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Abstract: We consider symmetry-resolved entanglement entropy in AdS3/CFT2 coupled

to U(1) Chern-Simons theory. We identify the holographic dual of the charged moments

in the two-dimensional conformal field theory as a charged Wilson line in the bulk of

AdS3, namely the Ryu-Takayanagi geodesic minimally coupled to the U(1) Chern-Simons

gauge field. We identify the holonomy around the Wilson line as the Aharonov-Bohm

phases which, in the two-dimensional field theory, are generated by charged U(1) vertex

operators inserted at the endpoints of the entangling interval. Furthermore, we devise

a new method to calculate the symmetry resolved entanglement entropy by relating the

generating function for the charged moments to the amount of charge in the entangling

subregion. We calculate the subregion charge from the U(1) Chern-Simons gauge field

sourced by the bulk Wilson line. We use our method to derive the symmetry-resolved

entanglement entropy for Poincaré patch and global AdS3, as well as for the conical defect

geometries. In all three cases, the symmetry resolved entanglement entropy is determined

by the length of the Ryu-Takayanagi geodesic and the Chern-Simons level k, and fulfills

equipartition of entanglement. The asymptotic symmetry algebra of the bulk theory is

of û(1)k Kac-Moody type. Employing the û(1)k Kac-Moody symmetry, we confirm our

holographic results by a calculation in the dual conformal field theory.
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3.2.2 General asymptotic AdS3 backgrounds 16

3.3 Subregion charge in the replica manifold 17

4 Holographic calculation 20

4.1 Example 1: Poincaré AdS3 20
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1 Introduction

A promising approach to the problem of quantum gravity is via the holographic principle

[1, 2]. A concrete realization of this principle is provided by the AdS/CFT correspondence

[3], which originated from string theory. In a particular limit, the AdS/CFT correspondence

(often also simply called holography) relates strongly coupled quantum field theories to

weakly interacting gravitational theories in asymptotically Anti de Sitter space-times. The

Ryu-Takayanagi prescription [4] for the holographic computation of entanglement entropy

led to substantial progress in the study of quantum gravity by establishing a bridge between

the AdS/CFT correspondence and quantum information theory. From this, holographers

have gained the fundamental idea that the bulk space-time in AdS/CFT should emerge from

the geometrization of core concepts of quantum information such as entanglement entropy

– 1 –



[5], mutual information [6], relative entropy [7], quantum computational complexity [8–

10], tensor networks [11, 12], and quantum error correction [13]. Moreover, the quantum

information community has profited as well from this connection, one instance being the

refinement of our understanding of operator algebra quantum error correction [14].

Recently, a more refined notion of entanglement entropy was introduced in [15], appli-

cable whenever additional conserved charges exist in a system. The question approached

in [15] was how an Aharanov-Bohm flux α inserted on the replica manifold influences a

charged particle. It was noted that the particle acrues a phase proportional to the to-

tal charge in subregion A. In formalizing this observation, the authors of [15] were led

to introduce a more refined notion of entanglement, the symmetry resolved entanglement

entropy. Given a global symmetry, the Hilbert space organizes into representations of the

symmetry, or charge sectors. The symmetry-resolved entanglement entropy quantifies the

entanglement associated with the sector of fixed subregion charge.

The aim of this paper is two-fold. Our first goal is to establish a new method for

the computation of the symmetry-resolved entanglement entropy, complementary to the

approach pioneered in [15]. We show that the symmetry-resolved entanglement entropy

can be deduced from a generating function. This approach has the virtue of allowing

the determination of the charged contributions of the symmetry-resolved entanglement

entropy directly from the expectation value of the subregion charge operator QA. Another

advantage over the previous approaches [15–19] lies in the study of excited states, where our

method bypasses the potentially laborious computation of charged moments1 altogether.

This new formalism is used to achieve our second main goal in this paper: We pro-

vide a new geometric realization of the symmetry-resolved entanglement entropy within

gauge/gravity duality. Our setup is AdS3/CFT2 holography coupled to U(1) Chern-Simons

theory. The U(1) Chern-Simons gauge fields are dual to a conserved U(1) current, and

hence a conserved U(1) charge, in the boundary conformal field theory. This model is

interesting, because it is non-trivial yet integrable. It carries a û(1)k Kac-Moody alge-

bra, turning the charged sectors into familiar affine U(1) representations, which are well-

understood on the gravity as well as the field theory side. Moreover, the Chern-Simons

gauge fields decouple from gravity, such that exact solutions for the gauge fields can be

found. Our geometric realization of the symmetry resolved entanglement involves a U(1)

Wilson line defect in the bulk, anchored at the endpoints of the entangling region in the

boundary. In the replica manifold, this Wilson line defect follows the fixed point locus of

the replica symmetry, and hence is identified as the Ryu-Takayanagi geodesic minimally

coupled to the U(1) Chern-Simons gauge field. At the endpoints of the entangling region,

the Wilson line generates an insertion of Aharonov-Bohm flux [15]. Calculating the sub-

region charge on the boundary from the bulk Chern-Simons gauge fields sourced by the

Wilson line defect, our generating function method allows us to determine the symmetry

1In the context of symmetry resolved Rényi entropies, the charged moments are the analogues of the

grand canonical partition function in statistical physics, in which the chemical potential is fixed and the

charge is allowed to fluctuate. In the charged moments, it is the chemical potential dual to the subre-

gion charge inside the entangling region that is kept fixed when calculating the symmetry resolved Rényi

entropies.
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resolved entanglement entropy. We apply our holographic construction to general asymp-

totically AdS3 geometries [20]. We then cover the examples of Poincaré and global AdS3,

as well as conical defects. In all these cases, the symmetry resolved entanglement entropy

is equally distributed in different charge sectors, which is known as the equipartition of the

entanglement entropy [21].

All CFT calculations [15–19] of symmetry resolved entanglement so far use the charged

moments in their computation. Also in the holographic setup, the charged moments have

been discussed in [22], where, for the vacuum state, they were related to a topological black

hole by a conformal transformation. The thermal state described by the topological black

hole has a natural U(1) symmetry, the time evolution around the Euclidean time circle.

The charged moments are then simply the partition function of the topological black hole.

For excited states, this approach is rendered invalid by the additional insertions in the

boundary CFT, which break the U(1) symmetry generated by the modular Hamiltonian.

In more general holographic setups including for example excited states, our generating

function approach, which does not rely on the charged moments, may be more applicable.

We confirm our gravity results with an independent calculation in two-dimensional

conformal field theory, which provides a further non-trivial test of the AdS/CFT corre-

spondence. The bulk Wilson line is dual to a charge defect in the CFT, which is naturally

described by a pair of U(1) vertex operators inserted at the endpoints of the entangling

region A. The vertex operators are charged under the û(1)k Kac-Moody symmetry of

the dual conformal field theory. Similar to the conventional replica trick involving twist

fields inserted at the endpoints of the entangling region, the U(1) vertex operators are

connected by a branch cut along A, which can be thought of as a charge defect line. It

induces monodromies on charged fields upon crossing the defect line. These monodromies

are the desired Aharanov-Bohm phases, and are related to the holonomies of the U(1)

Chern-Simons field around the bulk Wilson line. Similar relations have been explored

in the first order Chern-Simons formulations of gravity [23], where the monodromies in-

duced by the twist operators on the boundary are directly related to the holonomies of

the Chern-Simons connections in the bulk. Using the charged defect, we directly compute

the symmetry-resolved entanglement entropy in the CFT vacuum state, and find perfect

agreement with our holographic result.

Our paper is structured as follows. In Section 2, we first review the formalism of [15],

and then present our generating function approach. In section 3 we introduce AdS3 gravity

coupled to U(1) Chern-Simons gauge fields. We relate the charged moments necessary for

the computation of the symmetry-resolved entanglement entropy to the U(1) Wilson lines

in AdS3. We present our examples in section 4, in particular Poincaré AdS, global AdS,

and the conical defect geometries. In section 5 we confirm our holographic results within

conformal field theory. We conclude and give an outlook in section 6. Details on the

asymptotic symmetry algebra and on vertex operators are relegated to the appendices.
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2 Symmetry resolved entanglement

Given a system with a global symmetry G, the spectrum decomposes into corresponding

representations. Each representation corresponds to a charged sector. In this situation it

is pssible to investigate the entanglement associated with each of these charge sectors, the

symmetry resolved entanglement entropy. Section 2.1 provides a short review of general

aspects of the symmetry-resolved entanglement entropy. In section 2.2 we develop a new

method to calculate the symmetry-resolved entanglement entropy based on a generating

function.

2.1 Entanglement in charge sectors

We consider a system with an internal U(1) symmetry and its bipartition into two subsys-

tems, A and its complement B. The charge operator Q is the generator of the symmetry

and we assume that Q = QA⊕QB. If the system is in an eigenstate of Q,2 then [ρ,Q] = 0.

Tracing out the degrees of freedom of B, one obtains [ρA, QA] = 0. Hence ρA has a block-

diagonal structure. Each block of ρA corresponds to an eigenvalue q of the subregion charge

operator QA.

ρA = ⊕qρA(q) , (2.1)

The block ρA(q) is selected by the projector Πq onto the eigenspace of QA with fixed

eigenvalue q,

ρA(q) = ρAΠq . (2.2)

The probability of finding eigenvalue q in a measurement of QA is given by

PA(q) =
TrρA(q)

TrρA
= TrρA(q) . (2.3)

since ρA is normalized, TrρA = 1. Furthermore, the block-diagonal structure of ρA induces

block decomposition on ρnA,

ρnA = ⊕qρA(q)n with ρA(q)n = (ρAΠq)
n = ρnAΠq . (2.4)

The probability distributions of different charge blocks in ρnA are given by

PA,n(q) =
TrρA(q)n

TrρnA
, (2.5)

Given the decompositions (2.1) and (2.4), one defines the symmetry-resolved entanglement

entropy and symmetry-resolved Rényi entropy, which are a measure of the amount of entan-

glement between the subsystems A and B in each of these blocks. The symmetry-resolved

Rényi entropy is defined as

Sn(q) =
1

1− n
log Tr

(
ρA(q)

PA(q)

)n
=

1

1− n
log
Zn(q)

Z1(q)n
, (2.6)

2This is not an assumption, since a global conserved charge in quantum theory leads to the decomposition

of the Hilbert space into superselection sectors labelled by charge eigenvalues [24]. This in particular implies

a restriction on the superposition principle of quantum mechanics, forbidding superposition of states with

distinct conserved charges.
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where we denote

Zn(q) = TrρA(q)n = Tr [ρnAΠq] , (2.7)

representing the contribution to the partition function Zn from the q-block. The symmetry

resolved entanglement entropy in the q-block can be obtained by taking the n→ 1 limit of

Sn(q), which reads

S1(q) = lim
n→1

Sn(q) = −Tr

[
ρA(q)

PA(q)
log

(
ρA(q)

PA(q)

)]
. (2.8)

From (2.1) and (2.8), the total entanglement entropy associated with ρA is given by

S1 =
∑
q

PA(q)S1(q)−
∑
q

PA(q) logPA(q) , (2.9)

where the two terms in (2.9) are usually referred to as configurational and fluctuation

entropy, respectively [25]. In particular, the configurational entropy is also related to the

operationally accessible entanglement entropy [26–28].

To obtain the symmetry-resolved Rényi entropy and entanglement entropy, one needs

to calculate Zn(q). However, this is generally very difficult in general, since it requires

the knowledge of the spectrum of the reduced density matrix ρA and its resolution in

QA. Rather than calculating Zn(q) directly, the idea advocated in [15] is to focus on the

computation of the charged moments

Zn(µ) = Tr
[
ρnAe

iµQA
]

(2.10)

From (2.7), Zn(q) can be obtained by a Fourier transformation of the charged moments,

Zn(q) =

∫ ∞
−∞

dµ

2π
e−iµqZn(µ) (2.11)

Here we have assumed that the eigenvalues of QA are continuous. In the case that the

eigenvalues are integers, i.e. Zn(µ) = Zn(µ + 2π), one needs to change the range of

integration in (2.11) to [−π, π].

2.2 Generating function method

Even though the charged moments (2.10) provide a way to calculate the symmetry-resolved

entropy, it’s still difficult to compute Zn(µ) for general excited states (c.f. [18, 29, 30]).

In particular, the holographic calculation requires constructing the holographic dual of

the CFT charged moments, and evaluating the on-shell action of this configuration. We

introduce here a method based on a generating function, which simplifies the calculation of

the symmetry-resolved entanglement entropy, as it reveals how to compute the symmetry-

resolved entanglement entropy directly from the expectation value of the subregion charge

operator QA. The latter is generically easier to compute than the charged moments.

Examples are presented in subsequent sections in the context of holography.
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We start by defining the following normalized generating function associated with the

charged moments Zn(µ) as3

fn(µ) :=
Zn(µ)

Zn(0)
=
Zn(µ)

Zn
, (2.12)

with initial condition

fn(0) = 1 . (2.13)

The expectation value of QA can then be expressed as

〈iQA〉n,µ :=
Tr
[
iQAρ

neiµQA
]

Tr [ρneiµQA ]
=
∂ lnZn(µ)

∂µ
=
∂ ln fn(µ)

∂µ
. (2.14)

In general, Zn(µ) is already known from the usual calculations of the Rényi entropies. In

order to calculate fn(µ), and hence Zn(µ), it suffices to know the expectation value of the

charge, and integrate (2.14) with initial condition (2.13).

The symmetry-resolved Rényi entropy can be rewritten in terms of the generating

function fn(µ). As evident from (2.5), (2.7) and (2.11), the probability distribution PA,n(q)

is related to the generating function by a Fourier transformation,

PA,n(q) =
Zn(q)

Zn
=

∫ ∞
−∞

dµ

2π
e−iµqfn(µ) , (2.15)

As pointed out in [18], the symmetry-resolved Rényi entropy,

Sn(q) = Sn +
1

1− n
log

PA,n(q)

PA(q)n
, (2.16)

as well as the symmetry-resolved entanglement entropy

S(q) = S + lim
n→1

1

1− n
log

PA,n(q)

PA(q)n
, (2.17)

decompose into two additive contributions. The first are their uncharged counterparts,

the Rényi entropy and the entanglement entropy, while the charge information resides

fully in the second contribution. Remarkably, our generating function approach traces the

computation of the latter all the way back to 〈QA〉, c.f. (2.14) and (2.15). Furthermore,

this method has practical merits, as for general excited states the expectation value of QA
is much easier to calculate than Zn(µ).

Our approach is particularly efficient in holography, since we already know that the

entanglement entropy is given by the Ryu-Takayanagi formula [4]. The remaining task

in the holographic calculation is now reduced from finding the exact holographic dual of

the CFT charged moments Zn(µ), to simply obtaining the boundary expectation value of

QA. As we show in Section 3.2 this holds true even without knowing the exact holographic

renormalization, as long as the proposed bulk state contains the same amount of subregion

charge QA as the exact dual. In this case, the information leading to the symmetry-resolved

entanglement entropy can still be extracted from the proposed bulk state.

3A similar but not completely equivalent ratio of partition functions has been employed in [16, 18]. Also,

the calculation in [16, 18] was done by directly evaluation the charged moments in the theories considered

there. Our method evades the evaluation of the charged moments altogether.
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3 Holographic U(1) Chern-Simons-Einstein gravity

In this section, we begin by briefly reviewing some aspects of AdS3 gravity with U(1)

Chern-Simons gauge fields relevant for our work. This model, under appropriate boundary

conditions, contains two chiral U(1) Kac-Moody currents on the boundary, which provide

the notion of the U(1) charge. Our main task is then to investigate the gravity dual of

the charged moments. The basic idea is that the operator eiµQ̂A in the charged moments

is generated by additional source terms on the gravity side, which is coupled to the Kac-

Moody currents. For this reason, we introduce a U(1) Wilson line defect in the bulk. After

solving the gauge fields with defect insertion, we calculate the shift of the deformation to the

CFT action stemming from the defect, and show that indeed this holographic construction

realizes the gravity dual of the charged moments in general asymptotic AdS backgrounds.

In particular, these allow us to obtain the subregion charge of the charged moments from

the boundary values of the gauge fields. We defer the derivation of the symmetry-resolved

entanglement entropy to section 4.

3.1 AdS3 gravity with U(1) Chern-Simons fields

Considering the three-dimensional Einstein-gravity with negative cosmological constant

as well as additional U(1) Chern-Simons terms on a manifold M. The topology of the

manifold is Σ×R, where Σ denotes the constant Euclidean time slice. The total Euclidean

action is given by

I0 = Ig + IA + IĀ . (3.1)

The Euclidean gravity action Ig contains the Einstein-Hilbert action, the boundary Gibbons-

Hawking term, and the volume counter term [31],

Ig = − 1

16πG3

∫
M
dx3√g

(
R− 2

l2

)
− 1

8πG3

∫
∂M

dx2
√
h(K − 1

l
) , (3.2)

with l being the AdS radius. For later convenience, we set l = 1. The action for the gauge

fields contain two chiral sectors, given by the usual U(1) Chern-Simons terms as well as

additional boundary terms [32, 33],

IA =
ik

8π

∫
M
A ∧ dA− k

16π

∫
∂M

dx2√gAiAi ,

IĀ = − ik
8π

∫
M
Ā ∧ dĀ− k

16π

∫
∂M

dx2√gĀiĀi , (3.3)

where the dimensionless Chern-Simons level k can take any real value.1 In Fefferman-

Graham coordinates, the metric solution takes the following asymptotic form as ρ→∞,

ds2 = dρ2 + e2ρ
(
g

(0)
ij + e−2ρg

(2)
ij + · · ·

)
dxidxj , i, j = 1, 2 . (3.4)

1In the case that the gauge group G is non-abliean and compact, the level k is quantized to be integer[34].

– 7 –



The variation of the gravity action with respect to g
(0)
ij ,

δIg =
1

2

∫
dx2 T ij [g]δg

(0)
ij , (3.5)

yields the renormalized gravitational stress tensor [31]

Tij [g] =
1

8πG3l

(
g

(2)
ij − Trg(2)g

(0)
ij

)
. (3.6)

In the pure gravity case, Tij [g] identified as the expectation value of the stress tensor in

dual CFT, and g
(0)
ij represents the boundary metric.

To present the asymptotic symmetry algebrae, in this subsection, we consider a con-

formal boundary with topology S1 ×R1. The boundary complex coordinates are defined

as w = φ+ iτ and w̄ = φ− iτ , with τ as the Euclidean time, and φ as the compact spatial

direction, i.e. φ ∼ φ + 2π.2 Various types of boundary conditions for AdS3 gravity lead

to different asymptotic symmetry algebrae [35–41]. Here we choose the Brown-Henneaux

boundary condition for the metric[35],

g
(0)
ij dx

idxj = dwdw̄ . (3.7)

In this case, the stress tensor Tww[g] (Tw̄w̄[g]) is then restricted to an arbitrary holomorphic

(anti-holomorphic) function and the asymptotic symmetry algebrae are given by two copies

of the Virasoro algebra. To be precise, the Brown-Henneaux boundary condition (3.7) is

preserved by the following infinitesimal diffeomorphisms,

w → w + ξ(w)− 1

2
e−2ρ∂2

w̄ξ̄(w̄) ,

w̄ → w̄ + ξ̄(w̄)− 1

2
e−2ρ∂2

wξ(w) ,

ρ → ρ− 1

2

(
∂wξ(w) + ∂w̄ξ̄(w̄)

)
. (3.8)

where ξ(w) and ξ̄(w̄) are arbitrary functions. The diffeomorphisms (3.8) act non-trivially

on g
(2)
ij , and transform the renormalized gravitational stress tensor (3.6) as

Tww[g]→ Tww[g] + 2∂wξ(w)Tww[g] + ξ(w)∂wTww[g]− c

24π
∂3
wξ(w) . (3.9)

This is exactly the conformal transformation law for a CFT stress tensor with the Brown-

Henneaux central charge c = 3l/2G3. As shown in [35], using the Brown-Henneaux bound-

ary conditions, the modes of the stress tensor, defined as

L̃n −
c

24
δn,0 = −

∮
dwe−inwTww[g],

˜̄Ln −
c

24
δn,0 = −

∮
dw e−inw̄T̄w̄w̄[g], (3.10)

2In later sections, we will also consider the Poincaré patch. In order to distinguish two different cases,

the complex coordinates in the Poincaré patch are defined as z = x+itE and z̄ = x−itE , and the definitions

for the current modes should be changed accordingly.
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yield the Virasora algebra

[L̃n, L̃m] = (n−m)L̃n+m +
c

12
(n3 − n)δm+n,0 . (3.11)

For the U(1) gauge fields, we focus on the left-mover A. The analysis follows through

for the right mover Ā. In Fefferman-Graham coordinates, the solutions A are supposed to

take the following form [33]

A = A(0) + e−2ρA(2) + · · · , ρ→∞ . (3.12)

Since the topology in the radial direction is trivial, one can always perform a gauge trans-

formation such that the leading order of A
(0)
ρ vanishes. Therefore we impose the boundary

condition A
(0)
ρ = 0, which enforces A

(0)
i to be a flat connection, as required by the equation

of motion. Varying the action (3.3) with respect to A yields [33]

δIA =
i

2π

∫
∂M

dx2
√
g(0)JaδA(0)

a . (3.13)

In complex coordinates, the components of the current J read

Jw =
1

2
J w̄ =

ik

2
A(0)
w , Jw̄ = 0 . (3.14)

Following from (3.13), the well-defined variational principle is to allow A
(0)
w to vary while

keeping A
(0)
w̄ fixed. Furthermore, as we show in appendix A, the modes of the U(1) current,

defined as

Jn =

∮
dw

2π
e−inwJw , (3.15)

fulfill an affine û(1)k Kac-Moody algebra [32].

Since the bulk and boundary symmetries match by the AdS/CFT correspondence,

the boundary CFT must contain a û(1)k Kac-Moody current. Moreover, the value of the

current Jw is identified as the expectation value of the corresponding current operator Ĵ(w)

in the dual CFT, and the component A
(0)
w̄ plays the role of the source conjugate to the

current operator. The CFT action is therefore deformed by an additional source term [33]

ICFT → ICFT +
i

2π

∫
dx2
√
g(0)Ĵ w̄A

(0)
w̄ . (3.16)

Although the gauge fields decouple from gravity in the bulk, the additional boundary term

couples to the metric and induces a shift for the stress tensor, which can be obtained by

the variation of the action with respect to the boundary metric g
(0)
ij ,

δIA =
1

2

∫
∂M

dx2
√
g(0)T ij [A]δg

(0)
ij . (3.17)

Evaluating (3.17), one finds

Tww[A] =
k

8π
A(0)
w A(0)

w , Tw̄w̄[A] =
k

8π
A

(0)
w̄ A

(0)
w̄ , Tww̄[A] = Tw̄w[A] = 0 . (3.18)
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Since A(0) is flat, dA(0) = 0, if we impose the gauge fixing such that A
(0)
w is holomorphic

and A
(0)
w̄ is anti-holomorphic, the stress tensor (3.18) is indeed conserved, ∇iT ij [A] = 0.

However, it’s well known that for a CFT with û(1)k Kac-Moody current, the stress tensor

arising from the current can be obtained by the Sugawara construction [42]

T̂J(w) =
1

k
(Ĵ Ĵ)(w) . (3.19)

This suggests to modify the bulk stress tensor as3

Tww[J ] =
k

8π
A(0)
w A(0)

w = − 1

2π

J(w)2

k
,

Tw̄w̄[J ] = Tww̄[J ] = Tw̄w[J ] = 0 . (3.20)

which is still conserved. Similarly, the anti-holomorphic part of the stess tensor is given

by the right-moving field Ā, i.e. Tw̄w̄[J̄ ] = − 1
2π

J̄(w̄)2

k . Therefore, the non-vanishing compo-

nents of total stress tensor read

Tww = Tww[g] + Tww[J ] , Tw̄w̄ = Tw̄w̄[g] + Tw̄w̄[J̄ ] . (3.21)

Modes of the total stress tensor are defined as

Ln −
c

24
δn,0 = −

∮
dw e−inwTww ,

L̄n −
c

24
δn,0 = −

∮
dw̄ e−inw̄Tw̄w̄ . (3.22)

As shown in Appendix A, the full asymptotic symmetries imply the following quantum

algebrae of the dual CFT,

[Jn, Jm] =
1

2
nkδm+n ,

[Ln, Jm] = −mJn+m ,

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n)δn+m,0 . (3.23)

which is the û(1)k Kac-Moody-Virasoro algebra.

3.2 U(1) Wilson line defect in AdS3

In this section, we turn to investigate the gravity dual of the CFT charged moments Z1(µ),

and we begin by introducing the notion of U(1) subregion charge in the dual CFT. The

Kac-Moody current Jw in the dual CFT provides the left-moving charge,

q̂ =
1

2πi

∮
dwĴw . (3.24)

On the gravity side, this charge generates the global U(1) transformation for the gauge field

(details are found in Appendix A). Then the left-moving subregion charge on a boundary

3In our conventions, the stress tensor on the gravity side is related to the CFT stress tensor by Tww =

− 1
2π
T (w). This relation holds for both sectors, gravitational and gauge.
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(a) Defect in Poincaé AdS3 (b) Riemann sphere

Figure 1: (a). In Poincaré AdS3, the boundary defects extend continuously into the bulk

as a Wilson line defect, inducing a non-trivial holonomy along the geodesic. (b). The

endpoints of the boundary interval A are transformed to the south pole and north pole

of the Riemann sphere. The interior of the Riemann sphere represents the bulk, which

contains a U(1) symmetry when the background gauge fields vanish.

interval A is obtained by replacing the contour integral in (3.24) by the integration over

A,

q̂A =
1

2πi

∫
A
dwĴw . (3.25)

Analogous relations hold for the right-moving subregion charge ˆ̄q. The total subregion

charge is then given by

Q̂A = q̂A + ˆ̄qA . (3.26)

The appearance of the non-local operator eiµQ̂A in the charged moments indicates

that on the gravity side, there should be an additional source coupled to the current which

generates a shift for the original deformation of the CFT action. The question is what kind

of source generates shifts of type eiµQ̂A . Our inspiration is drawn from an observation in

the dual CFT. As we show in section 5, the operator eiµQA acts as a defect in the dual CFT,

inducing monodromies at the endpoints of the interval A. Therefore, from the bulk point

of view, it’s natural that the defect located at the endpoints of A extends continuously into

the bulk. This is synonymous with a Wilson line defect as illustrated in figure 1. Such a

defect line induces non-trivial holonomy inside the bulk. As a consequence, it generates a

phase for the gravitational path integral when the path encircles the defect. This parallels

the CFT interpretation for the charged moments [15], and is also in accordance with the

cosmic brane interpretation of the holographic entanglement and Rényi entropy [43–45].

Hence, to implement the this idea, we insert on the gravity side a defect action of form,

Idefect = − ikµ
2π

∫
C
A− Ā . (3.27)
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The curve C is anchored at the endpoints of the boundary interval A. For the non-replica

manifold, i.e. n = 1, the trajectory of the curve is required to follow the path of the

Ryu-Takayanagi geodesic.

3.2.1 Euclidean Poincaré AdS3

To test our holographic construction, we start with the Euclidean Poincaré AdS3 back-

ground and reproduce the charged moments Z1(µ) by solving the defect solutions. We

focus on the left-movers A. The result for right-movers Ā is completely analogous. The

line element of Poincaré AdS3 reads

ds2 = dρ2 + e2ρdzdz̄, i, j = 1, 2 , (3.28)

with boundary complex coordinates defined as z = x + itE and z̄ = x − itE . The ansatz

for the background gauge field A takes the asymptotic form

Az = a(z) + · · · , Az̄ = ā(z̄) + · · · , ρ→∞ . (3.29)

Without loss of generality, we assume that the endpoints of the boundary interval A are

located at z = v1 and z = v2, with |v1| ≥ |v2|. After introducing the Wilson line defect

(3.27) in the bulk, the total action for the gauge field A reads

I = IA + Id =
ik

8π

∫
M
A ∧ dA− k

16π

∫
∂M

dx2√gAiAi −
ikµ

2π

∫
C
dsAs . (3.30)

The curve follows the Ryu-Takayanagi geodesic, which is orthogonal to the boundary when

approaching spatial infinity,

dxµ(s) ∝ dρ , ρ→∞ . (3.31)

The variation of the action with respect to A gives

δI =
ik

8π

∫
dx3δAµFνσε

µνσ − ikµ

2π

∫
ds

∫
dx3δAµ

dxµ

ds
δ(3) (x− x(s)) + δIbdy . (3.32)

with εµνσ being Levi-Civita tensor defined as ερzz̄ = i
2 . The equation of motion for A

becomes

Fρλ = 2µ

∫
ds
dxµ

ds
εµρλδ

(3)(x− x(s)) . (3.33)

This equation of motion can be easily solved for a given curve. However, explicitely solving

(3.33) is not necessary due to the following two properties which determine the asymptotic

behavior of the gauge field. First, contracting (3.33) with the tangent vector to the curve,

i.e. dxρ/ds, yields

Fρλ
dxρ

ds
= 2µ

∫
ds
dxµ

ds

dxρ

ds
εµρλδ

(3)(x− x(s)) = 0 . (3.34)
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This implies that the non-vanishing components of field strength F is tangent to the curve

C. Furthermore, integrating (3.33) on a two dimensional surface Σ which intersects with C
at an arbitrary point x(s0), one obtains∫

Σ
F =

∮
∂Σ
A = 2µ . (3.35)

Since the curve is normal to the boundary when it approaches spatial infinity, from (3.34)

and (3.35), one finds

lim
ρ→∞

F = Fzz̄dz ∧ dz̄

= 2µ
(
δ(2)(z − v1, z̄ − v̄1)− δ(2)(z − v2, z̄ − v̄2)

)
dz ∧ dz̄ . (3.36)

From (3.36), the leading order of the gauge field solution is determined to be

A(0)
z = a(z) +Bz , A

(0)
z̄ = ā(z) +Bz̄ , (3.37)

with the back-reaction contributions

Bz = − iµ
2π

(
1

z − v1
− 1

z − v2

)
, Bz̄ =

iµ

2π

(
1

z̄ − v̄1
− 1

z̄ − v̄2

)
. (3.38)

There are residual gauge degrees of freedom for the back-reactions. However, as we verify

in section 5, if we consider the vacuum state with a = ā = 0, the solution (3.38) matches

the expectation value of the current operator.

As mentioned in the previous section, the appearance of the source deforms the CFT

action as in (3.16). In presence of the bulk Wilson line defect, (3.37) and (3.38) imply a

shift for the deformation of the CFT action

∆Is =
i

2π

∫
dx2
√
g(0)Ĵ z̄Bz̄ . (3.39)

Given the precise form of the source Bz̄ (3.38), the shift (3.39) can be further evaluated

by expanding the source in Laurent series around z = 0. We present this analysis only for

the first term of Bz̄ in (3.38),

B
(1)
z̄ =

iµ

2π

1

z̄ − v̄1
=


− iµ

2π

∞∑
m=0

v̄−m−1
1 z̄m, |z| < |v1|

iµ

2π

∞∑
m=0

v̄m1 z̄
−m−1, |z| > |v1| .

(3.40)

The second pole in (3.38) is treated analogously. The mode expansion of the current

operator Ĵz in complex z-plane is given by

Ĵz =

∞∑
n=−∞

z−n−1Jn . (3.41)
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In polar coordinates z = ρeiθ and z̄ = ρe−iθ, the insertion of the expansions (3.40) and

(3.41) into (3.39) yields

∆I(1)
s =

i

2π

∫
dx2
√
g(0)Ĵ z̄B

(1)
z̄

=
µ

2π2

∫ |v1|

0
dρ dθ

∞∑
n=−∞

∞∑
m=0

Jnρ
m−ne−i(n+1+m)θ v̄−m−1

1

− µ

2π2

∫ 1
ε

|v1|
dρ dθ

∞∑
n=−∞

∞∑
k=0

Jnρ
−n−k−1ei(k−n)θ v̄k1

= − µ

2π

∑
n6=0

1

n
Jnv

−n
1 +

µ

π
J0 ln |v1ε| (3.42)

where ε denotes the UV cut off of the integration, and we take the limit ε→ 0 in the last

step of (3.42). Following from (3.42), it is straightforward to write down the result for the

full shift ∆Is,

∆Is = − µ

2π

∑
n6=0

1

n
Jn
(
v−n1 − v−n2

)
+
µ

π
J0 ln |v1

v2
| , (3.43)

which can be expressed in terms of the left-moving subregion charge operator (3.26), given

by

∆Is =
µ

2π
J0 ln

(
v̄1

v̄2

)
+

µ

2π

∫ v1

v2

dzĴz =
µ

2π
J0 ln

(
v̄1

v̄2

)
− iµq̂A . (3.44)

The analogous result for the right-moving sector is

∆Īs =
µ

2π
J̄0 ln

(
v1

v2

)
− iµˆ̄qA . (3.45)

Combining (3.44) and (3.45) yields the partition function in the dual CFT

〈e−∆Is−∆Īs〉gravity = ZCFT = 〈 eiµQ̂A−∆0 〉CFT , (3.46)

with

∆0 =
µ

2π
J0 ln

(
v̄1

v̄2

)
+

µ

2π
J̄0 ln

(
v1

v2

)
. (3.47)

The partition function (3.46) can be rewritten as

ZCFT = Tr
[
ρA e

iµQA−∆0
]
, (3.48)

which differs from the desired charged moments Z1(µ) = Tr
[
ρA e

iµQ̂A
]

by the additional

insertion of e−∆0 . Since a U(1) Wilson is the natural choice for the gravity dual of the

charged moments, we expect that the exponential term e−∆0 can be removed by a proper

holographic renormalization procedure. Due to our generating function method, c.f sec-

tion 2.2, we do not require the charged moments and hence not the properly renormalized
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action. Instead all that is needed is the correct expectation value of the subregion charge

operator. In the case at hand this is given by

〈Q̂A〉1,µ =
〈Q̂AeiµQ̂A〉CFT
〈eiµQ̂A〉CFT

. (3.49)

From the symmetry algebra (3.23), we have [Ĵz, J0] = 0, which implies the operator e−∆0

in (3.46) doesn’t carry charge. In other words, we have the following relation

〈ĴzeiµQ̂A〉CFT
〈eiµQ̂A〉CFT

= 〈Ĵz〉1,µ = 〈Ĵz〉1,µ,∆0 =
〈ĴzeiµQ̂A−∆0〉CFT
〈eiµQ̂A−∆0〉CFT

. (3.50)

The right-moving current ˆ̄Jz̄ is treated in complete analogy. Therefore, the expectation

value of the total subregion charge operator in these two different CFT states are the same,

i.e.

〈Q̂A〉1,µ = 〈Q̂A〉1,µ,∆0 . (3.51)

Using the boundary values of the gauge field A in (3.37) and (3.38), by the AdS/CFT

correspondence, the left-moving subregion charge evaluates to

〈q̂A〉1,µ = 〈q̂A〉1,µ,∆0 =

∫ v1

v2

dz

2πi

ik

2
a(z) +

∫ v1−ε

v2+ε

dzi

2π

ik

2
·
(
− iµ

2π

)(
1

z − v1
− 1

z − v2

)
= q0 +

ikµ

4π2
ln

(
v1 − v2

ε

)
, (3.52)

where q0 = k
4π

∫ v1

v2
dz a(z) denotes the background charge. In the second step of (3.52),

since the integral is divergent, two cut-offs near the endpoints are introduced. The result

for the right-moving charge takes an analogous form,

〈ˆ̄qA〉1,µ = q̄0 +
ikµ

4π2
ln

(
v̄1 − v̄2

ε̄

)
. (3.53)

In the vacuum the background charge q0 vanishes, and from (2.14), the normalized

generating function f1(µ) can be obtained as

f1(µ) = ei
∫ µ
0 dµ′ 〈q̂A+ˆ̄qA〉1,µ′ =

∣∣∣∣v1 − v2

ε

∣∣∣∣−k( µ
2π )

2

. (3.54)

As we verify in section 5, this result coincides with the two-point function of the appro-

priately chosen charged vertex operators on the complex plane, where in particular the

conformal dimensions of the vertex operators are given by

∆v = ∆̄v =
k

4

( µ
2π

)2
(3.55)

This agreement comprises a non-trivial check of the AdS3/CFT2 correspondence.
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3.2.2 General asymptotic AdS3 backgrounds

In this subsection, we generalize our holographic construction of the charged moments

Z1(µ) to asymptotic AdS3 backgrounds. The most general solutions to three dimensional

Euclidean Einstein gravity satisfying the Brown-Henneaux boundary conditions are the

Bañados geometries [46]. Their metric takes the form

ds2 = dρ2 + e2ρdwdw̄ + 4G3(Lgdw2 + L̄gdw̄2) + 16G2
3LgL̄ge−2ρdwdw̄ , (3.56)

where Lg = Lg(w) and L̄g = L̄g(w̄) are identified with the expectation values of the CFT

stress tensor. One important feature of pure AdS3 gravity is that all solutions are locally

AdS3. This feature allows to transform the Bañados geometries to Poincaré AdS3 by ap-

propriate local coordinate transformations. In particular, in the case that Lg(w) and L̄g(w̄)

are complex conjugates of each other, bulk diffeomorphisms correspond to associated con-

formal transformations for the CFT states. The explicit form of the bulk diffeomorphisms

was found in [47], which in fact is determined by the boundary conformal mapping. The

stress tensor of Poincaŕe AdS3 (3.28) vanishes, Lg(z) = 0, which implies the CFT state is

the vacuum state on the complex plane. By the transformation law of the stress-tensor,

the boundary conformal transformation from the w-coordinates to the flat z-plane satisfies

Lg(w) = − c

12
{z, w} , (3.57)

where {z, w} denotes the Schwarzian derivative4. Therefore, given L(w), one can find the

boundary conformal transformation z = z(w) by solving the differential equation (3.57).

One can use the conformal transformation z = z(w) to obtain the asymptotic solution

to the gauge field A with the defect insertion. The reason is that the boundary condition

A
(0)
ρ = 0 is preserved under the asymptotic diffeomorphism (3.8), which implies that A

(0)
i

transforms as a vector under bulk asymptotic diffeomorphisms. Therefore, using (3.52), we

directly obtain the leading order of the back-reaction in the asymptotic AdS3 background

as

Bw = − iµ
2π

(
dz

dw

)(
1

z(w)− z(w1)
− 1

z(w)− z(w2)

)
,

Bw̄ =
iµ

2π

(
dz̄

dw̄

)(
1

z̄(w̄)− z̄(w̄1)
− 1

z̄(w̄)− z̄(w̄2)

)
, (3.58)

where w = w1 and w = w2 denote the endpoints of the interval A on the w-plane. By

inserting (3.58) into (3.39) and evaluating the integral explicitly, one finds that the shift

(3.39) arising from the defect still takes the form of (3.44) in asymptotic AdS3 backgrounds.

In fact, there is a more convenient way to see this result. Since the deformation action

(3.39) is conformally invariant, the shift for the deformation should take the same form as

the Poincaré AdS3 case, which in w-coordinates is given by

∆Is = − µ

2π

∫
A
dwĴw +

µ

2π
J0 ln

(
z̄(w̄1)

z̄(w̄2)

)
=

µ

2π
J0 ln

(
z̄(w̄1)

z̄(w̄2)

)
− iµq̂A . (3.59)

4The minus sign in (3.57) appears since the imaginary part of w = φ+ iτ is Euclidean time. Note that

the method presented in this section relies on z(w) being bijective. If z(w) defines a multi-sheeted Riemann

surface, summing over images has to be taken into account, c.f. the example of conical defects in Sec. 4.2.
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Again, this implies that the expectation value of the subregion charge for the charged

moments Z(µ) is the same as the boundary current of the gauge field. To derive the left-

moving subregion charge from the boundary value of the gauge field, we notice that qA
is invariant under conformal mappings. It is more convenient to introduce an additional

global conformal mapping, i.e.

z → z′ =
z − z(w2)

z − z(w1)
, (3.60)

which maps the z = z(w2) to z′ = 0 and z = z(w1) to z′ = ∞. Then the corresponding

back-reaction takes the simple form

Bz′ =
iµ

2πz′
, Bz̄′ = − iµ

2πz̄′
. (3.61)

Working in z′-coordinates, we find that the subregion charge takes the following universal

form,

〈q̂A〉1,µ = 〈q̂A〉1,µ,∆0 = q0 +
ik

2

∫ 1
ε(δ)

ε(δ)

dz′

2πi
Bz′ = q0 +

ikµ

4π2
ln

(
1

ε(δ)

)
, (3.62)

where q0 is the background charge, and ε(δ) denotes the cut-off on the z′-plane, induced

by the corresponding cut-off δ on the w-plane through the conformal transformation z′ =

z′(z(w)),

ε(δ) = z′ (z(w2 + δ))− z′ (z(w2)) = z′ (z(w2 + δ)) . (3.63)

The right-moving subregion charge takes a similar form

〈ˆ̄qA〉1,µ = 〈ˆ̄qA〉1,µ,∆0 = q̄0 +
ikµ

4π2
ln

(
1

ε̄(δ̄)

)
, (3.64)

where q̄0 denotes the right-moving background charge. The anti-holomorphic cut-offs ε̄

and δ̄ are the complex conjugates of ε and δ. Combining (3.62) and (3.64) yields the total

subregion charge for the charged moments Z1(µ), given by

〈Q̂A〉1,µ = 〈q̂A〉1,µ + 〈iˆ̄qA〉1,µ = Q0 +
ikµ

2π2
ln

∣∣∣∣ 1

ε(δ)

∣∣∣∣ , (3.65)

where Q0 = q0 + q̄0 denotes the total background charge. In particular, as we show in

section 4, the logarithm in (3.65) is related to the length of the geodesic anchored at the

endpoints of the interval in the background geometry.

3.3 Subregion charge in the replica manifold

In this subsection, we apply our holographic construction of charged moments Zn(µ) to

the replica manifold. In the replica manifold, the U(1) Wilson line defect (3.27) considered

before must follow the Zn fixed points. From the Chern-Simons gauge field sourced by the

Wilson line, we calculate the subregion charge, which will be used in the derivation of the

results of section 4.
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Figure 2: For the complex plane with a single interval as the entanglement region, the

corresponding n-sheeted branched covering is still a Riemann sphere. The defect in the

bulk replica manifold runs along the locus of the Zn fixed points. The operators O denote

the current primary fields for the original CFT states, which generate the background

gauge fields. They are taken to be n copies on the replica manifold.

For pure AdS3 gravity, the exact replica manifold Mn was found in [48], using the

Schottky uniformization method. A characteristic feature of these geometries is that they

contain a Zn symmetry in the bulk. The corresponding line of Zn fixed points is located

along the geodesic anchored at the boundary branch points. This Zn symmetry persists

when matter fields exist in the bulk. On the boundary n-sheeted Riemann surface Rn,

there are n branch cuts lying on the n separate sheets. As illustrated in figure 2, our

U(1) Wilson line defect must run along these Zn fixed points in order to preserve the Zn
symmetry.5

For simplicity, consider the Poincaé AdS3 with A = [v2, v1] as the entangling interval

on the boundary R1. As shown in [49], the corresponding replica solution assumes the

form of the Bañados geometries (3.56). The complex coordinates on the spatial boundary

R1 of Poincaré AdS3, denoted with z and z̄, are analytically continued to the n-sheeted

branch covering Rn. The line element on Rn can be written as

ds̃2 = g
(0)
ij dx

idxj = dzdz̄ . (3.66)

One should note that in fact the metric is singular at the endpoints of A since the range of

angle around the endpoints is ∆θ = 2πn. The curvature singularities at the endpoints can

be extracted from the Weyl factor of the following conformal mapping from the universal

cover of the z-plane to a flat z′-complex plane [50]

z′ =

(
z − v2

z − v1

) 1
n

, (3.67)

5Technically speaking, the operator eiµQ̂A in the charged moments Zn(µ) is defined on a single sheet.

When using the replica trick, this operator should be evenly distributed on n branch cuts of Rn. This

construction ensures that the charged moments preserves the Zn symmetry on the replica manifold.
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where the endpoints z = v2 and z = v1 are mapped to z′ = 0 and z′ = ∞. By this

conformal mapping, the states in the dual CFT are transformed to the vacuum state on

the complex z′-plane. The full bulk diffeomorphisms to the Poincaré AdS3 were given in

[49].

To compute the subregion charge expectation value on the gravity side, we assume

that the components of the background gauge field A on the original manifold M1 take

the following boundary value,

A(0)
z = a(z) , A

(0)
z̄ = ā(z̄) . (3.68)

As mentioned in section 3.2, the boundary value of the gauge field transforms as a tensor

under the conformal transformation. In presence of the U(1) Wilson line defect, using the

conformal mapping (3.67) and the equation (3.58), a straightforward calculation yields the

boundary value of the gauge field

A(0)
z = a(z) +Bz , A

(0)
z̄ = ā(z̄) +Bz̄ , (3.69)

with the back-reaction

Bz = − iµ

2πn

(
1

z − v1
− 1

z − v2

)
, Bz̄ =

iµ

2πn

(
1

z̄ − v̄1
− 1

z̄ − v̄2

)
. (3.70)

One can check that, inserting the solution (3.70) into (3.39) indeed yields a shift of the

deformation of the form of (3.59). The boundary left-moving subregion charge is obtained

as

〈q̂A〉n,µ =
ik

2

∫ v1

v2

dz

2πi
A(0)
z = q0 +

ikµ

4π2n
ln (

v1 − v2

δ
) , (3.71)

where q0 denotes the background charge, and δ is the cut-off near the end points v1 and v2

on Rn. One can confirm this result via the general formula (3.62) and the mapping (3.67).

In this case, the cut-off ε(δ) in (3.62) is given by

ε(δ) =

(
δ

v1 − v2

) 1
n

. (3.72)

The analogous results can be obtained for the right-moving subregion charge. Hence, the

total charge (3.26) is

〈Q̂A〉n,µ = Q0 +
ikµ

2π2n
ln

∣∣∣∣v1 − v2

δ

∣∣∣∣ , (3.73)

The subregion charge differs from the results for n = 1 by the 1
n factor. This implies that

the charge is evenly distributed on the n sheets of Rn, which preserves the Zn symmetry of

the bulk solutions. For the replica manifolds of the general AdS3 solution, one can always

transform to the Poincaré case and compute the charge by the same procedure.
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4 Holographic calculation

In this section, we consider two examples of background solutions and calculate the subre-

gion charges for the replica manifolds with defect insertions. We show that the probability

distributions PA,n(q) are the Gaussian distributions of the charge fluctuations in the general

cases. Furthermore, the resulting symmetry-resolved entanglement entropy is independent

of the subregion charge and completely determined by the length of the geodesic in the

background solutions and the Chern-Simons level.

4.1 Example 1: Poincaré AdS3

Using Poincaré AdS3,

ds2 = dρ2 + e2ρdzdz̄ , (4.1)

as background geometry, the background gauge fields have the general asymptotic expan-

sion

Az = a1(z) + · · · , Az̄ = ā1(z̄) + · · · ,
Āz = a2(z) + · · · , Az̄ = ā2(z̄) + · · · . (4.2)

Given a boundary interval with the endpoints located at z = v1 and z = v2, (3.73) readily

provides the expectation value total subregion charge for the charged moments, denoted

〈QA〉n,µ. Then the normalized generating function is obtained through

fn(µ) = exp

(
i

∫ µ

0
dµ′ 〈Q̂A〉n,µ′

)
= eiµQ0 ·

∣∣∣∣v1 − v2

δ

∣∣∣∣− kn ( µ
2π

)2

, (4.3)

where Q0 = q0 + q̄0 is the total subregion charge stemming purely from the background

solutions (4.2). In Poincaré AdS, the regularized length of the geodesic which connects the

endpoints of the boundary interval A is given by

L = 2 ln

∣∣∣∣v1 − v2

δ

∣∣∣∣ , (4.4)

where δ is related to the bulk UV-cutoff ρ0, i.e. δ = e−ρ0 , and should be identified with

the cutoff around the boundary endpoints. The subregion charge and the normalized

generating function are then expressed through

〈Q̂A〉n,µ = Q0 +
ikµ

4π2n
L , fn(µ) = eiµQ0− k

2n
( µ

2π
)2L . (4.5)

The Fourier transformation of fn(µ) in (4.5) yields the probability distribution PA,n(q)

PA,n(q) =

∫ ∞
−∞

dµ

2π
e−iµqfn(µ) =

√
2πn

kL
e−

2nπ2∆q2

kL , (4.6)

where the fluctuation of the subregion charge is denoted by ∆q = q − Q0. The resulting

symmetry-resolved entanglement entropy (2.17) is then easily obtained as

S(q) = S + lim
n→1

1

1− n
log

PA,n(q)

PA(q)n
=
c

6
L− 1

2
ln

(
kL

2π

)
+O(1) , (4.7)
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where the entanglement entropy S is given by the Ryu-Takayanagi formula in three dimen-

sions, S = c
6L in three dimensions [4]. Observe that the charge dependence has disappeared

in the final result. This is called equipartition of the entanglement entropy [21] and indi-

cates that all charge sector have identical entanglement.

4.2 Example 2: Global AdS3 and conical defect

Asymptotic AdS3 geometries at zero temperature and compact spatial coordinate, φ ∼
φ+ 2π are described by the line element

ds2 =
1

1
N2 + r2

dr2 + (
1

N2
+ r2)dτ2 + r2dφ2 , (4.8)

These are parametrized by a positive real number N . For N = 1, the line element is global

AdS3 while for N > 1, it corresponds to the conical defects with deficit angle 2π(1 − 1
N )

at r = 0.

In new coordinates

r = eρ − 1

4N
e−ρ , w = φ+ iτ , w̄ = φ− iτ , (4.9)

the line element (4.8) assumes the form of the Bañados geometries (3.56) with

Lg = L̄g = − 1

16G3N2
= − c

24N2
. (4.10)

By the local coordinate transformations

z =
r√

r2 + 1
N2

e(τ−iφ)/N , ξ = ln
√
N2r2 + 1− τ

N
, (4.11)

the line element (4.8) is transformed to Poincaré AdS3,

ds2 = dξ2 + e2ξdzdz̄ . (4.12)

On the boundary, the coordinate transformations (4.11) reduce to the conformal mapping,

z = e(τ−iφ)/N = e−iw/N , (4.13)

which indeed reproduces the stress tensor (4.10) by the conformal transformation law

(3.57). Since the mapping (4.13) between the conical defect and the covering space-time

is not bijective, inserting a Wilson line defect in the conical defect AdS3 leads to N copies

of that Wilson line defect in the covering Poincaré AdS3 space-time. Assuming a spatial

boundary interval A with endpoints w1 = iτ0 + φ1 and w2 = iτ0 + φ2, the locations of the

2N endpoints of the defects in the z-plane are given by

z2j−1 = e−i(w1+2πj)/N , z2j = e−i(w2+2πj)/N , j = 1, 2, · · · , N , (4.14)
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which leads to the asymptotic form of back-reaction in the z-plane as

Bz = − iµ
2π

N∑
j=1

(
1

z − z2j−1
− 1

z − z2j

)
,

Bz̄ =
iµ

2π

N∑
j=1

(
1

z̄ − z̄2j−1
− 1

z̄ − z̄2j

)
. (4.15)

Hence, by the transformation (4.13), one finds the solutions for the back-reaction in w-

coordinates to be

Bw =
µ

2π

(
eiw1

eiw − eiw1
− eiw2

eiw − eiw2

)
,

Bw̄ =
µ

2π

(
e−iw̄1

e−iw̄ − e−iw̄1
− e−iw̄2

e−iw̄ − e−iw̄2

)
. (4.16)

Note that the solutions (4.16) are independent of N , owing to the fact that the U(1) Chern-

Simons fields are decoupled from gravity. In the n-replica manifold with branch cut A on

the boundary, the back-reaction of the Wilson line defect reads

Bw =
µ

2πn

(
eiw1

eiw − eiw1
− eiw2

eiw − eiw2

)
,

Bw̄ =
µ

2πn

(
e−iw̄1

e−iw̄ − e−iw̄1
− e−iw̄2

e−iw̄ − e−iw̄2

)
. (4.17)

The additional 1
n factor appearing in (4.17) yields the correct holonomy when each endpoint

is circled n times.

Hello Analogous to the Poincaré patch case discussed in Sec. 4.1, general on-shell

solutions are allowed for the background gauge fields. The only requirement is that they

satisfy the boundary condition Aρ = 0, i.e. the analog of (4.2). Since in this case, the

spatial direction is compact, general background solutions might be singular in the interior.

However, the singular behavior can be valid if U(1) Wilson defects exist in the background

solution. By the AdS/CFT correspondence, these are generated by appropriate boundary

current primary operators located at the endpoints of the defect. Hence, as before, we

simply denote the total background subregion charge as Q0 = q0 + q̄0. The final result for

the subregion charge of the n-replica solutions in presence of the defect is given by

〈Q̂A〉n,µ = Q0 +
ikµ

2π2n
ln

∣∣∣∣2δ sin
∆φ

2

∣∣∣∣ , (4.18)

with ∆φ = φ1 − φ2. δ denotes the cut-off around the endpoints in the w-coordinates.

Note that the regularized length of the geodesic in global AdS3 or in the conical defect

geometry reads

LN = 2 ln

∣∣∣∣2Nδ sin
∆φ

2N

∣∣∣∣ . (4.19)

As a result, we find that the subregion charge and the normalized generating function take

the same form as in the Poincaré case (4.5), with the only difference being the exact form
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of the geodesic length. Hence, the result for the symmetry-resolved entanglement entropy

is given by

S(q) =
c

6
LN −

1

2
ln

(
kL1

2π

)
+O(1) . (4.20)

Again, we find equipartition of the entanglement entropy. This concludes our gravity

analysis.

5 CFT calculation

In this section, we provide a CFT calculation of the symmetry-resolved entanglement en-

tropy for the vacuum state defined on the complex plane. The result is consistent with our

holographic calculation for the uncharged Poincaré AdS3 background, cf section 4.1.

5.1 Non-local operator from vertex operators

In this subsection, we show how to express the U(1) Wilson line defect through a pair of

bosonic vertex operators. This simplifies the anaylsis, since vertex operators have the de-

sirable property of being û(1)k primary (which includes Virasoro primarity). Furthermore,

it explains the appearance of vertex operators in [15] from our defect vantage point.

As demonstrated in the previous section, the dual CFT of U(1)-Chern-Simons Einstein

gravity contains a û(1)k Kac-Moody current Ĵ(z). The symmetry algebra is now given by

[Jn, Jm] =
1

2
nkδm+n,0 ,

[Ln, Jm] = −mJn+m ,

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n)δn+m,0 , (5.1)

and the corresponding OPEs read

Ĵ(z)Ĵ(w) ∼ k/2

(z − w)2
+ · · · ,

T̂ (z)Ĵ(w) ∼ Ĵ(w)

(z − w)2
+
∂Ĵ(w)

z − w
+ · · · ,

T̂ (z)T̂ (w) ∼ c/2

(z − w)4
+

2T̂ (w)

(z − w)2
+
∂T̂ (w)

z − w
+ · · · . (5.2)

For the right-moving part, analogous relations hold. The first task for the CFT calculations

is to investigate the properties of the non-local operator eiµQ̂A . Its holomorphic part given

by

Iµ(v1, v2) := eiµq̂A = exp

(
µ

2π

∫ v1

v2

dzĴ(z)

)
, (5.3)

where the positions of the endpoints are arranged such that |v1| ≥ |v2|. This non-local

operator should be radially ordered in correlation functions. As we show in Appendix B,

one can rewrite the radially ordered non-local operator as

R̂ [Iµ(v1, v2)] =

(
v1 − v2

δ

)− k
2

( µ
2π

)2

:Iµ(v1, v2): , (5.4)
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where R̂ denotes the radial ordering operator, and the cut-offs δ are introduced around the

endpoints in order to regulate the non-local operator Iµ(v1, v2). On the other hand, if we

formally write χ(z) =
∫ z
dwĴ(w), a vertex operator is expressed through

Vµ(z) =:exp
( µ

2π
χ(z)

)
: . (5.5)

Then the following identity holds in any correlation function [51],

Vµ(v1)V−µ(v2) = (v1 − v2)−
k
2

( µ
2π

)2
:Iµ(v1, v2): . (5.6)

Comparing (5.4) with (5.6) leads to the following relation,

Iµ(v1, v2) = δ
k
2

( µ
2π

)2
Vµ(v1)V−µ(v2) , (5.7)

where the cut-off δ can be regarded as a natural normalization constant rendering the

two point function of the vertex operators dimensionless. In the following we identify

the operator Iµ(v1, v2) with the pair of vertex operators Vµ(v1)V−µ(v2), since the cut-off

dependent prefactor cancels in all ratios of correlators of interest. Thus, in the following

the focus lies on the analysis of vertex operators.

As shown 6 in appendix B, the OPEs for the vertex operator are given by

Ĵ(z)Vµ(0) ∼ k

2

( µ
2π

) Vµ(0)

z
+ · · ·

T̂ (z)Vµ(0) ∼ k

4

( µ
2π

)2 Vµ(0)

z2
+
∂Vµ(0)

z
+ · · · . (5.8)

Thus, combining with the anti-holomorphic part, the full vertex operator Vµ(z, z̄) =

Vµ(z)V̄µ(z̄) are both Virasoro primary and û(1) primary, with conformal dimensions and

charges given by

∆µ = ∆̄µ =
k

4

( µ
2π

)2
, αµ = ᾱµ =

k

2

( µ
2π

)
. (5.9)

With this, the vacuum expectation value of the current in presence of the vertex operators

is given by

〈Ĵ(w)Vµ(v1, v̄1)V−µ(v2, v̄2)〉
〈Vµ(v1, v̄1)V−µ(v2, v̄2)〉

=
k

2

( µ
2π

)( 1

w − v1
− 1

w − v2

)
, (5.10)

which indeed coincides with the solutions to the gauge field (3.37) in presence of the Wilson

line defect (3.27) for the uncharged Poincaré AdS3 background. On the other hand, the

two-point function of vertex operators reads

〈Vµ(v1, v̄1)V−µ(v2, v̄2)〉 =

∣∣∣∣v1 − v2

δ

∣∣∣∣−k( µ
2π

)2

, (5.11)

which agrees with the normalized generating function f1(µ) in (3.54) for the uncharged

Poincaré AdS3.

6More precisely, in appendix B we rederive the familiar û(1) OPEs (5.8) without assuming the Sugawara

construction in order to minimize the employed assumptions. Of course the result confirms that the energy

momentum tensor must be of Sugawara form.
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5.2 Symmetry-resolved entanglement through charged twist operators

In this section, following [15], we use the charged twist operators for the computation

of the subregion charge expectation value 〈Q̂A〉n,µ, the charged moments and finally, via

our new generating function, the symmetry-resolved entanglement entropy. The result-

ing symmetry-resolved entanglement entropy coincides with the holographic result of sec-

tion 4.1. Our analysis extends that in [15] by determining also the U(1) charge of the

charged twist operators.

Considering a single interval A on the Riemann surface R1, the partition function

Zn = TrρnA is calculated by evaluating the path integral on the Riemann surface Rn, where

Rn is defined as the n-sheeted branched covering of R1, with the interval A as the branch

cut on R1. (Anti-)Twist fields (σ̃) σn are Virasoro primaries of conformal dimension

∆n = ∆̄n =
c

24
(n− 1

n
) . (5.12)

defined so as to relate expectation values on Rn and R1 via

〈O(z1, z̄1; sheet i) · · · 〉n = 〈Oi(z1, z̄1)σn(v1, v̄1)σ̃n(v2, v̄2) · · · 〉1 . (5.13)

The index 1 and n denotes the surface R1 and Rn. Therefore twist fields implement the

complicated topology of Rn on the single sheet R1. The local operator O(z1, z̄1; sheet i)

lives on the ith-sheet of Rn, which corresponds to the ith-copy of the fields, i.e. Oi(z1, z̄1).

Since the non-local operator eiµQ̂A is equivalent to a pair of vertex operators inserted

at the branch points, the charged moments for the vacuum state can be written as

Zn(µ) = 〈Vµ(v1, v̄1)V−µ(v2, v̄2)〉n = 〈σn,µ(v1, v̄1)σ̃n,−µ(v2, v̄2)〉1 , (5.14)

The operator σn,µ and σ̃n,−µ on the right hand side of (5.14) are the charged twist and

anti-charged twist operator, which were first introduced in [22]. In presence of the pair of

vertex operators, the generalization of (5.13),can be expressed as

〈O(z1, z̄1; sheet i)Vµ(v1, v̄1)V−µ(v2, v̄2)〉n = 〈Oi(z1, z̄1)σn,µ(v1, v̄1)σ̃n,−µ(v2, v̄2)〉1 .(5.15)

Following the method in [15], one finds that the charged twist operator is both a Virasoro

primary and current primary. The conformal weight and the U(1) charge of the charged

twist operators is given by (cf. Appendix B)

∆n,µ = ∆n +
∆µ

n
, αµ,n = αµ . (5.16)

The same results hold for the anti-holomorphic part. Here, we clarify the notion of “fusion”

used in [15] of an ordinary twist field and a vertex operator to yield a charged twist field.

Notice that the conformal weight in (5.16) of the vertex operator enters rescaled by n,

while the charge is not. This suggests that the charged twist operator can be understood

as the normal ordered product

σµ,n =:σnV
′:, with V ′ =

n∏
i=1

V i
µ/n , (5.17)
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where V i
µ/n is a vertex operator confined to the ith copy. From (5.9), it is easy to see that

the conformal weight of V ′ is indeed

∆′ =

n∑
i=1

∆i
µ/n =

∆µ

n
, α′ =

n∑
i=1

αiµ/n = αµ (5.18)

The product structure of V ′ implies that the vertex operator is distributed evenly among

the sheets of the Riemannian surface Rn. This clarifies the notion of “fusion” used in [15].

Given the charged twist operators, the charged moments for the vacuum state are

expressed by

Zn(µ) = 〈σn,µ(v1, v̄1)σ̃n,−µ(v2, v̄2)〉1 =

∣∣∣∣v1 − v2

δ

∣∣∣∣−2(∆n,µ+∆̄n,µ)

=

∣∣∣∣v1 − v2

δ

∣∣∣∣− c6 (n− 1
n

)− k
n

( µ
2π

)2

. (5.19)

The holomorphic subregion charge can be obtained by integrating the current in (B.16)

over the branch cut A, given by

〈q̂A〉n,µ =

∫ v1−ε

v2+ε

dz

2πi
〈Ĵ(z)〉n,µ =

iαµ
nπ

ln

(
v1 − v2

δ

)
=

ikµ

4π2n
ln

(
v1 − v2

δ

)
, (5.20)

and the total subregion charge reads

〈Q̂A〉n,µ =
ikµ

2π2n
ln

∣∣∣∣v1 − v2

δ

∣∣∣∣ . (5.21)

The resulting symmetry-resolved Rényi entropy is given by

Sn(q) =
c

6
(1 +

1

n
) ln

∣∣∣∣v1 − v2

δ

∣∣∣∣− 1

2
ln

(
k

π
ln

∣∣∣∣v1 − v2

δ

∣∣∣∣)+O(1) , (5.22)

and the symmetry-resolved entanglement entropy reads

S(q) =
c

3
ln

∣∣∣∣v1 − v2

δ

∣∣∣∣− 1

2
ln

(
k

π
ln

∣∣∣∣v1 − v2

δ

∣∣∣∣)+O(1) . (5.23)

This confirms our holographic result (4.7). This equipartition of the entanglement entropy

is in fact universal even in excited states [18], which can be seen as follows. The singular

terms in the OPEs of J with any current primaries contain only simple poles, with their

coefficients given by the charges of the primary fields. Since the subregion charge is obtained

by taking the integration of the current over the branch cut, the divergent part of the

subregion charge is always determined by the charged twist operators, located at the branch

points. As a result, these lead to the universal behavior (5.23) of the symmetry-resolved

entanglement entropy.
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6 Discussion and Outlook

In this paper we extended the framework for computing the symmetry-resolved entangle-

ment entropy by introducing a new generating function method. It allows to relate the

charge part of the symmetry-resolved entanglement entropy to the expectation value of

the subregion charge operator 〈QA〉. Our method is particularly useful in the holographic

context, since it reduces the computation of the symmetry resolved entropies to the calcu-

lation of the boundary subregion charge 〈QA〉. As we show explicitly for the case of U(1)

Chern-Simons theory coupled to three-dimensional Einstein-Hilbert gravity with negative

cosmological constant, this simplification in particular enables us to derive the symmetry-

resolved entanglement entropy without the necessity of deriving the full renormalization of

the holographic dual.

In the context of U(1) Chern-Simons gravity, our holographic construction is inspired

by the field theory picture of [15], in which an Aharanov-Bohm flux is introduced on the

replica manifold. We realized this flux in asymptotically AdS geometries by inserting its

natural holographic dual, namely a charged Wilson line defect (3.27) at the fixed point

locus of the replica symmetry. This defect sources the U(1) Chern-Simons gauge field,

from which we calculate the subregion charge 〈QA〉. In turn, the subregion charge allowed

us to determine the generating function (2.12). This result was used to directly calculate

the interesting charge contribution to the symmetry resolved entanglement entropy. The

charge-dependent partition function of the dual CFT differs from the generating function

by the insertion of an operator, c.f. (3.46) and (3.47), which however cancels out in the

calculation of the subregion charge, c.f. (3.51). This cancellation relies on the structure of

the û(1)k Kac-Moody algebra, which implies that the additional operator indeed commutes

with the subregion charge. As a consequence, the subregion charge 〈QA〉 can be obtained

independent of knowing the charged moments. The subregion charge together with the

Ryu-Takayanagi formula [4] for entanglement entropy can in turn be used to determine the

full symmetry-resolved entanglement entropy without the necessity to directly calculate

the charged moments.

Besides the calculation of the symmetry resolved entanglement entropy in Poincaré

AdS, we also applied our generating function method to general asymptotic AdS3 back-

grounds. We presented further explicit calculations of the symmetry-resolved entanglement

entropy for the examples of global AdS3, and conical defect space-times. Our results show

that in all these cases, the probability distributions (2.5) for the subregion charge fluctu-

ations are always Gaussian. Furthermore, the resulting symmetry-resolved entanglement

entropies exhibit a universal equipartition behavior, i.e. the entanglement for each charge

sector is identical and depends only on the geodesic lengths given by the Ryu-Takayanagi

prescription [4] and the Chern-Simons level k. For more complicated symmetry algebrae,

we suspect a breakdown of the equipartition of entanglement.

Since the asymptotic symmetry of the U(1) Chern-Simons theory is of û(1)k Kac-

Moody type, in our CFT calculations we assume the dual CFT to admit the same symmetry

algebra. Using this summetry, we show that the non-local operator (5.3) can be identified

with a pair of charged U(1) vertex operators, up to a cut-off dependent proportionality

– 27 –



constant. As expected from [51], this pair of vertex operators generates U(1) charge defects

on the multi-sheeted Riemann surface. Working in the twist operator picture, we use the

product of the charged vertex operator with the usual twist operator σn to define a charged

twist operator σn,µ. Following the method in [15], we find that this charged twist operator

is both a Virasoro primary and a current primary. The charged twist operator allows us

to compute the charged moments and the expectation value of the subregion charge for

the vacuum state in a two-dimensional CFT with û(1)k Kac-Moody symmetry. Our CFT

calculations are in complete agreement with the holographic results.

Our work, and in particular the generating function method, allows for several natural

extensions. One option is to investigate the case of m intervals, in particular also in view

of possible topological transitions in the symmetry resolved entanglement and Rényi en-

tropies, along the lines of [6, 52]. The case of m intervals reduces to the calculation of CFT

correlators with 2m insertions of charged twist operators. It will in particular be interesting

to see whether the subregion charges in different intervals can be chosen independently, or

are correlated with each other in some way. Another interesting quantum information mea-

sures that could be resolved in different charge sectors is the mutual information, which

should extract the non-divergent piece of the symmetry-resolved entanglement entropy.

Another finite entanglement measure is the relative entropy [7]. Other interesting exten-

sions of this work involve non-abelian Aharanov-Bohm fluxes. These should be captured

by defects of non-abelian Wess-Zumino-Witten type [53, 54]. In the context of hologra-

phy, an investigation of higher spin gravity will be interesting as well [55]. Since our bulk

theory admits the û(1)k Kac-Moody symmetry which also governs the CFT description of

abelian anyons, it would furthermore be interesting to compare our result to the symmetry

resolved entanglement in anyonic conformal field theories. In all these cases, we expect our

generating function method to considerably simplify the calculation of symmetry resolved

entanglement measures. Finally, three-dimensional gravity coupled U(1) Chern-Simons

gauge fields have emerged in the study of two-dimensional free conformal field theories

over the Narain lattice [56–59]. Studying the symmetry-resolved entanglement entropy in

this setting may lead to a refined insight into this novel instance of a holographic duality.

Relatedly, developing a proof of our prescription for the holographic dual (3.27) of the

charged moments along the lines of [43, 45] would further add to the understanding of the

holographic dual of the symmetry-resolved entanglement entropy.
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A Asymptotic symmetry algebra

The asymptotic symmetry algebra can be obtained by the standard Hamiltonian approach

[20, 60] or the covariant phase space approach [61–64]. Here we work in the latter frame-

work. Consider a hyper-surface Σ, which is defined as the base manifold of the uncon-

strained phase space. The variation of the pure Chern-Simons action gives

δICS =
ik

4π

∫
δA ∧ dA+

ik

8π

∫
Σ
δA ∧A (A.1)

Here, δ represents the exterior derivative in the phase space and δA is a one-form on

phase space. A second variation of the boundary term in (A.1) leads to a closed and

non-degenerate symplectic two-form on the unconstrained phase space, given by

ω =
ik

8π

∫
Σ
δA ∧ δA . (A.2)

In components this reads

ω =
1

2
ωijδAi ∧ δAj . (A.3)

Then the Poisson bracket of two functionals F [A], H[A] on the unconstrained phase space

is defined by

{F,H} := iωij
∂F

∂Ai

∂H

∂Aj
=

4π

k

∫
Σ
ε̃ij

∂F

∂Ai

∂H

∂Aj
, (A.4)

where ωij is the inverse map of ωij and ε̃ij is defined on Σ with chosen orientation such

that ε̃12 = 1 in the local coordinates. There is a so-called smeared function G(η) on the

unconstrained phase space, which is associated with a infinitesimal gauge parameter η, and

generates the gauge transformation A→ A+ dη, given by

G(η) =
k

4π

∫
Σ
A ∧ dη . (A.5)

Indeed, applying the definition (A.4), we find

{G(η), A} = dη . (A.6)

Computing the Poisson bracket of two smeared functions associated with two gauge pa-

rameters, we find

{G(η), G(λ)} =
k

4π

∫
Σ
dη ∧ dλ. (A.7)

The smeared function can be decomposed into

G(η) = Q(η) + C(η) (A.8)

with

Q(λ) = − k

4π

∫
∂Σ
ηA, C(λ) =

k

4π

∫
Σ
ηdA . (A.9)
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After imposing the constraints C = 0, the charge Q becomes the generator of the gauge

transformation on the constrained phase space of on-shell solutions, and the Poisson bracket

(A.7) reduces to the Poisson bracket of the charge Q,

{Q(η), Q(λ)} =
k

4π

∫
∂Σ
ηdλ . (A.10)

In order to be compatible with the variational principle (3.13) as well as the boundary con-

dition (3.12), the gauge parameters are required to have the following asymptotic behavior

η = η(0)(w) + e−2ρη(2)(ρ, w, w̄) + · · · , ρ→∞ . (A.11)

Therefore, if we choose Σ to be a constant time slice, we obtain the associated charge

Q(η) =
k

4π

∮
dφ η(0)

(
A(0)
w +A

(0)
w̄

)
. (A.12)

It follows from the variational principle that Aw̄ fixed, which means it is a Lie algebra

constant. Hence, if we choose a gauge fixing such that A
(0)
w (A

(0)
w̄ ) are holomorphic (anti-

holomorphic), then the Poisson bracket is further reduced to

{q(η), q(λ)} =
k

4π

∮
dw η(0)∂wλ

(0), (A.13)

with the holomorphic charge q(η) defined as

q(η) =
k

4π

∮
dw η(0)A(0)

w =
1

2πi

∫
dw η(0)J(w) . (A.14)

Here we denote Jw = J(w) since it is holomorphic by gauge fixing. This holomorphic

charge is the generator of the residual gauge transformation arising from the gauge fixing.

The gauge parameters have a mode expansion

η(0) =

∞∑
n=−∞

ηne
−inw, λ(0) =

∞∑
n=−∞

λne
−inw. (A.15)

Combining with the mode expansion in (3.15) and inserting them into (A.14), we obtain a

simple form for the charge

q(η) =
1

2πi

∮
dw η(0)J(w) = −i

∞∑
n=−∞

ηnJn . (A.16)

Inserting (A.16) into (A.13), and evaluating the right hand side, we find

i{Jn, Jm} =
k

2
nδn+m,0 , (A.17)

which is the “classical” û(1)k affine Lie algebra. The quantum version of this algebra is

obtained by replacing i{, } by commutators [, ], yielding the û(1)k Kac-Moody algebra

[Jn, Jm] =
k

2
nδn+m,0. (A.18)
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Next, we verify that the modified stress tensor Tww[J ] (3.20) indeed satisfies the Vira-

soro algebra. In particular, we show that it will not shift the central charge on the gravity

side. This is expected since the û(1)k model has central charge one and therefore does not

alter the large central charge of the gravity sector; see below.

The stress tensor Tww[J ] is the generator of infinitesimal asymptotic diffeomorphisms

(3.8) for the gauge field, which is actually equivalent to a corresponding field-dependent

gauge transformation when dA(0) = 0. This fact can be easily shown by the Cartan formula,

δξA = LξA = d(ιξA) + ιξdA ≈ dα+ ιξdA
(0), ρ→∞, (A.19)

with the corresponding gauge parameter

α = ξ(w)A(0)(w) + ξ̄(w̄)A
(0)
w̄ , (A.20)

Note that in this case, the requirement of holomorphic gauge parameter α enforces the

vanishing of the source A
(0)
w̄ , which is similar to the situation in the gravity sector, where

the symmetry algebra is broken if the gravitational source appears.

If we impose A
(0)
w̄ = 0, then in this case, the corresponding diffeomorphism charge `

associated with the vector field ξµ is given by

`(α) =
k

8π

∮
dw ξ(w)A(0)

w A(0)
w =

∮
dw ξ(w)Tww[J ] . (A.21)

Expanding the Tww[J ] and ξ(w) in modes, defined through

L′n = −
∮
dw e−inwTww[J ], ξ(w) =

∞∑
n=−∞

ξne
−inw , (A.22)

the simplified form of the diffeomorphism charge is obtained as

`(α) = −
∞∑

n=−∞
ξnLn. (A.23)

With this, the Poisson bracket (A.13) of two diffeomorphism charges `(α) and `(β), reduces

to the Witt algebra

i{L′n, L′m} = (n−m)L′n+m . (A.24)

Similarly, inserting (A.16) and (A.21) into (A.13), the Poisson bracket of diffeomorphism

charge q(α) and charge q(η) yields

i{L′n, Jm} = −mJn+m . (A.25)

Combining the above algebrae with the gravitational Virasoro algebra (3.11), one obtains

the full asymptotic symmetry algebra of the theory,

i{Jn, Jm} =
1

2
nkδm+n,0,

i{Ln, Jm} = −mJn+m,

i{Ln, Lm} = (n−m)Ln+m +
c

12
(n3 − n)δn+m,0. (A.26)
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and analogously for the anti-holomorphic part.

The quantum version of this asymptotic symmetry algebra is obtained after replacing

i{, } by the commutators [, ], and should be identified as the symmetry algebra in the dual

CFT by the AdS/CFT correspondence. It is interesting to note that the effective central

charge in the dual CFT does not shift even in presence of the U(1) Chern-Simons fields on

the gravity side. This fact essentially arises from the boundary condition, i.e. A
(0)
ρ = 0,

which yields no central term contributions to the diffeomorphism charge in (A.21). From

the perspective of the AdS/CFT correspondence, this is also expected, since it is well-

known that the CFT stress tensor constructed from a U(1) Kac-Moody current by the

Sugawara construction satisfies the OPE [65]

1

k
(Ĵ Ĵ)(z)

1

k
(Ĵ Ĵ)(w) ∼ 1/2

(z − w)4
+ · · · , (A.27)

revealing a central charge contribution cJ = 1 to the full theory. Hence it can be neglected

in large c limit.

B Vertex operators and charged twist operators

Non-local operator

The radial ordering of the left-moving non-local operator Iµ(v1, v2), defined in (5.3) can be

written as

R̂[Iµ(v1, v2)] =
∞∑
n=0

1

n!
(
µ

2π
)n
∫ v1

v2

· · ·
∫ v1

v2

dz1 · · · dznR̂ [J(z1) · · · J(zn)] , (B.1)

R̂ is the radial ordering operator. Wick’s theorem implies the relation

R̂ [J(z)J(w)] =:J(z)J(w): +
k/2

(z − w)2
. (B.2)

Therefore we have∫ v1

v2

∫ v1

v2

dzdwR̂ [J(z)J(w)] =

∫ v1

v2

∫ v1

v2

dzdw

(
:J(z)J(w): +

k/2

(z − w)2

)
,

=

∫ v1

v2

∫ v1

v2

dzdw :J(z)J(w):

+

∫ v1−δ

v2+δ
dz

(
k/2

z − v1
− k/2

z − v2

)
≈
∫ v1

v2

∫ v1

v2

dzdw :J(z)J(w): −k ln

(
v1 − v2

δ

)
. (B.3)

For simplicity, we denote

Xn =

∫ v1

v2

· · ·
∫ v1

v2

dz1 · · · dznR̂ [J(z1) · · · J(zn)] , (B.4)

Yn =

∫ v1

v2

· · ·
∫ v1

v2

dz1 · · · dzn :J(z1) · · · J(zn): . (B.5)

– 32 –



and

B = −k ln

(
v1 − v2

δ

)
(B.6)

Then we can write down the generalization of (B.3) as

Xn = Nn,0Yn +Nn,1Yn−2B +Nn,2Yn−4B
2 + ...+Nn,mYn−2mB

m + · · · (B.7)

where Nn,m is the number of terms for m times contractions of Xn, given by

Nn,m =
1

m!
C2m
n · C2m−2

2m · C2m−4
2m−2 · · ·C

2
4 =

n!

2mm!(n− 2m)!
. (B.8)

By summing over all the terms with the same number of contractions in (B.1), we can

rewrite the radially ordered non-local operator as

R[Iµ(v1, v2)] =

( ∞∑
n=0

1

n!
(
µ

2π
)nYn

)
·

( ∞∑
m=0

(
µ

2π
)2m(

B

2
)m

)

=

(
v1 − v2

δ

)− k
2

( µ
2π

)2

:Iµ(v1, v2): (B.9)

Charge and conformal weight of vertex operator

In this subsection we derive the OPEs of the current and stress tensor with charged U(1)

vertex operators. We do so without the Sugawara construction since we do not assume

knowledge of the exact CFT dual.

To get the OPEs for the vertex operators, we integrate the OPEs (5.2), leading to

T̂ (z)χ(w) ∼ Ĵ(w)

z − w
+ · · · ,

Ĵ(z)χ(w) ∼ k/2

z − w
+ · · · . (B.10)

Then, using the generalized Wick Theorem, we obtain the OPEs for the vertex operator

Ĵ(z)Vµ(0) ∼ k

2

( µ
2π

) Vµ(0)

z
+ · · ·

T̂ (z)Vµ(0) =
∞∑
n=0

[
(µ/2π)n

n!

(
n−1∏
i=1

∮
wi=0

dwi
2πiwi

)
T̂ (z)χ(w1)χ(w2) · · ·χ(wn−1)χ(0)

]
+ · · ·

∼
∞∑
n=0

[
(µ/2π)n

(n− 1)!

(
n−1∏
i=1

∮
wi=0

dwi
2πiwi

)
Ĵ(w1)

z − w1
χ(w2) · · ·χ(0)

]
+ · · ·

∼
∞∑
n=0

[
(µ/2π)n

(n− 1)!

(
n−1∏
i=1

∮
wi=0

dwi
2πiwi

)(
Ĵ(w1)

z
+
w1Ĵ(w1)

z2
+ · · ·

)
χ(w2) · · ·χ(0)

]
+ · · ·

∼
∞∑
n=0

[
(µ/2π)n

(n− 1)!

(
n−1∏
i=1

∮
wi=0

dwi
2πiwi

)
Ĵ(w1)

z
χ(w2) · · ·χ(0)

]

+
∞∑
n=0

[
(µ/2π)n

(n− 2)!
· 1

2z2

(
n−1∏
i=1

∮
wi=0

dwi
2πiwi

)(
kw1

2(w1 − w2)
− kw2

2(w1 − w2)

)
χ(w3) · · ·χ(0)

]
+ · · ·

∼ k

4

( µ
2π

)2 Vµ(0)

z2
+
∂Vµ(0)

z
+ · · · . (B.11)
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Charged twist operator

This section presents a thorough derivation of the conformal weight and the U(1) charge of

the charged twist operators σn,µ using the original n-sheeted geometry Rn. The conformal

weight is already given in [15], while the charge is calculated explicitely here for the first

time.

When R1 is a flat complex plane with complex coordinates z and z̄, the n-sheeted

branched covering Rn can be mapped to a flat z′-complex plane C by the uniformization

map [50],

z′ =

(
z − v2

z − v1

) 1
n

. (B.12)

The expectation values for the stress tensor and the current on C are given by

〈T̂ (z′)〉C,µ = lim
w→∞

〈T̂ (z′)Vµ(w)V−µ(0)〉C
〈Vµ(w)V−µ(0)〉C

= lim
w→∞

∆µ
(w − 0)2

(z′ − w)2(z′ − 0)2
=

∆µ

z′2
, (B.13)

and

〈Ĵ(z′)〉C,µ = lim
w→∞

〈Ĵ(z′)Vµ(w)V−µ(0)〉C
〈Vµ(w)V−µ(0)〉C

= lim
w→∞

αµ
z′ − w

+
α−µ
z′ − 0

= −αµ
z′
. (B.14)

Then, by the transformation laws of the stress tensor and current under the conformal

transformation (B.12), one obtains the corresponding expectation values on Rn, given by

〈T̂ (z)〉n,µ =

(
dz′

dz

)2

〈T̂ (z′)〉C,µ +
c

12
{z′, z} =

(
∆n

n
+

∆µ

n2

)
(v1 − v2)2

(z − v1)2(z − v2)2
,(B.15)

and

〈Ĵ(z)〉n,µ =

(
dz′

dz

)
〈Ĵ(z′)〉C,µ =

αµ
n

(
1

z − v1
− 1

z − v2

)
. (B.16)

Coming back to the twist field picture, (5.15) yields

〈T̂ (z)〉n,µ =
〈T̂i(z)σn,µ(v1, v̄1)σ̃n,−µ(v2, v̄2)〉1
〈σn,µ(v1, v̄1)σ̃n,−µ(v2, v̄2)〉1

= 〈T̂i(z)〉1,µ , (B.17)

and

〈Ĵ(z)〉n,µ =
〈Ĵi(z)σn,µ(v1, v̄1)σ̃n,−µ(v2, v̄2)〉1
〈σn,µ(v1, v̄1)σ̃n,−µ(v2, v̄2)〉1

= 〈Ĵi(z)〉1,µ , (B.18)

for i = 1, . . . , n, which gives the stress tensor and current for a single copy of the fields.

Multiplying (B.15) and (B.16) by n provides the total stress tensor and current in the n

copies of CFT, given by

〈T̂ (n)(z)〉1,µ =

n∑
i=1

〈T̂i(z)〉1,µ =

(
∆n +

∆µ

n

)
(v1 − v2)2

(z − v1)2(z − v2)2
, (B.19)
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and

〈Ĵ (n)(z)〉1,µ =
n∑
i=1

〈Ĵi(z)〉1,µ =
αµ

z − v1
− αµ
z − v2

. (B.20)

Comparing with the Ward identities of the conformal and U(1) symmetries, one can read

off the conformal dimension and the charge for the charged twist operator,

∆n,µ = ∆n +
∆µ

n
, αµ,n = αµ . (B.21)

The same results hold for the anti-holomorphic part.
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entanglement entropy, Phys. Rev. Lett. 121 (Oct, 2018) 150501.

[28] H. Barghathi, E. Casiano-Diaz, and A. Del Maestro, Operationally accessible entanglement of

one-dimensional spinless fermions, Phys. Rev. A 100 (2019), no. 2 022324,

[arXiv:1905.03312].

[29] D. X. Horváth and P. Calabrese, Symmetry resolved entanglement in integrable field theories

via form factor bootstrap, JHEP 11 (2020) 131, [arXiv:2008.08553].

[30] R. Bonsignori and P. Calabrese, Boundary effects on symmetry resolved entanglement,

arXiv:2009.08508.

[31] V. Balasubramanian and P. Kraus, A Stress tensor for Anti-de Sitter gravity, Commun.

Math. Phys. 208 (1999) 413–428, [hep-th/9902121].

[32] P. Kraus and F. Larsen, Partition functions and elliptic genera from supergravity, JHEP 01

(2007) 002, [hep-th/0607138].

[33] P. Kraus, Lectures on black holes and the AdS(3) / CFT(2) correspondence, Lect. Notes

Phys. 755 (2008) 193–247, [hep-th/0609074].

– 36 –

http://arxiv.org/abs/1711.09418
http://arxiv.org/abs/1907.02084
http://arxiv.org/abs/2003.11453
http://arxiv.org/abs/2003.04670
http://arxiv.org/abs/2006.09069
http://arxiv.org/abs/hep-th/9405171
http://arxiv.org/abs/1804.06357
http://arxiv.org/abs/1310.4180
http://arxiv.org/abs/1412.7520
http://arxiv.org/abs/0710.1516
http://arxiv.org/abs/1905.03312
http://arxiv.org/abs/2008.08553
http://arxiv.org/abs/2009.08508
http://arxiv.org/abs/hep-th/9902121
http://arxiv.org/abs/hep-th/0607138
http://arxiv.org/abs/hep-th/0609074


[34] G. V. Dunne, Aspects of Chern-Simons theory, in Les Houches Summer School in Theoretical

Physics, Session 69: Topological Aspects of Low-dimensional Systems, 7, 1998.

hep-th/9902115.

[35] J. Brown and M. Henneaux, Central Charges in the Canonical Realization of Asymptotic

Symmetries: An Example from Three-Dimensional Gravity, Commun. Math. Phys. 104

(1986) 207–226.

[36] G. Compère, W. Song, and A. Strominger, New Boundary Conditions for AdS3, JHEP 05

(2013) 152, [arXiv:1303.2662].

[37] L. Donnay, G. Giribet, H. A. Gonzalez, and M. Pino, Supertranslations and Superrotations at

the Black Hole Horizon, Phys. Rev. Lett. 116 (2016), no. 9 091101, [arXiv:1511.08687].

[38] H. Afshar, S. Detournay, D. Grumiller, and B. Oblak, Near-Horizon Geometry and Warped

Conformal Symmetry, JHEP 03 (2016) 187, [arXiv:1512.08233].

[39] H. Afshar, S. Detournay, D. Grumiller, W. Merbis, A. Perez, D. Tempo, and R. Troncoso,

Soft Heisenberg hair on black holes in three dimensions, Phys. Rev. D 93 (2016), no. 10

101503, [arXiv:1603.04824].

[40] D. Grumiller and M. Riegler, Most general AdS3 boundary conditions, JHEP 10 (2016) 023,

[arXiv:1608.01308].
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