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Self-consistency of the two-point energy measurement protocol

M. Hamed Mohammady?! *
YRCQI, Institute of Physics, Slovak Academy of Sciences, Dibravska cesta 9, Bratislava 84511, Slovakia

A thermally isolated quantum system undergoes unitary evolution by interacting with an external work
source. The two-point energy measurement (TPM) protocol defines the work exchanged between the
system and the work source by performing ideal energy measurements on the system before, and after,
the unitary evolution. However, the ideal energy measurements used in the TPM protocol ultimately
result from a unitary coupling with a measurement apparatus, which requires an interaction with an
external work source. For the TPM protocol to be self-consistent, we must be able to perform the TPM
protocol on the compound of system plus apparatus, thus revealing the total work distribution, such
that when ignoring the apparatus degrees of freedom, we recover the original TPM work distribution
for the system of interest. In the present manuscript, we show that such self-consistency is satisfied so
long as the apparatus is initially prepared in an energy eigenstate. Moreover, we demonstrate that if the
apparatus Hamiltonian is equivalent to the “pointer observable”, then: (i) the total work distribution
will satisfy the “unmeasured” first law of thermodynamics for all system states and system-only unitary
processes; and (ii) the total work distribution will be identical to the system-only work distribution, for all
system states and system-only unitary processes, if and only if the unmeasured work due to the unitary

coupling between system and apparatus is zero for all system states.

I. INTRODUCTION

The definition of work for quantum systems is one of the
most contentious issues in quantum thermodynamics, and
continues to be a subject of heated debate [1-12]. The
paradigmatic scenario is the work done on a thermally iso-
lated system: a system which is only mechanically manipu-
lated, by means of inducing time-dependence on its Hamil-
tonian, and thus evolves unitarily. Such mechanical manip-
ulation results from an interaction with an external work
source, and is hence generally accompanied by an exchange
of work. In the limiting case where the system starts and
ends in a classical mixture of energy eigenstates, in any given
realization the work done on the system is well defined, and
is the difference in energy eigenvalues. By performing ideal
energy measurements before, and after, the unitary evolu-
tion, one can therefore observe which particular value of
work obtains in any given realization without disturbing the
system. Furthermore, the average work done, given by the
observed probability distribution over work, will be equiva-
lent to the difference in average energies evaluated before,
and after, the unitary evolution; the "unmeasured” first law
of thermodynamics is satisfied. The two-point energy mea-
surement (TPM) protocol extends this procedure for deter-
mining the work distribution, namely, performing ideal en-
ergy measurements before and after the unitary evolution, to
general unitary processes and general states [13, 14]. How-
ever, in general if the initial state does not commute with
the Hamiltonian, the unmeasured first law will be violated;
the average work obtained by the TPM protocol will not
coincide with the difference in average energies. Indeed, as
shown in Ref. [15], no measurement procedure exists which
simultaneously recovers the work distribution for systems in
a classical mixture of energy eigenstates, and recovers the
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average work as the unmeasured work, for all states and
unitary processes.

That the TPM protocol cannot always satisfy the un-
measured first law ultimately rests on one of the central
maxims of quantum measurement theory: no information
without disturbance [16]. To be sure, ideal measurements
are the least disturbing measurements available [17, 18], but
only insofar as there are some states that are undisturbed
by such measurements. This perceived failure of the TPM
definition has lead to alternative formulations of work, such
as defining work as the unmeasured work simpliciter [19-
21], and the Margenau-Hill method and related approaches
using quasi-probability distributions [22-26].

Of course, there is another issue raised by the TPM pro-
tocol, or indeed any method which uses measurement as
part of the definition for work: can such a method be self-
consistent? The ideal energy measurements used in the
TPM protocol must ultimately result from a physical inter-
action between the system and a measurement apparatus.
The quantum theory of measurement allows for the mea-
surement of any observable to be physically modeled as a
normal measurement scheme, which involves a unitary in-
teraction between the system and a measurement apparatus
which is initially prepared in a fixed pure state — a condi-
tion which is possible to satisfy in principle, thermodynamic
limitations on preparing pure states notwithstanding [27—
30] — followed by measurement of the apparatus by a sharp
pointer observable [31]. Normal measurement schemes have
been used to “indirectly” measure work [5, 32]. Of course,
such unitary interactions between the system and apparatus
themselves result from mechanically manipulating this com-
pound system, and hence are generally accompanied with
an exchange of work with an external work source. If the
TPM definition of work is valid for the system of interest,
therefore, it stands to reason that it is valid for the com-
pound of system plus apparatus; by performing ideal energy
measurements on both system and apparatus, before and
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after the total unitary evolution of the compound system,
we thus obtain the total work distribution. We shall say
that a given measurement scheme for the TPM protocol
is self-consistent if the marginal work distribution for the
system, obtained when ignoring the apparatus degrees of
freedom, is identical to the original system-only TPM work
distribution, for all system states and system-only unitary
processes. This idea is inspired by the theory of quantum
incompatibility, where two observables are said to be com-
patible if there exists a third observable, the marginals of
which recover the original observables in question [33]. In
the present manuscript, we show that such self-consistency
is always achieved if the apparatus is initially prepared in an
energy eigenstate.

Interestingly, if we further restrict the measurement
scheme such that the apparatus Hamiltonian is equivalent to
the pointer observable used to measure the apparatus, then
the total work distribution will always satisfy the unmea-
sured first law; the average total work will be the difference
in average energy given the total unitary evolution, for all
system states and system-only unitary processes (i.e. ex-
cluding the apparatus state, and the unitary interaction be-
tween system and apparatus, which are fixed by the chosen
measurement scheme). This is a consequence of the strong
repeatability of ideal energy measurements [18], which im-
plies that given the unitary interaction between system and
apparatus, followed by measurement of the apparatus by
the pointer observable, “directly” performing an ideal en-
ergy measurement on the system is superfluous. Of course,
this statement should not be taken as a refutation of Ref.
[15], since the initial state of the apparatus is always fixed,
and commutes with the Hamiltonian by construction. But
this observation does illustrate that it is possible for the
TPM work distribution to satisfy the unmeasured first law
for a large class of initial states that do not commute with
the Hamiltonian.

Finally, in the case where the apparatus is initially pre-
pared in an energy eigenstate, and the apparatus Hamilto-
nian is equivalent to the pointer observable, we show that
the total work distribution will be identical with the system-
only work distribution, for all system states and system-only
unitary processes, if and only if the subspace of the appara-
tus which is involved during the measurement process corre-
sponds with a single degenerate subspace of the apparatus
Hamiltonian. This condition is further shown to be equiva-
lent to the statement that the unmeasured work, due to the
unitary interaction between system and apparatus, vanishes
for all system states.

1. TPM PROTOCOL

We consider systems with a separable Hilbert space #,
with £(#H) the algebra of bounded operators on H, T(H) C
L(H) the space of trace-class operators, and S(H) C T(H)
the space of positive unit-trace operators (states), respec-
tively. Moreover, we shall assume that the system is ther-
mally isolated, with a bounded, time-dependent Hamilto-

nian H(t) = H + H;(t). Here, H is the system’s “bare”
Hamiltonian, describing it when it is fully isolated, i.e., iso-
lated both thermally and mechanically. We assume this
Hamiltonian to have a discrete spectrum, and may thus
write it as

H=> nPn. (1)

Here, €, are energy eigenvalues, and P,,, > O the corre-
sponding spectral projections such that P, P, = 00 P
and ) P, = 1. By the spectral theorem, the bare
Hamiltonian H is associated with a discrete, sharp observ-
able P := {P,,}, where m are the measurement outcomes
which, given a state preparation p € S(H), are observed
with the probability tr[ Py, p] [34].

The time-dependence of H (t) is entirely due to the term
Hi(t), which results from mechanically coupling the sys-
tem with an external work source. If we assume that
the system is only coupled with the work source for times
t € (to,t1), such that H;(t) = O for all t < ¢y and t > {4,
then the system’s time evolution due to its interaction with
the work source will be described by the unitary operator

V= (Tjexp(—i f;}l dt H(t)), where we note that through-

out this manuscript we use i = 1 [23]. Given an initial state
preparation p, the unmeasured work is thus

W=tr[(VIHV — H)pl. (2)

The TPM protocol, for revealing the distribution of
work due to the interaction between the system and the
work source, is given by the following sequence of opera-
tions:

(i) At time t = to, perform an ideal measurement of the
bare Hamiltonian on the system, which is initially in an
arbitrary state p. Given that outcome m is observed,
the system will be prepared in the (unnormalized) state

PopPy,. (3)

(ii) Between time to and ¢1, let the system evolve unitar-
ily, given its interaction with the external work source.
The system will thus be prepared in the (unnormalized)
state

V PnpPn V7. (4)

(i) At time t = t;, perform an ideal measurement of the
bare Hamiltonian on the system. Given that outcome
n is observed, the system will be prepared in the (un-
normalized) state

P,V P,.pP,V'P,. (5)

The sequence of energy measurement outcomes z :=
(m,n) thus corresponds with the work done w(z) :=
€n — €m, and its probability is given by the Born rule as



the trace of the final unnormalized state Eq. (5), which
reads

py (z) == tr[Pn V1P,V Pyp]. (6)

Therefore the probability distribution for the work done, w,
given the initial state p and unitary operator V/, is

py (w) = 6w —w())p) (2), (7)

where 6(a —b) = 1 if a = b, and is zero otherwise. The
average work can thus be computed to be

(wyy = o) (ww =3 p) (@)w(z),

tr[(Zx (VIHV) — H)p),
= t[(VIHV - H)Z}, ()], (8)

where T4, (-) := Y, P, ()P is the Liiders channel for
the bare Hamiltonian H. Given that for any A € L(H),
IX(A) = A if and only if [H,A] = O [35], it follows
that (w)X = tr[(VITHV — H)p) for all V (for all p) only if
[H,p] =0 ([H,VTHV] = 0). In other words, the unmea-
sured first law Eq. (2) cannot be satisfied for all states and
all unitary processes.

A. Introducing the measurement apparatus in the TPM
protocol

As shown above, the TPM protocol relies on performing
ideal energy measurements on the system of interest both
before, and after, the unitary evolution V. Such measure-
ments are physically realized by an appropriate interaction
between the system of interest and a measurement appara-
tus. The quantum theory of measurement allows all mea-
surements on the system of interest to be modeled as a
normal measurement scheme [31, 36]. Here, the system of
interest first interacts with a quantum “probe” of a mea-
surement apparatus, initially prepared in a fixed pure state,
by an appropriate unitary operator. Subsequently, the probe
is measured by an appropriate pointer observable, and the
measurement outcome observed indicates that the corre-
sponding outcome has been observed for the desired system
observable.

Since two energy measurements are performed on the
system during the TPM protocol, we can generally con-
sider the apparatus to be composed of two probes, one
of which interacts with the system at time ¢ = ¢y, and
the other at time ¢ = ¢;. As such, for the ideal energy
measurement performed at time ¢;, we may mathemati-
cally describe the normal measurement scheme by the tuple
(HY 19y, UG, 25), where: H{ is the Hilbert space
for the probe used, which is initially prepared in the pure
state [¢0)); Z(0) = {7/} is a sharp pointer observable,
which has the same outcomes as the system observable
P := {P,}; and UY) is a joint unitary operator on the

3

compound Hilbert space H ® 7—[}(‘3). This normal measure-
ment scheme will realize an ideal measurement of the bare
Hamiltonian on the system of interest if, for all T € T (H)
and m, we have

tr,, 0 (1 ® Z)WUN(T @ PEVNUDY] = P TPy, (9)

where P[¢W)] = |€0)) (¢ ] is a projection on the unit vector

€00y € HY), and tryo) : T(H @ HY) — T(H) is the
A

partial trace over the probe [37, 38]. It is simple to verify

that in order for the unitary UY) to satisfy Eq. (9), it must
satisfy

U () @ [€9) =" Puld) @ [6%))  (10)

for all [¢) € H, where |¢§,{)> are eigenvalue-1 eigenstates of
the projection operators Z,(,Z), ie., Z,(lj)|¢§,{)> = 5m7n|¢§7{)>
[39].

The TPM protocol can now be performed as fol-
lows:

(i) At time t = tg, bring the system, initially prepared
in an arbitrary state p, in contact with probe ,&O).
The state of the compound system is thus p @ P[¢(D)].
Subsequently let the system interact with the probe by

the unitary operator U(®), which prepares the state
) (p® p[g(o)])U(O)T
= 3" PupPw @ 6@) 600 (1)

m,m’

Finally, perform a measurement of the probe by the
pointer observable Z(®). Given that outcome m is ob-
served, the system will be prepared in the (unnormal-
ized) state

PopPy,. (12)

(ii) Between time to and t1, let the system evolve unitar-
ily, given its interaction with the external work source.
The system will thus be prepared in the (unnormalized)
state

V PppPn V7. (13)

(i) At time ¢ = t1, bring the system in contact with probe

HY . The (unnormalized) state of the compound sys-
tem is thus VP, pP,, VT @ P[¢(M]. Subsequently let
the system interact with the probe by the unitary op-
erator UM, which prepares the (unnormalized) state

U(l)(VPmmeVT ® p[g(l)])U(l)T
= PVPupPuViPw @ 60) 00 (14)

n,n’



Finally, perform a measurement of the probe by the
pointer observable Z(1). Given that outcome n is ob-
served, the system will be prepared in the (unnormal-
ized) state

P,V P,pP,VTP,. (15)

It is evident that the measurement scheme described above
is identical to the original TPM protocol involving “direct”
measurements on the system.

Ill.  CONSISTENTLY APPLYING THE TPM
PROTOCOL TO BOTH SYSTEM AND APPARATUS

The measurement scheme introduced in Sec. Il A does
not make any assumptions regarding the Hamiltonian of
the apparatus probes, nor the time it takes for the uni-
tary operators U9 to be generated; indeed, these were
assumed to be implemented instantaneously. However, for
the unitary operator U on H ® Hf‘j) to be physical, it
must also result from mechanically manipulating the Hamil-
tonian of this composite system, and thus requires an in-
teraction with an external work source for a finite duration
[40]. Let us therefore write the total time-dependent Hamil-
tonian as Hio (t) = Hyor+Hy(t)+ Hl(ft)( t)+ Hl(nlt)( t), where
Hiot = H+H£O) +H£1) is the additive, total bare Hamilto-
nian of system plus apparatus, and H(t) is the system-only
interaction Hamiltonian introduced in Sec. II. We shall de-
note the bare Hamiltonian of each probe in the spectral form
as

H(J)

Z ADQD, (16)

where Aff)

jections.

are energy eigenvalues and fo) the spectral pro-

The interaction Hamiltonian for the composite
system H ® ’H(j), due to coupling with an external work
source, is denoted Hl(rft) (t). Moreover, Hl(m( t) = O for all
t <ty and t > tg, and similarly Hl(nt)( t) =0 forall t <

and t > 1], where ty < to < t1 < t}. In other words, the
interaction Hamiltonian Hi(l?t) (t) is non-vanishing only for a
finite duration before the system undergoes its isolated uni-
tary evolution V/, and similarly Hl(nt)( t) is non-vanishing only
for a finite duration after the system undergoes its isolated

unitary evolution V. Therefore, by choosing the interaction
Hamiltonians H(7)( t) appropriately so that

int

to
T exp —i/ dt [H+H§°’+H§?3()} =U©),
t
tl
T exp —i/ dt [H+H£”+Hfj3( )} =vuW, (17)
ty

the total unitary operator which describes the compound
system’s evolution during the extended period ¢ € (t(,t])

will be

t
‘/tot = %exp <—’L/ dt Htot(t)> y
t/

0
—UD(V @ e HY g =01 H (O
= ¢ 0 H Oy =it HY (18)
0. @
Here, e~ Hs" where Oy = th —to and 01 = t1 — t{, de-
scribes the contribution to the total unitary evolution from
the bare Hamiltonian of probe ’H,A , i.e., for the time period

where the interaction Hamiltonian Hl(nt)( t) vanishes. Note
that the final line of Eq. (18) is obtained because the uni-

00 1O 0, 1 .
tary operators e =% 4" and e~ 14" commute with U
and U, respectively, since they act on different Hilbert
spaces. Given an initial state preparation p € S(H), the

total unmeasured work will thus read
Wiot = tr[(Vihy Heot Viot — Heot)p © PIE]], (19)

where |€) := |€(0) @ [€() is the initial state of the appa-
ratus H, 1= ”H,go)

Now we may perform the TPM protocol on the total
compound system so as to determine the total work dis-
tribution given the total unitary operator in Eq. (18). For
this to be consistent with the original TPM protocol on the
system alone, however, we require that when averaging out
the energy measurements performed on the apparatus, we
must obtain the probability distribution given in Eq. (6), for
all system states p € S(H) and system-only unitary oper-
ators V. In order for this to be satisfied, we demand that
1£U)) be an eigenstate of the probe Hamiltonian H{” with

®’H,,&1), composed of both probes.

eigenvalue )\gj). This will ensure that the initial ideal en-
ergy measurement of the apparatus will not disturb it, so
that the unitary interaction between system and apparatus
by the unitary operators U7) will result in the same state
transformation as discussed in Sec. Il A.

Let us first note that, given the assumption that the ap-
paratus is initially prepared in an energy eigenstate, and
using Eq. (10) and Eq. (18), we can show that for all
V) € H,

Vit (1) @ 1€))
0N ST BV P 1) © e |60 @ 1),
e (20)

Here, we have used the fact that [£(1)) is an energy eigen-

state with eigenvalue /\é1

g HY

) to infer that the component of

Viot given by e~ only induces a constant phase factor

e*iel)\(()l)' which is not physically observable. Using this, we
may now examine the extended TPM protocol, which will

be as follows:

(i) At time ¢t = ¢, perform an ideal energy measurement
on the compound system H ® H,, initially prepared in



the state p ® P[¢]. Since the probes Hf(‘j) are initially
prepared in an energy eigenstate with energy eigen-

value )\((Jj), only outcomes (m,0,0) are observed with
non-zero probability, which result in the compound sys-
tem being prepared in the (unnormalized) state

PoupPo @ QY PIED1QY ® QN Ple™M)QSY
— PnpPn @ PE©@] @ PlcW). (21)

(ii) Between time ¢ and t}, let the compound system
evolve according to the total unitary operator V;o; de-
fined in Eq. (18) and Eq. (20). This prepares the (un-
normalized) state

Viot (PrmpP @ PIE”] @ PED) VL,
= PaVPupPuVIPy @ Plo@] @ 606, (22)

n,n’

where P[p{] = e~ i00HL PpiQ]eibots”

(i) At time ¢ = t/, perform an ideal energy measurement
on the compound system H®H,. Given the outcomes
(n, p,v), this prepares the (unnormalized) state

PoVPupPn VP, @ QP Po0]QY @ QY PleN]1QM.
(23)

The full sequence of measurement outcomes is thus
X := (x,(0,1),(0,v)), where 2 := (m,n) is the sequence
of outcomes for the system, while (0,u) and (0,v) are
the sequences of outcomes for probes ,&O) and ’H,gl), re-
spectively. The sequence X corresponds with the total
work done W(X) := w(z) + w'” (1) + wi’ (v), where
w(x) = €, — €, is the contribution to the total work from
the system, while v (1) := A7) — AV is the contribution

to the total work from probe ﬁj). The probability of ob-
serving sequence X, meanwhile, is given by the trace of the
final unnormalized state Eq. (23), which is

Pyt (X) = py (2)tr[QY PloW]tr[QSY PloV]],  (24)

where we recall that p) (z) is defined in Eq. (6). Note

that here, we have used the fact that QLO) is a spec-
tral projection of Hf(\o) to infer that tr[QLO)I:’[(ng)]] =
e[ =001 Pg 10 ] = tr[QY Pl

Given that 3_ QLO) =3, Qz(/l) = 1, the marginal
probability distribution for the system-only work will read
as

3 p¥er (X) = p (@)erl PO el PV ) = oY (),
" (25)

and so the extended TPM protocol on the compound of
system plus apparatus is self-consistent.

A. Satisfying the unmeasured first law for the total work

Since the apparatus is initially prepared in an energy
eigenstate, the average total work, for the total unitary pro-
cess discussed in the previous section, clearly satisfies

(W)liee 1= " pliet (X)W(X),
X

= tr[(Vil s Hot Vior — Hiot) 54 (p) © PIE]]. (26)

To see this, simply compare with Eq. (8). As before, if
p does not commute with the Hamiltonian H, the total
work is not guaranteed to satisfy the unmeasured first law,
i.e., it is possible for some p and V to have Eq. (26) dif-
fer from Eq. (19) (note that both the apparatus state |¢),
and the contribution to Vi from the system-apparatus cou-
pling, i.e., the unitaries U@ are always fixed). However, as
we shall show below, if additionally the probe Hamiltonians
HY are equivalent to the pointer observables Z(), i.e., if
we have

oY =320, (27)

the unmeasured first law is guaranteed to be satisfied for
the total work.

Let us re-examine the TPM protocol on the compound
of system plus apparatus once more in detail, this time as-
suming that Eq. (27) holds:

(i) At time t = t{, perform an ideal energy measurement
on the compound system H ® H,, initially prepared in
the state p@ P[¢]. As before, we assume that |¢()) are
energy eigenstates, with eigenvalues /\((f), and hence
only the outcomes (m,0,0) are observed with non-
zero probability, resulting in the compound system to

be prepared in the (unnormalized) state

PrpPr @ Z0Ple@) 29 & 7V ple®) 2V
= PmpPrm @ P[ED] @ P[], (28)

(i) Between time t, and ¢}, let the compound system
evolve according to the total unitary operator Vi de-
fined in Eq. (18) and Eq. (20). This prepares the (un-
normalized) state

Viot (PrpPr ® PlE@] @ PEV) VT,
=3 P.VPuwpPaViPy @ P ® [60) (61)].

n,n’

(29)

Note that since |¢$2)> are eigenvalue-1 eigenstates
of the projection operators Zﬁ,?’, which clearly
commute with the Hamiltonian, it follows that
e~ it0HL” PlgD)ei?Hy = PpS)].



(i) At time ¢ = t/, perform an ideal energy measurement
on the compound system H ® H,. Given outcomes
(n,n’,n'"), this prepares the (unnormalized) state

PV PupPuViP, © 28 Pl6012 © 28) Pl 2())
30

where the final

ey =6

line follows from the fact that

S|

Equation (30) implies that the only sequences of energy
measurement outcomes that are observed with non-zero
probability are X := (z, (0,m), (0,n)), where we recall that
x := (m,n). In other words, the energy transitions of the
apparatus fully determine the energy transitions of the sys-
tem, and vice versa. As such, let us remove some of the
redundancy and write X := ((0,0),), where (0,0) de-
notes the energy measurement outcomes on the apparatus
at time #(,, and = (m,n) denotes both the energy mea-
surement outcomes on the apparatus at time ¢}, as well
as the sequence of energy measurement outcomes on the
system at times t(,t}. The total work done given the se-

quence X is thus W(X) = w(z) + w'” (m) + w{” (n),
where w(J)( )= AW _ )\gj), with the probability

=p, (2). (31)

Note that this is equivalent to Eq. (24) when we replace
Qﬁf) with Z,(,i), which gives tr[Zr(g)P[ 5%)]] =1.

As shown in Appendix (A), the average total work will
now read as

‘/tot = E p‘/tot )7

= tr[(‘/tothOt‘/tOt — Hiot)(p@ P[§])]  (32)

for all p € S(H) and V. As such, comparing with Eq. (19)
we see that so long as the apparatus is initially prepared in
an energy eigenstate, and Eq. (27) is satisfied, then not only
will the TPM protocol for the total work be self-consistent,
but the total work will always satisfy the unmeasured first
law, even for initial system states p that do not commute
with the Hamiltonian. As a final observation, note that
Eq. (26) must be equivalent to Eq. (32) when Eq. (27) is
satisfied. Consequently, in such a case the following equality
holds:

tr[(Vily Hiot Vet — Hiot)(p ® PIE)))]
= t[(Vihy Hiot Vior — Hiot)(ZX4(p) @ PIE])]  (33)

Py (X)

for all p € S(H) and V. This is a consequence of the strong
repeatability of ideal energy measurements [18], which im-
plies that directly performing ideal energy measurements on
the system is redundant; the structure of the unitary opera-
tors UU), together with the fact that we measure the probes
by the pointer observables Z(/), ensures that the system au-
tomatically undergoes an ideal energy measurement.

B. Necessary and sufficient conditions for the total work
distribution to be equal to the system-only work distribution

If the apparatus is initially prepared in an energy eigen-
state, and the apparatus probe Hamiltonians are equivalent
to the pointer observable, the probability distribution for the
total work W, given an initial total state p ® P[€] and total
unitary operator Viqt, is

P (W 25 (W = W(X)p,e (X),
_25

where we have used Eq. (31), together with the definition
wu(z) = w” (m) + w,gl)(n).

It is simple to see that, in general, the total work probabil-
ity distribution Eq. (34) is different to the system-only work
probability distribution Eq. (7). In order for these distribu-
tions to be the same, for all system states p and system-only
unitary operators V', we must have w,(z) = 0 for all z such
that pg(a@) > 0 for some p and V. This ensures that for all

pand V,
Z(S(w—

S 6w — w(@)pY (@) =

Recall that w{’ (m) := A% — A, where () is a fixed
energy eigenvalue, and that pl‘f(a@) = tr[P, VP,V P,pl.
Consequently, the condition w,(x) = 0 for all  such that
pZ(z) > 0 for some p and V is equivalent to the condition

AW — /\éj) for all m such that P,, > O, i.e., if only a
single degenerate energy subspace of the probe is involved
during the measurement process. Interestingly, we shall see
that this condition is equivalent to the statement that the
unmeasured work given the unitary operator U7) vanishes
for all system states.

) +wa(x))py (x),  (34)

)py, (). (35)

The unmeasured work, given the measurement unitary
(4)

coupling between system and probe ,’’, is given as

W, = (U HDUY — HI))p e PV, (36)

to

where we define Ht(gz =H + Hﬁj) as the additive Hamil-

tonian of the composite system H ® ’H,gj). This can equiv-
alently be written as

Willas = tr[Ce0) (U(J)TH(”U(J) H(J)) pl,  (37)
where Tey @ L(H ® HY) — L(H) is the restriction

map for [£)), defined by the identity tr[Cecn (B)T] =

tr[B(T ® P[EW)])] for all B € L(H®H) and T € T(H)
[41]. Recalling that the unitary operator U() always satis-
fies Eq. (10), we thus have

Teo) (Uo‘ﬁHgggUw - H§§2) =3 (m)P,.. (38)



For a detailed proof, refer to Appendix (B). The right hand
side of Eq. (38) vanishes if for each m, either P,, = O, or
w{ (m) = 0. Consequently, w$” (m) = 0 for all m such
that P,, > O is necessary and sufficient for the left hand
side of Eq. (38) to vanish. But by Eq. (37) this implies that
Wéfe)as = 0 for all p € S(H); given that the apparatus is in
the state |¢U)), then irrespective of what state the system
is prepared in, the unmeasured work given the unitary op-
erator UU) will vanish. We refer to this as U") satisfying
“weak” energy conservation, which is a weaker condition
than full energy conservation, i.e., [Ht(gz, U] = 0O, which
implies that W,S'le)as = 0 for all choices of the apparatus state
€9)

We note that while a fully degenerate probe Hamilto-
nian, H) = /\éj)]l, or a fully energy conserving unitary,
[H9), UG)] = 0, are sufficient conditions for the total work
distribution Eq. (34) to equal the system-only work distri-
bution Eq. (7), they are not necessary.

To illustrate the first point, consider the system Hamil-
tonian H = 1P| + ea P>, where P, P, > O. However,
this is equivalent to H = 1P, + €3 P> + e3P5 such that
P3 = O. Therefore, the ideal measurement of H can be re-
alized by the normal measurement scheme (H.,|¢), U, Z),
with the three-valued pointer observable Z := {Z1, Z>, Z3},
Zm > 0O, and the unitary operator U which satisfies

U(lY) @1€) = > Pult)) @ [¢m) (39)

m=1

for all [¢p) € H, where |¢,,) are eigenvalue-1 eigenstates
of Z,,. Note that the term for m = 3 vanishes, since
Ps|tp) = Oly) = 0 for all |1); the apparatus is never taken
to the state |¢3). Let the apparatus have the Hamiltonian
H, = \NZ1+ Z3) + N Z3, where X\ # X', so that H, is not
fully degenerate. Notwithstanding, if |€) is in the support of
71 + Zs, we still have w,(m) =0 for m = 1,2, i.e., for all
m corresponding to P,,, > O. As stated previously, it is only
necessary that a single degenerate energy subspace of the
apparatus be “involved” during the measurement process;
for all measurement outcomes that are observed, the state
of the apparatus starts and ends in the support of Z; +
Zs.

Toillustrate that full energy conservation by the unitary is
also not necessary, consider the simple case where H ~ C?,
with orthonormal basis {|0),|1)}, and Hamiltonian H =
€|1)(1]|, € > 0. A normal measurement scheme for an ideal
measurement of H can be given as (H,,|0),U, Z), where

Mo~ €2, Z :={]0)(0],[1)(1]}, and

- {|m,0)'—>|m,m> | (40)

[, 1) > m @5 1,m)
where m = 0,1 and @2 denotes addition modulo 2. Note
that only the transformation |m,0) — |m,m) is ever uti-
lized, since the apparatus is initially prepared in state |0).
If the apparatus Hamiltonian is fully degenerate, H, =
A, then U will satisfy weak energy conservation; given
Hiot = H + H,, then for any [¢)) = «|0) + §|1), we
have <1/}50|UTHtOtU|w70> = |B|26+ )\ = <1/}7O|Ht0t|w70>‘
However, [U, Hiot] # O, since U|1,1) = |0,1), and hence
(1,1 UTHyou U[1,1) = X # (1, 1| Hyot|1,1) = € + A.

IV. CONCLUSIONS

A definition for work which relies on measurements is self-
consistent if it can account for the contribution to work by
the measurement process itself, at least in principle. More
precisely, for self-consistency we demand that the marginal
of the total work distribution for system and measurement
apparatus, obtained by ignoring the apparatus degrees of
freedom, recovers the original work distribution for the sys-
tem alone. In the case of the two-point energy measurement
(TPM) protocol, we have shown that this is possible so long
as the measurement apparatus is initially prepared in an en-
ergy eigenstate. Furthermore, if the apparatus Hamiltonian
is chosen to be equivalent to the pointer observable, then
the total work distribution will always satisfy the unmea-
sured first law; the average total work will equal the change
in average energy given the total unitary evolution. This
is a consequence of the strong repeatability of ideal energy
measurements, which implies that directly performing en-
ergy measurements on the system is redundant. Finally, we
have shown that the total work distribution will be identi-
cal to the system-only work distribution if and only if the
unmeasured work, given the unitary interaction between sys-
tem and apparatus, vanishes for all system states. Extend-
ing the present framework of analysis to other definitions of
work remain as open questions for further research.
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Appendix A: Proof of Eq. (32)

Let us introduce the operation (completely positive and trace non-increasing map) Jor o : T(H @ Ha) = T(H @ Hy),

defined as

jm’,m(') = (]l ® Zm)‘/tot(]l ® Zac’)()(]l ® Zm’)‘/t]:)t(]l ® Z;E) (Al)

Here, x := (m,n) and 2’ := (m/,n’), so that Z, := 7V %z

Y and Dyt = Zf(g,) © 7Y and Viot is defined in Eq. (18).

n'

First, let us show that the state transformation given the TPM protocol can be fully described by the operation [J- ..
Denoting (0,0) = 0, we find that for any T' € T(H), P[¢] := P[¢(V] @ P[¢YV)], and =, the following:

Jo,e(T @ P€]) = (1 ® Z,)Vior (1 @ Zo)(T @ PIE])(1 @ Zo) Vi (1 ® Z,),
= (18 Zx)Viot (T ® PV (1 ® Zo),

m/,m' n' n'

= P,VP, TP, VP, ® P[p\9] @ P[p{V].

> @0 Z) (PuVPu TPV P @ 6600 ©160)(610)]) (L6 Z0),

(A2)

In the second line, we have used the fact that |£) is an eigenvalue-1 eigenstate of Zy = Z(()O) ® Zél). In the third line, we

have used Eq. (18) and Eq. (20). In the final line, we have used the fact that |¢%)) are eigenvalue-1 eigenstates of Z\
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Similarly, it is easy to show that J, (T ® P[¢]) = O for all 2’ # (0,0).
Recall that, given the sequence X := (0,z), the TPM work done is
W(X) = w(x) +w” (m) + wi” (n),
= (0 + A £ ADY — (e, + AP 1AW, (A3)

Using Eq. (A2), recalling that Hyot = H + H? + H", and that |€) and |¢§£)> are eigenstates of H + HY we may
verify that

tr[HiotJo.2(p @ PIED] = (en + A0 + XID)tr[ o . (p @ PE])],
2[00 (Heot (p © PIED)] = (em + Ay + AD)tr[To o (p @ PIE)). (A4)

Consequently, we may express Eq. (A3) as

_ HiworJoa(p @ PED] — tr[J0.2(Hiowp © P[E])]

WO = T doalor e P loalo® PIE)) )
Recalling that p,‘)/fé“ (X) = tr[Jo..(p @ P[¢])], we may therefore write the average work as
Wi =D pye (XOW(X),
X
= " Hiot T o (p @ PIEN] = 3 0o (Hionp @ PIED] (A6)
Noting that fo,x Jx .z 1S a trace-preserving operation, it follows that
> T o (Hiorp © PIE])] = tr[Hiot (p © PIE])]. (A7)
Similarly, noting that > , Z, Hiot Zyr = Hyor, while Y~ Z, P[¢]Z, = P[£], we have
> tr[HiorTorw(p @ PIE)] = tr[HioVier (p ® PIE)V;Le]. (A8)
Therefore, the average total work reads
W)yt = wr[(Vil HuotVier = Hiot)(p ® PIE])] (R9)

forall pe S(H) and V.

Appendix B: Proof of Eq. (38)

Let H =), € Py, be the Hamiltonian of system H, and H, = >, A, Zy, the Hamiltonian of system 7{,, such that
Hiot = H + H, is the total, additive Hamiltonian of the compound system H ® H,. Moreover, let |£) € H, be a unit
vector which is an eigenstate of H, with eigenvalue \g. Finally, let U be a unitary operator on ‘H ® H, such that, for all
V) € H,

U@ ®E)) = [Pnth @ ¢m), (B1)

where [ ® &) = |¢) @ [£), |Pm) = Pn|t), and |¢.,) are eigenstates of H, with eigenvalue \,,. It follows that for all
|¢) € H, we have

(¥ @ E[Hiorp @ &) = (PIH[$)(E]E) + (L1) (€] HAE),
= (VIH|¢) + (¥]1) do,
= (Y[(H + Xo1)[¢). (B2)
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In the first line we use the additivity of Hit, in the second line we use the fact that (£|¢) = 1 and ({|H4|¢) = Ao, and in
the final line we use the fact that (1)|¢)) Ao = (| A\o1|t)). Similarly, for all |¢p) € H we have

(U @ &)|Heot|U (Y @ €)),

Z<Pm1/} & ¢m|Htot|Pn1/} & ¢n>a

m,n

m,n

= (WP H P 1) + (3] P [10) A,

(¥ @ E|UT Hiot Ut @ €)

= (W|(H+Y_ AmP) 1. (B3)

In the first line we use the definition of the adjoint of a unitary operator U, in the second line we use Eq. (B1), in the
third line we use the additivity of Hi, and the fact that the projection operators P, are self-adjoint, in the fourth line we
use (Pm|Pn) = O n together with P, P, = 01y Py and (¢, |HalPm) = A, and in the final line we use the fact that
> PmHP, = H.

Combining Eq. (B2) with Eq. (B3) implies that, for all |¢)) € H, we have

(@ E|(UT HiotU = Hio) [t @ &) = ($] (D An P = Ao 1) [9),
= @D (Am = X0)Pm)¥), (B4)

m
where in the final line we use the fact that Zm P,, = 1. From the above equation, it follows that

Te(UTHiotU — Hyot) = > (Am — Ao) P, (B5)

m

where T¢ © L(H ® Ha) — L(H) is the restriction map for |§) € H, defined as tr[T'¢(B)T] = tr[B(T @ P[¢])] for all
Be L(H®Hs) and T € T(H).



