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Universality in the onset of quantum chaos in many-body systems
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We show that the onset of quantum chaos at infinite temperature in two many-body one-
dimensional lattice models, the perturbed spin-1/2 XXZ and Anderson models, is characterized
by universal behavior. Specifically, we show that the onset of quantum chaos is marked by maxima
of the typical fidelity susceptibilities that scale with the square of the inverse average level spacing,
saturating their upper bound, and that the strength of the integrability- or localization-breaking
perturbation at these maxima decreases with increasing system size. We also show that the spectral
function below the “Thouless” energy (in the quantum-chaotic regime) diverges when approaching
those maxima. Our results suggest that, in the thermodynamic limit, arbitrarily small integrability-
or localization-breaking perturbations result in quantum chaos in the many-body quantum systems

studied here.

Quantum chaos and eigenstate thermalization are two
intertwined fields that have been the focus of much re-
cent attention in the context of the emergence of statisti-
cal mechanics and thermodynamics in isolated quantum
systems [1-3]. Those two fields are built on foundational
analytical and computational results [4-14], and they
have been recently linked to typicality ideas that date
back to von Neumann’s work [15-17]. When quantum-
chaotic systems (which are expected to exhibit eigenstate
thermalization) are taken far from equilibrium, few-body
operators (observables) generically equilibrate under uni-
tary dynamics to the predictions of traditional statistical
mechanics (they “thermalize”). This has been verified in
experiments with ultracold quantum gases [18-21]. The
“nonthermalizing” counterparts to quantum-chaotic sys-
tems are integrable [22-26] and disorder-localized [26-
29] systems, which have also been probed in experiments
with ultracold quantum gases [21, 30-35].

In the clean case, a deeper understanding of what hap-
pens when quantum-chaotic systems approach integrable
points is still needed. In finite systems there is a crossover
in which quantum chaos [36-44] and eigenstate thermal-
ization [39, 42, 43, 45, 46] indicators worsen. In the ther-
modynamic limit one expects quantum chaos and eigen-
state thermalization to break down only at the integrable
point [36-44] but the time scale for thermalization to di-
verge approaching that point [1, 47-52]. The latter has
been seen in recent experiments [21] and can be under-
stood in the context of Fermi’s golden rule [52, 53] and
of the scaling of the quantum metric tensor with system
size [44]. In the disorder-localized case, localization was
argued to be perturbatively stable against weak short-
range interactions [54, 55] and against strong interactions
in one dimension (1D) [56]. Disorder-induced localization
in interacting systems is known as many-body localiza-
tion and has attracted much theoretical and experimen-
tal research in the strongly interacting regime [26-29].
Recent works have argued against and in favor of the oc-

currence of many-body localization in that regime in the
thermodynamic limit [57-62].

We explore the onset of quantum chaos at infinite
temperature in perturbed integrable and noninteracting
disorder-localized chains, as well as its destruction upon
approaching trivial classical limits. One of our goals is
to identify universal features and differences between the
clean and disordered cases. We compute fidelity suscep-
tibilities x [44, 63], which are equivalent to the diago-
nal components of the quantum geometric tensor [64, 65]
or the norm of the adiabatic gauge potential [44], and
spectral functions. Fidelity susceptibilities are commonly
used to detect quantum phase transitions [64-68]. We
find that the departure from quantum chaos is charac-
terized by a higher sensitivity of eigenstates to pertur-
bations [44, 61, 69], which results in maxima of the typ-
ical fidelity susceptibility that scale with the square of
the inverse level spacing. The shifts in the maxima’s
positions with system size are consistent with, at infi-
nite temperature in the thermodynamic limit, quantum
chaos only failing to occur at the unperturbed integrable,
noninteracting disorder-localized, and integrable infinite-
interaction (classical) limits.

We study the (clean) extended spin-1/2 XXZ chain:
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with J = v/2, A = (/54 1)/4, and A’ € [1074,10'].
Hy, is Bethe-ansatz integrable for A’ = 0, and Hyy /A
corresponds to two disconnected Ising chains for A’ = co.
We also study the Anderson chain with added nearest-
neighbor interactions, which we write in the spin lan-

guage as
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with J = /2, h; € [~h,h] for h = (/5 + 1)/4, and
A € [1073,10'] [70]. Hgyy is the Anderson model for
A =0, and Ha,/A is the Ising chain for A = co.

To probe the eigenkets {|m)} of the models above,
we compute the typical fidelity susceptibility x,,(0) =

exp(In[xm(O)]) (in short, the susceptibility) associated
with observable O, where

m|O|l W
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The average In[x,,(0)] is carried out over the central

50% of eigenstates in the spectrum. We also compute

the average spectral function |fo(w)[?> = [f9(w)[? over

the same 50% of eigenstates, where

@) =LY [(m|OI)*6(w — wmi)- (4)
l#m

We replace §(z) — p/[2m(2® + p?)] with g = 0.9 wmin,
where wpi, is the minimum level spacing. The factor of L
in Egs. (3) and (4) accounts for the Hilbert-Schmidt norm
of our translationally invariant intensive observables.
The specific observables O considered [71] are the
nearest-neighbor “kinetic” kn and interaction Un ener-

gies:
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and the next-nearest-neighbor kinetic energy Knn. As
shown recently [44, 72, 73], in integrable systems the
response of eigenstates to perturbations depends on
whether the perturbations do or do not break integra-
bility. If U, (Kun) is added to Hcln, integrability is pre-
served (destroyed), while if K, (U,) is added to Hyg, lo-
calization is preserved (destroyed); keeping this in mind,
in what follows we show results for U and Knn (K and
Un) when studying He, (Hdsr).

In Fig. 1 we show x, vs A’ (strength of
the integrability-breaking next-nearest-neighbor interac-
tion), for U, [Fig. 1(a)] and Ky, [Fig. 1(b)]. The sus-
ceptibilities are scaled as expected for quantum-chaotic
systems, for which x¢yp o< LD’l(,u}fI2 (wy is the mean
level spacing and D is the Hilbert space dimension [74])
because |(m|O|l)]2 « D~' for E,, — B, — wy [1, 73].
For all chain sizes, the scaled susceptibilities exhibit an
excellent collapse for about a decade in A’ when A’ ~ 1.
The region over which the scaled susceptibilities collapse
increases (both towards smaller and towards larger val-
ues of A’) with increasing system size. This highlights a
quantum-chaotic regime that is robust and is increasing
its extent with increasing system size,

The quantum-chaotic regime in Fig. 1 is separated
from the integrable ones at small and large A’ by max-
ima in Xy, [71]. As a result of the trivial nature of the
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Figure 1. Typical fidelity susceptibility xyp (scaled

to exhibit collapse in the quantum-chaotic regime) vs the
integrability-breaking parameter A’ for observables U, (a)
and Ku (b) in clean periodic chains. To calculate Xtyp and
wp, we average over the central 50% of the eigenstates in the
even-Zs sector in each total quasimomentum sector consid-
ered. For L < 24, we report the weighted average over all
k # (0,7) sectors, while for L = 24 we report results for the
k = m/2 sector. Circles on the y-axis show xiy, at the inte-
grable point (A’ = 0), and diamonds show the maximal X7y,
(at A = —b/2a) obtained from polynomial fits az® + bx + ¢
(black solid lines about the maxima). The dotted lines on
the right of the first peaks are a guide for the eye and depict
A'7%5% behavior. Inset in (a): xiyp Vs wy for both observ-
ables, along with the results of power-law fits. Inset in (b):
A"™ vs wpy for both observables (the values of A’* overlap).
The dotted line depicts w%3® behavior.

A’ = 0o model, the large-A’ maxima are more affected
by finite-size effects than the small-A’ ones. In what fol-
lows we focus on the latter. The inset in Fig. 1(a) shows
that X, at the small A’ maxima scales as the square of
the inverse average level spacing wpg. This scaling corre-
sponds to the maximum possible sensitivity of quantum
eigenstates to a perturbation [44]. It is exponentially
larger, in system size, than expected from random ma-
trix theory. The position of the maxima, A’*, appears to
move towards A’ = 0 exponentially fast with increasing
system size (notice the near equal shift with increasing L
and the log scale in the A’ axis). In the inset in Fig. 1(b),
we plot of A™* vs wy showing that our numerical results
are consistent with A™ o« (wg)®, with o ~ 0.39. We note
that our results in Fig. 1 are robust; A’”* and the scaling
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Figure 2. Spectral functions in clean periodic chains with

L = 24 for observables U, [(a) and (b)] and Ku, [(c) and
(d)] over 2 decades of the integrability-breaking parameter
A’ [see labels at the top and legends in (b) and (d)]. In (a)
and (c), the top insets show Fo = (w/A")?|fo(w)|? vs w/A'
at A’ = 1.58 x 1072, while the bottom insets show |fo(w)|?
vs w/A" at A’ = 1.58 x 107!, for the three largest chains
studied. The insets in (b) and (d) show |f5 (w)|? vs A, where
|f5 (w)|? is the value of |fo(w)|* at the plateaus in the main
panels (and for other values of A’ for which |fo(w)|? is not
shown). The dotted lines are a guide for the eye and depict
A'72:55 behavior. All computations were done as for Fig. 1.

of Xty are nearly identical for both observables [71].

The susceptibility is related to the spectral function
defining the dynamical response of the system [44, 65].
Indeed, it follows from Egs. (3) and (4) that

e’} O w 2
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In integrable systems, |fo(w — 0)|*> vanishes for
integrability-preserving perturbations [44, 71-73], lead-
ing to a polynomial in L scaling of x,,(O) [44]. Typ-
ical (integrability breaking) perturbations in contrast
have |[fo(w — 0)]> = O(1) [44, 71-73] resulting in
an exponential-in-L, ~ D, scaling of the susceptibility
Xm (O) [44]. As mentioned before, in quantum-chaotic
systems X, (0) o< L/[D(wy)?] ~ D. The faster scal-
ing at the maxima xg,, o 1 Jw? ~ D? implies that the
spectral function diverges as |fo(wg)|? ~ 1/wg around
A,

Figures 2(a) and 2(c) show |fo(w)[? vs w/A’ for dif-
ferent values of A’ about A™ for L = 24. The data for
both observables collapse at frequencies w/A" < 1 show-
ing that |fo(w)|? ~ (A’/w)? in that regime [75]. In the
top insets, we plot Fp = (w/A")?|fo(w)|? for different

chain sizes when A’ < A™. The plateaus show that the
|fo(w)|* ~ (A’/w)? behavior is robust to changing L [71].
For A" < A’ the susceptibilities in Figs. 2(a) and 2(c)
also collapse at lower frequencies showing a nontrivial
dependence of w/A’ [71], but this collapse gradually dis-
appears as A’ approaches A’*.

When A’ increases beyond A’™* and the system enters
into the quantum-chaotic regime [Figs. 2(b) and 2(d)], a
plateau develops in the spectral function at low frequen-
cies [76]. The formation and growth of the plateau with
increasing L, at a fixed A’ > A’ are illustrated in the
bottom insets in Figs. 2(a) and 2(c). The plateau and
the |fo(w)|*> ~ (A’/w)? behavior coexist in the regime
in which A’ 2 A’ which is consistent with the occur-
rence of thermalization with relaxation rates dictated by
Fermi’s golden rule [51, 71]. In that regime, we find that
the spectral function |fo(w)|? at the plateau, |f5|?, ap-
pears to diverge as (A’)7# with 8 ~ 2.55 [see insets
in Figs. 2(b) and 2(d)], consistent with the divergence
of Xtyp in Fig. 1 (see dotted lines in the main panels).
Remarkably, it is possible to relate the scaling of | f5|?
with A’ with the drift of A™ with L: A™ ~ w$ with
a =1/~ 0.39 [see inset in Fig. 1(b)].

We can understand this under the following scenario:
Let | fo(@)]? = [ f5(A) for w < wy(A') and |fo(w)[?
(A" /w)" for w > wy(A'), with w,(A’) playing the role of
the so-called Thouless energy, and x > 1. Then from
the spectral sum rule, [|fo(w)*dw = O(1), we infer
that w,(A’) oc (AP, with 8 = k/(k—1), and that
|f5(A")]? o (A’)7A. The maximum of Xy, then occurs
when w, = wg, i.e., when the maximum of the spectral
function occurs at the Heisenberg scale. This results in
A ~w§ with a =1/, and xg,, ~ wy?. Currently, we
do not know the origin of the values of the exponents sug-
gested by our numerical calculations. Given our obser-
vation of |fo(w)]? ~ (A’/w)? behavior for A’ below and
above A, which appears to grow in extent with increas-
ing system size [see top insets in Figs. 2(a) and 2(c)], two
scenarios come to mind: (i) The exponents observed nu-
merically are affected by finite-size effects, and for larger
systems than those accessible to us, kK = 2, § = 2, and
a =1/2; and (ii) the spectral function develops a power
law with an exponent 1 < k < 2 before saturating to a
constant at low frequencies so that > 2 and o < 1/2.

In Fig. 3, we show results for the spectral function
of disordered chains in the presence of nearest-neighbor
interactions. The corresponding typical fidelity suscepti-
bilities are shown in Fig. 4. The results in Figs. 3 and 4
are similar to those in Figs. 2 and 1, respectively. The
similarity is remarkable considering that the unperturbed
models in both cases are strikingly different, the disor-
dered one being a noninteracting localized model and
the clean one being an interacting integrable one. The
slight differences between the results in Figs. 3 and 2 in-
clude a narrower |fo(w)|? ~ (A’/w)? regime in Figs. 3(a)
and 3(c) as compared with Figs. 2(a) and 2(c), and a nar-
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Figure 3.  Spectral functions in disordered periodic chains
with I = 18 for observables K, [(a) and (b)] and U, [(c)
and (d)] over 2 decades of the interaction strength A [see
labels at the top, and legends in (b) and (d)]. In (a) and
(c), the top insets show Fo = (w/A)?|fo(w)|* vs w/A’ at
A’ = 1.58 x 1072, while the bottom insets show |fo(w)|?* vs
w/A" at A’ = 1.58x 107", for the three largest chains studied.
The insets in (b) and (d) show |5 (w)|® vs A, where | £5(w)|?
is the value of |fo(w)|? at the plateaus in the main panels
(and for other values of A for which |fo(w)|? is not shown).
The dotted lines are a guide for the eye and depict A'~%4
behavior. To calculate |fo(w)|?, we average over the central
50% of the eigenstates in each chain and then over disorder
realizations (200 for L < 16, 100 for L = 17, and 50 for
L = 18).

rower regime in which | f5|? is consistent with a power law
scaling with A in Fig. 3(d). Related to the latter, in the
inset in Fig. 4(b) the dynamical range for A* vs wy is
smaller than in the inset in Fig. 1(b). Consequently, and
also keeping in mind that in Fig. 4 we plot typical fidelity
susceptibilities while in Fig. 3 we plot raw averages of the
spectral functions, we cannot establish a relationship be-
tween the scaling of |f5|* with A’ and the drift of A’
with L as we did for the clean case. That said, all those
differences are consistent with stronger finite-size effects,
and fluctuations associated with the disorder average, in
the disordered systems. For the latter, the largest chains
studied have L = 18 vs the L = 24 chains considered for
clean systems.

In summary, our results suggest that the onset of quan-
tum chaos at infinite temperature in the models studied,
as well as its destruction when approaching classical lim-
its for very strong interactions, is characterized by uni-
versal behavior. We focused our analysis on the onset
of quantum chaos as finite-size effects (and fluctuations
associated with disorder averages) are smaller. The main

Figure 4. Typical fidelity susceptibility x.y, (scaled to ex-
hibit collapse in the quantum-chaotic regime) vs the interac-
tion strength A for observables K, (a) and U, (b) in disor-
dered periodic chains. Circles on the y-axis show xi,, at the
Anderson-localized point (A = 0), and diamonds show the
maximal xfy, (at A* = —b/2a) obtained from polynomial fits
az? + bx + ¢ (black solid lines about the maxima). The inset
in (a) shows xiy, vs wy for both observables, along with the
results of power-law fits. The error bars are the (propagated)
standard deviation of the average over disorder realizations
(see Ref. [71] for details) at the value of A (for which we car-
ried out a calculation) that is closest to A*. The inset in (b)
shows A* vs wy for both observables. The dotted line depicts
w%?® behavior. All computations were done as for Fig. 3.

universal feature identified is the divergence of the typi-
cal fidelity susceptibilities as w;,z when entering (exiting)
the quantum-chaotic regime and the associated diver-
gence of the spectral functions below the Thouless energy.
The latter is potentially universal and diverges as e #
(e being the strength of either the integrability-breaking
or localization-breaking perturbation) in the quantum-
chaotic regime. Also potentially universal is the shift of
the position €* of the maximum of the fidelity suscep-
tibilities as €* ~ w$;, as well as the relation o« = 1/
between the exponents. We note that €* ~ w$ supports
the expectation that in clean systems in the thermody-
namic limit, quantum chaos and eigenstate thermaliza-
tion break down only at the integrable point [36-44], and
it suggests that at infinite temperature the 1D Anderson
insulator (for the parameters considered here) is unstable
against adding interactions. An interesting open question
is whether this relates to recent findings that many-body



localization is unstable against the insertion of thermal
“bubbles” if disorder is not strong enough [77, 78].

Much still needs to be explored, such as what hap-
pens at finite temperatures and when one changes the
parameters of the unperturbed Hamiltonians [which we
selected to be O(1) to minimize finite-size effects]. In the
disordered case, two parameter regimes to be explored
are the strong disorder and strong interaction regimes.
The contrast between the small A and large A peaks in
the fidelity susceptibilities in Fig. 4 suggests that obtain-
ing meaningful scalings using full exact diagonalization in
those regimes will be computationally very challenging.
We note that the results reported in this Research Letter
required about 1000000 CPU hours of calculations.
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ADDITIONAL NUMERICAL RESULTS FOR
CLEAN SYSTEMS

In Fig. S1 we plot |fo(w)|? vs w, for observables U,
[Fig. S1(a)] and K., [Fig. S1(b)], at the integrable point
for chains with L = 18 through L = 24. These results
show that for the integrability preserving operator (Un)
the spectral function plateaus (as w approaches wy) at a
value that decreases exponentially with L, while for the

integrability breaking operator (K,,) the spectral func-
tion plateaus at an O(1) value, as found in Ref. [44]. In
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Figure S1. Spectral functions in clean periodic chains for ob-
servables U, (a) and Ky, (b) at the integrable point A’ = 0.
In our calculations we average over the central 50% of the
eigenstates in the even-Z3 sector in each total quasimomen-
tum sector considered. For L < 24, we report the weighted
average over all k # (0, ) sectors, while for L = 24 we report
results for the k = 7/2 sector.

the insets in Fig. S1, the low-frequency data collapse for
different values of L show that the spectral function is a
function of wL? at low frequencies, as found in Ref. [73].
In Fig. S2 we plot |fo(w)|? vs w/A’, for observables
U, [Fig. S2(a)] and Ky, [Fig. S2(b)], when 1073 < A’ <
1072 for chains with L = 24. These results are the lower
A’ precursors of the results shown in Figs. 2(a) and 2(c)
in the main text. The plateaus in the insets make ap-
parent the robust with increasing system size (A’/w)?
behavior in the spectral functions for A’ < A’*.
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Figure S2. Spectral functions in clean periodic chains with

L = 24 for observables U, (a) and K.y, (b) over one decade of
the integrability-breaking parameter A’ [see label at the top
and legends in (b)]. The insets show Fo = (w/A’)?|fo(w)|? vs
w/A" at A" = 6.31 x 1072 for the three largest chains studied.
All computations were done as for Fig. S1.



Figure S3. Typical fidelity susceptibility Xy, (scaled
to exhibit collapse in the quantum-chaotic regime) vs the
integrability-breaking parameter A’ for K. Triangles on the
y-axis show Xy, at the integrable point (A’ = 0), and squares
show the maximal xi,, (at A™ = —b/2a) obtained from poly-
nomial fits az? + bz + ¢ (black solid lines about the maxima).
The straight dotted line on the right of the first peaks de-
picts A’~255 behavior. Right inset: Xtyp VS wg, along with
the result of a power-law fit. Left inset: A™* vs |In(wg)| for

Kn, Un, and Kon (the values of A™ for the three observables
overlap). The dotted line depicts |In(wr)|™2® behavior. All
computations were done as for Figs. S1 and S2.

In Fig. S3, we plot the (scaled) typical fidelity sus-
ceptibility for the nearest-neighbor kinetic energy K, in
clean systems. These results are the equivalent of the
ones reported in Fig. 1 of the main text for U, and Ky,.
The results in Fig. S3 are very similar to those in Fig. 1,
and are most similar to the ones reported in Fig. 1(a).
This is expected as K, is an operator that if added as a
perturbation to the spin-1/2 XXZ Hamiltonian preserves
integrability, like U,. Hence, the scaling of the typical
fidelity susceptibilities is the same for f(n and Un at the
unperturbed integrable point.

The right inset in Fig. 53 shows that the scaling of x{,,,

for K, is the same as for U, and K, in the main text.
The left inset in Fig. S3 shows that A’* is less consistent
with a polynomial scaling in In(wg) (polynomial in L)
than with a polynomial scaling in wy (exponential in L)
as shown in the main text. If it were to be a polynomial
scaling in In(wg) then the power would be large (A ~
| In(w)|~%).

In Fig. S4, we plot the average ratio of level spacings
r = T, for the central 50% of the energy eigenvalues in
the same quasimomentum sectors used for the previous
figures. The ratio of level spacings for eigenstate |m) is
defined as r,, = min{d,,, dm—1}/max{d,, m_1}, where

S2

Figure S4. Average ratio of level spacings r vs the
integrability-breaking parameter A’. The horizontal dot-
ted lines show the predictions for the Gaussian orthogonal
ensemble rqgor ~ 0.5307 and for the Poisson distribution
rp &~ 0.3863 [79]. The vertical dotted lines show the positions
of the maxima of the typical fidelity susceptibility identified
in the main panel in Fig. S3. All averages were done over the
same part of the spectrum as for Figs. S1-S3.

Om = Emy1 — En [56]. Two things to note are: (i) With
increasing system size the departure from the prediction
of the Gaussian orthogonal ensemble, rqor =~ 0.5307,
shifts towards smaller values of the integrability break-
ing parameter. This is similar to the behavior observed
in earlier works for other quantum chaos indicators re-
lated to the statistical properties of the level spacings,
e.g., the position of the maximum of the level spacing
distribution in Fig. 4 in Ref. [37] and the parameter 3
obtained fitting the level spacing distribution to a Brody
distribution in Fig. 1 in Ref. [38], as well as to the prop-
erties of the energy eigenstates, e.g., in Fig. 2 in Ref. [43].
The results in Fig. S4 show that the shift in the depar-
ture of r from the prediction of the Gaussian orthogonal
ensemble resembles the shift of the maxima of the typ-
ical fidelity susceptibility discussed before. (ii) It is not
possible to identify a clear crossing in the curves of r vs
A’ for different systems sizes.

ADDITIONAL NUMERICAL RESULTS FOR
DISORDERED SYSTEMS

In Fig. S5 we plot |fo(w)|? vs w, for observables K,
[Fig. S1(a)] and U, [Fig. S1(b)], at the noninteracting
point for disordered chains with L = 15 through L = 18.
These results show that for the localization preserving op-
erator (Kn) the spectral function plateaus (as w — wy)
at a value that decreases exponentially with L while for
the localization breaking operator (ﬁn) the spectral func-
tion plateaus at an O(1) value, as in Fig. S1 for integra-

bility preserving and breaking operators, respectively.
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Figure S5. Spectral functions in disordered periodic chains

for observables Ky, (a) and U, (b) at the noninteracting point
A = 0. To calculate |fo(w)|?, we average over the central
50% of the eigenstates in each chain, and then over disorder
realizations (200 for L < 16, 100 for L = 17, and 50 for
L =18).

In Fig. S6, we plot the (scaled) typical fidelity suscep-
tibility for the local S'f operator in disordered systems.
[Note that, since S7 has an O(1) norm, x,, for this oper-
ator lacks the factor of L present in Eq. (3) in the main
text.] These results are the equivalent of the ones re-
ported in Fig. 4 of the main text for K, and U,. The
results in Fig. S6 are very similar to those in Fig. 4, and
are most similar to the ones reported in Fig. 4(a). This
is expected as Sf is an operator that if added as a per-
turbation to the Anderson chain preserves localization,
like K.

The right inset in Fig. 56 shows that the scaling of x{,,,
for S’f is the same as for K’n and Un in the main text.
The left inset in Fig. S3 shows that A’* is less consistent
with a polynomial scaling in In(wgy) (polynomial in L)
than with a polynomial scaling in wy (exponential in L)
as shown in the main text. If it were to be a polynomial
scaling in In(wy) then the power would be large (A"™* ~
[n(wn)|~2).

In Fig. S7, we plot the average ratio of level spacings
r = 7, in the disordered systems. The results are qualita-

S3

I

10" - 3
10” 10” 10" 10’ 10'

A
Figure S6. Typical fidelity susceptibility x:,, (scaled to

exhibit collapse in the quantum-chaotic regime) vs the inter-
action strength A for S'f in disordered periodic chains. Trian-
gles on the y-axis show Xy, at the Anderson-localized point
(A = 0), and squares show the maximal x3y, (at A* = —b/2a)
obtained from polynomial fits az® + ba + ¢ (black solid lines
about the maxima). To calculate xiy,, We average over the
central 50% of the eigenstates in each chain, over sites, and
over disorder realizations (all sites and 200 disorder realiza-
tions for L < 16, 8 sites and 100 disorder realizations for
L =17, and 3 sites and 50 disorder realizations for L = 18).
Right inset: Xy, Vs wy, along with the result of a power-law
fit. The error bars are the (propagated) standard deviation
of the average over disorder realizations at the value of A (for
which we carried out a calculation) closest to A*. Left inset:
A" vs |In(wg)| for S7, Ky, and U,. The dotted line depicts
|In(wg)|~2* behavior.

tively similar to those in Fig. S4. We do note that while
the results in Fig. S7 for r ~ r, are qualitatively similar
to those in Fig. S4, for disordered systems the fluctu-
ations in the data are smaller (because of the disorder
average) and the curves for the four system sizes shown
cross around A = 0.02. Given the shift in the maxima of
the typical fidelity susceptibilities with increasing system
size discussed before, and the shift in the departure of r
from rgog seen in Fig. S7, we expect crossings as well
as the entire » ~ 7, part of the curves to shift towards
A = 0 with increasing system size.

STANDARD DEVIATION OF THE DISORDER
AVERAGES

In Fig. S8 we show xiyp corresponding with the re-
sults in Fig. 4 in the main text along with the (prop-
agated) standard deviation of the average over disor-
der realizations. Namely, we compute the standard de-
viation of the average of the logarithms and then ex-
ponentiate them as in Xtiyp = exp(Inx, £ 0), where
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Figure S7. Average ratio of level spacings r vs the interac-

tion strength A in disordered periodic chains. The horizontal
dotted lines show the predictions for the Gaussian orthogo-
nal ensemble rgog ~ 0.5307 and for the Poisson distribution
rp & 0.3863 [79]. The vertical dotted lines show the positions
of the maxima of the typical fidelity susceptibility identified
in the main panel in Fig. S6. All averages were done over the
same part of the spectrum as for Figs. S5 and S6.
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Figure S8. xtyp corresponding to the main panels in Fig. 4 in
the main text but including error bars, which are the (propa-
gated) standard deviation of the average over disorder realiza-
tions at each value of A. See text for details. The values of A
were selected to be equally spaced in a logarithmic scale, and
extra finer grids were used about the maxima in the typical
fidelity susceptibilities.
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Figure S9.
but including error bars, which are the (propagated) stan-
dard deviation of the average over disorder realizations at
each value of A studied. See text for details. The values of A
were selected to be equally spaced in a logarithmic scale, and
extra finer grids were used about the maxima in the typical
fidelity susceptibilities.

Xtyp corresponding to the main panel in Fig. S6

o= \/ (Imxn ) — (Mxn)2 and (...) is an average over dis-
order realizations. In Fig. 59, we show X4y, correspond-
ing to the results shown in the main panel in Fig. S6 along
with the (propagated) standard deviation of the average
over disorder realizations. For all observables, the errors
are smallest in the regime in which the system exhibits
eigenstate thermalization and largest for A < 1072,

(¢/w)? PERTURBATIVE SCALING AND FERMI’S
GOLDEN RULE

We use perturbation theory to analyze the spectral
function of a weakly perturbed integrable Hamiltonian.
Let us assume that the Hamiltonian can be written as

H=Hy+ eV, (S1)

where Hy is an integrable Hamiltonian and V is the in-
tegrability breaking perturbation. For simplicity, we as-
sume that the diagonal matrix elements of V in the eigen-
states of H, o vanish. They produce shifts in the perturbed
eigenenergies without affecting the eigenstates, and can
be absorbed in the definition of Ho.

Let us compute the leading perturbative correction to
the magnitude of the matrix elements | (m|O|1)|? of an ar-
bitrary operator O in the perturbed Hamiltonian eigen-
states {|m)}. Expanding

Omi = m|Oll) =0 +c0M) + ..., (52

ml
and applying standard perturbation theory, one finds

O(l) _ Omm - Oll
R OO

Omi Vi
+ D oo
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where all energies and matrix elements refer to those
of the unperturbed integrable Hamiltonian H,y. We in-
tentionally separated diagonal and off-diagonal contribu-
tions in the expression above.

It is straightforward to check that for integrable H the
first (diagonal) term is the most divergent one, because
the diagonal matrix elements O,, = O, and O; = Oy
do not have to be close to each other when the energy
difference w,,; = FE,, — E; becomes of the order of the
level spacing, in contrast to what happens in generic sys-
tems which exhibit eigenstate thermalization. Therefore,
this term is singular. The second (off-diagonal) term [in
the second line in Eq. (S3)] can be divergent as well,
but generally it has weaker singularities because even in
integrable systems the off-diagonal matrix elements of
generic operators are exponentially small in the system
size [80]. This second term may play a more prominent
role when the unperturbed Hamiltonian is quadratic (as
in our disorder-localized systems) because there only a
vanishing fraction of off-diagonal matrix elements is non-
vanishing so the nonvanishing matrix elements can be
large [81].

Hence, we find the most singular perturbative correc-
tion to the spectral function |fo(w)|? = |f2(w)[? (the
overline stands for the average over eigenstates), with
|f9(w)|? defined in Eq. (4) in the main text, is

[fo()|? = |fS ()2 =
Lwi2 > (Om = 002Vt |26 (w — wit) | - (S4)
l

We note that the linear in e terms vanish because they
are linear in the off-diagonal matrix elements O,,; and
Vint, whose average vanishes [80].

Interestingly, Eq. (S4) can be viewed as the Fermi
golden rule (FGR) type Lorentzian broadening of the
d(w) part of the spectral function in the integrable limit
by the perturbation. The FGR was recently shown to ap-
ply to weakly perturbed strongly interacting integrable
systems under unitary dynamics in the context of quan-
tum quenches [52] and periodic drivings [82]. Indeed for
a given state m, LO2, can be viewed as a §(w) part of the
spectral function or the Drude weight [83]. Within the
FGR this é-function broadens to a Lorentzian resulting
in:

o L Thn(w)

fo (W) ~ |fg,o(w)|2 + " T2 (@) (S5)

where | S ;(w)|? is the spectral function in the integrable
limit (not including the Drude weight). This shape of

S5

the spectral function was recently observed in numerical
calculations in a different model [84].

Comparing Egs. (S5) and (S4), we see that they are
consistent if we set

— 72 Z (1 - )2 Vit |*0(w — wmt). (S6)

The rate I'y, (w) 1s nothlng but the FGR rate of change
of the normalized variance of O under perturbation
€V cos(wt). Indeed, within the FGR

dSO?(t)
dt

d((0*(1)) — (O(t))?

dt
= e’ Z |le|2(0m
1

Defining the decay rate through

— 01)25(&] 7wml). (87)

d5O2(t)

=T 2

we get Eq. (S6). Let us finally note that, at small fre-
quencies w, this rate is expected to be independent of
w and thus it can be replaced with the static rate T',,
obtained in the limit w — 0.

Around the maxima in the typical fidelity susceptibil-
ities in Figs. 1 and 4 in the main text, our numerical
results in Figs. 2 and 3 in the main text, and in Fig. S2,
are consistent with the spectral function exhibiting the
previously noted (e/w)? regime. This is a regime in which
perturbation theory breaks down at low frequencies, as
made apparent in our numerical results by the fact that
the low-frequency parts of the spectral functions exhibit
a slower than (e/w)? divergence.

It is important to emphasize that the (¢/w)? regime is
in general absent if Hy is quantum chaotic and V does
not break any conservation law. In that case, per the
eigenstate thermalization hypothesis, the diagonal ma-
trix elements Oy, and Oy are exponentially close (in
L) to each other when w,,; approaches the level spacing,
and the off-diagonal matrix elements V,,; are exponen-
tially suppressed, so that the perturbative correction to
the spectral function does not diverge when w approaches
the level spacing. The (€/w)? regime is also absent if the
perturbation 1% preserves the integrability of the unper-
turbed Hamiltonian Hy. In that case, the matrix ele-
ments V,,; have an additional exponential suppression
with the system size as w,,; approaches the level spacing,
as shown in Fig. S1 and in Ref. [44]. As a result, the
perturbative correction to the spectral function does not
diverge at w approaches the level spacing.
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