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Abstract: We use analytic bootstrap techniques for a CFT with an interface or a boundary.

Exploiting the analytic structure of the bulk and boundary conformal blocks we extract

the CFT data. We further constrain the CFT data by applying the equation of motion to

the boundary operator expansion. The method presented in this paper is general, and it

is illustrated in the context of perturbative Wilson-Fisher theories. In particular, we find

constraints on the OPE coefficients for the interface CFT in 4 − ε dimensions (upto order

O(ε2)) with φ4-interactions in the bulk. We also compute the corresponding coefficients for the

non-unitary φ3-theory in 6− ε dimensions in the presence of a conformal boundary equipped

with either Dirichlet or Neumann boundary conditions upto order O(ε), or an interface upto

order O(
√
ε).
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1 Introduction

Conformal field theories (CFTs) with boundaries or interfaces describe semi-infinite systems

with differently-ordered regions. Boundaries and interfaces can be treated as codimension

one defects. In a boundary CFT (BCFT), there is only a bulk theory on one side of the

defect, with an unphysical region on the other side. In an interface CFT (ICFT), there is a

bulk theory on each side of the codimension one defect. Interfaces can be realized physically

in different ways. E.g. we can consider a quantum field theory (QFT) with two different

vacua, with a finite energy barrier (that allows quantum tunneling) between them. This

finite energy barrier can be described effectively by an interface, where the bulk theories

correspond to the two vacua. Another realization is to probe a CFT with an operator from
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another CFT. We can then use the operator/state correspondence on this operator, which

yields a small sphere around it. This sphere can be mapped to a line using a conformal

transformation, which corresponds to an interface communicating with the two CFTs. An

especially interesting case is when we probe a free theory with an interacting one, which ends

up with the renormalization group (RG) domain wall studied in [1]. It has been speculated

that such interface can tell us about the RG flow of the theory.

BCFTs and ICFTs have reduced symmetries compared to homogeneous CFTs (without

a boundary or interface). However, they can still provide information about the bulk CFTs.

These theories contain both the bulk operators as well as operators living on the boundary

or the interface, and allow CFT techniques to be extended to a larger domain in the space of

QFTs. The bulk CFT data, i.e. the spectrum of bulk operators and operator product expan-

sion (OPE) coefficients, is a local property of the bulk CFT and is unaffected by the presence

of the boundary or interface. BCFTs (ICFTs) are also characterized by the additional data:

the spectrum of boundary (interface) operators and the boundary (interface) operator ex-

pansion (BOE/IOE) coefficients. Since the conformal symmetry is partially broken due to

the presence of the boundary, the bulk operators can have non-vanishing one-point functions

as a result of which the non-trivial observables in such systems are the two-point correlation

function of bulk operators. These two-point functions can be expanded in two configurations.

One can consider the case where both the operators are close to the boundary but far from

each other. This is known as the boundary-channel expansion which involves the boundary

operator dimensions and the BOE coefficients. On the other hand, the two-point function

can be expanded in another channel where both the operators are close to each other but

far from the boundary. This is known as the bulk-channel expansion and contains the bulk

spectrum and OPE coefficients. A detailed analysis of BCFTs in this context can be found

in [2]. The equality of the bulk- and boundary-channel results in a bootstrap equation for

the BCFT that can be used to study the bulk and boundary data. This was initiated in [3].

Bootstrap techniques for BCFT and ICFT were studied in [1]. See [4–11] for recent works on

BCFTs.

In perturbation theory where we have an expansion of the CFT data in terms of the

perturbative parameter, the computation involves many Feynman diagrams at higher loop

orders. One can simplify these computations by the bootstrap techniques to compute the

BCFT/ICFT data with some inputs from the Feynman diagrams for the bulk CFT. The

BCFT data in 4 − ε dimensions at the Wilson-Fisher (WF) fixed point was computed ana-

lytically upto O(ε) in [3] using conformal bootstrap methods. This was further studied upto

O(ε2) in [12] exploiting the analytic properties of the conformal blocks. One can also use

analytic functionals to study BCFTs [13, 14]. The approach in [12] makes use of the analytic

structure of the branch cuts in the bulk- and boundary-channel to extract the CFT data,

although it is more suited towards theories where only even or odd operators (w.r.t. the

scaling dimensions at O(ε0)) are present in the boundary-channel. We modify this method

such that it yields more constraints on the CFT data in theories where both even and odd

operators in the boundary-channel may appear.
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The method we present consists of two parts. First we study the bootstrap equation and

its analytic structure to constrain the CFT data. This is done completely without reference to

the Lagrangian. In the second part we make use of the Lagrangian description of the system,

in particular its equation of motion (e.o.m.), together with the BOE to further constrain the

CFT data. This is similar to the method in [15], which has also been applied to the Z2-

and O(N)-twist defect [16, 17], and more recently to BCFTs [18]. We find that in the free

theory of any unitary scalar CFT with a Lagrangian description, only the fundamental scalar

and its normal derivative may appear in the BOE. We proceed to consider a BCFT in 3− ε
dimensions as well as a BCFT and ICFT in 4 − ε dimensions, and expand in ε to find the

anomalous dimension for the boundary operators from the free theory.

The primary model we study is the CFT with an interface near four dimensions. We

focus on the two-point correlation function of bulk scalar operators. From the bootstrap

equation we impose constraints on the CFT data. We compute the correlator by resumming

this data. Then we impose the e.o.m. on the correlator to further constrain the CFT data.

The constraints we find are summarised in subsection 3.3. In the limit when one side of the

interface is free, we make contact with the RG domain wall [1]. Finally we explore the CFT

with a cubic interaction near six dimensions in the presence of a boundary subject to Dirichlet

or Neumann boundary conditions (b.c.’s), or an interface.

The paper is organised as follows. In section 2 we discuss the analytic structure of the

conformal blocks and how these can be used to analyze the bulk and boundary data. We

discuss the entire methodology that we use to constrain the CFT data with a discussion

on the similarities and differences with [12]. We also find a general expression for the bulk

OPE coefficients (2.18) in d dimensions at order εk in terms of the anomalous dimensions

as well as the OPE coefficients from the previous order in the expansion parameter. In

section 3 we study the bootstrap constraints on the two-point correlator of scalar operators

in 4 − ε dimensions in an ICFT with scalars on both sides of the interface, transforming in

the fundamental representation of O(N) × O(N). This is followed by further constraints on

the data from the e.o.m.. In section 4 we bootstrap the scalar correlator for φ3-theory in

6 − ε dimensions in a BCFT with Dirichlet/Neumann b.c.. Section 5 contains the study of

an ICFT in 6− ε dimensions. We conclude in section 6 with some open questions and future

directions. The appendices give the calculational details.

2 Analytic structure of the conformal blocks

In this section we discuss the analytic structure of the conformal blocks in a CFT with a

boundary. We consider a BCFT defined in a d-dimensional semi-infinite space

Rd+ = {x = (x‖, z) : x‖ ∈ Rd−1, z > 0} bounded by a flat (d − 1)-dimensional hypersurface

at z = 0. Due to the boundary at z = 0 the translational invariance along the z-direction is

broken whereas this invariance is preserved in the x‖-direction.

We will consider scalar theories with O(N)-symmetry, and assume that there are no

boundary effects that break this global symmetry (e.g. by an external field or terms quadratic
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in the fields on the boundary/interface action). If the O(N)-symmetry is explicitly broken,

which would yield non-zero one-point functions for the scalar, the problem is more com-

plex and requires more advanced methods [6, 19]. I.e. if the breaking is due to quadratic

boundary-terms, then the bulk one-point function is non-zero at the bulk critical point if

these interacting boundary conditions favour order at the boundary/interface.

The two-point correlation function of two bulk scalar operators φ with scaling dimension

∆φ is given by

〈φ(x)φ(y)〉 =
F (ξ)

|x− y|2∆φ
, (2.1)

where the cross-ratio ξ reads

ξ =
s2
‖ + (z − z′)2

4zz′
, sa‖ ≡ x

a
‖ − y

a
‖ , a ∈ {1, ..., d− 1} . (2.2)

The two-point function can be decomposed in the bulk- or boundary-channel

F (ξ) =
∑
∆≥0

λa∆Gope(∆; ξ) = ξ∆φ
∑
∆̂≥0

µ2
∆̂
Gboe(∆̂; ξ) , (2.3)

where the conformal blocks are given by [2]

Gope(∆; ξ) = ξ∆/2
2F1

(
∆
2 ,

∆
2 ; ∆ + 1− d

2 ;−ξ
)
,

Gboe(∆̂; ξ) = ξ−∆̂
2F1

(
∆̂, ∆̂ + 1− d

2 ; 2∆̂ + 2− d;−ξ−1
)
. (2.4)

In (2.3) the coefficients µ2
∆̂

are the BOE coefficients squared and λa∆ are the bulk OPE

coefficients times the one-point functions. The terms ∆ = 0 as well as ∆̂ = 0 represent the

contribution of bulk and boundary identity operators respectively.

Let us now look into the analytic structure of the bulk and boundary conformal blocks

Gope and Gboe. Both of the blocks in (2.4) have a branch cut at ξ < 0 that originates from

generic non-integer power of ξ. There is an additional branch cut at ξ < −1 in the bulk block

from the hypergeometric function with argument −ξ. The hypergeometric function in the

boundary block with argument −ξ−1 has a branch cut at ξ ∈ (−1, 0). This analytic structure

has some important consequences as discussed in [12]. Let us define the discontinuity of a

function f(ξ) as

disc
ξ
f(ξ) ≡ lim

α→0+
f(ξ + iα)− f(ξ − iα) . (2.5)

If we take the discontinuity of the bootstrap equation (2.3) at ξ < −1 the boundary blocks

with ∆̂ = d−2
2 + m ,m ∈ Z≥0 disappear from the equation (this holds for any d). These

boundary operators correspond to normal derivatives, ∂m⊥ φ̂, of a scalar with scaling dimension
d−2

2 . Also, by taking the discontinuity of (2.3) at −1 < ξ < 0 we can remove all the bulk
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Figure 1. Analytic structure of the hypergeometric function in Gboe (left) and Gope (right) in (2.4).

blocks with ∆ = d − 2 + 2n , n ∈ Z≥0. Such operators correspond to scalar double traces

φ∂2nφ of a scalar with dimension d−2
2 .

We can understand the convergence of the bootstrap equation (2.3) under this analytic

continuation using the radial coordinates introduced in [20] for defect CFTs. There will be

one radial coordinate for each bootstrap-channel. The one for the boundary-channel changes

sign under this analytic continuation, and is still within the region of convergence. On the

other hand, the radial coordinate in the bulk-channel approaches the boundary under this

analytic continuation. This means that we should tread carefully and explicitly check that

the bootstrap channels have the assumed branch cuts after resummation of the bulk OPE

coefficients [12].

The discontinuity of the bulk block at ξ < −1 for the bulk exchange of double-trace

operators of dimension ∆ = d− 2 + 2n can be expressed in terms of Jacobi polynomials (this

holds for any d)

disc
ξ<−1
Gope(d− 2 + 2n; ξ) = 2πi(−1)

d
2 ξn+ d

2
−1

Γ2n+ d
2
−1

Γ2
n Γ d

2

2F1

(
d

2
+ n− 1,

d

2
+ n− 1;

d

2
; ξ + 1

)

= −2πi(−1)n
Γ2n+ d

2
−1

Γn Γn−1+ d
2

P
( d
2
−1,0)

n−1

(
−ξ + 2

ξ

)
, (2.6)

where Γx ≡ Γ(x) is the shorthand notation for the Gamma function and we have used the

following identity

2F1(a, b, c, z) =
1

(1− z)a 2F1

(
a, c− b, c, z

z − 1

)
(2.7)

in going from the first line to the second line of (2.6). The Jacobi polynomials satisfy the

orthogonality relation∫ +1

−1
dy(1− y)

d
2
−1P

( d
2
−1,0)

m−1 (y)P
( d
2
−1,0)

n−1 (y) =
δmn

2(m− 1) + d
2

, (2.8)
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which holds for all m,n ∈ Z≥1.

Let us now look into the boundary blocks for the exchange operators of dimensions

∆̂ = d−2
2 + n. They satisfy the following orthogonality relation1∮

|w|=ε̃

dw

2πi
wn−m−1

2F1(1−m,−m− d−4
2 , 2(1−m),−w)2F1(n, n+ d−2

2 , 2n,−w) = δm,n , (2.9)

where ε̃� 1.

The boundary conformal blocks have another analytical property that under the trans-

formation ξ → e±πi(ξ + 1) they acquire a phase [12]2

Gboe(∆̂; e±πi(ξ + 1)) = e∓πi∆̂Gboe(∆̂; ξ) . (2.10)

In particular this means that for integer boundary dimensions ∆̂ = m

Gboe(m;−ξ − 1) = (−1)mGboe(m; ξ) . (2.11)

2.1 Methodology

In this subsection we discuss the general method adapted in this paper to extract the CFT

data in section 3, 4 and 5. Throughout this paper we assume there exist a fundamental

scalar, and that the exchanged operators are the scalar double traces φ∂2nφ in the bulk and

the normal derivatives ∂m⊥ φ̂ on the boundary. That is, in the free theory we have3

∆
(free)
n≥0 = 2(∆

(free)
φ + n) , ∆̂

(free)
m≥0 = ∆

(free)
φ +m , ∆

(free)
φ =

d− 2

2
. (2.12)

Moreover, we assume a two-point function and its corresponding CFT data is known (up to

a finite set of free parameters) at some order in the expansion parameter, say O(εk−1) for

some k ≥ 1.4 We will denote operators multiplying the εk-corrections of the OPE coefficients

as new operators. Their anomalous dimensions contribute at order O(εk+1). Thus at order

O(εk) it is enough to only consider their free scaling dimensions. If we assume these to be

the ones above (for high enough k this will generally not be true, and other operators will be

exchanged as well), then their corresponding blocks satisfy the technology discussed in the

previous subsection. Using the properties of new operators, the CFT data at O(εk) can be

found using our method.

1This can be found using an ansatz on the form wn−m−1
2F1(a1 + a2m,a3 + a4m,a5 + a6m,−w) for the

orthogonality weight function, where the coefficients ai , i ∈ {1, ..., 6}, can be found by studying the residue at

w = 0 for different values of m and n.
2This is the same as sending one of the external fields through the boundary z → −z.
3This assumption on the exchanged scaling dimensions is motivated from the block decomposition of a

generalized free scalar [3].
4E.g. in [3] the CFT data was fixed up to one free parameter at O(ε) (without using information of the

bulk theory as input).
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The method we present is two-fold. Firstly we use the bootstrap equation perturbatively

at each order in an expansion parameter to impose constraints on the CFT data.5 This is done

completely without reference to a Lagrangian. Secondly, if we have a Lagrangian description

of our system, we impose the e.o.m. on the correlator found from the bootstrap equation.

This allows us to further constrain the CFT data of the model.We will outline the essential

steps of the method below:

1. Finding constraints on the CFT data using the bootstrap method:

(a) Study the discontinuity of the bootstrap equation along ξ < −1, and assume

that the discontinuity commutes with the series’ of new operators. Due to the

analytical structure of the conformal blocks, this assumes that the contribution

from new operators in the bulk and boundary have a branch cut along ξ < −1

and ξ ∈ (−1, 0) respectively. The contributions from new bulk OPE coefficients

will be given in terms of the Jacobi polynomials (2.6). Using the orthogonality

relation (2.8) for these polynomials we are then able to project out the bulk OPE

coefficients. These will be given in terms of the anomalous dimensions of the

exchanged operators at the previous order in the expansion parameter.

(b) Resum the bulk-channel and find the contribution from new operators on the

boundary. As was discussed in the previous section, the resummed bulk-channel

should only have a branch cut along ξ < −1. Regarding the contribution from

new operators on the boundary, since we assumed that we could commute the

discontinuity with the series’ in step 1a, this contribution is not allowed to have

branch cuts along ξ < −1. This means that we should set such terms to zero,

which constrains the CFT data.

(c) If it is a BCFT, we can impose the b.c., e.g. Dirichlet or Neumann, to further

constrain the CFT data. In particular, for Neumann b.c.’s when we study the

boundary limit of ∂⊥φ there may be a pole in z which corresponds to the BOE

exchange of φ̂ which we cannot set to zero. Instead the z0-term should be set to

zero, which is the contribution from the boundary operator ∂⊥φ̂.

(d) We can project out BOE coefficients from the bootstrap equation using the or-

thogonality relation (2.9) for the boundary blocks.6

(e) The orthogonality relation in the previous step does not state which operators

should appear in the BOE. We thus have to resum the new boundary blocks and

check that it reproduces the original contribution.

Even and odd operators (w.r.t. the boundary scaling dimensions at the

lowest order in the expansion parameter) should be resummed separately. These

5Such parameter could e.g. be the deviation from the integer spacetime dimension ε � 1 or N−1 � 1 in

O(N)-models. The former will be considered in this paper.
6Alternatively, we may decompose the contribution from new boundary operators in conformal blocks.
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contributions are even or odd respectively under the transformation (2.11), which

allows us to find more constraints on the CFT data. Using these constraints, the

original contribution from new boundary blocks should equal the contributions

from both even and odd operators.

2. Finding constraints on the CFT data using the e.o.m.:

(a) Impose the e.o.m. on the correlator found from step 1. This further constrains the

CFT data. However, one has to be a bit careful since a problem with mixing may

occur at higher orders in the expansion parameter.

The ε-expansion of a BCFT in 4 − ε dimensions (with either Dirichlet or Neumann b.c.’s)

was bootstrapped (upto order O(ε2)) in [12]. The bootstrap method from that work differs

slightly from the one presented here. Step 1b and 1c were skipped completely, and only even

(Neumann) or odd (Dirichlet) operators were assumed to be exchanged in the BOE. This

means that we can use the transformation property (then called image symmetry) from step

1e to constrain the CFT data before finding the BOE coefficients in step 1d. This simplifies

the calculations, although one cannot do this for theories where both even and odd operators

appear. In this work we only consider such theories, where our method allows us to constrain

the CFT data further.

The bootstrap method presented in this paper reproduces the result from [12] for Neu-

mann b.c.’s. For Dirichlet b.c.’s, the transformation property in step 1e is trivially satisfied

and hence we do not find as many constraints on the CFT data. This means that the method

in [12] works better for theories where only even or odd operators appear, but not in the case

when both even and odd operators appear.

Since both the discontinuity of the bulk block (2.6) as well as the orthogonality relation

for the boundary block (2.9) hold in any spacetime dimension d, the method we present

is independent of this parameter. This means that it can also be applied to e.g. three-

dimensional theories where the scaling dimensions are half-integers at the lowest order in the

expansion parameter.

If there are infinitely many operators at the previous order in the expansion parameter,

we need to use the bulk and boundary anomalous dimensions as input and resum their

contribution before we can apply the method presented in this paper. In such case one also

has to solve a mixing problem.

2.2 Bulk OPE coefficients

Here we will perform step 1a of the method presented in the previous subsection. This can

be done generally for any spacetime dimension if we assume that the operators with scaling

dimensions (2.12) are exchanged upto O(εk). To illustrate this, assume that we know the

correlator and its corresponding CFT data at order εk−1 for some k ∈ Z≥1 (up to possibly

some free parameters).
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Scaling dimensions with a superscript (free) denotes the ones in (2.12) without anomalous

dimensions. If they do not have this subscript, their anomalous dimensions upto O(εk) is

included as well. We expand the OPE coefficients in the following way7

λa1 = λ̃a1 +O(εk+1) ,

µ2
1 = µ̃2

1 +O(εk+1) ,

λaφ2 = λ̃a0 +O(εk+1) ,

(2.13)

λaφ∂2nφ = λ̃an + εkλa(k)
n +O(εk+1) , if n ∈ Z[0,ñ] ,

λaφ∂2nφ = εkλa(k)
n +O(εk+1) , if n ∈ Z>ñ ,

µ2
∂m⊥ φ

= µ̃2
m + εkµ(k)

m +O(εk+1) , if m ∈ Z[0,m̃] ,

µ2
∂m⊥ φ

= εkµ(k)
m +O(εk+1) , if m ∈ Z>m̃ .

(2.14)

Here the CFT data with a tilde is that from order εk−1, and ñ, m̃ ∈ Z≥0 denotes the number of

exchanged operators at order εk−1. If infinitely many operators (m̃, ñ→ +∞) are exchanged

at order εk−1, we need to resum their contribution to the bootstrap equation before we can find

the OPE coefficients at order εk. This requires all of the corresponding anomalous dimensions

as input.

We will write the bootstrap equation in terms of new operators (these are included in Hb

and Hi)

F (ξ) = Gb(ξ) +Hb(ξ) +O(εk+1) = Gi(ξ) +Hi(ξ) +O(εk+1) , (2.15)

Gb = λ̃a1 +

ñ∑
n=0

λ̃anGope(∆n; ξ) , Hb = εk
∑
n≥1

λa(k)
n Gope(∆

(free)
n ; ξ) ,

Gi = µ̃2
1ξ

∆φ +
m̃∑
m=0

µ̃2
mξ

∆φGboe(∆̂m; ξ) , Hi = εk
∑
m≥0

µ(k)
m ξ∆

(free)
φ Gboe(∆̂

(free)
m ; ξ) ,

(2.16)

where ∆n and ∆̂m are the full scaling dimensions of φ∂2nφ and ∂m⊥ φ̂ respectively, including

their anomalous dimensions. Since the orthogonality relation (2.8) does not hold for the bulk

φ2-exchange, we let its corresponding block be in Gb. If we consider the discontinuity along

ξ < −1 (2.6), and assume that it commute with the series in Hb and Hi we find

discξ<−1Hb = εk
∑
n≥1

λa(k)
n discξ<−1Gope(∆

(free)
n ; ξ)

= −2πiεk
∑
n≥1

λa(k)
n (−1)n

Γ2n+ d
2
−1

Γn Γn+ d
2
−1

P
( d
2
−1,0)

n−1

(
−ξ + 2

ξ

)
,

discξ<−1Hi = εk
∑
m≥0

µ(k)
m discξ<−1Gboe(∆̂

(free)
m ; ξ) = 0 .

(2.17)

7In section 4 we find that near six dimensions we should assume a bulk φ-exchange (instead of φ2) due to

the e.o.m.. This will not affect the formula we find for the bulk OPE coefficients.
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Using the orthogonality relation (2.8), we find the bulk OPE coefficients as an integral using

the bootstrap equation (2.15)

λa(k)
n = −

ΓnΓn+ d
2
−1

πiεk2
d
2

+1(−1)nΓ2n+ d
2
−2

∫ +1

−1
dy (1− y)

d
2
−1P

( d
2
−1,0)

n−1 (y)discξ<−1(Gi −Gb)
∣∣∣∣
ξ=− 2

y+1

.

(2.18)

This formula holds for any spacetime dimension assuming the exchanged operators are φ∂2nφ

and ∂m⊥ φ̂. Gi − Gb is the theory-dependent part. The rest of the formula is universal. The

special case of this formula when d = 4 was studied in [12] at order ε2.

3 An interface CFT in 4− ε dimensions

In this section we will consider a flat conformal interface spanned along Rd−1 in a CFT in

flat space Rd with a φ4 bulk interaction in d = 4 − ε dimensions, and study the expansion

in ε. Let us place the interface at the coordinate z = 0. The ICFT we consider has an

O(N)×O(N) global symmetry which comes from two scalars φi± , i ∈ {1, ..., N}, transforming

in the fundamental representation of O(N), defined on each side of the interface:

Rd+ = {(x‖, z) : x‖ ∈ Rd−1, z > 0} and Rd− = {(x‖, z) : x‖ ∈ Rd−1, z < 0}. On the interface we

identify the scalars and their normal derivatives with each other8

φ̂i− = φ̂i+ ≡ φ̂i , ∂⊥φ̂
i
− = ∂⊥φ̂

i
+ ≡ ∂⊥φ̂i . (3.1)

Hatted operators are local fields on the interface that appear in the BOE/IOE of bulk fields.

Even in the free theory there may be poles in these expansions coming from the interface

limit, see e.g. [4] for a discussion on how the BOE describes mixing of renormalized fields in

the boundary limit.

Above b.c. was also considered in [21], and it reproduces the correlators from [1] upto

O(ε) when one side of the interface is free. Interfaces with different b.c.’s were studied in

[22–26]. In particular, they considered either Dirichlet or Neumann b.c.’s on each side of the

interface (which were allowed to be different on the two sides of the interface). Since the b.c.’s

determine the correlators, we can use them to classify the interface. This means that in this

paper we consider another interface, and thus we expect the CFT data we find to differ from

their results.

The folding trick ”converts” an ICFT to a BCFT simply by shifting z → −z in φ̂i− [27]

φ̂i−(x‖,−z)− φ̂i+(x‖, z) = 0 , ∂⊥φ̂
i
−(x‖,−z) + ∂⊥φ̂

i
+(x‖, z) = 0 . (3.2)

These are Neumann (”+”) and Dirichlet (”−”) b.c.’s for the linear combinations φ̂i+ ± φ̂i−.

Let us define a scalar in the representation (N × 1)⊕ (1×N) of O(N)×O(N)

Φi
α(x‖, z) = φi−(x‖,−z)δα− + φi+(x‖, z)δα+ , α = ± ⇔ ~Φ =

(
~φ−
~φ+

)
, (3.3)

8See appendix A for details regarding this b.c.
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and also define projectors Π± that project out the linear combinations that satisfy Dirichlet

and Neumann b.c.’s

(Π±)ijαβ =
δij

2

(
1 ±1

±1 1

)
αβ

, Π±~Φ =

(
~φ− ± ~φ+

±~φ− + ~φ+

)
. (3.4)

We find the two-point correlator of Φi
α in the free theory using the method of images〈

Φi
α(x‖, z)Φ

j
β(y‖, z

′)
〉

=
〈

Φi
α(x‖, z)Φ

j
β(y‖, z

′)
〉
H

+

+ χjkβγ

〈
Φi
α(x‖, z)Φ

k
γ(y‖,−z′)

〉
H
,〈

Φi
α(x‖, z)Φ

j
β(y‖, z

′)
〉
H

=
δijδαβ[

(x‖ − y‖)2 + (z − z′)2
](∆α+∆β)/2

.

(3.5)

Here ∆α is the scaling dimension of φiα, the subscript H denotes that it is the correlator in

a homogeneous CFT, and χijαβ is the difference between the projectors, i.e. the difference

between fields satisfying Neumann and Dirichlet b.c.’s

χijαβ = (Π+)ijαβ − (Π−)ijαβ = δij

(
0 1

1 0

)
αβ

. (3.6)

The correlator (3.5) can be written in terms of the cross-ratio ξ in (2.1)〈
Φi
α(x)Φj

β(y)
〉

=
δijFαβ(υ)

|x− y|∆α+∆β
, Fαβ(υ) =

(
1 υ∆α+∆β

υ∆α+∆β 1

)
αβ

, (3.7)

where υ is defined as

υ2 =
ξ

ξ + 1
. (3.8)

The two-point functions in a BCFT with Neumann or Dirichlet b.c.’s are superpositions of

these ICFT correlators: F±BCFT = F++ ± F+−.9 Note that F±± corresponds to the φ± − φ±
two-point functions with fields on the same side of the interface, and that F+− = F−+

corresponds to the φ+− φ− two-point functions with fields on opposite sides of the interface.

Since φ+ and φ− are on different sides of the interface, there is no well defined bulk OPE

between them. This means that F+− does not have a well-defined bulk-channel, but only a

boundary-channel decomposition. Only F±± satisfy the bootstrap equation (2.3).

Expressed in terms of x and y, this correlator is on the same form (|x− y|−(∆α+∆β)) as

a two-point correlator in a homogeneous CFT, which is a consequence of the b.c.’s 3.1. At

higher orders in the expansion parameter it will differ though.

We will specialize to the case when the two external operators are the fundamental scalar

∆+ = ∆− = ∆
(free)
φ =

d− 2

2
. (3.9)

9Using the results of this paper and [12], one can check that this holds upto O(ε2).
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The free theory decomposition is then

λa1 = 1 , λa∆ = 0 ,

µ2
1 = 0 , µ2

∆̂
= δ∆̂,∆φ

+
∆φ

2
δ∆̂,∆φ+1 ,

(µ2
1)± = 0 , (µ2

∆̂
)± = δ∆̂,∆φ

−
∆φ

2
δ∆̂,∆φ+1 .

(3.10)

The interface operators with scaling dimensions ∆φ and ∆φ + 1 correspond to φ̂ and ∂⊥φ̂

respectively. We labelled the IOE coefficients from F+− with a ”±” subscript.

3.1 Constraints from the bootstrap equation

In this subsection we will find constraints on the CFT data by solving the bootstrap equation

(2.3) in d = 4− ε dimensions. We will consider (φ4-)interactions only in the bulk, and assume

that they are the same on both sides of the interface. This means that F++ is the same as

F−− at all orders in perturbation theory. We will assume that the coupling constants are

proportional to ε at their RG fixed point.

We begin by expanding the CFT data in ε

∆φ = ∆
(free)
φ + εγ

(1)
φ + ε2γ

(2)
φ +O(ε3) , (3.11)

∆n≥0 = 2(∆
(free)
φ + n) + εγ(1)

n + ε2γ(2)
n +O(ε3) ,

∆̂m≥2 = ∆
(free)
φ +m+ εγ̂(1)

m + ε2γ̂(2)
m +O(ε3) ,

(3.12)

λa1 = 1 , λa∆n = ελa(1)
n + ε2λa(2)

n +O(ε3) ,

µ2
1 = 0 , µ2

∆̂m
= δm0 +

∆
(free)
φ

2
δm1 + εµ(1)

m + ε2µ(2)
m +O(ε3) .

(3.13)

Here ∆
(free)
φ is given by (3.9). One can bootstrap the order ε terms by expanding in ξ around

zero which allows us to fix the CFT data up to two parameters α and β

γ
(1)
φ = 0 , γ̂

(1)
1 = γ̂

(1)
0 = −α ,

λa(1)
n = (α+ β)δn,0 +

α

2
δn,1 , µ(1)

m = βδm,0 +
α− β

2
δm,1 .

(3.14)

These constraints are similar to those found when bootstrapping a BCFT correlator at order

ε [3], with one major difference: in this case α is not related to any of the bulk anomalous

dimensions, i.e. we cannot use bulk CFT data as input to find the OPE coefficients and the

anomalous dimensions of boundary fields. Moreover there is one more free parameter in the

ICFT case.

Let us proceed with bootstrapping the correlator at order ε2 using the method described in

section 2.10 The boundary conformal blocks Gboe(∆̂0, ξ) and Gboe(∆̂1, ξ) cannot be expanded

10We cannot naively expand in ξ since only the interface-channel will then contain log(ξ)2-terms.
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using the Mathematica package HypExp [28] since it only expands hypergeometric functions

with parameters linear terms in ε. However, the same algorithm can still be used.11

Let us write the bootstrap equation in the following way

F±±(ξ) = Gb(ξ) +Hb(ξ) +O(ε3) = Gi(ξ) +Hi(ξ) +O(ε3) , (3.15)

where Hb and Hi contain the contributions from new operators

Gb(ξ) = 1 +
(
ε(α+ β) + ε2λa

(2)
0

)
Gope(∆0; ξ) +

εα

2
Gope(∆1; ξ) ,

Gi(ξ) = (1 + εβ)ξ∆φGboe(∆̂0; ξ) +
∆

(free)
φ + ε(α− β)

2
ξ∆φGboe(∆̂1; ξ) ,

Hb(ξ) = ε2
∑
n≥1

λa(2)
n Gope(2(n+ 1); ξ) ,

Hi(ξ) = ε2
∑
m≥0

µ(2)
m ξ Gboe(m+ 1; ξ) .

(3.16)

We included the λa
(2)
0 -term in Gb for a technical reason: the corresponding conformal block

Gope(2; ξ) has no branch cut along ξ < −1. Gb and Gi have branch cuts along the entire

negative axis ξ < 0 due to the non-integer powers of ξ, while the summand of Hb has a

branch cut along ξ < −1 and the summand of Hi has a branch cut along ξ ∈ (−1, 0). The

branch cuts in Hb and Hi follow from the hypergeometric functions in the conformal blocks

(2.3) (see figure 1). We will consider the discontinuity (2.6) at ξ < −1, and assume that it

commutes with the series’ in Hb and Hi (2.17). We can then use the orthogonality relation

(2.8) to project out the bulk OPE coefficients (2.18)

λa(2)
n =

ΓnΓn+2

4πi(−1)nΓ2n+1

∫ +1

−1
dy(1− y)P

(1,0)
n−1 (y) disc

ξ<−1
[Gi(ξ)−Gb(ξ)]

∣∣∣∣
ξ=− 2

y+1

=
(−1)n(n!)2

(2n)!

∫ +1

−1
dyP

(1,0)
n−1 (y)

{
A1 + (1− y)

[
A2 +A3 log

(
2

1 + y

)
+A4 log

(
1− y
1 + y

)]}
,

A1 = −2αβ − (α+ β)γ
(1)
0 + αγ

(1)
1 − γ̂(2)

0 + γ̂
(2)
1

2
,

A2 = −
α(1− 6γ

(1)
1 ) + 4γ

(2)
φ − 2(γ̂

(2)
0 + γ̂

(2)
1 )

8
,

A3 = −αγ
(1)
1

4
,

A4 = −α(2α− γ(1)
1 )

4
.

(3.17)

11We explain this algorithm and write out the expansions for the boundary blocks in appendix B.
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These integrals can be computed to give

λa
(2)
1 = −

(
A1 +A2 +

3

2
A3 +A4

)
,

λa
(2)
n≥2 =

2(n!)2

(2n)!

(
(−1)nA1

n
− 2A3

n2 − 1
− 2A4

n(n− (−1)n)

)
.

(3.18)

We can now proceed to resum the bulk-channel using the procedure in appendix C.1

Hb = −ε2
(

ξ

ξ + 1

(
A1 log(ξ + 1)− 2(A2 +A3)

)
− 2A3Li2(−ξ) + 2A2 log(ξ + 1) +A4 log(ξ + 1)2

)
.

As we can see, Hb has a branch cut along ξ < −1 and none along ξ ∈ (−1, 0), which coincides

with our assumptions when we commuted the discontinuity with the series in Hb, see (2.17).

The Hi we find from the bootstrap equation (3.15) contains terms with a branch cut

along ξ < −1

Hi 3 α
γ

(1)
1 − 1

2

(
log(ξ + 1)

(
log

(
ξ

ξ + 1

)
+

log(ξ + 1)

2

)
+ Li2(−ξ)

)
. (3.19)

These terms are not allowed since we assumed in (2.17) that it only has a branch cut along

ξ ∈ (−1, 0). If we demand these problematic terms to vanish we find

αγ
(1)
1 = α . (3.20)

That is, either α = 0 or γ
(1)
1 = 1. The latter is indeed the correct anomalous dimension of

φj∂2φj [29]. We will assume (3.20) for generality, and remarkably this removes the dependence

of γ
(1)
1 in the bootstrap equation. With this constraint at hand, we can project out the IOE

coefficients using the orthogonality relation (2.9)

µ(2)
m =

∮
|w|=ε̃

dw

2πi
2F1(1−m,−m, 2(1−m),−w)

wm+1

(
B1

w + 1
+

wB2

w + 1
+

+

(
B3 +

B4

w + 1

)
log(w + 1) +B5

[
log(w + 1)2 + 2Li2(−w)

])
.

(3.21)

B1 = −
2γ

(2)
φ − γ̂

(2)
0 − γ̂(2)

1 − 2λa
(2)
0

2
, B2 = −(2α− β)(1− 2α) + 2γ̂

(2)
1

4
,

B3 = γ
(2)
φ , B4 =

α(1 + 2β)− (α+ β)γ
(1)
0 − γ̂(2)

0 + γ̂
(2)
1

2
, B5 = −α(1− 2α)

4
.

(3.22)

These integrals can be performed which result in the following

µ
(2)
0 = B1 ,

µ
(2)
1 = −B1 +B2 +B3 +B4 − 2B5 ,

µ
(2)
m≥2 =

(m− 2)!

22m−3(3/2)m−2

(
B3 − (−1)mB4 −

2(−1)mB5

m(m− 1)

)
,

(3.23)
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where (a)b = Γ(a+b)
Γ(b) is the Pochhammer symbol. We can proceed to resum even and odd

operators separately using the procedure explained in appendix C.2. This yields two functions:

H+
i and H−i which corresponds to even and odd boundary operators respectively. Both of

these satisfy the transformation property (2.11) on their own

Hi(ξ) = H+
i (ξ) +H−i (ξ) ,

H±i
ξ

∣∣∣∣
ξ→−(ξ+1)

= ±
H±i
ξ

. (3.24)

This property is trivially satisfied for even operators (H+
i ) while it yields a constraint on the

CFT data for odd operators (H−i )

B1 = 0 . (3.25)

This constraint together with (3.18), (3.20) and (3.23) are the constraints we find from the

bootstrap equation (2.3). They allow us to express all of the OPE coefficients in terms of the

anomalous dimensions and the free parameters α and β.

3.2 Constraints from the equation of motion

Let us now apply the e.o.m. to the BOE (or IOE), and study how we can constrain the CFT

data from the previous subsection further. We will prove that only φ̂ and ∂⊥φ̂ may appear in

a free scalar theory of any unitary BCFT with a Lagrangian description. At O(ε) we find the

anomalous dimensions of these operators. We will not explore beyond O(ε) in this section

due to mixing that will occur at O(ε2). This is done in a similar way as in [18].

The method we present is quite general, so we will not only do it for the ICFT we are

considering, but also for a BCFT near four and three dimensions satisfying either Neumann

or Dirichlet b.c.’s. See table 1 for our final result on the anomalous dimensions. We were not

able to constrain the anomalous dimensions in the φ3-theory near six dimensions in this way.

The BOE of φ is given by [30]

φi(x) =
∑
Ô

∑
m≥0

µ∆̂a∆̂,m

|z|∆φ−∆̂−2m
∂2m
‖ Ôi(x‖) , a∆̂m =

(−1)m

4mm!
(

∆̂− d−3
2

)
m

. (3.26)

Here the BOE coefficients µφ
i

Ôj ≡ µ∆̂δ
ij are to be treated as O(N)-matrices, which we have

assumed to be proportional to the identity. The BOE yields the following two-point function

〈φi(x)φ̂j(y)〉 = δijµ∆̂

∑
m≥0

a∆̂m

|z|∆φ−∆̂−2m
∂2m
‖

Ad

|s‖|2∆̂
,

Ad =
1

(d− 2)Sd
, Sd =

2πd/2

Γd/2
,

(3.27)

where Sd is the area of a (d− 1)-dimensional sphere. We assumed the boundary fields live in

an orthogonal basis

〈Ôi1(x‖)Ô
j
2(y‖)〉 =

Ad

|s‖|2∆̂
δ
Ôi1Ô

j
2
. (3.28)
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The e.o.m. is found by varying the action w.r.t. φ, where we assume the bulk to have a sextic

interaction near three dimensions and a quartic near four dimensions [29, 31]

∂2φi = λnφ
an−2φi , λn =

8π2ε

3N + 22
δn,3 +

8π2ε

N + 8
δn,4 , an = 6δn,3 + 4δn,4 . (3.29)

Here n denotes the integer part of the spacetime dimension, λn is the WF coupling constant

at the RG fixed point and φan−2 is a composite operator. By dimensional analysis of the

corresponding Lagrangian, ∆
(free)
φ is given by (3.9). If we let the derivatives on the LHS of

the e.o.m. act on the correlator (3.27)

LHS = 〈∂2φi(x)φj(y)〉 = ∂2
x‖
〈φi(x)φj(y)〉+ ∂2

z 〈φi(x)φj(y)〉

= δijµ∆̂

∑
m≥0

a∆̂,m−1 + c∆̂,ma∆̂,m

|z|∆φ−∆̂−2m+2
∂2m
‖

1

|s‖|2∆̂
,

c∆̂,m = (∆φ − ∆̂− 2m)(∆φ − ∆̂− 2m+ 1) .

(3.30)

The summand can be simplified to

a∆̂,m−1 + c∆̂,ma∆̂,m =
(∆φ − ∆̂)2 + (∆φ − ∆̂) + 2m [d− 2(∆φ + 1)]

(−4)mm!

Γ∆̂−(d−3)/2

Γm+∆̂−(d−3)/2

. (3.31)

We can choose a renormalization scheme such that the one-point function of 〈φ2〉 is the finite

part of the coincident limit of 〈φ(x)φ(y)〉. We assume it to be given by

〈φ2(x)〉 =
κ±n
|z|2∆φ

+O(λn) . (3.32)

The coefficient κ±n can be found in table 1 for different models. The RHS of the e.o.m. (3.29)

acting on the correlator (3.27) is found using Wick’s theorem

RHS = 〈λnφan−2φi(x)φj(y)〉 = δijλnσn〈φ2(x)〉an−2〈φ(x)φ(y)〉

= δijµ∆̂

∑
m≥0

(
a∆̂,m

λnσn(κ±n )an−2

|z|∆φ−∆̂−2m+2
∂2m
‖

Ad

|s‖|2∆̂
+O(λ2

n, λnε)

)
,

σn = (N + 4)(N + 2)δn,3 + (N + 2)δn,4 .

(3.33)

Here σn is the symmetry factor from Wick’s theorem. We can compare this to the LHS (3.30)

to find an equation for the scaling dimensions that holds for all m ∈ Z≥0 up to order ε

a∆̂,m−1 + c∆̂,ma∆̂,m = a∆̂,mλnσn(κ±n )an−2 . (3.34)

Let us first solve this equation for the free theory when the LHS is zero on its own. Then

either the Γ-functions are zero or the numerator is zero in equation (3.31). The Γ-functions

are zero when ∆̂ = ∆
(free)
φ − (m+ k) ,m+ k ≥ 1 ,m, k ∈ Z≥0. However, these solutions are

not valid if the CFT on the boundary is unitary.
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Type of defect: n κ±n (γ±n )(1)

Boundary 3
(
±A3

2

)2
= 1

64π2 ∓ (N+4)(N+2)
8(3N+22)

Boundary 4 ±A4
2 = ± 1

16π2 − N+2
2(N+8)

Interface 4 0 0

Table 1. The table shows the one-point functions of φ2 and anomalous dimensions in different models:

n denotes the integer part of the spacetime dimension, and the subscript ”±” only applies to BCFTs

where ”+” means Neumann b.c., and ”−” means Dirichlet.

The numerator on the other hand is zero when

∆̂
(free)
+ = ∆

(free)
φ , or , ∆̂

(free)
− = ∆

(free)
φ + 1 . (3.35)

These are the scaling dimensions of φ̂ and ∂⊥φ̂. In a BCFT they correspond to Neumann or

Dirichlet b.c.’s respectively. This proves that these are the only operators that can appear

in the BOE of φ in the free theory. Note that this result is independent of the spacetime

dimension and also applies to ICFTs. This result is not new in itself, and has been found

prior to this work in [1, 18].

In the interacting theory, we expand the scaling dimensions in ε, using as input from the

bulk theory that the fundamental scalar in the bulk has no anomalous dimension at this order

∆φ = ∆
(free)
φ +O(ε2) ,

∆̂± = ∆̂
(free)
± + ε(γ±n )(1) +O(ε2) .

(3.36)

The e.o.m. (3.34) has one solution that holds for any m

(γ±n )(1) = ∓λnσn(κ±n )an−2

ε
. (3.37)

We list the anomalous dimensions for different models in table 1. The BCFT results near

three and four dimensions match with the existing literature [32–36].

Of particular interest for us, the anomalous dimensions of φ̂ and ∂⊥φ̂ in the ICFT that

was considered in the previous section are both zero.12 Thus from (3.14) we can deduce that

α = 0 . (3.38)

This is the last constraint we find on the CFT data in the ICFT we are considering.

Let us remind the reader that we consider another interface than those studied in [22–26],

where the anomalous dimensions of φ̂ and ∂⊥φ̂ are not zero.

12One can also see this by letting the e.o.m. act on the resummed correlator at order ε.
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3.3 CFT data at order ε2

In this subsection we summarize the CFT data related to the interface

λa0 = εβ + ε2
2γ

(2)
φ − γ̂

(2)
0 − γ̂(2)

1

2
+O(ε3) ,

λa1 = −ε2
2βγ

(1)
0 − 2γ

(2)
φ + 3γ̂

(2)
0 − γ̂(2)

1

4
+O(ε3) ,

λan≥2 = ε2
(−1)n(n!)2

(2n)!

βγ
(1)
0 + γ̂

(2)
0 − γ̂(2)

1

n
+O(ε3) ,

(3.39)

µ2
0 = 1 +O(ε3) ,

µ2
1 =

∆
(free)
φ

2
+ ε2

β
(

1− 2γ
(1)
0

)
+ 4γ

(2)
φ − 2γ̂

(2)
0

4
+O(ε3) ,

µ2
m≥2 = ε2

(m− 2)!

(3/2)m−2

2γ
(2)
φ + (−1)m

(
βγ

(1)
0 + γ̂

(2)
0 − γ̂(2)

1

)
4m−1

+O(ε3) .

(3.40)

The full correlator expressed in the anomalous dimensions is given by

F±±(ξ) = 1 + εβ
ξ

ξ + 1
− ε2

2

(
β(1− γ(1)

0 )
ξ

ξ + 1
log(ξ)+

−
(

(2γ
(2)
φ − γ̂

(2)
0 − γ̂(2)

1 ) + (β(1− γ(1)
0 )− γ̂(2)

0 + γ̂
(2)
1 )

ξ

ξ + 1

)
log(ξ + 1)

)
+O(ε3) .

We can resum the correlator in ε to find

〈φi±(x)φj±(y)〉 = δij

(
(ξ + 1)γφ−(γ̂0+γ̂1)/2

|x− y|2∆φ
+ εβ

(ξ + 1)(γ̂1−γ̂0)/2β

|x̃− y|2∆φ

(
ξ

ξ + 1

)γ0/2−γφ)
+O(ε3) .

(3.41)

Here ∆φ is the full scaling dimension of φ (with the anomalous dimensions included), γφ, γ0, γ̂0

as well as γ̂1 are the full anomalous dimensions (to all orders of ε), and x̃ = x|z→−z is the

image point of x. Note that this correlator does not satisfy the image symmetry

(z, z′) → (−z,−z′). To our knowledge the anomalous dimensions of the interface fields are

not known. The anomalous dimensions of φ and φ2 are known [29] and can be used as input

from the bulk theory

γ0 =
N + 2

N + 8
ε+O(ε2) , γφ =

N + 2

4(N + 8)2
ε2 +O(ε3) . (3.42)
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3.4 The renormalization group domain wall

Let us now specialize to the case when one side of the interface is free, say the side with φ−
at z < 0. This model was studied in [1]. Since the interface fields are limits of the free fields

in the bulk at z < 0 (as seen from the b.c.’s (3.1)), they are all protected. This means that

we can retrieve the full φ+−φ+ correlator as well as the OPE coefficients from (3.39), (3.40)

and (3.41) by setting the interface anomalous dimensions to zero13

γ̂m = 0 ∀ m ∈ Z≥0 . (3.43)

This yields the correlator

〈φi+(x)φj+(y)〉 = δij

(
(ξ + 1)γφ

|x− y|2∆φ
+

εβ

|x̃− y|2∆φ

(
ξ

ξ + 1

)γ0/2−γφ)
+O(ε3) . (3.44)

We find 〈φi−φ
j
−〉 from 〈φi+φ

j
+〉 by setting the bulk anomalous dimensions to zero

γφ = 0 ⇒ 〈φi−φ
j
−〉 = δij

(
1

|x− y|2∆
(free)
φ

+
εβ

|x̃− y|2∆
(free)
φ

)
+O(ε3) . (3.45)

Note that even though both the bulk and the boundary operators are protected, this correlator

still differs from that in a homogeneous CFT.

4 A boundary CFT in 6− ε dimensions

In this section we study the φ3-theory in d = 6− ε dimensions close to a boundary. The bulk

theory is called the Landau-Ginzburg model and it describes the distribution of ”Yang-Lee

zeros” (the zeros of the partition function) on the imaginary magnetic field axis in ferromag-

nets above the critical temperature [37]. The model is not unitary so the OPE coefficients do

not need to be real-valued.

This model was considered in the presence of a boundary [38], and a generalization of it

with a tensorial coupling constant and N -vector fields was studied in [39, 40]. It describes the

continuum limit of the (N + 1)-state Potts model, where N → 0 corresponds to percolation,

and N = 1 describes an extended Ising model. The case of N = 1 belongs to another

universality class than N ≥ 2, and thus our result may differ from those in [39, 40].

We consider the two-point function (2.1) of the fundamental scalar φ of dimension ∆φ,

and bootstrap this correlator upto O(ε). This two-point function in the free theory reads

F±(ξ) = 1±
(

ξ

ξ + 1

)∆
(free)
φ

, ∆
(free)
φ =

d− 2

2
. (4.1)

Here ”+” and ”−” represent Neumann and Dirichlet b.c.’s respectively

∂⊥φ̂ = 0 , (4.2)

13We checked this result using the same bootstrap procedure as in section 3.1.
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φ̂ = 0 . (4.3)

The φ2-operator is a descendant of φ in the interacting theory, which can be seen from the

e.o.m. ∂2φ ∼ φ2. This means that the operator φ appears in the bulk OPE of φ×φ instead of

φ2 (this is a consequence of breaking Z2-symmetry). The bulk conformal block corresponding

to the exchange of φ contains a simple pole in ε. This singularity is compensated by including

the anomalous dimension of φ already in the free theory. The decomposition is

λa1 = 1 , λa±∆ = ∓εγ(1)
φ δ∆,∆φ

,

µ2
1 = 0 , (µ±

∆̂
)2 = (1± 1)δ

∆̂,∆
(free)
φ

+ (1∓ 1)
∆

(free)
φ

2
δ

∆̂,∆
(free)
φ +1

,

(4.4)

where γ
(1)
φ is the anomalous dimension of φ at order ε. This block decomposition indicates that

only the bulk identity and φ contribute in the bulk-channel whereas only φ̂ or ∂⊥φ̂ contributes

in the boundary-channel with Neumann or Dirichlet b.c. respectively. This agrees with the

results from section 3.2 even though this theory is non-unitary.

We will now use the bootstrap equation (2.3) to constrain the CFT data at higher orders

in ε. The CFT data admits an expansion in
√
ε. One can check (either by expanding in ξ,

or by using the method presented in this paper), that all of the CFT data in the bootstrap

equation is zero at order
√
ε. We will thus expand the CFT data as

∆φ = ∆
(free)
φ + εγ

(1)
φ +O(ε3/2) ,

∆n≥1 = 2
(

∆
(free)
φ + n

)
+ εγ(1)

n +O(ε3/2) ,

∆̂m≥2 ≡ ∆∂m⊥ φ̂
= ∆

(free)
φ +m+ εγ̂(1)

m +O(ε3/2) ,

(4.5)

λa1 = 1 ,

λa±φ = ∓εγφδ∆,∆φ
+ ε2(λa

(2)
φ )± +O(ε5/2) ,

λa±∆n
= ε(λa(1)

n )± +O(ε3/2) ,

(4.6)

µ2
1 = 0 ,

µ2
∆̂m

= (1± 1)δm,0 + (1∓ 1)
∆

(free)
φ

2
δm,1 + ε(µ(1)

m )± +O(ε3/2) .
(4.7)

Let us write the bootstrap equation at order ε as

G±b (ξ) +H±b (ξ) +O(ε3/2) = G±i (ξ) +H±i (ξ) +O(ε3/2) , (4.8)
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where Hb and Hi correspond to new operators

G±b (ξ) =
(
∓εγ(1)

φ δ∆,∆φ
+ ε2(λa

(2)
φ )±

)
Gope(∆φ; ξ) ,

G±i (ξ) = (1± 1)Gboe(∆̂0; ξ) + (1∓ 1)
∆

(free)
φ

2
Gboe(∆̂1; ξ) ,

H±b (ξ) = ε
∑
n≥1

(λa(1)
n )±Gope(2(n+ 1); ξ) ,

H±i (ξ) = ε
∑
m≥0

(µ(1)
m )±Gboe(m+ 1; ξ) .

(4.9)

We included the bulk φ-exchange in Gb since its conformal block does not have a branch cut

along ξ < −1.

Now take the discontinuity (2.6) around ξ < −1, and assume that it commutes with the

series’ in Hb and Hi (2.17). We proceed to project out the bulk OPE coefficients (2.18) using

the orthogonality relation (2.8) of the Jacobi polynomials

(λa(1)
n )± =

(−1)n(n− 1)!(n+ 1)!

(2n)!

∫ +1

−1
dyP

(2,0)
n−1 (y)

(
A±1 +A±2 (1− y)2

)
,

A±1 =
±(1− 2γ

(1)
φ ) + 2(1± 1)γ̂

(1)
0 − 2(1∓ 1)γ̂

(1)
1

8
,

A±2 = −
2γ

(1)
φ − (1± 1)γ̂

(1)
0 − (1∓ 1)γ̂

(1)
1

16
.

(4.10)

Performing the integral over y yields

(λa
(1)
1 )± = −2A±1 −

8

3
A±2 , (λa

(1)
n≥2)± = 2

(−1)n(n− 1)!(n+ 1)!

(2n)!
A±1 . (4.11)

The bulk-channel is resummed using the integral representation (B.1)

H±b = −ε

(
ξ

ξ + 1

(
6A±1 +

(
5A±1 +

8

3
A±2

)
ξ

ξ + 1

)
−

(
6A±1 − 2A±2

(
ξ

ξ + 1

)2
)

log(ξ + 1)

)
.

With this we can find the full correlator. If we impose Neumann or Dirichlet b.c.’s we also

get rid of unwanted branch cuts along ξ ∈ (−1, 0) in H±i from the bootstrap equation (4.8)14

(λa
(2)
φ )+ = −17

32
γ

(1)
φ (1 + 2γ

(1)
φ ) , γ̂

(1)
0 = − 3

16
+

5

8
γ

(1)
φ ,

(λa
(2)
φ )− = −

γ
(1)
φ (1 + 2γ

(1)
φ )

16
, γ̂

(1)
1 = −3

2
+
γ

(1)
φ

4
.

(4.12)

14For Neumann b.c.’s, there is a simple pole in z in the boundary limit of ∂⊥φ, which corresponds to the

expected exchange of φ̂ in the BOE. This term do not need to be zero. Only the z0-term corresponding to the

exchange of ∂⊥φ̂ should be set to zero.

– 21 –



We project out the BOE coefficients from H±i using the orthogonality relation (2.9)

(µ(1)
m )± =

∮
|w|=ε̃

dw

2πi
2F1(−1−m, 1−m, 2(1−m),−w)

wm+1

(
B±1 +B±2

w

w + 1
+

+B±3

(
w

w + 1

)2

+

(
B±4 +B±5

w

w + 1
+B±6

(
w

w + 1

)2
)

log(w + 1)

)
.

(4.13)

B+
1 = −1

4
−
γ

(1)
φ

2
, B+

2 =
5

16
− 3

8
γ

(1)
φ , B+

3 = −1

4
+

3

2
γ

(1)
φ ,

B+
4 = − 1

16
+

7

8
γ

(1)
φ , B+

5 =
1

8
+
γ

(1)
φ

4
, B+

6 = − 1

16
−
γ

(1)
φ

8
,

(4.14)

B−1 = 0 , B−2 = 0 , B−3 =
3

16
−
γ

(1)
φ

8
,

B−4 = −1

8
+

3

4
γ

(1)
φ , B−5 =

1

4
+
γ

(1)
φ

2
, B−6 = −1

8
−
γ

(1)
φ

4
,

(4.15)

Calculating the residues gives us the BOE coefficients

(µ
(1)
0 )± = B±1 ,

(µ
(1)
1 )− = B−2 +B−4 ,

(µ
(1)
2 )± =

B±2
2

+B±3 +B±4 +B±5 ,

(4.16)

(µ
(1)
m≥3)± =

√
πΓm−2

Γm−1/2

(m− 2)(m+ 1)B±4 + (m(m− 1)− 1− (−1)m)B±5 +m(m− 1)(1− (−1)m)B±6
4m−1

.

We have to be a bit careful as ∂⊥φ̂ (corresponding to µ+
1 ) does not appear for Neumann

b.c.’s (even though its coefficient seems to be non-zero from the calculations).15 One can

see that this block should not appear by resumming the boundary-channel,16 and comparing

the result with the H+
i found from the bootstrap equation (4.8). While resumming the

boundary-channel we find that the property (2.11) is trivially satisfied for both even and odd

operators.

The BOE coefficients above, together with the bulk OPE coefficients and boundary

anomalous dimensions at (4.11) and (4.12) are the constraints on the CFT data found from

the bootstrap equation. They are all expressed in terms of one parameter: the anomalous

dimension of the external field φ. We were not able to implement the e.o.m. in such a way

that we could find this parameter. Hence we will use it as an input [41, 42]17

γ
(1)
φ = − 1

18
⇒ (λa

(1)
1 )± = 0 . (4.17)

15Physically the normal derivative is forbidden due to the Neumann b.c. (4.2).
16We resum even and odd parts separately using the procedure in appendix C.2.
17Note that these references consider d = 6− 2ε while we consider d = 6− ε.
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The non-trivial CFT data for Neumann b.c.’s is given by

γ̂0 = −2

9
ε+O(ε3/2) ,

λa+
φ =

ε

18
+

17

648
ε2 +O(ε5/2) ,

λa+
n≥2 =

(−1)n(n− 1)!(n+ 1)!

18(2n)!
ε+O(ε3/2) ,

(4.18)

(µ+
0 )2 = 2− 2

9
ε+O(ε3/2) ,

(µ+
2 )2 = − ε

6
+O(ε3/2) ,

(µ+
m≥3)2 = −

√
π(m+ 1)Γm−1(1− (−1)m)

22m−1Γm−1/2

ε

9
+O(ε3/2) ,

(4.19)

where γ̂0 agrees with the result from [38], and the non-trivial CFT data for Dirichlet b.c.’s is

given by

γ̂1 = − 7

18
ε+O(ε3/2) ,

λa−φ = − ε

18
+

ε2

324
+O(ε5/2) ,

λa−n≥2 =
(−1)n(n− 1)!(n+ 1)!

9(2n)!
ε+O(ε3/2) ,

(4.20)

(µ−1 )2 = ∆
(free)
φ − ε

6
+O(ε3/2) ,

(µ−2 )2 =
ε

4
+O(ε3/2) ,

(µ−m≥3)2 = −
√
π(m+ 1)Γm−1(1− 2(−1)m)

22m−1Γm−1/2

ε

9
+O(ε3/2) .

(4.21)

The full correlators reads

F+(ξ) = 1 +

(
ξ

ξ + 1

)2

− ε

3

(
1

3

(
1 +

ξ

ξ + 1

)
ξ

ξ + 1
+

5

6

(
ξ

ξ + 1

)2

log(ξ)+

−

(
1

2
+

4

3

(
ξ

ξ + 1

)2
)

log(ξ + 1)

)
+O(ε3/2) ,

F−(ξ) = 1−
(

ξ

ξ + 1

)2

− ε

3

(
7

6

(
1− ξ

ξ + 1

)
ξ

ξ + 1
− 5

6

(
ξ

ξ + 1

)2

log(ξ)+

−

(
1− 11

6

(
ξ

ξ + 1

)2
)

log(ξ + 1)

)
+O(ε3/2) .

(4.22)

5 An interface CFT in 6− ε dimensions

In this section we bootstrap an ICFT in 6 − ε dimensions with cubic interactions on both

sides of it. We will consider the same b.c.’s (3.1) as in section 3 (without the O(N)-indices),

giving us the free theory correlator (3.7) and the free theory decomposition (3.9) and (3.10).
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We can proceed to bootstrap this correlator at order
√
ε, assuming that the bulk anoma-

lous dimensions does not receive corrections at this order18

∆φ = ∆
(free)
φ + εγ

(1)
φ +O(ε3/2) ,

∆n≥1 = 2
(

∆
(free)
φ + n

)
+O(ε) ,

∆̂m≥2 ≡ ∆∂m⊥ φ̂
= ∆

(free)
φ +m+

√
εγ̂(1/2)
m +O(ε) ,

(5.1)

λa1 = 1 ,

λaφ = ε3/2λa
(3/2)
φ +O(ε2) ,

λa∆n =
√
ελa(1/2)

n +O(ε) ,

(5.2)

µ2
1 = 0 ,

µ2
∆̂m

= δm,0 +
∆

(free)
φ

2
δm,1 +

√
εµ(1/2)
m +O(ε) .

(5.3)

Note that due to the pole in the φ-block, one has to consider higher orders in its corresponding

CFT data. The bootstrap calculations are very similar to those in section 4.19 We are able

to express all of the CFT data in terms of one interface anomalous dimension

γ̂
(1/2)
1 = 2γ̂

(1/2)
0 , (5.4)

λa
(3/2)
φ =

9

4
γ

(1)
φ γ̂

(1/2)
0 = − γ̂

(1/2)
0

8
,

λa
(1/2)
1 = 0 ,

λa
(1/2)
n≥2 = −(−1)n(n− 1)!(n+ 1)!

(2n)!

γ̂
(1/2)
0

2
,

(5.5)

µ
(1/2)
0 = 0 ,

µ
(1/2)
1 = γ̂

(1/2)
0 ,

µ
(1/2)
2 = −3γ̂

(1/2)
0

4
,

µ
(1/2)
m≥3 = −

√
π(−1)m(m+ 1)Γm−1

22m−1Γm−1/2
γ̂

(1/2)
0 .

(5.6)

The constraints on γ̂
(1/2)
1 and λa

(3/2)
φ are found by removing branch cuts in Hi as well as

resumming the boundary-channel and comparing it with the original Hi respectively. The

full correlator is given by

F (ξ) = 1 +

√
εγ̂

(1/2)
0

2

(
3

ξ

ξ + 1

(
1− ξ

ξ + 1

)
−

(
3−

(
ξ

ξ + 1

)2
)

log(ξ + 1)

)
+O(ε) .

18This assumption is motivated by the trivial CFT data one finds at order
√
ε in the BCFT case.

19The integrals and resummations are exactly the same.
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For the RG domain wall near six dimensions (when one side of the interface is free), there are

no corrections at order
√
ε. In principle one could proceed to bootstrap at order ε, although

we are only able to commute the discontinuities with the series’ in the boundary-channel in

the case when the theory is completely free. It seems like more delicate methods are required

in order to bootstrap this theory at order ε.20

6 Conclusions

In this paper we studied a CFT with an interface or a boundary. Exploiting the analytic

properties of the bulk and boundary conformal blocks we have shown how to extract the

CFT data from the bootstrap equation obtained from the two-point correlation function of

bulk scalar operators. This is illustrated in the context of perturbative WF theory. We have

shown that the bootstrap equation upto the leading order in the ε-expansion contains only a

few conformal blocks in either channel. This allows us to compute the OPE coefficients at the

next order in epsilon. The primary model we studied is the ICFT near four dimensions with

quartic interactions where we fixed the OPE coefficients in terms of the anomalous dimensions

of the operators in the spectrum. We computed the two-point correlator 〈φφ〉 upto O(ε2).

We have shown how to constrain the CFT data further by using the e.o.m. on the two-point

correlator which is summarised in 3.3. This is discussed in the context of RG domain wall

when one side of the interface is free. We also studied the CFT near six dimensions with

cubic interactions in the presence of a boundary with Dirichlet/Neumann b.c., or an interface,

where we fixed the coefficients as well as the correlator upto O(ε) or O(
√
ε) respectively. At

higher orders in ε there are infinite number of new operators in the bootstrap equation. Hence

there is a possibility of having degenerate operators in both the channels which implies that

the OPE coefficients can contain contributions from multiple operators. Then one needs to

solve the mixing problem and disentangle the operators to go to higher orders in ε.

There are several future directions that one can pursue. It would be interesting to apply

this approach to compute correlators of composite correlators. For example one can study

〈φ2φ2〉 in the ε-expansion. This is known upto O(ε) [2], and already in the free theory its block

decompositions consists of infinitely many operators in both channels [3]. It would therefore

be interesting to develop bootstrap techniques to compute this correlator at the next order.

There are other theories where one can apply this method. One can consider O(N)-

vector models at large N using non-linear σ-model, or study theories with fermions, e.g. the

large N Gross-Neveu model or the Gross-Neveu-Yukawa model. One can also generalize the

techniques of this paper to lower dimensional defects.

It would be interesting to study the two-point function of spinning operators in a CFT

with a boundary or defect [20, 30, 43]. For example, one can study the bootstrap techniques to

20In the case when both sides are interacting and γ̂
(1/2)
0 is zero, i.e. when there are no corrections at order√

ε, one can use the method in section 2.1 to bootstrap the theory at order ε. In such case, removing the

branch cuts in Hi allows γ̂
(1)
1 to be expressed in terms of γ

(1)
φ and γ̂

(1)
0 .
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the current and stress-energy two-point functions. Their block decompositions were studied

in [21, 44]. We hope to report on this in future.
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A Boundary conditions in an ICFT

In this appendix we motivate our choice of b.c.’s at (3.1) used in the ICFT we consider.

This discussion will be a generalization of the b.c.’s in two-dimensions [45], and it was briefly

discussed in [21].

On the interface, there will be a pseudo stress-energy (SE) tensor τ̂ab with

a, b ∈ {1, ..., d−1}. Its parallel derivative ∂b‖τ̂
ba is the interface limit of the T a⊥-component of

the bulk SE tensor. This operator measures the energy emitted or absorbed by the interface.

Since there is one bulk SE tensor on each side of the interface: Tµν+ and Tµν− with

µ, ν ∈ {1, ..., d}, we identify them on the interface, giving us the following b.c.

∂b‖τ̂
ba = T̂ a⊥+ = T̂ a⊥− . (A.1)

In case of a fundamental scalar (3.9), the T a⊥± -component of the SE tensor (with correction)

is given by21

T a⊥± = ∂aφ
i±
± ∂
⊥φ

i±
± − ζ∂a∂⊥(φ

i±
± )2 +O(λ) , ζ =

d− 2

4(d− 1)
, i± ∈ {1, ..., N±} . (A.2)

Here we let the scalars on the two sides of the interface have different amount of flavours,

with N+ ≥ N−, and the O(λ)-terms are corrections from bulk interactions. In the interface

limit we also pick up corrections from interface interactions λ̂

lim
z→0

T a⊥± = lim
z→0

(∂aφ
i±
± ∂
⊥φ

i±
± )− ζ∂a lim

z→0
(∂⊥(φ

i±
± )2) +O(λ, λ̂) . (A.3)

Given this, one solution to the b.c. equation (A.1) is to relate the fundamental field and its

normal derivative for the first N− scalars at the interface, and consider reflective b.c.’s for

the excessive scalars (i.e. either Dirichlet and Neumann b.c.’s similar to those in a BCFT)22

lim
z→0

φi+ = lim
z→0

φi− , lim
z→0

∂⊥φ
i
+ = lim

z→0
∂⊥φ

i
− , i ∈ {1, ..., N−} ,

lim
z→0

φm+ = 0 , or , lim
z→0

∂⊥φ
m
+ = 0 , m ∈ {1, ..., N+ −N−} .

(A.4)

21This can be seen by varying the action w.r.t. the metric, see e.g. [4].
22One can see this by studying the boundary limit of T a⊥± inserted into a correlator, e.g. 〈T a⊥± (x)Ô2(y)〉,

where Ô2 is a composite operator on the interface.
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If we have N+ > N− in above b.c.’s, we have reduced the O(N+) × O(N−) ICFT that we

started studying into a O(N−) × O(N−) ICFT and a O(N+ − N−) BCFT (assuming there

are no interactions that mix these two systems). These are two systems that one can study

separately. Bootstrap methods in BCFTs with O(N) symmetry was studied in [12]. In this

paper we study bootstrap methods in the other system, i.e. an ICFT with O(N) × O(N)

symmetry. Hence we consider the amount of flavours to be the same on both sides of the

interface in section 3. In such case, we have the b.c.’s at (3.1).

B The ε-expansion of boundary conformal blocks

Here we explain how we ε-expand the two boundary blocks Gboe(∆̂0, ξ) and Gboe(∆̂1, ξ) using

the algorithm in [28]. The main idea is to use the following integral representation for the

hypergeometric functions, and ε-expand its integrand before performing the integration

2F1(a, b, c, z) =
Γc

ΓbΓc−b

∫ 1

0
dt
tb−1(1− t)c−b−1

(1− tz)a
. (B.1)

However, the ε-expansion and the integral only commutes when the integral converges, which

occurs when c|ε=0 > b|ε=0 > 0. To guarantee this we will use the following recurrence rela-

tions for the hypergeometric function, and use the above integral representation for each term

2F1(a, b; c; z) = −z(a+ b− 2c− 1) + c

c(z − 1)
2F1(a, b; c+ 1; z)+

− z(a− c− 1)(b− c− 1)

c(c+ 1)(z − 1)
2F1(a, b; c+ 2; z) .

(B.2)

After expanding in ε, we need to integrate over t. To perform this integration, we use the

Mathematica command HypExpInt [28], which evaluates the integral

HypExpInt(a1, a2, a3, a4, a5, z) =

∫ 1

0
dt
ta1 log(t)a2 log(1− t)a3 log(1− tz)a4

(tz − 1)a5
. (B.3)

This yields the following expansions of hypergeometric functions in Gboe(∆̂0, ξ) and Gboe(∆̂1, ξ)

2F1

(
1

2
(−2α− 1)ε+ γ̂

(2)
0 ε2 + 1, γ̂

(2)
0 ε2 − αε; 2γ̂

(2)
0 ε2 − 2αε; z

)
=

=
z − 2

2(z − 1)
+ ε

(
α

2
+

1

4− 4z

)
log(1− z) + ε2

(
(1− 2α)αzLi2(z)

4(z − 1)
+

+

(
α

8
+

1

16− 16z

)
log2(1− z)− 1

2
γ̂

(2)
0 log(1− z)

)
,
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2F1

(
2−

(
1

2
+ α

)
ε+ γ̂

(2)
1 ε2, 1− αε+ γ̂

(2)
1 ε2, 2− 2αε+ 2γ̂

(2)
1 ε2, z

)
=

=
1

1− z
+ ε

(
α− 1

2

z − 1
+

(
α+ α(−z)− 1

2

)
log(1− z)

(z − 1)z

)
+

+ ε2

((
α− 1

2

)
α(z − 2)Li2(z)

(z − 1)z
+

(−2α+ 2αz + 1) log2(1− z)
8z − 8z2

+

+
−4α2 + 4γ̂

(2)
1 + 1

4− 4z
+

log(1− z)
(

4α2(z − 1)− 2α(z − 2) + 4γ̂
(2)
1 (z − 1)− 1

)
4(z − 1)z

 .

C Resummation techniques

In this appendix we describe the different techniques we use for resuming the bulk and

boundary-channels (using Mathematica).

C.1 Expansion in ξ

We use this technique when resuming the bulk-channel in (2.3).

1. Use first the integral representation (B.1) for the hypergeometric functions.

2. Resum the blocks.

3. Expand the integrand around ξ = 0. This means that after we have performed the inte-

gration, we have to resum the expansion in ξ. For each power in ξ we have polynomials

in the integration parameter.

4. Integrate the polynomials.

5. Find a general term in the expansion of ξ.

6. Resum the expansion in ξ. This is the final result.

C.2 Differentiate with respect to ξ and simplify using an ansatz

This method is used when resuming even and odd operators in the boundary-channel in (2.3).

1. Use first the integral representation (B.1) for the hypergeometric functions.

2. Resum the blocks.

3. For odd blocks (∆̂ = 2m + 1 ,m ∈ Z≥0), differentiate with respect to ξ. This is only

useful when the derivative is on a simpler form as the original integrand, e.g. when

taking the derivative removes dilogarithmic terms.

4. Perform the integration from (B.1).
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5. If a derivative w.r.t. ξ was taken, perform an indefinite integrate over ξ. This will yield

an integration constant that we need to fix.

6. The integration constant is fixed by expanding our result around large ξ � 1. Compare

this with the expansion of the original integrand in step 2, where we only integrate the

term at lowest order (ξ0).

7. This is the final result. Near four dimensions it may be a cumbersome expression that

contains several different dilogarithms. One way to simplify it is to make the following

ansatz (with the correct branch cuts only along ξ ∈ (−1, 0)) for your result

f(ξ) = A1 +A2
ξ

ξ + 1
+

(
A3 +A4

ξ

ξ + 1

)
log

(
ξ

ξ + 1

)
+

+

(
A5 +A6

ξ

ξ + 1

)
log2

(
ξ

ξ + 1

)
+

(
A7 +A8

ξ

ξ + 1

)
Li2

(
−1

ξ

)
.

(C.1)

8. The coefficients Ai , i ∈ {1, ..., 8} in our ansatz can be found by comparing the expan-

sions around large ξ with that of the final result from the previous step. Some of the

dilogarithms can be expanded after using the following identity

Li2(z) =
π2

6
− Li2(1− z)− log(z) log(1− z) . (C.2)
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[17] A. Söderberg, “Anomalous Dimensions in the WF O(N) Model with a Monodromy Line

Defect,” JHEP 03 (2018) 058, arXiv:1706.02414 [hep-th].

[18] S. Giombi and H. Khanchandani, “CFT in AdS and boundary RG flows,” arXiv:2007.04955

[hep-th].

[19] M. A. Shpot, “Boundary conformal field theory at the extraordinary transition: The layer

susceptibility to O(ε),” JHEP 01 (2021) 055, arXiv:1912.03021 [hep-th].

[20] E. Lauria, M. Meineri, and E. Trevisani, “Radial coordinates for defect CFTs,” JHEP 11 (2018)

148, arXiv:1712.07668 [hep-th].

[21] C. P. Herzog and K.-W. Huang, “Boundary Conformal Field Theory and a Boundary Central

Charge,” JHEP 10 (2017) 189, arXiv:1707.06224 [hep-th].

[22] A. J. Bray and M. A. Moore, “Critical behavior of a semi-infinite system: n-vector model in the

large-n limit,” Phys. Rev. Lett. 38 (Apr, 1977) 735–738.

https://link.aps.org/doi/10.1103/PhysRevLett.38.735.

[23] K. Symanzik, “Schrödinger representation and casimir effect in renormalizable quantum field

theory,” Nuclear Physics B 190 no. 1, (1981) 1–44.

https://www.sciencedirect.com/science/article/pii/055032138190482X. Volume B190

[FS3] No.2 To Follow in Approximately Two Months.

[24] T. W. Burkhardt and E. Eisenriegler, “Critical phenomena near free surfaces and defect

planes,” Phys. Rev. B 24 (Aug, 1981) 1236–1243.

https://link.aps.org/doi/10.1103/PhysRevB.24.1236.

[25] E. Eisenriegler and T. W. Burkhardt, “Universal and nonuniversal critical behavior of the

n-vector model with a defect plane in the limit n→∞,” Phys. Rev. B 25 (Mar, 1982)

3283–3291. https://link.aps.org/doi/10.1103/PhysRevB.25.3283.

[26] H. W. Diehl, S. Dietrich, and E. Eisenriegler, “Universality, irrelevant surface operators, and

corrections to scaling in systems with free surfaces and defect planes,” Phys. Rev. B 27 (Mar,

1983) 2937–2954. https://link.aps.org/doi/10.1103/PhysRevB.27.2937.

– 30 –

http://arxiv.org/abs/2012.00018
http://arxiv.org/abs/2012.00701
http://dx.doi.org/10.1007/JHEP01(2019)010
http://dx.doi.org/10.1007/JHEP01(2019)010
http://arxiv.org/abs/1808.08155
http://dx.doi.org/10.1007/JHEP04(2020)135
http://dx.doi.org/10.1007/JHEP04(2020)135
http://arxiv.org/abs/1812.04034
http://dx.doi.org/10.1007/JHEP12(2019)004
http://arxiv.org/abs/1812.09314
http://dx.doi.org/10.1088/1751-8113/48/29/29FT01
http://dx.doi.org/10.1088/1751-8113/48/29/29FT01
http://arxiv.org/abs/1505.00963
http://dx.doi.org/10.1093/ptep/ptw115
http://arxiv.org/abs/1607.05551
http://dx.doi.org/10.1007/JHEP03(2018)058
http://arxiv.org/abs/1706.02414
http://arxiv.org/abs/2007.04955
http://arxiv.org/abs/2007.04955
http://dx.doi.org/10.1007/JHEP01(2021)055
http://arxiv.org/abs/1912.03021
http://dx.doi.org/10.1007/JHEP11(2018)148
http://dx.doi.org/10.1007/JHEP11(2018)148
http://arxiv.org/abs/1712.07668
http://dx.doi.org/10.1007/JHEP10(2017)189
http://arxiv.org/abs/1707.06224
http://dx.doi.org/10.1103/PhysRevLett.38.735
https://link.aps.org/doi/10.1103/PhysRevLett.38.735
http://dx.doi.org/https://doi.org/10.1016/0550-3213(81)90482-X
https://www.sciencedirect.com/science/article/pii/055032138190482X
http://dx.doi.org/10.1103/PhysRevB.24.1236
https://link.aps.org/doi/10.1103/PhysRevB.24.1236
http://dx.doi.org/10.1103/PhysRevB.25.3283
http://dx.doi.org/10.1103/PhysRevB.25.3283
https://link.aps.org/doi/10.1103/PhysRevB.25.3283
http://dx.doi.org/10.1103/PhysRevB.27.2937
http://dx.doi.org/10.1103/PhysRevB.27.2937
https://link.aps.org/doi/10.1103/PhysRevB.27.2937


[27] E. Wong and I. Affleck, “Tunneling in quantum wires: A boundary conformal field theory

approach,” Nuclear Physics B 417 no. 3, (1994) 403 – 438.

http://www.sciencedirect.com/science/article/pii/0550321394904790.

[28] T. Huber and D. Maitre, “HypExp: A Mathematica package for expanding hypergeometric

functions around integer-valued parameters,” Comput. Phys. Commun. 175 (2006) 122–144,

arXiv:hep-ph/0507094.

[29] K. G. Wilson, “Quantum field - theory models in less than 4 dimensions,” Phys. Rev. D 7 (May,

1973) 2911–2926. https://link.aps.org/doi/10.1103/PhysRevD.7.2911.
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