Quantum refrigerators in finite-time cycle duration
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Abstract

We derive cooling rate and coefficient of performance as well as their variances for a quantum
Otto engine proceeding in finite-time cycle period. This machine consists of two driven strokes,
where the system isolated from the heat reservoir undergoes finite-time unitary transformation, and
two isochoric steps, where the finite-time system-bath interaction durations take the system away
from the equilibrium even at the ends of the two stages. We explicitly calculate the statistics of
cooling rate and coefficient of performance for the machine operating with an analytically solvable
two-level system. We clarify the role of finite-time durations of four processes on the machine
performance. We show that there is the trade-off between the performance parameter and its
corresponding variance, thereby indicating that the cooling rate or coefficient of performance can
be enhanced, but at the cost of increasing the corresponding fluctuations.

PACS number(s): 05.70.Ln

arXiv:2012.10241v1 [cond-mat.stat-mech] 18 Dec 2020

*Electronic address: wangjianhui@ncu.edu.cn


http://arxiv.org/abs/2012.10241v1
mailto:wangjianhui@ncu.edu.cn

I. INTRODUCTION

A refrigerator as an inverse operation of a heat engine transfers energy from a cold thermal
bath of temperature 7T}, to a a hot one with temperature 7, by consuming work. Quantum
refrigerators well as quantum heat engines use quantum systems as their working substance
and can be classified either cyclic [IH7] or steady-state [8-13] models. The quantum Otto
cycle of operation, as a typical example of cyclic machines, is controlled by the segments
of time that the working system is coupled to a hot and a cold bath, and by the time
interval required to driving the control parameter of the system. It was most studied [1-
5, (7,114, 15] as it is easier to analyze and realize. To describe the performance characteristics
of a refrigerator, one introduces the coefficient of performance (COP) that is defined as the
ratio of heat absorbed from the cold reservoir and work input. An upper bound on the COP
imposed by the second law of thermodynamic is given by the Carnot COP: e¢ = T,./(T,,—1T.),
which, however, requires infinitesimally slow transitions between thermodynamic states and
thus produces vanishing cooling rate. Hence, the refrigerators actually operate far from the
infinite long time limit in order for positive cooling rate to be produced [16-19]. The finite
cooling rate for a cyclic refrigerator consisting of a sequence of thermodynamic processes
indicates that each process must proceed in finite time. For an adequate description of an
actual machine, the effects induced by finite-time duration along any thermodynamic stroke
on heat and work have to be considered.

While in a macroscopic system the work and heat are deterministic, for a microscopic
quantum system (with a limited number of freedoms) these physical variables become ran-
dom due to non-negligible thermal [20, 21] and quantum [22, 23] fluctuations. Theoretical
and experimental investigation on the statistics of work [24-30] and heat [31-33] has at-
tracted much interest in the literature. On the other hand, for heat engines the statistics
of power [4, 134-36] and efficiency [37-43] has been analyzed, under the assumption that
either system-bath interaction interval or unitary driving process is quasistatic. However,
a unified thermodynamic description of quantum refrigerators with non-negligible quantum
and thermal fluctuations, particularly when every thermodynamic stroke of these machines
evolves in finite time, is available.

In the present paper, we study the thermodynamics of a quantum Otto refrigerator where

all the four strokes proceed in finite time, within a framework of stochastic thermodynamics.
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FIG. 1: (Color online) Schematic diagram of a quantum Otto refrigeration cycle operating with

a two-level system in (w,n) plane. The cycle consists of the two adiabatic strokes (connecting

states A and B, and C and D), where the system isolated from the heat reservoir evolves unitary

transformation, and two isochoric strokes (connecting states B and C, and D and A), where the

system is kept in thermal contact with the cold and the hot reservoir, respectively. The average

population ng (n1) at the end of the cold (hot) isochoric stroke would approach its asymptotic value
eq

ne? (ny?), when and only when the system-bath interaction duration 7. (74) tends to be infinitely

long.

Having determined distribution functions for heat and work, we derive general formulae for
the COP and cooling load as well as their variances. With these we then analyze a quantum
Otto cycle working with a two-level system which is exactly solvable analytically. We discuss
the effects of thermal and quantum fluctuations on finite-time performance and the statistics
of the machine, and also demonstrate that there is trade-off of the physical variable (COP or
cooling rate) and its fluctuations. We finally show that, the average COP (¢) can be always
larger than the conventional thermodynamic COP ¢, for adiabatic driving, but it can be

equal to or smaller than COP ¢y, for nonadiabatic driving.

II. THE PROBABILITY OF STOCHASTIC COP FOR QUANTUM OTTO RE-
FRIGERATORS

The quantum Otto cycle under consideration is sketched in Fig. [l It consists of two iso-

choric branches, one with a cold and another with a hot heat reservoir where the Hamiltonian



is kept constant, and two other strokes, where the system undergoes unitary transformation
while isolating from the thermal reservoirs. In the adiabatic branch A — B, the system
is isolated from any heat reservoir and undergoes a unitary expansion from time ¢t = 0 to
t = Tpe. Initially, the system is assumed to be with local thermal equilibrium at inverse
temperature 54(> (). The probability distribution of stochastic work done by the system,
Whe, can be given by [44]

P(whe) Z 0[wne — (B, — E)Iprs i (Ba)- (1)

where E" and E¢, are the respective energy eigenvalues at the initial and final instants

-~ h
along this expansion. Here p2(84) = ¢ zEn, with the partition funciton Z, = > e 5,

denotes the thermal occupation probability at instant A, and p7<,, = |[(n|Uexp|m)|? is the
transition probability from eigenstate [n) and |m), with the unitary time evolution operator
Uexp- and the population (n) remains unchanged in the adiabatic stage (¢ = 0). If the
system Hamiltonian evolves slowly enough wherein the quantum adiabatic condition [45] is
satisfied in time interval 73,., the the system remains in the same state and the transition
probability therefore satisfies pJr<. == 0, with the Dirac’s delta function ¢.

In the next step B — C, the quantum system with constant frequency w = w, is kept
in contact with a cold thermal bath of inverse temperature . during a period 7.. The
probability density of the stochastic heat ¢. can be determined by conditional distribution

to arrive at

p(ge|wne) = Z 5 )]Pllzplhca (2)

where p"° is the occupation probability at time t = 73, and it satisfies the constraint
P = Okm. We assume that at the end of the system-bath interaction interval, the system is
at the local thermal equilibrium state with inverse temperature 3o (> f7), thereby indicating
that pje,, = e P¢¥i / Z with partition function Zo = Y, e #c¥i. Without loss of generality,
the internal energy of system along the isochoric process can be expressed as (n(t)) =
[Z(#)]7LY, ne PWEL where (n) is the population (which is also the the expectation value
of the particle number operator in Appendix [Al). When the time duration 7. tends to be
infinity, the mean population no at end of the isochoric process approaches the equilibrium

value,

(ne)* = n(r. = o) 1Zne PeBn (3)



with Z. = > ne PE»_ 1t is shown in Appendix [A] that the dynamics of the system along

the thermalization can be described by the motion equation of population, which gives
(ne)™ = (ne)™ + [(np) — (ne)“Je™ ™™, (4)

where (n¢) = (n(mhe + 7)) and (ng) = (n(7)), and 7. is the thermal conductivity when
W= We.

On the adiabatic compression C' — D, the system is isolated in time duration 7., while
the energy gap w varies from w, to wy. For given work output wy. and the heat q. released

from the system, the probability density of stochastic work input is given by

P(Wen|qe, whe) = Z S[wen — (Egh - Ef)]PiTlhjp?’“ﬂ, (5)
where the occupation probability p/"*™ = §;, and p;* i = [(ilUcom|7) |? is transition probabil-

ity from eigenstate |i) and |j), with the time evolution operator Uy, along the compression.

In the fourth step D — A, the system is coupled to a hot reservoir of inverse temperature
B in time duration 7, while keeping its frequency in a constant with w = wy. Since the
system returns to its initial state A after the cycle period 7.yce = The+7e+Ten+7h, we will do
not derive the expression of the stochastic heat exchanged ¢, along this process. As shown
in Appendix [A] the populations at the beginning and end of the heating process ((np) and

(n4)) satisfies the constraint:
(na) = (nn)™ + [(np) = (na)“e ™, (6)
where (na) = ((Teyete), (20 (= (P (Teyete = 7h)),

(np)e = (n(m, — 00)) = Z;* Z nePnEn (7)

with Z;, = Y e PF» and v, is the thermal conductivity between the system and the hot
reservoir.
The probability p(wen, g, wpe) for the machine which has certain values of wen, Ge, Whe

can be calculated from the the chain rule for condition probabilities p(wepn, Ge, Whe) =
p(wch|QC7 whc)p(qc ‘whc)p(whc>:

Dot Gerwne) = 3 81ge — (Ef — L)) [wne — (BG, — B8 [wa, — (B} — E§)]

. e BB BB (8)
X | Uesp [m) "2 Ucom|7) "=



In deriving this, we have used Eqs. (), [)) and (B). For the quantum Otto refrigerator, the
stochastic coefficient of performance reads ¢ = q./(wpe + wer). It follows, integrating over
all values of wp, ge, whe, that the probability distribution p(e) becomes

Ee— E¢ e=BaEl =B
g) = 0le— k s X ———— 1n|User M P[0 Ucom |9)?. (9
pO= Y (- ) X g el ()

m

m,n.i,j
While for adiabatic driving, the system remains in the same state (n = m,i = j), in the
nonadiabatic driving the transition probability [(n|Uep|m)|* (or [(i|Ucom|j)|?) is positive
due to transitions between sates n and m (or ¢ and j). For the quantum Otto refrigerator,
its efficiency statistics is fully determined by the unitary time evolution for the adiabatic
expansion and compression (Uep and Ueop ), and by the finite-time system dynamics along
the thermalization processes, when the two temperatures of the two heat reservoirs (3, and

f.) are given.

III. A QUANTUM OTTO REFRIGERATOR USING A TWO-LEVEL SYSTEM

We now consider a quantum Otto refrigerator operating with a two-level system of the
eigenenergies K, = —hw/2 and F_ = —hw/2. If the unitary expansion and compression
during the Otto cycle (from wy, to w. to wy, and vice versa) is such that there is a probability
of level transitions due to quantum fluctuations, then there is a probability that population
(n) may change with varying time. After a simple calculation (see Appendix [Bl), we find
that

(ns) = (1 26)(na), (np) = (1—26)(nc) (10)
where & = |(£|Uexp|F)|? = |[{Z£|Ucom|F)|? is called the adiabacity parameter indicating the
probability of transition between state |+) and |—) during the compression or expansion.
As shown in Fig. [Il the populations at any instant along the cycle is negative, which means
that & must be situated between 0 < ¢ < 1/2. The probability of no state transition along
either driving phase is accordingly |(£|Uep|£)|? = [(£|Ucom|£)|? = 1 — €. The adiabaticity
parameter ¢ depends on the the speed at which the driving process is performed [5, [7, 137)].
When the time scale of the state change is much larger than that of the dynamical one, the
quantum adiabatic condition is satisfied and the population (n) remains unchanged in the
adiabatic stage (¢ = 0). Rapid change in the control field w, however, leads to nonadiabatic

behavior (£ > 0) which can understood as inner friction |1, 12, 114, |46-48] causing state

6



transitions. Equation (I0) shows that (n¢) > (np) and (np) > (n¢) for & > 0 (see also

Fig. [), as lies in the fact that the finite time duration of the expansion and compression

accounts for the nonadiabatic inner friction related to the irreversible entropy production.
Using Eqs. @), (@), and (I0), it follows that the populations (n4) and (n¢) can be

expressed in terms of the equilibrium populations (n,)¢ and (n.)®,

(na) = () + Ap, (ne) = (ne)* + Ac (11)
where
py = CEZDIEE1) ) () —y ) + (26 1) )] 12
vy — (26— 1)
Ac _ (25 - 1) [(25 - 1) <nc> + <nh>eq] B 113'2[<7’Lc> + (25 - 1) <nh>eq]’ (13)
ry — (26— 1)

with x = €™ and y = €Y. Hereafter we will refer x and y rather than 7, and 7. as the
time durations along the hot and cold isochoric branches for simplicity. Here (n.)¢? defined
in Eq. (B) and (n;)°? in Eq. () can be obtained using the same approach as that described
in Appendix [Al for the derivation of Eq. (B.2) to arrive at (h = 2)

(ng)et = —% tanh(Buwy), (np)*7 = —% tanh(Bywn), (14)

which is achieved in quasi-static limit (z,y — oo) when A.;, — 0. While for the finite-
time system-bath interaction interval the system is away from the thermal equilibrium, the
populations (n¢) and (n4) approach the thermal values (n.)? and (ny)?, respectively, when
these intervals go to the infinite long time limit. Therefore, A, and A indicate how far the
two isochoric processes deviates from the quasistatic limit.

From Egs. (I) and (2), the average heat injection, (¢.) = [ [ ¢ep(gelwne)p(wpe)dwpedg.
can be obtained as (h = 2)

(ge) = 2we [(ne) + Ac + (26 = 1) ((nn) + An)], (15)

Integrals over the distribution function p (g.|wpe)p (wp) yield the second moments
of absorbed heat q., (¢) = [ [¢ (whe)p(gelwne) dwpedge, which reads (¢?) =
8w2 [1/4+ (26 — 1) ((na) + Ap) ({ne) + Ac)] . The variance of absorbed heat g., d¢? = (¢?) —

(%)2, then becomes

g2 = 4 |5 — (26— 1 (fma) + A" — ({me) + AP (16)
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FIG. 2: Contour plots of relative heat variance, f4 in the effective time duration (x,y) plane for
an adiabatic (a) and nonadiabatic (b) driving, with & = 0 and £ = 0.02, respectively. The values

of the parameters are 85, = 0.8, 5. = 1, w. = 0.6, and wy, = 1.

These variances are upper limited by the value of 2w? and they become d§¢> =
Aw? [3 = ((na))? = ((ne)®9)?] for the quasistatic cycle.
As (Ge) = (qc)/Teyete and 3G = (qc)/Teyele, the relative variance of cooling rare f; can be

obtained by using Eqs. (I5) and (I6) to arrive at

D=

0[5 26— 1) ((m)* + An)” = ((ne) + A0)°]
fie =ty T T T R ) () T A+ et A, 17)

This is a monotonically decreasing function of time durations (z and y) of system-bath in-
teraction intervals, both for adiabatic and nonadiabatic driving [see Figs. Bl(a) and 2{(b)]. If
the isochoric hot (or cold) branch is completed in an finite time 7, (or 73,), with finite value
of z. (or xp,), this isochoric step is out of equilibrium and the fluctuations are inevitably
avoidable. In order to decrease the relative fluctuations, we thus need to slow down the ma-
chine, which, however, must make the average cooling rate (¢.) down. Comparison between
2(a) and 2(b) also shows that the relative fluctuations are larger in nonadiabatic driving
with finite time (73, or 7.;) than in adiabatic, quasistatic evolution.

Since no work is produced in the two isochoric processes, the average total
work per cycle is (wpe) + (wen), where (wpe) = [ wpep(wpe)dwp and (wey) =

[ Werp(Wens Gey Whe) dwpedqedwe,. It follows, using Eqs. (I) and (H), that the total work



can be obtained,

(W) = 2 (wn — o) [((0) 7+ A0) — () + A)] — 4 [we ()% + An) + wi ()™ + A
(18)

The thermodynamic coefficient of performance, defined by ey, = (¢.)/{w), is the given by

We
Eth = Tier (19)
Whiteg — We

where F = 2((n.)? + A.)/[((ne) + Ar) — ((np)® + Ap)] and G = 2((np) + Ap)/[((ne) +
A) — ((np) 4+ Ap)]. As F,G < 0 and £ > 0, the thermodynamic coefficient of perfor-
mance £y, increases as the adiabacity parameter £ decreases, and it reaches its upper bound
et = w./(wp — w,) in the ideal adiabatic case when ¢ = 0. The fact that the additional
heat is dissipated into the hot reservoir due to finite time realization of the compression
or expansion, so that the additional work is input to overcome such heat loss, suggests
that cycles consisting of nonadiabatic transformation along the expression and compres-
sion runs less efficiently than those with ideal adiabatic strokes. While the stochastic COP
is defined by € = ¢./(wpe + wep), its probability distribution p(e) can be determined by
p(e) = [ [ | dwpedgedwpep(wen, ge, Whe)d (5 — 4 ) to arrive at

WhetWeh

ple =2 { |3+ () + A (tn) + 89| (1= 2+ [ = (™ + A (1 + A0 b5 @

o E + ((m)¥ + A) () + Acﬂ &0 (5 " 25@?3 1)

4
+(1 =8P (E+1)+0()]

o [1 ()T Aw) () + Ac>] (1-£)26 (c <)

(20)

We examine the statistics of stochastic COP in Fig. at different ¢ for given time
durations allocated to the two isochoric strokes (z and y). The statistics of COP depends
on the adiabacity parameter ¢ determined merely by the driving time (7. or 7). For
adiabatic driving with £ = 0 (blue squares), the stochastic COP may be zero or equal to the
adiabatic value €%, with the largest peak at zero and the second largest at £/¢. By contrast,

for nonadiabatic driving with £ > 0 (red dots), the negative values [—£¢/(2¢% 4 1) and —1]

of p(e) are visible due to quantum determinacy, in addition to nonnegative ones (zero and



0.7
]
° E}zO
0.6 1 " =003
0.5
0.4
=,
0.3
0.2
0.1
0.0 : L | L | L | L
-1.0 -0.5 0.0 0.5 1.0 1.5

FIG. 3: The probability distribution p(e) of the quantum stochastic COP for both adiabatic (blue
dots) and nonadiabatic (red squares) driving. We observe the appearance of peaks at negative

COP in the nonadiabatic case.

e2d). Unlike in a quantum heat engine [37] where the stochastic efficiency can not be defined
for £ > 0, for the quantum refrigerator the average COP (e) converges and can thus be well

defined. Using the distribution function (20), we find that the first two central moments are

() =2 = () + 0 (o + 8| (1 - e

1 gad (21)
“2 [ (it A (4 )| @5 - - )¢
and (€2) = 2[L— ((ma) + An) ((ne) + A)] (1 =€) (e2)® +

2 [2 4+ ((na)°d + Ap) ((ne)® + Ac)] € [end/ (255 + 1)}2 + (1 —¢)¢. This, combining with
Eq. (210, gives rise to the variance of stochastic COP, §e? = (¢?) — (£)?, leading to

5e? =2 H — () + Ap) ((ne)° + AC)} (1—6)* (e5)°

+2 H + () + Ap) ((ne)™ + Ac)] & <25§€,§?ﬁ—:— 1)2

~{e1= 9+ (1= 67 [2(6m) + 80 (7t + A) - 3 e

[2 ((n)e? + Ap) ((ne)*d + Ac) + 3] egd

¢ 2e9d 41 DY re(1-¢).

For a cycle with either adiabatic or nonadiabatic driving branches, the average COP (¢)

increases as time duration y = €77 increases, but it decreases as time duration z = e™

10
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FIG. 4: Contour plots of the average COP (¢) and its variance (5¢2) in the effective time duration
(x,y) plane for an adiabatic (a and ¢) and nonadiabatic (b and d) driving, with £ = 0 and § = 0.02,

respectively. The values of the parameters are 8, = 0.8, 8. = 1, w. = 0.6, and wy, = 1.

increases, see Figs. M(a) and @(b). This follows from the fact that, for the machine with
adiabatic or nonadiabatic processes, the heat absorbed by the system along the cold isochoric
stroke increases as y increases, and the heat released to the hot reservoir increases as x
increases. FiguresH(c) and @i(d) show that, in contrast to (g), the variance (d?) increases as
x increases but decreases as y increases, thereby confirming that there is trade-off between
average () and the COP fluctuations (de?). We also observe that the internal dissipation
along the adiabats results in performance deterioration for the machine by reducing the
average COP (g) but increasing fluctuations of COP (d&?).

For given time durations (z and y) of two isochoric processes, both the average and the
variance of the stochastic COP as a function of the inverse temperature . of cold reser-

voir is shown in Fig. Bl When decreasing inverse temperature, both (¢) and (de?) grow,
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FIG. 5: (Color online) The variance of stochastic COP, (de?), and average COP (¢) (inset) as a
function of the inverse temperature of cold reservoir S, = 0.8, for £ = 0 (blue lines) and £ = 0.02
(red lines). The red dashed line corresponds to the variance (d2) in the region of nonphysical,

negative mean COP. The parameters are x = y = 20, w. = 0.6, and wp, = 1.

and as expected, (de?) would vanish and (g) would be even negative in the low tempera-
ture limit. The non-positive mean COP in the low-temperature regime can be understood
that the stochastic COP may be negative due to quantum indeterminacy dominating at
low temperatures (see also Fig. [B]). While the low temperature domain is characterized by
quantum fluctuations, the high temperature region is dominated by larger thermal fluctua-
tions. Therefore, the variance (9?) gets increased while the temperature is increasing and
vice versa.

As the covariance between the total stochastic work w and stochastic COP e can be

defined by [49]
Cov (% w) — (et — () (w), (23)

the difference between the thermodynamic COP &4, and average COP (e) is determined
according to ey, — (€) = Cov (%, w) /(w). The ratio Cov (%, w) /(w) as a function of inverse
temperature (. is plotted in Figs. [l(a) and [6(b), where the time durations along two
isochores are x = y = 20 and x = y = 2, respectively. We notice that, for £ = 0 the ratio
monotonically increases with increasing inverse temperature. It is moreover always positive,

for either fast or slow isochoric branch, indicating that the thermodynamic COP g4, must

12
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FIG. 6: (Color online) The ratio Cov(%,w) /(w) as a function of inverse temperature 3. as a
function of the inverse temperature of cold reservoir 8. = 0.8 for x =y = 20 (a) and x = y = 2
(b), where £ = 0 and £ = 0.02 are indicated by blue lines and red ones, respectively. The other

parameters are w, = 0.6 and wy, = 1.

be lager than the average COP (e). By contrast, this ratio increases and then decreases as
the temperature is lowered for £ > 0. As this ratio can be either positive or negative, the
thermodynamic COP &4, can be larger or smaller than the corresponding average COP ()

for nonadiabatic driving.

IV. CONCLUSION

In summary, we have developed a general scheme allowing to determine statistics of
cooling rate and COP for a quantum Otto refrigerator by analyzing the time evolution of
the two isochores and two adiabats. These performance parameters as well as their statistics
are determined by the finite time durations required for completing the two nonadiabatic
driving strokes and two isochoric branches with incomplete thermalization. When treating
an analytically solvable two-level engine, we find that stochastic COP may be negative due
to quantum indeterminacy, and but its average value converges and can thus be well defined.
We show that there is trade-off between these variables and their corresponding fluctuations
at zero and finite temperature, thereby indicating that the price for enhancing the machine
performance is increasing fluctuations. We have additionally compared the average COP

and the conventional thermodynamic COP, and we found that they are positive correlated

13



for ideal adiabatic strokes, but their correlation may be negative for nonadibatic branches.

Appendix A TIME EVOLUTION OF POPULATION ALONG AN ISOCHORIC
PROCESS

When a system under external control is weakly coupled to a heat reservoir, the quantum
dynamics of the system generated by both thermal interaction and external fields can be
described by a semigroup approach. The change in time of an operator X fora system with

Hamiltonian H is determined according to the master equation [1, 36]:

% = i[H, X]+%+£D(X), (A1)
where
LoX) =Y ke (f/j [X V;} + [f/j, X] f/a> (A.2)

is the Liouville dissipative generator due to the system-reservoir thermal interaction. V,
are operators in the Hilbert space of the system and VJ are Hermitian conjugates, and
ke are phenomenological positive coefficients. In Eq. (A2), [X, V] = [X,V]]_ denotes
commutator for the Bose system, and [X, V.{] = [a,b]; is used for anticommutator for the

Fermi system. Substituting X = H into Eq. (A leads to

dH OH .
<E> = <E>+<£D(H)>- (A.3)

This reproduces the time derivative of quantum version of the first law of thermodynamics
d(H)/dt = d{w)/dt +d(q)/dt, when the instantancous average power and the average heat
current are identified as, d(w) /dt = (9H /dt) and d{q)/dt = (Lp(H)), respectively.

To proceed, we choose the operators VT and V as the bosonic (fermionic) creation op-
erator a' and annihilation operator a for the Bose (Fermi) system. Inserting the system
Hamiltonian H = wala into Eq. (A and taking the expectation value, the motion of the
population (n) = (a'a) along an isochoric process with constant w can be obtained as

d(n)

S0 — () — ), (A4)

where v = k; — kt+ (v = k; + k4) denotes the thermal conductivity for the Bose (Fermi)

system. The detailed balance ky = ke #" is assumed to be satisfied, ensuring that the

14



system can achieve asymptotically the thermal state after an infinitely long system-bath

1ky+ky < >eq _ 1k —kt
2%, —kr T 2k, +ky

interaction duration. Here (n)“ = ) is the asymptotic value of
(n(t)) with t — oo, and it corresponds to the equilibrium population: (n) = 1/(e?* — 1)
[(n) = —3 tanh(Sw/2)]. From Eq. (A), we find that instantaneous population (n(t)) along
the thermalization process (staring at initial time ¢ = 0) can be written in terms of the
population (n(0)),

(n(t)) = ()" + [(n(0)) — (n)*]e™". (A.5)

Appendix B RELATION BETWEEN POPULATIONS AT THE BEGIN AND THE
END OF A UNITARY DRIVING PROCESS

We consider the unitary time evolution along the unitary adiabatic expansion A — B
to identify the explicit relation of the populations at A and B. For a two level system, its
eigenenergies are B, = %hw, and £ = —%hw. The partition function at the initial instant

A along this process can be given by

ZA BAFLW}L/2 _I_ 66Aﬁwh/2 2 Cosh ( (B].)

Balwy,

2 )
which, together with the occupation probabilities p, = e /2 /7, and p_ = efn/2/7,,
gives the population at instant A,

1

1 g
<nA> — E (€_Bhwh/2 _ 6ﬁmh/2) — _5 tanh (ﬁ Wh) . (B2)

The average population at instant B can then be determined according to
Z mps, 05 (A
= Z m| (| Uexp ) |*pys (A)

_ ZLA (6724472 (|(+|Uepl+) 2 = (+|Uexpl =) I) (B3)

+ eﬁAwh/2 (|<_|Uexp|—|—>|2 - <_|Uexp|_>|2) }

- ZLA [e7Pawn/? (1 — 2¢) + ePaen/? (2¢ — 1)]

= (1 =2¢) (na)
where & = [(£|Uqp|mp)|? and (n4) was defined in Eq. (B2). As for the two-level system
(ng) < 0, & must be upper limited by 1/2. Similarly, for the unitary compression C' — D,
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we have

(np) = (1 =28)(nc). (B-4)

where & = |{£|Ucom|F)|?.
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