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We consider the dynamics of a rigid filament in a motor protein assay under external loading. The
motor proteins are modeled as active harmonic linkers with tail ends immobilized on a substrate.
Their heads attach to the filament stochastically to extend along it, resulting in a force on the
filament, before detaching. The rate of extension and detachment are load dependent. Here we
formulate and characterize the governing dynamics in the mean field approximation using linear
stability analysis, and direct numerical simulations of the motor proteins and filament. Under
constant loading, the system shows transition from a stable configuration to instability towards
detachment of the filament from motor proteins. Under elastic loading, we find emergence of stable
limit cycle oscillations via a supercritical Hopf bifurcation with change in activity and the number
of motor proteins. Numerical simulations of the system for large number of motor proteins show
good agreement with the mean field predictions.

I. INTRODUCTION

Cytoskeletal filaments and associated motor proteins
(MP) stabilize structure of the cell and determine its dy-
namics [1, 2]. The cross-linking MPs, while extending
towards one end of the polar filament, can shear filament
pairs against each other, in an active non-equilibrium
process hydrolyzing ATP. Within a living cell, the fila-
ments form a meshwork, in which each filament encoun-
ters forces due to its surrounding [3–5]. While a major
contribution to this force comes from active processes [6],
recent studies showed that entropic effects like that of
depletion, and diffusible passive cross-linkers can lead to
significant sliding forces on overlapping filaments [7–10].

The gliding motion of filaments on a motor protein
assay has been used extensively to study dynamics of
cytoskeletal filaments outside the living cell. The com-
petition between opposing groups of MPs can lead to
spontaneous oscillations in gliding assays [11]. Filament
motion under cooperative MPs and position dependent
load that could arise from passive cross-linkers or har-
monic trap showed emergence of stable limit cycle oscil-
lations [10, 12–14]. Similar spontaneous oscillations have
been observed in many contexts in cell biology [15, 16],
e.g., sarcomere oscillations, mitotic spindle oscillations,
and chromosome oscillations [17–20].

Using mean field theory and stochastic simulations, we
consider the motion of a filament in a gliding assay of
MPs, in the presence of an external force. As has been
shown recently, the depletion potential in filament bun-
dles can change from a linear to harmonic form with in-
crease in filament number [7]. We consider an external
force that could be constant or be a function of filament
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position. Under a constant load, the filament on MP
assay shows a dynamical crossover from stable to unsta-
ble phase. Whereas, in the presence of an elastic loading,
the filament shows stable limit cycle oscillations when the
number of MPs is larger than a critical value [12, 18]. We
show how the onset of spontaneous oscillations depends
on the MP activity in terms of its extension rate and
detachment force, which can be tuned, e.g., by changing
ATP concentration [21–23].

We present a linear stability analysis of mean field
equations to find phase diagrams showing linearly stable
and unstable phases, separated from stable and unsta-
ble spirals. This is compared them with numerical solu-
tions of the non-linear equations. The boundary between
the unstable spiral and linear instability disappears once
nonlinearities are considered, and the whole region shows
stable limit cycle oscillations. We show how the critical
number of MPs required for the onset of spontaneous os-
cillations depend on the stiffness of the elastic load acting
on the filament, a property that might be utilized by cells
to sense stiffness of extra-cellular matrix. The mean field
phase diagrams constitute our first main result.

We present a derivation of the mean field equation for
bound MPs using a Fokker-Planck approach, to identify
the limitations in the approximation. However, a full
numerical simulation of the model, distinguishing the in-
dividual MPs and incorporating the stochastic nature of
the dynamics, shows good agreement with the mean field
prediction of the supercritical Hopf bifurcation boundary
identifying the onset of spontaneous oscillations. This
is our second main result. Deep inside the oscillatory
phase, the dynamics shows a behavior typical of relax-
ation oscillators. The predictions of stable oscillations
obtained from the mean field equations show good agree-
ment with the stochastic simulations. In our numeri-
cal calculations, we use parameter values corresponding
to microtubule and kinesin motor proteins, allowing our
predictions amenable to direct experimental verification.

In Sec. II we present our model. The linear stabil-
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ity analysis and its comparison with solutions of non-
linear mean field equations are presented in Sec. III A.
In Sec. III B we present the derivation of mean number
of attached MPs using the Fokker-Planck approach. We
also present the evolution of probability density of at-
tached and detached fraction of MPs in this section. Re-
sults of numerical simulations of the detailed stochastic
model and their comparison against the Fokker-Planck
mean field approach is presented in Sec. III C. Finally we
conclude summarizing the main results in Sec. IV.

II. MODEL

We consider a gliding assay set up (Fig.1) in which the
tail end of the MPs are attached irreversibly to a cover
slip. The MPs are assumed to be active harmonic linkers
having stiffness km. The head end of MPs can attach to
a segment of rigid filament floating on the assay within
a cutoff range rc with a rate ωa in a diffusion limited
manner. The maximum number of MPs that can attach
to the filament of length L is N = LφMP , where φMP is
the linear density of MPs attached to the substrate. The
attached head of each MP extends along the filament in
a directed fashion, from negative to positive end of the
filament. This active extension requires energy consump-
tion from ATP hydrolysis that brings the system out of
equilibrium. The rate of extension in i-th MP is denoted
by an active velocity vim that depends on the load force
f il = kmy

i exerted on the MP due to the extension yi

itself. We consider a piece-wise linear relation [11, 24]

vim(f il ) =


v0 for f il ≤ 0

v0

(
1− fi

l

fs

)
for 0 < f il ≤ fb, fb > fs

−vback for f il > fb

(1)

where fs denotes the stall force and v0 stands for the
intrinsic MP velocity. For a load force beyond stall,
fl ≥ fb > fs, the velocity saturates to an extremely small
negative value vback [11, 24], while supportive loads do
not affect the intrinsic MP motion. Assuming the MPs
to be forming slip bonds, the load dependent detachment
rate is expressed as ωoff = ωd exp(|f il |/fd). The attach-
ment detachment ratio breaks detailed balance.

All the parameters v0, ωa, ωd, fs, and fd characteriz-
ing MPs are potentially functions of the ATP concentra-
tion in the ambient fluid. An assumption of Michaelis-
Menten kinetics of ATP hydrolysis has been used to de-
scribe the ATP dependence of v0 for kinesin, where v0

increases linearly for small ATP concentrations to even-
tually saturate [22, 25]. Previous analysis of kinesin run-
lengths demonstrated the ATP dependence of fd [10, 22].
A change in v0 leads to various interesting dynamical
regimes. We return to this point later in the paper.

The over-damped dynamics of the filament position x
is determined by the mechanical force balance,

γf ẋ = Fm + Fe (2)

FIG. 1: (color online) Schematic diagram of the model where
a motile MT filament is attached with a harmonic trap of
stiffness constant KT . When attached, kinesin walks along
the filament towards right with a velocity vm, pulling the
filament towards left.

where the left hand side corresponds to the friction force
characterized by γf and associated to the relative motion
of the filament ẋ := dx/dt with respect to the substrate.
The nm number of attached motor proteins exert a total
force Fm = −

∑nm

i=1 f
i
l , and Fe denotes the external load-

ing that acts against the drive of the MPs. The filament
motion can in turn drag the attached MPs along with it,
such that the extension of i-th MP is given by

ẏi = vim(f il ) + ẋ. (3)

III. RESULTS

In this section we first present a mean field description
of the model presented above. We utilize it to obtain lin-
ear stability predictions for dynamical phases and phase
transitions in the presence of external loading on the fil-
ament. Numerical solutions of the non-linear mean field
equations are used to compare with the linear stability
results. In the second part, we present a Fokker-Planck
description and derive the mean field equations to dis-
cuss its limitations. Finally, we perform detailed numeri-
cal simulations of the full stochastic model, and compare
the results with mean field predictions.

A. Mean field theory

We assume all the MPs to be equivalent within the
mean field approximation, and describe them using the
same average extension y = (1/nm)

∑nm

i=1 y
i, where nm

denotes the number of attached MPs. To express the
equations in a dimensionless form we use the energy
scale set by kBT , the time scale ω−1

d , and the length

scale l0 =
√
kBT/γfωd. The unit of force is set by

f =
√
kBTγfωd. Within mean field approximation, the

dynamics is described by three coupled non-linear differ-
ential equations for dimensionless forms of filament posi-
tion x̃ = x/l0, mean extension of MPs ỹ = y/l0, and the
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attached fraction of MPs ñm = nm/N ,

dx̃

dτ
= F̃e −Nñmk̃mỹ,

dỹ

dτ
= ṽ0

(
1− k̃mỹ

f̃s

)
+
dx̃

dτ
,

dñm
dτ

= (1− ñm)ω̃ − ñm exp

[
k̃mỹ

f̃d

]
. (4)

In the above equations we used the dimensionless time
τ = tωd, spring constant of MPs k̃m = kml0/f , attach-

ment ratio ω̃ = ωa/ωd, stall force f̃s = fs/f , and de-

tachment force f̃d = fd/f . In the presence of an external
load acting against directed MPs, the mean MP exten-
sion remains positive. This allows us to express the mean
detachment rate as ωoff = ωd exp(kmy/fd). We return to
this point in Sec. III B.

In numerical estimates throughout this paper, we use
parameter values typical of microtubule-kinesin assays
shown in Table-I. These values set the unit of length l0 =√
kBT/γfωd = 33 nm, force f = kBT/l0 = 0.125 pN,

and velocity v = l0ωd = 33 nm/s. In the following, we
first perform a linear stability analysis of Eq.(4) using a

constant loading F̃e.

TABLE I: Parameters: Two values of v0 and fd correspond
to ATP concentrations of 5µM and 2 mM respectively.

active velocity v0 0.006, 0.8µm/s [22, 26]
stall force fs 7.5 pN [24, 26]
back velocity vback 0.02µm/s [24]
detachment force fd 1.8, 2.4 pN [10]
attachment rate ωa 5, 20/s [22, 27, 28]
detachment rate ωd 1/s [26]
motor stiffness km 1.7 pN/nm [10] a, 0.3 pN/nm [30]
MT viscous friction γf 893 kBT-s/µm2 [9]

asame order of magnitude as in Ref. [18, 29]

1. Constant loading

The fixed points of the system of equations is obtained
by setting all the time derivatives of Eq.(4) to zero to
obtain,

k̃mỹ0 = f̃s, ñ
0
m = ω̃/[ω̃ + exp(f̃s/f̃d)] = F̃e/Nf̃s, (5)

The last relation determines the loading F̃e correspond-
ing to the fixed point of a system of N MPs character-
ized by attachment ratio ω̃, stall force f̃s and detachment
force f̃d. In the absence of position dependence of the ex-
ternal force, the fixed point is x̃- independent. Its stabil-
ity can be analyzed considering the evolution d|ψ〉/dτ =
a |ψ〉 of a small perturbation |ψ〉 = (δx̃, δỹ, δñm), where

FIG. 2: (color online) Phase diagram under constant loading

in ṽ0 − f̃d plane shown using the heat map of the quantity
q defined in Eq.(6). We use parameter values typical of a

microtubule- kinesin system, k̃m = 450 (km = 1.7 pN/nm),

f̃s = 60, ω̃ = 20 and use N = 5 number of MPs. The color-
box shows the mapping of q-values to the color code. The light
blue (yellow) region denotes unstable (stable) phase under
perturbation.

a denotes the stability matrix with elements

a11 = 0, a12 = −k̃mNñ0
m, a13 = −f̃sN, a21 = 0,

a22 = −
(
µ̃+ k̃mNñ

0
m

)
, a23 = a13, a31 = 0,

a32 = −(k̃m/f̃d)ω̃(1− ñ0
m), a33 = −ω̃/ñ0

m,

where µ̃ := ṽ0/ỹ0. Diagonalizing the stability matrix a
gives the characteristic equation λ(λ2 + pλ+ q) = 0 with
solutions λ1 = 0, and the other two eigenvalues given by

λ± = (1/2)[−p±
√
p2 − 4q]. Here p = −(a22 + a33) > 0

always, and

q = (a22a33 − a13a32) (6)

may change sign, thereby controlling the stability of the
fixed point. In this case, the smaller eigenvalue λ− re-
mains negative, however, λ+ can become positive when
q changes sign from positive to negative. Thus q = 0
line denotes the boundary between stable and unstable
fixed points. This phase boundary is shown in Fig. 2. In
the stable phase, the force balance is maintained as the
filament moves in a direction opposite to the extension of
MPs. In the unstable phase, the extension of MPs cannot
stabilize the filament position, which slides in the direc-
tion of extension of the attached MPs. However, since the
discriminant p2 − 4q = (a22 − a33)2 + 4a13a32 > 0, the
quadratic equation does not support any imaginary part
in the eigenvalues. Thus oscillatory behavior, stable or
unstable, is ruled out. Under constant external loading
the filament driven by MPs cannot sustain oscillations.
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2. Elastic loading

For elastic loading F̃e = −K̃T x̃. This might be gen-
erated on the filament by trapping one of its ends by a
laser tweezer or atomic force microscope tip. As in the
previous case, we perform a linear stability analysis. The
fixed points of the mean field dynamics is given by

k̃mỹ0 = f̃s, ñ
0
m = ω̃/[ω̃ + exp(f̃s/f̃d)], x̃0 = − ñ

0
mNf̃s

K̃T

.

The small perturbations around the fixed point |ψ〉 =
(δx̃, δỹ, δñm) evolves with d|ψ〉/dτ = a′ |ψ〉 where the
elements of the stability matrix a′ are given by

a′11 = −K̃T , a
′
12 = −k̃mñ0

mN,

a′13 = −f̃sN, a′21 = a′11,

a′22 = −(µ̃+ k̃mNñ
0
m), a′23 = a′13, a

′
31 = 0,

a′32 = −(k̃m/f̃d)ω̃(1− ñ0
m), a′33 = −ω̃/ñ0

m, (7)

where, as before, µ̃ := ṽ0/ỹ0. In the case of constant
loading, the matrix element a11 was zero, reducing one
eigenvalue to zero. The other two eigenvalues were de-
termined by a quadratic equation. However, for elastic
loading, a′11 6= 0 and the eigenvalues are given by the full
cubic equation

λ3 +Aλ2 +Bλ+ C = 0 (8)

In terms of different matrix elements A = −Tr(a′),
B = 1

2 (aiiajj − aijaji) where we implied summation over
repeated indices, and C = −det(a′). They can be ex-
pressed as

A = µ̃+ K̃T + ω̃/ñ0
m + ñ0

mk̃mN

B = µ̃K̃T +
ω̃

ñ0
m

(µ̃+ K̃T ) + k̃mω̃

[
1− f̃s

f̃d
(1− ñ0

m)

]
N

C = µ̃K̃T ω̃/ñ
0
m. (9)

Properties of these coefficients determine the existence
of different phases and the dynamical behavior of the
system. A cubic polynomial has eight possible combi-
nations of real and complex roots. Eq.(9) shows that
A is positive definite, C is positive semi definite, while
B can change its sign. These strong restrictions elimi-
nate four combinations for roots to the cubic polynomial
λ1,2,3. The remaining four combinations characterize the
four different phases in the system. The possible combi-
nations are as follows: (i) All three eigenvalues λ1,2,3 are
real negative, characterizing a linearly stable (s) phase.
(ii) λ1 is real negative, but λ2,3 are real positive char-
acterizing a linearly unstable (u) phase. (iii) λ1 is real
negative. On the other hand λ2,3 are complex conjugate
pairs with negative real part, λ2,3 = −α ± iβ, charac-
terizing a decaying oscillation of perturbations in stable
spiral (ss) phase. (iv) λ1 is real negative though λ2,3 are
complex conjugates with positive real part. λ2,3 = α± iβ

0

20

40

60

80

100

10 20 30 40 50

ω̃

N

u
us

s

ss

FIG. 3: Phase diagram for filament in MP assay under elas-
tic loading in N − ω̃ plane, with k̃m = 450, ṽ0 = 24.24,
f̃s = 60, f̃d = 19.2, K̃T = 83 kept fixed. The lines denote
the linear stability phase boundaries between linearly stable
(s), stable spiral (ss), unstable spiral (us), and linearly un-
stable (u) phases. The points denoted by 4 and # indicate
decaying oscillations and limit cycle oscillations, respectively,
corresponding to the full non-linear dynamics in Eq.(4).

with α > 0 denotes oscillations with growing amplitude
in unstable spiral (us) phase.
Phase transitions: (a) Phase boundary between lin-

early (un) stable and (un) stable spiral phase: The com-
plex conjugate roots disappear as the minimum of the
polynomial p(λ) = λ3 + Aλ2 + Bλ touches the line
p(λ) = −C, corresponding to two degenerate eigenval-

ues. The minimum of p(λ) is at λm = −A
3 + 1

3

√
A2 − 3B.

This condition lead to the phase boundary,

C =

[
A

3
+

2

3

√
A2 − 3B

] [
−A

3
+

1

3

√
A2 − 3B

]2

(10)

For B ≥ 0, the boundary is between linear stable (s) and
stable spiral (ss) phases. On the the hand, for B<0, it
denotes the boundary between unstable spiral (us) and
linearly unstable (u) phases.
(b) Phase boundary between stable spiral and unstable

spiral phases: As the sign of the real part α of complex
conjugate roots λ2,3 = α ± iβ changes from negative to
positive the system becomes unstable and start to oscil-
late. This transition is captured by setting α = 0. This
leads to the condition

C −AB = 0 (11)

The growing amplitudes of oscillations in us phase pre-
dicted by linear stability analysis gets stabilized by non-
linearities into stable limit cycle oscillations, as we show
later in Sec. III B using full stochastic simulations and
further analysis. This denotes a supercritical Hopf bifur-
cation to a stable limit cycle, e.g., at a critical number of
MPs N∗ (Fig.3). The expression of N∗ can be obtained
by solving Eq.(11), a quadratic equation in terms of N∗.
Note that in the absence of elastic loading KT = 0 the
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FIG. 4: Phase diagram for filament in MP assay under har-
monic trap in ṽ0 − f̃d plane, keeping k̃m = 450, ω̃ = 20,
f̃s = 60, N = 5 and K̃T = 83 fixed. The phases and phase
boundaries are indicated in the same manner as in Fig.3.

polynomial coefficient C = 0. As a result Eq.(11) cannot
be satisfied, and the Hopf bifurcation disappears.

At the supercritical Hopf bifurcation, the imaginary
part of the eigenvalue β =

√
B, so that the MP- filament

system shows oscillations with a frequency fω =
√
B/2π.

Clearly, the frequency of oscillations fω depends on the
number of MPs, ATP-dependent activity of MPs deter-
mined by active velocity, attachment detachment rates,
stall force, and detachment force, apart from the effective
elastic constant of the external loading force.

Phase diagrams: Using Eq.(10) and Eq.(11) we
present two phase diagrams showing the transitions
between the above mentioned phases in Fig. 3, and
4. We use parameter values corresponding to kinesin-
microtubule assays (Table-I).

In Fig. 3, we show the phase diagram in number of
MPs N - and attachment ratio ω̃ plane. This indicates
the requirement of a threshold number of MPs N∗ to get
sustained oscillations in the us phase. In addition, sus-
tained oscillations depend on the activity in the system,
parametrized in terms of attachment-detachment ratio
ω̃, active velocity ṽ0 and the detachment force f̃d. The
lines in the plot show phase boundaries obtained from
linear stability analysis, using Eq.s (10) and (11). The
boundary between ss and us phase appears via a super-
critical Hopf bifurcation. The full non-linear dynamics
corresponding to Eq.(4) show decaying oscillations in ss
phase (4), and limit cycle oscillations (#) in the region
denoted by us and u. Clearly, once the non-linearities
are considered, the boundary between us and u phase
become irrelevant, the whole region inside the us bound-
ary shows limit cycle oscillations.

In Fig. 4 we further characterize these dynamical phase
transitions in terms the of detachment force f̃d and active
velocity ṽ0. As before, the linear stability analysis shows
boundaries between s, ss, us and u phases. The consid-
eration of non-linearities show that the whole region of
us and u display limit cycle oscillations. The stable limit

FIG. 5: The linear stability phase boundary between the
stable spiral (blue: ss) and unstable spiral (yellow: us) phase
in the plane of elastic loading stiffness KT and MP number N
is shown using the heat map of C−AB in Eq.(11). The color
box shows the mapping for the values of the function. Pa-
rameters used correspond to kinesin-microtubule assay, keep-
ing k̃m = 450, ω̃ = 20, f̃s = 60, f̃d = 19.2, ṽ0 = 24.24 fixed.
The points denoted by 4 and # indicate decaying oscillations
(ss) and stable limit cycle oscillations (us), respectively, cor-
responding to the full non-linear dynamics shown in Eq.(4).
Here we express KT in units of pN/nm.

cycle phase appears from stable spiral via a supercriti-
cal Hopf bifurcation. This transition will be explored in
further detail in Sec. III C using numerical simulations
of the stochastic dynamics governing the MPs and fila-
ment. Note that the phase boundaries between ss and s
in Fig.s 3 and 4 are inconsequential, as both the phases
are stable in long time limit.

In Fig. 5, we show how the onset of stable limit cycle
oscillations (us) depends on the number of MPs N re-
cruited for a given rigidity KT of the elastic loading. The
plot uses parameter values corresponding to microtubule-
kinesin MP assay, at an ATP concentration of 2 mM.
The minimum number of MPs required for the onset of
spontaneous oscillations increases with the stiffness KT

of the substrate. While the particular calculations are
performed for microtubule-kinesin system, the physical
mechanism is equally applicable for acto-myosin systems.
Our simple setup has a parallel in the rigidity sensing
by cells, where contractile acto-myosin system couples
to the extra-cellular matrix (ECM) via an adhesion com-
plex consisting of alpha-actinin and integrin [31, 32]. The
range of KT values used in Fig. 5 belongs to the range
of rigidities of sub-micron elastomeric pillars used in cell
spreading experiments [32]. The cell may utilize an in-
crease of processive myosin bundles, required for the on-
set of oscillations (tugging), as a strategy to sense the
ECM stiffness [32, 33]. In fact, larger multifilament as-
semblies of myosin is noted near more rigid substrate [32].

The parameter values used in the above phase dia-
grams correspond to a gliding assay of microtubule on
kinesin MPs (Table-I). The elastic loading on the fila-
ment can be applied by optical tweezers or atomic force
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microscopes [12, 30, 34]. In Fig. 3 and 4, we used a

value of dimensionless stiffness K̃T that corresponds to
0.3 pN/nm. While the location of phase boundaries de-

pends on K̃T , the qualitative features remain unaltered.
In the limit of extremely small K̃T , however, the har-
monic trap can act like a constant loading, as was shown
in Ref. [35]. Within the cell, our study has relevance for
the relative sliding motion of filaments where the load-
ing might be provided by other cellular components, or
the filament bending [18], and may have implications for
rigidity sensing by cells [31, 32]. We considered length
stabilized filaments, which are typically used in gliding
assay experiments, thus disregarding the possible effects
of active polymerization depolymerization of filaments in
living cells [2].

B. Fokker-Planck approach to mean field

Having established the phase diagrams using mean
field equations and linear stability analysis, in this sec-
tion we use a Fokker-Planck approach [18] involving the
probability distributions Pa,d(y, t) of attached and de-
tached fractions of MPs to derive and analyze the mean
field equations. The distribution functions obey the nor-
malization

∫∞
−∞(Pa + Pd) dy = 1, and evolve as

∂tPa + ∂yJa = ωaPd − ωdPa

∂tPd + ∂yJd = −ωaPd + ωdPa, (12)

where, the probability currents

Ja = ẏPa(y, t)−Da ∂yPa(y, t)

Jd = −νyPd(y, t)−Dd ∂yPd(y, t). (13)

Here Da, Dd are the diffusion coefficient of attached and
detached MPs, respectively, and ν is the relaxation rate
of the extension for the detached MPs.

As the typical relaxation rate is much faster than the
attachment rate, ν � ωa, one can assume the detached
MPs relaxes immediately to equilibrium distribution,

Pd(y, t) = ñd(t)A exp

(
− kmy

2

2kBT

)
(14)

with normalization A = (km/2πkBT )1/2. As a result,
the fraction of detached MPs ñd(t) =

∫∞
−∞ dyPd(y, t).

This is related to the fraction of attached MPs ñm(t) =∫∞
−∞ dyPa(y, t) via the conservation of total probability

ñm(t) = 1 − ñd(t). Integrating the first equation of
Eq.(12) we get

dñm
dt

= (1− ñm)ωa − 〈ωd(y)〉ñm (15)

where 〈ωd(y)〉 :=
∫∞
−∞ dyPa(y, t)ωd(y)/

∫∞
−∞ dyPa(y, t).

Using the expression for slip bond ωd(y) =
ωd exp(km|y|/fd) leads to

dñm
dt

= (1− ñm)ωa − ωd〈ekm|y|/fd〉ñm (16)

FIG. 6: (color online) Kymographs show the time evolu-
tion of the probability distributions of MPs with extension
ỹ: (a) in the attached state (Pa), and (b) in the detached
state (Pd). The color-box describes the values of probabil-
ity distributions. The relaxation dynamics are determined by
dimensionless diffusion constants D̃a = 15.6, D̃d = 17.4, and
the relaxation rate ν̃ = 80. Other parameter values used are
ṽ0 = 50, f̃d = 4, k̃m = 4.57, ω̃ = 5, f̃s = 14.29, N = 160 and
K̃T = 4.57.

By Jensen’s inequality 〈ekm|y|/fd〉 ≥ ekmȳ/fd with ȳ =
〈|y|〉 denoting the mean extension in the attached state.
Thus the actual relaxation dñm/dt is slower than that
assumed in Eq.(4).

The active extension and relaxation dynamics in terms
of Pa,d(y, t) is shown in Fig.6 by numerically integrating
the Fokker-Planck equations (Eq.(12) and (13) ) along
with the evolution of filament position x (Eq.(2) ), and
mean extension of MPs following

ẏ = vm(y) + ẋ. (17)

In the above equation the piecewise linear form of vm
is used from Eq.(1) replacing the load force fl = kmy.
In Eq.(2), at this point, we use Fm = −km

∑nm

i=1 y
i =

−km
∫∞
−∞ dy y Pa(y, t). This reduces Eq.(2) to

γf ẋ = −KTx− km
∫ ∞
−∞

dy y Pa(y, t). (18)

In plotting this graph we used Dd = kBT/γf , Da < Dd,
and ν = km/γf . The last choice maintains ν � ωa.
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FIG. 7: (color online) Phase diagram for harmonically

trapped microtubule-kinesin assay in ṽ0 − f̃d plane, at fixed
k̃m = 4.57, ω̃ = 5, f̃s = 14.29, N = 160 and K̃T = 4.57. The
points denote the two phases characterized by decaying os-
cillations (4) and stable limit cycle oscillations (#) obtained
from numerical simulations. The solid black line identifies
the boundary of supercritical Hopf-bifurcation predicted by
Eq.(11).

The parameters used correspond to kinesin-microtubule
system (Table-I). Here the unit of length is chosen to be
l0 = 8 nm, the dimer-size of microtubules [2]. The unit
of force is f = kBT/l0 = 0.525 pN, and time is ω−1

d = 1 s.
As before, we express dimensionless extensions ỹ = y/l0,
x̃ = x/l0 and dimensionless time τ = ωdt.

Due to the directed nature of the MP extension and
the loading acting against MPs on an average, the
mean extension ỹ of the attached fraction remains pos-
itive (Fig.6(a) ), a fact used in replacing exp(km|ỹ|/fd)
by exp(kmỹ/fd) in the mean field description of Eq.(4).
As Fig.6(a) shows in terms of the evolution of Pa(ỹ, τ),
the mean extension grows slowly up to a maximum, be-
fore relaxing back rapidly to zero in a time periodic
manner. This is a characteristic of relaxation oscilla-
tors [36]. With detachment of one MP, the shared load
on other attached MPs increases, increasing the effec-
tive rate of detachment. This mediates an avalanche of
MP detachment leading to the rapid relaxation. Once
relaxed, MPs reattaches, maintaining oscillations. The
avalanche in detachments lead to an associated rapid in-
crease in Pd(ỹ, τ) (Fig.6(b) ). Note that the distribution
Pd(ỹ, τ) maintains a maximum at ỹ = 0, and is always
symmetric around ỹ = 0, vindicating the simplification
used in Eq.(14).

C. Numerical simulations

Finally, we perform a numerical simulation of the
MP-filament model described in Sec. II. We consider a
kinesin-microtubule system with the microtubule held in
its positive end using a harmonic trap of strength KT .
A similar experimental system of myosin- F-actin with

FIG. 8: (color online) Time evolutions of (a) microtubule
displacement x̃(τ), and (b) mean kinsein extension ỹ(τ). (c) A
parametric plot of x̃(τ) and ỹ(τ) shows stable limit cycle.
(d) Correlation function of microtubule displacement Cx̃(τ)
in the time-periodic steady state. The red (green) lines in all
these figures correspond to numerical simulations (solutions
to the Fokker-Planck based mean field equations). We used

ṽ0 = 50, f̃d = 4. All other parameter values are the same as
in Fig. 7.

the F-actin held by an elastic load provided by a laser
tweezer was considered before in Ref. [12]. We model the
microtubule as a connected rigid string of σ = 8 nm seg-
ments. In this section, we use l0 = σ as the unit of length,
which sets the unit of force f = kBT/l0 = 0.525 pN. We
still use the unit of time ω−1

d = 1 s. The i-th kinesin can
attach to a microtubule segment within the cutoff radius
rc/l0 = 1.0 stochastically with rate ωa. When attached,
the MP extends towards the plus end of microtubule
stochastically with a rate vm/l0. The instantaneous load
force on the i-th MP is f il = kmy

i, expressed in terms of
the extension yi(t). We use Eq.(1) for the load depen-
dence of the extension rate. The MPs detach from the
filament stochastically with the rate ωd exp(km|yi|/fd).
This system along with Eq.s(2) and (3) for the position of
the filament x and MP extension yi are integrated numer-
ically using Euler-Maruyama integration with time steps
small enough so that probability of each event stays less
than one. We simulate a large number of MPs N = 160.

Performing the numerical simulations over a range of
activity ṽ0 and detachment force f̃d we obtain the phase
diagram in Fig. 7(a). It shows two phases, one is char-
acterized by decaying oscillations corresponding to sta-
bility (4), and the other displays stable limit cycle oscil-
lations (#). The phase boundary obtained from numer-
ical simulations of the full stochastic model shows good
agreement with analytic result, Eq.(11).

The dynamics deep inside the stable limit cycle phase
is illustrated in Fig. 8, using results from numerical sim-
ulations. We plot the evolutions of filament position x̃(τ)
and mean extension of kinesins ỹ(τ) deep inside the limit

cycle phase (ṽ0 = 50, f̃d = 4). They show anharmonic os-
cillations with a well defined periodicity (Fig. 8(a), (b) ).
The slow extension (increase in x̃) followed by rapid re-
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laxation is a typical relaxation oscillatior behavior [36].
Here the rapid relaxation is associated with an avalanche
of MP detachments. When presented as a parametric
plot in x̃-ỹ plane, they clearly show a stable limit cycle,
although with a spread in the trajectories due to their
inherent stochastic nature (Fig. 8(c) ). Similar spread
has been observed in in vitro experiments [12]. The limit
cycle oscillations are independent of initial conditions.
Using the time series in Fig. 8(a), we obtain the two-
time correlation function of the microtubule displacement
Cx̃(τ) = 〈δ̃x(τ)δ̃x(0̃)〉/〈δ̃x2(0̃)〉 where δx = x − 〈x〉 is
measured in the time-periodic steady state (Fig. 8(d) ).

We compare the simulation results with the Fokker
Planck description developed in the previous subsection.
For that we use the equation for Pa(ỹ, τ) using Eq.s(12),
(13) and the expression of Pd(ỹ, τ) from Eq.(14). To
determine ñd(τ) = 1 − ñm(τ) we use Eq.(16). These
equations are solved numerically along with Eq.(17) and
(18). The comparisons are displayed in Fig. 8, and show
semi-quantitative agreement.

IV. CONCLUSIONS

We have studied dynamics of a cytoskeletal filament in
a motor protein (MP) assay under external loading. We
used a mean field description along with linear stability
analysis to determine various phase boundaries. Under
constant loading, the system shows a transition from sta-
ble to unstable behavior. We have shown that the over-
damped active system under harmonic loading displays
an emergence of spontaneous oscillations via a supercrit-
ical Hopf bifurcation. In linear stability analysis this ap-
pears as a boundary between a stable and unstable spiral
phase. The non-linearities makes the boundary between
unstable spiral and linear instability irrelevant, with the
system showing stable limit cycle oscillations in both of
them. The increase in the critical number of MPs re-
quired at the onset of stable limit cycle oscillations with
increase in the stiffness of elastic loading may be utilized
by spreading cells for sensing the stiffness of extra-cellular
matrix. Using a Fokker-Planck description, we analyzed

the limitations of the mean field equations used. Finally,
we performed numerical simulations involving stochastic
dynamics of individual MPs and the filament. The result-
ing phase diagram shows good agreement with the mean
field prediction. While the stochastic dynamics displays
characteristic spread of trajectories, they reproduce the
limit cycle behavior in an average sense. We obtained
semi-quantitative agreement between the mean field pre-
diction for time evolution with stochastic trajectories.

In our numerical analysis we used parameters cor-
responding to microtubule-kinesin system. While our
method is equally applicable to other filament-MP sys-
tems, e.g., filamentous actin-myosin, the quantitative re-
sults presented here are amenable to direct experimental
verifications in gliding assay setups of microtubule and
kinesin molecules. The parameter values used in Fig. 8
correspond to kinesin extension rate 0.4µm/s, and a de-
tachment force 2 pN. We used a trapping potential of
strength KT = 0.3 pN/nm, which can be controlled in
experiments [12, 30, 34]. The amplitude and frequency
of oscillations of the microtubule in the limit cycle phase
shown in Fig. 8 correspond to 0.4µm and 0.5 Hz, respec-
tively. On the other hand, for MPs while the frequency
remains around 0.5 Hz, the amplitude of oscillation is
∼ 4 nm.
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