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ABSTRACT: We use analytic bootstrap techniques for a CFT with an interface or a boundary.
Exploiting the analytic structure of the bulk and boundary conformal blocks we extract
the CFT data. We further constrain the CFT data by applying the equation of motion to
the boundary operator expansion. The method presented in this paper is general, and it
is illustrated in the context of perturbative Wilson-Fisher theories. In particular, we find
constraints on the OPE coefficients for the interface CFT in 4 — e dimensions (upto order
O(€?)) with ¢*-interactions in the bulk. We also compute the corresponding coefficients for the
non-unitary ¢3-theory in 6 — e dimensions in the presence of a conformal boundary equipped
with either Dirichlet or Neumann boundary conditions upto order O(e), or an interface upto

order O(v/e).
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1 Introduction

Conformal field theories (CFTs) with boundaries or interfaces describe semi-infinite systems
with differently-ordered regions. Boundaries and interfaces can be treated as codimension
one defects. In a boundary CFT (BCFT), there is only a bulk theory on one side of the
defect, with an unphysical region on the other side. In an interface CFT (ICFT), there is a
bulk theory on each side of the codimension one defect. Interfaces can be realized physically
in different ways. E.g. we can consider a quantum field theory (QFT) with two different
vacua, with a finite energy barrier (that allows quantum tunneling) between them. This
finite energy barrier can be described effectively by an interface, where the bulk theories

correspond to the two vacua. Another realization is to probe a CFT with an operator from



another CFT. We can then use the operator/state correspondence on this operator, which
yields a small sphere around it. This sphere can be mapped to a line using a conformal
transformation, which corresponds to an interface communicating with the two CFTs. An
especially interesting case is when we probe a free theory with an interacting one, which ends
up with the renormalization group (RG) domain wall studied in [1]. It has been speculated
that such interface can tell us about the RG flow of the theory.

BCFTs and ICFTs have reduced symmetries compared to homogeneous CFTs (without
a boundary or interface). However, they can still provide information about the bulk CFTs.
These theories contain both the bulk operators as well as operators living on the boundary
or the interface, and allow CF'T techniques to be extended to a larger domain in the space of
QFTs. The bulk CFT data, i.e. the spectrum of bulk operators and operator product expan-
sion (OPE) coefficients, is a local property of the bulk CFT and is unaffected by the presence
of the boundary or interface. BCFTs (ICFTs) are also characterized by the additional data:
the spectrum of boundary (interface) operators and the boundary (interface) operator ex-
pansion (BOE/IOE) coefficients. Since the conformal symmetry is partially broken due to
the presence of the boundary, the bulk operators can have non-vanishing one-point functions
as a result of which the non-trivial observables in such systems are the two-point correlation
function of bulk operators. These two-point functions can be expanded in two configurations.
One can consider the case where both the operators are close to the boundary but far from
each other. This is known as the boundary-channel expansion which involves the boundary
operator dimensions and the BOE coefficients. On the other hand, the two-point function
can be expanded in another channel where both the operators are close to each other but
far from the boundary. This is known as the bulk-channel expansion and contains the bulk
spectrum and OPE coefficients. A detailed analysis of BCFTs in this context can be found
in [2]. The equality of the bulk- and boundary-channel results in a bootstrap equation for
the BCFT that can be used to study the bulk and boundary data. This was initiated in [3].
Bootstrap techniques for BCFT and ICFT were studied in [1]. See [4-11] for recent works on
BCFTs.

In perturbation theory where we have an expansion of the CFT data in terms of the
perturbative parameter, the computation involves many Feynman diagrams at higher loop
orders. Omne can simplify these computations by the bootstrap techniques to compute the
BCFT/ICFT data with some inputs from the Feynman diagrams for the bulk CFT. The
BCFT data in 4 — € dimensions at the Wilson-Fisher (WF) fixed point was computed ana-
lytically upto O(e) in [3] using conformal bootstrap methods. This was further studied upto
O(€?) in [12] exploiting the analytic properties of the conformal blocks. One can also use
analytic functionals to study BCFTs [13, 14]. The approach in [12] makes use of the analytic
structure of the branch cuts in the bulk- and boundary-channel to extract the CFT data,
although it is more suited towards theories where only even or odd operators (w.r.t. the
scaling dimensions at O(e”)) are present in the boundary-channel. We modify this method
such that it yields more constraints on the CFT data in theories where both even and odd
operators in the boundary-channel may appear.



The method we present consists of two parts. First we study the bootstrap equation and
its analytic structure to constrain the CFT data. This is done completely without reference to
the Lagrangian. In the second part we make use of the Lagrangian description of the system,
in particular its equation of motion (e.o.m.), together with the BOE to further constrain the
CFT data. This is similar to the method in [15], which has also been applied to the Zy-
and O(N)-twist defect [16, 17], and more recently to BCFTs [18]. We find that in the free
theory of any unitary scalar CF'T with a Lagrangian description, only the fundamental scalar
and its normal derivative may appear in the BOE. We proceed to consider a BCFT in 3 — ¢
dimensions as well as a BCFT and ICFT in 4 — € dimensions, and expand in € to find the
anomalous dimension for the boundary operators from the free theory.

The primary model we study is the CFT with an interface near four dimensions. We
focus on the two-point correlation function of bulk scalar operators. From the bootstrap
equation we impose constraints on the CFT data. We compute the correlator by resumming
this data. Then we impose the e.o.m. on the correlator to further constrain the CFT data.
The constraints we find are summarised in subsection 3.3. In the limit when one side of the
interface is free, we make contact with the RG domain wall [1]. Finally we explore the CFT
with a cubic interaction near six dimensions in the presence of a boundary subject to Dirichlet
or Neumann boundary conditions (b.c.’s), or an interface.

The paper is organised as follows. In section 2 we discuss the analytic structure of the
conformal blocks and how these can be used to analyze the bulk and boundary data. We
discuss the entire methodology that we use to constrain the CFT data with a discussion
on the similarities and differences with [12]. We also find a general expression for the bulk
OPE coefficients (2.18) in d dimensions at order €* in terms of the anomalous dimensions
as well as the OPE coefficients from the previous order in the expansion parameter. In
section 3 we study the bootstrap constraints on the two-point correlator of scalar operators
in 4 — € dimensions in an ICFT with scalars on both sides of the interface, transforming in
the fundamental representation of O(N) x O(N). This is followed by further constraints on
the data from the e.o.m.. In section 4 we bootstrap the scalar correlator for ¢3-theory in
6 — € dimensions in a BCFT with Dirichlet/Neumann b.c.. Section 5 contains the study of
an ICFT in 6 — e dimensions. We conclude in section 6 with some open questions and future
directions. The appendices give the calculational details.

2 Analytic structure of the conformal blocks

In this section we discuss the analytic structure of the conformal blocks in a CFT with a
boundary. We consider a BCF'T defined in a d-dimensional semi-infinite space
RY = {z = (z,2) : z € R¥!, 2 > 0} bounded by a flat (d — 1)-dimensional hypersurface
at z = 0. Due to the boundary at z = 0 the translational invariance along the z-direction is
broken whereas this invariance is preserved in the z|-direction.

We will consider scalar theories with O(/NV)-symmetry, and assume that there are no
boundary effects that break this global symmetry (e.g. by an external field or terms quadratic



in the fields on the boundary/interface action). If the O(N)-symmetry is explicitly broken,
which would yield non-zero one-point functions for the scalar, the problem is more com-
plex and requires more advanced methods [6, 19]. Le. if the breaking is due to quadratic
boundary-terms, then the bulk one-point function is non-zero at the bulk critical point if
these interacting boundary conditions favour order at the boundary /interface.

The two-point correlation function of two bulk scalar operators ¢ with scaling dimension
Ay is given by

F(€)
(p(z) p(y)) = Tz — g5 (2.1)

where the cross-ratio £ reads

s+ (2 = 2)?

4zz!

&= , sﬁzxﬁ—yﬁ, ae{l,...d—1}. (2.2)

The two-point function can be decomposed in the bulk- or boundary-channel

=D AaaGope(A5€) = €2 > 13 Ghoo(Ai€) (2.3)

A>0 A>0

where the conformal blocks are given by [2]

gope(A; 5) - gA/22F1 (*a

TA+1-4-¢),
Ghoe(As &) = €59 (A A+1

g 28 +2—di—¢71) . (24)

In (2.3) the coefficients ,uQA are the BOE coefficients squared and Aaa are the bulk OPE

coefficients times the one-point functions. The terms A = 0 as well as A=0 represent the
contribution of bulk and boundary identity operators respectively.

Let us now look into the analytic structure of the bulk and boundary conformal blocks
Gope and Ghoe. Both of the blocks in (2.4) have a branch cut at £ < 0 that originates from
generic non-integer power of £. There is an additional branch cut at £ < —1 in the bulk block
from the hypergeometric function with argument —¢. The hypergeometric function in the
boundary block with argument —¢~! has a branch cut at £ € (—1,0). This analytic structure
has some important consequences as discussed in [12]. Let us define the discontinuity of a
function f(§) as

discf(§) = lim f(¢+ia) = J(¢ —ia). (25)

If we take the discontinuity of the bootstrap equation (2.3) at & < —1 the boundary blocks
with A = % +m ,m € Z>q disappear from the equation (this holds for any d). These
boundary operators correspond to normal derivatives, 07" ¢, of a scalar with scaling dimension

d—f. Also, by taking the discontinuity of (2.3) at —1 < & < 0 we can remove all the bulk



Figure 1. Analytic structure of the hypergeometric function in Gpee (left) and Gope (right) in (2.4).

blocks with A = d — 2+ 2n ,n € Z>p. Such operators correspond to scalar double traces
$0?"¢ of a scalar with dimension %.

We can understand the convergence of the bootstrap equation (2.3) under this analytic
continuation using the radial coordinates introduced in [20] for defect CFTs. There will be
one radial coordinate for each bootstrap-channel. The one for the boundary-channel changes
sign under this analytic continuation, and is still within the region of convergence. On the
other hand, the radial coordinate in the bulk-channel approaches the boundary under this
analytic continuation. This means that we should tread carefully and explicitly check that
the bootstrap channels have the assumed branch cuts after resummation of the bulk OPE
coefficients [12].

The discontinuity of the bulk block at £ < —1 for the bulk exchange of double-trace
operators of dimension A = d — 2+ 2n can be expressed in terms of Jacobi polynomials (this
holds for any d)

Lonta- d d d
disc Gope(d — 2 +2n;€) = 2mi(-1)? A g ( Fn-1S4n -1 1)
<_

Ty 2 2
g r5n+g_1 }ﬂ§—13)< 5%—2) (2.6)
= 2mi(-1)"——2—P 72 -, )
Ty Fn_1+d nl €

where I'; = I'(z) is the shorthand notation for the Gamma function and we have used the
following identity

1
2F1((Z, ba ¢, 2) = m?FI (CL,C—b, C,Zj1> (27)
in going from the first line to the second line of (2.6). The Jacobi polynomials satisfy the

orthogonality relation

(g_LO)

+1 45 (4-10) )
dy(1—y)2 'P,2 " (y)P,2 =—"r 2.8
[, -t R ) = gt 2:)



which holds for all m,n € Z>1.
Let us now look into the boundary blocks for the exchange operators of dimensions
A= % + n. They satisfy the following orthogonality relation'

d
7{ 2—w,w”7m712F1(1 -—m,—m — %, 2(1 =m),—w)aF1(n,n + %, 2n, —w) = Omn , (
i

|w|=€

2.9)

where € < 1.
The boundary conformal blocks have another analytical property that under the trans-
formation & — e*™ (& + 1) they acquire a phase [12]?

gboe(A; eim(é + 1)) = 6:Fm.Agboe(A; ‘S) . (2‘10)
In particular this means that for integer boundary dimensions A=m
gboe(m; _§ - 1) = (_1)mgboe(m;§) . (211)

2.1 Methodology

In this subsection we discuss the general method adapted in this paper to extract the CFT
data in section 3, 4 and 5. Throughout this paper we assume there exist a fundamental
scalar, and that the exchanged operators are the scalar double traces $p9?"¢ in the bulk and
the normal derivatives 81”& on the boundary. That is, in the free theory we have?

AL =oAL ) AL = AL Al 2 02 (2.12)
Moreover, we assume a two-point function and its corresponding CFT data is known (up to
a finite set of free parameters) at some order in the expansion parameter, say O(e*~!) for
some k > 1.* We will denote operators multiplying the e*-corrections of the OPE coefficients
as new operators. Their anomalous dimensions contribute at order O(e**1). Thus at order
O(€*) it is enough to only consider their free scaling dimensions. If we assume these to be
the ones above (for high enough k this will generally not be true, and other operators will be
exchanged as well), then their corresponding blocks satisfy the technology discussed in the
previous subsection. Using the properties of new operators, the CFT data at O(ek) can be
found using our method.

'This can be found using an ansatz on the form wtrm LBy (a1 + aam,as + aam,as + agm, —w) for the
orthogonality weight function, where the coefficients a; ,¢ € {1, ...,6}, can be found by studying the residue at
w = 0 for different values of m and n.

2This is the same as sending one of the external fields through the boundary z — —z.

3This assumption on the exchanged scaling dimensions is motivated from the block decomposition of a
generalized free scalar [3].

“E.g. in [3] the CFT data was fixed up to one free parameter at O(e) (without using information of the
bulk theory as input).



The method we present is two-fold. Firstly we use the bootstrap equation perturbatively

at each order in an expansion parameter to impose constraints on the CFT data.? This is done

completely without reference to a Lagrangian. Secondly, if we have a Lagrangian description

of our system, we impose the e.o.m. on the correlator found from the bootstrap equation.

This allows us to further constrain the CFT data of the model.We will outline the essential

steps of the method below:

1. Finding constraints on the CFT data using the bootstrap method:

(a)

Study the discontinuity of the bootstrap equation along ¢ < —1, and assume
that the discontinuity commutes with the series’ of new operators. Due to the
analytical structure of the conformal blocks, this assumes that the contribution
from new operators in the bulk and boundary have a branch cut along & < —1
and £ € (—1,0) respectively. The contributions from new bulk OPE coefficients
will be given in terms of the Jacobi polynomials (2.6). Using the orthogonality
relation (2.8) for these polynomials we are then able to project out the bulk OPE
coefficients. These will be given in terms of the anomalous dimensions of the
exchanged operators at the previous order in the expansion parameter.

Resum the bulk-channel and find the contribution from new operators on the
boundary. As was discussed in the previous section, the resummed bulk-channel
should only have a branch cut along £ < —1. Regarding the contribution from
new operators on the boundary, since we assumed that we could commute the
discontinuity with the series’ in step la, this contribution is not allowed to have
branch cuts along ¢ < —1. This means that we should set such terms to zero,
which constrains the CFT data.

If it is a BCFT, we can impose the b.c., e.g. Dirichlet or Neumann, to further
constrain the CFT data. In particular, for Neumann b.c.’s when we study the
boundary limit of 0, ¢ there may be a pole in z which corresponds to the BOE
exchange of qAS which we cannot set to zero. Instead the z°-term should be set to
zero, which is the contribution from the boundary operator 0 LQZE.

We can project out BOE coefficients from the bootstrap equation using the or-
thogonality relation (2.9) for the boundary blocks.’

The orthogonality relation in the previous step does not state which operators
should appear in the BOE. We thus have to resum the new boundary blocks and
check that it reproduces the original contribution.

Even and odd operators (w.r.t. the boundary scaling dimensions at the
lowest order in the expansion parameter) should be resummed separately. These

®Such parameter could e.g. be the deviation from the integer spacetime dimension € < 1 or N~ <« 1 in

O(N)-models. The former will be considered in this paper.
S Alternatively, we may decompose the contribution from new boundary operators in conformal blocks.



contributions are even or odd respectively under the transformation (2.11), which
allows us to find more constraints on the CF'T data. Using these constraints, the
original contribution from new boundary blocks should equal the contributions
from both even and odd operators.

2. Finding constraints on the CFT data using the e.o.m.:

(a) Impose the e.o.m. on the correlator found from step 1. This further constrains the
CFT data. However, one has to be a bit careful since a problem with mixing may
occur at higher orders in the expansion parameter.

The e-expansion of a BCFT in 4 — e dimensions (with either Dirichlet or Neumann b.c.’s)
was bootstrapped (upto order O(e?)) in [12]. The bootstrap method from that work differs
slightly from the one presented here. Step 1b and 1c were skipped completely, and only even
(Neumann) or odd (Dirichlet) operators were assumed to be exchanged in the BOE. This
means that we can use the transformation property (then called image symmetry) from step
le to constrain the CFT data before finding the BOE coefficients in step 1d. This simplifies
the calculations, although one cannot do this for theories where both even and odd operators
appear. In this work we only consider such theories, where our method allows us to constrain
the CFT data further.

The bootstrap method presented in this paper reproduces the result from [12] for Neu-
mann b.c.’s. For Dirichlet b.c.’s, the transformation property in step le is trivially satisfied
and hence we do not find as many constraints on the CFT data. This means that the method
in [12] works better for theories where only even or odd operators appear, but not in the case
when both even and odd operators appear.

Since both the discontinuity of the bulk block (2.6) as well as the orthogonality relation
for the boundary block (2.9) hold in any spacetime dimension d, the method we present
is independent of this parameter. This means that it can also be applied to e.g. three-
dimensional theories where the scaling dimensions are half-integers at the lowest order in the
expansion parameter.

If there are infinitely many operators at the previous order in the expansion parameter,
we need to use the bulk and boundary anomalous dimensions as input and resum their
contribution before we can apply the method presented in this paper. In such case one also
has to solve a mixing problem.

2.2 Bulk OPE coefficients

Here we will perform step 1a of the method presented in the previous subsection. This can
be done generally for any spacetime dimension if we assume that the operators with scaling
dimensions (2.12) are exchanged upto O(¢*). To illustrate this, assume that we know the
correlator and its corresponding CFT data at order €*~! for some k € Z>1 (up to possibly
some free parameters).



Scaling dimensions with a superscript (free) denotes the ones in (2.12) without anomalous
dimensions. If they do not have this subscript, their anomalous dimensions upto O(e*) is
included as well. We expand the OPE coefficients in the following way”

Aay = Aag + O+ |

W2 = i+ O (2.13)
)\a¢2 = :\\Zlo + O(ek—H) ,

Aa¢32n¢ = X(/ln + Ek)\a,glk) + O(€k+1) 5 ifne Z[O,'fl] )
Aagoeng = €Al + O(F 1) ifneZsi,
2 ~2 k, (k) k+1 : (2.14)
[y = Fim + € iy +O(€77) it m € Zjm)
M%IL¢ = k) 4 Oy | ifmeZoy .

Here the CFT data with a tilde is that from order €1, and 71, m € Z>q denotes the number of
exchanged operators at order ¢~!. If infinitely many operators (1,7 — 4-00) are exchanged

k=1 we need to resum their contribution to the bootstrap equation before we can find

at order €
the OPE coefficients at order €®. This requires all of the corresponding anomalous dimensions
as input.

We will write the bootstrap equation in terms of new operators (these are included in Hy,

and H;)

F(&) = Gyp(&) + Hy(§) + O(ek-i—l) = G4(€) + H; (&) + Oe k+1) (2.15)
O i3 T Si) . Hm S A8 )
" " (2.16)
= fife% + Z 262 Groe(Am; €) | = ST R g (Al )
m=0 m>0

where A, and A,, are the full scaling dimensions of ¢p9?"¢ and GTQE respectively, including
their anomalous dimensions. Since the orthogonality relation (2.8) does not hold for the bulk
¢*-exchange, we let its corresponding block be in Gy. If we consider the discontinuity along
€ < —1 (2.6), and assume that it commute with the series in H, and H; we find

disceo— VHy = é* Z)\a discec—1Gope(A free),f)

n>1
r n+2—1 d E+2
= —2mie® Aa&k)(—l)”LP( o <> ) (2.17)
,; 8% Fn+g 1 3
disce«_1H; = " Z ugf)diSCg<_1gboe(A£,ffee); §)=0.

m>0

"In section 4 we find that near six dimensions we should assume a bulk ¢-exchange (instead of ¢2) due to
the e.o.m.. This will not affect the formula we find for the bulk OPE coefficients.



Using the orthogonality relation (2.8), we find the bulk OPE coefficients as an integral using
the bootstrap equation (2.15)

| A +1 d_
AalP) = — tyol / dy (1 - y) 37 P2 (y)discea 1 (Gr — Go)

n o
miek22 1 (—1)nT -1 .

2n+2-2

(2.18)
This formula holds for any spacetime dimension assuming the exchanged operators are $p9>"¢
and OTQZ; G; — Gy is the theory-dependent part. The rest of the formula is universal. The
special case of this formula when d = 4 was studied in [12] at order €.

3 An interface CFT in 4 — ¢ dimensions

In this section we will consider a flat conformal interface spanned along R*! in a CFT in
flat space R? with a ¢* bulk interaction in d = 4 — € dimensions, and study the expansion
in €. Let us place the interface at the coordinate z = 0. The ICFT we consider has an
O(N) x O(N) global symmetry which comes from two scalars ¢%, ,i € {1, ..., N}, transforming
in the fundamental representation of O(N), defined on each side of the interface:
RY = {(#),2) : &) e R¥1, 2 > 0} and RY = {(2,2) : 2 € R*!,2 < 0}. On the interface we
identify the scalars and their normal derivatives with each other®

oL =9l =¢", 914 =09 =0, . (3.1)
Hatted operators are local fields on the interface that appear in the BOE/IOE of bulk fields.
Even in the free theory there may be poles in these expansions coming from the interface
limit, see e.g. [4] for a discussion on how the BOE describes mixing of renormalized fields in
the boundary limit.

Above b.c. was also considered in [21], and it reproduces the correlators from [1] upto
O(€) when one side of the interface is free. Interfaces with different b.c.’s were studied in
[22-26]. In particular, they considered either Dirichlet or Neumann b.c.’s on each side of the
interface (which were allowed to be different on the two sides of the interface). Since the b.c.’s
determine the correlators, we can use them to classify the interface. This means that in this
paper we consider another interface, and thus we expect the CFT data we find to differ from

their results.
The folding trick ”converts” an ICFT to a BCFT simply by shifting z — —z in ¢ [27]

O (), —2) — ¢’ (), 2) =0, 01" (z),—2) + 1P\ (2),2) =0. (3.2)
These are Neumann (”+”) and Dirichlet (”—") b.c.’s for the linear combinations QAﬁ + ¢t .

Let us define a scalar in the representation (N x 1) @ (1 x N) of O(N) x O(N)

@é(mu,z) = gbi_(:U”, —2)0a— + ¢i_(x|‘,z)6a+ . a=+ & &= (2;) , (3.3)

8See appendix A for details regarding this b.c.

,10,



and also define projectors II+ that project out the linear combinations that satisfy Dirichlet
and Neumann b.c.’s

g 80 (1 41 - (-t
(Lt)gp = <j:1 1>a5 ;e = <i$_+$+> ' (3-4)

We find the two-point correlator of ®¢, in the free theory using the method of images

(@, )@y, 2) ) = (il )Phyy, ) +

ik i k
+ XJBW <(pa(x||7 Z)(p'y(va _Z/)>H ) (35)
. , 51’]'5&/8
O, (x), 2)Ph(y),2) ) = ATAT
< >H [(x” _ y”)Q + (2 — Z/)z]( atAg)/2

Here A, is the scaling dimension of ¢¢,, the subscript H denotes that it is the correlator in
a homogeneous CFT, and xlofﬁ is the difference between the projectors, i.e. the difference
between fields satisfying Neumann and Dirichlet b.c.’s

ij ij ij i (01
w1 )
aB

The correlator (3.5) can be written in terms of the cross-ratio £ in (2.1)

. ; SUF (v) 1 vRatAg
7 7 _ aB _
where v is defined as ¢
2 __
V=T (3.8)

The two-point functions in a BCFT with Neumann or Dirichlet b.c.’s are superpositions of
these ICFT correlators: FéECFT = F,,. + F,__.Y Note that Fy4 corresponds to the ¢+ — ¢+
two-point functions with fields on the same side of the interface, and that F,_ = F__
corresponds to the ¢ — ¢_ two-point functions with fields on opposite sides of the interface.
Since ¢4+ and ¢_ are on different sides of the interface, there is no well defined bulk OPE
between them. This means that F._ does not have a well-defined bulk-channel, but only a
boundary-channel decomposition. Only Fl . satisfy the bootstrap equation (2.3).

Expressed in terms of x and y, this correlator is on the same form (|z — y|~(Be28)) as
a two-point correlator in a homogeneous CFT, which is a consequence of the b.c.’s 3.1. At
higher orders in the expansion parameter it will differ though.

We will specialize to the case when the two external operators are the fundamental scalar

A Alreey _ d=2
Av=Ao=afr =22 (3.9)

9Using the results of this paper and [12], one can check that this holds upto O(€?).
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The free theory decomposition is then

)\al =1 5 )\CLA =0 )
A
2 _ 2 _ @
M1 = 0, HA = 5A,A¢ + 75A,A¢,+1 ) (310)
A
2y _ 2 _ ¢
(11)+ =0, (NA)i = 5A,A¢ T 5A,A¢+1 :

The interface operators with scaling dimensions Ay and Ay + 1 correspond to (;AS and 0 LQAS
respectively. We labelled the IOE coefficients from Fy_ with a ”+” subscript.

3.1 Constraints from the bootstrap equation

In this subsection we will find constraints on the CFT data by solving the bootstrap equation
(2.3) in d = 4— e dimensions. We will consider (¢*-)interactions only in the bulk, and assume
that they are the same on both sides of the interface. This means that F, is the same as
F__ at all orders in perturbation theory. We will assume that the coupling constants are
proportional to € at their RG fixed point.

We begin by expanding the CFT data in €

Ay =AY 4 &) + P + O (3.11)
Auso = 2AY" 4 ) +eqf® + KD +0() (312
Amza = A 4 m 4 5D + 32 +0(&) '

=exall) + P + O
Alfree) (3.13)
St + eu) + 2 + O3 .

HE=0,  pR =0mot

Here A((ﬁf ree) is given by (3.9). One can bootstrap the order e terms by expanding in £ around
zero which allows us to fix the CFT data up to two parameters « and 3

1) =0, i =4 = a. (3.14)
3.14
« a —
)\ag) = (Oé + B)‘Sn,o + 5671,1 ) /"L1(’r%,) = /85m70 + 2 ﬁémvl :

These constraints are similar to those found when bootstrapping a BCFT correlator at order
€ [3], with one major difference: in this case « is not related to any of the bulk anomalous
dimensions, i.e. we cannot use bulk CF'T data as input to find the OPE coefficients and the
anomalous dimensions of boundary fields. Moreover there is one more free parameter in the
ICFT case.

Let us proceed with bootstrapping the correlator at order €2 using the method described in
section 2.1 The boundary conformal blocks gboe(Ao, ¢) and Qboe(Ab €) cannot be expanded

10We cannot naively expand in £ since only the interface-channel will then contain log(§)2-terms.
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using the Mathematica package HypExp [28] since it only expands hypergeometric functions
with parameters linear terms in e. However, the same algorithm can still be used.!!
Let us write the bootstrap equation in the following way

Fri(§) = Go(&) + Hp(&) + O(€%) = Gi(€) + Hy(€) + O(e) (3.15)
where Hy, and H; contain the contributions from new operators

Go() = 1+ (ela+ 8) + A0 ) Gope( D03 €) + T ope (A15) |

) A(free) B
Gi(€) = (1+ 8)€ G B €) + 122D

€29 Ghoe(A1;€)

Hy(&) =Y AP Gope(2(n +1);€) (3.16)
n>1

Hl(g) =é Z Mg)ggboe(m + 1,&) .
m2>0

We included the )\a((f)—term in Gy, for a technical reason: the corresponding conformal block
Gope(2;€) has no branch cut along £ < —1. Gp and G; have branch cuts along the entire
negative axis £ < 0 due to the non-integer powers of £, while the summand of Hjp has a
branch cut along £ < —1 and the summand of H; has a branch cut along £ € (—1,0). The
branch cuts in Hy and H; follow from the hypergeometric functions in the conformal blocks
(2.3) (see figure 1). We will consider the discontinuity (2.6) at £ < —1, and assume that it
commutes with the series’ in H, and H; (2.17). We can then use the orthogonality relation
(2.8) to project out the bulk OPE coefficients (2.18)

pafp = e a1 - ) PIY) dise [Gi6) — G(©)]
" 4772‘(—1)"F2n+1 _1 n—l E<—1 = Ll
y+
_ DM p00 0 L (1= ) [ s+ g tos (—2) + Aston (122
(2n)! . Yy, 1y 1 Y 2 3108 1ty 4 10g 11y )
A, = ~2aB = (a+ B)’yél) + a’y%l) — ’?(82) + %2)
2 b
000"+ a0 — 2567 +517)
2 = - y
" 8 (3.17)
_ oM
A3 - A )
T

4

1YWe explain this algorithm and write out the expansions for the boundary blocks in appendix B.

,13,



These integrals can be computed to give

3
Naf?) = - <A1 + Ay + S A+ A4) ,
3.18
2(n!)? ((—1)”A1 243 24, > (3.18)

@ _
A2 = o))

n n2—1 n(n—(=1)")

We can now proceed to resum the bulk-channel using the procedure in appendix C.1

Hb = —62 <£§+1 (Al log(£ + 1) — 2(A2 + A3)> — 2A3L12(—£) + 2A2 log(f + 1) + A4 log(f + 1)2> .
As we can see, Hy has a branch cut along £ < —1 and none along £ € (—1,0), which coincides
with our assumptions when we commuted the discontinuity with the series in Hy, see (2.17).

The H; we find from the bootstrap equation (3.15) contains terms with a branch cut
along ¢ < —1

H, > oﬂ}l;_l <1og(§ +1) <10g <§j 1) + log@; 1)> + Lig(—§)> . (3.19)

These terms are not allowed since we assumed in (2.17) that it only has a branch cut along
¢ € (—1,0). If we demand these problematic terms to vanish we find

a’y%l) =a«. (3.20)

That is, either « = 0 or fygl) = 1. The latter is indeed the correct anomalous dimension of

& 0%@7 [29]. We will assume (3.20) for generality, and remarkably this removes the dependence
of 'yil) in the bootstrap equation. With this constraint at hand, we can project out the IOE
coefficients using the orthogonality relation (2.9)

@ = j{C“UZFlﬂ—m,—ma?(l—m),—w)( Bl wB

27 wmtl w+1+w+1+
|w|=¢ (3.21)
B
+ <33 + w+41> log(w + 1) + Bs [log(w + 1) + 2L12(—w)]) .
2)  .(2) (2 2
B = _272,) — 55 =41 = 2ap” B, — _(2a=A)(1—20) + 24
’ (1) (2) (2) ! (3:22)
all+28) — (a+ — Y +9 a(l — 2«
By = 7(;2) . By = ( B) —( 5)70 Yo N . Bs—-— ( v ) ‘
These integrals can be performed which result in the following
)u((]Q) = Bl ’
M(12) = —B1+ By + B3+ By — 2B5 , (3.23)
0 _  m=2t (pymp 2D"Bs
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where (a), = F%a(zr)b) is the Pochhammer symbol. We can proceed to resum even and odd

operators separately using the procedure explained in appendix C.2. This yields two functions:
H;r and H, which corresponds to even and odd boundary operators respectively. Both of
these satisfy the transformation property (2.11) on their own

H* H*
H;(§) = H; (&) + H; (€) . Tl = iTZ : (3.24)
§——(&+1)

This property is trivially satisfied for even operators (HZJr ) while it yields a constraint on the
CFT data for odd operators (H; )
B =0. (3.25)

This constraint together with (3.18), (3.20) and (3.23) are the constraints we find from the
bootstrap equation (2.3). They allow us to express all of the OPE coefficients in terms of the
anomalous dimensions and the free parameters o and 3.

3.2 Constraints from the equation of motion

Let us now apply the e.o.m. to the BOE (or IOE), and study how we can constrain the CFT
data from the previous subsection further. We will prove that only ngﬁ and 0 Lgﬁ may appear in
a free scalar theory of any unitary BCFT with a Lagrangian description. At O(e) we find the
anomalous dimensions of these operators. We will not explore beyond O(e) in this section
due to mixing that will occur at O(€?). This is done in a similar way as in [18].

The method we present is quite general, so we will not only do it for the ICFT we are
considering, but also for a BCFT near four and three dimensions satisfying either Neumann
or Dirichlet b.c.’s. See table 1 for our final result on the anomalous dimensions. We were not
able to constrain the anomalous dimensions in the ¢>-theory near six dimensions in this way.

The BOE of ¢ is given by [30]

”A Am Qm Ai o (—1)m
2

O m>0 4mm/! (A -

Here the BOE coefficients p®' o1 = WpA0Y are to be treated as O(N)-matrices, which we have
assumed to be proportional to the identity. The BOE yields the following two-point function

W () = 59, Cam__gpm _Ad
W@ W) = 2 R RO an
e s (3.27)
Adziv Sd:
(d —2)Sy a2

where S is the area of a (d — 1)-dimensional sphere. We assumed the boundary fields live in
an orthogonal basis

(O (z)O3y) = L 50 (3.28)

| ||2A OZO
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The e.o.m. is found by varying the action w.r.t. ¢, where we assume the bulk to have a sextic
interaction near three dimensions and a quartic near four dimensions [29, 31]
872e 872e

2 11 an—2 41
— A\, A, =€ Sod sy = 68,5 +45, 4 . 3.29
o°¢ g 3N 1220ty gl an = 00n+ 40 (3:29)

Here n denotes the integer part of the spacetime dimension, A, is the WF coupling constant
at the RG fixed point and ¢% 2 is a composite operator. By dimensional analysis of the
corresponding Lagrangian, Ag ree) ig given by (3.9). If we let the derivatives on the LHS of
the e.o.m. act on the correlator (3.27)

LHS = (926' (2)¢/ (1)) = 2, (¢ (@) (y)) + 02(6 ()¢ (3)
—5”,UAZ Am 1+CAm Am82m 1

- i A (3.30)
So o lalhemhme? Ellk
CA = (A¢—A—2m)(A¢—A—2m+1) .
The summand can be simplified to
Ay — AP+ (A —A)+2m[d—2(As +1)] Ta_@4
A7 1 FCA AR gy = B S+ (B )m |m[ By )]F =l L (3.31)
’ ’ ’ (—4)mm! m+A—(d—3)/2

We can choose a renormalization scheme such that the one-point function of ($?) is the finite
part of the coincident limit of (¢(z)¢(y)). We assume it to be given by

i
(¢*(2)) = ‘Z‘Q% +0() - (3.32)

The coefficient ;- can be found in table 1 for different models. The RHS of the e.o.m. (3.29)
acting on the correlator (3.27) is found using Wick’s theorem

RHS = (\u¢™ 26" ()¢ (y)) = 67 Anon (8% (2)) " (p(2)d(y))

7, nan(%i)aan 2m A 2
= 0"pg Z ( @Am 2] A6 A- 2m+28H |2A O Ane) | (3.33)

m>0 ’3“

On = (N + 4)(N + 2)571,3 + (N + 2)6n,4

Here o, is the symmetry factor from Wick’s theorem. We can compare this to the LHS (3.30)
to find an equation for the scaling dimensions that holds for all m € Z>o up to order

Q7 o1+ CAmOAm = O nOn ()" 72 . (3.34)

Let us first solve this equation for the free theory when the LHS is zero on its own. Then
either the I'-functions are zero or the numerator is zero in equation (3.31). The I'-functions

(free)

are zero when A = A —(m+k),m+k>1,mk e Z>y. However, these solutions are

not valid if the CFT on the boundary is unitary.
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Type of defect: | n | xF (yEH)W

A2 1 (NFH(N+2)
Boundary 3| (%) =@ | F S(3N+22)
Bowday 4|38 =ty |k
Interface 410 0

Table 1. The table shows the one-point functions of ¢? and anomalous dimensions in different models:
n denotes the integer part of the spacetime dimension, and the subscript ”+” only applies to BCFTs

where ”+” means Neumann b.c., and ”—" means Dirichlet.

The numerator on the other hand is zero when

A7) = Al | or, AU = AT 1 (3.35)
These are the scaling dimensions of qg and 0 J_¢E. In a BCFT they correspond to Neumann or
Dirichlet b.c.’s respectively. This proves that these are the only operators that can appear
in the BOE of ¢ in the free theory. Note that this result is independent of the spacetime
dimension and also applies to ICFTs. This result is not new in itself, and has been found
prior to this work in [1, 18].

In the interacting theory, we expand the scaling dimensions in €, using as input from the
bulk theory that the fundamental scalar in the bulk has no anomalous dimension at this order

N

AL _ Alfree | 2 (3.36)
Ap = AY™™) 4 ()0 1+ O(e?) .
The e.o.m. (3.34) has one solution that holds for any m
+\an—2
(1) (1) = g An ()™ (3.37)

€

We list the anomalous dimensions for different models in table 1. The BCFT results near
three and four dimensions match with the existing literature [32-36].

Of particular interest for us, the anomalous dimensions of ¢ and 8, ¢ in the ICFT that
was considered in the previous section are both zero.!? Thus from (3.14) we can deduce that

a=0. (3.38)

This is the last constraint we find on the CFT data in the ICFT we are considering.
Let us remind the reader that we consider another interface than those studied in [22-26],

where the anomalous dimensions of ¢ and J, ¢ are not zero.

120ne can also see this by letting the e.o.m. act on the resummed correlator at order e.
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3.3 CFT data at order €2

In this subsection we summarize the CFT data related to the interface

21 %"~

Aag = € + €2 5 +0O(e%)
(1) (2) | 222 _ 22
2 -2 3 -
VI B0 Yo 4"‘ Yo — N + O (3.39)
—1)n(n)?2 gy 1 4@ 4@
Ansa = 62( (; (7'”‘) B +% —h + O,

uo=1+0(e)

2 Aéﬁw) 2ﬁ (1 B 2761)) + 4%(52) B 2%2) 3

="t 1 +0(€) (3.40)
2 m 1) | 2 (2
2 o (m=2) 29 + (1) (ﬂvé)Jrvé)—vf )) L O
Hm>o = € (3/2)m_2 gm—1 (6 ’
The full correlator expressed in the anomalous dimensions is given by
_ ¢ ¢ (1)y_&
Fasl@) =1+ 8 = 5 (80— ") 7 los(©)+

(@8 =38 =3+ A =40 5 5 oste + 1)) + 0

We can resum the correlator in € to find

(€ + 1)7e~(o+71)/2 5(5 +1)(1—90)/28 < ¢ )’70/2%) O

(L ()0 (1) = 67 (

|z —y[*e & —y[Pe \E+1
(3.41)
Here Ay is the full scaling dimension of ¢ (with the anomalous dimensions included), v4, Y0, %0
as well as 41 are the full anomalous dimensions (to all orders of €), and T = x|, ,_, is the

image point of x. Note that this correlator does not satisfy the image symmetry

(2,2") = (—2,—2"). To our knowledge the anomalous dimensions of the interface fields are
not known. The anomalous dimensions of ¢ and ¢* are known [29] and can be used as input
from the bulk theory

N 42

= €
N +38

+(9(e2) : rw:me

Yo +O(€) . (3.42)

,18,



3.4 The renormalization group domain wall

Let us now specialize to the case when one side of the interface is free, say the side with ¢_
at z < 0. This model was studied in [1]. Since the interface fields are limits of the free fields
in the bulk at z < 0 (as seen from the b.c.’s (3.1)), they are all protected. This means that
we can retrieve the full ¢ — ¢ correlator as well as the OPE coefficients from (3.39), (3.40)

and (3.41) by setting the interface anomalous dimensions to zero'3
Ym =0V m € ZZO . (343)
This yields the correlator
. . g 1) % €\ /2
i J St (€+ 3. 44
(0 (@) () (M e+ () +0(E) (3.4
We find (¢' ¢’ ) from { 1¢i> by setting the bulk anomalous dimensions to zero
i 4j ij 1 B
|z —y[*7e |7 —y[*e

Note that even though both the bulk and the boundary operators are protected, this correlator
still differs from that in a homogeneous CFT.

4 A boundary CFT in 6 — ¢ dimensions

In this section we study the ¢3-theory in d = 6 — ¢ dimensions close to a boundary. The bulk
theory is called the Landau-Ginzburg model and it describes the distribution of ” Yang-Lee
zeros” (the zeros of the partition function) on the imaginary magnetic field axis in ferromag-
nets above the critical temperature [37]. The model is not unitary so the OPE coefficients do
not need to be real-valued.

This model was considered in the presence of a boundary [38], and a generalization of it
with a tensorial coupling constant and N-vector fields was studied in [39, 40]. It describes the
continuum limit of the (N + 1)-state Potts model, where N — 0 corresponds to percolation,
and N = 1 describes an extended Ising model. The case of N = 1 belongs to another
universality class than N > 2, and thus our result may differ from those in [39, 40].

We consider the two-point function (2.1) of the fundamental scalar ¢ of dimension Ay,
and bootstrap this correlator upto O(€). This two-point function in the free theory reads

(free)
A4

g (free) d—2
FEE =14 —— A =—. 4.1
©O=15(c3) A=t (1)
Here 74”7 and ”—" represent Neumann and Dirichlet b.c.’s respectively
d.6=0, (4.2)

13We checked this result using the same bootstrap procedure as in section 3.1.
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$=0. (4.3)

The ¢2-operator is a descendant of ¢ in the interacting theory, which can be seen from the
e.0.m. 0%¢ ~ ¢*. This means that the operator ¢ appears in the bulk OPE of ¢ x ¢ instead of
®? (this is a consequence of breaking Zs-symmetry). The bulk conformal block corresponding
to the exchange of ¢ contains a simple pole in €. This singularity is compensated by including
the anomalous dimension of ¢ already in the free theory. The decomposition is
a1 =1, /\ai = :Fe'yél)(SA,Ad) ,
, A(free) (44)

+
pi=0, (pR)’=0+ 1)5A,A5bfree) +(17F 1)¢T5A7A5ﬁﬁw)+1 ;

where 7(;1) is the anomalous dimension of ¢ at order €. This block decomposition indicates that

only the bulk identity and ¢ contribute in the bulk-channel whereas only ¢ or 8 ¢ contributes
in the boundary-channel with Neumann or Dirichlet b.c. respectively. This agrees with the
results from section 3.2 even though this theory is non-unitary.

We will now use the bootstrap equation (2.3) to constrain the CFT data at higher orders
in e. The CFT data admits an expansion in y/e. One can check (either by expanding in &,
or by using the method presented in this paper), that all of the CFT data in the bootstrap
equation is zero at order /e. We will thus expand the CFT data as

Ay =AY + ) + 02

Buz =2(8 4 n) + ol + O() (4.5)
A — _ Afree) 2(1) 3/2
Ap>o = A5T¢ A +m+ ey, + O(€e’?)
Aag =1,
af = Fevsdan, + EMal)E + 02 (4.6)
Aax = e(Xa)E+0(e?)
pi=0,
Alree) (4.7)

pa =1 1)dmo+(1F1) ¢2 S + e(u)* + O£ .

Let us write the bootstrap equation at order € as

GE(&) + HE () + O(¥?) = GF(&) + HE(€) + O(?) (4.8)
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where Hj and H; correspond to new operators

G (©) = (7o 0., + E0a)*) Gope(B36)

) A(ﬂ“@@) R
GH&) —(1+ 1>gboe<Ao;£> +(1F1) Groo(A1;€)
4.9
(©) = ¢ 3 Gope(2(n + 1)56) (4.9)
n>1
HE©) = e (15)EGpoc(m + 15€) .
m>0

We included the bulk ¢-exchange in Gy since its conformal block does not have a branch cut
along & < —1.

Now take the discontinuity (2.6) around £ < —1, and assume that it commutes with the
series’ in Hy and H; (2.17). We proceed to project out the bulk OPE coefficients (2.18) using
the orthogonality relation (2.8) of the Jacobi polynomials

gy = EU LD [ 42 ) (a7 + a1 —0)?)
1 ~(1 ~(1
4 = +(1-290) + 20 £ 156" — 201 F 13" (4.10)
8 )
L s - ax sl
Ay = 16 .
Performing the integral over y yields
8 —)"(n—1!n+1

Calt =24t - ap . el —2CC e

The bulk-channel is resummed using the integral representation (B.1)

2 F (6,4i <5Ai 8Ai> : >— 6A; — 245 <§>2 log(§ +1)
b E+1 E+1 ! 2\e+1 ‘

With this we can find the full correlator. If we impose Neumann or Dirichlet b.c.’s we also
get rid of unwanted branch cuts along £ € (—1,0) in H Zi from the bootstrap equation (4.8)*

@+ 17 (1) ( ) L 3 5
1 1 1 .
(Aa(2))_: ()(1+2 ()) A(1):_§+£
$ 16 ’ n 2Ty

YFor Neumann b.c.’s, there is a simple pole in z in the boundary limit of 9, ¢, which corresponds to the
expected exchange of ¢ in the BOE. This term do not need to be zero. Only the 2°-term corresponding to the
exchange of 91 ¢ should be set to zero.

— 21 —



We project out the BOE coefficients from Hf using the orthogonality relation (2.9)

Fi(—1-— 1-— 2(1 — —
()E = %dw? 1( m, m,2(1 —m), —w) <Bf[+BQi v

271 wmtl w+1
hol= ) ) (4.13)
w w w
By [ —— By +Bf—— +Bf [ —— ] |1 ] .
+3<w+1> +<4+ 5w+1+ 6 (w71 og(w + 1)
1 3

42 8 (4.14)

1 7 ) %;1) 1 ’Yél)

Bf=—— 4= B =-+-2 Bf=—— -2

1T TR 0 BTt 6~ 716 8 °
3 7(1)

By =0, By =0, g:T—L,

" 6 8(1) (4.15)
_ 1 3 (1) _ 1 7 _ 1 7%
1T BTty P T TR T
Calculating the residues gives us the BOE coefficients
1
(n§")* = Bf,
1)\ — _ _

()™ =By + By, (4.16)

v V/Tlmoa (m—2)(m + 1)Bf + (m(m — 1) — 1 — (=1)™)BF + m(m — 1)(1 — (-1)™)Bg |

1
(lumZB) - Fm—1/2 4m—1

We have to be a bit careful as 9 ¢ (corresponding to ) does not appear for Neumann

15

b.c.’s (even though its coefficient seems to be non-zero from the calculations).”” One can

1,'6 and comparing

see that this block should not appear by resumming the boundary-channe
the result with the H;” found from the bootstrap equation (4.8). While resumming the
boundary-channel we find that the property (2.11) is trivially satisfied for both even and odd
operators.

The BOE coefficients above, together with the bulk OPE coefficients and boundary
anomalous dimensions at (4.11) and (4.12) are the constraints on the CFT data found from
the bootstrap equation. They are all expressed in terms of one parameter: the anomalous
dimension of the external field ¢. We were not able to implement the e.o.m. in such a way

that we could find this parameter. Hence we will use it as an input [41, 42]'7

(1) 1 (1)y+
Y 18 (Aaj”) ( )

5Physically the normal derivative is forbidden due to the Neumann b.c. (4.2).

16We resum even and odd parts separately using the procedure in appendix C.2.

1"Note that these references consider d = 6 — 2¢ while we consider d = 6 — e.
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The non-trivial CFT data for Neumann b.c.’s is given by

2
jo=—se+0(&?),
9
+_ € 177 2 5/2
Aaj = TRETTS +O0(e7) (4.18)
(=D)™"(n—1!(n+ 1)
Aats, = 8@ c+0(*?)
2
() =2 - Se+ O,
(13)? = _6 +0(e?) (4.19)
+ N2 Va(m+ Dl (1 - (=1)™) € 3/2
(/’LmZS) - 22m_1rm71/2 9 + O( )
where 49 agrees with the result from [38], and the non-trivial CEFT data for Dirichlet b.c.’s is
given by
= ey 0(?)
18
N = —— + < + O(?) (4.20)
¢ 18 324 ’ ‘
- _ ED)" (e =D+ 1) 3/2
ACLnZ2 - 9(277,)' + O(e ) )
() =AY — L+ O(?)
(ny)? = +O< 82y, (4.21)
- N2 _f(m + D1 (1 =2(=1)") € 3/2
(:u’mZ?)) - 22m_1rm71/2 9 + O(G ) .

The full correlators reads

? e 3 &€ 5 ¢\
F+<§>_1+ 5+1) 3< —1 o 6<§) log(€)+
1 470 ¢ 2 (3/2)
o ? e €N & 5[ ¢V
o=t <§+1) 3(6<1 g)g 6<§+1) os(e)*

- (1 1 (ff—l) )log(§+1)> +0(8/?)

5 An interface CFT in 6 — ¢ dimensions

(4.22)

In this section we bootstrap an ICFT in 6 — € dimensions with cubic interactions on both
sides of it. We will consider the same b.c.’s (3.1) as in section 3 (without the O(N)-indices),
giving us the free theory correlator (3.7) and the free theory decomposition (3.9) and (3.10).
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We can proceed to bootstrap this correlator at order /e, assuming that the bulk anoma-
lous dimensions does not receive corrections at this order!®

0= ol + O,
AnZl =2 (Aéfree) + TL) + O(G) 5 (51)

Amze = Byng = A" +m + V[P + 0(e)

Aag =1,
Aagy = 63/2)\61((;/2) +O(e%) (5.2)
Xaa, = Veral’? + O(e)
pi=0,
Alree) (5.3)
A, = Omo + Om,1 + Vel +O(e) .

Note that due to the pole in the ¢-block, one has to consider higher orders in its corresponding
CFT data. The bootstrap calculations are very similar to those in section 4.9 We are able
to express all of the CFT data in terms of one interface anomalous dimension

5172 _ 951/ 5.
~(1/2)
)\a;/):ZVé)%()/):_OTv
=0, (5.5)
w2 (D= Din+ D140
)\an22 = — :
(2n)! 2
P =0,
1/2 ~(1/2
uit? = 352
NIEE L 5:6)
2 i
u (02 = VA=) (m+ 1)Fm71’?(1/2)
e 22milrm—1/2 0 ’
The constraints on ’7}1/2) and )\a<(153/2) are found by removing branch cuts in H; as well as

resumming the boundary-channel and comparing it with the original H; respectively. The
full correlator is given by

G nadl R £ %
F&) =1+ 20 3§+1<1_§+1>_ 3—<€+1> log(é€ +1) | +O(e) .

18This assumption is motivated by the trivial CFT data one finds at order /€ in the BCFT case.
19The integrals and resummations are exactly the same.
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For the RG domain wall near six dimensions (when one side of the interface is free), there are
no corrections at order y/e. In principle one could proceed to bootstrap at order e, although
we are only able to commute the discontinuities with the series’ in the boundary-channel in
the case when the theory is completely free. It seems like more delicate methods are required

in order to bootstrap this theory at order €.?°

6 Conclusions

In this paper we studied a CFT with an interface or a boundary. Exploiting the analytic
properties of the bulk and boundary conformal blocks we have shown how to extract the
CFT data from the bootstrap equation obtained from the two-point correlation function of
bulk scalar operators. This is illustrated in the context of perturbative WF theory. We have
shown that the bootstrap equation upto the leading order in the e-expansion contains only a
few conformal blocks in either channel. This allows us to compute the OPE coefficients at the
next order in epsilon. The primary model we studied is the ICFT near four dimensions with
quartic interactions where we fixed the OPE coefficients in terms of the anomalous dimensions
of the operators in the spectrum. We computed the two-point correlator (¢¢) upto O(e?).
We have shown how to constrain the CFT data further by using the e.o.m. on the two-point
correlator which is summarised in 3.3. This is discussed in the context of RG domain wall
when one side of the interface is free. We also studied the CFT near six dimensions with
cubic interactions in the presence of a boundary with Dirichlet/Neumann b.c., or an interface,
where we fixed the coefficients as well as the correlator upto O(€) or O(y/€) respectively. At
higher orders in € there are infinite number of new operators in the bootstrap equation. Hence
there is a possibility of having degenerate operators in both the channels which implies that
the OPE coefficients can contain contributions from multiple operators. Then one needs to
solve the mixing problem and disentangle the operators to go to higher orders in e.

There are several future directions that one can pursue. It would be interesting to apply
this approach to compute correlators of composite correlators. For example one can study
(#?¢?) in the e-expansion. This is known upto O(e) [2], and already in the free theory its block
decompositions consists of infinitely many operators in both channels [3]. It would therefore
be interesting to develop bootstrap techniques to compute this correlator at the next order.

There are other theories where one can apply this method. One can consider O(N)-
vector models at large N using non-linear o-model, or study theories with fermions, e.g. the
large N Gross-Neveu model or the Gross-Neveu-Yukawa model. One can also generalize the
techniques of this paper to lower dimensional defects.

It would be interesting to study the two-point function of spinning operators in a CFT
with a boundary or defect [20, 30, 43]. For example, one can study the bootstrap techniques to

29Tn the case when both sides are interacting and %1/ 2)

is zero, i.e. when there are no corrections at order
V€, one can use the method in section 2.1 to bootstrap the theory at order e. In such case, removing the

branch cuts in H; allows ﬂ“ to be expressed in terms of ’yﬂ(}l) and ’yél).
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the current and stress-energy two-point functions. Their block decompositions were studied
in [21, 44]. We hope to report on this in future.
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A Boundary conditions in an ICFT

In this appendix we motivate our choice of b.c.’s at (3.1) used in the ICFT we consider.
This discussion will be a generalization of the b.c.’s in two-dimensions [45], and it was briefly
discussed in [21].

On the interface, there will be a pseudo stress-energy (SE) tensor 7% with
a,b e {1,...,d—1}. Its parallel derivative 6ﬁ?ba is the interface limit of the T%-component of
the bulk SE tensor. This operator measures the energy emitted or absorbed by the interface.
Since there is one bulk SE tensor on each side of the interface: T/ and T"" with
w,v € {1,...,d}, we identify them on the interface, giving us the following b.c.

optt =Tyt =T+ (A1)
In case of a fundamental scalar (3.9), the T¢--component of the SE tensor (with correction)
is given by?!

i i a i d—2
TE = 0" 07 ¢ — (0"0~(62)" + O(N), (=

Haon ElheN. (A2

Here we let the scalars on the two sides of the interface have different amount of flavours,
with Ny > N_, and the O()\)-terms are corrections from bulk interactions. In the interface
limit we also pick up corrections from interface interactions A

4 1 g gL it . 1 T4\ 2 S

lim T¢4 = lim (961061 ) — (0 lim (9 (62)?) + O(A, A) . (A.3)
Given this, one solution to the b.c. equation (A.1) is to relate the fundamental field and its
normal derivative for the first IN_ scalars at the interface, and consider reflective b.c.’s for

the excessive scalars (i.e. either Dirichlet and Neumann b.c.’s similar to those in a BCFT)??
lim ¢, = lim ¢’ li =1 ' e {1,..,N_
ZI_I% (Z)J,- 21_1;% ¢— 5 ;_}I% 8J_¢+ zgr(l) aJ_(ZS_ 5 (S { PR } 5 (A 4)
lim ¢ =0, or, lim o, ¢ =0, me{l,...Ny — N_} .
z—0 z—0

21This can be seen by varying the action w.r.t. the metric, see e.g. [4].
220ne can see this by studying the boundary limit of 72" inserted into a correlator, e.g. (T%* (:tc)OA2 (v)),
where O? is a composite operator on the interface.
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If we have Ny > N_ in above b.c.’s, we have reduced the O(Ny) x O(N_) ICFT that we
started studying into a O(N_) x O(N_) ICFT and a O(N4+ — N_) BCFT (assuming there
are no interactions that mix these two systems). These are two systems that one can study
separately. Bootstrap methods in BCFTs with O(N) symmetry was studied in [12]. In this
paper we study bootstrap methods in the other system, i.e. an ICFT with O(N) x O(N)
symmetry. Hence we consider the amount of flavours to be the same on both sides of the
interface in section 3. In such case, we have the b.c.’s at (3.1).

B The ec-expansion of boundary conformal blocks

Here we explain how we e-expand the two boundary blocks Qboe(Ao, ¢) and gboe(Al, €) using
the algorithm in [28]. The main idea is to use the following integral representation for the
hypergeometric functions, and e-expand its integrand before performing the integration

Fc 1 tb*l(l _ t)cfbfl
Fi(a,b,c,2) = dt
2l bes) rbrc_b/o (1—t2)e

However, the e-expansion and the integral only commutes when the integral converges, which

(B.1)

occurs when c¢|c—g > ble=o > 0. To guarantee this we will use the following recurrence rela-
tions for the hypergeometric function, and use the above integral representation for each term

a+b—2c—1)+c¢
c(z—1)

zla—c=1)(b—c—1)

clc+1)(z—-1)

After expanding in €, we need to integrate over t. To perform this integration, we use the

2F1(ayb;C;Z):—z( oF1(a,byc+ 15 2)+

(B.2)

oF1(a,bc+2;2) .

Mathematica command HypExpInt [28], which evaluates the integral

1 a a a a
t™ log(t)*? log(1 — t)*3 log(1 — tz)*
HypExplnt(ay, as, as, a4, as, ) :/ dt og(?) O?t( 1;% og( ?) )
0 z—

(B.3)
This yields the following expansions of hypergeometric functions in gboe(AOa ¢) and (]boe(Al, €)

1
o Fy <(—2a —1)e+ ‘y(()z)e2 + 1,"3/[()2)62 — ag; 2&62)62 — 2a€; z) =

2
. oz—2 a 1 o (1 —2a)azLis(z)
—2(2_1)+6<2+4_4Z>10g(1 z)+e€ ( =1 +
AN FIVC TR S R e
+ <8 + 16—16z> log“(1 — z) 570 log(1 z)) ,
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1
o (2 - <2 + a) € +’3/§2)62, 1—ae+ %2)62,2 — 2ce + 2%2)52@) =

1 a—3  (a+a(—z)—3)log(l—=z)
+€(z—i+ (z—i)z >+

a— 1) alz — 2)Lis(z —2a + 20z + 1) log?(1 — =z
+€z<< 2><z<_1)2> 20, (20t Dol =2),

g2+ a5 41 log(1—2) <4a2(z —1) = 2a(z - 2) + 44Dz — 1) - 1)
4—4z * 4(z — 1)z

C Resummation techniques

In this appendix we describe the different techniques we use for resuming the bulk and
boundary-channels (using Mathematica).

C.1 Expansion in ¢

We use this technique when resuming the bulk-channel in (2.3).
1. Use first the integral representation (B.1) for the hypergeometric functions.
2. Resum the blocks.

3. Expand the integrand around & = 0. This means that after we have performed the inte-
gration, we have to resum the expansion in £. For each power in £ we have polynomials

in the integration parameter.
4. Integrate the polynomials.
5. Find a general term in the expansion of &.
6. Resum the expansion in . This is the final result.
C.2 Differentiate with respect to £ and simplify using an ansatz
This method is used when resuming even and odd operators in the boundary-channel in (2.3).
1. Use first the integral representation (B.1) for the hypergeometric functions.
2. Resum the blocks.

3. For odd blocks (A = 2m + 1 ,m € Zsg), differentiate with respect to £&. This is only
useful when the derivative is on a simpler form as the original integrand, e.g. when
taking the derivative removes dilogarithmic terms.

4. Perform the integration from (B.1).
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5. If a derivative w.r.t. & was taken, perform an indefinite integrate over £. This will yield

an integration constant that we need to fix.

. The integration constant is fixed by expanding our result around large £ > 1. Compare

this with the expansion of the original integrand in step 2, where we only integrate the
term at lowest order (£Y).

. This is the final result. Near four dimensions it may be a cumbersome expression that

contains several different dilogarithms. One way to simplify it is to make the following
ansatz (with the correct branch cuts only along £ € (—1,0)) for your result

_ § £ £
f(g)_A1+A2€+1+(A3+A4§+1>1Og (§+1>+ (C.1)

§ 2 £ 3 : 1

. The coefficients A4; ,i € {1,...,8} in our ansatz can be found by comparing the expan-

sions around large ¢ with that of the final result from the previous step. Some of the
dilogarithms can be expanded after using the following identity

2

Lis(2) = % — Lig(1 — 2) — log(2) log(1 — ) . (C.2)
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