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Periodically refreshed baths to simulate open quantum many-body dynamics
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Obtaining dynamics of an interacting quantum many-body system connected to multiple baths
initially at different, finite, temperatures and chemical potentials is a challenging problem. This is
due to a combination of the prevalence of strong correlations in the system, the infinite nature of
the baths and the long time to reach steady state. In this work we develop a general formalism
that allows access to the full non-Markovian dynamics of such open quantum many-body systems
up to the non-equilibrium steady state (NESS), provided its uniqueness. Specifically, we show how
finite-time evolution in presence of finite-sized baths, whose opportune size is determined by their
original spectral density, can be recursively used to faithfully reconstruct the exact dynamics without
requiring any small parameter. Such a reconstruction is possible even in parameter regimes which
would otherwise be inaccessible by current state-of-the-art techniques. We specifically demonstrate
this by obtaining the full numerically exact non-Markovian dynamics of interacting fermionic chains
in two terminal set-ups with finite temperature and voltage biases, a problem which previously
remained outstanding despite its relevance in a wide range of contexts, for example, quantum heat

engines and refrigerators.

I. INTRODUCTION

Accurately obtaining dynamics and non-equilibrium
steady states of a large complex many-body system in
the presence of two or more baths at different finite tem-
peratures and chemical potentials is a notoriously diffi-
cult problem to solve, despite its broad applicability in
diverse fields such as quantum thermodynamics [1, 2],
mesoscopic physics [3, 4], quantum biology [5], quantum
chemistry [6]. In the absence of any small parameter and
beyond quadratic Hamiltonians [2, 7-9], a solution for
the open quantum system’s dynamics is often intractable.
This is due to a combination of many-body correlations in
the system, the infinite degrees of freedom in the environ-
ments (baths), the non-Markovian nature of the dynam-
ics [10] and the long time required to reach steady state.
Here we develop a general formalism which allows full re-
construction of such open-system dynamics by, instead,
recursively using evolution up to a finite time, requiring
only finite-size baths. When combined with state-of-the-
art numerical techniques [11-23], it drastically simplifies
the numerical simulation, allowing access to open quan-
tum many-body dynamics in parameter regimes which
have thus far remained intractable.
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In particular, owing to limitations in practical imple-
mentation, all existing numerically-exact techniques for
simulating non-Markovian dynamics [10-23] have been
hitherto limited to zero dimensional systems (e.g. im-
purity models, single three level systems, single qubits
etc.). We demonstrate that our formalism allows to by-
pass these practical limitations and adopt these tech-
niques for efficiently simulating long time non-Markovian
dynamics of one-dimensional systems, provided there ex-
ists a unique non-equilibrium steady state (NESS). We
show this by simulating the dynamics of interacting quan-
tum many-body fermionic chains strongly coupled to two
baths at different (finite) temperatures and chemical po-
tentials, using one of these techniques [12-14]. Obtain-
ing the numerically exact dynamics of interacting quan-
tum many-body chains in such two-terminal set-ups has
been an outstanding problem, despite its relevance in a
wide range of contexts, such as quantum transport, lo-
calization, integrability breaking [24-34], quantum heat
engines and refrigerators [2]. Further, we discuss the re-
lationship between our formalism and collisional (or re-
peated interaction) models [35-50], highlighting how our
results extend these notions, significantly advancing this
highly active field of research. Finally, to demonstrate
that our formalism can be combined with not one but
any of the existing techniques for numerically exact non-
Markovian dynamics [10-23], we also apply our formal-
ism to a spin-boson model employing a completely differ-
ent numerical technique [17] compared to the one used
for the many-body chains.

The paper is arranged as follows. In Sec. II, we intro-
duce the general set-up and assumptions. In Sec. 11T we


mailto:archak.p@tcd.ie
mailto:giacomo.guarnieri@fu-berlin.de
mailto:steve.campbell@ucd.ie
mailto:javier.prior@um.es
mailto:gooldj@tcd.ie

present and discuss our main statement. In Sec. IV, we
present how our main statement allows the use of finite
size baths, without essentially any further approxima-
tion. In Sec. V, we discuss the connection to collisonal
(or repeated interaction) models. In Sec. VI, we present
our numerical demonstrations. In Sec. VII, we give our
conclusions and outlook. This is followed by an Ap-
pendix, which contains the proof of our main statement
(Appendix A), a discussion on what controls the memory
time of baths (Appendix B), exact analytical steady state
results in case of quadratic (non-interacting) Hamiltoni-
ans (Appendix C) which are used to benchmark results in
Sec. VI, explicit details of the numerical technique used to
simulate the interacting fermionic chains (Appendix D).

II. THE SET-UP

We consider the general set-up of a quantum system
connected to multiple baths. The Hamiltonian generat-
ing the dynamics of the full set-up is denoted by

H="Hs+Hss + Hsg, (1)

with Hg being the Hamiltonian of the system, Hp being
the composite Hamiltonian of all the baths, and finally
‘Hsp being the interaction Hamiltonian between the sys-
tem and all the baths. The initial state of the full set-up
is taken to be of the product form piot(to) = p(to)pn,
where pp is the composite initial state of all the baths,
and ¢ is the initial time. The state of the system at a
later time t is given by,

p(t) = At —to)[p(to)]

At = to)lp(t0)] = Trp (7071 p(tg) e ™10,
(2)

where Trp(...) denotes trace over the bath degrees of
freedom. The linear superoperator A(t — to) : p(to) —
p(t) is given by a completely-positive and trace pre-
serving (CPTP). Without loss of generality, we assume
Trp(Hsppp) = 0 [51]. The overarching goal of open
quantum systems theory is to obtain the system’s state
p(t) at all times as accurately as possible [51-54]. This
problem is intractable in complete generality, so we make
some additional mild physical assumptions. Let us as-
sume that the dynamics of the full set-up remains ana-
lytic at all times, and that the system Hilbert space is
finite-dimensional. Note that, even if the system is a lat-
tice of bosonic sites, but there is some effective cut-off
on the number of bosons at each site (e.g. due to repul-
sive interactions or due to temperatures constraints in
the problem) this amounts to considering an effective fi-
nite system Hilbert space dimension. We restrict to cases
where the NESS is unique, i.e, the long time state of the
system, pngss, is independent of the initial state, p(to).
Many situations of interest involving quantum many-
body systems fall under this class [1-6, 10]. On physical

grounds, this requires that the system-size is finite (but
can be large), while the baths are in the thermodynamic
limit [55]. An effective time to reach steady state ts5 can
be defined, which satisfies ||pnrss — p(t)|] <€, V> e,
where ¢ is an arbitrary small number set by experimental
or numerical precision, and ||O|| denotes operator norm
of O. The dynamics of the system will be non-Markovian
in general. However, it can be shown that uniqueness of
steady state necessitates an effective finite memory time
T for the dynamics of the system, consistent with phys-
ical intuition (Appendix A).

When Hg describes an interacting quantum many-
body system, even with above rather mild assumptions,
it remains an extremely challenging problem. Further
assumptions are most often made to enable a Marko-
vian description of the system’s dynamics [24-34, 56-59].
These descriptions are limited to either weak system-
bath couplings or to infinite temperatures [51, 60]. Non-
Markovian descriptions beyond these regimes typically
rely on diagrammatic perturbation theories requiring a
small parameter [53, 54, 61, 62]. On the other hand,
a number of numerical techniques exist which allow nu-
merically exact calculation of p(t), without requiring any
small parameter, but are limited by the time up to which
they can simulate [11-20]. These techniques have there-
fore been limited to describe systems where ¢4 is small or
when only the short time dynamics is of interest. It is this
drawback of this class of techniques that is removed by
our formalism, thereby allowing their use in cases pre-
viously deemed impossible. We call our formalism the
Periodically Refreshed Baths (PReB) approach.

III. THE MAIN STATEMENT OF PReB

Given the set-up described in the previous section, our
main result can be stated succinctly as follows.

vty = A [A)[ At = to)[p)]] - - ],
—

n times

[p7 + 1) = pursas || = €r), e(r) decays with 7, (3)

where tg < t; < 7, and A(t) and j(t) are as defined before
(Eq.(2)). The proof of this statement requires no further
assumptions than already mentioned. The proof is given
in Appendix A. The density matrix pynr++,, by definition,
is obtained from the following physical process. Starting
from a product state between the system and the baths,
the system is evolved in presence of the baths up to time
t1. At this point, the baths are detached and refreshed
to their original initial state, thus making the state of
the full set-up again a product state of system and baths
on the following step. Afterwards, this detaching and
refreshing of the baths is done periodically in steps to
time 7. We dub this process PReB. Eq.(3) says that,
with increasing 7, the state of the system obtained from
the PReB process converges to the state obtained by a



continuous time evolution up to nt+t1, i.e, p(nt+1t1). It
can be shown that the 7 required for convergence satisfies
tss = T > Tp. In many cases, the memory time 7y
is governed by the time for decay of correlations in the
baths, irrespective of the system. On the other hand,
if our set-up describes a quantum many-body system on
a lattice connected to baths at only few sites, the time
to reach steady state, tss, will depend crucially on the
internal dynamics of the system. If the system size is
large but finite, typically tss will be orders of magnitude
larger than 7,,. In all such cases, on physical grounds, we
expect to find convergence of P-4 with a 7 satisfying

tes > T >> T (4)

It is in these cases that Eq.(3) becomes extremely use-
ful because it implies that the long time evolution in the
presence of the baths can be reconstructed by repeatedly
using a simulation of much a shorter time evolution. Cru-
cially, reconstruction up to any desired precision in time-
steps is possible by simply re-running the process with
different choices of the initial time step t1. If, however,
the 7 required for convergence approaches tg, which, for
example, might happen for small systems at low tem-
peratures with all sites strongly coupled to baths, Eq.(3)
will not offer any advantage over directly using existing
numerical techniques [15-20, 22, 23, 63-68].

The state ppr+¢, is obtained by a discrete time Marko-
vian evolution in steps of 7, starting from the state at
time ¢;. If the 7 required for convergence is much smaller
than all internal time scales of the system, the continu-
ous limit of the Markovian evolution can be taken, and
a quantum master equation in Lindblad form [60, 69]
can be derived. In these special cases, the dynamics of
the system is effectively Markovian. Generically, how-
ever, the 7 required for convergence is likely to be larger
than at least some internal time scale of the system. So
the continuous limit cannot be taken and it rules out
the possibility to describe the system dynamics in terms
of a Lindblad equation. In this sense, in generic cases,
the results obtained from the converged PReB process
represent non-Markovian dynamics of the system in the
original set-up.

IV. FINITE SIZE BATHS VIA
CHAIN-MAPPING

The main statement of PReB is completely general,
valid for arbitrary choices of system, bath and system-
bath coupling Hamiltonians, as long as there is a unique
NESS for the system. Let us now consider a more specific
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case, the canonical model for thermal baths,
Z 7_2( H(Z)
4 r=1

Hsp = ZH%% Hip = > (kreSEBro + 15 BL,S0),
r=1
(5)

where S@ is some system operator coupling to the ¢th
bath, B,, is the fermionic or bosonic annihilation oper-
ator of the rth mode of the fth bath. The composite
initial state of the baths is given by

. e—ﬁz(ﬂg)—uﬂvé)
PB = H T) (6)
4 B

where N é is the total particle number operator of the ¢th

bath, Zg) is the corresponding partition function. For
such baths, the influence of the baths on the dynamics
of the system is entirely governed by the bath spectral
functions, defined as

w) = 2772 |kre) 26 (w — Qpp), (7)

and the Fermi or Bose distribution corresponding to the
initial states of the baths, ny(w) = [exp(B(w—pe)) 1] 71
The effective memory time 7,7 is given by the time for
decay of the Fourier transforms of the functions Je(w)
and J¢(w)ng(w), and thus is a property of the baths, in-
dependent of the system [59, 70] (Appendix B), as previ-
ously mentioned. Any bath spectral function J,(w) with
finite upper and lower cut-offs in frequency can be ex-
actly mapped onto a semi-infinite nearest neighbour non-
interacting tight-binding chain with the first site coupled
to the system [12, 13, 71-75],

o0
~ (0 AU S . .
HEB) = Z (5;07@6;,@1)1),@ + gp,é(b;g,sz-%ll + b;Terl,ébp,é)) )

p=1
Ak = e bl (Se + Sfbre). (8)

The parameters v, are given by

=%/W&M~ )

The on-site potentials €, , and the hoppings g, ¢ are ob-
tained from the following set of recursion relations

49p MJP 10(w)

3]), 1)
[35 ne } + [p-10(@)?
1
2i= / Aoy o (10)
Pt 27rgp74 /dw Wp (),



¢ OO0 R i R 6O

l Unitary Evolution

ﬁn7+t1

FIG. 1. (a) The figure shows a schematic of a typical out-of-
equilibrium set-up where the system, initially in an arbitrary
state, is connected to two baths at different temperatures and
chemical potentials. (b) The figure shows the nth step of Pe-
riodically Refreshed Baths (PReB) algorithm with two baths.

with Jo¢(w) = Je(w) and 3513(“)) being the Hilbert trans-

form of J, ¢(w),

1

w =27 [ Ay
where P denotes the principal value [71]. The spectral
function is now encoded in the on-site energies €, and
the hopping parameters g, ¢, and the strength of system-
bath coupling ~y,. In particular, €j¢, gp,¢, quickly tend
to a constant with increase in the index p [71]. We let
the constants be e€p,, gp,. The value of gp, is directly
proportional to the bandwidth of the bath [71]. After
mapping the baths to tight-binding chains, due to Lieb-
Robinson bounds, sites of the ¢th bath further than ~
(t — to)gs, have a negligible effect on dynamics of the
system up to time ¢ [75-77]. Therefore, to accurately
simulate the process described by A(7), one needs the
¢th bath to be modelled by a chain of size Lp ~ 7¢gp,.
Thus, due to Eq.(3) and Eq.(4), reconstruction of the
full dynamics by simulating the PReB process requires
only finite-sized baths. Fig. 1 demonstrates the PReB
algorithm in presence of two baths after chain mapping,
envisaged as a numerical method. Given any code to
numerically exactly obtain the state of the system after
time 7 starting from an arbitrary initial state, the code
can be used recursively to simulate the PReB process, as
shown in Fig. 1(b).

V. PReB AS A COLLISIONAL OR REPEATED
INTERACTION MODEL

The PReB process may be thought of as a collisional or
repeated-interaction model [35-39], where the system re-
peatedly interacts with multiple finite-sized chains. Colli-
sional or repeated-interaction models have provided valu-
able insight in a diverse range of settings, with quan-
tum thermodynamics [40-43] and non-Markovian dy-
namics [44-49] being particularly elegant examples. Part
of the appeal relies on their computational simplicity
which, under suitable constraints, recovers well known
dynamics captured by the Lindblad equation [39]. They
are often taken as the starting point or toy model for a
particular purpose and are often limited to a single col-
lisional unit, multipartite collisional models with several
single-qubit baths being only recently explored [50].

Despite their versatility, collisional models have been
known to suffer some notable limitations. First, it has
been unclear whether simple repeated interaction mod-
els, where the collisional unit consists of only a single
or small number of constituents, can accurately repre-
sent a bath with a given spectral function. Second, with
only few notable exceptions, it has been unclear whether
the inherently discrete dynamics captured by a collision
model could be exploited to extract results for contin-
uous dynamics in presence of infinite baths beyond the
Markovian regime. PReB allows us to overcome both of
these issues (via chain mapping for the former and via
varying collision time for the latter), thus significantly
extending the range of applicability of repeated interac-
tion schemes. Further, it is worth stressing that rather
than a priori starting from a collisional model, PReB ar-
rives at one from the general considerations leading to

Eq. (3).

VI. NUMERICAL RESULTS
A. Results in fermionic chains

For numerical demonstration of above discussion, we
consider the following one-dimensional ordered interact-
ing fermionic system,

Hg = Z (CKCerl + Ce_HQ + Vngng+1) +h Z .
(=1 ¢ odd

(12)

where Lg is the number of sites in the chain, ¢, is the
fermionic annihilation operator at site ¢ of the chain,
ng = é;éb V is the strength of nearest neighbour re-
pulsive interaction, h is strength of a potential that acts
only on odd sites and we have set the hopping param-
eter to 1. We consider a two-terminal set-up with two

fermionic baths coupled at the first and last sites of the



chain,
HGp =Y k(e B + Blye),
r=1
HEL = k(@ Bro + Blyer,). (13)
r=1

The baths are initially in thermal states with their own
respective inverse temperatures 31, B> and chemical po-
tentials p1, po. For simplicity, we assume the spectral
functions of the baths to be of the form

2 2

w 27;
Je(w) =T 1<),F,€1,2. 14
) ZV 298 ‘7 s (14)

After the chain-mapping, this corresponds to a non-
interacting tight-binding chain with constant hopping pa-
rameter gp, and zero on-site energies, while the hopping
strength between system and bath is given by 7,. To nu-
merically simulate dynamics up to time ¢, we use baths
of the size Lp = (t+1)gp. The results are unaffected for
larger Lp.

Via a Jordan-Wigner transform, the Hamiltonian in
Eq.(12) is exactly mapable to a Heisenberg XXZ-chain
with a staggered field h. Without the staggered field,
i.e, for h = 0, it is a canonical model for an interact-
ing integrable system in one-dimension [78]. Its out-of-
equilibrium properties in various regimes have remained
of great interest both theoretically [25, 79-84] and ex-
perimentally [85-88]. The presence of the staggered field
breaks integrability, making it a model for generic sys-
tems [34]. Obtaining dynamics of either the integrable or
the non-integrable case, in the two-terminal open system
set-up, which is directly relevant for applications in quan-
tum heat-engines and refrigerators [2], has remained an
outstanding problem beyond weak system-bath couplings
[59]. To demonstrate that such outstanding problems
become addressable in the PReB formalism, we choose
strong unequal system-bath couplings (I'y = 1, T' = 2),
finite temperatures (81 = 0.1, 82 = 0.2) and chemical
potentials (u; = 1.5, uo = —1.5), a finite but extended
system (Lg = 16). For these bath parameters, 7a; ~ 2
is estimated as the time when the bath correlation func-
tions decay below 5% of their highest value. We choose
the initial state of the system as the half-filled product
state.

1. Benchmark: Non-interacting case: V =0, h =10

We first consider the non-interacting case, V = 0,
which allows benchmarking against exact results. For
simplicity, we will also set A = 0 in this case. The exact
dynamics can be obtained by rewriting the full system-
bath Hamiltonian as H = Yoo Hgmcf}(fm, where £, m
refers to either system or bath sites, and numerically ob-

taining the correlation matrix C,,(t) = Tr (ﬁtot(t)azciq)

()

0.511 l — exact, Lp = 602
J -- exact NESS, Lp =0
r=30,Lp=8
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FIG. 2. (a) Convergence to exact results with increasing the
PReB time step 7 is shown for a representative observable for
the non-interacting chain (V = 0,h = 0). (b) Reconstructing
results at all times by repeating PReB simulation with 7 = 6,
for different values of 0 < t; < 7. Each dot of same color
is data obtained for one choice of ¢t;. Parameters: Ls = 16,
ﬂl - 01, ﬂg == 02, H1 = 15, M2 = —1.5, gB — 2, F1 == 1,
T’y = 2. All energy scales are in units of system hopping
parameter.

using C(t) = e™M!C(0)e ™!, For comparison, non-
equilibrium steady state (NESS) results with infinite
baths are obtained exactly using the NEGF approach (see
Appendix C for explicit formulas). In Fig. 2(a) we show
the convergence of PReB results for the non-interacting
system with increasing 7, for a representative observable.
We check for convergence with increasing 7 by doubling
its value. Such a convergence is clear in Fig. 2(a), where
the results from 7 = 6 and 7 = 12 cases coincide. In con-
trast, for 7 = 3 the results are clearly different, and hence
is not converged. Furthermore, the converged results
match with the exact dynamics in the long time limit,
reaching the same NESS values. The converged PReB
results in Fig. 2(a) are obtained with simulations start-
ing from the initial state. In terms of Eq.(3), it means
t1 = top = 0. This gives results at time points which are
multiples of 7. Results at all other time points can be re-
constructed by repeating the PReB simulation for same
choice of 7 but with different choices of t1, 0 < t; < 7.
This is shown in Fig. 2(b) for a representative observ-
able, where, remarkably, we are able to reconstruct the
full time evolution of the system in presence of the infi-
nite thermal baths, by repeatedly using simulation up to
7 = 6 requiring finite-sized baths, L = 14, whose sizes
are smaller than the system-size Lg = 16.

2. Interacting integrable case: V =1, h =10

Next, we go to the interacting integrable case with
V =1, h = 0. In this case, we have to directly deal
with time evolution of a mixed state of a chain of Hilbert
space of dimension 255+2L5  an extremely challenging
problem, with complexity scaling exponentially with size
of the chain. One standard way to obtain dynamics in
such cases, in the absence of any small parameter, is by
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FIG. 3. (a) Convergence of TEBD and PReB with TEBD ap-
proaches for the integrable interacting system (V = 1,h = 0)
is shown for a representative observable. (d) The convergence
of PReB with TEBD approach is shown up to long times for
local particle currents at two different sites of the interacting
system. The continuous lines show TEBD results for x = 300
up to t = 50. For continuous time evolution Lp = 102. For
PReB with TEBD, Lp = 14 for 7 = 6 and L = 26 for
7 = 12. Parameters: Ls = 16, 1 = 0.1, B2 = 0.2, p1 = 1.5,
pe = —1.5, g =2,y =1, ' = 2. The Trotter time step for
TEBD is 0.1. All energy scales are in units of system hopping
parameter.

using tensor network time-evolution techniques for mixed
states, a plethora of which exist [89-96]. The main ap-
proximation in all such techniques is convergence of dy-
namics with a finite bond-dimension, y. The converged
dynamics so obtained is numerically exact. The complex-
ity then becomes linear in size of the chain, but grows
exponentially with the x required for convergence. Cru-
cially, in a unitary evolution, the x required for conver-
gence typically grows with time, making accurate long-
time evolution (as required when t4 is large) intractable.

It is exactly here that Eq.(3) becomes extremely useful.
This is demonstrated in Fig.3(a), where we plot the dy-
namics of a representative observable up to time ¢t = 50 as
obtained from continuous time evolution and from PReB,
using a mixed-basis [21, 97, 98] version of the standard
time-evolution-by-block-decimation (TEBD) tensor net-
work technique. The explicit details of this technique for
our set-up is given in Appendix D. The continuous time
evolution needs x = 300 to converge up to t = 50, while
smaller values of x converge up to smaller times, as shown
for x = 150. On the other hand, we find that PReB for
7 =6 (L = 14) converged with xy = 75, and PReB for
7 =12 (Lp = 26) converged with x = 125. The PReB
results have also converged with 7, as the results for 7 = 6
and 7 = 12 match very well with each other, and with
that from continuous time evolution. This is shown both
for a choice of t; = tg = 0 and ¢t; = 3 > ty, thereby
demonstrating that reconstruction of all time points is
possible with PReB. To put the extreme numerical ad-
vantage of the PReB simulation into perspective, obtain-
ing the continuous time TEBD result with x = 300 up
to t = 50 required a wall-time of about 90 hours, while
obtaining the same with PReB required only about 12
minutes for 7 = 6, and about 1 hour for 7 = 12, in the

(a) (b)
— TEBD, x = 150 0.051 * I3, 7=60,y=75
— TEBD, x = 300 * Ly, 7=60,x=T5

0.504 * 7=060,x=751%=0 0.041 o I3, 7=120, x =100
7=120,x =100, =0 Ly, 7 =120, y = 100
—~ o T=60,x="50=30 | 0031

S

0 10 20 30 40 50 60 0 50 100 150 200 250 300
t t

0.45

FIG. 4. (a) Convergence of TEBD and PReB with TEBD
approaches for the non-integrable interacting system (V' = 1,
h = 1) with is shown for a representative observable. (b) The
convergence of PReB with TEBD approach is shown up to
long times for local particle currents at two different sites for
the non-integrable interacting system. The TEBD results for
x = 300 up to t = 60 are also shown with the continuous lines.
Parameters: 1 = 0.1, B2 = 0.2, u1 = 1.5, po = —1.5, gp = 2,
'yt =1, 'y = 2. The Trotter time step for TEBD is 0.1. All
energy scales are in units of system hopping parameter.

same computer architecture (Intel 19 10th Generation 8
core, 16 threads processor).

Furthermore, while continuous evolution up to longer
times requires larger bond-dimensions rendering it in-
tractable, continuing the PReB simulation for a chosen 7
up to long times does not. This allows obtaining full time
evolution up to steady state with a small bond-dimension
using PReB, even when the same would not be possible
with continuous time evolution. This is demonstrated in
Fig. 3(d), where dynamics of local particle currents, de-
fined as I, = 2i<é;+1é[ — é}?ég_ﬂ), at two different sites,
as obtained from PReB with 7 = 6 and 7 = 12 are
shown. At the final time-point, the currents at different
bonds are almost the same, showing that the NESS has
been approximately reached. Therefore, not only have
we verified Eqs.(3), (4) in a non-trivial system, as a con-
sequence, we have been able to obtain numerically ex-
act completely non-perturbative dynamics up to NESS
of an interacting integrable quantum many-body system
strongly connected to two baths which were initially at
different finite temperatures and chemical potentials, a
case which has previously remained intractable despite
relevance in several contexts [25, 79-88].

8. Non-integrable case: V=1, h=1

Now, we look at the non-integrable case with V =
1, h = 1, using the same numerical technique. Note
that, it is usually believed that in non-integrable systems,
due to internal chaotic dynamics, the exact description
of the baths matter less, while the same is not the case
for integrable systems. In this sense, our results above
for the interacting integrable system are more non-trivial
than the results for the non-integrable system.



The results for the non-integrable system are shown in
Fig. 4(a), where we plot the dynamics of a representative
observable up to time t = 60 as obtained from continu-
ous time evolution, from PReB with 7 = 6 and 7 = 12
with ¢; = 0, and from PReB with 7 = 6 with t; = 3. It
is clear that our main results Eqs.(3), (4) are satisfied,
and the PReB simulation requires much smaller bond di-
mensions. The relative computational resource and time
advantages are of the same order as in the integrable case.
However, both PReB results and the continuous evolu-
tion results seem to require a smaller bond-dimension to
converge, as compared to the integrable case. The long-
time dynamics for local currents at two different sites, as
obtained from the converged PReB process are shown in
Fig. 4(b). As before, the currents at various bonds be-
come approximately same with increase in time, showing
that NESS has been approximately reached. The NESS
seem to be reached at a shorter time in the non-integrable
system than in the integrable case. This is likely due to
the internal chaos of the system. This deserves to be in-
vestigated in more detail and will be taken up in future
works. We will like to stress that, both in the interacting
integrable and non-integrable cases presented here, there
is no small parameter in the Hamiltonian. All parame-
ters, including the strength of system-bath couplings, are
of the same order.

B. Results in a spin-boson model using a
completely different technique

All numerical results till now have been for the two-
terminal fermionic set-up. Further, both the tensor net-
work technique used for interacting systems and the cor-
relation matrix technique used for non-interacting sys-
tems, depend on chain-mapping of the baths. Here, to
demonstrate that the PReB formalism is independent of
such details, we check our main results, Egs.(3), (4), on
a completely different system with a completely different
technique. For this we choose one of the most canoni-
cal models of open quantum dynamics, a qubit under-
going thermalization with a bosonic bath with Ohmic
spectral density. The Hamiltonian of the set-up is given
by H=Hs+ Hsp + HB,

He = %&Z + A6, (15)

o0 oo
ﬁSB = OA’Z Z (KTBT + H:BJ) 5 7:[3 - Z QTB'IBTW
r=1 r=1
where ET is now the annihilation operator for the rth

bosonic mode of the bath. We choose the spectral density
of the bath in the Ohmic form, with Gaussian cut-off

Jw) = 'ybwe_(w/WC)Z@(w), (16)

where 7, gives the strength of coupling to bath, w,. is
the cut-off frequency, and O(w) is the Heaviside theta
function. The bosonic bath is initially taken to be in a
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FIG. 5. (a) The plot shows dynamics of (6.) of a spin-boson
model as obtained from numerically exact TEMPO technique,
and as from PReB with TEMPO for different choices of 7.
The convergence of PReB results to the exact results is clear.
(b) Reconstruction of full dynamics of the up to steady state
by varying ¢1 in regime 0 < ¢t; < 7 is shown for PReB with 7 =
25. The squares highlight the points for ¢; = 0. Parameters:
A =0.3, 7% =0.1, 8 =10, w. = 50. All energy scales are in
units of €.

thermal state with inverse temperature 5 (and chemical
potential is zero).

Instead of chain-mapping techniques, we use a com-
pletely different path-integral based technique that has
been utilized to numerically exactly solve such sys-
tems for a wide range of parameters. This numerical
technique, called TEMPO (acronym for time-evolving-
matrix-product-operator) [17], is based on exactly inte-
grating out the infinite baths in the Feynman-Vernon
influence functional approach. It utilizes the so called
augmented-density-tensor [15, 16] to take care of the non-
Markovian memory effects efficiently using tensor net-
works. Unlike chain-mapping techniques, TEMPO does
not depend of the effective finiteness of baths, but in-
stead crucially requires the baths to have infinite degrees
of freedom. Numerical code implementing TEMPO is
available as a python package [99] and is particularly easy
to use for spin-boson models.

Validity of PReB for the spin-boson model with
TEMPO is shown in Fig. 5. The plot corresponds to
low temperature 8 = 10 (all parameters in units of ¢),
and strong system-bath coupling strength v, = 0.1. The
memory time 7j; can be estimated to be 73; ~ 3, which
rules out any possibility of a Markovian quantum master
equation description. Fig. 5(a) shows convergence with
increasing 7, while Fig. 5(b) shows full reconstruction of
dynamics by varying ¢;. Clearly both Egs.(3), (4) are
satisfied.

TEMPO is one of the whole class of techniques based
on storing memory effects [15-18, 23]. Scalability of these
techniques to long-time simulation of extended systems is
severely limited by the computational cost of storing the
finite memory effects of an extended system up to long
times. Thus, even in these cases, the ability to recon-
struct the full dynamics by recursively using finite time
evolutions will be useful, and possibly allow scaling these
techniques to complex extended systems.



If A = 0, the chosen model corresponds to the so called
independent boson model and can be exactly solved.
However, in this case, 6, would be a conserved quantity
of the global dynamics. This means that there would be
no unique steady state, and so, the main assumption in
derivation of PReB would not hold. Thus, for A = 0,
the PReB approach would not work in general, although
further investigations are required to make more concrete
statements.

VII. CONCLUSIONS AND OUTLOOK

Thus, our PReB formalism, based on Eqgs.(3) and (4),
significantly extends the classical simulability of open
quantum systems, allowing for numerically exact simula-
tions of non-Markovian dynamics of one-dimensional sys-
tems up to long times. Two-terminal transport through
Hamiltonians of the form Eq.(12), with various additional
on-site potentials, are ubiquitous in studies of quantum
transport, localization and integrability-breaking [24-34].
But they have been limited to the infinite temperature
Markovian regime, while other regimes have remained in-
tractable. The PReB formalism enables a whole class of
existing numerical techniques [11-20] to access to these
previously intractable regimes, which is important for a
wide range of applications [1-6, 10]. Moreover, since the
formalism is general, it may allow adaptation of these
techniques to higher dimensional open systems, as well
as to generic baths. At a more fundamental level, Eq.(3)
points to a deep connection between Markovian and non-
Markovian dynamics in open quantum systems. Due to
its direct relation with collisional or repeated interaction
models, PReB also opens the possibility to significantly
extend the understanding established in these models
[35-50]. Going further, our results may allow novel ways
of bath-engineering to obtain target steady states. These
directions will be investigated in future works.
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APPENDIX

Appendix A: Derivation of Periodically Refreshed
Baths

1. Set-up

We consider the general set-up of a system connected
to (possibly multiple) baths, starting from a product
state of the system and the baths, and evolving according
to a global system+baths Hamiltonian. The dynamics of
the system is given by

p(t) = At —to)[p(to)] = Tre(pror(t))

pront) = Te (€710 p(tg)ppe ™)) (A1)
where pp is the initial state of the baths, p(tg) is the
initial state of the sytem, and
H="MHs+Hss + Hp, (A2)

is the full Hamiltonian of the set-up, Hs being the
system Hamiltonian, Hsp being the system-baths cou-
pling Hamiltonian, and H g being the Hamiltonian of the
baths. The superoperator A(t—tg) describes a completely
positive trace preserving (CPTP) map which maps 5(to)
to p(t). Such a map is a universal dynamical map in
the sense that A(t — to) is independent of the initial
state p(tg). Without loss of generality, we can assume
TrB(’HSBPAB) = 0. If this is not the case, the system
Hamiltonian can always be slightly modified to satisfy
this. Further, in complete generality, we can assume that
time has been rescaled such that it can be considered a
dimensionless parameter.

In complete generality, the equation governing the
time-evolution of 4(t) can be written as [51]

apﬁtot
ot

= i[Ppror(t), Hs]
t—to NP

Y / dt' " LQL Py (t— 1), (A3)
0

where the superoperators P, Q and £ are defined as
p(‘) = TTB(.)PB, Q = TI - p7
L(e) = ile, H],

I being the identity superoperator. After a bit of algebra,
Eq.(A3) can be written in the form

=i Al [ R 1)
K(t)[e] = Trp (ﬁet’QL‘Qﬁﬁ[.]) (A6)

Here K (t) is called the memory kernel superoperator.
Further, the time evolution can also be formally cast into



the following equivalent, but apparently time-local, form,
[100]

P~ L~ w)loto)
L) = SIAMIA ), (A7

where A~!(t) is the formal inverse of A(t), i.e,
A(t)A=1(t) = 1. In the above form, L(t —tg) is the gen-
erator of time evolution. The density matrix at time ¢
can be written as

. t—tQ 341 F ol

p(t) = Telo 4 HOp(1y), (A8)
where T represents time ordering. Yet another way to
formally write down the exact equation governing the
time-evolution of p(t) is [51],

ap R t—t1
o =il s+ [ R (e o)
0

+ Trg (ﬁe(t_tl)QLQﬁ(tl)) Lt >t (A9)
Here, K (t) is the same memory kernel superoperator as
in Eq.(A6). The last term in above equation appears due
to the fact that for ¢; > tg, the system and the bath are
no longer in a product state.

Eqgs.(A3), (A6), (A7), (A9) all describe the same dy-
namics, that given by Eq.(A1), without any approxima-
tions. Given this setting, and armed with these equa-
tions, we now discuss the assumptions.

2. Assumptions

Assumption 1: analyticity of dynamics — The dynam-
ics of the global set-up corresponds to that of a quench
where the system-bath couplings are switched on at time
to. We will assume that the dynamics following this
quench remains analytic at all times.

Assumption 2: finite system Hilbert space dimension
— For technical reasons, we need to assume that the
system Hilbert space is finite-dimensional. Strictly, this
restricts us to fermionic or spin systems, and rules out
bosons. Note that, this restriction is not there in the
bath Hilbert space. Further, even if the system is a lat-
tice of bosonic sites, but there is some effective cut-off on
the number of bosons at each site, either due to repulsive
interactions, or due to temperatures in the problem, it
amounts to an effective finite system Hilbert space di-
mension. Thus, this assumption is quite mild.

Assumption 3: Unique steady state — This is the main
assumption. It states that the long time state of the sys-
tem is independent of the initial state. Many experimen-

tal situations of interest fall under this class. Formally,
this means,
pness = lim_A(t — to)[p(to)], (A10)
to——o0

is unique, independent of 5(¢p). In the language of CPTP
maps, this means that one eigenvalue of A(t —to) will be
1, while all other eigenvalues decay to zero with time.
On physical grounds, this requires that the system-size
is finite, while the baths are in the thermodynamic limit.

In the following, we discuss the consequences of these
approximations.

3. Consequences of the assumptions
a. Finite memory

On physical grounds, it is clear that unique steady
state implies a finite memory. To see this more rigor-
ously, note that, the steady state must be a solution of

0 = i[pnmss, Hs] + /dtK Npt—t)].  (A11)

The right-hand-side of above equation explicitly depends
on the initial state. This cannot be the case if the steady
state is unique. So, the only way a unique steady state
can be approached, is if, there exists a time 7, such
that,

where ||O|\ refers the operator norm of O and e is an ar-
bitrarily small number set by numerical or experimental
precision. This physically means that the memory kernel
approximately decays to zero after a time 7;,. Under this
condition, we have,

9%
o~ H s] / dt’ K

/Fﬁdﬂkﬁﬁmu—ﬂﬂH<e YV t—to>7ar, (A12)

™

Mpt —t)], Yt —to > Tas.
(A13)

Now, the right-hand side of above equation does not de-
pend explicitly on the initial state p(¢p), which has to be
the case if pngss is unique. Thus, Eq.(A12) is a neces-
sary (not sufficient) condition for the steady state to be
unique.

Writing Eq.(A13) in the form of Eq.(AT7), we get,

o _ e

at L[ ()] Vt—toZTM WlthL:L(TM). (A].4)
Thus, the generator becomes approximately time inde-
pendent after a time 7,,. The solution of above equation
is

pt) ~ eTOL Aty + )], Yt >to+ T (ALS)
Let us define a superoperator G which satisfies
e“[p(to)] = A(rar) [p(t0)]- (A16)



Since the dynamics remains analytic across the time 7y,
L and G must commute,
[L,G] = 0. (A17)

So, we have,

p(t) = At = to)[p(to)] ~ " IEFI ko)), Yt > b + Tar.

(A18)

Let {\;} and {g;} denote the eigenvalues of L and G
respectively, labelled in ascending order according to the
magnitude of the real part of {\;}. Then, the uniqueness
of steady state demands,

A =0, 1=0, Re(N\;) <0, V i>1. (A19)

Let tss be the effective time to reach steady state, defined
as

A(t) — pnessl| <€, V ¢ =t (A20)

It follows from above that
t . A21
> |5t (a21)

Next, let us look at the effect of the assumptions on
Eq.(A9). From Eq.(A12), for ¢ > ¢ + to, Eq.(A9) be-
comes

aﬁ A > ™ 1T (4N A /
P nilp(t), H 'K -
o =0 As [ RO )
+Trp (ﬁe“—tlm@ﬁ(tl)) L ti>te. (A22)

Since both the above equation and Eq.(A13) describe the
exact same process, we must have

So, we get,

Trg (ﬁe(t*h)@iéﬁ(tl)) H <e YV t—t1>Tur
(A23)

p(t) = e TIE Sty + )], Vot >t + T, > o
(A24)

We use these results to derive the periodically refreshed
baths in the following.

b. Periodically Refreshed Baths

Note, in Eq.(A24), that at time ¢; + 7p7, there are
system-bath correlations. So the map generated by Lis
not a universal dynamical CPTP map. It is not guaran-
teed to map every given density matrix of the system to
a density matrix at all times. But, it is guaranteed to
map to density matrices those system density matrices
that can be generated by time evolving the full set-up
to time t1 4+ 7ps. Further, it is guaranteed to map every
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given density matrix to the steady state density matrix
in the long-time limit. This means, we can always find a
large enough value of 7 such that

He(HM)E[ﬁ(tl + )] - e(tftl)i[ﬁ(tl)]H <6

vt>t1+7', T>1t >ty (A25)
The above condition is trivially satisfied if 7 = ts5. How-
ever, this needs not always be the case. To see this, we
write the above condition for ¢; = g, and use Eq.(A18),
to check that 7 is required to satisfy the following condi-
tions

—t ;> 1
T>TM OJF‘Re()\i) , Voi>1,
Im(gi)
- Tm()\;) > 0, A2
T>TMm t0+‘1m(>\i) , VIm(A) >0 (A26)

1

These set of conditions is not the same as the condi-
tion for tgs in Eq.(A21), unless Im(\y) = 0, Im(g2) # 0.
Generically, we expect 7 < tg, while in general, tss >
T > TN

From Eq.(A18) and Eq.(A25), we have

p(t) m L [h(1o)],

Noting that p(t) = A(t —to)[p(to)] and the initial state is
arbitrary, we can write,

Vt2t0+7’. (A27)

At —to)[o] = et Lfe], Wt >ty +T. (A28)
Thus, the map generated by L becomes approximately
the original universal dynamical map after a time 7.
From Eq.(A24) and Eq.(A25), we get

pt) meL[p(4)], V>t +7, t >t0.  (A29)
Choosing t =
Eq.(A28), that,

Az +t1 — to)[p(to)] = A@)L..[A@) [ p(e)]]).. ).

n times

nT + t1, we immediately see, using

(A30)

The physical process described in the right-hand-side of
the above equation corresponds to evolving up to time
t1, then detaching the baths and refreshing them to their
original initial state, and afterwards periodically detach-
ing the baths and refreshing them to their original ini-
tial state in steps to time 7. The above equation says
that the state of the system obtained from this process
is approximately the same as the one obtained from con-
tinuous time evolution without any refreshing of baths
up to time n7 + t1. It is clear from the definition of 7
in Eq.(A25), that this approximation becomes more and
more accurate as 7 is increased. This brings us to the



main statement of periodically refreshed baths (PReB),
which can be summarized as

b = AL DAt — o)t - )
= €(7),

() decays with 7.
(A31)

‘ ‘[S(’HT + tl) - ﬁ’I’LTthl

In other words, pn,4¢, converges to p(nt + ¢1) with in-
crease in 7. The only assumptions required for this
statement are the ones given in the previous section.
Note that, in complete generality, we can restrict ¢; to
T > t1 > tg to construct all time points. As argued in the
main text, when our set-up describes a quantum many-
body system on a lattice connected to multiple baths at
few sites, we expect to find convergence of p,r4., with a
T satisfying

tes > T >> T (A32)
It is in these cases that Eq.(A31) becomes extremely use-
ful because, it says, long time evolution in presence of the
baths can be reconstructed by repeatedly using simula-
tion of much shorter time evolution.

Appendix B: Estimating memory time

It is clear from above that the value of 7 required for
convergence in PReB crucially depends on the effective
memory time 7y, of the open system dynamics. Here we
discuss how this time can be estimated directly from bath
properties, without any reference to the system.

1. Gaussian baths with general system-bath
coupling

The set-up we consider is governed by the full sys-
tem+bath Hamiltonian H = g + Do (7—[“) + ’H(e))

H(e) ZQTZB Brla H(i) = ZXQKBA’&% (Bl)
r=1 a,l
where Brg is the fermionic or bosonic annihilation oper-
ator of the rth mode of the fth bath, X, is a Hermitian
operator of the system, and B, is a bath operator. We
assume the system Hilbert space is finite, so that X, has
a finite spectral norm. At initial time, ¢t = tg, the system
is assumed to be in an arbitrary state, uncoupled with
the baths, while the baths are in thermal states with their

individual temperatures and chemical potentials. Thus,
the initial state of the whole set-up is given by
—Be(HG —ne NG,
A~ A~ ~ ~ € B
prot(to) = pto)ps, s =[] —)7 (B2)
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where N is the total number operator of the /th bath,

Zg) is the corresponding partition function, p(o) is an
arbitrary initial state of the system. The coupling be-
tween the system and bath is switched on at time ¢ = #g
and the whole system+bath is then evolved unitarily to
some time ¢ under the full set-up Hamiltonian H. Going
to interaction picture with respect to Hg and Hp, we
have

5 () = At = to)[p" (t0)] = Tr (U (¢, )" (t0)puU (. 10) )
(B3)
Ut,ty) = Texp (fz' J dsﬂgB(s)), ol(t) =
eiHst M)t ()e~i(Hs+Hp)t for any operator O, T
denotes time-ordering and Trp(...) denotes trace
over bath degrees of freedom. This is the standard
microscopic approach to open quantum dynamics.
The exact quantum master equation for the above set-
up was derived in Appendix A of Ref.[59]. The exact
quantum master equation is given in interaction picture

by

opl  [ito
AN

a,v,l

[ ot — 1), X1 (t)}
+h.c), (B4)

with A, (t,t,) = Trp (U(Ltl)Xiz(tl)ﬁfot(tl)UT(t,tl)),
h.c. denotes Hermitian conjugate and

QU(t) = Trp (psBL(t)Bur) (B5)

Eq.(B4) is same as Eq(A12) of Ref.[59]. On the
other hand, using Nakajima-Zwanzig projection opera-
tor method for our set-up leads to an equation of the
form

~T t—to .
8@%: /O dt K () [ (¢ — 1), (B6)

which on comparing with Eq.(B4) lets us identify

K@) (-] = Y (U0 [Avelt,t — 1), XL,(0)]

a,v,b

+h.c). (B7)

Therefore, it is clear that the time for decays of ng)(t)
gives the memory time 75;. The error due to choosing
a finite 7); can be rigorously bounded. Splitting the
time integration into two parts, one from 0 to 7 and an-
other from 7y to ¢ — g, directly gives the expression
for E(t,to, Tar), which represents the terms that are ne-
glected in making the approximation, as

Et,to, o)
_ /”O aty > (QUAH) [Ave(t,t = 1), XL(1)] +hec).
™ b

(B8)



Using results and techniques from Appendix A of
Ref.[59], it can be shown that,

1A, (¢, )] < 1 Xuell, (B9)

where ||O|| denotes the spectral norm of the operator O.
Using this, along with the sub-multiplicity of the spectral
norm, we have,

1€t to, ra)ll <4 3 (1R el HXMH/ EION

a,v,l

(B10)

where, we have additionally extended the upper limit of
the integration to infinity.

2. For our system-bath coupling

Let us now go to a system-bath coupling of the form,

Hh = > (kreS) Bre + 17 Bl,S0).

r=1

(B11)

This is a slightly more specific system-bath coupling in-
stead of the absolutely general one in Eq.(B1). This can
be cast in the form of Eq.(B1), with the following defini-
tions

X = S*,T + S, Xop= i(ﬁg )

. & BL,+B, ., & Bl,-B
Bie = Zﬁre%@, Bae = ZZHM”}TE.
r=1
(B12)

r=1

With these definitions, Qg,z(t) are elements of a 2 x 2
matrix. The elements are given by

= Qs
= i/%ﬁf(w) [(1 Fng(w))e @+ ng(w)ei‘”t}, (B13)

Q1) = QL")
- i g—:jg(w) [(1 T ng(w))e_i“’t — ng(w)ew},

where

Je(w) =21 > [kpe]*0(w — Qpr) (B14)
r=1

is the spectral function of the ¢th bath, and ny(w) =
[exp(Be(w — pe) £ 1]7! is the Fermi or Bose distribu-
tion corresponding to the initial state of the ¢th bath.
Thus, it is clear that, the memory time 7, is governed
by the time of decay for the Fourier transforms of J(w)
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and J¢(w)ng(w). For rigorous bounds, using the sub-
additivity of absolute value, we have

Q1) =100 < 7 lac®)] +20oe(0)] ).
QB0] =108 0] < 1 (laed)] +2000)] ), (B15)
where
ault) = [ Grar)e, b0 = [ SEawm)e,

(B16)

This simplifies the general error bound in Eq.(B10) to

€ tormll < e [ at (oo + 200 ),
L

T™M

(B17)

with Ap = 3%, || Xae|| [|X,e||, which is a finite pos-
itive number. While this bound is general, it is very
conservative. In practice, a simpler and better approach
is to directly calculate a(t) and be(t), and choose 7 as
the time when their magnitude decay below some small
percentage of their original value.

Appendix C: NEGF results for NESS of
non-interacting systems

In the main text, we have used non-equilibrium Green’s
functions (NEGF) to obtain the exact non-equilibrium
steady state (NESS) results for the non-interacting set-up
(V =0in Eq.(D1)). Here we give the relevant formulas
for the same.

Any non-interacting system Hamiltonian can be writ-
ten in the form

Ls
Hs= > Hymélem, (C1)

m=1
where H is a Lg x Lg Hermitian matrix. For our set-up
with V' =0 in Eq.(D1)), H is a tridiagonal matrix where
off-diagonal elements are 1, and diagonal elements are
zero,

HZm = 52,m71 + §Z71,m~ (02)
The NEGF is given by
G(w) = Wl -H -3V (w) - @ (w)] ™, (C3)

where, I is the Lg dimensional identity matrix, £ (w),
(2®)(w)) is the self energy matrix of the bath attached
to first (last) site. The only non-zero elements of the
self-energy matrices are

20() = 5 (1) + 31 ().

5 () = L (i30w) + 3 W),

sLs



where J}7(w) is the Hilbert transform of Jo(w).

Since the NESS for a non-interacting system is Gaus-
sian, the entire state can be obtained from the corre-
lations of the form (¢féq)ness = Tr (¢féqpness), where
pNEss is NESS density matrix. These correlations are
given in terms of NEGF by

(healess = [ 52 (G ()G @) @)

+ Gy (W)GgLs (W)Irs (Wnpg (W) |- (C5)

The above equation was used to numerically exactly cal-
culate NEGF results.

Appendix D: TEBD in mixed basis

The tensor network technique we have used for time
evolution of the open system with finite sized baths
is time-evolution-by-block-decimation (TEBD) in mixed
basis. Here we give the details of the this technique.

1. Preparing the set-up in the mixed basis

The set-up we have considered for the numerical exam-
ple is the defined by the following fermionic Hamiltonian

H=Hs+HY) +AZ +AE + 72,

Ls—1
He = ( T mat + Choi1Cm + Vnman)
m=1
+h T,y
m odd
.(5‘1% = Z Ryl ClBrl —+ B 101) (Dl)
r=1
HEY = > kpa(el Bra+ Blyérs),
r=1
HY = ZQ Bl By, H ZQ 2B, B,s.
r=1 r=1

In the above Hamiltonian, the baths are modelled by an
infinite number of modes. The bath spectral functions
are as given in Eq.(B14). The geometry of the set-up
can be pictorially represented as in Fig. 6(a).

We recursively use reaction-coordinate (rc) mapping to
convert the baths into one dimensional chains with the
first site of the chains attached to the system. Further,
assuming that the time evolution is up to a time 7, we
choose a finite size of the baths, Lg, proportional to 7.
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After recursively using rc mapping, we have,

Lp
Z (Ep,lbp 1bp,1 + 9p1 (bp 1bp+1 1+ bp+1 1bp7 ))

p=
Lp
~ (2 A A . .
HEB) = Z (5p,2b;,2bp,2 + 9p,2(b;,2bp+1,2 + b;,+1,2bp,2)> )
p=1
7'15911)3 i (bl 161+ Elbr ) (D2)
7:[(521.2; Y2 (b] 2CLs + CLSbl 2)-
The parameters ~,, £ = {1,2} are given by
1
:g/m&w (D3)

The on-site potentials €, , and the hoppings g, ¢ are ob-
tained from the following set of recursion relations

Agp_1 Ip—1,6(w)
2
[35—1 e(w)} +

gp,é - 7/dw"‘p€
=—— [ d
et 27rg§74/ w W),

with Jo ¢(w) = Je(w), the index p going from 1 to L and
Jgé(w) being the Hilbert transform of J, ¢(w),

77)/ d /dP, )

where P denotes the principal value [71]. With above, we
have mapped the infinite bath into the finite-sized chain
required for our purpose. The geometry of the set-up is
now as in Fig. 6(b).

Next we go to the single-particle eigenbasis of the
finite-sized chains. For this, we rewrite the bath Hamil-
tonian as

311,@(“) =

)

[3p-1,6(w)]’

(D4)

(D5)

~ () :
H( Z Hpq DL ¢ba.05

p,q=1

(D6)

where H® is a symmetric tridiagonal matrix with di-
agonal elements {¢, (} and off-diagonal elements {g, ¢}
The annihilation operators in the single-particle eigenba-
sis are given by

Lp
&a,é = Z (I)(E)l;p 2 (D7)
p=1
where ® is the matrix that diagonalizes H(®),
W HO$" = D, (D8)

Here, D = diag{&,¢} is a diagonal matrix containing the

eigenvalues of the matrix H®, and ®®" denotes the



(d)
LB LB

FIG. 6. Preparation of the set-up in mixed basis: (a) The
initial set-up with baths (blue) consisting of infinite number
of modes attached at first and last sites of a system (red); (b)
The conversion (rc-mapping) of the baths to one dimensional
chains with the first site of the chain attached to the system.
The size of the chain is finite, Lp which is chosen to be pro-
portional to the maximum simulation time 7. (¢) We move to
the single-particle eigenbasis of the baths represented by finite
sized chains. (d) We view the set-up as a one-dimensional sys-
tem with long-range hoppings between the bath modes and
the system sites attached to the baths.

transpose of ®(©). In this basis, the system-bath coupling
and the bath Hamiltonians are

Lp
A = > N @ (Elaa +al, o),

a=1

(D9)
HSB = Z 7’2@1a (CLsaa 2 +af, 2CLs )

a=1
Lp
(1) e b
7-[ = g Ea,gaa,gaajg.
a=1

E galaa 1aa 1

With this, the geometry of the set-up becomes as in
Fig. 6(c).

For using TEBD, we need a one-dimensional system.
So, we arrange the bath modes in a single line, and view
the set-up as a one dimensional system. The added com-
plication becomes that now there is long-range hopping
between the bath modes and the system sites attached
to the bath modes, as shown in Fig. 6(d). To address the
long-range hoppings, we need to use TEBD in combina-
tion with fermionic swap gates, as we discuss in following
subsections.
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2. Preparing the gates and the initial state

With the Hamiltonian obtained in the previous sub-
section, we now want to calculate

—iHt A

ﬁtot(t) =e€ ptot(o)ethv

B Lp
prot (0) = [H ﬁfll p(0) lH ﬁfz]
a=1 a=1
e—ﬁz(faz—ue)dfl,g&a,e

Tr (e*ﬁe(faz*uz)@;gda,z)

(D10)

[)fg - ) Z = {132}

The above equation highlights that the thermal states of
the baths are product states in the mixed basis, which
is one of the advantages. We move to the superoperator
representation where the density matrix is represented as
a vector and the operation of any unitary on it is given
as follows

Prot (0) = [Prot (0))

Uprot (0)UT = U @ UT[pyor(0)), (D11)

where ® denotes Kronecker product. In order to use
TEBD, we represent vector corresponding to the initial
density matrix as a matrix-product-state (MPS). We take
the initial MPS to be completely left-canonicalized. This
only requires that the system state is left-canonicalized,
because the baths are initially in product state and the
system is in product state with the baths.

The next step is to decompose the Hamiltonian into
two-site terms. The system Hamiltonian is naturally de-
composed as Hg = ZNS "Hg, with Hg, given by

Hs,, = émar + by 1Em + Vitgiin . (D12)

The bath and the system-bath coupling Hamiltonians are
naturally decomposed into 4 = ks, HY

H(l —5a1aa1aa1+%‘1>( D(elan, +a), 1€1)

Hg@ = ol yln + 12 @) (€] a2 + @l peLs).
(D13)
We Jordan-Wigner transform the above two-site

fermionic Hamiltonians,

~ A I+
Hs,, = OhOmi1 + 0,0 m+1+V<

() (79
al 2
+71@(1)(U1T o +oTT)

) = s (L270) ! w)

+71<1>§(3(GZS Too + 01T, a2

()

(D14)

# are the usual spin half operators at site m

where 6,5
of the system, while 7'+27 "* are the corresponding ones



FIG. 7. (a) The figure gives pictorial representation of the
composite gates for system-bath evolution. (b) The figure
shows the action of two of the composite gates. The other
two composite gates operate similarly. Here the red triangle
represents MPS for the system site, and the other triangle
represents MPS for the bath site. The triangle pointing left
represents right-canonicalized tensor and the triangle pointing
right represents left-canonicalized tensor. It is important to
note that U}f operates when the system site is to the left of
the bath site, and Ublf
left of the system site.

operates when the bath site is to the

for the ath bath mode of the ¢th bath and I is the iden-
tity operator at the corresponding site. It is important
to note that in H\ B and 7—[( the operator represent-
ing system site is written to the left of that of the bath
site. This convention is to be maintained in the follow-
ing. The following superoperator gates for time evolution
by a Trotterized time step dt/2 are constructed from the
Jordan-Wigner transformed two-site Hamiltonians

U, = efﬂ:[gmdt/2 ® emsmdt/z

1B —if1 D dtj2 o 1D dt/2
U,” =e ""Ba ® €' Ba (D15)
2B — iR dt/2 ® oM dt/2

- .

To account for fermionic anti-commutation relations, we
need to use two-site fermionic swap gates, given by the
following matrix in the computational basis

(D16)

oo o
o= OO
oo = O

O OO

The superoperator representing the swap gate is ob-
tained by

Uswap =5 ® S. (D].?)

To efficiently carry out the TEBD algorithm in presence
of the long-ranged hoppings we will need to define the
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following four kinds of composite gates
UlB _ (S —in dt/2) ® (emgidt/zs)
( (emgldt/ 25) . (D18)
(e—m(n dt/2S) ® (Semgidt/z)

oG >dt/25) ® Semgidt/z) .

UZB

—i"rl(;;dtm) ®

The pictorial representation of these composite gates as
well as their action on a two-site MPS consisting of a
system and a bath site, are shown in Fig. 7. As will see
below, after a special ordering of the sites, we use the
above composite gates for the time evolution via TEBD.
This makes the cost of simulating this set-up with long-
ranged hoppings the same as that of one with only nearest
neighbour hoppings.

3. The time evolution

We will describe the time evolution keeping in mind a
hypothetical example, where the system has three sites,
and each bath also has three sites (Fig. 8). The time
evolution consists of three steps.

The initial step— The initial density matrix is taken
in fully left-canonicalized form. The goal of the initial
step is to shift the first site of the system to the left
end of the chain while converting the MPS into fully
right-canonicalized form. This is to be done to do away
with essentially all overhead costs of having long-ranged
system-bath hoppings, as we will see below. This step
is achieved by operating with identity gates sequentially
starting from the right end of the chain up to the first
system site, and then operating on the rest of the sites
by swap gates (see Fig. 8(a)). Finally the first tensor of
the MPS is right-canonicalized.

The time evolving step— The time evolution by a
Trotterized time step of dt is done in two time steps of
dt/2. The first step starts with a fully right-canonicalized
MPS with the first system site at the left end of the chain,
and operates the following composite system-bath gates
and the system gates sequentially from the left end to
the right end (see Fig. 8(b)),

Lp Ls—1
<1i[1 U2aB) ( 1__[1 Um) (H Ufa ) |ptot )> (Dlg)

At the end of this, the last tensor of the MPS is
left canonicalized. The resulting MPS is a fully left-
canonicalized one with the last site of the system shifted
to the right end of the chain, and the first site of the sys-
tem restored to its original position. In the next step, the
following gates are operated sequentially from the right
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(c) time (d) final step t = 7
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FIG. 8. The steps for TEBD are shown for the case of three sites in system (red triangles) and three sites in each bath. The
triangles pointing left represent right-canonicalized tensors, the triangles pointing right represent left-canonicalized tensors.
The last step of each panel involves left or right canonicalization of the first or last tensors, as the case may be. Panel (a)
gives the initial step which takes a fully left-canonicalized MPS and shifts the first system site to the left end of the chain while
making the MPS fully right-canonicalized. Panels (b) and (c) together give the time evolution by a time-step dt. The MPS at
the beginning and at the end of the time evolution is a fully right-canonicalized state with the first system site shifted to the
left end of the chain. Panel (d) gives the final step of which takes a fully right-canonicalized state with the first system site
shifted to the left end of the chain and converts it into a completely left canonicalized with the original placement of system

sites.

end to the left end on this MPS (see Fig. 8(c)),

(H U;f)( I Um> ( I U55> i+ 2,
a=Lp m=Lgs—1 a=Lp

(D20)

At the end of this the first tensor is right-canonicalized.
The resulting MPS is of the same form as was before the
above two operations, but now representing the density
matrix after a time evolution by dt. For time evolution
up to time t = 7, the above two time evolution steps are
repeated 7/dt times.

The final step— The final step at time ¢t = 7 takes a
fully right-canonicalized MPS with the first system site
shifted to the left end of the chain and restores the first
system site to its original position while converting the
MPS to fully left-canonicalized representation. This is
achieved by operating swap gates sequentially starting
from the left L times and then operating identity gates
sequentially on the rest of the sites (see Fig. 8(d)). Fi-
nally, the last tensor of the chain is left-canonicalized.

The time evolving step above is exactly similar to
what it would have been had the chain had only near-
est neighbour connections [95]. Thus, by rearranging
the sites in the initial step and by using the compos-
ite gates for system-bath evolution, we have been able to
completely do away with any additional overhead of hav-
ing long-range system-bath hoppings. Further, the final
step is mainly required for PReB calculations, and can
be avoided in the continuous time evolution. For PReB

— exact

— TEBD, x =75

TEBD, x = 150

— TEBD, x = 300

0.50 PReB - TEBD

® \=757=6.0

0.48

0.47

FIG. 9. The result from TEBD implementation of the non-
interacting open system is compared with exact results with-
out TEBD, and with a PReB+TEBD approach with 7 = 6
(correspondingly, Lp = 14). Parameters: 81 = 0.1, 82 = 0.2,
w1 = 1.5, uo = —=1.5, gg = 2, 't = 1, 'y = 2. The Trotter
time step for TEBD is 0.1. All energy scales are in units of
system hopping parameter.

calculations, after the final step, the MPS for the den-
sity matrix of the system can be obtained by tracing out
the baths using standard tensor network techniques [92].
The MPS of the system density matrix so obtained will
be in left-canonicalized form and can be directly used as
the initial state for the next iteration of the PReB calcu-
lation.

In Fig. 9 we compare our mixed-basis TEBD results
for various bond dimensions and the PReB+TEBD re-
sult with 7 = 6, with the exact results for the the non-
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interacting system up to time ¢t = 50. In the TEBD im-
plementation, to converge up to time ¢t = 50, we require a

bond dimension x = 300. In contrast, the PReB+TEBD
approach requires a bond dimension of only x = 75 for

convergence.
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