™G 918 BsnBiom + VA" (B BimBrm + )

(ij) Lm,n#1

+ (Vzlmn(iaj)ﬁ;[’mﬁj,nﬁi,l + lmn( )Bz mﬁz nﬂ],l + h.c. ) ]

I,m,n#1

T ﬁ > (<DQTfn(i) + poptsgHST,, () B Bisn Bim + h.c.) , (16)
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where V{"(i, j) = =58 (0) T}} St (3), V3™ (i, 5) = Sii (1) T}}" S (4), and the quartic interaction terms

H(4 = —= Z Z (Ums 7 ] 5] TB] rﬁj,eﬂz m + U (iaj)ﬂ;7sﬂ;7rﬂj,rﬂi,m + hC)

(ig) m,s,r#1

_|_Z Z Umn gT(Z ])Bl mﬂz nﬁj 56]7"
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where U"‘S(‘ j) = ZWS (DTS SEG) = Ui (G,1), UF(i5) = 32, Stn()T5"St: () = (Us™(j,4))" and
Umn 57‘ ) Zl“, ( juysy ( ) Uésr,’mn (], ’L)

The non—mteractlng part of the spin wave Hamiltonian #(? can be fully diagonalized in momentum space via a
Bogoliubov transformation:

H(2) - Z€a727a7 (18)



where a = (ng, g.) with n, the band index and g, the momentum. The ~ operator is defined through

(5097 ) = Wamt@ (23), (19)

Blaa)o Tn.g

where B(q.q)0 = N2 Do eiq""ﬂ(am)g and W, »),n(q) is a paraunitary matrix. The non-interacting modes include
four magnon states and four single-ion bound states (2-magnon bound states). The interaction between the ~-particles
is obtained from by applying the above-mentioned transformation to H®) and H* which formally leads to

1
HY = > "5(qa + @ + Ge — G)VareViW7e + hoc, (20)
21/ Ny o
1
HY = oo D 0(@a+ @+ e+ da — G)Uabea Vi Ve Va (21)
U Gbed

where @ = (nq, —q.), and the vertex functions have been symmetrized relative to permutations of the particle indexes.
Terms of the form oc yTyf4T, vT4TyTy and their hermitian conjugates are ignored because they do not contribute to
the low-energy subspace that we introduce below.

The THz spectra reported here show clear evidence of the formation of n-magnon bound states with n = 4,6.
These bound states are formed by the binding of 2 or 3 single-ion bound states via the spin exchange interactions.
As mentioned in the main text, the tendency for such bound state formation is high because of the flat dispersion
of the n = 2 single-ion bound states. This non-perturbative effect of the interaction terms can only be captured
by summing ladder diagrams up to infinite order (exact solution of two-body problem). This can be achieved by
diagonalizing H restricted to the truncated subspace &1 2 with number of v quasi-particles n < 2. While this exact
diagonalization can only be performed in a finite size cluster, the numerical cost of diagonalizing P; 2 HP; 2 for a fixed
center of mass momentum K (K = 0 for THz spectroscopy) increases linearly in the system size. Here, P; o is the
projector on the low-energy subspace S 2. Besides capturing the formation of 4-magnon bound states, this approach
also captures the hybridization of these new low-energy modes with the single v-modes. In other words, the approach
cannot capture the formation of 6-magnon bound states because those states correspond to three-body states of the
v quasi-particles that have a strong two-magnon character. The description of the latter mode requires at least three
non-interacting particles which is too expensive in the current model. The subspace S; 2 is spanned by the basis

{l2), ]z < j)} with |i) = ’yj|®> and |7 < j) = Cij'y;[’yﬂ@), where |@) refers to the vacuum of the v quasi-particles and
Gizj =1 and G—; =1/ V2! are normalization factors. The projection of A into the subspace S1,2 takes the matrix
form

PP = (1070, (22)

with matrix elements
1
W‘/mé}yk,
uc
The diagonalization of P; oHP; 2 reveals that the spectrum includes four energy levels below the two-particle contin-

uum with a strong 4-magnon character, which are identified as the 4-magnon bound states.
The THz absorption spectrum is obtained by computing

I(w) « w(xXr(q=0,w)+xy,(g=0,w)), (23)

where XZV(q = 0, w) is the imaginary part of the uniform magnetic susceptibility. XZV(q, w) is related to the dynamical
spin structure factor S,,(q,w > 0) through the fluctuation-dissipation theorem, which takes the form ZXZV(q,w >
0) = S,.(g,w > 0) at zero temperature, where

o - o 1
k <j,k<l
Hy = b4, /Hllgg — HEST st _ dirdji(ei + EJ)CZZJ + N U51GigCri-
uc

Sula=0.0) = [ TS0 IS8 ()% O)0)
ij
*° op 1
= [ e 018800155 00, (24)
Bl

N = 4N, is the total number of lattice sites, and S} (t) = (1/v/Nuc) D _,co S#(t) is the uniform component of the
spin operators on the sublattice c. This correlation function has been computed on finite lattice of 5 X 5 X 5 unit



JE meV)] JFZ [JFT [ 75 D [ ¢
-0.232  [-0.340[-0.169(-0.233[2.355|3.74

TABLE I: Hamiltonian parameters that have been modified relative to Ref. 1 to account for renormalization effects induced by
the interactions between modes.

JE meV)| J57 [ JF [z [ ogE [ aoze | ot [ o | 0 | ez
0.026  [0.113]0.166|0.211|0.037]-0.036]0.013|0.051|0.0680.073

TABLE II: Spin-exchange tensors (beyond the nearest-neighbor bond) adopted in Ref. 1.

cells (500 spins) by using the continued-fraction method? based on the Lanczos algorithm?. This size is large enough
to capture the 4-magnon bound states because their linear size is of the order of one lattice space owing to the very
large effective mass of the two-magnon bound sates.

As explained in the main text, the interaction effects captured by the above approach renormalize the energy
spectrum of the low-energy modes. Consequently, the set of Hamiltonian parameters that reproduce the measured
spectrum is not exactly the same as the one obtained with the linear generalized spin wave approach.! Table I lists the
Hamiltonian parameters that have been changed relative to the ones obtained in Ref. 1, which includes the nearest-
neighbor intra-plane spin-exchange tensor 77 (only J## is actually different from Ref. 1), the single-ion anisotropy D,
and the g-factor along the c-axis. The rest of the Hamiltonian parameters, listed in Table II, coincide with the ones
adopted in Ref. 1.

II. DISCUSSION OF RELATION TO OLDER WORK

Label H Geff

1 1]0.6-3.5T | +4.6£0.1
1-1.5T | -4.7£0.3
2.2-3.9T| -3.5+0.2
0-1.2T |+5.9£0.1
2.2-3.5T|+3.56%0.1
4 | 0-4.2T | -7.040.1
0.6-2T |-13.240.3

> 2.7-3.7T|-12.6+0.4
6 0.2-1.8T'|-14.4+0.2

2.2-3.3T|-11.7+£0.4
7 1.1-1.8T|-12.3£1.2

2.2-3.4T|-14.9+£0.2
8 12.5-3.4T|-20.0+£0.2
9 3-3.5T |-20.7£0.4

TABLE III: Estimated values of the slopes (in units of effective g-factor) for the different excitation branches v(H). A linear
fit is performed on the field range where the field dependence is indeed linear (field range indicated in the table). Values can
also change after a crossing between branches so there are sometimes several values for one branch, corresponding to different
field ranges. The labels correspond to the ones used in Fig.3a in the main text.

The detection of many new resonances in comparison with previous work is obtained thanks to the fine tuning
of magnetic field and the high frequency resolution achieved in these measurements. The resonances that were
previously observed (but without any differentiation of the two polarization channels RCP and LCP) are: the four
branches starting at zero field, labeled 1 to 4 in Fig.3a*, along with a few data points of branches in the region
v = 0.5-0.7 THz and H = 2-4 T®. In these works, the character of the excitations were assigned based on their
slopes (effective g-factors). They attributed branches 1 and 2, starting at v > 0.8 THz, to elementary single-magnon
excitations (but they found two doublets instead of one). The two other branches 3 and 4, starting at H = 0 at lower
energy (~0.65 THz), were assigned to single-ion two-magnon bound states; and the other branches in the region v =
0.5-0.7 THz and H = 2-4 T to a bound state of two single-ion bound states e.g. a four-magnon bound state.

The differences in the number of excitations for branches 1 and 2 (two doublets found in infrared spectroscopy instead
of one) could be due to the fact that the previous infrared measurements were taken using a linear polarization basis,
whereas we are displaying the transmission in the two circular polarization channels. Indeed if the light is strongly



rotated by the sample (the real part of the Faraday angle, plotted as a function of frequency and magnetic field in
Fig. 1, lies between + 1.5°), then it may be misinterpreated as an absorption in such experiment and attributed to a
magnetic excitation. In the presence of a magnetic field and in Faraday geometry, Tz and T, are more suitable to study
the magnetic excitations of the system. See for example the work by Pan et al.’ (and the associated Supplementary
Information) for a comparison of transmission data using linear and circular basis, and how the linear basis T, and
T, cannot properly account for the positions of all magnetic excitations.

In the present work, the fine frequency steps of magnetic field and the high frequency resolution highlighted distinct
new features such as excitation branches with an even higher slope in magnetic field than one of largely 4-magnon
character, or a non-linear field dependence of excitations in some regions of the spectrum (such as branches 1 and
2 at low magnetic field, which show a quadratic field dependence for H < 1T, in contrast from what was inferred
from previous infrared measurements). Finally, the theoretical calculations reported here were essential to confirm
the strong hybridization between different n-magnon states and to provide quantitative information on the mixing
of different |AS#| sectors. In this new scope, we understand that this lack of information on hybridization may led
to misattribution of the excitation character in older infrared and ESR experiments. For additional information, we
display in Table III the values of the various slopes (in units of effective g-factor) of the excitation branches observed
in Fig. 3a of the main text. We use linear fits over field ranges where the field dependence of the absorption’s position
is indeed linear.

T : T : T : T : 15
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FIG. 1: Real part of the Faraday angle as a function of frequency and magnetic field at T = 4K.



III. TEMPERATURE DEPENDENCE OF THE TERAHERTZ SPECTRA
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FIG. 2: Time-domain THz spectra of another Fels crystal prepared in the same fashion at various temperatures in zero magnetic
field. The time scans are short enough to avoid the Fabry-Perot effect discussed in the Methods.
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