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Kitaev’s toric code is an exactly solvable model with Zz-topological order, which has potential ap-
plications in quantum computation and error correction. However, a direct experimental realization
remains an open challenge. Here, we propose a building block for Z, lattice gauge theories coupled
to dynamical matter and demonstrate how it allows for an implementation of the toric-code ground
state and its topological excitations. This is achieved by introducing separate matter excitations on
individual plaquettes, whose motion induce the required plaquette terms. The proposed building
block is realized in the second-order coupling regime and is well suited for implementations with
superconducting qubits. Furthermore, we propose a pathway to prepare topologically non-trivial
initial states during which a large gap on the order of the underlying coupling strength is present.
This is verified by both analytical arguments and numerical studies. Moreover, we outline exper-
imental signatures of the ground-state wavefunction and introduce a minimal braiding protocol.
Detecting a w-phase shift between Ramsey fringes in this protocol reveals the anyonic excitations of
the toric-code Hamiltonian in a system with only three triangular plaquettes. Our work paves the

way for realizing non-Abelian anyons in analog quantum simulators.

I. INTRODUCTION

Quickly after the integer quantum Hall effect had been
theoretically understood, the richness of the unexpect-
edly discovered fractional quantum Hall effect has left
no doubt that the addition of strong interactions can
lead to even more remarkable topological phenomena [1-
4]. These include topological ground-state degeneracies
and anyonic excitations with non-Abelian braiding statis-
tics. Over the past decades topological phases of matter
have been extensively studied from a theoretical perspec-
tive [5-8] and it has become a key challenge to directly
observe and study these exotic states of matter in ex-
periments [9]. Depending on the experimental platform,
different obstacles have to be overcome. While the more
traditional quantum Hall settings allow for an easy prepa-
ration of the required low-temperature states, it remains
extremely challenging to exert fully coherent control over
their topological excitations [10, 11]. On the other hand,
various analog quantum simulators, e.g. ultracold atoms,
ions and superconducting qubits, have already demon-
strated excellent coherent control over their individual
constituents [12-14]. State preparation [15-22] and the
implementation of e.g. N-body interactions [23-28], how-
ever, remain challenging tasks.

The concept of topological order is closely related to
emergent gauge degrees-of-freedom. For example, the ro-
bust topological ground-state degeneracy on a torus can
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be understood as a result of non-local gauge excitations,
which ultimately represent a non-trivial pattern of en-
tanglement in the ground state. This close connection
is most clearly demonstrated in Kitaev’s toric code [29],
which represents an exactly solvable Z, lattice gauge the-
ory (LGT) [30]. Its ground state on a torus is 2% = four-
fold degenerate and has anyonic excitations with non-
Abelian braiding statistics, which can be used for storing
and processing quantum information [31]. These proper-
ties are universal and hold on an arbitrary 2D lattice.
However, an experimental exploration of these funda-
mental concepts remains an open challenge.

Here, we propose a realistic scheme for an analog quan-
tum simulation of Kitaev’s toric code. Digital approaches
have been described in [32-36] and analog ones in [23, 37—
40]. Our approach, however, is based on a general and
scalable building block for a Zy LGT coupled to matter,
which relies on a second-order coupling scheme of har-
monic and anharmonic oscillators. Hence, the scheme is
well suited for an implementation with existing super-
conducting qubit technology.

The remainder of this article is devoted to a detailed
analysis of the proposed toric-code Hamiltonian on the
triangular lattice. We first address the problem how
the topologically non-trivial ground state can be pre-
pared in a realistic setting of coupled superconducting
qubits. We propose a growing scheme [18], which allows
to adiabatically drive the system from a trivial product
state into a topological phase, maintaining a large energy
gap throughout. We next explain analytically how this
scheme works and supplement our findings with numer-
ical simulations. Then we discuss possible experimental



signatures for detecting the topological phase, which are
inspired by methods originally introduced in the context
of quantum gas microscopy [41]. Finally, we report a
minimal braiding protocol of distinguishable elementary
excitations in the system, which allows for a direct mea-
surement of the non-trivial braiding phase.

The continuing development of superconducting qubit
technology [42, 43] moves this platform towards the fo-
cus of quantum simulation applications. Superconduct-
ing qubit arrays have already been used to study the in-
terplay of interactions and synthetic gauge fields [44—-46],
many-body localization and the associated logarithmic
entanglement growth [47, 48] as well as dissipatively sta-
bilized Mott insulators [49], to name a few. Owing to the
similarities of the various quantum simulation platforms,
many of the results achieved, e.g. with ultracold atoms in
optical lattices, have direct implications and can be car-
ried over to the superconducting qubit platform. Indeed,
in the past decade significant progress has been made en-
gineering artificial gauge fields for neutral particles and
photonics [50, 51], and combining them with strong in-
teractions [52-54] — thus paving the way towards studies
of strongly correlated topological states of matter [55].

In this article, we further establish superconducting
qubit arrays as a promising platform for realizing Z,
LGTs coupled to dynamical matter fields [56]. We show
explicitly how qubits in a triangular lattice can be cou-
pled in an elegant way to obtain local symmetries, which
is characterized by almost perfectly conserved local con-
straints or Zy Gauss’ laws. Indeed, the elementary Zs
building block we propose for superconducting qubits,
see Fig. 1, resembles the building block proposed [57]
and realized [58] earlier with ultracold atoms in opti-
cal lattices, see also [59] and a proposal with two-species
fermionic atoms [60]. In contrast to those ultracold atom
approaches, the scheme proposed here does not require
Floquet engineering and therefore does not suffer from
the notorious heating problem.

This article is organized as follows: In Sec. II we in-
troduce the elementary Z, building block. We show in
Sec. IIT how building blocks can be combined and three-
body plaquette interactions can be realized in a triangu-
lar lattice. Sec. IV is devoted to the adiabatic prepara-
tion scheme, realistic experimental signatures and a dis-
cussion of the minimal braiding scheme. We close with a
summary and outlook in Sec. V.

II. TMPLEMENTATION OF GAUGE-MATTER
COUPLING

A Z, lattice gauge theory coupled to matter is charac-
terized by a Z, gauge degree-of-freedom on every lattice
link. When a matter excitation moves across such a link
it picks up a 0 or w-phase depending on the traversed
link’s gauge field. The associated matter—gauge coupling
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FIG. 1. Building block in second-order coupling regime. (a)
The two lattice sites (gray circles) are connected by a link
with a Z gauge degree-of-freedom 7 ,, (red box). The lat-
tice sites a; and a2 are realized by harmonic resonators and
74,2 by two additional anharmonic oscillators ¢ and d with
anharmonicity 8, which are detuned to lower energy by A < 0.
They are connected by couplings g, one of which has oppo-
site sign. The sites ¢ and d share a single excitation, which
realises the gauge degree-of-freedom 77 5, = éte —dfd. (b)
Second-order tunneling of a matter excitation from a; to as
can be achieved via three intermediate states. The states are
symbolized like |a1§a2> with O zero, ® one, and @ two excita-
tions on the respective oscillator; orange and green kets mark
7% = +1. Note that depending on the gauge field, one sign
is reversed per second-order coupling process leading to an
effective coupling (—th{f'(zl’Q)fm + H.c.).

Hamiltonian is:
rT— (aj%@waj + H.c.) : (1)

where ¢ is the coupling strength, %é 7 is the gauge field

on the link (i, j) between site i and j, and a' (a) are the
matter creation (annihilation) operators. Moreover, the
motion of the matter particle also changes the traversed
link’s gauge degree-of-freedom according to the local
Gauss’ laws [Gy, Hz,| = 0, where G = Qi [}, 5 7 5
is the local symmetry generator, Q; = (—1)&15” is the Z5
charge, and %fi,ﬁ is the Z5 electric field. For the presenta-
tion of the proposed experimental scheme, we restrict the
description to a single building block. Extended models
can be generated by connecting multiple building blocks
together (see Appendix A).

The building block consists of two lattice sites con-
nected by a link. Each lattice site is realized by a har-
monic resonator expressed by a; and dGo, whose excita-
tions define the matter excitations. The two sites are
connected via two paths. On each path is an additional
anharmonic oscillator connected with |g| and energeti-
cally detuned to lower energy A < 0 and |A| > |g| with
respect to the lattice-sites’ resonator (Fig. la). The as-
sociated creation (annihilation) operators of these addi-

tional anharmonic oscillators are &t (¢) and d (d). Note
that the coupling from d to as has opposite sign [61].



In conclusion, the lattice sites are connected along both
paths by second-order processes of strength |2¢%/AE],
where AF is the energy difference of the initial or final
to the virtual state. The signs of these processes there-
fore depend on the sign of both AE and the involved
tunneling events g.

The characteristic Zy gauge degree-of-freedom is real-
ized by one excitation shared between ¢ and d and the

gauge field is defined as ?fm) = ¢fe — dfd. Hence, the

electric field term is 77 , = ¢td + d'é and can be im-
plemented by a tunable coupling h between the anhar-
monic oscillators. This tunable coupling can be realized
by connecting the anharmonic oscillators ¢ and d via a
coupler circuit e.g. another anharmonic oscillator, whose
frequency can be externally controlled. In this setting
the effective coupling strength h is proportional to the
sum of the inverse energy difference between the virtual
and the initial, and the virtual and the final state and
covers a large enough tunability to reach both the trivial
and topological regime. Typically, during initialization
a state within a single gauge sector is prepared, which
means each link is in either of the two eigenstates of 72(2‘, iy
This product state of different links, where each link is
represented by a superposition of the excitation on ¢ and
d, can be prepared by first detuning ¢ with respect to d,
placing one excitation on the energetically lower or higher
site and subsequently making them resonant with an adi-
abatic parameter change, hence realizing T@,ﬁ = +1, re-
spectively. Note, the building block relies on coherent
dynamics of this gauge degree-of-freedom and therefore
the lifetime of the excitation needs to be much longer
than the experiment time.

The anharmonicity 3 of the oscillators ¢ and d lead to
an interaction between the matter and the gauge-field
excitation. For each eigenstate of 72<Z1 2y the building

block has three virtual states (Fig. 1b). The effective
second-order coupling between the lattice site a; and a9
is given by the sum of the individual processes, which
yields t = 2¢g%3/(A? + AB). Due to the high symmetry
of the scheme and the single reversed sign, the signs of
all individual processes are opposite for the two eigenval-

ues 7'<ZL2> = +1. Moreover, all 7A'<21’2>—dependent dispersive

energy shifts vanish [62] and no fine-tuning of the values
A, B, and g is required to fulfill the gauge symmetry;
however, within each building block the values need to
be equal (see Appendix A). In general, a weak matter-
occupation dependence of the second-order parameters
remains, which conserves the gauge symmetry. By se-
lecting suitable parameter triples (A, 3, ¢g) these contri-
butions can be removed, which we verified by numerical
time evolution of an initially localized matter excitation
on a triangle (see Appendix A 3). The scheme is ap-
plicable to a variety of platforms, e.g. circuit quantum
electrodynamics, as it statically interconnects harmonic
and anharmonic oscillators. In conclusion, the scheme
constitutes a scalable building block for Hamiltonian (1)
in second-order perturbation theory.
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FIG. 2. Microscopic model. (a) Matter sites (solid grey cir-
cles) are coupled to neighboring sites within a triangular pla-
quette P by t77; ,,. The motion of matter is restricted to a 1D
motion around P to implement an effective plaquette operator
Bp. (b) To construct the full triangular lattice with restricted
matter excitation, a double link with separated matter sites
but a shared Z; link variable is introduced. The latter can
be supplemented by a Z» electric term h7(; ;) of strength h.
(c) On the full lattice, every triangular plaquette (a) is ex-
tended by the double link (b). The link variables 7; ;, are
located on the links between two super-sites ¢ and j. Af-
ter a gauge transformation the flux through a plaquette P,
is given by the plaquette operator Bp, . (d) The toric code
is a Z2 LGT and the physical Hilbert space can be decom-
posed into different gauge sectors (colored boxes). Vertex
terms Gy = [1iijyev 7(.;) can be used to lift the degeneracy
in the ground-state manifold between the sectors. Here, in
contrast, we assume that coupling to other gauge sectors can
be neglected on the relevant timescales. (e) The spectrum of
Hamiltonian (3) with A = 0 for the single triangle (a) depends
on the plaquette eigenvalue Bp = 1. The two configurations
are related by a phase shift 7 along the cosine dispersion com-
ing from the motional matter states labeled by k. The ground
state Bp = +1 is gapped from the degenerate excited state
Bp=—-1by A=t

III. REALIZATION OF PLAQUETTE TERMS
AND EFFECTIVE HAMILTONIAN

In the following, we will use the building block from
Eq. (1) to construct a Zo LGT on a triangular lattice
and show that the ground state of this model resembles
the topologically-ordered ground state of the toric-code
Hamiltonian [29]. Specifically, we will show how the fol-
lowing Hamiltonian,

Hie=—t» Bp,, (2)



can be effectively realized, where Bpn = H{i,j)ePn f'é’j)
is the plaquette operator and P,, labels plaquettes on the
lattice. For a plaquette P, we will show that the interac-
tion Bp can be mediated by the motion of a single matter
excitation confined to hop only around P (Fig. 2a).

To construct a full 2D lattice such that matter excita-
tions remain on their respective plaquette, we introduce
a double-link element (Fig. 2b) that plugs together in-
dividual plaquettes (Fig. 2c). The resulting model has
toric-code properties, which are revealed after matter and
gauge fields are disentangled by an exact basis transfor-
mation U introduced below. We will show that in this
new basis, the Gauss’ laws from the initial Zo LGT build-
ing block yield new local symmetries that are identical
to the toric-code vertex terms Gy = [ ey 7(; ;- The
ground state of the toric code then coincides with the
ground state of the unique, appropriately chosen gauge
sector in our proposed model as illustrated in Fig. 2d.
In the following, we assume that gauge-symmetry break-
ing couplings are small and can be neglected on relevant
timescales in experiments.

A. Single plaquette

We will first consider one triangular plaquette and
show how the Bp operator arises. The Hamiltonian on
a single plaquette is constructed from three Z, gauge-
matter building blocks (1) with exactly one bosonic mat-
ter excitation (Fig. 2a):

Ha :—tZ(&% d]+HC-)+hZTﬁ,j>- (3)
(1.9)

The Hamiltonian has local, operator-valued hopping am-
plitudes t7'< J and an additional term, which couples to
the Zy electric field with strength h. The model con-
tains a Z, lattice gauge structure with local symmetry
generators [G;,H] = 0, where G; = (—1)™ I Ty
The number operator n; counts the number of matter
excitations on site 4.

To derive the Bp-dependent Hamiltonian (2), we start
with #a(h = 0). The construction is inspired by the
idea that the matter excitation acquires a phase ® when
hopping around the plaquette, which is determined by
the configuration of the Z, link variables T< 7 The
eigenstates of the Hamiltonian thus depend on the phases
<I>[7A'a j>] and effectively yield Bp terms in the energy.
_As a first step, we introduce a basis transformation
U that distributes the local hopping phases equally
among the matter sites via an operator-valued phase
shift, Uta,;U = a;e™s17] with

In the following, quantities in the new basis are labeled
by [¢) = Uly). In the transformed basis and written in
momentum representation a,, = 3712 e~ *nfig; of
the matter sites, Hamiltonian (3) is given by

UT7:[A|h=QU = -2t

@:{Q
ﬂ-?

where k,, (m = 0,%1) labels discrete states in momen-
tum space. Hamiltonian (6) is exactly solved by a prod-
uct state |1ﬁ> = W)mamer ® |1/~1>1inks and the spectrum is
given by the é-dependent dispersion as plotted in Fig. 2e.
The low-energy manifolds are gapped by A =t and di-
rectly implement the Bp dependency in the Hamiltonian.
Note that the excited manifold Bp = —1 has a two-fold
degeneracy due to the motional freedom k,, = +27/3 of
the matter excitation.

We emphasize that the triangular geometry plays a
crucial role in the transformation U. With only three
matter sites, the phase can be distributed such that the

> cos(km + ®)af, ax, (6)

kmz%'m
Bp =1
Bp=-—

total flux & (BP)S = Bp introduces a large 7 phase
shift of the cosine dispersion. This leads to relatively
large energy gaps, on the order of the underlying energy
scale t, between discrete states with Bp = +1. Such
strong three-site interaction terms make the scheme ap-
pealing for experimental realization.

B. Multiple plaquettes: triangular lattice

As a next step, the full triangular lattice can be con-
structed by combining individual plaquettes. To avoid
one plaquette influencing another, the matter excitations
realizing individual Bp terms will be constrained to move
around their respective plaquettes only. Since neighbor-
ing plaquette operators Bp share a Zs gauge variable, we
introduce the double-link building block shown in Fig. 2b:
It couples two independent matter fields a(*) and a(®,
on opposite sides, to the same shared Z; gauge field,

H (aI(Q)f-éﬁ 0?4 aﬂl) u ]>d§.1) +H.c.), and can

be supplemented by the Z electric field term h%{f iy
The full 2D triangular lattice can now be constructed
as shown in Fig. 2c. The cluster of matter sites that
belong to each vertex on the triangular lattice will be
called super-site. The Hamiltonian of the model is

A=ty % ( M A(")+H.c.)

n (i,j)€Pn

(8)

Note that hopping of the matter excitations dg") is con-

strained to a 1D motion within a single plaquette P,,, and



the number of matter excitations is restricted to exactly
one boson per plaquette Py: Y .cp 4; al™g E") =1.

The local symmetry generators from the single tri-
angle can be generalized to super-site operators G; =
(—1)N: IL;.,5) 7i.j- Here the super-site number oper-
ator NZ counts all matter excitations on the individual
sites that belong to a given super-site ¢ (Fig. 2c¢) and
we define N as the number of plaquettes connected to
super-site 7. Furthermore, the basis transformation U
does not have to be extended but still acts on the indi-
vidual sites Eq. (4) instead of super-sites (Appendix B).
The transformed Hamiltonian (8) and Gauss’ laws G;
then result in:

U=l =3 3 cos (K +3)al Ml (9)
n k 777\',"7‘
UTGZU = Gi = (—1 NF H 7“—-L27]> (10)

Here, the phase shift () depends on the plaquette op-
erators Bp, on individual plaquettes as in Eq. (7). The
transformed Gauss’ law G; = (—1)Nz‘P Gy, resembles ver-
tex operators éw of the toric code up to a fixed pre-factor

(=1)™. In the bulk N} =6, but odd values of N} can
arise at the edges of the system.

In the free system with h = 0, we can thus con-
clude that the many-body ground state of Eq. (8) has
(i) Bp, = +1 and k,, = 0 for each plaquette P, and
(ii) an emergent Zs Gauss’ law, i.e. the Hilbert space
fragments into distinct gauge sectors as shown in Fig. 2d.
The Gauss’ law can be freely chosen to be G; = +1
for all i by a proper state preparation sequence, see
Sec. IV A, and the many-body eigenfunctions can be dis-
entangled into a product form

‘i) = |’(/;>matter7P1 X - ® |'(/~}>matter7P” X |'(zj>links- (11)

In the following, we will consider Gy, = (—1)NiP Gi =
+1 as in Kitaev’s work [29]. In the ground state of this
sector |1/~)>hnks = |¥y.) is identical to the topologically-
ordered toric-code ground state |Uy.).

C. Z5 electric term

The basis transformation U does not commute with the
Z electric field terms 775 ., and thus these terms trans-
form non-trivially. So far the terms were neglected by
setting h = 0 in Hamlltoman (3) and (9). Here, we will
show that the %@7 ;) terms in the new basis do not couple

between different gauge sectors G; (Fig. 2d) and therefore
hféﬂ is a useful tuning parameter for adiabatic ground-
state preparation (Sec. IV).

The transformed Z, electric field term (Appendix B)
reads

rt oAz Ay An ~x
UTT@J)U:(A) iy (12)

where An counts the imbalance of matter excitations be-
tween the two sides of the link (4, j) but only takes into

account matter sites d(”) which are directly attached to
the link variable 7 i) Thus Eq. (12) is indeed gauge in-
variant and has a non-trivial dependence on Z, charges
Qi = (—1)™ in the system. In fact, the model (8) cannot
be solved by a simple product Wavefunctlon ansatz for
h # 0. Nevertheless, for the two limiting cases h/t > 1
and h = 0, the ground state is known to be in the trivial
and topological phase, respectively. We will show that
by tuning the parameters h and t appropriately, the sys-
tem can be adiabatically transformed between the phases
while the system remains in the initially chosen gauge
sector.

IV. PREPARATION AND PROBES OF THE
TOPOLOGICAL TORIC-CODE PHASE

The Zy LGT coupled to matter on the triangular lat-
tice, Eq. (8), has both a topological, for |h| < [t], and a
trivial phase, for |h| > |t|, see Sec. III. While the topolog-
ical phase is interesting to study experimentally but hard
to access, the trivial phase is easy to prepare as its ground
state is a product state. In the following section, we pro-
pose a growing scheme [18] for Hamiltonian (8), which
adiabatically connects the two phases in order to prepare
a topologically-ordered ground state. Furthermore, a re-
alistic detection scheme for the toric-code ground state is
presented, as well as a protocol to extract anyonic braid-
ing statistics. The results are underlined using numerical
exact diagonalisation (ED) studies.

A. State preparation

We propose a growing scheme that starts in the triv-
ial phase, i.e. all link variables 7'< ) are in the 7% = +1
eigenstate and the matter excitations are localized. By
adiabatically turning on tunnelings ¢ — plaquette after
plaquette — the system follows its ground state into the
topologically-ordered toric-code state [18, 63]. We find
that the scheme maintains a large gap A = ¢ throughout
the adiabatic evolution through parameter space. Such
large gaps are a great advantage for experimental imple-
mentations since residual excitations are suppressed and
the required time scales for state preparation scale poly-
nomially with system size. We show this in a general way
using analytical arguments and underline it with exact
numerical studies, which demonstrate that state prepa-
ration with high fidelity is possible.

General procedure.— First, we discuss an individual
growing step of the procedure. Initially, the system’s
bulk is in the toric-code phase and a single plaquette is
in the trivial phase on the boundary (Fig. 3a). With an
adiabatic growing step the system is then transferred into
the final state, in which the entire system is topologically
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FIG. 3. State preparation by adiabatic growing scheme. (a) The bulk (black) is in the toric-code phase and the single plaquette
(red) is initially in the trivial phase, i.e. link variables are in the 7% = 41 state stabilized via external, tunable coupling h %Z“;-, P
(red boxes) and the matter excitation (black circle) is localized. Hopping t7(; ;, is at full strength for the links connected to

the bulk (blue lines) while hopping along the edge links # 7(.;) can be tuned. During the growing step, the parameter t (h)
is increased (decreased) from zero to full strength (vice versa). (b) The terms described in (a) cannot couple between any
eigenstates in the bulk. The Hamiltonian can be exactly expressed with reduced basis states. Here, the initial state of the
growing scheme is shown in the reduced basis as an example. Straight (wiggly) lines denote the 7° = +1 (7% = —1) state. (c)
We illustrate the growing scheme for a small system using ED: The system is initialized in a trivial state. Black (empty) dots
describe (the absence of) a localized matter excitation. The link variables are in the 7 = +1 state and the location of matter
excitations is determined by G; = (—1)™ = (fl)NiP. This ensures growing into Kitaev’s toric-code ground state. (d-e) In each
growing step, one plaquette is added to the topological bulk. (f) The plots show the many-body gap A, /|¢| for growing of the
n-th plaquette versus the tunable parameters £,, and h,, used for adding the corresponding plaquette. The left plot corresponds
to (d)—(e) and the right plot shows the gap for growing the third plaquette. Drawn are suggested parameter paths with finite,

constant gap Ay/|t| = 1.

ordered. This procedure can be repeated to grow systems
of, in principle, arbitrary size.

In the initial state, hoppings ¢ across links in the bulk
are at full strength whereas hoppings t = 0 across the
two edge links of the new plaquette are switched off. On
the two edge links, an external electric field term h%& 7
stabilizes the link variables in the trivial phase, i.e. in
the 7% = +1 state, and the matter excitation is pinned
between those two links (Fig. 3a).

The initial state is then the ground state of Hamil-
tonian (8) with the described parameters. The growing
step involves two consecutive steps: first, hopping # is
increased from £ = 0 to £ = t and afterwards the external
field h is decreased to h = 0. The final state is then the
topologically-ordered ground state of Hamiltonian (9).

For the adiabatic growing scheme to work efficiently,
the energy gap between the ground-state manifold and
the excited state has to be large throughout the pa-
rameter path. In the following, we show this with an-
alytical arguments. Since the Hamiltonian has no term
that couples to excited bulk states, we reduce the ba-
sis states and solve the problem exactly in the reduced
basis. Therefore, we decompose the states into [¢) =
|thre=1) + |thr==_1), where 7% = %1 is the eigenvalue of
the link variable connecting the bulk and the boundary

triangle (Fig. 3b). In this decomposition we still take
into account all states of the boundary plaquette while
the complete bulk Hilbert space can be reduced to its
ground state without neglecting any couplings. A calcu-
lation shows that indeed an energy gap A/t = 1 can be
maintained throughout the growing step. For a detailed
discussion see Appendix C 1.

With a sequence of growing steps an entire system can
be prepared in the toric-code ground state. A fast grow-
ing procedure to prepare a large bulk with N plaquettes
could start with a minimal system — a ‘crystal nucleus’ —
around which hexagonal rings are grown simultaneously.
For a given fixed fidelity per plaquette F' the required
time per growing step is tp. Our analysis above yields a
short time scale tp ~ 1/A = 1/t. The total time T then
scales as (see also Ref. [16])

T gtF\/N. (13)

This polynomial scaling is much better compared to a
generic exponential scaling for a system that is globally
driven through the phase transition [38].

Small system ED study.— In the following, we illus-
trate the growing scheme for a small system with three
plaquettes, i.e. seven links and nine matter sites (Fig. 3c-
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FIG. 4. Numerical study of growing scheme with three
plaquettes. The adiabatic time-evolution was calcu-

lated by ED. The system is initialized and then grown
as explained in Fig. 3c-e. Sections (I)-(III) indicate
the growing of plaquette Pi-Ps. We plot the over-
lap  triinks [trmatter (|(0)) (P (E))[Wie) (Prcl], where [i(2)) =
Uly(t)) is the time-evolved state in the new basis at time ¢
and |Wyc) is the desired toric-code ground state. The overlap
at tfinal is larger than 96%. The plot in the inset shows the
constantly large gap along the adiabatic sweep. During the
preparation of plaquette Pi the gap A/t > 1 even exceeds t.

e). We initialize the system with all link variables in
the 7% = 41 state, which determine the unique posi-
tions of the matter excitations via the microscopic Gauss’
laws G; = (-1)Ni = (—1)NiP. The sign of the G;’s en-
sures that after the transformation U the vertex opera-
tors Gy, = +1 are positive (Eq. 10). Next, additional
plaquettes can be adiabtically grown step by step.

We analyze the proposed growing scheme for the mi-
croscopic Hamiltonian (8) using ED. First, the analytical
calculations of the energy gap A (Appendix C 1) are veri-
fied for each growing step. Fig. 3f shows the gaps Ay (Aj3)
for growing the second (third) plaquette. The many-body
spectrum has a constant gap A/|t| = 1 within connected
areas in the parameter landscape (f,h). The suggested
parameter path only contains points at which the gap is
constant and open.

Secondly, the system is time-evolved in three con-
secutive growing steps for each plaquette. The pa-
rameter path is chosen as indicated by the white ar-
rows in Fig. 3f for each step and the parameters are
ramped linearly in time. To extract the fidelity of our
growing scheme, we calculate the overlap between the
actual state and the desired toric-code ground state,
s [matior (V0) (GO)|Wic) (Uol]. Here, |Wy) s
the ground state of Hamiltonian (2) in the gauge sec-
tor GV = +1 on a system with three plaquettes. Fig. 4
shows the results of the time-evolution by ED. The ex-
ponential growth of the overlap is in agreement with the
growing occupation of the Hilbert space by a factor of
two after each growing step. For the chosen duration of
the adiabatic sweeps in our calculation, an overlap of over

G% VAR,
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FIG. 5. Snapshots. (a) A dotted black (wiggly blue) line is
TGy = +1 (75 = —1) in the string language. The left
side of (a) shows a snapshot taken in the laboratory frame.
The basis transformation U can flip strings depending on the
configuration of matter excitations (right side). In the new
basis, the vertex operators évi = +1 are manifested in closed
loops of strings. (b-¢) To measure the ground-state condition,
Bpn = +1, snapshots have to be taken in the dual 7% basis.
Lattice sites of the dual, honeycomb lattice are indicated by
grey squares and the boundaries are open, i.e. the dual links
do not end on dual lattice sites at the boundary. Here, a grey
straight (wiggly orange) line is Tfm) =+1 (7'@7]-> = —1) in the
string language. The system is in a state with all Bpn =41
when for every measurement no string ends on a dual lattice
site.

96% can be obtained for three plaquettes. The success of
the adiabatic scheme relies on the finitness of the many-
body gap along the parameter path that can be achieved
by the stepwise growing scheme.

B. Experimental signatures

The direct detection and verification of many-body
quantum states often represents a very challenging task
in experiments. Due to the nature of topological phases,
there are no local order parameters to characterize the
phase. With the development of analog quantum simu-
lation platforms, projection measurements on the single-
particle level have become possible and can be used to
reconstruct the many-body wavefunction. In the follow-
ing, we present possible experimental signatures to de-
tect the toric-code ground-state wavefunction, for which
we use the basis transformation U to reveal the hidden
topological order in the microscopic system [64, 65].

In Z, LGTs, a string picture can be introduced by
defining a string (no string) as a link variable in the
7% = —1 (7% = +1) state. The toric-code ground state
is then characterized by a superposition of states that
only contain closed loop configurations of strings. In the



Z5 LGT coupled to matter (8), however, the Gauss’ law
Gi = +1 allows strings to have an open end at super-site ¢
in the presence of an odd number of matter excitations on
super-site i, i.e. in the presence of a super-site charge Q;.
Strings can be moved along the lattice by hopping of @;,
to which the strings are attached. Nevertheless, the toric-
code ground state — with its closed strings — is revealed in
our system after the basis transformation U (Eq. 4) has
been applied as discussed in Sec. III. The transformation
U can flip the strings, where the flipping depends on the
occupation of matter sites attached to f'@,j). By measur-
ing the local matter excitations and string configurations
in the laboratory basis, the transformation U can be fully
evaluated (Eq. (12)).

By evaluating snapshots taken in the laboratory frame,
we determine whether the system is in the gauge sector
Gy, = +1. Taking a snapshot in the laboratory frame au-
tomatically leads to string configurations that can have
open ends (Fig. 5a left). After evaluating the basis trans-
formation U , however, some strings are flipped yielding
a new string configuration (Fig. ba right). In the new
basis, the toric-code vertex operators Gm can be calcu-
lated to verify that the targeted gauge sector has been
realised; for Gy, = +1 the closed string configurations
can be seen (see also Appendix C2).

To completely determine the ground-state properties,
the plaquette terms Bp, need to be evaluated, which re-
quires measurements in the 7% basis. We use the duality
property of the toric-code model and proceed in a sim-
ilar fashion as before. For this we identify plaquettes
(vertices) of the triangular lattice with the vertices (pla-
quettes) of the dual, honeycomb lattice as defined in
Fig. 5b-c. In the dual basis, the ground-state wavefunc-
tion is then given by the closed string configurations on
the honeycomb lattice measured in the 7% basis. Since
the link variables UT77 U = 77, jy do not change under
the basis transformation, measurements can be directly
performed in the laboratory basis. Since we started with
closed boundaries on the triangular lattice, the dual lat-
tice now has open boundaries and closed loops are defined
by strings that do not end on dual lattice sites. Thus,
strings can end on the open boundaries.

To conclude, repeated state preparations and projec-
tive measurements (snapshots) on the single sites as well
as link variables can be used to reconstruct the state of
the system with sufficient statistics. For the toric-code
ground state, closed loops of strings measured in the 7%
and 7% basis completely determine the Gy = +1 and
Bp = +1 configurations.

C. Topological excitations and minimal braiding
scheme

The toric code has electric (e)- and magnetic (m)-
excitations, which correspond to vertex (Gy, = —1) and
plaquette (Bp, = —1) excitations, respectively. In the
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FIG. 6. Minimal braiding scheme. (a) The braiding of ex-
citations in real space is illustrated. First a pair of (e)-
excitations is created (blue), which corresponds to inverting
the gauge sector (or vertex terms GW) at the position of the
(e)-excitation. Then one of the excitations is braided along
the green or orange path depending on the state of the control
qubit. The implemented braiding sequence is shown on the
bottom left corner. Thus, in the Ramsey protocol the control
qubit is initialized in a superposition state (|0) +|[1))/v/2 by a
/2 pulse around the z-axis in the Bloch sphere picture. For
the braiding the operators \;77 are applied as consecutive 7
pulses in the link variable space. After the pulse sequence the
control qubit is rotated by an angle ¢ in the x —y plane of the
Bloch sphere and then another /2 rotates the state around
the z-axis. A measurement of the |1) occupancy for different
angles ¢ then determines the braiding phase. Depending on
the presence of a (m)-excitation inside the braiding loop, the
Ramsey measurement will pick up a phase shift of . (b) The
plot shows the predicted curves (dashed lines) as well as ED
simulations for the Ramsey protocol using an input state that
was before calculated by our proposed growing scheme (96%
fidelity). The red (blue) line is the curve in the presence (ab-
sence) of a (m)-excitation. The interferometric scheme has
the advantage that it is independent of the time-evolution of
the free Hamiltonian.

string language, the excitations correspond to the open
ends of strings on the physical and dual lattice. The
braiding of (e)-excitations in the system can be accom-
plished by transporting the state between different gauge
sectors in a controlled manner. We propose a dynami-
cal braiding scheme of an (e)- around an (m)-excitation
in a minimal setup with only three plaquettes. Using a
Ramsey interferometry protocol, the braiding phase ™
can be experimentally extracted [11] while the dynamical
phase is cancelled [66-68].

To prepare the (m)-excitation, i.e. a state with a
Bp = —1 plaquette, the growing scheme proposed in
Sec. IV can be adapted. Instead of starting in the ground
state, we first initialize a high-energy state, which the
system then adiabatically follows into the excited toric-
code manifold with a localized (m)-excitation (see Ap-
pendix C3). As a next step, a pair of (e)-excitations has
to be created by flipping a link variable in the 7% basis,
i.e. applying a m-pulse around the z-axis on the Bloch
sphere. In our proposed setup, the latter can be easily
applied by introducing a potential gradient between the
two coupler (&, d) qubits.



When one of the (e)-excitations is moved along a path
around the (m)-excitation, it acquires a dynamical phase
from the free time evolution of the system and a geo-
metric phase due to the anyonic nature of excitations
in topological phases. In the Ramsey interferometric
scheme, the dynamical phase can be cancelled such that
the braiding phase can be determined. To achieve this,
the path around the (m)-excitation is divided into two
separated paths and the (e)-excitation runs along the
paths in opposite directions, i.e. halfway clockwise and
halfway counterclockwise as shown in Fig. 6. To deter-
mine the braiding phase, the phase shift between the two
states, (e) going clockwise + and (e) going counterclock-
wise v, has to be extracted.

Hence, we propose to control which of the paths is
taken by coupling the (e)-excitation to an external, con-
trol qubit with internal states |0) and |1) as follows:

VA(t) = [0)(0] @ (A1 (£)7F + Aa(t)75)
Vo) = 1)1 © (As(8)75 + M(t)75),

where the functions A\;, ¢ = 1,..,4 are m-pulses in the
link variable space, i.e. [ A;(t)dt = w. The labels of link
variables are defined in Fig. 6. In Appendix (C4), we
describe a possible implementation of a minimal scheme
coupled by Eq. (14) to a control qubit using the Z5 build-
ing block (Sec. II).

The Ramsey protocol has the following three steps:
(i) A m/2-pulse initializes the control qubits in state
(]0Y + [1)) /+/2. This corresponds to a rotation around
the y-axis on the Bloch sphere. (ii) Then one (e)-
excitation is dynamically braided around the (m)-
excitation by the time-dependent operator V(t) =
VA(t) + Vi (t); to this end, a simultaneous m-pulse of
A1 and A3 is followed by a simultaneous mw-pulse of A
and A4. (iii) The braiding phase can now be extracted
by first rotating the control qubit by the angle ¢ around
the z-axis followed by a 7/2 pulse around the y-axis. The
occupation in state |1) is then dependent on the phase
shift of the two paths (see Appendix C5).

The plot in Fig. 6 shows the occupation of |1) for
different ¢ in the presence and absence of the (m)-
excitation. We performed ED simulations in the mini-
mal setup shown in Fig. 6 and for the same settings as in
Sec. IV A. With an (m)-excitation present, a phase shift
of m can be measured, which corresponds to the braiding
phase.

The braiding phase could as well be measured by eval-
uating Wilson loops in a quantum projection measure-
ment, i.e. in the presence of an (m)-excitation we could
calculate Wilson loops in the 7% basis directly from the
snapshots. The dynamical braiding scheme, however, is a
step towards more advanced braiding sequences for non-
Abelian anyons as needed for quantum computation [29].

V. SUMMARY AND OUTLOOK

In summary, we developed an experimentally feasible
building block that implements a Zs-gauge coupling to
a dynamical matter excitation. We observed negligible
intrinsic gauge-symmetry breaking during experimental
time scales in our numerical studies without fine-tuning
the system’s parameters. We emphasize that this build-
ing block has great potential to enable experimental stud-
ies of Zy LGTs coupled to dynamical matter in extended
1D and 2D systems by interconnecting multiple building
blocks. Moreover, the scheme is built from very basic
ingredients — harmonic and anharmonic oscillators — by
statically coupling them and might therefore be applica-
ble to a variety of experimental platforms to enable more
general quantum simulations of LGTs [69-77].

We further achieved dominating plaquette terms by in-
troducing separate matter excitations on individual pla-
quettes of a triangular lattice. This opens a realistic
pathway for experimental investigations of the toric-code
ground state and its topological excitations. We also
provided an efficient method to grow topologically non-
trivial states and found a high preparation fidelity and a
good preparation time scale that scales proportional to
V/N, which is much faster than directly driving through
the phase transition. We studied snapshots of the charge
density and concluded that they well serve as experimen-
tal signatures for the topological phase. We also ana-
lyzed a minimal braiding scheme and an interferometric
probe, which makes the braiding phase accessible to ex-
periments. Extending the braiding scheme to non-trivial
topologies, e.g. a pointed disk, may enable braiding of
non-Abelian anyons as well as the direct observation of
ground state degeneracy.
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Appendix A: Building block for Z, LGT in
2nd-order perturbation theory

In the following, the second-order calculations for the
effective Zo, LGT Hamiltonian are explained. The first
Sec. A 1 describes the heart of the model, which is a single
building block with two matter sites and a link variable-
dependent hopping. In Sec. A2 the combination of two
building blocks is described. First the combination into
a chain, second into a double link block. The double
link block consists of four matter sites but only a single
coupler. This enables the construction of the triangu-
lar lattice with hopping restricted to single plaquettes.
In Appendix A 3 we underline the analytic second-order
calculations with numerics for a full triangle with realistic
parameters.

1. Single building block

We first discuss the implementation of the single
Z5 building block Eq. (1) consisting of four coupled
(an)harmonic oscillators. As we will see later, two of
the non-linearities vanish. Thus, the scheme is appealing
to be implemented with superconducting qubits coupled
to waveguide resonators. The positive and negative signs
of the coupling elements g can be realized by coupling
the qubits to the waveguide resonator at positions A and
A/2 of the resonator, respectively, where X is the wave-
length of the microwave field in the resonator [61, 78].
The starting point for the building block is a microscopic
model of two ‘matter’ sites &,l; and two ‘coupler’ sites
¢, d as shown in Fig. 7. By applying second-order per-
turbation theory, we will derive an effective low-energy
Hamiltonian as in Eq. (1). The model is described as

follows:

H=Ho+ Han + He +Ha +Hy  (Al)

7:[0 = Z wjﬁj (AQ)

j€a,b,c,d
. 1
Hann = — | > St (fy —1) (A3)
j€a,b,c,d

He = —g(a'e+ble+He) (A4)

Ha = —g(atd — bTd + He.) (A5)

Hy = h(efd + He), (A6)

where 7; is the number operator on site j = a,b, ¢, d; w;
are the oscillator frequencies with w, = wp = w and a
detuning on the coupler sites w, = wy = w + A. The
anharmonicity «; is chosen to be equal on the matter
sites ay = ap = a and equal on the coupler sites a, =

10

e

+
B>

|
=

w+A

FIG. 7. Single building block. The single building block con-

tains two matter sites A (a) and B (b) as well a two coupler
sites C' (¢) and D (d) that are shifted by A in energy com-
pared to the matter sites. The coupler sites together define
one link variable Eq. (A8). For the beginning, we introduce

anharmonicities o and 8 whereas a = 0, ultimately.

ag = . The perturbation will be performed in |g| <
A lal, |3].

In the following, we will define the physical Hilbert
space of the low-energy sector where n, = 0,1, n, = 0,1
and 7. + ng = 1 whereas virtual couplings to doubly
excited states (gapped by A) will be taken into account.
In the physical Hilbert space, we define the link variables
as

z

(A7)
(A8)

= fLC 7’ﬁd

# .= ¢ld 4+ He.,

7’;

where 7% and 7% represent spin-1/2 operators which fulfill
the anticommutation relation {7, 7%} = 0 on its domain.
Moreover, we introduce the convenient notation:

|A site, 2 Site B site)

Ny =0—

i © (A9)
ni=1—0

n;=2—e.

The second-order couplings from second-order pertur-
bation theory are summarized in Tab. A 1. Calculations
of the coupling element between a matter excitation hop-
ping from site A to B, show that — by construction —
the hopping amplitude changes sign depending on the
sign of 7%. For the Z; invariant theory, the Gauss’ law
Ga/p = (—1)"/v7* needs to be conserved. Therefore,
no gauge breaking terms are allowed, which indeed can-
cel exactly to zero in our setting for any set of parame-
ters g,a, 8 and A. Thus the building block is per con-
struction Zs gauge invariant in the second-order regime
within the physical subsectors which have matter excita-
tions n, = 0,1 and 1, =0, 1.
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TABLE I. Summary of the matrix elements in second-order perturbation theory for three different energy sectors. The first 8
rows show couplings in the singly occupied matter sector, row 9 — 10 the doubly occupied sector and row 11 — 12 the states
with no excitation on the matter site. The last column summarizes the second-order effective couplings in operator formalism.
Row 1—2 are the essential terms that can be described by the Hamiltonian Eq. (1). In order to cancel all undesired terms o 7%,
we require rows 5 — 6 to vanish, i.e. by choosing a = 0. The notation of the states follows Egs. (A9)
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FIG. 8. Constructing larger systems. Two single building
blocks from Fig. 7 can be merged together such that both
share the same matter site. Here, 4, A’ and A" are the
matter sites and (C, D), (C’, D’) the coupler sites. To sup-
press coupler-coupler hopping (depicted in green), a detuning
d = A — A’ in the energy offsets A, A’ is introduced. The
non-linearities 3, 8’ remain as free parameters to finetune the
system. However, gauge symmetry is fulfilled independently.

However, to implement the dynamics of Hamilto-
nian (1), we require the gauge—invariant terms o 7;7%
to vanish. These terms can be found in row 5 and 6
of Tab. A1 and lead to the condition o = 0, i.e. no
non-linearities on the matter sites A/B. The remaining
terms in Tab. A1 are dispersive energy shifts indepen-
dent of the coupler sites. With dispersive energy shifts,
we mean second-order processes that do not flip 7% or
involve charge motion. All in all, for the single building
block we can conclude:

He = —t(a'77b + Hoc.) + h 77 (A10)

Gasp = (—1)"/3" (A1)
_o2( L 1

t=2g (Aiﬂ A). (A12)

The effective hopping amplitude ¢ can in particular be
tuned.

For the effective Hamiltonian (A10) on the single build-
ing block, we only included the sector with n,+7n, = 1. In
the full triangle, however, building blocks with 7, + 7y, =
0 can occur which have a (gauge-invariant) dispersive
shift compared to the sector n, + 7, = 1. Fine-tuning
of the parameters between different building blocks can
cancel the dispersive shifts as explained in Sec. A 3. The
last step remaining is to verify that we can indeed glue
building blocks together to construct a full triangular lat-
tice.

2. Merging single building blocks

In Sec. A 1, we have discussed A-B couplings for a sin-
gle building block. To build more interesting models,
as the toric code described in the main text, Zy invari-

12

ant building blocks have to be combined without creat-
ing unwanted couplings or gauge breaking terms. We
will solve this problem by introducing disorder on the
different coupler sites as explained now. Fig. 8 shows
two combined single building blocks with a total of three
matter sites A, A, A” and two double couplers C, D and

C’,D’. The only relevant, new processes couple the
pairs (C,D) < (C',D’). Assuming we choose the off-
set A = A’, then the different couplers are on reso-

nance and second-order perturbation theory leads to an
effective coupling of ¢ pyscr,py = +2¢%/A, which
is on the same order as teg (Eq. (A12)) and violates
Ne + Mg = Ne + g = 1. To suppress this resonant
coupling, we introduce a detuning ¢ := A — A’ between
the two coupler pairs. In the limit where |g?/A| < |4],
the effective Rabi coupling between the pairs becomes
t?C,D)(—)(C”,D’) = +¢*/(A?6) and thus negligible.

By introducing disorder potentials A; on the coupler
sites i, we can engineer a variety of Zo LGTs from the sin-
gle building blocks. In order to ensure equal couplings ¢
in the effective Hamiltonian, we propose to also choose
disorder on the anharmonicities ;. After fixing the dis-
order potentials A; and the desired couplings ¢, the an-
harmonicities §; can be chosen as per Eq. (A12).

Finally, we argue that the double link, i.e. two single
building blocks connected via the coupler sites as used in
Fig. 2, is well-defined. The coupling scheme we propose

A’ f \ B
-g Iw+Aﬁ -g

m+A __'
-g +g
+2
Im+A Y]
m+A _g
e/ B
C

FIG. 9. Double link. The lower part of the Figure shows
the double link element as used in Fig. 2 and consists of two
single building blocks that share the same link variable. On
the top, we show the possible realization in our model. The
site A, A’, B and B’ are matter sites and C, D are the cou-
pler sites. The green arrow indicates a second-order process
that should be suppressed. To this end, energy offsets on the
(A’, B') sites are introduced and the system is finetuned via
the coupling parameter g # g. The finetuning is only neces-
sary if homogeneous coupling ta«; B = tar., g’ is desired.
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Time-evolution: te/g = 0.02, a/g =0, A1 2,3/g = (-59, -60, -61), B1,2,3/g = (84.9, 86.3, 87.8), g1, 3/g = (1.0, 1.008, 1.017), w/g = 6000
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FIG. 10. Numerical simulation for full triangle. The plots show the time-evolution using exact diagonalisation for a full triangle
with disorder in A’s an 3’s (see Figs. 2a and 8) and local Hilbert space dimension of dmax = 3. The initial state has a matter
excitation sitting on site 1 and link variables being in the 7 = +1 eigenstate. In the upper plot the expectation values G;
on site 1,2,3 are shown. They are conserved during the time-evolution, which shows the conservation of Gauss’ law. The
lower plot shows the site occupation of the matter excitations versus time. Here, the solid line corresponds to the microscopic
second-order model and the pale dashed line is a calculation for the toy model with the same effective hopping ter/g = 0.02.

In both plots the orange curve is covered by the green curve.

for the double link is shown in Fig. 9. The relevant pro-
cesses to be suppressed are couplings between (A, B) and
(A’, B') sites. To this end, the pairs (A, B), (4’, B’) have
to be shifted out of resonance which can be accomplished
by adding an energy offset ¢ onto the sites (A’, B'). Fol-
lowing the argument from the previous paragraph, the
unwanted coupling now becomes +2¢g/(A%5), where § is
defined as in Fig. 9. Since the offset A and anharmonicity
B on the (C, D) sites are fixed, the effective interaction
strength between A’ <+ B’ will change after introducing
the energy offset 6. Now, the last free parameter g can be
used to engineer a homogeneous coupling ta«.p =t p’
across the whole system according to Eq. (A12).

3. Numerical simulation for full triangle

To underline our predictions from Sections A 1 and A 2,
we performed an exact diagonalisation analysis of the mi-
croscopic Hamiltonian (A1) and compared it to the ideal
Z5 model Eq. (1). For this, we calculate two quantities:
the Gauss’ laws G; and the dynamic of the matter excita-
tions as shown in Fig. 10. A full triangular configuration
was initialized with a single matter excitation on site 1
and all link variables pointing along 7% = +1 before the
system was time-evolved. The parameters were chosen
such that an effective hopping teg/g = 0.02 according to
Eq. (A12) for fixed 5; is achieved, where i = 1,2,3 la-
bels the three sites. The §; and corresponding A; have
a slight disorder |§/g] = 1 < |2¢?/A| as proposed in
Sec. A2. Due to the disorder the system has different
dispersive energy shifts depending on the position of the

matter excitation (cf. Tab. A 1). To enable a direct com-
parison with the ideal model, we finetuned hoppings g;
on the links in the following way, which solves for equal
shifts and equal effective hoppings on all links:

e Set g _ 1
g
t
e Choose - and M
g
A 1 8g?
e Calculate —L = & — — 41+ 91
g g \2 teft B1
e The remaining parameters follow by solving the
Aoz PazAy 93 Pos
constraints: —= = and ==
9 B9 g B

The Gauss’ laws are very well conserved for any dura-
tion the system was evolved, which shows that we indeed
implement a Zy LGT. Also the dynamics of the mat-
ter excitation only show tiny deviations after long times,
which is presumably due to a slightly different t.g from
higher order contributions. Note, however, the Gauss’
law is fulfilled independent of this finetuning procedure.

Appendix B: Derivation of effective Hamiltonian

Here we derive the effective Hamiltonian with multiple
plaquettes and give the explicit form of the basis transfor-
mation on the full 2D lattice. We start from the general



free (h = 0) theory represented by the Hamiltonian with
multiple plaquettes (8)

= ( al M7z ol +H.c.), (B1)

n (i,j)EP,

where the hopping with amplitude t%é’j> is restricted
within a single plaquette P,. The number of matter ex-
citations a(™ per plaquette P, is exactly one boson. The
goal is to distribute the acquired, local phases equally
among all the hopping terms within a plaquette by ex-
ploiting a gauge transformation acting on the a ( )’s. The

transformation U is a straight forward extenswn of the
single plaquette transformation (4):

UtalMo = alm el (B2)
[ = i 20 T, 95 (7710 a ™ (B3)

A(n) 2] 0 ~Z ~Z
v =5 ( g+ 1) T<j71,j>n> (B4)

oo = -ty Y | (B5)
n (i,5)EPn

n)~z ~Z ~Z ~(n)
Ay Ty, T 1,i42)n 45

1), T+
+ H.c.},

where we can define the plaquette operator BP,,L =
for (-,-)n, € P,. In momentum

ik R a}(gﬂ) (

’\Z AZ "Z
Tli—1yiyn T(iyi4+1) 5 T(i+1,i42)n
representation a( Q- = 371/2 Zk
spacing is set to 5 = 1), the Hamlltoman can be written
as in Eq. (9).
The next claim is that the local symmetry generators

Gi= (-1 )Ni HJ (i.j) T,y of the theory, resemble the ver-

lattice

tex operators Gy, = HJ'@- jy T(i.j) of the toric code in the

transformed basis U. For this, we consider the transfor-
mation of a single %é‘i ;) term. By explicitly expanding
the exponential, the tran

[ (% ) #aysin (340)] (B0
X %@7]-) {cos <§Aﬁ) + z7’< ;) sin (gAﬁ)} ,

where An is the difference of matter excitation between
the two ends of the link (4, j), where only matter excita-
tions count that are directly attached to the link. On the
double link (Fig. 2b) this corresponds to the imbalance
of matter excitations on the different sides of the link
variable. Since we have restricted the number of matter
excitations to strictly one per plaquette, the eigenvalues
of An can only take the values An = 0,4+1,4+2. Thus,
the transformation of the Z5 electric field is

sformation rule can be derived:

Qj>
w\:l
R
-
&
>
>
>
8
~
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FIG. 11. Growing scheme — Induction step. In the basis

described in Fig. 3b, the Hamiltonian (C2) can be written
in block matrix form with blocks of size (6 x 6) and energy
sectors are separated by a gap A which is the energy gap
between excitation sectors in the bulk. The couplings of an
individual block are shown on the top. The local Gauss’ laws
restrict the Hilbert space dimension to 3 - 2%/2? = 6.

Now, we can calculate the transformation of the sym-
metry generators G;:

éi = U'TGAlU = (—1)Ni

Here, ) ;. p, fop; is the sum of matter excitations over all
plaquettes connected to vertex i. Since we work in a
sector, where the number of excitations per plaquette is
restricted to strictly one, the Gauss’ laws simplify to

~ ~ A A P
G =U'GU = (-0 ] %%, (B9)
J:{4,9)
= (-1 Gy, (B10)

where NP are the number of plaquettes connected to
vertex i. Therefore, in the transformed basis the Gauss’
laws are given by the vertex operators Gy, up to a fixed
pre-factor.



Appendix C: State preparation and manipulation

In Appendix C 1 details about the growing schemes to-
gether with analytical and numerical arguments are ex-
plained. Appendix C 2 discusses the transformation rules
of the snapshots under U in order to reveal the closed
loop configurations of strings in the toric-code ground
state. In Appendix C3 and C5 we calculate the prepa-
ration of local, magnetic flux excitations in the system as
well as the theoretical predictions of the Ramsey scheme.

1. Growing scheme

In this section, we show that for every individual grow-
ing step a path with constant gap A = t exists. We

J

Ugulk?:[Ubulk =—t Z Zcos (K + (f)(n))d;rczb)&l(cn)

nebulk k,,
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consider the setup described in Fig. 3a, where the bulk
in the topological phase and a single plaquette on the
boundary is in its trivial phase. Since the Zy electric
field term h in the bulk is turned off, the bulk Hamil-
tonian can conveniently be described in the transformed
basis (see Appendix B)

A~ . q(n)raz1at(n) (n)
Ubulk — 62 Znebulk Zj 19]' [ ]a’j a; ,

(C1)

which is a transformation that only acts on the matter
sites in the bulk. The Hamiltonian in the new basis Uy
is then given by

m

+ (—tal 7] g a0 — 1577, 505 — Talify 1 an + Hee) + hily g + el 5y,

where the parameters ¢ and h are the tunable parame-
ters in the adiabatic scheme, while ¢ is fixed. The phase
shift (™ is defined as in Eq. (7) and depends on the
plaquette operators B p,. The labels of the link vari-
ables and matter sites are defined in Fig. 3a. Since the
first and second line of Eq. (C2) commute, the opera-
tors which are used for the growing step decouple from
the bulk states. Therefore, the bulk basis states can be
reduced to only the ground state per assumption. The
physically relevant Hilbert space is thus spanned by the
bulk ground state and the states of the single plaquette,
which have dimension 3-2%/22 = 6 due to the local Gauss’
law constraints. Hamiltonian (C2) can therefore be writ-
ten by (6 x 6) block matrices and in Fig. 11 one such
six-level scheme with all couplings is depicted. The indi-
vidual blocks are shifted in energy by A =t as shown in
Fig. 11.

The (6 x 6) matrices can be easily diagonalized using
numerical methods or computer algebra programs. In
Fig. 12, we plot the gap A between the ground state
and first excited state of the many-body spectrum versus
the tunable parameters ¢ and h. The plot resembles the
gap landscape shown in Fig. 3f, which was derived in an
ED calculation on a lattice with three plaquettes. The
parameter path suggested in the main text therefore has
a constant energy gap A = t.

The above arguments hold specifically when the sys-
tem has a bulk and a single plaquette on the bound-
ary. However, other configurations can also appear as
in Fig. 3d, where the matter excitation is initially delo-
calized on the sites a; and as. The system can still be
described by Hamiltonian (C2) but only the gauge sector

(

changes. The essential argument and calculation is valid
for all configurations that can appear on the triangular
lattice.

Therefore, the very generic argument shows that for
each growing step, there always exists a parameter path
with a constant gap A = ¢ connecting between the trivial
and topological phase.

A/t
-1.0 /1l 1.0
-0.9
0.8
-0.7
— -0.6 06
=
e 0.4 0.4
-0.3
0.2
-0.1
0.0 0.0
DO 2D D0 N O AP0 Mt
,\,"1"\’,0/‘\9 9’}6 QY T VAT It

FIG. 12. Growing scheme — Analytical gap calculation. The
plot shows the gap A between the ground and excitated state
manifolds depending on the tunable parameters  and h for a
single growing step. The results are obtained by diagonalizing
(6 x 6) matrices. The gap landscape has the same shape as
in our ED analysis shown in Fig. 3f.
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FIG. 13. Growing a magnetic excitation. We plot the over-
lap triinks (trmatter (|0 (€)Y (W (1)) | ¥m) (¥m|) between the time-
evolved state [i(t)) and the toric-code state |¥,,) with a mag-
netic (m)-excitation. The excitation is placed on the center
plaquette in the three plaquette configuration (see Fig. 6).
Section (I)-(IIT) describes the growing of plaquette Pi to Ps.
For the chosen timescale, the growing scheme shows a large
overlap > 98%.

2. Hidden topological order

The toric-code ground state, which is a superposition
of all closed loop configurations, is the ground state of
Hamiltonian (9) in the transformed basis. Projective
measurements (snapshots), however, are taken in the lab-
oratory frame. The transformation U, that depends on
the local densities a!™a{™ has to be evaluated to go
from the old into the new basis. Since the link vari-
ables %@7 i) do not commute with U, they have non-trivial
transformation laws (B6) which can be summarised as
follows:

e Choose a link variable %é’ﬁ.

e Calculate the imbalance An between matter exci-
tations on site ¢ and j of the link (i, 5). Only take
into account matter sites that are directly attached
to the link variable %&7 iy

e The sign of the link variable flips iff An is odd.
This corresponds to the creation/annihilation of a
string in the 7% basis.

3. Growing a magnetic excitation

Excitations in the toric-code are known to have any-
onic statistics. To study this physics, we need to pre-
pare a state with a well-defined excitation, i.e. a local-
ized Bp = —1 term (vison). To realise this in our setup,
we adapt the ground-state preparation scheme. Instead
of following the ground state of the Hamiltonian, we ini-
tialize the system in an excited eigenstate. Therefore,
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during the growing step the system follows its eigen-
state into a toric-code eigenstate with a localized (m)-
excitation. We choose the highest-excited state in the
single plaquette spectrum (see Fig. 2e). The growing
scheme then works completely analogously, i.e. our sug-
gested parameter path for the ground-state preparation
also maintains a large gap in the excited-state prepara-
tion. In principle, the excited state manifolds of the sys-
tem are degenerate. However, throughout the growing
scheme the system does not couple to the other excited
states.

A small system ED study should underline the effi-
ciency of the growing scheme for preparing excited states.
For the minimal example of three plaquettes, we can
prepare a single (m)-excitation on the center plaquette.
Typically excitations in the toric code appear in pairs but
due to the boundary condition, we can place the second
excitation ‘outside of the lattice’. If the second excita-
tion would additionally be located within the braiding
loop, the wavefunction would pick up twice the braiding
phase, i.e. 27, and thus could not be distinguished from
the zero phase shift for no (m)-excitation.

To this end, we initialize and time-evolve the system
as described in Sec. IV A but during the growing proce-
dure, we flip the sign of the external field h on the link
variable which is located on the boundary of the center
plaquette. To quantify the fidelity of the growing scheme
numerically, we — analogously to the main text — calculate
the overlap with a toric-code state that has a localized
(m)-excitation triinks(trmatter (|0 () (&) )|¥m){(Tm|) as
shown and defined in Fig. 13.

4. Implementation of the braiding scheme

In Sec. IV C, we propose a scheme to extract the geo-
metric braiding phase from dynamically braiding an (e)-
excitation around an (m)-excitation. To this end, we use
an external control qubit, that controls the two braiding
paths and is ultimately used to extract the relative phase
shift between them. In this section, we explain a realistic,
minimal setup to implement the braiding protocol with
superconducting qubits.

In the main text, we show a setup with three pla-
quettes for educational purposes as it is the minimal ex-
ample where one (e)-excitation is in the braiding loop
enclosing the (m)-excitation. In general, both (e)- and
(m)-excitations can only come in pairs. However, in a fi-
nite size system open boundary conditions allow to store
one (m)-excitation “outside” of the system. Thus, in
Sec. IV C, we placed one (m)-excitation in the center and
the other one “outside”; in addition, we added a third
plaquette not enclosed by the braiding loop, on which
the non-participating (e)-excitation rests during the en-
tire braiding scheme.

Here, we only use two plaquettes in the following dis-
cussion, which makes it even more appealing for exper-
imental realization due to its smaller system size. As
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FIG. 14. Implementation of the braiding scheme. The up-
per part illustrates the braiding protocol for two triangles
with its initial and final state as well as the position of ex-
citations as defined in Fig. 6. Whether the excitation moves
along the green or orange path, is determined via the internal
state of an external control qubit. The lower part shows the
couplings between its microscopic constituents, e.g. supercon-
ducting qubits, where the individual building blocks have the
same structure as in Fig. 7-9. The external control qubit is
coupled dispersivly to four single c sites (orange and green
lines), which — under the application of an additional energy
tilt between the ¢ and d site — effectively yields a 7% term on
each link required to transport the (e)-excitation. Whether
the interaction is sensitive to the occupation of |0) (green)
or |1) (orange) of the control qubit can be controlled by an
external potential Eq. (C7).

a consequences, the non-participating (e)-excitation is
located within one of the braiding paths as shown in
Fig. 14, which does not alter the physics of the partici-
pating (e)-excitation. In summary, the smallest system
to observe braiding in an experiment consists of only two
plaquettes coupled to one external control qubit and thus
six harmonic oscillators (matter sites) and eleven anhar-
monic oscillators (link variables and control qubit) are
required. An ED study of the effective model with two
plaquettes is compared to the three plaquette scheme,
which both yield the same result after applying our pro-
posed Ramsey protocol.

The most important ingredient for the proposed
scheme is to derive an implementation for the following
interaction (Eq. 14):

V() =) (D 7 el0)0+ Y #e1)(1]), (C3)
j=1,2 j=3,4

where |0), |1) are the states of the control qubit and the
labels of links j = 1, ..,4 are defined as in Fig. 14. In the
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Zs buiAldiAng block, the link variable is defined as 7% =
¢té — dfd. We can insert this identity into Eq. (C3) by
further using 7. + ng = 1, which yields

v (Zzé’f@@m 0]
7j=1,2

+ 3 2l @) 1|) + const.
j=34

(C4)

We can see that the operator V(t), that transports the
(e)-excitation, requires a density-density coupling be-
tween the control qubit and the individual c sites. We
suggest to realize this interaction by dispersivly coupling
the qubits as shown in Fig. 14.

For the dispersive coupling, we assume that the con-
trol qubit has a larger frequency than the c sites. Since
the control qubit and the c site are off-resonant, the exci-
tations can only virtually tunnel between the two qubits
leading to a dispersive energy shift on the corresponding
sites. In second-order perturbation theory, where we de-
note the effective coupling strength conveniently by A(%)
as above, we can derive the following interaction:

V(1) ( 3 éle; @ 0)o] -

j=1,..,4

(Y e ooy 0|+6Téj®|1><1|) —1e 1)
1.

4

did; @ [1)(1])

Jj=

(C5)

The terms describe the dispersive shifts on the qubit pair
(¢, d) with reversed sign of the coupling for the two con-
figurations of the control qubit, which arises from the dif-
ferent relative energy shift between the initial/final and
virtual state for the different configurations of |0) and
|1). However, Eq. (C5) differs from the desired interac-
tion Eq. (C3) since the effective scheme still couples all
¢ sites to both states |0) and |1). By applying a com-
pensation potential 517(15), which are specific detunings
on the c sites, we can accomplish to resemble interaction
Eq. (C3) up to a constant energy shift. The implemented
effective interaction during the braiding scheme is thus
given by

(t) =V >( ) 4 6V (t) + const. (C6)
SV(t) = Z el- > dee (C7)

j=1 j=3,4

<

The interaction potential V(t) has to be applied for
a certain pulse time T, for which the optimal time T is
derived in Appendix C5. Furthermore, we require the in-
teraction to switch on and off in a sufficiently short time;
especially during state preparation the interaction to the
control qubits should be absent since V (¢) intentionally
couples different gauge sectors. The fast switching can
be achieved by tuning the frequency of the c¢ site such
that all dispersive shifts are identically compensated. To
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FIG. 15. Ramsey m-pulse. Since the coupling strength of
the perturbation is typically not known, the 7w-time has to be
found experimentally. The pulse sequence is a simultaneous
pulse of A1 and A3 followed by a simultaneous pulse of A2 and
A4 as defined in Eq. (14). The plot shows the expected curves
for the measurement on the control qubit after different times
T for which the perturbation V(t) is applied. In the presence
of a magnetic (m)-excitation the oscillation period doubled
compared to the ground state (no excitation). The crosses
show an ED simulation of the measurement protocol with a
system that was prepared as discussed in Sec. C 3. Therefore,
also in the presence of residual excitations and imperfections
in the state preparation, the 7w-time can be extracted robustly
in the experiment.

this end, we introduce another compensation potential
SV (t) with

SVt (1) ) Y ée®

Jj=1,..,4
V(t) + 6V () = const.

(C8)

(C9)

To conclude, we have presented a possible coupling
scheme on the level of the microscopic constituents of
the Z5 building block. In this minimalistic setup only
two plaquettes and one additional control qubit together
with an adapted switching scheme is needed to imple-
ment the Ramsey protocol. The initialization and detec-
tion of the braiding phase is the same as described in the
main text and requires only single qubit rotations of the
control qubit.

5. Ramsey interferometry

The claim is that by braiding an electric excitation (e)
around a magnetic excitation (m) the wavefunction picks
up a phase e". In order to detect this phase we suggest
a Ramsey interferometric protocol (Sec. IV C). We will
calculate the expected Ramsey signal analytically and
underline the robustness of the scheme by comparing it to
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numerical simulations using our realistically grown toric-
code states, see Fig. 13.

As explained in the main text, a control qubit |0), |1)
is introduced together with a time-dependent perturba-
tion V(t) as defined in Eq. (14). We label the states by
|m = +1) depending on the the sign of the Zy magnetic
flux Bp = +1 of the center plaquette (see Fig. 6). The
time-evolution operator is given by:

U(t,0) = Te ' Jo VDdE
(1)1 = U(t, 0)[v(0))1,

where |-); describes a state in the interaction picture.
The time-evolution then can be computed as

(C10)
(C11)

O(t, 0) 1)1 = % cos? (t/2)[[0) + 1)) ® m = 1),
1, B

- 5 (1/2) [|0> + |1>} ® |m = £1);

+ % sin (¢/2) cos (¢/2) [|o> ® (77 + %)

+ 1)@ (7 +75)]Im = +1)1.
(C12)
Since the measurement will be a projective measure-

ment on the control qubit, we trace-out the bulk system
from the density matrix:

pAramscy (t) - trbulk (lj’Jr (ta O) |¢>I<w|0(t7 0)) (013)
1 1 cos* (t/2) + sin® (¢/2)
T2 (Cos4 (t/2) % sin* (t/2) 1 )

From pramsey(t) we can conclude two things. On the
one hand, we predict occupations of |0) and |1) versus ¢
which is interesting because in an experiment the m-time
can fluctuate and is a priori not known (see Fig. 15).

On the other hand, assuming a perfect m-pulse, we can
predicted the Ramsey curve from the main text (Fig. 6):

Prot(p) = Ri(@)ﬁramscy (t= W)RZ(@) (C14)
1 1 e %
2 (iew 1 )
Pmeasure () = R (W/Q)ﬁrot( ) y(7/2) (C15)
+1—cos(p) —isin(p)
_iQ( isin () :I:l+cos(<p)>

where the operators Rzy(go) rotate the Bloch vector
around the z-axis (y-axis) by an angle ¢ (7/2). The ma-
trix element (1|pmeasure(¢)[1) = 3 (1 % cos (¢)) is plotted
in Fig. 6.
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