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We present a scheme to evaluate thermodynamic variables for a system coupled to a
heat bath under a time-dependent external force using the quasi-static Helmholtz
energy from the numerically “exact” hierarchical equations of motion (HEOM).
We computed the entropy produced by a spin system strongly coupled to a non-
Markovian heat bath for various temperatures. We showed that when changes to the
external perturbation occurred sufficiently slowly, the system always reached ther-
mal equilibrium. Thus, we calculated the Boltzmann entropy and the von Neumann
entropy for an isothermal process, as well as various thermodynamic variables, such
as changes of internal energies, heat, and work, for a system in quasi-static equilib-
rium based on the HEOM. We found that, although the characteristic features of
the system entropies in the Boltzmann and von Neumann cases as a function of the
system—bath coupling strength are similar, those for the total entropy production
are completely different. The total entropy production in the Boltzmann case is al-
ways positive, whereas that in the von Neumann case becomes negative if we chose
a thermal equilibrium state of the total system (an unfactorized thermal equilibrium
state) as the initial state. This is because the total entropy production in the von
Neumann case does not properly take into account the contribution of the entropy
from the system-bath interaction. Thus, the Boltzmann entropy must be used to
investigate entropy production in the fully quantum regime. Finally, we examined

the applicability of the Jarzynski equality.
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I. INTRODUCTION

In thermodynamics and statistical mechanics, entropy is an important metric representing
the time-irreversible dynamics of an isolated system. The second law of thermodynamics
states that the entropy production of an isolated system is always positive, whereas it is
zero if the processes are reversible under thermodynamic conditions. Although investigating
entropy production in the classical regime is straightforward, for example, using analytical
approachest © and classical molecular dynamics simulations,” 2% doing so in the quantum
regime remains challenging because the microscopic nature of the main system is described

by quantized energy states and the dynamics of the system is reversible in time.

In the real world, however, even if the universe has only an isolated excited atom, it
will evolve toward thermal equilibrium at 3K due to the unavoidable interaction of the
system with the surrounding vacuum radiation fields. Thus, a system—bath model, in which
a small quantum system is coupled to a bath typically modeled by an infinite number of
harmonic oscillators, has been employed to study open quantum dynamics.2t 2% This system—
bath model can describe the time irreversibility of the dynamics as the system evolves
toward thermal equilibrium in which the energy supplied by fluctuations and the energy lost
through dissipation are balanced. The temperature of the bath does not change because
its heat capacity is infinite. Moreover, the total energy of the system is conserved if the
dynamics described by the total system-bath Hamiltonian is treated properly. To obtain
the reduced equations of motion in a compact form, the Markovian assumption is usually
employed, in which the correlation time is very short in comparison to the characteristic time
of the system dynamics. Widely used approaches for investigating open quantum dynamics
employ the Redfield equation and the quantum master equation, which can be derived from
the quantum Liouville equation with the full Hamiltonian by reducing the number of degrees
of freedom of the heat bath.2 27 Several studies on the origin of irreversibility,2®3? including

a fluctuation theorem, have been developed.?! 38

It has been shown, however, that these equations do not satisfy the necessary positivity
condition of the population states without imposing a rotating-wave approximation. Be-
cause such approximations modify the form of the system—bath interaction, the thermal
equilibrium state and the dynamics of the original Hamiltonian are altered.32 42 Moreover,

the majority of previous studies had to adopt a factorized description of the total system,



p(t) = pa(t) @ p, where p4(t) is the system density operator and p% is the thermal equilib-
rium state of the bath without the system-bath interaction.2! 274346 However, this violates
the energy conservation of the total system because this assumption ignores the contribu-
tion of the energy from the system—bath interaction. This is a fundamental limitation in

applying these approaches to investigate entropy production.

The different definitions of entropy give rise to another complexity. When investigating
entropy production, the Boltzmann entropy has been used in the classical case, whereas
the von Neumann entropy has been used in the quantum case.235! Note that throughout
this paper, the Boltzmann entropy refers to the entropy derived from the Helmholtz energy.
Although the Boltzmann entropy and the von Neumann entropy coincide when the main
system is in thermal equilibrium, they are different when there is an external perturbation
that is the source of entropy production. The relation between the von Neumann entropy
and the second law has been extensively studied, for both thermal equilibrium and nonequi-

4351 Because the main system is microscopic in the quantum case and because

librium cases.
the quantum coherence between the system and bath characterizes the quantum nature
of the system—bath dynamics, the role of the system—bath interaction has to be examined
carefully. For example, although the factorized thermal equilibrium state, pi, = p% @ py,
where p% is the equilibrium state of the system without the system—bath interaction, is often
employed as an initial state when investigating open quantum dynamics, in real situations,
the system and the bath are quantum mechanically entangled (bath entanglement).4? As
we will illustrate below, the contribution of the entropy from the system—bath interaction
must be taken into account for the total entropy production, otherwise the second law of

thermodynamics is violated, in particular if there is strong system—bath coupling at low

temperatures.

In the present paper, we examine the role of the system—bath interaction for entropy pro-
duction and various thermodynamic variables by computing the von Neumann entropy and
the Boltzmann entropy. For this purpose, we employ the real-time hierarchical equations of
motion (HEOM).32 425260 Because the HEOM can provide an “exact” numerical treatment
of the dynamics defined by a system—bath Hamiltonian, it is possible to carry out desktop
experiments to verify quantitatively fundamental aspects of the quantum thermodynamics.
The effects of non-perturbative and entangled system—bath interactions have been investi-

gated with the HEOM approach, based on quantum thermodynamics, for heat currents®® 63



and heat engines.%4 % Here, we investigate the effects of the system-bath interaction on
entropy production using a spin-boson model for various values of the system—bath cou-
pling using a factorized and a true (unfactorized) thermal equilibrium state as the initial
state. Although the HEOM have been used to investigate the production of von Neumann
entropy,”? here we study not only the von Neumann entropy but also the Boltzmann entropy,
as well as various thermodynamic variables, including the changes of internal energies, heat,
and work, by simulating the kinetic response of the system. We then show that entropy
production in the von Neumann case becomes negative if we calculate it for a correlated
thermal equilibrium state because no entropy is contributed by the system—bath interaction.
In contrast, entropy production in the Boltzmann case is always positive.

We should emphasize that, although our scheme to calculate thermodynamic variables
is based on a desktop experiment to measure the kinetic response of a system using the
real-time HEOM, a similar scheme could be used in a real experiment to determine the
thermodynamic variables of a quantum system in a thermal environment, by applying a
slowly changing external field. In this regard, our approach is like the theory developed by
Jarzynski.3!

This paper is organized as follows. In Sec. [T, we introduce the system—bath Hamiltonian
and the HEOM formalism. We then describe the scheme used to calculate various ther-
modynamic variables based on open quantum dynamics theory. In Sec. [Tl we present the
numerical results of the system entropy and entropy production as a function of the system—
bath coupling strength for the Boltzmann and von Neumann cases. To analyze the difference
between these two cases, we calculate various thermodynamic variables. Section [[V]contains

concluding remarks.

II. SYSTEM-BATH MODEL AND THERMODYNAMIC VARIABLES
A. Hamiltonian

To carry out desktop experiments to verify fundamental aspects of quantum thermody-
namics in a practical manner, we consider a system A coupled to a heat bath B of harmonic

oscillators. The Hamiltonian of the total system is given by:

~

H(t) = Halt) +H; + Hp, (1)



where Ha(t) = HY + Hp(t) with Hg(t) = 0 for t < 0. Here, HY is the system Hamiltonian,
whose explicit time dependence originates from the coupling with the external driving field,

Hp(t). The bath Hamiltonian Hp can be expressed as:
y Pl 2.2
Hp =3 |5+ M%) (2)
J

where p;, 2, m;, and w;, are the momentum, position, mass, and frequency of the jth bath
oscillator, respectively, and the system—bath interaction H is given by H; = VEJ 9T,
where V is the system part of the interaction and g; is the coupling constant between the
system and the jth bath oscillator. The heat bath can be characterized by the spectral
distribution function (SDF), defined by

N

J@) =Y (- wy), (3)

Qmjwj

j=1
and the inverse temperature § = 1/kgT, where kg is Boltzmann’s constant. Various en-
vironments, for example, those consisting of nanostructured materials, solvents, or protein
molecules, can be modeled by adjusting the form of the SDF .42 For the heat bath to be an
unlimited heat source with an infinite heat capacity, the number of heat bath oscillators N
can be made infinitely large by replacing J(w) with a continuous distribution. In the present
treatment, although the number of degrees of freedom for the bath is infinite, the total en-
ergy described by Eq. (), including the work done by the external force, is conserved when
we rigorously treat not only the system but also the bath. The full system—bath model can

be regarded as an isolated system.

B. Reduced density matrix and the hierarchical equations of motion

The reduced density matrix is defined by
i [t - i [t
patt) = tns e, |5 [ ar] it pexo |3 [armin) | @)
where exp_ and exp,_ are the time-ordered exponentials, and p%, 5 is the thermal equilibrium
state of the system. As an initial condition, here we consider the factorized thermal equilib-
rium state and the correlated (true) thermal equilibrium state expressed as p/ Z]Jr B= e PR @

e s |70 75 and pY, 5 = e PHATHIHE) 170 vespectively, where Z9 = tra{e PHA}, Zp =

bt



trpf{e P8}, and Z°, = Ziy(r = 0) with Zuy(7) = trasp{e PHAOH+HE)Y I the path

O
integral representation, p4(t) can be evaluated from the initial conditions described by the

e20Tl and the factorized thermal state.”?

correlated thermal equilibrium stat
The effects of the bath on the system are characterized by the noise correlation function
C(t) = (X(t)X(0))p, where the operator X is the collective bath coordinate defined by
X = >_;9;%;. Here, the notation (...)p represents the average taken with the canonical
distribution of the bath. The noise correlation function is expressed through J(w) as

Clt) = h /0 T W {coth Gmm) cos(wt) — isin(wt) | (5)

™

We assume that the SDF is given by the Drude distribution, J(w) = nv*w/(w?++?), where n
is the system—bath coupling strength and = is the cutoff frequency. Then, C() is expressed
in terms of exponential functions and a delta function as C(t) = S2r_, (¢}, + icf) e ™ +
2AL4(t), where ¢, ¢}, 7k, and Ay are constants. This form of C(¢) allows us to derive the

HEOM, which consists of the following sets of equations of motion with the auxiliary density

operators (ADQs):32 42,5254

0 .
ap(no,...,r%)(t) - -

. L
i - .
ﬁﬁA(t) + A9 + an%] Pinos.nr)(t)

k=0

Here, e is the unit vector along the kth direction, and we have defined the superoperators
La()O = [ﬁA@),@], O = i[v,@] /i, and © = & — IV with O = {V, O/
for any operator @. Each ADO is specified by the index n = (ng,...,nr), where each
element takes a non-negative integer value. The ADO for n = 0 corresponds to the actual
reduced density operator. In the HEOM approach, the factorized initial state is set as
fn—o0(0) = exp[—FHY]/Z% and all the other hierarchical elements are set to zero. The
correlated thermal equilibrium state can be set by running the HEOM program for fixed
Ha(t) = HY until all of the hierarchical elements reach a steady state pe? = pn(t — oo).
Then, we use these elements as the initial state p,(0) = p¢%. The steady-state solution of
the first hierarchical element agrees with the correlated thermal equilibrium state defined
by p%¢ = trp{exp(—BH(0))}/Z°,, whereas the other elements describe bathentanglement

states. 2242 We compute various thermodynamic variables as the change of the equilibrium

6



distributions by numerically integrating the HEOM with respect to time using the fourth-

order low-storage Runge-Kutta method. ™™

C. Quasi-static Helmholtz energy and Boltzmann entropy

We consider the partition function of the reduced system at the fixed snapshot time 7,
defined as Z4(7) = trA+B{e_5ﬁ(7)/Z]T3}, where Z7, is the bath part of the partition function
which is reduced from the total Hamiltonian. In practice, however, we may set 2}, = Zp,
because we only need the ratio Z4(7)/Z4(0) that is evaluated from the real-time HEOM, as

we will show below. In the functional 1ntegral form, this is expressed as:49:41.75.76

0= fao [7 7 Dot [-gsuletuinl] @)

where o (u) is the functional form of the spin operators, which are described using Grassmann

variables at the inverse temperature u and

SA[U(U);T]:/OBhduHAu 7) /Bﬁdu”/ du'V (W)L — o), (8)

and

= [T dw cosh (Bhw/2 — wu')
L(“)_h/O = G )

Here, H4(u; 7) and V (u) are the functional representations of H(7) and V.

As we will demonstrate numerically below, when H £(t) changes much more slowly than
the relaxation time of the system, the reduced density operator p(t), evaluated with Eq. (@),
approaches the quasi-thermal equilibrium state of the system at time t = 7 as p%(7) ~
trB{e—B(HA( T)+H1+HE) V) Zioy (7).

Although Z4(7) can be evaluated from the imaginary-time HEOM by calculating the
system partition function2®4 the numerical integration is not easy, especially for lower
temperatures, due to the oscillatory nature of the noise correlation function in imaginary
time. Moreover, to calculate the change of the thermodynamic variables, including entropy
production by an isothermal process, we need only the ratio Z4(t)/Z4(0). Thus, we use the
quasi-static solution p%“(t), calculated from the real-time HEOM, to evaluate the derivative

of In(Z(t)) with respect to time ¢:

o (-ama0) =w s g}, (10)



where the right-hand side (RHS) of the above equation corresponds to the power in the
quasi-static isothermal process. A derivation of Eq. (I0) is presented in Appendix [Al From
the definition of the Helmholtz energy, F' = —InZ/3, the change of the “quasi-static”

Helmholtz energy at time 7 is expressed as:

A () = /0 “tra { p;ffq(t)%m(t)} dt. (1)

Here, the RHS of the above equation is the quasi-static work done on the system during the
isothermal operation, which agrees with the work for the quasi-static equilibrium process as
AF4(1) = We4(r). From the above, the change of the “quasi-static” Boltzmann entropy
AS4(7) is obtained as:

AS,(T) = kBﬁz%AFA(T). (12)

Note that this definition of the system entropy includes a contribution from the system

part of the system—bath interaction. Accordingly, the change of the internal energy is

evaluated as:

AU(r) = % (BAFA()). (13)

The work W (7) is expressed as
Wi(r) = /0 Pl (14)
with the power defined as:
P =t {pa0 5700 | (15)

The work described by Eq. (4] is equivalent to the change of the total system energy during
the isothermal operation from ¢t = 0 to t = 7 because the power can also be expressed as

P(t) = OU,(t)/0t, where the total energy is defined as:3%:60.77

Urer(t) = trass { pron(t) (Fa(t) + Hr +Hs ) | (16)
For the system described above, the first law of thermodynamics states that:

AQ(T) = AUA(T) — W(7), (17)



where AQ(7) is the heat released from the bath. The total entropy production is then

expressed as:
»5 (1) = k' ASA(T) — BAQ(T). (18)

To analyze AQ(7) more precisely, we further introduce the change of the bath energy
(the bath-heat current) at time 7 expressed as A(Hg(7)). In the HEOM formalism, this is

evaluated from the first-order hierarchical elements:22-60

A(Hp(r) = / " ()t (19)

dt
where
4 (0) = 2 mCOIa (700} ~ () AuteallFA(0, V1, V19a(0)

= wtra{Vie, (1)} (20)

~

Accordingly, the interaction energy (H;(t)) = trarp{Hipw(t)} is evaluated in the HEOM

formalism as:9:59:60

(Hi(t)) = =Y tra{Vpe, (1)} (21)

Then the change of the interaction energy is evaluated as: A(H; (7)) = (H(r)) —
(H;(0)). The change of the system energy without the system-bath interaction is given by:
AHA(T)) = tra{Ha(7)p%Y (1) —H(0)5%9(0)}. Using the above results with Eqs. () (I5),
we can also evaluate the work from the HEOM:

~

W(r) = AHAT)) + AH (7)) + A(Hp(1)). (22)

Thus, the total entropy production in the Boltzmann case, as presented in Eq. (8], can be

rewritten as:
SEa(r) = kg ASa(r) + BAFB(7)) + B (A(H(7) = UL(7)) | (23)

where U (1) = AUA(T) —A(’;’:[A(T)> represents the energy of the system part of the system—
bath interaction.
For very weak system-bath interactions, A(H;(7)) can be ignored and 6U, () approaches

zero. This assumption is often employed in quantum thermodynamics. In reality, however,

9



a system cannot reach thermal equilibrium state on its own without the system—bath inter-
action because the microscopic nature of the main system is described by quantized states

and the dynamics of the system itself is reversible in time. Thus, a careful treatment of

A(H; (7)) and 6U’,(7) is necessary.

D. von Neumann entropy

The von Neumann entropy is commonly used in quantum thermodynamics. It is de-

fined as:

SiV(t) = —tra{pa(t) Inpa(t)}, (24)

where p4(t) is the reduced density matrix. Then the change of the system entropy is given
by ASYN (1) = S9N (1) — S%Y(0). Note that this entropy is consistent with the Boltzmann
entropy in thermal equilibrium when the system—bath interaction is very weak. For the von
Neumann entropy, entropy production is defined as:

Shot (1) = AS g (7) + BA(H (7)), (25)

where the second term on the RHS is the contribution of the entropy from the bath and

where

AS () = —tra{ % (7) In p5 (1)} + tra{p%7(0) In p%7(0) } (26)

is the change of the von Neumann entropy of a system in a quasi-static equilibrium state.
Note that, although the contribution of the entropy from the bath in the von Neumann case is
defined as being from the bath itself, in the Boltzmann case, it includes the contribution from
the system—bath interaction described by the third term of the RHS of Eq. (23]). Although
the definition of Eq. (28] has been extensively used under various conditions 23! as we will
show in the next section, the positivity of entropy production in the von Neumann case

breaks due to the contribution from the system—bath interaction, if the initial equilibrium

state is correlated.

10



III. NUMERICAL RESULTS
A. Real-time responses

Our scheme for calculating thermodynamic variables, which we described in Sec. [T, is
based on a simulation of the kinetic response under an external perturbation using the

HEOM. Although the HEOM are applicable for a range of systems,*? including chemical

55,56 80,81

reactions, quantum ratchets,?” spin glass, and photosynthesis,®2 2 here we employ a
simple spin-boson system for demonstration. For a system of this kind, special attention has
to be paid to the role of the system—bath interaction, because the main system cannot reach
thermal equilibrium by itself without the system—bath interaction, even if the interaction is

very weak. Here, we set the system Hamiltonian:

1

Hy = hwo(le) (el = 19){g])

and Hg(t) = f(t)hwo(le)(e] — |g){g|), where |e) and |g) are the excited state and ground
state, respectively. The system-bath interaction is defined as V = |g)(e| + |e)(g|. In the
simulation, we set n = 1 and Shwy = 1. Throughout this paper, we fix the cutoff frequency
v = wy, which corresponds to a moderate non-Markovian case. Note that even if v is
very large, the noise is non-Markovian in the very low temperature regime due to quantum
thermal fluctuations, as demonstrated for the simulation of muon spin spectroscopy (uSR).5

The system is driven by the external field:

0, t <0,
1
t) =<4 —t t<T 27
0= gt 0<t=T (27)
— T<t
47 <7

where T' is the time duration of the driving force. We first investigate the response of the
thermodynamic variables under an external field with different growth rates over time. We
evaluated the von Neumann entropy at time 7 from Eq. (25]) by numerically integrating the
HEOM until time ¢t = 7, starting from the correlated equilibrium state at ¢ = 0 and then
using the zeroth element of the solution, pn—o(7).

In Fig. [ we depict the results calculated for (a) the work W (7) and (b) the change of the

von Neumann entropy AS3Y(7) at time 7. The black dots are the values calculated from

11
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FIG. 1. (a) The work W (r) calculated from Eq. (I4) and (b) the change of the von Neumann

entropy of the main system ASYY () calculated from Eq. (24). Both are plotted as functions of

time 7/T for fixed n = 1 and fhwy = 1. The black dots represent the results from the quasi-static
Aqeq

distribution p%“(7) that satisfy W%°(7) = AFs(7). The colored curves represent different time

durations: T'= 0.1/wq (blue curve), T' = 1/wy (green curve), and T'= 10/wy (red curve).

the quasi-static distribution p%?(7). First, note that the von Neumann entropy becomes
large when the ground state and excited states are equally populated, whereas it becomes
small if the population is localized in the ground state. In the present case, because the
external field enhances the excitation energy, the population of the excited state decreases

as T increases. Because ASYY(7) is zero at 7 = 0, the change in the entropy is negative.

When the external perturbation is applied very slowly, the work and the changes of the
von Neumann entropy approach their quasi-static equilibrium values, which are represented

by the black dots. Note that if we increase the system—bath coupling 7, instead of 7', the von

12



Neumann entropy is suppressed to the quasi-static value more rapidly (not shown). These
results imply that the reduced density operator, defined in Eq. (), coincides with p%?(7) at
each time 7 if the perturbations are sufficiently slow or if the system—bath coupling is strong.
A slower external perturbation or stronger system-bath coupling results in smaller work
W (7). The lower limit of the work is identical to the change of the quasi-static Helmholtz
energy, i.e., W% (1) = AF4(7). We, thus, have AF4(7) < W(7), which corresponds to the

second law of thermodynamics.

B. System entropy and entropy production calculated from the correlated

equilibrium state

Based on the above results, here we calculate both the Boltzmann entropy and the von
Neumann entropy using p%?(7), which was obtained as the steady-state solution of the
HEOM by integrating them from ¢ = 0 to sufficiently long time t > 1/wq for H(7) with
the fixed time 7. We calculated the change of the quasi-static Helmholtz energy AF4(7)
from Eq. ({I). Then the change of the system entropy AS, was calculated from Eq. (12)
by numerically differentiating AF4(7) with respect to 7 using a seven-point finite difference
method with grid spacing AS = 0.01/fw,. Using the first law of thermodynamics Eq. ()
with Eqs. (I3) and (), we evaluated the total entropy production X2, from Eq. [IS). In
the von Neumann case, the change of the system entropy ASY" and total entropy produc-
tion X% were calculated from Eqs. (28) and (25]), respectively. The quasi-static Helmholtz
energy, as well as various thermodynamic variables, were obtained by numerically simulat-
ing the time evolution of the system from the true (correlated) thermal equilibrium state,
pa(0) = trp{e BHATHITHEY /70 16 the final state p(+00) = p%(T). Here, we consider
the slow perturbation case, T' = 10/wy.

In Fig. Bl we illustrate: (a) the change of the system entropy AS, and (b) the total
entropy production Y, in the Boltzmann (blue) and von Neumann (red) cases, as functions
of the system-bath coupling strength n for different temperatures. We first discuss ASy,
as shown in Figs. Pl(a-1)-2la-iii). As explained for Fig. [l AS4 becomes negative because
the external force enhances the excitation energy and thus, the population is localized in
the ground state. This tendency becomes prominent at lower temperatures due to the small

thermalization that arises from the fluctuations of the bath. The differences between the

13
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FIG. 2. (a) Change of the system entropy and (b) the total entropy production in the Boltzmann
case (red curves) and the von Neumann case (blue curves) as functions of the system—bath coupling

strength 7, for the inverse temperatures: (i) Shwy = 0.5, (ii) Shwy = 1, and (iii) Shwy = 3.

Boltzmann and von Neumann cases become larger as the system—bath coupling strengthens,
in particular at low temperatures (see also Ref. @), but the overall profiles for the two results
are similar. This is because we calculated both entropies using the reduced density matrix
of the main system obtained from the HEOM, and thus, the effects of the non-perturbative

system—bath interaction were indirectly taken into account in the von Neumann case.

In all cases in Figs. Rl(a-i)-2(a-iii), the changes of the system entropy increase as the
system—bath coupling strength increases because the excited state is populated in the strong
system-bath coupling region. At low temperatures [Fig. 2l(a-iii)], however, the increase in
the entropy change is suppressed in the region 0.05 < n < 0.5. This is due to the relaxation
of the excited state arising from the dissipation, whereas the thermal excitation arising

from the fluctuations is suppressed in this low-temperature regime. Thus, the ground state
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population is more localized and, as a result, the entropy becomes small in this parameter
region. For very large 7, however, the system and the bath are strongly coupled and the
energy eigenstates of the system become continuous. Thus, the change of the system entropy
becomes large for large 7.

Although the changes of the system entropy in the Boltzmann and von Neumann cases are
mostly determined by the ground- and excited-state populations and are not sensitive to the
definition of the entropy, the total entropy production in these two cases exhibits completely
different behavior, as illustrated in Figs. 2(b-1)-2[(b-iii). The total entropy production in the
Boltzmann case is always positive, whereas that in the von Neumann case becomes negative,
even in a weak coupling region. This difference is due to the third term on the RHS of
Eq. @3), 8 (A(?:[ 1) —oUY%), in the Boltzmann expression. Note that, in quantum information
theory, the difference of the von Neumann entropy is the quantum mutual information. It
is defined by I(A: B) = SY + %Y — Sp¥ and is employed as a measure of the correlation
between the quantum states of the system and the bath.™ In the present case, although
we cannot evaluate the bath part of the von Neumann entropy directly, from the difference
between Egs. (23) and (28), it should be reasonable to estimate the change of the bath von
Neumann entropy as ASEY ~ BA(Hp) + B(A(H;) — 6U). Accordingly, we estimate the
change of the total von Neumann entropy as ASYY ~ ¥ + B(A(H;) — 6U",), which leads
to AI(A: B) = 0.

To analyze this more closely, we depict AQ, —A(H ), A(H;), and 6U'y = AU, — A(H.4)
as functions of n for various temperatures calculated from Eqs. (I7), (I9), and 1)) under
the same physical conditions as in Fig. 2l As Figs. B(a)-{8lc) indicate, the total entropy
production in the von Neumann case becomes negative due to the negative contribution
of the bath entropy in the strong coupling region. In the low-temperature case, AQ and
—A(’;’:[ p) decrease after a maximum around 7 = 2 because the strong dissipation suppresses
heat transfer from the system to the bath.?® As a result, the entropy production in the von
Neumann case slightly increases for n > 2.

In the Boltzmann case, X2, is always positive because the large positive contribution
of the entropy from the system bath interaction, S(A(H;) — 6U%), compensates for the
negative contribution of the bath entropy. This indicates that the total entropy production
in the von Neumann case becomes negative because the contribution from the system-bath

interaction has not been treated properly. Moreover, we find that 6U’, ~ A(H;)/2, which
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FIG. 3. Change of the heat AQ (green curve), the decrease of the bath energy —A(Hpg) (red
curve), the change of the interaction energy A(#;) (blue curve), and the change of the system

part of the system-bath interaction energy 6U’y = AU4 — A(H4) (black dashed curve), plotted as
functions of 7 for (a) Shwy = 0.5, (b) Shwy =1, and (¢) Bhwy = 3.

indicates that the system—bath interaction energy is evenly distributed to the system and
the bath. The difference of the bath entropy between the Boltzmann case and the von
Neumann case is then evaluated as AQ — (—A(Hp)) ~ —A(#)/2. Although the negativity
of entropy production in the von Neumann case was found by Goyal, He, and Kawai,® here

we identify the origin of this negativity using the Boltzmann entropy.

Finally, we discuss the characteristic features of the total entropy production in the
Boltzmann case, depicted as the blue curves in Figs. RI(b-i){2(b-iii). When 7 is very weak,
the system state pa(t) at time T is not quasi-static p%?(7") because T" = 10/wy is much
shorter than the thermal relaxation time of the system in this parameter region, as with
small 7' in Fig. [ Thus, the total entropy production 2, becomes large for small 1. The
heat produced AQ) = AU, — W reflects the nonequilibrium state of the system because,
although the work W defined by Eq. (I4]) was evaluated without assuming a quasi-static
state, we evaluated AUy and ASy using p%?(t) through AF defined by Eq. (II)). When the
bath temperature becomes lower, the entropy production becomes larger, because thermal
fluctuations, which help the relaxation to the equilibrium states, are suppressed. As 7

increases, 32, decreases because pa(t) approaches p(t). If there is very strong system-—
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bath coupling, the system and the bath are almost merged and behave like a single isolated
system. Thus, we have kz'AS, = BAQ and X5, becomes zero, which indicates that the
dynamics of the total system is time reversible.

In Appendix Bl we show that the total entropy production in the von Neumann case
becomes positive, if we start from a factorized initial state. This is because the change of
the bath entropy is enhanced, and it restores the loss of the entropy due to the factorized

initial state.

C. Heat and the Jarzynski equality

Although the equality Zy(7)/Z10t(0) = Za(7)/Z4(0) is commonly assumed when investi-
gating entropy production 22222021 it is obvious that this relation does not hold for an open
quantum dynamics system in which fluctuations and dissipation play an essential role. This
is because, although the first law of thermodynamics states that AQ(7) = AUa(7) — W (1),
the above equality is equivalent to assuming that AU(7) — W(7) = 0 because

AUL(T) = —% In @;‘8) , (28)

and W(7) = AUy (7) with

AUtot(T) = —% In (gi:iggg) . (29)

In the present case, we have Z;,4(7)/Z101(0) = (Za(7)/Z4(0)) (Zp(7)/Z5(0)) and Zy(7)/ Z10:(0) #
ZA(T)/Z4(0), where (Zp(1)/Z5(0)) is evaluated from AQ(7) = dln(Zp(7)/Z5(0)) /OB. As

a result, the Jarzynski equality does not hold. This is natural, because the situation we
consider here is not adiabatic (i.e., AQ(7) # 0) and not time reversible, although the total
energy of the system plus bath is still conserved, as described by Eq. (22)).

IV. CONCLUDING REMARKS

In this paper, we present a quantitative scheme to evaluate thermodynamic variables,
such as the change of the Boltzmann entropy, for isothermal processes in an open quantum
dynamics system. The scheme is based on evaluating the quasi-static Helmholtz energy using

a reduced equation of motion for any system coupled to a heat bath under a slowly changing
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external force. Any open quantum dynamics formalism that can accurately describe the
thermal equilibrium state as a steady-state solution can be employed for the calculations.
Because the present approach is based on the kinetic response of a thermal system, it may
be possible to apply a similar scheme in a real experiment with a small quantum system in

a thermal environment by applying a time-dependent external perturbation.

As a demonstration, we calculated various thermodynamics valuables for a spin-boson
system. We find that, although the profiles of the system entropy in the Boltzmann and
von Neumann cases as functions of the system—bath coupling strength are similar, those for
the total entropy production are completely different. The total entropy production in the
Boltzmann case is always positive, whereas that in the von Neumann case becomes negative
if we chose a thermal equilibrium state of the full system (a correlated thermal state) as
the initial condition. This is because the total entropy production in the von Neumann case
does not properly take into account the contribution of the entropy from the system-bath
interaction. Finally, the applicability of the Jarzynski equality is briefly discussed based on

partition functions.

Although the differences between the results for the Boltzmann case and the von Neu-
mann case are small in a region with weak system—bath coupling, a formalism based on the
Boltzmann entropy must be used to investigate the philosophical foundations of quantum
thermodynamics, and there should be no inconsistencies. Moreover, ignoring the effect of
the system—bath interaction is unrealistic because a tiny quantum system can never reach

thermal equilibrium on its own without the system—bath interaction.

In the present paper, although we limited our analysis to a simple spin-boson system,
we can use the same approach for the variety of systems that the HEOM formalism has
been applied to.#2 Moreover, if we employ the quantum hierarchical Fokker-Planck equa-
tions (QHFPESs) for a system described by a configuration space and Wigner distribution

functions 32:41:55-57

we can investigate not only quantum cases but also classical cases by
taking the classical limit of the QHFPEs. Because the QHFPE formalism treats quantum
and classical systems in the same way, regardless of the form of the potential, it can be
used to identify purely quantum mechanical effects by comparing the classical and quantum
results for the Wigner distribution.2%27 In conclusion, the present paper provides a rigorous

and quantitative framework for investigating quantum thermodynamics.
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Appendix A: Derivation of Eq. (I0))

In this appendix, we derive Eq. (I0Q) for the system—bath Hamiltonian expressed as 7:[(7') =
Ho + Hp(r), where Hy = HY + H; + Hp and Hy(r) is the time-dependent part of the
system Hamiltonian. Using Kubo’s identity,®” we can rewrite the partition function of the

Hamiltonian 7:[(7' + AT), expressed in real time, as:

. . B . . .
e PHIT+AT) — o=AH(T) [1 —/ d)\eAH(T)A?‘A[E(T)E_A(H(THAHE(T)) ) (A1)

0
where AHp(t) = Hp(r + A1) — Hp(r). For small AHp(r), which is realized when
7:[E(7‘) changes in time slowly or A7 is small, we can ignore the higher-order contribu-

tion of AH g(7). For the reduced density operator in imaginary time, defined as D A(Bh;T) =

trp{e PR 77} 2041 we then have:

. . B 1 . . . .
pA(Bh; T+ AT) = ps(Bh;T) — /0 d\trp {?e_m{(ﬂeAH(T)AHE(T)e_AH(T)} : (A2)
B

The reduced partition function of the system is given by Z(7) = tra{p,(6k; 7)}. Thus, for

a slowly changing time-dependent Hamiltonian with A7 — 0, we have the relation:

0 A v L o OHe(T) p
- - _ —BH(T) = XH(r) YTEENT) —X\H(7)
87_ZA(T) /0 dMtry [trB {e de 57 e ) (A3)
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By dividing both sides of the equation by Z4(7), we can write Eq. (I0) as:

2 _l 1 —BH(T) )J-t aHE( ) —m(r)
87( BanA( ) 5/ d)\trA+B{7ZA( 7 5

1 6_6}1(7_) 8HE(T)
ZA(T)Z] or

= tra {ﬁifq( )m{%ﬂ} ) (Ad)

where the quasi-thermal equilibrium state of the system at time 7 is defined as p%?(7)

pa(Bh; 7)) Z4(7) 204

=tratp

Appendix B: Total entropy production from the factorized initial state

To illustrate the contribution of the entropy from the system—bath interaction, here we
present the results in the von Neumann case calculated from the factorized thermal initial
state, pPiot(0) = Pfq 9 ® p%, using Eq. ([24). Note that, although the factorized initial state
has been intensively used to investigate entropy production, it is valid only for a Markovian
heat bath, as the noise correction of the bath is short (7 > wp) and the temperature is
very high (Bhw < 1) or the system-bath interaction is very weak (n < wp)22% At low
temperatures, where quantum effects play a dominant role, non-Markovian effects arise,
even for v > wy, due to the quantum thermal fluctuations, as observed in the simulation of
muon spin spectroscopy (uSR).2

In Fig. [ we present the results of (a) the change of the system entropy and total entropy
production, and (b) the change of the system energy, interaction energy, and bath energy in
the von Neumann case calculated from the factorized initial state under the same physical
conditions as in Figs. 2 and Unlike the correlated case in Fig. Bi(b), 3¢%, as shown
in Fig. ll(a), is always positive for any strength of the system-bath coupling. Although

4445 it is due to the contribution of the

this result is consistent with former investigations,
entropy from the system—bath interaction, which has not been considered before. Although
the system energy A(”}:[ 4) does not change significantly, regardless of n, the change of the
interaction energy A(H;) dramatically decreases to restore the system-bath correlation that
is lost from the factorized initial state, as illustrated in Fig. @(b). Then the bath energy

A(# ), which contributes to XY through the second term on the RHS of Eq. (23), increases
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FIG. 4. (a) Total entropy production (blue curve) and the change of the system entropy (red curve).
(b) Change of the system energy (green curve), interaction energy (blue curve), and bath energy
(red curve). These were calculated from the factorized initial condition in the von Neumann case
as functions of the system—bath coupling for (i) Slwy = 0.5, (ii) Bhwy = 1.0, and (iii) Shwy = 3.0,

under the same physical conditions as in Figs. Bl and [3

and supplies energy to the system—bath interaction.

As explained in Sec. [IIB] the total entropy production in the von Neumann case is un-
derestimated by about A(#;)/2. In the present factorized case, because A(H;) is negative,
the modified total entropy production XN = XN + BA(H;)/2 becomes smaller than the

.. /. . ..
original value, whereas Y04 is still positive.

1G. Gallavotti and E. G. D. Cohen, Phys. Rev. Lett. 74 2694 (1995).

2A. Gomez-Marin, J. M. R. Parrondo, and C. Van den Broeck, Phys. Rev. E 78, 011107
(2008).

3C. Jarzynski, Annu. Rev. Condens. Matter Phys.| 2, 321 (2011).

1U. Seifert, Rep. Prog. Phys.| 75, 126001 (2012).

°U. Seifert, Phys. Rev. Lett. 116, 020601 (2016).

°H. J. D. Miller and J. Anders, [Phys. Rev. E 95, 062123 (2017).

21


https://doi.org/10.1103/PhysRevLett.74.2694
https://doi.org/10.1103/PhysRevE.78.011107
https://doi.org/10.1146/annurev-conmatphys-062910-140506
http://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1103/PhysRevLett.116.020601
https://doi.org/10.1103/PhysRevE.95.062123

"D. J. Evans, E. G. D. Cohen, and G. P. Morris, [Phys. Rev. Lett. 71, 2401 (1993).

8G. E. Crooks, Phys. Rev. E 60, 2721 (1999).

9G. Ayton, D. J. Evans, and D. J. Searles, [J. Chem. Phys.| 115, 2033 (2001).

UE. Mittag and D. J. Evans, Phys. Rev. E| 67, 026113 (2003).

HT. de Vega and D. Alonso, Rev. Mod. Phys.| 89, 015001 (2017).

2F. Ritort, Adv. Chem. Phys.| 137, 31 (2008).

I3F. Brandao, M. Horodecki, N. Ng, J. Oppenheim, and S. Wehner, PNAS/ 112, 3275 (2013).

145 Trotzky, Y-A. Chen, A. Flesch, I. P. McCulloch, U. Schollwéck, J. Eisert, and 1. Bloch,
Nat. Phys. 8, 325 (2012).

15, Gemmer, M. Michel, and G. Mahler, Quantum Thermodynamics: Emergence of Ther-
modynamic Behavior Within Composite Quantum Systems, Lecture Notes in Physics
(Springer, Berlin, Heidelberg, 2009).

I6K. Maruyama, F. Nori, and V. Vedral, Rev. Mod. Phys.| 81, 1 (2009).

Y"N. Brunner, M. Huber, N. Linden, S. Popescu, R. Silva, and P. Skrzypczyk, [Phys. Rev. E
89, 032115 (2014).

I81.. Chotorlishvili, Z. Toklikishvili, and J. Berakdar, [J. Phys. A: Math. Theor.| 44, 165303
(2011).

9P, Strasberg and M. Esposito, [Phys. Rev. E/99, 012120 (2019).

20W. Dou , J. Bitge, A. Levy, and M. Thoss, [Phys. Rev. B 101, 184304 (2020).

2IR. Kosloff and A. Levy, [Annu. Rev. Phys. Chem.| 65, 365 (2014).

2D. Gelbwaser-Klimovsky, W. Niedenzu, and G. Kurizki, [Adv. At. Mol. Phys. 64, 329

(2015).

23 A. Polkovnikov, K. Sengupta, A. Silva, and M. Vengalattore, [Rev. Mod. Phys.| 83, 863
(2011).

K. Korzekwa, M. Lostaglio, J. Oppenheim, and D. Jennings, New J. Phys. 18, 023045
(2016).

2P, Hofer, M. Perarnau-Llobet, L. Miranda, M. David, G. Haack, R. Silva, J. B. Brask, and
N. Brunner, New J. Phys.| 19, 123037 (2017).

%6J. O. Gonzédlez, L. A. Correa, G. Nocerino, J. P. Palao, D. Alonso, and G. Adesso,
Open Syst. Inf. Dyn. 24, 1740010 (2017).

2"M. T. Mitchison and M. B. Plenio, New J. Phys. 20, 033005 (2018).

2P, Hanggi and G.-L. Ingold, [Chaos 15, 026105 (2005).

22


https://doi.org/10.1103/PhysRevLett.71.2401
https://doi.org/10.1103/PhysRevE.60.2721
https://doi.org/10.1063/1.1385158
https://doi.org/10.1103/PhysRevE.67.026113
https://doi.org/10.1103/RevModPhys.89.015001
https://doi.org/10.1002/9780470238080.ch2
https://doi.org/10.1073/pnas.1411728112
https://doi.org/10.1038/nphys2232
https://doi.org/10.1103/RevModPhys.81.1
https://doi.org/10.1103/PhysRevE.89.032115
https://doi.org/10.1088/1751-8113/44/16/165303
https://doi.org/10.1103/PhysRevE.99.012120
10.1103/PhysRevB.101.184304
https://doi.org/10.1146/annurev-physchem-040513-103724
https://doi.org/10.1016/bs.aamop.2015.07.002
https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1088/1367-2630/18/2/023045
https://doi.org/10.1088/1367-2630/aa964f
https://doi.org/10.1142/S1230161217400108
https://doi.org/10.1088/1367-2630/aa9f70
https://doi.org/10.1063/1.1853631

29T. Harada and S. Sasa, [Phys. Rev. Lett. 95, 130602 (2005).

30K. Saito, [Europhys. Lett.| 83, 50006 (2008).

310, Jarzynski, [J. Stat. Mech.| P09005 (2004).

32J. Kurchan, e-print [arXiv:cond-mat /0007360 (2000).

33H. Tasaki, e-print arXiv:cond-mat /0009244 (2000).

31S. Yukawa, |J. Phys. Soc. Jpn.|69, 2367 (2000).

$G. E. Crooks, [J. Stat. Phys.| 2008, P10023 (2008).

36M. Campisi, P. Talkner and P. Hanngi, Phys. Rev. Lett. 102, 210401 (2009).

3TM. Campisi, P. Hanggi, and P. Talkner, Rev. Mod. Phys.| 83, 771 (2011).

38M. Esposito, U. Harbola, and S. Mukamel, [Rev. Mod. Phys. 81, 1665 (2019).

39Y. Tanimura, [J. Phys. Soc. Jpn. 75, 082001 (2006).

10Y. Tanimura, [J. Chem. Phys. 141, 044114 (2014).

Y. Tanimura, [J. Chem. Phys. 142, 144110 (2015).

42Y. Tanimura, [J. Chem. Phys. 153, 020901 (2020).

BBM. Esposito and S. Mukamel, [Phys. Rev. E| 73, 046129 (2006).

M. Esposito, K. Lindenberg and C. Van den Broeck, New. J. Phys.| 12, 013013 (2010).

BT Sagawa, Lectures on Quantum Computing, Thermodynamics and Statistical Physics,
Kinki University Series on Quantum Computing, edited by M. Nakahara and S. Tanaka
(World Scientific, Singapore, 2012), p. 125.

16R. Kosloff, Entropy 15, 2100 (2013).

4TH. Spohn and J. L. Lebowitz, [Adv. Chem. Phys.| 38, 109 (1979).

BR. Alicki, [J. Phys. A: Math. Gen/ 12, L103 (1979).

1S, Yukawa, e-print [arXiv:cond-mat/0108421] (2001).

1. Callens, W. De Roeck, T. Jacobs, C. Maes and K. Netocny, [Physica D, 187, 383 (2002).

'H.  P. Breuer, F. Petruccione, The Theory of Open Quantum Systems
(Oxford University Press, Oxford, 2002).

52Y. Tanimura and R. Kubo, [J. Phys. Soc. Jpn. 58, 101 (1989).

53Y. Tanimura, Phys. Rev.] A41, 6676 (1990).

A Ishizaki and Y. Tanimura, |J. Phys. Soc. Jpn.| 74, 3131 (2005).

%Y. Tanimura and P. G. Wolynes, Phys. Rev. Al 43, 4131 (1991).

56Y. Tanimura and P. G. Wolynes, [J. Chem. Phys. 96, 8485 (1992).

°TA. Kato and Y. Tanimura, [J. Phys. Chem. B| 117, 13132 (2013).

23


https://doi.org/10.1103/PhysRevLett.95.130602
https://doi.org/10.1209/0295-5075/83/50006
https://doi.org/10.1088/1742-5468/2004/09/P09005
https://arxiv.org/abs/cond-mat/0007360
https://arxiv.org/abs/cond-mat/0009244
https://doi.org/10.1143/JPSJ.69.2367
https://doi.org/10.1088/1742-5468/2008/10/P10023
https://doi.org/10.1103/PhysRevLett.102.210401
https://doi.org/10.1103/RevModPhys.83.771
http://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1143/JPSJ.75.082001
https://doi.org/10.1063/1.4890441
https://doi.org/10.1063/1.4916647
https://doi.org/10.1063/5.0011599
https://doi.org/10.1103/PhysRevE.73.046129
https://doi.org/10.1088/1367-2630/12/1/013013
https://doi.org/10.1142/9789814425193_0003
https://doi.org/10.3390/e15062100
https://doi.org/10.1002/9780470142578.ch2
https://doi.org/10.1088/0305-4470/12/5/007
https://arxiv.org/abs/cond-mat/0108421
https://doi.org/10.1016/j.physd.2003.09.022
https://doi.org/10.1093/acprof:oso/9780199213900.001.0001
https://doi.org/10.1143/JPSJ.58.101
https://doi.org/10.1103/PhysRevA.41.6676
https://doi.org/10.1143/JPSJ.74.3131
https://doi.org/10.1103/PhysRevA.43.4131
https://doi.org/10.1063/1.462301
https://doi.org/10.1021/jp403056h

A. Kato and Y. Tanimura, [J. Chem. Phys,| 143, 064107 (2015).

A, Kato and Y. Tanimura, Hierarchical Equations of Motion Approach to Quantum Ther-
modynamics, Thermodynamics in the Quantum Regime Volume 195, edited by F. Binder
et al, Fundamental Theories of Physics (Springer, 2018), p. 579.

%A, Kato and Y. Tanimura, [J. Chem. Phys.| 145, 224105 (2016).

61D. Segal, A. Nitzan, Phys. Rev. Lett. 94, 034301 (2005).

62C.-Y. Hsieh, J. Liu, C. Duan, and J. Cao, [J. Phys. Chem. C| 123, 28, (2019).

83C. Duan, C.-Y. Hsieh, J. Liu, and J. Cao, [J. Phys. Chem. Lett. 11, 4080 (2020).

64D, Segal and A. Nitzan, Phys. Rev. E 73, 026109 (2006).

SH.T. Quan, Y.D. Wang, Y.X. Liu, C.P. Sun, and F. Nori, Phys. Rev. Lett. 97, 180402
(2006).

%H. T. Quan, Y. X. Liu, C. P. Sun, and F. Nori, Phys. Rev. E 76, 031105 (2007).

5D. Gelbwaser-Klimovsky and A. Aspuru-Guzik, [J. Phys. Chem. Lett. 6, 3477 (2015).

%D. Newman, F. Mintert, and A. Nazir, Phys. Rev. E|/ 95, 032139 (2017).

%9H. M. Friedman and D. Segal, Phys. Rev. E| 100, 062112 (2019).

K. Goyal, X. He, and R. Kawai, Physica A, 552, 122627 (2019).

P, Schramm and H. Grabert , J. Stat. Phys.| 49, 767 (1987).

R. P. Feynman and F. L. Vernon Jr., /Ann. Phys.| 24, 118 (1963).

Y .-A. Yan, Chin. J. Chem. Phys. 30, 277 (2017).

™T. Ikeda and Y. Tanimura, Chem. Phys. 515, 203 (2018).

A. O. Caldeira and A. J. Leggett, Phys. Rev. Lett.|46, 211 (1981).

6A. J. Leggett, S. Charkravarty, A. T. Dorsey, P. A. Matthew, M. P. A. Fisher, A. Garg,
and W. Zwerger, Rev. Mod. Phys.|59, 1 (1987); (Erratum) 67, 725 (1995).

"A. E. Allahverdyan, R. Serral Gracia, and Th. M. Nieuwenhuizen, Phys. Rev. E, 71,
046106 (2005).

H. Gong, Y. Wang, H.-D. Zhang, Q. Qiao, R.-X. Xu, X. Zheng, and Y.-J. Yang,
J. Chem. Phys) 153, 154111 (2020).

™J. Goold, M. Huber, A. Riera, L. del Rio, and P. Skrzypczyk, [J. Phys. A: Math. Theor.
49, 143001 (2016).

80M. Tsuchimoto and Y. Tanimura, |[J. Chem. Theory Comput. 11, 3859 (2015).

81K. Nakamura and Y. Tanimura, [Phys. Rev. A|98, 012109 (2018).

82J. Striumpfer and K. Schulten, [J. Chem. Phys.| 134, 095102 (2011).

24


https://doi.org/10.1063/1.4928192
https://doi.org/10.1007/978-3-319-99046-0_24
https://doi.org/10.1063/1.4971370
https://doi.org/10.1103/PhysRevLett.94.034301
https://doi.org/10.1021/acs.jpcc.9b05607
https://dx.doi.org/10.1021/acs.jpclett.0c00985
https://doi.org/10.1103/PhysRevE.73.026109
https://doi.org/10.1103/PhysRevLett.97.180402
https://doi.org/10.1103/PhysRevE.76.031105
https://doi.org/10.1021/acs.jpclett.5b01404
https://doi.org/10.1103/PhysRevE.95.032139
https://doi.org/10.1103/PhysRevE.100.062112
https://doi.org/10.1016/j.physa.2019.122627
https://doi.org/10.1007/BF01009356
https://doi.org/10.1016/0003-4916(63)90068-X
https://doi.org/10.1063/1674-0068/30/cjcp1703025
https://doi.org/10.1016/j.chemphys.2018.07.013
https://doi.org/10.1103/PhysRevLett.46.211
https://doi.org/10.1103/RevModPhys.59.1
https://doi.org/10.1103/RevModPhys.67.725
https://doi.org/10.1103/PhysRevE.71.046106
https://doi.org/10.1063/5.0021203
https://doi.org/10.1088/1751-8113/49/14/143001
https://doi.org/10.1021/acs.jctc.5b00488
https://doi.org/10.1103/PhysRevA.98.012109
https://doi.org/10.1063/1.3557042

8(C. Kreisbeck and T. Kramer, [J. Phys. Chem. Lett. 3, 2828 (2012).

81Y. Fujihashi, G. R. Fleming, and A. Ishizaki, [J. Chem. Phys.| 142, 212403 (2015).

8. Sakamoto and Y. Tanimura, [J. Phys. Chem. Lett.| 8, 5390 (2017).

86H. Takahashi and Y. Tanimura, [J. Phys. Soc. Jpn.| 89, 064710 (2020).

8TR. Kubo, M. Toda, and  N. Hashitsume, Statistical ~ Physics
(Springer, New York, 1985), Vol. 2.

25


https://doi.org/10.1021/jz3012029
https://doi.org/10.1063/1.4914302
https://doi.org/10.1021/acs.jpclett.7b01535
https://doi.org/10.7566/JPSJ.89.064710
https://doi.org/10.1007/978-3-642-96701-6

	Numerically ``exact'' simulations of entropy production in the fully quantum regime: Boltzmann entropy versus von Neumann entropy
	Abstract
	I INTRODUCTION
	II System–bath model and thermodynamic variables
	A Hamiltonian
	B Reduced density matrix and the hierarchical equations of motion
	C Quasi-static Helmholtz energy and Boltzmann entropy
	D von Neumann entropy

	III NUMERICAL RESULTS
	A Real-time responses
	B System entropy and entropy production calculated from the correlated equilibrium state
	C Heat and the Jarzynski equality

	IV CONCLUDING REMARKS
	 Acknowledgments
	 Data availability
	A Derivation of Eq. (10)
	B Total entropy production from the factorized initial state


