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Multicomponent quantum Hall effect, under the interplay between intercomponent and intracom-
ponent correlations, leads us to new emergent topological orders. Here, we report the theoretical
discovery of fractional quantum hall effect of strongly correlated Bose-Fermi mixtures classified by

the K =

(

m 1
1 n

)

matrix (even m for boson and odd n for fermion), using topological flat band mod-

els. Utilizing the state-of-the-art exact diagonalization and density-matrix renormalization group
methods, we build up the topological characterization based on three inherent aspects: (i) topo-
logical (mn − 1)-fold ground-state degeneracy equivalent to the determinant of the K matrix, (ii)
fractionally quantized topological Chern number matrix equivalent to the inverse of the K matrix,
and (iii) two parallel-propagating chiral edge branches with level counting 1, 2, 5, 10 consistent with
the conformal field theory description.

Introduction.— The discovery of the fractional quan-
tum Hall (FQH) effect affords us a new paradigm of
topologically ordered phases [1], characterized by frac-
tionalization and long-range entanglement. Beyond one-
component systems, multicomponent quantum Hall ef-
fects endow us with the emergence of new kind of topo-
logical order, which expands the taxonomy of topologi-
cal phases of matter, such as Halperin’s two-component
quantum Hall effect [2] and quantum Hall ferromag-
net [3] experimentally manifest in double-layer electron
systems [4, 5]. Recent experiments have even revealed
the emergence of an abundance of four-component FQH
effects in graphene [6, 7] when electronic multiple in-
ternal degrees of freedom are included. More spectac-
ularly, new types of correlated many-body topological
states in two parallel graphene layers have also been ob-
served [8, 9], which may be explained with next-level
composite fermions. Similarly, without available elec-
tronic analogs, two-component bosons are shown to bring
up new competing quantum Hall structures including
Halperin (221) FQH effect [10–13] and bosonic integer
quantum Hall effect [12–16] based on cold atomic neu-
tral systems.

To date however, rare clear-cut examples concern-
ing topologically ordered phases of Bose-Fermi mixtures
which possess diverse quantum particle statistics, have
been conclusively sought for. Most prior theoretical and
experimental efforts were focused on topologically triv-
ial symmetry-broken phases [17, 18]. It remains an out-
standing elusive question whether new kinds of FQH ef-
fect of Bose-Fermi mixtures can be produced or not. The-
oretically for any Abelian multicomponent quantum Hall
effect, its intrinsic topological structure can be captured
by the K matrix within the framework of the Chern-
Simons gauge-field theory [19–23], where the diagonal
and off-diagonal elements of the K matrix are success-
fully derived from the inverse of the Chern number ma-
trix [24–27]. Provided the Abelian topological order for
two-component Bose-Fermi mixtures, one may postulate

that it should be intactly classified by the K =

(
m l
l n

)

matrix, at boson fillings νb = (n − l)/(mn − l2) and
fermion filling νf = (m− l)/(mn− l2), where the diago-
nal element m is even for bosons, n is odd for fermions
and the symmetric off-diagonal element l ∈ Z. Never-
theless, how to realize such a topological order of Bose-
Fermi mixtures has long remained an unfulfilled challeng-
ing area to be uncovered with much scope for theoretical
surprises, aside from the practical experimental inter-
est. Most recently, several chiral short-range-entangled
topological states without fractionalized excitations in
Bose-Fermi mixtures based on two-dimensional synthetic
gauge fields, were also numerically proposed with specific
equal matrix elements n = l = 1 [28]. Instead, we fo-
cus on the identification of long-range-entangled fraction-
alized topological phases with unequal matrix elements
n 6= l and nontrivial topological degeneracy of the K

matrix.
In this Letter, we investigate the topological order

of Bose-Fermi mixtures in topological flat band models
which have sparked a fertile vein to explore emerging
strongly correlated Chern insulators driven by interac-
tions [29–33]. Both early theoretical studies [34–38] and
experimental observations [39] identified that fraction-
alized topologically ordered phases can emerge at par-
tial fillings of topological bands when strong interaction
is introduced. In cold atom experiments, the poten-
tial to create iconic topological models for either bosons
or fermions, such as Haldane-honeycomb and Harper-
Hofstadter models [40–44], laying the groundwork to ex-
plore new aspects of FQH physics. Indeed, experimen-
tal Bose-Fermi mixtures in optical lattice exhibit strong
correlation effect arising from intercomponent interac-
tion [45, 46].
Model Hamiltonian.— Here, we will numerically ad-

dress the emergence of FQH effect of Bose-Fermi mix-
tures with strong interactions in topological flat bands
through state-of-the-art density-matrix renormalization
group (DMRG) and exact diagonalization (ED) simula-
tions. Two-component Bose-Fermi mixtures are strongly
coupled via Bose-Bose, Fermi-Fermi and Bose-Fermi re-
pulsions in two prototypical topological lattice mod-
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els [47], such as the π-flux checkerboard (CB) lattice,

HCB =
∑

σ=b,f

[
− t

∑

〈r,r′〉

eiφr
′
rc†

r
′,σcr,σ −

∑

〈〈r,r′〉〉

t′
r,r′c

†
r
′,σcr,σ

− t′′
∑

〈〈〈r,r′〉〉〉

c†
r
′,σcr,σ +H.c.

]
+ U

∑

r

nr,bnr,f

+ Vb
∑

〈r,r′〉

nr
′,bnr,b + Vf

∑

〈r,r′〉

nr
′,fnr,f , (1)

and the Haldane-honeycomb (HC) lattice

HHC =
∑

σ=b,f

[
− t

∑

〈r,r′〉

c†
r
′,σcr,σ − t′

∑

〈〈r,r′〉〉

eiφr
′
rc†

r
′,σcr,σ

− t′′
∑

〈〈〈r,r′〉〉〉

c†
r
′,σcr,σ +H.c.

]
+ U

∑

r

nr,bnr,f

+ Vb
∑

〈r,r′〉

nr
′,bnr,b + Vf

∑

〈r,r′〉

nr
′,fnr,f , (2)

where σ = b for hardcore bosons and σ = f for spinless
fermions, c†

r,σ (cr,σ) creates (annihilates) a σ-component

particle at site r, nr,σ = c†
r,σcr,σ is the particle num-

ber at site r, U is the strength of the onsite Bose-Fermi
repulsion, Vσ is the strength of the nearest-neighbor re-
pulsion, and 〈. . .〉,〈〈. . .〉〉 and 〈〈〈. . .〉〉〉 denote the nearest-
neighbor, next-nearest-neighbor, and next-next-nearest-
neighbor pairs of sites, with the accompanying tunnel
couplings t′ = 0.3t, t′′ = −0.2t, φ = π/4 for the checker-
board lattice, and t′ = 0.6t, t′′ = −0.58t, φ = 2π/5 for the
honeycomb lattice respectively (see Figure 1 in Ref. [37]
for topological lattice geometry).
Fractional Quantum Hall Effect.— In this section, we

perform both ED and DMRG calculations on the many-
body ground state of the model Hamiltonian Eqs. 1
and 2, and systematically present results for the topo-
logical order at fillings νb = 2/5, νf = 1/5 under strong
interactions U ≫ t, Vb = 0, Vf ≫ t. Here, we shall elu-

cidate the characteristic K =

(
2 1
1 3

)
matrix from topo-

logical degeneracy, topologically invariant Chern number,
fractional charge pumping, and entanglement spectrum
of the ground states.
First, we demonstrate the topological ground state de-

generacy on periodic lattice using the ED study. In small
finite periodic lattice systems of Nx ×Ny unit cells (the
total number of sites is Ns = 2 × Nx × Ny), the energy
states are labeled by the total momentum K = (Kx,Ky)
in units of (2π/Nx, 2π/Ny) in the Brillouin zone. The
particle fillings of the lowest Chern band are fixed as
νb = 2Nb/Ns, νf = 2Nf/Ns, where Nb, Nf are the global
boson/fermion numbers with U(1)×U(1)-symmetry. As
shown in Figs. 1(a) and 1(b) for different topological sys-
tems in a strongly interacting regime, we find that, there
exists a well-defined five-fold degenerate ground states
separated from higher energy levels by a robust gap, con-
sistent with the determinant of the K matrix.
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FIG. 1. (Color online) Numerical ED results for the low
energy spectrum of two-component Bose-Fermi mixtures at
νb = 2/5, νf = 1/5 with U = ∞, Vb = 0, Vf/t = 100 in dif-
ferent topological lattices: (a) π-flux checkerboard lattice and
(b) Haldane-honeycomb lattice.

To demonstrate the topological equivalence of these
ground states, we further calculate the low energy spec-
tral flux under the insertion of flux quanta θασ (σ = b for
bosons and σ = f for fermions) which is the twisted angle
of twisted boundary conditions cr+Nα,σ = cr,σ exp(iθ

α
σ )

in the α = x, y direction. For different types of flux
quanta in each species, as shown in Figs. 2(a) and 2(b),
we find that these five-fold ground states evolve into each
other without mixing with the higher levels, and the sys-

      
0

0.1

0.2

0.3

0.4

0.5

(E
−

E 0) 
/t

(a) θy
b
=θ,θy

f
=0

 

 

K=(1,0)
K=(1,1)
K=(1,2)

 

 

K=(1,3)
K=(1,4)
others

0 1 2 3 4 5
2

4

6
x 10

−3

0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

θ/2π

(E
−

E 0) 
/t

(b) θy
b
=0,θy

f
=θ

0 1 2 3 4 5
2

4

6

x 10
−3

FIG. 2. (Color online) Numerical ED results for the low
energy spectral flow of Bose-Fermi mixtures Nb = 4, Nf =
2, Ns = 2× 2× 5 with U = ∞, Vb = 0, Vf/t = 100 in topolog-
ical checkerboard lattice under the insertion of two types of
flux quanta: (a) θyb = θ, θyf = 0 and (b) θyb = 0, θyf = θ.
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FIG. 3. (Color online) Numerical ED results for Berry cur-
vatures F xy

σ,σ′∆θxσ∆θy
σ′/2π of the ground state at K = (π, 0)

of Bose-Fermi mixtures Nb = 4, Nf = 2, Ns = 2× 2× 5 with
U = ∞, Vb = 0, Vf/t = 100 in topological checkerboard lat-
tice under different twisted angles: (a) (θxb , θ

y

b ), (b) (θxb , θ
y

f ),

(c) (θxf , θ
y

b ), (d) (θ
x
f , θ

y

f ).

tem returns back to itself upon the insertion of five flux
quanta for both θαb = θ, θαf = 0 and θαb = 0, θαf = θ.
The robustness of degenerate ground states on different
lattice geometries associates the universal internal struc-
tures with the behavior of fractional quantization.
Next we continue to analyze the fractionally quan-

tized topological Hall conductance of the many-body
ground state wavefunction ψ for interacting systems [48,
49], characterized by the Chern number matrix C =(
Cbb Cbf

Cfb Cff

)
for Bose-Fermi mixtures. Within the pa-

rameter plane of twisted angles θxσ ⊆ [0, 2π], θyσ′ ⊆ [0, 2π],
the Chern number of the many-body ground state is de-
fined by Cσ,σ′ =

∫ ∫
dθxσdθ

y
σ′Fσ,σ′(θxσ, θ

y
σ′)/2π with the

Berry curvature

Fσ,σ′(θxσ, θ
y
σ′) = Im

(
〈 ∂ψ
∂θxσ

| ∂ψ
∂θyσ′

〉 − 〈 ∂ψ
∂θyσ′

| ∂ψ
∂θxσ

〉
)
.

For a given ground state at momentum K, by numeri-
cally calculating the Berry curvatures using m×m mesh
Wilson loop plaquette in the boundary phase space with
m ≥ 10, we obtain the quantized topological invariant
Cσ,σ′ . In the ED study of finite system sizes, as indicated
in Fig. 3, we obtain that the ground state at K = (π, 0)
hosts the fractionally quantized Chern numbers, namely
the inverse of the K matrix,

C =

(
Cbb Cbf

Cfb Cff

)
=

1

5

(
3 −1
−1 2

)
= K

−1. (3)

In Chern-Simons gauge field theory, the gauge fields αI

(index I = b, f) are mutually coupled through the La-
grangian

∑
I,J KI,JαIε∂αJ/4π+

∑
I αIjI [19], and once
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FIG. 4. (Color online) Fractional charge transfers for Bose-
Fermi mixtures at νb = 2/5, νf = 1/5 with with U = ∞, Vb =
0, Vf/t = 100 on the cylinder of different topological lattices
under two types of the insertions of flux quantum: (a) θyb =
θ, θyf = 0 and (b) θyb = 0, θyf = θ. Here finite DMRG is used
with cylinder width Ny = 3 and cylinder length Nx = 30.

these gauge fields are integrated out, the left part is given
by the mutual coupling current

∑
I,J πK

−1

I,JjIε∂/(∂)
2jJ .

This leads to the Hall current response in Eq. 3 when
θαb , θ

α
f are also regarded as U(1) gauge fields acting on

particles.

For larger system sizes, following Laughlin’s argu-
ments, we perform the adiabatic thread of one flux quan-
tum on cylinder systems through both the finite and infi-
nite DMRG to calculate the charge pumping, in connec-
tion with the quantized Hall conductance [50, 51]. For
multicomponent FQH effect, it is shown in Refs. [24, 25]
that distinct quantized charge responses for each com-
ponent will be visualized from the right side to the left
side upon inserting one flux quantum θyσ = θ, θyσ′ = 0
in only one component from θ = 0 to θ = 2π. In the
DMRG, the geometry of cylinders is open boundary con-
dition in the x direction and periodic boundary condition
in the y direction. Numerically we cut the cylinder into
left-half and right-half parts along the x direction, and
the net charge transfers for each component from the
right side to the left side on the cylinder are encoded

by Nσ(θ
y
σ′) = tr[ρ̂L(θ

y
σ′)N̂σ] as a function of θyσ′ (here

ρ̂L the reduced density matrix of the left part, classified
by the quantum numbers ∆Qb,∆Qf ). As illustrated in
Figs. 4(a) and 4(b) for different system sizes in differ-
ent topological lattices, we find the universal conclusions
that (i) for the flux thread θb = θ, θf = 0, θ ⊆ [0, 2π], the
charge pumpings

∆Nb = Nb(2π)−Nb(0) ≃ Cbb =
3

5
,

∆Nf = Nf(2π)−Nf (0) ≃ Cfb = −1

5

and (ii) for the flux thread θb = 0, θf = θ, θ ⊆ [0, 2π], the
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FIG. 5. (Color online) Chiral edge mode identified from the
momentum-resolved entanglement spectrum for Bose-Fermi
mixtures at νb = 2/5, νf = 1/5 with with U = ∞, Vb =
0, Vf/t = 100 on the infinite Ny = 5 cylinder of topological
honeycomb lattice. The horizontal axis shows the relative
momentum ∆K = Ky − K0

y (in units of 2π/Ny). Numbers
below the dashed red line label the level counting 1, 2, 5, 10
at different momenta for typical charge sectors (a) ∆Qb =
0,∆Qf = 0 and (b) ∆Qb = −1,∆Qf = 0. The inset depicts
the DMRG extraction of topological entanglement entropy γ
in the area law SL(Ny) = αNy − γ with the maximal bond
dimension up to 8500.

charge pumpings

∆Nb = Nb(2π)−Nb(0) ≃ Cbf = −1

5
,

∆Nf = Nf (2π)−Nf (0) ≃ Cff =
2

5

in agreement with the Chern number matrix in Eq. 3.
In addition, as a hallmark signature of multicomponent

FQH effect, the characteristic chirality of edge modes
and the concomitant level counting revealed through a
low-lying entanglement spectrum in the bulk [52], also
play one of the key roles in identifying the topologi-
cal order. For Abelian FQH effect of Bose-Fermi mix-
tures, the bosonic collective edge modes (so called Lut-
tinger liquids) should be determined by the signs of the
eigenvalues of the K matrix [53, 54]. Here we exam-
ine the structure of the momentum-resolved entangle-
ment spectrum for different cylinder widths Ny. As
shown in Fig. 5, on the Ny = 5 cylinder, we observe
two forward-moving branches of the low-lying bulk en-
tanglement spectrum with the level counting 1, 2, 5, 10
for different charge sectors. Nevertheless, this univer-
sal level counting is consistent with SU(3) Wess-Zumino-
Witten conformal field theory at level one, implying the
gapless nature of two gapless free bosonic edge theories.
Meanwhile, we also extract the topological entanglement
entropy γ via the area law of half-cylinder entanglement
entropy SL(Ny) = αNy − γ, which encodes information
about quantum dimensions of anyons [55, 56]. For the

Abelian FQH effect γ = ln
√
detK. The linear fit in the

inset of Fig. 5(b) indeed give a topological entanglement

entropy γ ∼ 0.73 which is remarkably close to ln
√
5.

Finally, in terms of composite fermion theory, the
FQH effect of Bose-Fermi mixtures classified by the

K =

(
m 1
1 n

)
matrix can be understood as follows.

Each boson is bound to (m − 1) intracomponent flux
quanta (or vortices) and one intercomponent flux quan-
tum, while each fermion carries (n − 1) intracomponent
flux quanta and one intercomponent flux quantum, form-
ing the so-called two-component composite fermions [57].
These two-component composite fermions fully occupy
the remanent unattached flux quanta in each compo-
nent, interpreted as integer quantum Hall effect of com-
posite fermion. In flat band models, the presence of a
strong nearest-neighbor repulsion between the same com-
ponent particles is shown to bring about the Laughlin
ν = 1/4 FQH effect with three flux quanta attached to
each hardcore boson [37], and the Laughlin ν = 1/3
FQH effect with two flux quanta attached to spinless
fermion [36], while one intercomponent flux quantum is
captured by each particle in the opposite component in
the presence of the onsite intercomponent repulsion, such
as Halperin (m,m, 1) FQH effects [24]. Thus when the
strong nearest-neighbor Bose-Bose repulsion Vb ≫ t is
introduced, in addition to strong Bose-Fermi and Fermi-
Fermi repulsions U, Vf ≫ t, we tentatively propose the

K =

(
4 1
1 3

)
matrix for possible FQH effect of Bose-

Fermi mixtures at fillings νb = 2/11, νf = 3/11. In
analogy to the FQH effect at νb = 2/5, νf = 1/5, it is
expected to apply the charge pumping under the inser-
tion of flux quantum on the infinite cylinder to identify
the fractionally quantized Chern number matrix. How-
ever due to the huge wavefunction unit cell (an integer
multiple of 22 lattice sites) at low commensurate fillings
νb = 2/11, νf = 3/11, we experience a strong numer-
ical difficulty in getting DMRG simulation converged,
and have not confirmed the exact fractionally quantized
pumping, where a solid investigation of its K matrix re-
quires a more powerful computational approach beyond
the scope of this work.

Conclusion and outlook.— To summarize, we intro-
duced topological lattice models of interacting Bose-
Fermi mixtures, and numerically demonstrated the emer-
gence of fractional quantum Hall effects of Bose-Fermi
mixtures emanating from the interplay of Bose-Bose,
Fermi-Fermi and Bose-Fermi repulsions. Our comple-
mentary ED and DMRG simulations further reveal the

K =

(
2 1
1 3

)
matrix classification at boson filling νb =

2/5 and fermion filling νf = 1/5 with three pieces
of major evidence: (i) topological detK-fold ground-
state degeneracies, (ii) fractionally quantized topological
Chern number matrix C = K

−1, and (iii) two parallel-
propagating chiral edge branches according to positive
signs of two eigenvalues of the K matrix. Also we pro-
vide a physical mechanism based on two-component com-
posite fermion, and suggest the possible emergence of
FQH effect at boson filling νb = 2/11 and fermion filling
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ν = 3/11 classified by the K =

(
4 1
1 3

)
matrix when a

strong nearest-neighbor intracomponent repulsion is in-
troduced. Finally, in consideration of short-range inter-
actions in cold atom physics, our flat band models of
Bose-Fermi mixtures contribute as the ubiquitous scenar-
ios of a microscopic Hamiltonian featuring FQH effects,
and may provide a promising perspective on the explo-

ration of new phases of matter using ultracold atomic
mixtures in future experimental studies of topological
bands [58].
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