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In this work, we investigate the quantum phase transition in a non-Hermitian XY spin chain. The
phase diagram shows that the critical points of Ising phase transition expand into a critical transition
zone after introducing a non-Hermitian effect. By analyzing the non-Hermitian gap and long-range
correlation function, one can distinguish different phases by means of different gap features and
decay properties of correlation function, a tricky problem in traditional XY model. Furthermore,
the results reveal the relationship among different regions of the phase diagram, non-Hermitian

energy gap and long-range correlation function.

I. INTRODUCTION

Quantum XY spin chain is a textbook model in ex-
ploring quantum magnetism and quantum phase transi-
tions (QPTs) [1]. It is extended from one-dimensional
transverse field Ising model by adding the spin-spin in-
teraction along another direction. There are two types of
QPTs in the XY model, i.e., Ising phase transition [2, 3]
and anisotropic phase transition [3-5], which can be char-
acterized by different critical behaviors. Since most XY
models and their derivatives can be analytically solved by
Jordan-Wigner transformation [6] or numerically solved
by the renormalization group method [7-10], XY model
has attracted wide attention and fruitful research results
have been obtained during the past decades [5, 11-21].
On the other hand, great attention has been paid to
the non-Hermitian systems as experimental techniques
develop rapidly in recent years. Not only can non-
Hermitian systems be readily realized through multiple
existing table-top experimental platforms (such as cold
atomic system [22, 23], optical system [24-26], nitrogen-
vacancy center [27], etc.), but they can also trigger many
novel physical phenomena (such as real eigenvalues with
parity-time (P7T) symmetry [28], non-Hermitian skin ef-
fect [29, 30], new topological properties corresponding
to exceptional points (EPs) [31-37] and disorders [38-
41]). What would happen if QPTs meet non-Hermitian
effects?

In general, QPTs fall into two broad categories: tra-
ditional QPTs [1, 42-44] and topological QPTs [45-50].
The former can be depicted by local order parameters,
while the latter are characterized by the global topo-
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logical invariants. The non-Hermiticity gives rise to a
brand-new phase transition, so called as non-Hermitian
QPTs, characterized by energy spectrum. The new
phase transition is closely related to particular symme-
tries, for instance, PT symmetry and intrinsic rotation-
time-reversal (R7) symmetry [42, 51-54]. The sys-
tem features pure real energy spectrum in symmetry-
preserving region, whereas it possesses complex energy
spectrum in the region of broken symmetry [51, 52]. Re-
cent years have witnessed extensive investigation of the
non-Hermitian QPTs and there are also some works for
the spin system in the complex field or with the non-
Hermitian interactions [21, 55-57]. However, the research
remains inadequate on the influence of non-Hermiticity
on the traditional QPTs in spin system. Recently, there
are some works that investigated non-Hermitian quan-
tum criticality in real-spectrum region by biorthogonal
fidelity susceptibility [44, 58]. But it is still an open ques-
tion that how the non-Hermiticiy affects the traditional
QPT and quantum magnetism in the complex-spectrum
region or the system without P7 or R7T symmetry.

This paper is devoted to the research on the traditional
QPTs in the presence of non-Hermitian effects, which are
derived from global complex transverse field. First, we
define the non-Hermitian ground state and energy gap.
Based on characteristics of the energy gap, phase dia-
gram of the system can be divided into three regions,
which are corresponding to pure real gap, pure imaginary
gap and complex gap, respectively. Besides, all gapless
points form an exceptional ring. By studying the non-
analyticity of the ground state energy density, we find
that the phase transition which occurs on the exceptional
ring is actually a second-order phase transition. More-
over, through the exact solution and numerical fitting, we
investigate the long-range correlation function (LRCF) in
different regions of the phase diagram. We discover the
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corresponding relations among the QPT, non-Hermitian
energy gap and LRCF, i.e., ferromagnetic phase (criti-
cal transition zone, paramagnetic phase) corresponds to
pure real (pure imaginary, complex) gap, whose LRCF
features no decay (polynomial decay, exponential decay).

The paper is organized as follows. In Sec. 2, the model,
the exact solution and its non-Hermitain ground state are
provided. In Sec.3, we define the non-Hermitian gap,
draw the phase diagram and point out that the QPT on
the exceptional ring is the second-order phase transition.
In Sec. 4, we study the LRCF and analyze its decay be-
havior. Sec.5 is the conclusion.

II. MODEL AND NON-HERMITIAN GROUND
STATE

The Hamiltonian of a non-Hermitian quantum XY spin
chain with a global complex transverse field reads
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where N denotes the total sites number of the chain.
Since N is large enough, N/2 could be considered a “de-
cent half” no matter N is even or odd. The Hilbert space
on each site has a set of basis vectors of two spin states,
ie, [t) and [}). o, o/ and of are the Pauli matrices
for spin j and ¢* denotes the matrix [§§], which cor-
responds to the gain (I < 0) or loss (I > 0) of |1) with
the rate of /2. The system can be reduced to Her-
mitian XY model when ' = 0. A\ parameterizes trans-
verse magnetic field along z direction. J () represents
the isotropic (anisotropic) nearest neighboring interac-
tion strength between x and y directions. All the param-
eters are real numbers. The sign of J determines that
the system is characterized by ferromagnetic or antifer-
romagnetic chains. Since we hereby just concentrate on
the ferromagnetism case, J > 0 and +/J € [-1,1] are
taken into consideration. Besides, J as the system char-
acter parameter is set as unit 1 later in this paper.

We can diagonalize the Hamiltonian in Eq. (1) by three
steps. First, we map spin operators onto spinless Fermi
operators by Jordan-Wigner transformation, i.e.,
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where o = [93], o7 = [33}], and ¢ (Cj) denotes the

annihilation (creation) operators of the fermion on the
jth site. Then, we can obtain the Hamiltonian in the

spinless fermion representation as
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Second, we do Fourier transformation with ¢, =
ei7r/4
VN

momentum space reads,

> i exp(—ikj)¢cj. The corresponding Hamiltonian in
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H(k) is the BAG Hamiltonian,
H(k) = du(k)7 + dy (k) Ty + d(K)72 (5)

where the 7; (i = x,y, z) is the Pauli matrix of pseudo
spin and

do(k) =2Jcosk +il/2,

dy(k) = 27ysink,

dy(k) =0,

d(k) = —(2A +2Jcosk + i /2) .

(6)

Third, we use non-Hermitian Bogoliubov transformation
to complete diagonalization of Hamiltonian in Eq. (4) fol-
lowing the method outlined in Ref. [42]. In Ref. [42], the
authors investigate nonequilibrium steady state, which
has minimum imaginary part of eigenvalue. Here, we fo-
cus on the state with minimum real part of energy, which
is defined as the non-Hermitian ground state in this pa-
per. Thus, our definitions of the u, v factors of Bogoli-
ubov transformation are different from that in Ref. [42].
We define the annihilation («) and creation (&) oper-
ators of non-Hermitian Bogoliubov quasiparticles as

f
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(7)

ay = UkC,—(r —+ VkC_k , Q_) = —VkCi + UkCik .

The u, v factors are defined as uy = cos (6x/2) and vy

sin (0x/2) with the relations sin 0, = dx(k)/Ex, cosfx =
d,(k)/Ek, where

Ex = \/do(k2 + d ()2 . 8)

Then, the Hamiltonian is diagonalized as

s
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Note that, since u, v are complex numbers, ozi #+ Q.
The fermionic commutation relation is still held, i.e.,
{O_zk,Oék/} = 6kk’ and {ak,ak/} = {C_Yk,@k/} = 0. As for



the excited state energy Ej, we choose the branch cut
of square root along the negative x-axis so that the real
part of Ey is always nonnegative. Therefore, we can de-
fine the non-Hermitian ground state |G) as the state with
the minimum real part of energy. |G) can be obtained by
the equation ax|G) = a_|G) =0, i.e.,

6= I = (w el o, (0

where |0) is the vacuum state, N = [T;_o(|uk|® + |vk[?)
and the ground state energy Eg is given as

T

Ec = — Z(do(k) + Ek) . (11)
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III. NON-HERMITIAN GAP AND PHASE
DIAGRAM

Due to the nature of non-Hermiticity, the excited state
a4 |0) has a complex energy Ej described in Eq. (8). No-
tably, the Ex have nonnegative real part by the negative-
x-axis branch cut of square root, so we can find a momen-
tum k,, to corresponds to the least real part of excitation
energy, i.e., minimum value of Re[E(kp,)]. We define the
minimum value as the non-Hermitian gap, which is de-
note as A. In Hermitian systems, gapless points are usu-
ally the boundary of different phases. A natural question
is whether the A will also become a landmark in non-
Hermitian systems. Therefore, we divide the parameter
space (A, 7, T) of the Hamiltonian (1) by A.

First, by solving the equation E; = 0, one can get
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cos ky, = A (12b)
m = g

The Eq. (12a) depicts an elliptical exceptional ring, and
the Eq. (12b) implies a limitation |A| < J. Therefore, the
system can be separated into three regions as shown in
Fig. 1.

Region I: |A\| > J. This region is characterized by a
complex gap with Re[A] > 0 and |Im[A]| = |['|/2, where
the Re[A] and Im[A] represent the real and imaginary
part of complex gap A, respectively. We take A > J as
an example. Under this condition, k,, = m and A =
2A—2J+1il/2.

Region II: inside the exceptional ring. This region
has pure real gap, ie., Re[A] > 0 and Im[A] =
0. In this region, k, = arccos(—3) and A =
VA2(1— N2/ J2) —T2/4.

Region III: outside the exceptional ring and || < J.
The gap is pure imaginary number (Re[A] = 0 and
Im[A] # 0). In this region, we still have kp, = arccos(f%).
However, A becomes a pure imaginary number because

NJ
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FIG. 1. Phase diagram of the non-Hermitian XY model. The
red line denotes the exceptional ring, which corresponds ellip-
tic equation (Eq. (12a)). In region I (|A/J| > 1), it is in the
paramagnetic (PM) phase with a complex non-Hermitian gap.
In region II, it is in the ferromagnetic (FM) phase with a pure
real gap. In region III, the shaded area, the non-Hermitian
gap is a pure imaginary number. We call region III as critical
transition zone (CTZ).

the non-Hermitian strength I is large enough to be dom-
inant, then A = +i/T2/4 — 4+2(1 — X2/ J2).

Second, we investigate non-analyticity of ground state
energy density Ug, which implies a QPT at zero temper-
ature. Under the thermodynamic limit, we have

Ug = lim EG/N = —% /Oﬂ—(do(k) + Ek)dk . (13)
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Moreover, the corresponding first-order derivatives reads
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and the second-order derivatives can be obtained as
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By numerical calculations, we find that Ug and its
first derivatives are continuous while there are divergent
points in the second derivatives. The results of second
derivatives are plotted in Fig. 2. It is obvious that the
second derivatives diverge at the exceptional point Cy,
which implies that a second-order QPT occurs on the
exceptional ring.
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FIG. 2. Second derivatives of ground state energy density
versus (a) A with (v, ) = (0.5, 1.6), (b) v with (\, ) =
(0.6, 1.6) and (c) I' with (A, v) = (0.6, 0.5). The blue solid
(red dashed) line represent the real (imaginary) part of the
derivatives. Throughout, we set J = 1.

IV. LONG-RANGE CORRELATION FUNCTION
IN DIFFERENT PHASE

The LRCFs are the order parameters of magnetic sys-
tem in Hermitian spin models. For example, in ferro-
magnetic phase, LRCF C(r) = (Glogo}|G) or C,(r) =
(Glo§o?|G) is a non-zero constant, where the parameter
r represents the distance between two spins. In paramag-
netic phase, LRCF decays exponentially with the increase
of r. At critical points, correlation functions have asymp-
totic behavior of polynomial decay, i.e. Ce(r) oc r2=94=7,
where d and 7 denote the spatial dimension and the crit-
ical exponent, respectively. 7 varies in different univer-
sality classes. As for XY spin chain, 7 is 5/4 for the Ising
phase transition at A/J = 1 and 3/2 for the anisotropic
phase transition at v = 0 [15, 16].

In our model, G (r) can be calculated through the
Pfaffian of a 2r x 2r skew symmetric matrix M (MT =
M) [42]

_ _ My M
Cxx(r) - pf(M2r><2r) - Pf (_l\/lil'2 Mzg) J (16)
where the “ pf ” means the Pfaffian of a matrix. The

numerical calculation codes for Pfaffian are from “Algo-
rithm 923" [59]. The elements of matrix M are as follow-
ing:
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It needs to be mentioned that in some works of non-
Hermitian systems, the average value of an observable
quantity is defined on the biorthogonal bases [60, 61].
Here, we do not use the biorthogonal bases because we
think it is not easy to measure the biorthogonal average
value. The left and right eigenstate are not the same
quantum state, thus before measuring the biorthogonal
average value, one has to prepare two states, then finds a
way to link the two states and the observable quantity to-
gether. These processes are inconvenient for experiments.
Thus, in this work, the LRCF C(r) is only defined on
conventional bases, i.e. the ground state |G) (Eq. 10)
and its Hermitian conjugation (G|, and all the pair con-
tractions in Eq. 20 are also based on conventional bases
of the ground state.

From Eq.(16) to Eq.(20), we can obtain the exact
value of C(r). Here, we show the values of |Ci(r)| in
different A with (J,~,T) = (1,0.5,1.6). The data is plot-
ted in Fig. 3. When A =1 and A = 1.2, the system is in
the region I and the LRCF's exponentially decay with the
increase of r, which implies the system is in PM phase.
When A = 0.4 and A = 0.6, the system is in the region
IT and the LRCFs are constants when r is large, which
shows the characteristic of FM phase.

An intriguing result which is unique for non-Hermitian
case is obtained for the region III. When A = 0.8 and
A = 0.9, the system is in the region III, the decay of
Cix(r) is like polynomial type. In the Hermitian system,
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FIG. 3. Correlation function |C«(r)| in different A\. The other parameters are (J, v, ') = (1, 0.5, 1.6), corresponding to a
gapless point Gy with Ac = 0.6. Color points come from exact solution. Black dashed lines are obtained by numerical fitting
with a function of the form |Gu(r)] = Ar e,
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FIG. 4. Numerical fitting of LRCF. The fitting function is |Cu(r)| = Ar e~ ". (a)-(c) exhibit the fitting parameters A (grey
diamond), B (blue circle) and C (red triangle). Panels (d)-(f) are the exponent 1, which equals to 1+ B and reflects the critical
behaviors in CTZ. In (a) the system changes from CTZ to PM phase. In (b) the system changes FM phase to CTZ. The
transition point of both (a) and (b) is the EP Go(A = 0.6, v = 0.5, I = 1.6). In (c) and (f) the system is in CTZ. we set 7y =0
and the system reduces to a non-Hermitian isotropic XY chain. Throughout, J is set as 1.

points in Fig. 3 by the function
|Coc(r)| = ArBe™ ", (21)

the polynomial decay only appears at critical point. In
the non-Hermitian circumstances, the whole region III
shows the similar behavior. Therefore, we call region III

as CTZ. It is worth noting that, in Hermitian system,  where A, B, C are the fitting parameters. Obviously,

we can not distinguish ferromagnetic and paramagnetic
phases only by energy gap. However, in this model, the
different magnetic phases can be characterized by non-
Hermitian gap.

To describe the decay more accurately, we fit data

C > 0 means an exponentially decay of correlation func-
tion, while the case C = 0 and B > 0 represents the
polynomial decay. The fitting curves are shown by the
black dashed lines in Fig. 3.

Now, we study the decay of Ci(r) by scanning the



parameters across an exceptional point Co(A = 0.6, v =
0.5, T = 1.6) along A and I'. Fitting by Eq. (21), we get
curves of parameters A, B, C in Fig. 4 (a) and (b). In
(a), A changes from 0.6 to 1.2. When A < 1, the system is
in CTZ, where the red and blue curves show that C =0
and B > 0. When A > 1, the system is in region I, where
the ground state is in PM phase characterized by C > 0.
In (b), we scan I' from 1.2 to 2, where C is always equal
to zero. When ' < 1.6, the system is in region II and B
is near zero. Therefore, this region is corresponding to
FM phase. In contrast, B is obviously larger than zero
when the system is in CTZ with I > 1.6.

In CTZ, the parameter C is always equal to zero so
that the correlation function |C(r)| is proportional to
r=B. Compared with Ce(r) oc r'=" at critical points in
Hermitian XY chain, we have that n = 1+ B. Fig. 4(d)
and (e) show 1 in CTZ with A € [0.6,0.99] and I' € [2, 40],
which reflect that non-Hermiticity influences critical be-
havior. When we change A in CTZ, 7 is no longer stan-
dard value (5/4) of the Ising transition. When we in-
crease ', ) tends to be near 3/2, which corresponds to
the anisotropic transition. It may imply that at large I
limit, the critical behavior of the non-Hermitian system
is similar to the critical point of anisotropic transition.
The intuitive explanation is that when [ is very large,
the difference between the interactions in x and y direc-
tions, corresponding to (J++)/2 and (J—+)/2, becomes
comparatively insignificant.

In addition, we point out that the non-Hermitian
term | gaj’ does not influence anisotropic transition.
This transition comes from the competition between
3(J+7)o7ofy, and 5(J =)o) 0Y,,. However, the non-
Hermitian term is along z direction (¢¥ = 3(1 + %)),
which does not break the symmetry between x and y di-
rections when v = 0. We show the fitting with v = 0 in
Fig. 4 (c) and (f). It is obvious that A, B, C and n remain
unchanged when we increase . Furthermore, n has al-
ways been 3/2, which is same as the value of anisotropic
transition in Hermitian XY chain.

At last, we mention the phase diagram again. In Sec.3
we study the derivatives of ground state energy density
and find that non-analyticity is only on the EP ring,
where the complex gap is equal to 0. This result seems to
indicate that the system has only two phases, i.e. inside
and outside the EP ring. In fact, by analyzing LRCF's, we
find that there are three phases. An extra QPT occurs at
the line with |A/J| = 1, where the gap is a pure imaginary
number. This is a new property for non-Hermitian sys-
tem that the QPT can occur without gap closing. The
similar property has been found in the non-Hermitian
Kitaev’s toric-code model [62].

V. DISCUSSION AND CONCLUSION

Experimentally, the non-Hermitian XY model can be
realized by some artificial quantum systems, such as ul-
tracold atoms in optical lattices, superconducting qubits
and coupled cavity arrays. For example, one can use
three-level atoms in optical lattices to realize the required
Hamiltonian. Two metastable states of atoms represent
spin up and spin down. The Hermitian part of the system
can be realized by arraying atoms in optical lattices [63—
65]. The non-Hermitian term can be generated by excit-
ing one of the metastable states to an auxiliary state [22].
Besides the cold atom experimental scheme mentioned
above, the results can also be realized in coupled cavity
arrays [66], in which the non Hermiticity can be realized
by active and passive cavities [25, 67, 68].

In summary, we have investigated the traditional QPT
in a quantum XY spin chain with a global complex trans-
verse field. This non-Hermitian transverse field changes
the phase diagram of XY model. The results reveal that
(i) the second-order QPT points change from Ising tran-
sition point to an exceptional ring. (ii) the critical points
of Hermitian system are extended to a critical transition
zone. In this zone, correlation function decays polyno-
mially. Furthermore, the results reveal the correspon-

dence among the different phases, non-Hermitian gap and
LRCF.

Our results indicate the nontrivial influence of non-
Hermiticity and our model offers a higher dimensional
parameter space to study the critical behaviors and non-
Hermitian quantum magnetism. Moreover, our findings
in this paper can be readily realized with recent experi-
mental techniques. We believe that our work will benefit
the future research on traditional quantum phase transi-
tion of non-Hermitian systems.
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