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The electronic structure of the enigmatic iron-based superconductor FeSe has puzzled researchers
since spectroscopic probes failed to observe the expected electron pocket at the Y point in the
1-Fe Brillouin zone. It has been speculated that this pocket, essential for an understanding of the
superconducting state, is either absent or incoherent. Here, we perform a theoretical study of the
preferred nematic order originating from nearest-neighbor Coulomb interactions in an electronic
model relevant for FeSe. We find that at low temperatures the dominating nematic components
are of inter-orbital d,. — d»y and dy. — dgy character, with spontaneously broken amplitudes for
these two components. This inter-orbital nematic order naturally leads to distinct hybridization
gaps at the X and Y points of the 1-Fe Brillouin zone, and may thereby produce highly anisotropic
Fermi surfaces with only a single electron pocket at one of these momentum-space locations. The
associated superconducting gap structure obtained with the generated low-energy electronic band
structure from spin-fluctuation mediated pairing agrees well with that measured experimentally.
Finally, from a comparison of the computed spin susceptibility to available neutron scattering data,
we discuss the necessity of additional self-energy effects, and explore the role of orbital-dependent

quasiparticle weights as a minimal means to include them.

I. INTRODUCTION

The research of electronic properties of iron-based su-
perconductors has proven to be a rich field that chal-
lenges our understanding of correlated multi-band sys-
tems. In this respect, particularly the superconducting
iron-chalcogenides, FeSe and doped FeTe, have attracted
considerable attention due to their unusual low-energy
electronic states[IH3]. FeSe enters an orthorhombic phase
near T, ~ 90 K without concomitant static magnetic
order at lower temperatures, unlike most of the iron-
pnictide superconductors. There is strong evidence that
the rotational symmetry breaking at T, is driven by the
electronic degrees of freedom, and thus constitutes a rare
example of electronic nematicity[4]. In particular, the
spectrum of low-energy spin excitations, thought to drive
electron pairing, is extremely anisotropic in untwinned
crystalsfp]. The superconducting phase sets in around
T. ~ 9 K and is therefore generated from an instability
of the nematic “normal” state. Thus, it is not surprising
that the superconducting properties also break rotational
symmetry, as is indeed observed experimentally[6]. How-
ever, the origins of the extreme normal state nematicity,
as well as the reasons for the absence of magnetism at
ambient pressure, are still being debated[TH3].

The very high level of rotational anisotropy is evi-
dent, e.g., from theoretical modelling of experimental
data measured at low temperatures in FeSe[3]. Quite
generally, the anisotropy inherent to standard electronic
bands in the orthorhombic state, is not enough to
explain the much more extreme anisotropy observed
experimentally[BHI0]. Thus, various interaction-driven
feedback effects have been proposed that enhance the
symmetry breaking[6l, [TTHI3]. In this respect, several
works have argued for orbital-dependent quasiparticle

weights Z, and shown how this effect may reconcile sev-
eral experimental probes with simple models[6, 9} 1T}, T4
I7]. The existence of orbital-dependent Z, has been
explored extensively within dynamical mean-field the-
ory (DMFT) and related methods, and arise naturally
in multi-orbital systems with different degrees of orbital
contributions to the Fermi level electronic states[14] 18-
22]. For the specific case of FeSe, it was shown that
Zzy must be strongly reduced from 1, but additionally
that a large quasiparticle weight anisotropy of Z,./Z,, ~
0.2 — 0.3 was necessary in order to obtain agreement
with experiments[6l, [0, 23] within this approach. The
origin of this rather small ratio remains unsettled, but
may be related to strong feedback effects on the elec-
tronic states close to a stripe magnetic quantum critical
point. One of the important implications of these ex-
tracted values for the orbital weights Z, was that the
electron pocket at Y should be nearly completely inco-
herent, and thus difficult to observe with spectroscopic
probes; indeed, no conclusive observation of this pocket
has been reported by either angular-resolved photoemis-
sion spectroscopy (ARPES)[24H26] or scanning tunneling
microscopy (STM)[9].

Subsequently, however, laser ARPES studies reported
significant d,, content on the I'-centered hole pocket, as
well as a strong d,, component apparently inconsistent
with the extreme “orbitally selective” scenario[27]. Fur-
thermore, very recent synchrotron ARPES measurements
on detwinned FeSe have proposed that the Y pocket may
be lifted entirely from the Fermi surface rather than un-
observable due to incoherence[28] 29]. The explanation
of the unusual spectroscopic observations of this pocket
is therefore important not only to obtain the correct low-
energy electronic band structure relevant for (detwinned)
nematic FeSe, but also to ultimately understand the ori-



gin of the strong electronic nematicity in FeSe.

Of course, any theoretical approach for explaining the
large electronic anisotropy of FeSe relies on having a rea-
sonable starting point for inclusion of interactions in the
band structure. It was initially proposed, based on com-
parison to ARPES data available at the time, that FeSe
features nematicity in the d,, and d,,. intra-orbital chan-
nels with form factors transforming as the irreducible
representations (IRs) Ajy and Bjg of the given point
group[30H37]. More recently, however, several works
have advocated for the relevance of (intra-orbital) ne-
maticity involving also the d,, orbitals[38-43]. Until re-
cently, first principles approaches were unable to stabi-
lize a nematic ground state without concomitant stripe
magnetism. However a recent density functional theory
DFT+U exploration of the energy landscape found a low-
est energy nematic state transforming according to the
E, irreducible representation of the Dy}, point group, con-
taining significant inter-orbital nematic components[44].
This form of nematicity, which breaks also inversion sym-
metry, was shown to produce Fermi surfaces containing
only a single electron pocket[44]. Whether this approach
has material-specific predictive power is still an open
question[45], however, and in any case it remains impor-
tant to identify the cause of nematic ordering using more
transparent model-based methods.

These recent developments raise a number of impor-
tant questions related to the low-energy band struc-
ture and the associated superconducting gap structure
of FeSe. For example, what underlying physical inter-
actions naturally produce nematic order that generate
single-electron-pocket bands[43, 44], and what are the
consequences of this low-energy band structure for our
broader understanding of this fascinating material?

Here, motivated by several earlier theoretical stud-
ies of the effects of longer-range Coulomb interac-
tions V on band structure renormalizations of iron-
based superconductors[38, [46H48], we explore the ne-
matic phase spontaneously generated by V. Ref. [38
originally investigated these effects for FeSe, and addi-
tionally found a dominant intra-orbital d-wave bond ne-
matic order arising from nearest neighbor Coulomb re-
pulsion. These results are, however, inconsistent with
the current ARPES description of the FeSe Fermi sur-
face and deserve to be re-examined. To this end, we
have begun with the canonical DFT calculation of the
FeSe band structure in the tetragonal phase[49], and in-
troduced nematic order driven by longer-range Coulomb
interactions systematically. We find that, in addition
to the generation of small electron and hole pockets by
V', it generates inter-orbital nematicity between d,, and
dyy, and d,, and d, states in a large region of param-
eter space at low temperatures. This form of nematic
order is distinct from those discussed previously in the
literature[38], [42H44]. The inter-orbital nematic order
components hybridize the low-energy bands near X and
Y, respectively, and thereby allow, depending on their
amplitudes, for the lifting of one of the electron pock-

ets. We explore this “V-scenario” for nematicity and
Fermi surface anisotropy, and demonstrate how it nat-
urally generates Fermi surfaces containing only a single
electron pocket. We next discuss the comparison of the
spin excitations obtained using this renormalized band
structure with the highly anisotropic spectrum reported
in the experimental literature[5]. Finally, we compute
the resulting momentum-dependent superconducting gap
structure, and discuss implications for other experimen-
tal probes of FeSe.

II. MODEL AND METHOD

In order to explore how the electronic structure of FeSe
is affected by longer-range Coulomb interactions, specifi-
cally nearest-neighbor (NN) density interactions, we ap-
ply the following many-body Hamiltonian
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where (7, j) indicates the set of NN sites. Here, the oper-
ator ¢; ., annihilates an electron in orbital d,, with spin
projection o at lattice site R;, and n;,, represents the
density operator. The kinetic part of the Hamiltonian[49]
Hy, contains the hopping matrix elements and the chem-
ical potential g, Hgoc includes the atomic spin-orbit cou-
pling (SOC) with strength Asoc, and Hiy describes the
repulsive NN density interaction. For all results pre-
sented in the present work, we adjust ug to keep a fixed
electron filling of (n) = 6.0. Note that for simplicity we
completely discard the usual onsite Hubbard Coulomb
repulsion Hy in the model. As is well-known such in-
teractions can lead to important band renormalization,
magnetism, and nematicity[3, 4, [50H52], none of which
liftt the Y electron pocket. Here, we assume that Hy
merely renormalizes the DFT band structure, though we
do not include such effects explicitly, and explore the ne-
matic instability generated solely from Hj,; containing
only NN Coulomb repulsion.

The symmetry properties of FeSe, and thereby H, are
governed by the non-symmorphic space group P4/nmm,
which consists of eight point group elements {g | (0,0, 0)}
for g € Dag, and {gI'|(Y/2,1/2,0)} with I denoting in-
version. In order for the above to constitute a closed
group, the product of space group elements is defined
modulo integer lattice translations [53]. For both ana-
lytical tractability and numerical simplicity we perform
our study in the 1-Fe unit cell, for which the space group
P4/nmm is lowered to the symmorphic subgroup Dag.
Although one thereby lacks certain symmetry elements



of the original system, it is still possible to capture the
violation of rotational symmetry and the emergence of
nematic order. In particular, we need to focus only on
the generators of the Dog group g = {E, Sy, Ca, C4, 04},
and the associated five IRs I' = {A;, Ay, By, Bo, E}.
Here, the generator S refers to the combined operation
of C4(Tmy.

We incorporate the effects of NN Coulomb interactions
by performing a Hartree-Fock mean-field (MF) decou-
pling of Hiy, and introduce the following homogeneous
bond-order fields in wave-vector space [38] [46)

Nt =+ Zf —K ck’uack’yo—> (2)

with A/ being the number of lattice sites, and fﬁl being
the form factor of the interaction, which transforms as
the IR A;. Specifically for the nearest-neighbor interac-
tion studied here ff?l x y_ qcos(kqaq), where d labels
the set of primitive lattice vectors, and aq is the lattice
constant in the d-direction. Note that in the decoupling
of Hiyt, the Hartree terms contribute only to a constant
energy shift, which can be readily absorbed in the chem-
ical potential po = pro — 4V 301 o (Mo ) /N

Upon reaching the nematic transition temperature T,
the system will spontaneously violate S; symmetry, and
we therefore seek to split the bond order fields into Sy
symmetry-preserving and symmetry-breaking terms, in
order to identify the origin of nematicity driven by NN
interactions. The symmetry-preserving terms, denoted
by Nko br» Will in general lead to band renormalizing (br)
terms, and is obtained by averaging over the four cycles
of 54

HN Nuu

Lo [Di(s8)]"

ZZ

Z 0 p'v!

» (3)

ka br —

where D(S%) is the representation of S in orbital space.
As a consequence of SOC, one should in general also per-
form the S; averaging in spin space. However, by ex-
ploiting that the fields N are diagonal in spin space
and the fact that the action of Sy is equivalent to a m/2-
rotation about the spin z-axis, we find that S; leaves
the spin projection o of Nf. invariant. Momentum de-
pendent band renormalizing terms, such as Nﬁg by RAVE
been previously put forward as potential candidates for
explaining the band structure renormalizations of iron-
pnictides and iron-chalcogenides|38] [46], [51].

Here, the main focus is on the S4 symmetry breaking
(sb) terms leading to nematic order, which are simply the
remainder of the total field Ny = Ny —N{ 7} . In or-
der to extract the form factors entering in the symmetry-
preserving and symmetry-breaking fields, we perform the
following projection onto the normalized lattice versions
of the basis functions f,| belonging to the group Dog
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FIG. 1. Orbitally resolved Fermi surfaces (FSs) and band
structures in the absence (a),(c) and presence (b),(d) of NN
interaction effects. The latter were obtained with V' = 0.45eV
and o = 2.8. The band was adopted from Ref. [49], with
k. = 0 and SOC coupling in the spin z-direction, Asoc =
30meV. In (d) we clearly see the band shifts and gap openings
discussed in the main text, resulting in the highly anisotropic
FS displayed in panel (b). All figures were obtained with
kT = 1meV and kg = 1.

As a consequence of the NN interaction, the sum over
v is restricted to include only the lowest order lattice
harmonics, i.e. only linear combinations of cos(kqaq) and
sin(kqaq) enter in f;/, while a longer-ranging interaction
in general allows for higher order terms. Thus, we arrive
at the following MF decoupled interaction
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Note that we here introduced the enhancement factor
«, since the interaction strength V in the symmetry-
preserving and symmetry-breaking channels in general
will be different, since the fields belong to different IRs
of the point group, and can potentially lead to distinct
couplings in a renormalization group procedure. Thus we
allow « # 0 throughout, similar to earlier works[38], 46].

Lastly, in App.[A]we elaborate further on the construc-
tion of N 5 :’br Jsb» display their explicit matrix structure,



and list the basis functions f;/ used in the upcoming sec-
tions.

III. RESULTS

Equipped with the above model Hamiltonian and sym-
metry considerations, we are now able to calculate the
bond order fields N f{‘; be/sp Self-consistently for a fixed

electron filling (n) = 6.0, (for details see App. [A]). In our
calculations we adopt the kinetic Hamiltonian for FeSe
given in Ref. [49], after including SOC in the spin z-
direction of bare strength Asoc = 30 meV. However, the
exact value of SOC is not qualitatively important for the
emergence of inter-orbital nematic components and the
concomitant disappearance of one of the electron pock-
ets, as found further below. However, SOC is important,
within the current model, for the FS to contain only a
single hole pocket at I'. Due to weak inter-layer coupling
in the ¢ direction, we restrict our study to the quasi-2D
lattice of a single layer of Fe and Se atoms. The re-
sulting orbitally-resolved Fermi surface (FS) and band
structure in the absence of NN interactions are displayed
in Fig. [[fa) and [I[c), respectively.

The effects of NN interactions, captured by the terms
entering in Eq. , give rise to the two aforementioned
effects, namely band renormalization and S; symme-
try breaking. Let us momentarily discuss the former,
NI, by focusing on the low-energy 2, orbitals. For
this case, the fields lead to the following two effects: )
collective down-shift of the hole pockets at I" and M,
and 47) up-shift of the Dirac points at X and Y. The
down-shift of the hole pockets is readily attributed to
the self-consistent fields in Fig. a)7 which couple to the
form factor fiJ = cosk, + cosk,. Specifically the fields
NEzEz — NY2V% — (.22 lead to a down-shift of d,d, .-

so,br so,br
dominated bands at T', while N{'¥ = 0.24 ensures the
down-shift of d,,-dominated bands at M. The latter oc-
curs since the form factor has a relative sign on the two
pockets fff = —fy;. Additionally we note that the effects
of the s-wave fields on the electron pockets are minimal
since f¢ = fy =0.

By contrast to the above, the fields presented in
Fig. P[b) are dominant at the X and Y points due to
the d-wave form factor f,¢ = cosk, — cos ky. In fact,
the field Nz 7 = 0.09 (Ngjj’)f = —0.09) shifts dy.(dy.)-
dominated bands at Y (X), pushing the Dirac points up
closer to the Fermi level. Similar to the s-wave fields,

also here the symmetry of the form factor, f¢ = —fg,
compensates the relative sign between the two fields
NiZiz/Ni ;. = —1. Furthermore, we point out that

the electron pockets acquire a peanut-like shape for ap-
propriate values of V', since the fields N C’f;br do not affect
the dg, orbitals. Lastly note that the down- (up-) shift
of the hole pockets (Dirac points) leads to smaller T" and
M (X and Y) pockets. In fact, it was previously shown
that Ny, . can completely remove the M pocket in FeSe,
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FIG. 2. Band renormalizing (br) and Ss symmetry breaking
(sb) bond-order fields NI\, calculated self-consistently
for the parameters and temperature used in Fig. b) and
(d), and fixed electron filling (n) = 6.0, see App. [A]for further
details. The fields in (a),(c) couple to the form factor fii =
cos kg + cos ky, while the ones displayed in (b),(d) couple to
1 = cosky — cosk,. The values of all matrix elements have
for clarity been rounded to the second decimal place. For
brevity we only display v = {s, d}, but additional plots of
the remaining fields can be found in App. [A]

while for LiFeAs it was the I" pockets which were pushed
away from the Fermi level [51].

Turning our attention to the symmetry breaking fields,
NI o, we find that only fields that are coupled to the d-
wave form factor play an essential role, see Fig. c) and
d). By applying the same logic as for the band renor-
malizing terms, we observe that the field NiZ % (NJ; %)
leads to an up- (down-) shift of d,.(dy.)-dominated
bands at Y (X). While this effect appears similar to
the one encountered for N/, . we stress that here the
Dirac points are shifted in opposite directions due to the
violation of S4-symmetry. This reduction in symmetry
also allows for anisotropic inter-orbital d,. — dz, and
dy> — dgy hybridization terms, namely aNg; ¥ ~ 0.10
and a vanishing coupling aNj; i It is in fact these par-
ticular couplings which lead to the distinct hybridization
gaps at X and Y evident from Fig. d), and they will,
in synergy with all the effects discussed above, result in
the highly anisotropic FS shown in Fig. b)7 featuring
only a single electron pocket at the X point. Thus, as
a function of temperature, a Lifshitz transition necessar-



ily takes place such that a shrinking Y -pocket eventually
disappears at a certain temperature below 7,. A de-
tailed discussion of the experimental evidence for such a
temperature-induced Lifshitz transition can be found in
Ref. 43l

To gain deeper insight into the emergent nematic or-
der, we now proceed and study more carefully the IRs of
Nﬁ‘:,br /s BY construction, the Sy symmetry preserving
fields can only consist of terms transforming as A; and
A5, and, in fact, we find through our self-consistent cal-
culations that only A terms are non-zero in N{(‘U by S€€
App. [B] for further details.

In contrast, Nk < can contain terms transforming as
the remaining three IRs of the group, i.e. B, By and
E, allowing for the nematic order to arise in any of these
three channels. As we explicitly show in App. we
find non-zero S; symmetry breaking terms belonging to
two distinct IRs, namely By and E. This implies that
the system undergoes two consecutive phase transitions
upon lowering of the temperature. In order to quantify
this, we focus on the ¢y, orbitals, and define the following
leading order parameters

Np, = (Nig 55 + N7 5 + Nag.as + Nz 0)/4,

+ NEI/2 NG + NE/2)(6)

Tz my
N ([Nda sb dé,sb do,sb

= (NEm7NEy)7

where & is the opposite spin projection of . For details
see App. [B] In Fig. [3] we show the values of these or-
der parameters for various temperatures, and indeed find
that Np, becomes non-zero at T,,, while only the single
component Ng_ condenses at lower temperatures 7),. An
intra-orbital nematic order thus arises at T,,, lowering the
point group symmetry from Dog to Do, and leads to the

p- (down-) shift of d,(d,.)-dominated bands at ¥ (X)
discussed in the previous paragraph. The second tran-
sition at T, further reduces the point group to Cs and
allows for anisotropic inter-orbital d,, — dgy or dy. — dyy
hybridization terms, i.e. the effects ultimately leading to
the highly anisotropic F'S, shown in Fig. b).
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FIG. 3. Leading order parameters N, and Ng versus tem-
perature. The system becomes nematic at 7}, and displays a
second phase transition at T),. For the latter, Ng, becomes
non-zero, allowing for hybridization terms at Y. In this figure,
we used the same parameters as in Figs. [I] and

We stress that the effects of the e, orbitals and re-
maining fields N/ ~o,br/sb not displayed in Fig. are all
incorporated in our calculations, but do not lead to qual-
itative changes of the low-energy band structure and F'S,
and are therefore not explicitly mentioned in the above
discussion. For a complete overview of all fields IV, f; ;’ br /s
see App. [A] Furthermore, we note that the final nematic
band structure, as seen e.g. in Fig. d), obviously de-
pends on the starting point, i.e. the tetragonal DFT band
structure. Thus, the final quantitative energy scales, i.e.
the hybridization gap at Y and the required amplitudes
of V and « for generating a FS similar to that shown
in Fig. (b), depend on the initial bare band structure.
Lastly, we note that the purely intra-orbital nematic or-
der generated from NN Coulomb repulsion found ear-
lier [38] [46], can be reproduced here when applying the
same band structure as in Ref. [38. We have not located
the exact band property that leads to the additional
inter-orbital nematic fields from the DF'T bulk FeSe band
model used in the current study[49], but note that the
solution presented in Fig. [1| is quite generic at low tem-
peratures and exists for a wide parameter range.

The low-energy electronic structure established above
has important consequences for spin excitations that
should be compared with experiments. In this respect,
a series of inelastic neutron scattering experiments[5] [54]
55] have established a remarkable set of magnetic phe-
nomena in FeSe. At low temperatures in the nematic
phase, but high energies ~ 100 meV, strong (, 7) (Néel)
fluctuations dominate the spectrum, with weaker but still
prominent (m,0) and (0, 7) (stripe-like) fluctuations. As
the energy is lowered to a few tens of meV, a spin gap de-
velops in the (7, 7) spectrum, but (7, 0) spin fluctuations
strengthen. Notably, the only measurement of detwinned
FeSe crystal finds that at low energies the intensity of
the (0,7) fluctuations essentially vanishes[5]. This ex-
traordinary result should emerge from a proper theory of
low energy spin and orbital degrees of freedom. We show
now that, counter-intuitively, the current proposal for
low-energy nematic electronic structure is not sufficient
to explain the above-mentioned magnetic properties, and
requires the additional physics of orbital selective corre-
lations.

In Fig. [4(a), we first illustrate the bare magnetic sus-
ceptibility Rexo(q,w = 0), together with the enhanced
susceptibility obtained in the random phase approxima-
tion x*4. The spectrum is clearly dominated by in-
tense (m, ) fluctuations arising from scattering between
the d, states, which are not observed in experiment.
Furthermore, (m,0) and (0,7) states are nearly degen-
erate, in contradiction to the results of Ref. [5. Note
that these issues are also common to conventional spin-
fluctuation theories of FeSe including a Y pocket[23], [56],
or other novel schemes to lift the Y pocket[43] via ne-
matic order. In Ref. 23] it was proposed that they could
be resolved by assuming orbitally selective incoherence
of dzy, dy-, and d,, states, such as should take place ac-
cording to previous theory[22] and as observed in some
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FIG. 4. (a) Spin susceptibility as calculated from our model including the nematic order induced by nearest-neighbor Coulomb
interactions, but using a fully coherent electronic structure, Z, = 1, U = 0.805¢eV, J/U = 1/6. (b) Spin susceptibility as
obtained from a weakly correlated system by assuming orbitally selective quasiparticle weights|[I5] (dark red curve) (U = 3.1eV)
and successively decreasing the quasiparticle weight for the dg, orbital to almost negligible quasiparticle contribution (yellow,
U = 3.65¢eV). (¢) Moderate correlation with a small Z,, = 0.27, but additionally splitting the quasiparticle weights between
the d.. and d, . orbitals yields a strongly anisotropic susceptibility with no visible peak at (0, 7) starting from Z,./Z.. ~ 1.3

(U decreased slightly to not cross the magnetic instability).

experiments[20]. With a phenomenological insertion of
orbitally dependent quasiparticle weights Z,, with o an
orbital index, Kreisel et al.[23] could fit inelastic neu-
tron data on FeSe using very strong suppression of d.,
weights and somewhat smaller suppression of d,, and d,.
weights, assuming also a large ratio of at least 1.7 for the
ratio Zy./Zy..

We therefore explore how orbital incoherence could im-
prove the agreement of the susceptibility calculated from
the current highly nematic electronic structure with ex-
periment. In Fig. b), we present the results for weak
correlations, and the evolution of the susceptibility as
correlations are enhanced by a substantial suppression of
the d, quasiparticle weight (see Appendix [C] for a brief
discussion of the Ansatz of Kreisel et al.[23]). As antici-
pated from the contribution of the orbitally resolved sus-
ceptibility of the d,, orbital (see Fig. [l{(a)), with reduc-
tion of Z,, comes the suppression of the Néel peak and
concomitant moderate enhancement of the (m,0) stripe
peak. On the other hand the (w,0)/(0,7) anisotropy is
still much weaker than that reported in Ref. 5l In Fig.
c), we therefore show the effect of additionally increas-
ing the Z,,/Z,, anisotropy. It is easy to see that much
larger (m,0)/(0,7) anisotropies are obtained in this case,
but also that substantially smaller quasiparticle weight
ratios, of order ~ 1.3, are required compared to Ref. 23]
due to the effect of inter-orbital nematic order introduced
here.

On the other hand, these various hypothetical renor-
malizations do not lead to substantial changes in the gap
structure obtained for FeSe within the corresponding spin
fluctuation pairing theory. This is simply because in a
multiband system even at w = 0 contributions to x(q)
arise from states tens or even hundreds of meV from the
Fermi level[57]. By contrast, Fermi surface states deter-
mine the anisotropy of the effective pairing interaction
completely. This effect can be seen easily in Fig.
where we plot the leading eigenvector of the linearized
gap equation (see Appendix for the same three cases
described in Fig. [l The overall structure of the gaps and

the density of states are seen to be virtually identical.

IV. DISCUSSION AND CONCLUSIONS

In this work we have pursued a scenario where ne-
maticity originates entirely from NN Coulomb repul-
sion, even though it is well-known that onsite inter-
actions alone may also drive a nematic instability as
a precursor to stripe magnetism[4]. Interestingly, or-
bitally resolved studies within the spin-nematic onsite
interaction-only scenario, do find sizable inter-orbital ne-
matic susceptibilities[58]. Such studies, however, have
only been performed in the tetragonal paramagnetic
phase, and it remains to be seen whether spontaneous
breaking in the inter-orbital channel, similar to the cur-
rent proposal, can also arise from higher order processes
solely from onsite interactions. However, the absence of
magnetism in FeSe and the overall agreement of the here-
presented results to the experimental facts, raises the
question of whether indeed NN-repulsion is the generator
of nematicity for FeSe. From cRPA[59] and DMFT[60]
calculations it is known that interactions are generally
larger in FeSe than any of the other iron-based super-
conducting systems, presumably because a lack of inter-
vening spacer layers reduces the screening. Ounsite in-
teractions U, J are known to lead to band renormaliza-
tions, in particular Fermi surface pocket shrinkage[47, 48]
and orbital-dependent band narrowing. It is tempting to
speculate that this, in turn, effectively enhances the im-
portance of the unusually large V' in FeSe, thereby boost-
ing instabilities driven by this channel.

Recently, another theoretical study investigated the
possibility of nematic order lifting one of the electron
pockets (above the Fermi level) in FeSe[d3]. In agree-
ment with the present work, a Lifshitz transition nec-
essarily takes place as a function of temperature, and
a superconducting gap structure consistent with exper-
iments follows directly from the resulting FS with the
missing Y-pocket. A main differences between Ref. 43
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FIG. 5. (a) Superconducting gap symmetry function g(k) as calculated from a fully coherent electronic structure showing the
strongly anisotropic gap on the two pockets. The expected spectrum shows nodal features and the eigenvalue A is sizeable but
small. (b) g(k) calculated from a electronic structure with very incoherent d, orbital; almost no effect is visible except that
the eigenvalue can be larger since the relative contribution of the (7, 0) scattering is higher. (c) Same quantity, but calculated
including a moderately correlated d., orbital and a nematic splitting of the quasiparticle weights in the dy. and d.. orbitals,
yielding an order parameter with a tiny true gap, in contrast to nodes in (a) and (b).

and the current approach is the nature of the nematic
order; whereas Rhodes et al.[43] begin with a phenomeno-
logical k - p expansion around I'y X and Y, and explore
the role of a large intra-orbital By d,,-nematic order
parameter imposed by “hand” on the band structure,
together with additional onsite Hartree shifts to this or-
bital, we have started from a nearest-neighbor Coulomb
interaction, and shown that (self-consistently generated)
inter-orbital dy, — d,.;,. nematic components lift the
Y-pocket. Thus, while a By, intra-orbital d,, nematic
component is also present in our approach as seen from
Fig. d), the most important nematic components for
generating a F'S containing no electron Y-pocket are the
distinct inter-orbital components.

As mentioned in the “Results” section, the nematic
lowest-temperature phase advocated in this work, resides
in the Cy (monoclinic) group, containing only a Cj rota-
tion around the z-axis as the remaining symmetry oper-
ation. This constitutes a clear prediction within the cur-
rent scenario; the electronic sector should exhibit a dou-
ble transition as the temperature is lowered. We are not
aware of such evidence, e.g. from specific heat data[6Il-
63], which may be because of the very small electronic
entropy change at the second transition, or simply be-
cause the two transitions are accidentally close (in tem-
perature) (see App. for more details) in FeSe. In
addition, if the nematic order couples strongly enough
to the atomic lattice, such symmetry lowering could be
tested by experiments sensitive to the overall crystal
point group. In this regard, however, we note that recent
experimental and theoretical studies have advocated for a
more complex static crystal microstructure in FeSe than
previously thought. Locally, FeSe appears to accommo-
date a myriad of inhomogeneous nanoscale lattice distor-
tions, where only the spatially averaged structure com-
plies with the standard tetragonal (orthorhombic) crystal
symmetries at high (low) temperatures[d4] [64H66]. This

may in fact be the result of two nematic channels very
close in in energy. Lastly, it is tempting to speculate that
the inter-orbital nematic order discussed here, may be
relevant for the recent experimental studies of structural
transitions in Bij_;Sr,Nis Ass, which exhibit transitions
from a high-temperature tetragonal phase to a triclinic
low-temperature phase[67].

Recent theoretical works explored the possibility of
pinned local nematic order[68-70]. In particular, Ref. [70
explored the local disorder-induced nematicity from non-
magnetic impurities in the tetragonal phase at T' > T,.
Several experimental works have reported evidence for
such local nematic order above T, [64, 65]. The results
of Ref. [70] were obtained by applying a one-band model
and relied on interactions leading to a single-component
B nematic order, and hence the question arises how lo-
cal pinned nematic order gets affected by the presence
of the substantial inter-orbital components found in this
work? We have answered this question by performing a
real-space calculation similar to that of Ref. [70, but gen-
eralized to the multi-orbital case. For the intra-orbital B,
order parameter N, studied here, we observe that it en-
ters the Landau free energy expansion in the exact same
manner as the order parameter studied in Ref.[70. There-
fore the local impurity-induced order exhibits a ”flower-
shape” pinned by nonmagnetic impurities[70]. However,
for the lower temperature phase, the spatially dependent
local nematic impurity-induced order is distinct from
that of Ref. [70], since the order parameter Ng couples
differently to the nonmagnetic impurity. It remains an
interesting future study to investigate the detailed ex-
perimental consequences of these various local nematic
orders.

In summary, we have discovered an inter-orbital ne-
matic order generated from nearest-neighbor Coulomb
repulsion for electronic models relevant for FeSe in partic-
ular, and perhaps the iron-based systems more broadly.



A natural property of this kind of nematic order is
the generation of highly anisotropic Fermi surfaces, fea-
turing in some cases, only a single hole and electron
pocket. We have shown how, for FeSe, this explains pho-
toemission data and the experimentally extracted very
anisotropic superconducting gap structure. However, a
consistent picture of the neutron scattering data, can-
not be straightforwardly obtained within this nematic
scenario, without invoking additional self-energy effects,
which in the simplest case, involves sizable corrections
in the form of reduced orbitally dependent quasiparticle
weights.
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Appendix A: Details on bond-order fields and
self-consistent calculations

The explicit forms of Ny», and N{ are found
through the averaging in Eq. , and the difference
Nl’:; o5 = NLY — N{:U oo Tespectively. Yet this procedure
can be further snnphﬁed by relying on the projection of
the fields onto the normalized lattice versions of the basis
functions f!

72
Nk

L

(A1)

This projection disentangles the wave-vector and orbital
dependence, and thereby greatly simplifies Eq. . For

J

(Ngg + NZ7)
(N2 — N12)

N= N

Nso,br = 0

NN interactions in 2D systems, which are left invariant
under the elements of Dog, the set of basis functions en-

terljag in %g‘k»@()%r%yy (A2a)
fir = V2isink,, oY= \/§ZSIDI€y7 (A2Db)

fid = cosk, — cos ky,

with a; = ay = a = 1. For NN interactions in three di-
mensions, the above equations are accompanied by f7 =
V2 cos(k,c) and fd = V2isin(k.c), with a, = ¢ # a.
Each basis function transforms according to one of the
IRs T of the point group. Specifically, £, (f,3) transforms

as Ay (B1), while (£,*, £,P¥) transform jointly as the 2D
IR E.
Next step in determining NM¥ is to represent

ko,br/sb’
Sy in spin space and in the relevant orbital basis

{dsz, dyz, d 22— y?) dyy, d3.2_,2}. The former is needed
since the SOC in Eq. . breaks spin-rotation symmetry

Additionally, we also need to determine how S, L acts on
the wave-vectors. Straightforwardly, we find
D(S4) = D(S4) & Dspin(s4)
01 0 00
-10 0 0 0 1. —io
=[00-10 0[e—=2——=, (A3
000 -10 V2
00 0 01
Stk = (ky, —kz, —k2).

where D(Sy) and Dgpin(S4) are matrix representations
in orbital and spin space, respectively, while D(S4) is the
representation in the combined space. Any symmetry op-
eration acting in spin space can be expressed in terms of
the Pauli matrices o, , . accompanied by the identity 1.
Note, however, that the fields Nj.” are diagonal in spin
space, and therefore not affected by Dgpin(S4). One can
therefore solely consider the action of D(Sy), as discussed
in connection to Eq. . In general, when considering a
given symmetry element g of the point group Dsg, one
needs to apply the full representation D(g).

By executing the above on a 2D system, we end up
with the following band renormalizing (br) terms

—~N2Yy 0 0

0 NG NG
0 N43 N44
0 0 0 N3

’ (A4a)

o O O O



sza,br =

where we used the convenient shorthand notation {d,., dy., d;>

3(Nig = N$2)
1
2
Nag br 0
0
0

0
0

(Npzo + Noyo)

(Noso + Noyo)

(Npzo = Noyo)

(NpZs = Noyo)
(NpZs = Noyo)
(NpZo + Npyo)

N~ N~ N
N= N~ N

0 0
0 0
3 (V%o = Npyo)  2(Npso + NpJo)

3(
2
1

2 §(Ngi0 + N;)fo’)
1 52 51 1 51 52
§(sz0 + prcf) _§(sza - pra)

the following symmetry breaking (sb) terms

sz o,sb —

1
2
1
2

3(Niz + N&)

(Naz + N&5) —3(Nig — N§3)

0
0
0

(Np2o + Ni2o)
(NpZe = Nplo)
0
0
0

_l(N230' - N;SU)

Pz

2
%(Ngfcr + NSSU)

0
0
0

—y2

2, d

0 0 0
0 0 0
0 0 N3, (A4b)
0 0 N
Nig Niz 0
H(VM, + NEL) OV, — NE,)
s(Nplo = Npjo) 3(N3lo + NpJo)
0 0 , (Adc)
0 0
0 0
—3(Nplo = Noyo) 3 (N3o + Np25)
s(Nplo +N300) —3(Nplo = NpJo)
0 0 :
0 0
0 0
(A4d)

wys A322_p2} = {1, 2, 3, 4, 5}. Similarly we find

B - NE) N2+ NZ) N NN
SOV + NZ) —ANY - NE) NENENE
New=| N NE 00 NE (A%0)
N41 N42 0 0 N45
i NE o NENE 0
SN+ NE) BV - N3 N Nl N
HNEL— NE) BVI N N NE N
Now= | N3 NEONE R 0| (A30)
Ny NEONENE 0
N, NE 00 N
Nilo NI, BV, N N, - NEL) BN, 4 NE)
N, NZ, BV, NI, M, + N SOV N
BV, NI BONE 4NN, N, N[ (s
BV, NI SONE E NN, N, NES
BV, NI BONE NG N, Nt NE



N]&j” NSSU

Npyo Nyvo
Npyosv = | 3(NpZo + Npjo) =3 (N, = N37,)
s(Nplo +Np0) —3(Npso = Npjo)
2(Np2o = N3lo) 3(Npso + Ve o)

%(Ngfcr + Ngja)

_%(Néjzr - Ng,f)a') _%(Ngjd - Nss"')
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1 24 14 1 25 15
Q(szcr +pr0') _i(szcr _pra)
%(Ngfo +N§SU)

33 34 35
pr 4 pro' pr o

43 44 45
pr 4 pro' pr o

53 54 55
pr 4 pro' pr o

(A5d)

These fields, combined with the basis functions f,, enter in the mean-field decoupled Hamiltonian in the following

way, see also Eq.

Hy ~ Y = VIS5 el [ (N,

k pv o

+ fil" (N’“’ +

Pz O,br

The Hamiltonian becomes bilinear in creation and an-
nihilation operators upon approximating Hi, ~ HMF,
and we can thus easily express the fermionic opera-
tors in the diagonal basis of the Hamiltonian Crpo =
Zm Ykmo (kua|kmo’> = Zm rykmoaﬁlg(k)’ where Ykmo
are the operators related to the eigenstates of the Hamil-

tonian H'ylima|0> = Exmol/kmo). In this diagonal basis

(@) & ¥ ¥ & (b)) & ¥ N

y :

z? — yQ 0.24

zy 0.24

322 _ g2 —0.03

Iy ! )1
322 - ’ . .
N'yml)r

0.2 —0.1 0.0 0.1 0.2
FIG. 6. Band renormalizing bond-order fields, N!7, , calcu-
lated self-consistently with the parameters used in Fig b)
and d). A given field NI, couples to the appropriate
form factor f;/, see Eq. (A2). (a) and (b) are discussed in the
main text, while (¢) and (d) only lead to minimal effects on
the low-energy band structure. All numbers appearing in the
matrices have for clarity been rounded to the second decimal
place.

aNLY,) + R (NG, + aNgY )
(A6)
aNgxya,sb) + fkpy (Ngyymbr + aNgjo,sb)} Cxvo-
[
the electron density (n) takes the simple form
1
<n> = N Z Z Z nF(EkmU)v (A7)
k o m

where N (Exme ) is the Fermi-Dirac distribution function.
Furthermore, we find that the terms entering in the ma-

9 & 9 g
Vs B 07 N Al 07
(a) ¢ ¥ & & o (b) & ¥ & N o
zz 0.04 0.10
yz 0.04 0.01
z? - y2 0.01
zy 0.10 —0.03
(c) (d)
xz 0.01
yz —0.01
2 —y? —0.01
zy 0.01 —0.01
s
aN Jo.sb
—-0.2 —0.1 0.0 0.1 0.2

FIG. 7. Symmetry breaking fields, N/, calculated self-
consistently with the parameters used in Fig[I(b) and [I(d).
Each field is coupled to the belonging form factor listed in
Eq. . Only (b) and (d) display non-zero solutions, and
the former will ultimately give rise to the highly anisotropic
FS shown in Fig. b). Similar to Figs. [2| and @, also here
we rounded the values of the matrix elements to the second
decimal place.



trix elements in Eqgs. (A4]) and (A5|) are expressed as
Z )
TSR

N#tlfl Ck’uack’uo'>
(A8)

(J,MU nF(Ek/mU).

By calculating the above self-consistently with the pa-
rameters used in Fig.[T(b) and[I|c), we arrive at the band
renormalizing and Sy symmetry breaking fields displayed
in Fig. [6] and Fig. [7] respectively. Only fields coupled to
[ and f£,d are discussed in the main text, since the re-
maining ones lead to minimal effects on the low-energy
tag orbitals. This is obviously true for N "4 since all
these are zero, while for the remaining band renormal-
izing terms and N} o ,ssb it is the form factors which are

eliminating the eﬁects since f,P* Oky) = fioy (ke.0) = 0-

Tz Ty
z0,br T

This can be seen by considering the field N

—0.27 (Nng%r = —0.27) which introduces 1nter orbital
dgs — day (dy. — dgy) hybridization terms, however, the

form factor for this field goes to zero on the orbitally-
relevant electron pocket at Y (X), thus rendering the
effect minimal. Same argument holds for Ngjayjb, which

should be relevant at I', however fIP v =0.

Appendix B: Irreducible representations of
bond-order fields

Although the above classification of band renormaliz-
ing and symmetry breaking fields suffices in describing
the occurrence of nematic order, it fails to express the
exact symmetry of the emergent nematic order. In other
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words, the band renormalizing and symmetry breaking
fields transform as a sum of IRs, specifically

Nl‘:;/,br ~ A1 ® A27 le:,sb ~ B1 ® B2 & E7 (Bl)
and it is therefore not obvious whether the nematic order
parameter transforms as By, Bs or E.

In order to shed light on this ambiguity, we will in the
following perform a thorough classification of the bond-
order fields, and further segregate these into IRs. In do-
ing so, we average out the various IRs of the already
ebtabhbhed NI similar to Eq. , in the following

~yo,br/sb’
way
1 1
Nya, = ig (C ) verT(C )s (B2a)
N%A2 = Nv,br — IVy Ay, (B2b)
1 1
1
Nyp, = 5 Z Z D(CY C8) N, o DHCSCY),  (B2¢)
0=0¢'=0
1 1
N’Y-,B2 = 5 (02) ’YSbD (02) ’Y Bi1s (B2d)
£=0
N’y,E = N’y,sb - N’y,Bl - N’y,Bgv (BQQ)

where N, r represents a matrix in combined orbital and
spin space transforming as the IR T' of the group Dag.
The ~-subscript indicates that the matrix couples to the
form factor f/. Similarly, V. ~,br/sb 18 @ matrix contalnmg

the elements N’ya br/sb" As discussed in App. [Al D(g) is

the matrix representation of g € Doq in combined orbital
and spin space.

By explicitly performing these averages for the 2D
system under consideration, we get the following ma-
trices No 1 in orbital space for a given spin projection

o={t={1,-1}

sl +n22) f(miZ-m2L) 0 0 0
—3(miZ —m2l) f(nil+n22) 0 0 0
Nyg A, = 0 0 n?f; m?’y‘é 0o 1, (B3a)
0 0 mi?[’, ni‘}, 0
0 0 0 0 n¥
Sl +m2) A2 -n2) 0 0 0
4w ) Honlt e 0 0 o
Nyoa, = 0 0 m33 ndl 0 |, (B3b)
0 0 ni3 mit 0
0 0 0 0 m¥
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Sl —n2) AmZ4m) 0 0 0
Lmi2 +m2) Ll -nZ) 0 0 0
Nyop, = 0 0 0 0 3|, (B3c)
0 0 0 0 mi?,
0 0 n?f(’, m% 0
s(miz —m2%) (s +n3) 0 0 0
%(n% + n?/},) —%(m% - m?ﬁ,) 0 0 0
NyoB, = 0 0 0 0 mig , (B3d)
0 0 0 0 nfly‘:’,
0 0 mng, nf’f; 0
0 0 mpamE) Heibandt) Hmlp - mi)
o0 bealad) HeomitanZd) dall )
Nyop, = | 2050 +mi5) 3(=njs +155) 0 0 0 7 (B3e)
%(ni}, + nf‘ﬁ,) %(fmil{}, + mflf,) 0 0 0
2(m3y —m3%)  3(ns +nd7) 0 0 0
0 0 ) bt bl +n2)
0 0 ommE) dlbeazt) homld+md)
Nyow, = | 335 —n32)  $(m3, +m32) 0 0 0 , (B3f)
Smth —mi2) Ll 4 n2) 0 0 0
1n3h +n32) L(-m3L +m32) 0 0 0
0 0 Rem-mE) dalb-n3t) b mi)
0 0 Hmlpea) Hndh+n2t) Honlg+nZ)
Noyop,, = | 5(mis —m32) 53, +n3%) 0 0 0 , (B3g)
3(nie —ni%)  3(mis +mi3) 0 0 0
s(miL +mi2) §(—nSL +nd2) 0 0 0
0 0 S0k + ) Bmdh 4 m3h) B — )
L0 0 i) bndh a2t Hmd 4 md)
Nyop,, = s(n2g +n22) s(=miy +m27) 0 0 0 , (B3h)
%(mfi}, + mﬁ) %(fnfly}, + nff,) 0 0 0
2(n5e —n3%)  g(m3s +mi3) 0 0 0
[
where we introduced the following quantities for brevity with ¢ = —G. Note furthermore that the matrices la-

mt =¢o

nky = (NJ7 + Nig) /2, mhy = o(NJy — Nig) /2,

(B4)

beled by the IR E, , transform as the basis functions
(z,y), while Nyog,, and NW,ELy instead transform as

the angular momentum pseudovector (L, L,). In gen-



eral we allow for magnetic terms, i.e. m4; # 0, however,
we find these fields to be orders of magnitude smaller
than the density terms nf;. Nonetheless, for complete-
ness our calculations and classification include all terms,
so not to miss any subtle details.

We can then, after having performed the various aver-
ages in Eq. , express Ny~ in terms of the IRs in the

following way
Ny =D RNGS e + N3G ) = D RN e (s
ol v.I

This informs us that a single term f,/ N/}, must trans-
form as the product of the two IRs v and T, e.g. for
v=d~ B and I' = Ay, the term altogether transforms
as Bi®A; = B;. With this in mind, we can collect terms
that transform equivalently, and get

124 _ fS MY d pruv
Nka,Al - kasa,Al + fk Ndcr,Bl (BG)
© szmEx + IV, 20,Er, Py NpIJ’Ey B szdyELy
+ fi 5 + fi 3
+ f z pr"yEm - JVI);,OVELm Py NP?/‘T»Ey + NPvaELy
k 9 k 9 ’
ng _ S \NTHUV d aTuv
NkU,A2 - kasa,Ag + fk NdU,B2 (B7)
+ > NPzU7Ey + 20,EL, Py prU,Ew - prU,ELI
fk 2 —Jk 2
. prU,Ey - NPyU,ELy Py pra,Ez + prU,ELm
~ 2 ke 2 ’
WU psNTHY d arpv
Nio, = [k NsoB, i Nao.a, (B8)
+ f . NpmvaEm + pro',ELm Py sza'vE'y - prU,ELy
k 2 -k 2
_ fpm prU>Er B prU7ELI + fpy pr;U'Ey + pr,o'ELy
k 2 k 2 ’
122 _ fSATHV d prpv
Nio s, = feNeo, T Jic Nao A, (B9)
+ fpw Npmngy + N, zCHELy + fpy ]\']'pma,Em - Npma,ELm
k 2 k 2
+ i pr”vEy B NPy"vELy Py prUva + N v EL,
k 2 k 2 )

for the IRs A1, Ao, By and Bs, respectively, and finally
for the 2D IR we arrive at
e

so, B so,BEy

)+ KRN e, + N,

so,EL, so’,ELy
d nz nz d nz nz
+ ik Niop, + Naog,) Tk Nig g, + Nda,ELy)
x ( NTHV pv v %
+ fk (NP oA + szmBl + NPIU,Az + NPIU,BZ)

N N g N, + NS ). (B1O)

pr,Al pyO',B1 PyU»A2

From the above, we are able to pinpoint exactly what
fields give rise to the nematic order. For example, if a
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non-zero By term appears in our self-consistent calcula-
tions, then we know that the nematic order transforms as
By, and that the resulting crystalline point group must
be Dy <1 Dog.

From our self-consistent calculations, we find that all
Ay and B, terms are identically zero, i.e. N]f; Ay =
Ny, = 0, which immediately implies that Ny, =
N{(‘: A,» thus the band renormalizing terms all transform
as the IR A;. See Fig. |6/ for the values of Ny, , where
we straightforwardly conclude that

(27— i i — Qv
Nso,br - NSO',Al’ Ndo,br - NdO',Bl' (Bll)
Similarly we conclude
Yy
ny N7 pv RN
nv _ szU,Ez + szfﬂELz + prJaEz szasELz
pz0,br — 9 ’
mny TRV Y uv
"y _ Npm01E3/ Nme>ELy + prUaEy + NmeﬂELy
pyo,br = 2 ’
(B12)

which can be inferred from Fig. [§(a) and (b), where we
show the matrices with the form factors £’ and f* in

Eq. .
We can furthermore extract from Fig. [§a) and (b) that
Niop, only involve terms coupling to f and f) since

Qv Y Y _ ATHV
Nook, Y Noowr, Npyor, = Vpom,, 0
2 2
nuv ATHY nv + nv
ngvEy pxU,ELy Pya'vEy pm‘77ELy
_ + =0,
2 2

(B13)
i.e. all terms coupling to fkp ™% cancel in this IR chan-
nel. From our self-consistent calculations, we also find
that N/’ = 0, leaving us with only a single remaining
term in Ny , namely Ng~, . See Fig. [§(c) and (d)
for an illustation of the matrices N, B, and Ny, a,. The
non-zero matrix elements of the latter can serve as order
parameters for our nematic phase, since these break Sy
symmetry and reduce the crystalline point group sym-
metry to the group Ds. Specifically, we define the By
nematic order parameter as

Ng, = (N&;,Al + Ngg,Al)/Q
= (Ndg + Ni5 + N7 + Ni3) /4
= (N&;,sb + Nc};,sb + Nc%g,sb + Ng;,sb)/él'

(B14)

Alternatively, one could also define the order parameter
as Ng‘i’ A,» however, we choose to focus on Np, since it
acquires a slightly higher value.

For the terms transforming as the 2D IR E, we find the
non-zero matrices displayed in Fig. [9) which ultimately
result in a simplified expression for Ny, g, namely

Nig = (B15)

d
K Nhg s, + Nigp, )+ A (N o ay + Nivo,)-



Similar to the By terms, also here we can adopt the non-
zero elements of N{” £ as an order parameter of the sys-
tem. Specifically we define the following two component
order parameter

Ng = (Njﬁ E, +NdoEL ng;L,Ey +Nd23,ELy)
/2 [N&; + Nial/2)

da sb]/2 [ da sb

Ng,)-

(B16)
da sb]/2)

= (I
( da sb
= (Ne

The order parameters Ng, , will enter on equal footing
in a Landau free energy expansion, since they are inter-
related by symmetry, and the system can thus display
either Ng, # 0 or Ng, # 0. Through our self-consistent
calculations we find in fact both solutions, depending on
the initialization of our computations, i.e. where in the
energy landscape the calculations start. Throughout the
paper we have focused on solutions with Ny # 0.

Conclusively, we see that the presence of two non-zero
order parameters, belonging to distinct IRs, hints at the
following two phase transition scenarios: i) By lowering
of the temperature, Ny becomes non-zero which imposes
the symmetry point group transition Dog — Csy. For this
specific point group Np, transform trivially, and is thus
allowed to enter simultaneously with Ng, i.e. Ng and
Np emerges at the same transition temperature. The
other scenario is #¢) The system undergoes two consec-
utive phase transitions, with Np, entering prior to Ng
when lowering the temperature, leading to two transi-
tion temperatures and the following point group reduc-
tion scheme Dog +— Dy — Cs. For the spicific system
under consideration, we find scenario i) to be true, see
Fig. Bl where we display the order parameters Ng and Ng
at various temperatures. Nonetheless, we stress that case
1) potentially also could arise in experiments.

Appendix C: Susceptibility and spin-fluctuation
pairing from a partially incoherent electronic
structure

Adopting the properties of a correlated electron gas
which is characterized by a reduced quasiparticle weight
Z(kr) at the Fermi level, it seems a good approximation
at low energies to parametrize the Green function as

G (kywn) = /2,2, Za“ k)G™(k,w,),

(C1)

where Z,, are quasiparticle weights in orbital p, Fy,, are
the eigenenergies of band m of the mean field Hamilto-
nian in Eq. (f)), a#, (k) the corresponding orbital compo-
nent of the eigenstate and G™(k,wy,) = [iwy, — Exm]™

the Green function of band m. Adopting the usual local
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FIG. 8. (a) and (b) Matrix structure of fields coupled to the
p-wave form factors fp” and flf“, respectively. These fields
enter both in Ny, A, and Nks,B,, but only lead to a non-zero
contribution in the former, see Egs. and (Bg). (c) and
(d) Remaining contributions entering in NksB,. The non-
zero elements in (d), can be utilized as the nematic order
parameter, since they break Ss symmetry. See Eq. for
the resulting B1 neamtic order parameter. All values in the
figure have been rounded to the second decimal place.
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FIG. 9. Non-zero matrices entering in the 2D IR fields in
Eq. (BI0). The matrices in (a) and (b) [(c) and (d)] couple
to the form factor £ ( ). As for the By field, also here
the non-zero elements allow us to define an order parameter,
see Eq. , which can be used as an indicator for when
the symmetries of the system are described by the monoclinic
point group Cz. All values in the figure have been rounded
to the second decimal place.



interactions from the Hubbard-Hund Hamiltonian

H= UZniuTniw + U’ Z NipMiv

i<t

+J g g c“m wg,cuw/cw[,

i,v<p o0’

+ 'Y el e,
1,UEN

(C2)

where the parameters U, U’, J, J' are given in the no-
tation of Kuroki et al. [71], we stay in the regime where
U =U-2J,J =J and use the overall interaction mag-
nitude U as free parameter to tune close to the magnetic
instability and fix J/U = 1/6 as it has been used ear-
lier for FeSe[IT]. Within this current Ansatz, the orbital
susceptibility in the normal state is given by

Xpoapsagiagns (@) = = D M (k@) G (k+ q)G™ (R),

k,m,m’

(C3)

where we have adopted the shorthand notation k£ =
(k,wy,) and defined the abbreviation

\% ZM12M22M3ZN4 (04)

xapt (K)ap>" (K)ay; (k+q)ap" (k+q).

M/ZLZzMslM (k7 q) =

To evaluate the susceptibility, we perform the frequency
summation analytically and numerically sum over the full
Brillouin zone using 400 x 400 k points. Note that the
susceptibility is just related by

q) =V ZlLl ZHZZ/%Z/M ngzugw (q>7 (05)

to the one from a fully coherent electronic structure, i.e.
the quasiparticle weights enter as prefactors and renor-
malize each component of the susceptibility tensor. Fi-
nally, we treat the interactions in a random phase ap-
proximation (RPA) to calculate the spin (1) and charge
(0) susceptibilities

~0
Xltllt2li3/i4(

T s (@) = { @) [1 = TX(0)] '} ,

K12 3 g
(C6a)
~RPA

T s (@) = { @) 1+ TX(0)] '}

H1p2 3 g

(C6b)
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The total spin susceptibility as measured experimentally
is given by the sum

aw) =3 WA @e). (D)

N2

Note that the interaction matrices U® and U° contain
linear combinations of the parameters U, U’, J, .J’, for de-
tails see for example Ref. [72l

To calculate the superconducting instability in the
spin-singlet channel (the dominant one for the present
models), we use the vertex for pair scattering between
bands n and m,

Tom(k k') =Re > alt*(k)akt*(—k)
K123 e

X f#lﬂ2#3#4 (k k/)auz (kl) HS( k/) ’ (08)

where k and k’ are momenta restricted to the pockets
k € C, and k' € C,,, and is defined in terms of the the
orbital space vertex function

. 3 [75. B
Lo piopisps (K, K) = 50 PA (k — K)U (C9)
1- 1 — 1-
§U §Uc>~<0RPA(k _ k/)Uc + §Ur
K12 3 g

Then, the linearized gap equation

/T N 9i(K) _
Z/FS ds'T nm k k) (k)| Azgz(k)

[vEm

(C10)
describes the superconducting gap A(k) x g(k) for the
largest eigenvalue A at least at T,.. The integration is over
the Fermi surface FS,,,, the Fermi velocity vg,, (k') enters
as weights in the denominator and Vi is the volume of
the Brillouin zone. For the uncorrelated case (Figs.
(a)) we have used Z, = 1, while for the weakly correlated
case we start with v/Z,, = [0.72,0.89,0.77,0.77,0.85] [15],
subsequently reduce /Z,, by steps of 0.1, Figs. b
and finally split \/m = 0.77 ¥ 0.02s, s = 1,2,3,4,

Figs. [4] [5f(c)
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