arXiv:2012.07866v5 [cond-mat.str-el] 10 Jul 2022

II.

111

IV.

Transport in the non-Fermi liquid phase of isotropic Luttinger semimetals

Ipsita Mandal®>? and Hermann Freire?

L Faculty of Science and Technology, University of Stavanger, 4036 Stavanger, Norway
2 Institute of Nuclear Physics, Polish Academy of Sciences, PL-31342 Krakéw, Poland
3 Instituto de Fisica, Universidade Federal de Goids, 74.001-970, Goidnia-GO, Brazil

Luttinger semimetals have quadratic band crossings at the Brillouin zone-center in three spatial di-
mensions. Coulomb interactions in a model that describes these systems stabilize a non-trivial fixed
point associated with a non-Fermi liquid state, also known as the Luttinger- Abrikosov-Beneslavskii
phase. We calculate the optical conductivity o(w) and the dc conductivity oq.(T") of this phase, by
means of the Kubo formula and the Mori-Zwanzig memory matrix method, respectively. Interest-
ingly, we find that o(w), as a function of the frequency w of an applied ac electric field, is characterized
by a small violation of the hyperscaling property in the clean limit, which is in contrast with the
low-energy effective theories that possess Dirac quasiparticles in the excitation spectrum and obey
hyperscaling. Furthermore, the effects of weak short-ranged disorder on the temperature depen-
dence of 04.(T') give rise to a stronger power-law suppression at low temperatures compared to the
clean limit. Our findings demonstrate that these disordered systems are actually power-law insula-
tors. Our theoretical results agree qualitatively with the data from recent experiments performed

on Luttinger semimetal compounds like the pyrochlore iridates [(Y1-zPrz)2Ir2O7].
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interactions. Interestingly, this problem was studied for
the first time back in 1974 by Abrikosov [27], who demon-
strated, using renormalization group (RG) arguments, that
the Coulomb interaction in the model stabilizes a non-
trivial fixed point associated with a new NFL state in three
spatial dimensions, which was later called the Luttinger-
Abrikosov-Beneslavskii (LAB) phase [21]. This fixed point
is stable provided that time-reversal symmetry and the cu-
bic symmetries are preserved in the system. This earlier
work was later rediscovered and extended by Moon et al.
[21], who calculated the universal power-law exponents de-
scribing various physical quantities in this LAB phase in the
clean (i.e. disorder-free) limit, including the conductivity,
susceptibility, specific heat, and the magnetic Gruneisen
number.

From a strictly theoretical point of view, there has also
been an increasing interest in the LAB phase, since it
may realize the so-called “minimal-viscosity” scenario [28],
in which the ratio of the shear viscosity n with the en-
tropy s is close to the Kovtun-Son-Starinets ratio [29], i.e.,
n/s 2 1/(4m). This means that these systems may be con-
sidered as a new example of a strongly-interacting “nearly-
perfect fluid”. Other important examples that satisfy this
condition include the hydrodynamical fluid that emerges
in a clean single-layer graphene sheet at charge neutrality
point [30], the quark-gluon plasma [31] generated in rela-
tivistic heavy-ion colliders, and ultracold fermionic gases
tuned to the unitarity limit [32].

Naturally, transport properties of NFL phases are ex-
tremely important in order to characterize these sys-
tems. One of the widely used methods to calculate non-
equilibrium properties is the application of the quantum
Boltzmann equation. This method has many merits, and
along with the well-established e-expansion, it has been
successfully used to discuss the hydrodynamical regime of
many quantum critical systems. However, this approach
also has some limitations, as one of its main assumptions
is that the quasiparticle excitations exist even at low ener-
gies in the model, which is of course not valid at the LAB
fixed point. Therefore, alternative methods to calculate
transport properties, which do not rely on the existence
of quasiparticles at low energies, should be used instead
in order to provide an unbiased evaluation of such proper-
ties in NFL systems at low temperatures. For this reason,
in the present work, we will apply the Kubo formula, and
also its implementation using the Mori-Zwanzig memory
matrix formalism, to the Luttinger model with long-range
Coulomb interactions, in order to describe some transport
coefficients of the LAB phase. More specifically, we will
compute the optical conductivity o(w) at T'= 0 as a func-
tion of the frequency w of an applied ac electric field, and
the dc resistivity p(T') as a function of temperature 7" with
the addition of weak short-ranged disorder. Since the ef-
fects of disorder are relevant in the renormalization group
flow sense [22, 23] for the LAB phase, they turn out to be
important also for the study of the transport properties of
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FIG. 1. The non-interacting dispersion ek of the isotropic Lut-
tinger semimetal (see Eq. (2)) shows quadratic band-touching at
the Brillouin zone-center. Here, we choose m = 1 and m' = 0.5.
For visualization, ex is shown as a function of k, and ky (i.e.,
we set k; = 0).

the system at low temperatures.

The main results obtained in the paper are the following:
We find that o(w) in the LAB phase is characterized by a
small violation of the hyperscaling property in the clean
limit, in contrast to the low-energy effective theories that
possess Dirac quasiparticles in the excitation spectrum and
obey hyperscaling. Furthermore, on investigating the ef-
fects of weak short-ranged disorder on the dc conductivity
odc(T), we find that 04.(T) displays a stronger power-law
suppression at low temperatures compared to the corre-
sponding result in the clean limit. We then compare this
theoretical result with the available experimental data.

The paper is structured as follows. In Sec. II, we define
the LAB phase for the Luttinger Hamiltonian coupled with
long-range Coulomb interactions. Then, we calculate the
the optical conductivity of the LAB phase up to two-loop
order in Sec. ITI, using the Kubo formula. Next, in Sec. IV,
we calculate the dc resistivity of the model as a function of
temperature, with the addition of weak short-ranged disor-
der using the memory matrix formalism. Finally, in Sec. V,
we end with a summary and some outlook. Appendix A
illustrates the derivation of some relations involving the
£ = 2 spherical harmonics in d spatial dimensions, that are
useful for the loop integrals. The details of the two-loop
calculations have been explained in Appendices B and C.

II. Model

We consider a spin-orbit coupled system, in which the
states near k = 0 at the Fermi energy are split into four-
fold degenerate angular momentum j = 3/2 states. The
k - p Hamiltonian for the non-interacting system takes the



FIG. 2. The four-fermion vertex arising due to Coulomb inter-
actions.

following effective form:

KPP (k- g)?

HO_Qm’ 2m

: (1)

where J is the three-vector of the angular momentum op-
erators transforming as the 75 representation of the cubic
group. This model is also known as the Luttinger Hamilto-
nian [33]. The system harbors quadratic band crossings at
the Brillouin zone-center in three spatial dimensions (see
Fig. 1), where the low-energy bands can be cast in terms of
a four-dimensional representation of the lattice symmetry
group [21, 34, 35] as follows:

k[?
2m'’

Ho=> da(k)Tu+

where the I', matrices are the rank-four irreducible repre-
sentations of the Clifford algebra relation {I'y, Ty} = 234
in the Euclidean space. We have used the common nota-
tion {A, B} = AB+ BA for denoting the anticommutator.

J

Ny ok - )
S=;/W¢j(w,k) (—iw + Ho) Yi(w, k)

N .
e2 Ae/2 /dw dw' dQ d3q d3k d3K’
2¢ L= (2m)12
where the Coulomb interaction vertex is given by
&2 AS/2

5-—V(|d|) (see also Fig. 2), with V(|q|) = é, in the
momentum space. The tilde over v; indicates that it is the
Fourier-transformed version. We have also scaled e? by us-
ing the floating mass scale A? (of the renormalization group
flow) to make it dimensionless for d = 4 — € spatial dimen-
sions, after setting the tree-level scaling mass dimension [k|
of k as unity.

The bare Green’s function for each fermionic flavor is

There are five such matrices that are related to the familiar
gamma matrices of the Dirac equation (plus the matrix con-
ventionally denoted as T's), but with the Euclidean metric
(instead of the Minkowski metric). In d = 3, the space of
4 x 4 Hermitian matrices is spanned by the identity matrix,
the five 4 x 4 Gamma matrices I',, and the ten distinct ma-
trices Ty, = % [y, T]. Furthermore, the d,(k)’s are the
¢ = 2 spherical harmonics that have the following structure:

di(k) = V3kyk., da(k)=V3kyk., ds(k)=+V3k.k,,

. V3(K2—k2) . 2k — k2 — k2
@(k):%, ds(k) = ——*—". (3)

The isotropic Qk—;, term in Eq. (2) with no spinor structure

makes the band masses of the conduction and valence bands
unequal.

The Euclidean action of the interacting system can be
written as:

Ny
Sy :/dT d3x{ Zlﬁ(ﬂ x) {0, + Ho +iep(r,x)} (1, %)
i=1

+ S {Velr %)y |, 4
where the Coulomb interactions are mediated by a scalar
boson field ¢(x) with no dynamics, and Ny is the number
of fermionic flavors (to be explained below).

If we integrate out the scalar boson, the Coulomb inter-
action shows up as an effective four-fermion term. Then
the total action takes the form:

V(lal) 9] (w, ) di(w + 2k + @) ) (0 k) o (@ — 0K —q),  (5)

(

given by
Golort = 22w tART
—(lw—557)" + 1K)

where [d(k)[]? = 41;;. On occasions, to lighten the nota-

tion, we will use dy to denote d(k).
This system turns out to be an NFL, which can be ana-

lyzed by a controlled approximation using dimensional reg-
ularization [21, 27]. The LAB fixed point for the clean
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FIG. 3. Feynman diagram for the contribution to the current-
current correlation function at one-loop order.

system is given by e = e*, where
60 72
2 _ T CE (7)
m (4 + 15 Ny)

and the dynamical critical exponent z at this fixed point is
given by z* = 2—4¢/(4415 Ny) [21], where ¢ = 4—d, with
d being the number of spatial dimensions. It is to be noted
that the results obtained using dimensional regularization
can also be obtained by large- Ny methods. Hence, we have
considered here a setting with N, independent fermionic
flavors, although the physical case corresponds to Ny = 1.

Using the Noether’s theorem (see, e.g., Ref. [36]), the
current J and momentum P operators of the Luttinger
semimetal are given by:

Jq{)v
dko d%k
fz/ L Ok + ke ) V(19

P QO7

dkg d%k
_Z/ Od+1

L] 4i(ko, k) ,

Ol (ko + qo, k + q) ¥i(ko, k) ,
(8)

which are associated with the global U(1) symmetry and
continuous spatial translation invariance, respectively, of
Eq. (4). In the rest of the paper, we will consider the case
with Nf =1.

(k+q/2)

III. Current-current correlation function and optical
conductivity

In this section, we will compute the optical conductivity
o(w) =0,,(w,q=0) at T =0 via the Kubo formula

_ () (1)
olw) =~ , ©)

iQ—w+i0t

for current flowing along the z-direction. Here we will con-
sider the case with equal band masses, i.e., m’ = co. Since
the model is isotropic, the scaling relation is not dependent
on the choice of the direction of the current flow. We take
an approach similar to the ones taken in the context of NFL
models in the presence of a large Fermi surface [15, 17, 37].

We will employ the scheme developed by Moon et al. [21],
where the radial momentum integrals are performed with

k|3~ °d|k
respect to a d = 4 — e dimensional measure f ‘%ﬂi)flsl, but

the I' matrix structure is as in d = 3. The angular integrals
are performed only over the three-dimensional sphere pa-
rameterized by the polar and azimuthal angles (0, ¢). How-
ever, the overall angular integral of an isotropic function
fQ -1 is taken to be 272 (which is appropriate for the total
solid angle in d = 4), and the angular integrals are normal-
ized accordingly. Therefore, the angular integrations are
performed with respect to the following measure:

(10)

/dS _7/ do O%dgbsino(...),

where the 7/2 is inserted for the sake of normalization. To
perform the full loop integrals, we will use the relations
shown in Appendix A.

A. One-loop contribution

The current-current correlation function at one-loop level
(see Refs. [38-42] for related work) is given by a simple
fermionic loop with two current insertions, as shown in
Fig. 3. In the present model, it evaluates to
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where ¢ = (w, 0). Consequently, at zeroth order, the opti-
cal conductivity o(w) is proportional to w'~3. Ind = 4 —¢,
this result then agrees with the so-called hyperscaling prop-
erty, where the optical conductivity is expected to scale as
o(w) ~ w@=2/% for w>>T.

In the next subsection, we will consider the effect of the
Coulomb interactions, and show how this affects the hyper-
scaling property of the Luttinger semimetal.

B. Two-loop contributions

At two loops, we obtain three Feynman diagrams, as
shown in Figs. 4(a), 4(b), and 4(c). The first two di-
agrams (Figs. 4(a) and 4(b)) correspond to the fermion
self-energy corrections (due to the Coulomb interactions),
given by the insertion of the one-loop rainbow graph to the
current-current correlator. We include a factor of 2, since
the diagrams in Figs. 4(a) and 4(b) give equal contribu-
tions. This yields the result

2

2—-% A e/2
J.7)W _e m?~3 |w|
< >21°°p( iw) 90 4 ce? m|w|
e2m? 5 |w|> 5 n (%)
— . 12
1807t ce (12)

The calculational details of the above equation can be
found in Appendix B1l. From the results presented in
that Appendix, we observe that since the fermionic self-
energy at one-loop level [i.e., X1 (k) = (k)] does not have
a frequency dependence, the quasiparticle weight, defined

= (ko +iw)” +1d®)[2] |~ (iko)® + d (k)]

(1)

by ZF I4><4 - —0k—0

unity at this order (but of course nonzero corrections to
Zp can appear in higher-loop contributions). Howover, if
we calculate the renormalized mass m*, which is given by
the standard definition

-1
[I4X4 — kloim lim 8‘ZoEl(k)} , is equal to

m . .
M a(k) T = 2 {d(k) T4 dy (k) Jim, lim 1<k>} |
we obtain m* — 0.

As for the diagram in Fig. 4(c), which refers to the sim-

plest vertex correction, it evaluates to

. e/2
) G ol )
(=T >2100p(1w) 6074 ce?
Smt S i ()
B 1207 ce : (13)

Note that this vertex corresponds to the four-fermion ver-
tex (see Fig. 2), which arises from Coulomb interactions.
Again, the details of the calculations can be found in Ap-
pendix B 2.

C. Scaling of the optical conductivity up to two-loop
order

In order to obtain the renormalized quantity in the ef-
fective field theory model, we have to use the fact that
E% terms are cancelled by the corresponding counterterms
of the renormalized action [36]. We also use the value

mgf = 61%5 at the NFL fixed point. Gathering all the
terms, the final expression for (J,J.) up to two-loop order

takes the form:
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FIG. 4. Feynman diagrams for the contributions to the current-current correlation function at two-loop order. (a) and (b) represent
the diagrams with self-energy corrections, while (¢) corresponds to the diagram with vertex correction.
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after re-exponentiating the correction term coming from
the two-loop diagrams. Therefore, the corrected optical
conductivity scales as

g(w) ~ W s+ , (15)

after including the leading order corrections.

Since the optical conductivity does not scale as w(4=2)/2"
where z* is the dynamical critical exponent at the LAB
fixed point, we conclude that there exists a small violation
(proportional to €) of the hyperscaling for the optical con-
ductivity in the LAB phase. This should be contrasted with
other effective theories that possess Dirac quasiparticles in
the excitation spectrum, and obey hyperscaling.

IV. Memory matrix formalism

The second method that we will use in this work to cal-
culate transport properties is the Mori-Zwanzig memory
matrix approach (see Refs. [43-56], for many successful ap-
plications of this formalism in various recent works). This
method turns out to be ideal to describe the strongly inter-
acting regime of the LAB phase, since: (1) it is not based
on the existence of well-defined quasiparticles at low ener-
gies, and (2) it can correctly describe the effective nearly-
hydrodynamic regime that is expected to govern the com-
plicated non-equilibrium dynamics of these systems. Here,
we will be concise in explaining the technicalities of this
formalism, as more details can be found in the literature

n2e B 180t ce

12074 ce

(14)

[50, 55]. In this framework, the matrix of conductivities
can be written as:
R
T
olw,T) = e )
[MPP(T) - leJP(T)} [XJP(T)]

with x%5(T) being the static retarded susceptibility (which
gives the overlap of the current and momentum in the
model), and Mpp(T) is the memory matrix. For transport
along the z-direction, X%, (T') is given by:

B
xop.(T) = / dr (J.() P.(0)) . (17)

As for the memory matrix, to leading order, it is given by
(again, for transport along the z-direction):

Mp_p (T) = /ﬂ dr <PZT(O) iL

0 w— Lo

Pz(17)> . (18)

where Lg is the non-interacting Liouville operator. Conse-
quently, the dc conductivity (i.e. 64.(T) = o(w — 0,T)) is
given by

X%z P, (T)
Im ngpz (w,T)

w

O'dc(T) =

(19)
lim
w—0

where G]; p W T)= <Pz(w) Pz(fw)> is the correspond-
z 1z 0

ing retarded correlation function in the Matsubara for-
malism. The notation (...)o indicates that the average is



in a grand-canonical ensemble to be taken with the non-
interacting Hamiltonian of the system.

One important mechanism for momentum relaxation
that causes dissipation in the present transport theory is
the coupling of the fermions to (weak) disorder. For this
reason, we now add an impurity term that couples to the
fermionic density as represented by the action:

Simp = / dr d*x W (x) 6l (1. %) ¢i(r, %) (20)

We consider a weak uncorrelated disorder following a Gaus-
sian distribution: (W (x))qvy = 0 and (W(x) W(x)) =
Wo 63(x — x'), where W, represents the average magni-
tude square of the random potential experienced by the
fermionic field. Therefore, to leading order in the impurity
coupling strength, we obtain the expression:

lim
w—0 w w—0

m G p @1 / @a_Im11{/(a,w)
@? w

(21)

where 1% (q,w) = I(q,iw — w +10%) is the correspond-
ing retarded correlation function in the model, with the

J

polarizability IIo(q,iw) being given by:
Io(q,iw)

P>

TI‘ Go(k+ q,iko +1w) Go(k lkg)]

(22)

We now proceed to calculate x ., p, (T) and Mp,p,(T) in
the static limit at finite temperatures in the following sub-
sections. Note that, unlike in the previous section, instead
of performing a systematic e-expansion, we will work di-
rectly in d = 3 to overcome technical complexity. Further-
more, we will use a hard ultraviolet (UV) cutoff Ay for the
the momentum integrals, rather than using a dimensional
regularization.

A. Current-momentum susceptibility at finite T

First we note that for equal band masses, implemented
by taking the limit m’ — oo, the current-momentum sus-
ceptibility clearly vanishes at one-loop order, as only an
odd power of kg appears in the numerator. Furthermore, at
two-loop order, the contribution to the current-momentum
susceptibility due to self-energy insertions (similar to the
diagrams depicted in Figs. 4(a) and 4(b)) is given by

¢ B dde Gollo, k + £)
~xrr.=(5) Y [ ke 01,409 - T) Goln, 1) DGk ) Gl )|
0,%0

iko+d(k) T d(k)-T

iko+d(k) T
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( ) kozgo/d‘?kd?’ﬁ

:O7

which also vanishes, as it also contains only odd powers of
ko in the numerator after performing the trace in the above
integral. One can verify that the same result holds for
the two-loop diagram with the vertex correction, similar to
Fig. 4(c). In fact, this vanishing result holds for all higher-
order loops. This is related to the particle-hole symmetry of
the model, which is present for equal band masses. Since
J and P are odd and even, respectively, under particle-
hole symmetry, their overlap (i.e., the current-momentum

(k+£)°
(23)

(

susceptibility) must be zero at all loop orders.

The vanishing of x s, p,(T') no longer holds for finite m/
(i.e., for unequal conduction and valence band masses). For
this reason, we will analyze the effect of higher-order cor-
rections of the current-momentum susceptibility for finite

m'.

We first calculate the free fermion susceptibility. It eval-
uates to
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We then perform the above summation over the fermionic
Matsubara frequency kg using the method of residues using
the standard formula

TZh(wn) = ZRes [nr(z) h(—iz)] )

z = Poles of h(—iz)
(25)

where Res]...] denotes the residue, and np(z) =
is the Fermi-Dirac distribution function.

1
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Next we solve
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3
%) (Op.di - dic) + 3 (1 ko —

(

Eq. (24) by means of both analytical and numerical tech-
niques using the software Mathematica, and obtain that
XSPP(T) ~ T3/ (see Fig. 5).

One can easily check that there are only three Feynman
diagrams at two-loop order. The corresponding diagrams
are similar to the ones in Figs. 4(a), 4(b), and 4(c). These
contributions evaluate to XQZDOP(T) X(JQ 113) (T )—l—x(2 2T (T,
where

) (O dx - di) |di|?

lk(]—
(2,1) 8e?Ag d3k [
GRO ~ (fraey ) T >/ )
[(1]@0— 2m’) — |dk/? |]
Fm = (g )T > o (i) e (27
X7 p ~ .
20z 2m2¢T 2
m2c 0—%) —|dk|2|}

We provide the detailed steps of the calculation in Ap-
pendix C. Finally, we evaluate the expressions in Egs. (26)

and (27) numerically, and obtain that X2l00p(T) ~ % TV/?
(see Fig. 6).

] [ 2812 ST 6o+ o ) ot )
0

B. Memory matrix calculation

We now compute the Feynman diagram associated with
the calculation of the memory matrix to leading order, as
shown in Fig. 7, which is given by:

iw—w+id

MI(DO)P (T) = =Wy lim

0z w—0

w

2
{i ko+iw— dta)

Ji¢

d’i d’iq/
(2m)®

k2T %:{

(10— 25292 ) sl H{ (10— 227 ) lal }

2
prT )+(dk+q'dk) ]

iw—w+id

= —4Wy lim

w—0

As before, the summation over kg is evaluated using the

» (28)

(

method of residues. After performing the analytical contin-



FIG. 5. Plot of the current-momentum susceptibility x},lzogf (1)

at one-loop order versus temperature 7. Here, we have chosen
the parameters m = 1, m’ = 5, Ny = 1, and the UV cutoff Ag
for the momentum integrals has been taken to the infinity limit
(note that this result does not depend on the UV cutoff). The
temperature dependence of this one-loop contribution is found
to be x5 %8P (T)| ~ 0.170 T%/2,
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FIG. 6. Plot of the current-momentum susceptibility X?}z";f (T)

at two-loop order versus temperature 7. Here, we have chosen
the parameters m = 1, m’ = 5, e = 0.1, ¢c = 1, Ny = 1,
and Ag = 150. The temperature dependence of this two-loop
contribution is found to be [x /g (T)| ~ 0.005 /2.

uation, the resulting integral is then evaluated numerically
which finally gives M},[:)Pz (T)/Wy ~a' +b'/T (see Fig. 8),
where o’ and b’ () > @) are non-universal constants that
depend only on the UV cutoff Ag. These constants are such
that a’ scales as A2 and V' scales as A3, leading to ‘g—: — 0 for
Ag — oo. Therefore, the final expression can be effectively
approximated as M I(D(i)Pz (T) = V' /T at low temperatures.

FIG. 7.
order contribution M gi)Pz (T) to the memory matrix. The
solid line represents the bare fermionic propagator, whereas the
dashed line represents the impurity line that carries only inter-
nal momentum and external energy w.

Feynman diagram for the calculation of the leading-

C. Scaling of dc conductivity

Taking into account all contributions, the scaling of the
dc conductivity of the LAB phase in the presence of weak
short-ranged scalar disorder is given by:

1 |xsre(T)?

7ac(T) = p(T) ~ Mp,p,(T)

~T", where 2 <n <4,

(29)

and p(T) is the resistivity. It is important to compare this
expression with the dc conductivity of the LAB phase in
the clean limit. If we assume that the w/T scaling holds for
the conductivity in this system, then o4.(T) ~ T in the
clean limit according to our optical conductivity results,
where a* ~ 0.54 is the renormalized exponent that violates
hyperscaling for d = 3 (i.e. ¢ = 1) and Ny = 1. This implies
that o4.(T) in the presence of disorder displays a stronger
power-law suppression as a function of temperature, which
is an expected feature since the influence of disorder is a rel-
evant perturbation in the vicinity of the LAB fixed point
[22, 23]. Tt is also interesting to compare our theoretical
results with recent transport experiments [57] performed
on Luttinger semimetal compounds like pyrochlore iridates
[(Y1-2Pr;)2IraO7]. In these compounds, some degree of
disorder is always present, and the dc resistivity has been
found to follow the power-law p(T) ~ T~", with the ex-
ponent being n &~ 2.98 at zero doping [57]. Therefore, we
conclude that our calculation is in qualitative agreement
with these experimental data.

V. Summary and outlook

In this paper, we have computed the scaling behavior
of the optical conductivity and the dc conductivity of the
LAB phase of Luttinger semimetals, by means of the Kubo
formula and the Mori-Zwanzig memory matrix method, re-
spectively. We have found that the optical conductivity in
the LAB phase is characterized by a small violation (pro-
portional to e = 4 — d) of the hyperscaling property in the
clean limit, in contrast to the low-energy effective theories



FIG. 8. Plot of MI(D?PZ (T) versus temperature 7. Here, we have
chosen the parameters Wo = 1, Ny = 1, m = 1, m’ = 5, and
Ao = 150. To obtain the memory matrix, we have performed
the analytical continuation iw — w + id, where we have set
§ = 107°. The curve corresponds to the fit given by ¢(T) =
a’ + V' /T, where the parameters a’ ~ 0.059 and b’ ~ 211.25
depend only on the UV cutoff Ag.

that possess Dirac quasiparticles in the excitation spectrum
(which obey hyperscaling). In the computations for dc con-
ductivity o4.(T), we have included the effects of weak short-
ranged scalar disorder. We have shown that o4.(T") exhibits
a stronger power-law suppression at low temperatures com-
pared to the corresponding result in the clean limit. This
was an expected feature since the influence of disorder is
a relevant perturbation in the system. Lastly, we have
directly compared our theoretical prediction with recent
experiments performed in disordered Luttinger semimetal
materials like the pyrochlore iridates [57] and found qualita-
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tive agreement with the experimental data. In some other
experiments [58], the experimentalists have measured the
optical conductivity in the Luttinger semimetal material
ProIraOr, but they could not tune the Fermi energy low
enough to touch the band-crossing point. Their sample
was thus a slightly doped Luttinger semimetal, where they
found a number of signatures that are precursors to the
LAB physics. Further experiments are planned in this di-
rection, which will hopefully support our analytical find-
ings. Moreover, from a theoretical point of view, it will
be interesting to see if other computational strategies, such
as the Kubo formula or the kinetic Boltzmann equation,
are able to reproduce the dc conductivity at T' > 0 due to
weak-disorder effects, which has been obtained here using
the memory matrix approach.

We would like to point out that we have computed the
finite-temperature scalings of the thermal conductivity and
the thermoelectric coefficient of the LAB phase in a com-
panion paper [59]. Finally, we would like to stress that
it would be extremely interesting to investigate the ef-
fects of magnetic field on the magnetoresistance and the
Hall coefficient of the LAB phase, and compare the re-
sults with the corresponding experimental data available
for the pyrochlore iridates [57]. The magnetic field breaks
time-reversal symmetry and, in view of this, it must be a
strongly relevant perturbation that ultimately makes the
LAB fixed point unstable at low energy scales. We leave
this analysis for future studies.
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of f—d exchange interaction and d—p orbital hybridization,
|

A. d,-function algebra

We derive a set of useful relations [35, 60] for the vector functions d(k) (whose components d, (k) are the ¢ = 2 spherical
harmonics in d spatial dimensions) and the generalized real d x d Gell-Mann matrices A, (a = 1,2,---, N). The matrices
A, are symmetric, traceless, and orthogonal, satisfying

N
a a a 2
Tr[A Ab] =20bap, Z (A )ij (Alj’) =04 0550 + 0550 051 — 7 0ij 0157 - (A1)

a=1

Hence, the index a (or b) runs from 1 to N = (‘171)2&. We define the components of d(k) by

d
d ki (M), k;
dq(k) = UL A2
(k) 2(d—1)i]z::1 2m (A2)
This gives the following identities:
d d d
AY) ki + > ki (A®), A®) . k;
o 4 (k) B d j;l( )zg J Z; ( )zz B \/ngl( )ZJ J
R T 2(d = 1) 2m “Va-1 2m
N d 2 2 2, d-212
2d (6%—&—61»26@—76”6”)1@- dX(k +7k)
(k) = d L= d_"=z
;{akzd ()} d—lzi: Am? 2m2(d—1)
N 2 N 2
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N N d d
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Z [apzda(p)] [ak?zda( )] Z 4m2 (d _ 1) . ( )z] p] Z ( )z] k] 2m2 (d _ 1) ( 3)
a=1 a=1 j=1 7j’'=1
For the special case of p = k, we obtain:
N N
k? 1 k. k?
2k)= ——, = 2(k) = = . Ad
D= o 50 309 = 5 (a9)

B. Two-Loop Contributions to the current-current correlators
1. Self-energy corrections

The diagrams in Figs. 4(a) and 4(b) involve inserting the one-loop fermion self-energy (31) corrections into the current-
current correlator. We include a factor of 2 as the two diagrams give equal contributions and the expression incorporating
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this correction takes the form

(LW li) = =2 [ 52 (d K 2 [{00.d() - T} Golk + ¢) T (k + @)Golk + @) {0r.d(K) - T} Go(k)] . (BL)

where ¥ (€) = me? (

T 15n2c

I ;1) (W) = 2me dkg d?k [ A2 terms ’ B2
e 15”206/ / <k|> {83 + 100} { (ko +w)” + law)|2} "

) d(e)-r (see Refs. [22, 23]). This gives us:

2] €

where
termy = Tr [{O).d(k) - T} {iko +d(k) - T} {d(k) - T} {iko +d(k) - T} {0k.d(k) - T} {iko +iw+d(k) - T}
= —kj Tr[{O.d(k) - T} {d(k) - T} {9).d(k) - T} {d(k) - T'}]
— 2ko (ko +w) Tr[{O.d(k) - T} {d(k) - T} {d(k) - T'} {9, d(k) - T'}]
+ Tr[{Ok.d(k) - T} {d(k) - T'} {d(k) - T'} {d(k) - T'} {9.d(k) - T'} {d (k) - T'}]
= —4kj [2 {O.d(k) - d(k)}* — {h.d(k) - 9. d(k)} Id(k)lz} — 8ko (ko +w) {9, d(k) - 9. d(k)} |d (k)|
+8{0).d(k) - d(k)}* [d(k)|* — 4 {0 d(k) - . d(k)} [d(k)[*
(6 —5d)sin?60 —d d+ (d—2)sin?0  k'°[(3d—2)sin®60 — d]

= kg k° — kowk® B
0 X T d— ) mA N O P 8(d— 1)mb ’ (B3)
using the identities from Appendix A.
Performing the integrals, we finally get:
. . . 2 2-£ m|w]
LD (g STE W (A NPt () -
2loop 1) = g0 a2 muw 18074 ce '
2. Vertex corrections
The diagram in Fig. 4(c) equals (J,J, >2100p( w), where
(T2 (i)
YO
dkg dt dik d?e 1
— [ [ e 190,09 T Golk + ) s Golk+ 0+ 010020, d(0c+ £) T} Gall-+ 0 Go(h)
dkg dt dik d?e 1
:/ (2077)20 / e & [{ak d(k) - T} Go(ko +w. k) 5 Go(fo +w, k +£) {Oh. . d(k +£) T} Go (Lo, k + £) Go(ko,k)} ,
(B5)

with ¢ = (£, £). We observe that the expression to be evaluated is

<J J. >2100p(1w) _ / ddkddf [f dko Go ko —w k) {8k ( ) F} GO ]f(), f dby GO Eo—i—w E) {85 ( )F} Go(fo,E)]

3

A (2m)2d (k +£)°
(B6)
after some clever regrouping of the terms in the integrand. Evaluating
d dty —lo (Lo +w) 0p.d(£) - T 4 (CGlotw)ic | d@) e, ¢
/JGo(fo+w£){3e d(£) - F}Go(goy):/?? olfo ) O 2() ) 2
{(bo+w) +1d(e)? }{emd( )2}
B [2 (,d(e) — £2 &gzd(ﬂﬂ - (B7)

2m (% + )
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we get:

(T8 (19) [, l[z b {d(k) T} — K {0,.d(k) -T)] [2£. {d()) T}~ £{0,.d(¢) r}}]

e @y (o 07 (B 02) (55 )

_/ddkddgkzgz (a0 — K20} — 2k 12 {d(k-0) - £2} + 12 2 LeLHED L

, B8
(2m)> m (d—1) (k+£)° (5, +w?) (£ +w?) (B8)
using the identities from Appendix A. Performing the integrals, we finally obtain:
e/2
e2m? 3 |w|? 3 (—m/‘\w‘) e2m? 2w’ 2 In (L)\“l)
— . B
(=T )2100p(1w) 6074 ce? 1207 ce (B9)

C. Two-loop contributions to the current-momentum susceptibility

For the contributions at two-loop order represented by diagrams with self-energy insertions (similar to the diagrams in
Figs. 4(a) and 4(b)), we get the expression:

GRm=—ary | (‘;‘)‘ o Tr {00 d(K) - T} Go ko, k) S (ko k) Go(ko. k) Golko. K], )
ko
where
(k(), _ TZ/ d é GO ko +£€0,k+£) _ 15€7T2C |:‘/;_?{ ( ) 1—\} |d |] (02)

where Ay and Ajg correspond to the ultraviolet and infrared cutoff scales, respectively. In order to obtain the leading-order

scaling in T of Xt(lilli (T'), we can neglect the temperature independent term in Eq. (C2). Performing the trace in Eq. (C1),

we obtain:

" 2e2 A, 4 (iko - ) (Or.dic- ) +12 (i ko — 7) (O dyc - dc) |dly |2
S~ (Fer) TS . ©
[0 = 22)7 — fel2(]”
For the two-loop diagram with the vertex correction (similar to Fig. 4(c)), we get the expression:
2, 2) d*k =
KR = =T 37 [ o he T [100.409) T} Golko, 1) T o, 1) Golho, 1) (C1)
ko
where
~ 2¢? d3e Go(ko—Ffo k+£) Go(k'o—‘rfo k—|—£) 2 2m
r ky=——"-T : : =— Ao+ —|d(k)| ).
1(ko, k) c Z/ (27)3 2 167r2cT( 0t 3AIR| ( )’) (€5)

“0

Plugging this in, we get:

2 3 8(ik —LQ) (8]g dk-dk)
(2,2) € d’k 2m ( 0 2m/ z
GRO = (15527 ) TE [ s (04 el =) (©s)
16m2¢T 2m)3 3AIR 2 2
ko ( ) |:(lk 27n ) - |dk| :|
In order to obtain the leading-order dependence on T', we can neglect the second term in Eq (C5).
(2,1)

In Fig. 6, we show the numerical result for X2lOOP(T) X, p. (T) + X(2 2) . (T) as a function of temperature.
[
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