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Partial order on passive states and Hoffman majorization in quantum thermodynamics
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Passive states, i.e., those states from which no work can be extracted via unitary operations, play an impor-
tant role in the foundations and applications of quantum thermodynamics. They generalize the familiar Gibbs
thermal states, which are the sole passive states being stable under tensor product. Here, we introduce a partial
order on the set of passive states that captures the idea of a passive state being virtually cooler than another one.
This partial order, which we build by defining the notion of relative passivity, offers a fine-grained compari-
son between passive states based on virtual temperatures (just like thermal states are compared based on their
temperatures). We then characterize the quantum operations that are closed on the set of virtually cooler states
with respect to some fixed input and output passive states. Viewing the activity, i.e., nonpassivity, of a state as
a resource, our main result is then a necessary and sufficient condition on the transformation of a class of pure
active states under these relative passivity-preserving operations. This condition gives a quantum thermodynam-
ical meaning to the majorization relation on the set of nonincreasing vectors due to Hoffman. The maximum
extractable work under relative passivity-preserving operations is then shown to be equal to the ergotropy of
these pure active states. Finally, we are able to fully characterize passivity-preserving operations in the simpler
case of qubit systems, and hence to derive a state interconversion condition under passivity-preserving qubit
operations. The prospect of this work is a general resource-theoretical framework for the extractable work via
quantum operations going beyond thermal operations.

I. INTRODUCTION

A major focus in the area of thermodynamics is work ex-
traction. The laws of thermodynamics, which are expressed as
a set of phenomenological rules, govern the transformations of
states leading to work extraction (see e.g. [1]). Traditionally,
these laws are given for macroscopic systems in equilibrium
at the so-called thermodynamic limit; therefore, they are in-
adequate to deal with the thermodynamics of systems at nano
scale. However, with the recent technological developments
and quest for miniaturization [2—11], the need for developing
a microscopic version of thermodynamics, where quantum ef-
fects play a crucial role, becomes pertinent. Recently, a great
deal of effort has been put to understand and possibly deduce
thermodynamical laws that take quantum effects into account,
which has led to the research area known as quantum thermo-
dynamics [12-27].

Since thermodynamics is, fundamentally speaking, a theory
of state transformations, the resource-theoretic framework of-
fers a natural ground for the development of quantum thermo-
dynamics. For example, in Refs. [12, 13], the Gibbs (ther-
mal) state at a fixed temperature is considered as free and
thermal operations are considered as free operations, giving
rise to a resource theory of thermal operations. Under these
restrictions, the laws of state transformations have been de-
scribed, and the necessary and sufficient conditions for the
transformation of energy-diagonal states under thermal oper-
ations have been expressed as a thermo-majorization condi-
tion [14]. These transformations are based on a bath system
in a fixed thermal state, which acts as catalyst.
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The importance of work extraction cannot be overempha-
sized in quantum thermodynamics and therefore the charac-
terization of quantum states based on their thermodynamical
merits is very important in itself. It is clear from the defini-
tion of the passive states that no work can be extracted from
them via cyclic unitary operations [28]. However, there are
various thermodynamical contexts where one is interested in
work extraction and state transformations of a quantum sys-
tem interacting with its environment, which may be inaccessi-
ble to an observer in general and deviate from a thermal bath.
A pertinent question is to determine general conditions under
which state transformations can take place for the extraction
of work from an individual system. In this work, we take a
resource-theoretic approach to deal with the thermodynamics
of a single quantum system interacting with a nonthermal en-
vironment. In this context, it seems natural to consider the op-
erations which cannot create activity (i.e., nonpassivity) start-
ing from a passive state as the useless or free operations that
govern the thermodynamics of state transformations.

Given a single quantum system, two different thermal states
of the system can be compared and distinguished based on
their temperatures. However, such a notion of comparison
is absent for passive states, which hinders the treatment of
passive-environment maps going beyond thermal maps. As a
starting point, we thus introduce here a partial order on the
set of passive states that allows for comparison based on their
thermodynamic merits. This partial order is a stochastic or-
der that is connected to the concept of “virtual temperature”
of a quantum system [29]. Given a quantum system in state
p = >, pi|i)i|, the inverse virtual temperatures 3; ; are de-
fined for each pair of probabilities (p;,p;) by the relation
(E; — E;)pi; = In(pi/pj), where E; and E; are the en-
ergy eigenvalues corresponding to the energy eigenstates |i)
and |j) of the Hamiltonian of the system. If all 3; ; are the
same, then the state is necessarily a thermal state. The partial
order that we define on the set of passive states is naturally
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expressed in terms of virtual temperatures and therefore, we
suggestively refer to it as “being virtually cooler than”. A pas-
sive state p is said to be virtually cooler than another passive
state o, denoted as p >, o, if all virtual temperatures of p are
lower than those of o. The partial order p >,. o imposes very
stringent conditions on p and ¢ it means that p is passive rel-
ative to o. In fact, p >, o also implies p > o, where > is a
preorder called majorization. Moreover, the energy of p is al-
ways lesser than that of 0. In another thermodynamic context,
we show that if the passive states p and o are used for refriger-
ation of an external qubit system, then a virtually cooler state
performs this task better, that is, the use of p renders the tem-
perature of the external qubit system lower compared to the
case when one uses o.

After characterizing the convex set of virtually cooler states
than a given passive state, we then consider the class of quan-
tum operations that preserve this partial order. We call such
operations as relative passivity-preserving operations and de-
note them as RPPOs. These operations are necessarily inco-
herent operation, i.e., operations that map the set of diagonal
states into itself in a fixed reference basis (here, the energy
eigenbasis). We then consider the question of state transfor-
mations under strictly incoherent RPPOs. In particular, for
a specific class of pure active states, we show that the rela-
tion we name Hoffman majorization provides a necessary and
sufficient condition for state interconversion. Hoffman ma-
jorization is a partial order defined on the set of nonincreasing
vectors [30], and we thus uncover here its quantum thermody-
namical meaning.

As a consequence of this condition, we also show that
the maximal work extraction from a given class of pure ac-
tive states, which is equal to ergotropy, is achievable with
strictly incoherent RPPOs. To elucidate the general construc-
tive proof of our result, we provide the construction of a
strictly incoherent RPPO underlying the desired state trans-
formation for a simple qutrit system. Interestingly, for trans-
formations of pure qubit states under strictly incoherent RP-
POs, the necessary and sufficient condition based on Hoffman
majorization remains true also simply for passivity-preserving
operations. The latter operations, which we denote as PPOs,
are those that map the set of passive states into itself.

Further, we discuss passivity-preserving operations in gen-
eral and characterize them completely in the case of qubit
systems by explicitly providing their Kraus operators. Con-
sidering again work extraction, we show that the ergotropy
is simply achievable via passivity-preserving operations for a
given class of pure active qubit states. Moreover, as an ex-
ample of passivity-preserving operations, we introduce what
we call activity-breaking operations (ABOs) in analogy with
entanglement-breaking operations. ABOs are defined as the
operations that map any input state into the set of passive
states. We show that any activity-breaking operation can be
written as some measure and prepare channel.

Finally, coming back to a resource-theoretical framework
for extractable work, we introduce several monotones on the
set of active pure states, which are nonincreasing under RP-
POs. These should be useful to better understand the nature
of the resource consisting in not being “virtually cooler than”

in a thermodynamical scenario.

The rest of the paper is organized as follows. In Sec. II,
we introduce the classical preliminaries, in particular the con-
cept of Hoffman majorization which induces a partial order
on the set of nonincreasing probability vectors. In Sec. III,
we turn to quantum thermodynamics and recall the set of pas-
sive states (extending the nonincreasing vectors) together with
the notion of passivity-preserving quantum operations and in-
coherent (and strictly incoherent) quantum operations, which
are necessary for the rest to follow. We also characterize the
passivity preserving — and, conversely, the activity breaking
— quantum operations in terms of their Kraus decomposition.
In Sec. IV, we define relative passivity, namely the condi-
tion that a state is passive relative to another passive state.
This leads us to define the notion of a “virtually cooler” quan-
tum state and explore its thermodynamical consequences. We
then introduce the notion of relative passivity-preserving op-
erations (RPPOs) and illustrate it with an example. In Sec.
V, we come back to our central question, namely the thermo-
dynamics of work extraction. We provide the necessary and
sufficient condition for the transformation of a specific class
of active pure states under RPPOs, which makes the connec-
tion with Hoffman majorization and gives it a thermodynami-
cal meaning. We conclude in Sec. VI with further discussion
on the ramification of the concepts introduced here. In Ap-
pendix A, we provide more details on the main theorems at
the heart of Hoffman majorization and prove another equiva-
lent characterization of Hoffman majorization in terms of se-
quence of passive t-transforms. In Appendix B, we focus on
passivity-preserving operations for qubit systems, exploiting
the fact that these are both incoherent and strictly incoher-
ent at the same time. This enables us to explicitly character-
ize the form of qubit passivity-preserving operations in terms
of Kraus operators. In Appendix C, we construct an explicit
RPPO suitable for pure state transformations in the case of
a qutrit system, which is instructive to understand RPPOs in
general. Then, in Appendix D, we explore the thermodynam-
ical implication of the relative passivity condition, namely the
refrigeration by using a passive state that is virtually cooler
than another passive state. Finally, in Appendix E, we briefly
touch upon the problem of defining the notion of extractable
work under quantum channels beyond the thermal case and
provide an example of work extraction under a RPPO for a
qubit system.

II. CLASSICAL PRELIMINARIES

We start by introducing the notion of majorization over
the set of nonincreasing probability vectors, which we name
Hoffman majorization. Our main result, which we present in
Section V, relies on an extension of Hoffman majorization to
quantum passive states and finds a natural application to quan-
tum thermodynamics (see Theorems 4 and 5).



A. Nonincreasing vectors and Hoffman matrices

A probability vector 7 = (po, -+ ,pa—1)’, where p; € R
and ngol p; = 1, is said to be a nonincreasing vector if it is
such that p; < p;, Vi > j. The set of nonincreasing proba-
bility vectors of dimension d, denoted as S(d), is a convex set
whose extreme points are given by d vectors

) k+1 d—k—1
= 1...-.1.0.---.0)7 1
€L k+1( ) s Ly Uy ) ) ) ( )
withk =0,--- ,d—1. A simple proof of this statement can be

found as Lemma 1 in Ref. [31]. In the rest of the paper, we de-
note nonincreasing probability vectors as passive vectors and
the set S(d) as the set of passive vectors. The reason for this
nomenclature is the close connection between the nonincreas-
ing vectors and the passive states (see Section III).

Hoffman matrices.— We say that a d x d matrix R is a Hoffman
matrix if, for all 0 < ¢,57 < d — 1, it satisfies the following
conditions [30]:

d—1
(@) Ro.a—1 > 0; (b) Z Rij=1; (c) Rij = Rj:;
=0

(d) Rij+ Ri—14+1 > Ri—1j + Rij+1, Vi < j.

Conditions (a) to (d) imply, in particular, that Hoffman ma-
trices are doubly-stochastic matrices that are symmetric and
map the set S(d) of passive vectors into itself. Let us denote
the set of d x d Hoffman matrices by R(d). In the simple case
of d = 2, the set of Hoffman matrices R(2) reduces to the
so-called ¢-transforms with a constraint, that is,

t 1—t .
R= (1—75 " ), with ¢ > 1/2. 2)

Explicit construction.— Before exposing the role of Hoffman
matrices in relation with majorization, let us provide an ex-
plicit construction. Let P(d) denote the set of all 24~ parti-
tions of the set {0, - - - ,d—1} such that each part of a partition
consists of consecutive integers. For example,

P ={O)}
P(2) ={(0,1), (01)};
P(3) = {(0,1,2),(01,2), (0,12), (012)}.

Let us label any such partition in P(d) as 7 = (71, , k),
where 7, is a specific part and & is the number of parts within
partition 7. For example, in the case d = 3, the partition
7 = (0, 12) consists of k = 2 parts, namely 7 = (71, 72) with
71 = 0 and 75 = 12. For each partition 7 € P(d), we define
the symmetric doubly-stochastic matrix M7 by the rule

. ﬁiff,jen, t € [1,k 3)
“J 0 otherwise.

where 7, can be any of the k parts within partition 7 and | 7|
is the size of part 7,. We denote the set of the above 241

matrices by MP (%) since each partition 7 € P(d) corresponds
to a matrix M7 € MP(@_ A generic element of MP (4 is
thus

M™ =ak
=t | 7] ’

where J),| is a || x |7;| matrix with all entries equal to one.
For example, in the case of d = 3, the four partitions and
associated matrices are given by

100
7 =(0,1,2) M =(o010];
00 1

110
7= (01,2) M ==|110];
2100 2

L (200
7 =(0,12) M ==(o11];
21011

111

7 = (012) M =-[111
3\111

The following theorem, due to Hoffman [30], gives a meaning
to this construction.

Theorem 1 ([30]) The set R(d) of d x d Hoffiman matrices
coincides with the convex hull of MP(@).

In other words, any Hoffman matrix R can be constructed as
a convex mixture of individual M ™ matrices. The action of
an individual matrix M 7™ on a passive vector p yields another
passive vector p” such that

—/ — k

pl=M"p =@ b,
where

[7¢]

2ier, Pi (T

|7

Py =

Since each matrix M7 € MP @ maps the set S(d) into itself,
the same is true for any Hoffman matrix R € R(d). The proof
of Theorem 1 is explained in Appendix A for completeness.

B. Hoffman majorization

Before defining Hoffman majorization, let us first recall the
regular majorization relation between two vectors.

Majorization.— For z,y € R‘j_, let z+ and y* be the corre-
sponding vectors with components arranged in nonincreasing
order. Then, we say that x is majorized by y, denoted by
z <y, if and only if

-
IN
-
2

zt Vk=0,---,d—2, and (4
1=0 1=0
d—1 d—1

af =Yyt (5)
1=0 1=0



Note that Eq. (5) is automatically verified when x and y are
probability vectors, which is the case of interest here. The
relation z < y is equivalent to relation ¥ > x, meaning that y
majorizes . A key result of majorization theory is that x < y
if and only if there exists a doubly-stochastic matrix D such
that z = Dy. The restriction of the above vectors z and y
to the set S(d) of passive vectors gives rise to what we call
Hoffman majorization. This is the content of the following
theorem.

Theorem 2 ([30]) For passive vectors xz,y € S(d), = is
Hoffman-majorized by vy, denoted as x <y y [i.e., x and y
satisfy Egs. (4) and (5) without the need for prior rearrange-
ment], if and only if there exists a Hoffman matrix R € R(d)
such that x = Ry.

By definition, for z,y € S(d), the relation x <, y im-
plies the relation z < y and vice-versa (they are equivalent
relations over the set of passive vectors) [32]. However, the
relation < is invariant under permutations while the relation
<, is not, which is why the Hoffman matrix R involved in re-
lation <}, obeys additional constraints beyond being doubly-
stochastic. Furthermore, we note that Hoffman majorization
<, 1s a partial order relation as it satisfies the antisymme-
try property [33], while majorization is only a preorder which
does not satisfy the antisymmetry property.

Remark 1 The existence of a Hoffman matrix R for relation
T <p y to hold is a nontrivial consequence of the restriction
to passive vectors x and y. The fact that the doubly-stochastic
matrix R is symmetric may come as a surprise, but it can be
made intuitive by appealing to the geometry of the set Cy of
vectors x € S(d) satisfying x <, y for a fixed y € S(d). It
was shown in Ref. [30] that the set C,, is actually a polyhedron
and that the extremal points of this polyhedron are of the form
MTy, where MT € MP@D Iy fact, this is the main idea
behind one of the proofs of Theorem 2 presented in Ref. [30]
(see Appendix A for a simple proof of Theorem 2).

Remark 2 According to Theorem 2, for two passive vectors
P and q, we have 7 <, § if and only if there exists a Hoff-
man matrix R such that p = Rq. As mentioned earlier, for
two dimensional case (d = 2), every Hoffman matrix is a t-
transform with constraint, i.e.,

tt
R:(ta, ©)

where t = 1 —t and 1/2 < t < 1. Thus, the condition
for Hoffman majorization for two-dimensional vectors simply
boils down to the existence of such a t-transform, which we
call a passive t-transform. The extension to higher dimen-
sions (d > 2) is discussed in Appendix A, where we connect
Hoffman majorization to the existence of a decomposition into
passive t-transforms, see Theorem 7. This also leads us to the
consider the existence of a doubly-stochastic matrix connect-
ing p and { that is not necessarily symmetric (hence, it is not
a Hoffman matrix R) and maps the set S(d) into itself.

III. PASSIVE STATES AND PASSIVITY-PRESERVING
QUANTUM OPERATIONS

Let us move to the quantum scenario and introduce the set
of passive states (extending the passive vectors) together with
the notion of passivity-preserving quantum operations. We
will also discuss active states (i.e., nonpassive states) as well
as what we call activity-breaking quantum operations.

A. Passive states

Consider a separable Hilbert space Hg associated with a
finite-dimensional quantum system S with Hamiltonian Hg.
Let {|i)} with 0 < ¢ < d — 1 be the energy eigenbasis, which
forms an orthonormal basis of H g, and let us denote as F; the
energy eigenvalue corresponding to |¢). We have

d—1
Hs =Y EiliXil, (7)
=0

where by convention E; < E; if i < j. A state pg of the
system S is passive if and only if its average energy cannot be
lowered by unitary operations [8, 9], i.e.,

Tr{Hs ps} < Tr{HsUs(ps]} (8)

for all unitary operations Us[:] = Us(')U;, where Ug is a
unitary operator. Further, it was shown in Refs. [8, 9] that a
state pg of the system S with Hamiltonian Hg is passive if
and only if it can be expressed in the following form

d—1
ps =Y _pyli)il, ©)
=0

where {pf} € S(d) denotes a nonincreasing probability dis-
tribution, i.e., pf < pj, Vi > j. It is evident that any
passive state pg commutes with the Hamiltonian ﬂs, i.e.,
[ps; H s] = 0, hence all passive states are incoherent states
if one fixes the energy eigenbasis as the reference basis. (In-
coherent states are those states that admit a diagonal density
operator in a fixed reference basis). Moreover, the set of pas-
sive states is a convex set and the d extremal points of this set
are given by {ak}z;é, where

1 k
ox = —— Y _|i)il. (10)

Let us denote respectively by 2(.5) and Z2(.S) the set of all
states and the set of all passive states of system .S. The concept
of passive states, which was introduced to derive and justify
statistical physics starting from certain physical assumptions
on quantum states and operations [8, 9], has played a major
role in the development of quantum thermodynamics and has
been applied to several contexts [34—40]. In particular, passive
states can be viewed as a natural generalization of thermal



states p(3) = Z le P with Z = Z;é e PEr  where
the negative exponential ensures the nonincreasing probability
distribution. The set of all thermal states of system .S (for all
£ > 0) will be denoted as #(S) in the following.

In the context of quantum thermodynamics, a major theme
is to obtain the maximal amount of work that can be extracted
using some quantum operations (see, e.g., Refs. [12, 24, 34]).
In particular, the maximal extractable work from a system in
state p under unitary transformations, denoted as I/, is given
by

Wiax(p) i= max Te{Hs (p — Us[p])}-

The above expression is also called the ergotropy of the state
p [34] and is of course zero for a passive state. For an arbitrary
state p = Zf;ol qi |¢:)(gi], with ¢; < ¢;, Vi > j, the ergotropy
is thus given by [34]

d—1
WY . (p) = Z @B (] (ak) 1> - bik) - (11)

i,k=0

Note that unitary transformations leave the entropy of the sys-
tem unchanged, thereby making the change in energy of the
system a reasonable quantifier for the extractable work. How-
ever, if a quantum operation changes the entropy of the sys-
tem, the difference in energy before and after the operation
does not remain a valid quantifier for the extractable work
(e.g., see Appendix E for a discussion).

Following the concept of passive states, which are useless
for work extraction under unitary operations, it is natural to
consider quantum operations that are useless for work extrac-
tion. In particular, we now consider the class of quantum op-
erations that preserve the set &(.S) of passive states.

B. Passivity-preserving operations (PPO)

In general, a quantum operation or quantum channel
Nes + D(S) — 2(5') is a completely positive, trace-
preserving map that acts on the input system S and yields the
output system S’. A quantum channel Ng_, g/ is said to be
passivity-preserving if its output is passive whenever its in-
put is passive, i.e., N(ps) € P(5'),Vps € L(S). Thus,
since passivity-preserving operations (PPO) cannot create an
active (i.e., nonpassive) state starting from a passive state, they
cannot be used to create ergotropy : if Ng_, g is a PPO and
ps € P(8) then Wi, (Nss(ps)) = 0.

As already mentioned, passive states are incoherent states
with respect to the energy eigenbasis. As a result, the concept
of passivity-preserving operations is related with the concept
of incoherent-preserving operations (i.e., channels that map
incoherent states to incoherent states). From now on, we will
refer to incoherent-preserving operations simply as incoherent
operations for brevity [41]. Further, we will define as strictly
incoherent operations the incoherent operations that admit a
strictly incoherent Kraus decomposition (i.e., such that all in-
dividual Kraus operators also map incoherent states to inco-
herent states [42]). For more details on the resource theory of
coherence see, e.g., Refs. [43—48].

The following proposition is a structural statement about
the passivity-preserving operations.

Proposition 1 All passivity-preserving operations are inco-
herent operations.

Proof. Let us consider that Ns_, s/ is a passivity-preserving
operation. Then, for all extremal passive states o, the output
v = Ns_s:/(ok) is a passive state for 0 < k < d—1. In
particular,

(k+ 1)y, — kye—1 = Nsog (k+ 1)op — kok—1)
= Ns—sr ([k)E]) -

Since, Ng_.s is a quantum channel, Ng_ g (|kXk|) €
2(5"), hence [(k + 1)vi — kvi—1] € 2(S’). Further, 7y
and y_; are diagonal states in energy basis, which implies
that Ng_, g/ (Jk)k|) is diagonal in energy basis for all k. Thus
we conclude that all passivity-preserving operations map di-
agonal states to diagonal states in energy basis. m

Remark 3 The converse of the above proposition does not
hold. For example, a permutation of energy eigenstates is an
example of incoherent operation, however, it is not a passivity-
preserving operation.

Passivity-preserving operations exhibit the following useful
properties.

(P1) Convexity: The set of passivity-preserving channels
is convex in the sense that if Ng_,g and N§_ g are two
passivity-preserving channels, then pNg_. g + (1 —p)N{_, o
with 0 < p < 1is also a passivity-preserving channel.

(P2) Composability: The composition of passivity-preserving
channels is again a passivity-preserving channel, that is, if
Ns, s, and N§ 5, are two passiyity—preservir}g channels,
then Ng, 5,0 Z% _,5, is also a passivity-preserving channel.

Remark 4 In the special case of two-dimensional (qubit) in-
put and output systems S and S’, the set of incoherent oper-
ations and the set of strictly incoherent operations are known
to coincide [49]. Hence, all qubit passivity-preserving op-
erations are not only incoherent operations but also strictly
incoherent operations (all Kraus operators are incoherent).

This property can be used to provide an explicit charac-
terization of qubit passivity-preserving operations in terms of
five (incoherent) Kraus operators, as shown in Appendix B. It
is also noted in this Appendix that qubit passivity-preserving
operations enjoy another nice physical property, in terms of a
Stinespring dilation comprising an energy-preserving unitary
operation and a passive environment.

Now consider the case where the input and output systems
S and S’ have the same (arbitrary) dimension. By restrict-
ing to strictly incoherent passivity-preserving operations from
pure states to pure states (with some restriction on the states),
it appears that such operations can be explicitly characterized
in terms of incoherent Kraus operators as follows.



Proposition 2 [f a strictly incoherent passivity-preserving op-
eration is used to transform a pure state into another pure
state (with the restriction that each energy level in both states
has nonzero amplitude and both states have the same dimen-
sion), then it is sufficient to consider Kraus operators that
contain one and only one nonzero element in each row and
column.

Proof. If an operation ® := { K, } transforms a pure state [1))
into another pure state |¢) such that both states have nonzero

amplitudes for each energy level, i.e., [¢)) = Zl o az| ) and
[6) = g B li) with o, B > 0, Vi, and T30 Jaaf* =

S 1Bi1? = 1, then, @(|¥)XY]) = o) unphes that the
Kraus operators { K, } satisfy

Ky l) = culd), Vi (12)

Here, c,, are proportionality constants such that ) , leu|? = 1.
Since each component of |¢) in energy basis is nonzero, any
K,, which has a zero row cannot contribute to the state trans-
formation owing to Eq. (12). Therefore every Kraus operator
that contributes to this pure state transformation must have all
its rows containing at least one nonzero entry. Also, since we
consider a strictly incoherent operation, each Kraus operator
can have at most one nonzero entry in each column. These
two constrains together imply that each Kraus operator must
have one and only one nonzero entry in each row and column.
]

Finally, to complete this section, let us define active states
(in particular, a class of pure active states which will play a
central role in our main theorem in Sec. V) as well as the
notion of activity-breaking operations.

C. Active states

A state p € Z(S) is said to be an active state if it is not
passive. By definition, unitary operations may decrease the
energy of any active state and, therefore, active states can be
thought of as a source of usable energy, e.g., a charged quan-
tum battery. All pure states except the ground state of S are,
by definition, active states. Among all pure states, there is a
particular set ® of pure states which we will use, namely, the
set of states of the form

d—

,_.

e i),

=0

where {p;} € S(d), thatis p; < p;, Vi > j, and py € (0,1).
For example, a pure state of the form

=

BE;
——

lies in the set ©, where Z = Tr[e #Hs] and 8 > 0. In the
simplest case of qubits, the pure states in the set © lie on the
surface of upper half of the Bloch sphere. Thus, although it
may seem very constrained, the set ® contains a significant
part of all nontrivial pure quantum states.

D. Activity-breaking operations (ABO)

We define a special class of passivity-preserving opera-
tions that are interesting from a resource-theoretic viewpoint,
namely the activity-breaking operations. Naturally, a quan-
tum channel Ns_, g is called activity-breaking if the output
state of the channel is always passive for any input state, i.e.,
N(ps) € 2(8") forall ps € 2(S). This is a straightforward
analog to the notions of entanglement-breaking or coherence-
breaking channels. The following theorem gives a complete
characterization of activity-breaking channels.

Theorem 3 A quantum channel Ns_, s/, where the Hamilto-
nian of system S’ is denoted as Hg: = Z;(l) El |EXE |
and dim(Hg:) = dim(Hg), is activity-breaking if and only if
it admits the following form

d—1

N(ps) =Y Tr{psTi} | EL)XE} g (13)

k=0

where the operators {T k}g;é form a positive-operator-valued
measure (POVM), i.e., ZZ;}) I'n = 1gand T}, > 0, Vk, sat-
isfying Ty, < Ty Vk > k.

Proof. To prove the “if” statement of the above theorem,
we employ the fact that activity-breaking channels have to
be coherence-breaking [50]. Let us assume that the channel
Ns_, 5 is activity-breaking. Since it is then a special case
of a coherence-breaking channel, the channel NVs_, s/ can be
expressed as [50, Theorem 2]

d—1
N(ps) =Y TripsTi} |E)Eils (14)
k=0
such that ), I'y = lgand I’y > Oforall k € {0,--- ,d —
1}. Additionally, imposing that A (ps) € £2(S5’) since the
channel is activity-breaking implies that for all &k > £’

Tr[pSFk] § Tr[pSFk/}. (15)

This inequality holds for all input states pg only if I'ys — 'y, >
0. This condition necessarily requires supp(T'x) C supp(T'x/)
as 'y > 0.

To prove the converse, we assume that N (pg) is given
by Eq. (13) and notice that 3 ¢_¢ Tr{Typs} |E}NE}| g €
P (S’ regardless of ps € Z(S) as soon as the POVM {T' }
satisfies I'y, < T'ys, Yk > k’. This concludes the proof of the
theorem. m

As a direct consequence of the above theorem, we have fol-
lowing corollary.

Corollary 1 An athermality-breaking channel N, ie., a
channel which outputs a thermal state for any input state, has
the following form:

d—1

N(ps) = Te{Twps}|EXELl s (16)

k=0
where {Tk }r is a POVM such thatV0 < k <d—1:
"k 1 g with Z = Z e~ Bk,

Iy, =




IV. RELATIVE PASSIVE STATES AND RELATIVE
PASSIVITY-PRESERVING QUANTUM OPERATIONS

In order to prepare the grounds for our main result in
Sec. V, let us now introduce a partial order relation between
passive states, as well as the notion of quantum operations that
preserves it. This partial order, which we call relative passiv-
ity, provides us with a way of comparing two passive states
which is analogous to the comparison between thermal states
in terms of temperature. Consider again a quantum system S
with a Hamiltonian given by Eq. (7) and consider the set of
thermal states, namely Z(S) := {p(B) 1= Z'e P} 55,.
The set A(.S) is endowed with a natural order : for two states
p(B) and p(B’) in B(S), p(B) is said to be cooler than p(S’)
if 8 > pB’. [Rigorously, we should say that p(3) is not hotter
than p(3’).] Extending on this, we can define a new partial
order on the set of passive states Z2(5).

A. Relative passive states

Definition 1 A state p is said to be passive relative to some
passive state o if and only if (U’l/2p 0*1/2) /Tr[po=Y isa
passive state.

The definition above has the following consequence.

Proposition 3 Any state p that is passive relative to some pas-
sive state o, is itself necessarily a passive state.

Proof. Since ¢ is a passive state, we can write ¢ =
S i |iXi| with p; > piyq forall 0 < i < d — 2. Let
p= Z?,;io pij |2) (7] be an arbitrary state. Then,

d—1
o V2po 2 = N p P R NG )
4,j=0

Since (0’1/2p 071/2) /Tr[po~1] is required to be passive,
we have p;; = r;0;; and 7;/p; > 7i41/pig1, for all 0 <
i < d — 2. This implies r; > 7,41 as p; > p;41 for all
0 <i < d — 2; therefore, p is a passive state. B

From the above proposition, it is clear that if a passive state
p:=p(7) is passive relative to another passive state o := o (p),
then we have the condition

ri/ry = pi/pj = 1, Vi < j. (18)

Intuitively, p(7) is “more passive” than o (p) in the sense that
the components of 7 decay faster than those of ' (see Fig. 1).
Here, we use the convention that a/0 = oo whenever a # 0.
We note that if some p; is zero, then we have p; = 0 for
all 7 > 1 since the state ¢ is passive. This implies that the
corresponding 7;’s must vanish as well for p to be a passive
state relative to o.

Furthermore, the notion of relative passivity on the set of
passive states is in close connection with the notion of “being
cooler than” on the set of thermal states (see Fig. 1). To see

B o Vit 0 o Vi+l B
N;
N Nt N @ 5
E, 900 5 2000 i E
: R :

. i veealV ke i 90000M

1 F‘; \ % - 1
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p(7) = o(p)
FIG. 1. Schematic of the notion of virtually cooler passive states.

In the schematic, {Ei}‘itol is the set of energy eigenvalues of the

Hamiltonian of the system. N; and N; are populations in energy
eigenstates |i) corresponding to the passive states p(7) and o(p),

; ; L \ Ni . _pi
respectively. Now, if e T Mo > Rt T i for all
1 =0,---,d — 2, we say that p(7) is a virtually cooler state than

o(p), ie., p(F) >=ve o(P).

this, let us use the concept of virtual temperatures [29, 35,
51]. Consider a passive state p(7) = Zf;ol ri |i)i| € £(9)
with r; > r;41 forall 0 < ¢ < d — 2. We can define (g)
virtual (inverse) temperatures j3; ; for all pairs of probabilities
appearing in p(7) as follows,

T

Bi,j = (EJ — Ei)_l In ( ) s Vi < j, (19)

Tj

where ; ; > 0 as the state p(7) is passive. Similarly, for
another passive state o(p) = Zf;ol pi li)i| € 2(S) with
pi > pig1 forall0 < i < d—2, we define the virtual (inverse)
temperatures f3; ; as

ﬁ;yjzz(Ej—Ei)_lln(;;%), Vi<j. o (20)
J

where 3] ; > 0. Now, expressing the condition that p(7) is
passive relative to o (p) is equivalent to
Bij = Bi; >0, Vi< 2D
We can interpret this condition by saying that p(7) is virtually
cooler than o (5), in the sense that all (}) virtual temperatures
[’jl of p(7) are lower than those of (p) (see Fig. 1). Thus the
partial order relation induced by relative passivity expresses
the physical condition of “being virtually cooler than” on the
set of passive states, and we denote it by

p(7) =y o (P). (22)

In the special case of thermal states, all virtual temperatures
coincide and the condition p(7) >,. () boils down to the
condition that p(7) is cooler than o(p). It is easy to see that
the relation >, is a partial order, i.e., (1) p(7) =y p(7)
(reflexivity). (2) p() >ve o(P) and o(p) >ue N(5) im-
ply p(7) =ve n(8) (transitivity). (3) If p(¥) =, o(p) and
(D) =ve p(7), then p(¥) = o(p) (antisymmetry). We also



note that the relation >, enables a comparison between pas-
sive states but is inadequate to compare a passive state with
some nonpassive state. As a side remark, let us mention that
the relation >, appears in mathematical statistics under the
name of “likelihood ratio order” and has numerous applica-
tions including the field of statistical inference, economy and
optimal scheduling problems [52].

We note that the notion of being virtually cooler >, can
be connected to Hoffman majorization >, which allows us
in particular to compare the energy of the two states.

Proposition 4 Consider any two passive states p(r) and o (p).
If p(r) =ve (D), then 7 =), [ and E(p()) < E(a(p)),
where E(p) := Tr[pHg] denotes energy of the state p.

Proof. From the partial order p(7) >, o(p), if we choose k
such that 0 < k < d — 1, we have

k k
Zi:o T > Zi:opi
- b
T Di

Vk+1) <1< (d-1).

Inverting the above inequality and summing over [, we get

d—1 d—1
Dk 7l < D i—kt1 Pl

2 > 2
D iz Ti > im0 Di

By adding one on both sides, using that Z?;Ol Ty =

ch‘l:_()l p; = 1, and again inverting the inequality, we obtain

k k
Sori=> pi,  V0<k<d-1.
=0 1=0

The above inequality implies that 77 >, p. Now

d-1
E(o(p)) — E(p(7)) = 4 Ei(pi — i)
i .
= (Bx = Bry1) Y (0 —74)
k=0 i=0
Z 07

with the convention E; = 0. The last inequality follows from
the majorization condition and the fact that £, < Ej,; for
all 0 < k < d — 2. The term with kK = d — 1 vanishes as the
vectors 7" and {7 are normalized. This concludes the proof of
the proposition. m

It is intuitive to see that a virtually cooler state (compared
to a reference state) necessarily has a lower energy (compared
to this reference state). Also, since p(7") >,. o(p) implies
7 =pn D, not only the energy function is a monotone but also
all Schur-concave functions are monotones. Further, the no-
tion of virtually cooler states can be given a thermodynami-
cal interpretation based on the setup used to demonstrate the
working of a quantum refrigerator [29, 35, 53]. As we prove
in Appendix D, a virtually cooler passive state can indeed be
used to cool an external system to a further extent than the
passive state it is compared to.

Note that the converse of Proposition 4 does not hold in
general, except for qubits. For example, in a qutrit case,
7= (0.8,0.18,0.02)” and p = (0.75,0.15,0.1)7 are two de-
creasing vectors such that ¥ >, p while p(7) is not virtually
cooler than o (p).

Finally, let us mention the following two states which are
of special importance with respect to the partial order >, re-
lation: (1) the ground state, which is virtually cooler than any
other passive state, and (2) the maximally mixed state, with
respect to which every other passive state is virtually cooler.
In particular, we have the following proposition.

Proposition 5 The set of virtually cooler states with respect
to some fixed passive state o(p) = Z?:_ol p; |i)i| is a convex
set. Moreover, the set of virtually cooler states with respect to

the maximally mixed state is equal to the set of passive states.

Proof. Let p(7) — Y070 s [i)i] and p(3) — 20 s: i)
be two virtually cooler states than o(p). To show that the set
of all virtually cooler states than o(p) is a convex set, it is
sufficient to show that t p(7) + ¢ p(5) >y o(p), where 0 <
t<landt=1—t. Wehave

d—1

tp(F) +Tp(3) =D (tri +Ts) i)l

i=0
and

(t’f‘j + I?SZ) > (t’f‘i_;'_l + {Si—&-l)
Di - Dit+1

since p(7) >y o(p) and p(5) =y o(p). This concludes the
proof of the first part.

For the second part, notice that all the extremal states of
the set of passive states of a qudit system (including the max-
imally mixed state) are virtually cooler than the maximally
mixed state. So, from the convexity of the set of the virtu-
ally cooler states, it follows that all passive states are virtually
cooler than the maximally mixed state. This concludes the
proof of the second part of the proposition. m

We will see in Sec. V that the notion of relative passivity
and virtually cooler states plays a critical role in the transfor-
mation of active states under incoherent operations. Before
turning to this result, we need to define the notion of quantum
operations that preserve relative passivity (in analogy with the
quantum operations that preserve passivity).

B. Relative passivity-preserving operations

A relative passivity-preserving operation (RPPO) is a quan-
tum channel that is defined with respect to two fixed passive
states. Given two fixed passive states o(p) and o(§), a quan-
tum channel defines a RPPO if it maps all passive states that
are virtually cooler than o(p) into passive states that are vir-
tually cooler than o(g). In other words, for all states p(7)
such that p(7) =,. o(p), a quantum channel A is a RPPO if
A(p(7)) >=ve o(§). Let us denote the set of all RPPOs with
respect to passive states o(p) and o(q) by £, 4 (see Fig. 2).



By definition, the set £, ; of RPPOs preserve the partial order
(on the set of passive states) of being virtually cooler than the
reference passive state o(p) at input and o(g) at output.

2(5) 2(5)

a(p)

FIG. 2. A schematic for RPPOs. In the schematic, Z2(S) is the set
of all passive states. o(p) and o(q) are two fixed passive states. T},
is the set of all passive states that are virtually cooler than o (p) and
T, is the set of all passive states that are virtually cooler than o (q).
Thatis, T}, := {p € P(S) : p >ve 0(P)} and T, := {p € L(5) :
p >ve 0(q)}. Then £, 4 denotes RPPOs and is the set of all quantum
channels from the set T}, into the set 7.

Choosing the passive states o(p) and o(g) as being the
maximally mixed state I/d in the set of operations £, ; is of
particular relevance as we have following proposition.

Proposition 6 For the choice o(p) = o(q) = 1/d, the set
£p,q IS equal to the set of passivity-preserving operations.

Proof. The proof of the above proposition follows from
Proposition 5 (the passivity condition is equivalent to being
virtually cooler than the maximally mixed state) and from the
definition of RPPO. m

Thus, with this choice of o(p) and o(§), the RPPOs are
equivalent to PPOs. For other choices, however, RPPOs are
not necessarily passivity-preserving operations, except in their
action on the ground state of the system. Indeed, it is clear
that the ground state is virtually cooler than any passive state
o(p), therefore, under the set £,,q> the ground state is always
mapped onto a state that is virtually cooler than the passive
state 0(q), hence it is passive. Thus, if the input state is the
ground state, then the output state of any RPPO is always pas-
sive.

In the following, we show that the RPPOs are incoherent
operations, that is, they preserve incoherent states (diagonal
states in a reference basis which is the energy eigenbasis).

Proposition 7 For any choice of passive states o (p) and o (q),
any relative passivity-preserving operation A € £, , is an
incoherent operation.

Proof. We have already seen that for A € £, ,, A(J0X0]) is an
incoherent state. We prove the proposition by induction. Let
us assume that A(|¢)(¢|) is incoherent for i = 0,--- ,d — 2.
Then following two cases arise.

Case 1: The state o (p) is such that pg_; = 0. In this case all
the states p(7) that are virtually cooler than o(p) must have
r4—1 = 0. Therefore we can effectively consider the transfor-
mations on the (d—1) dimensional Hilbert space and by the in-
ductive assumption A(|i)(¢]) is incoherent fori = 0, - - - ,d—2,

the operation A is incoherent.

Case 2: The state o(p) is such that pg_1 # 0. Let us consider
a state p(7') such that r; = p; for1 < i < (d—2),r0 =po+e
and r4—1 = pg—1 — € with € > 0. Thus p(¥) >, o(p). By
definition, A(p(7)) is a passive, therefore, incoherent state.
Then,

A(p(7) = Ao (P))
= € [A(J0XO0]) = A(]d — 1){d — 1])].

Since A(]0)0]) and LHS of above equation both are incoher-
ent, we get that A(|d — 1¥d — 1]) is also incoherent, i.e., di-
agonal in the energy eigenbasis. This concludes the proof of
the proposition. m

Let us now present an instructive example of a RPPO for
the qutrit case. Let us choose o(p) = diag(po, p1,p2) and
o(q) = diag(qo,q1,q2), where py > p1 > py > 0, qo >
g1 > q2 > 0, and Z?:o D = Z?:o g; = 1. Further, choose
po = p1 = (qo + q1)/2 and pa = ga, so that p’ <, ¢. Then,
the quantum channel A that is defined with Kraus operators
K1 and Kg,

N
K= 0 J& o [,
0 0 /&
0 R
Ko= |5 0o o0 [,
0 0 /i

is RPPO with respect to passive states o(p) and o(g), as we
show in the following. That the map A is trace preserving
follows from the relation between p'and ¢, namely

2

9 + @1 q +¢1 q2
KK, = 0)0] + X1+ = [2)2
?:1 ; 50 |0X0] o [ 1Y pQ\ X2

= 1.

The action of such a map on a passive state p(7) =
diag(rg,r1,7r2) with rg > 71 > r9 > 0 and Z?:o ry = 1,
is given by

2
Ap(7) = Y Kip(7) K]

i=1
o 1 T2
=l + 0X0| + g1 |1X1]) + —q2|2)X2
(32 + 52 (a0 0001+ a1 |1K11) + e 23

= 50 [0NO] + 51 [1)(1] + s [2)2]

Using above equation, we can write

$0/qo 1 (1 10\ [ro/po

81/q1 :5 110 Tl/pl

82/(]2 0 0 2 7"2/p2
R

Since we recognize that I is a Hoffman matrix, the above
equation implies that if p(7) >,. o(p) then A(p(7)) >
o(q), so the quantum channel A is a RPPO.



C. Hierarchy of various quantum operations

It is instructive to compare the various sets of quantum op-
erations considered so far, namely, the passivity-preserving
operations (PPO), the relative passivity-preserving operations
(RPPO), and incoherent operations (those that preserve inco-
herent states in the energy eigenbasis). First, note that for an
arbitrary choice of the passive states o(p) and o(¢), RPPOs
only preserve the passivity of virtually cooler states than o (p)
since these are mapped onto virtually cooler states than o(q),
which are themselves passive. This means that RPPOs are
not passivity preserving, in general. Similarly, all PPOs are
not RPPOs for some choice of passive states o(p) and o(q).
Thus £,, ¢ PPO and PPO ¢ £, ,, where PPO denotes
here the set of passivity-preserving operations. Similar rela-
tionships hold if we consider strictly incoherent RPPOs and
strictly incoherent PPOs. In contrast, we know that both PPO
and RPPO sets are necessarily inside the set of incoherent op-
erations. We refer to Fig. 3 for more details of these relation-
ships as a schematic diagram.

FIG. 3. In above schematic diagram, RPPO is the set of relative
passivity preserving operations for two fixed passive state o(p) and
o(g), PPO is the set of passivity preserving operations, and IO is the
set of incoherent operations. If we choose o(p) and o(g) both to be
equal to the maximally mixed state, then RPPO is equal to PPO.

V.  TRANSFORMATION OF PURE ACTIVE STATES
UNDER RELATIVE PASSIVITY-PRESERVING
QUANTUM OPERATIONS

Building on the notions of relative passive states and rel-
ative passivity-preserving operations (RPPOs), we are now
ready to consider the problem of pure active state transfor-
mations under the set £, ; of RPPOs. Our central result is to
find the necessary and sufficient condition for such a transfor-
mation to exist, based on Hoffman majorization.

A. System of arbitrary dimension

Let us consider the set ® of pure states that have the form

d 0, 1\
lv) = S5, /pi e |i) with {6,} € R and {p;} € S(d),
that is p; < p; forall ¢ > j, and pg € (0,1). The set © is a
subset of the class of active states, and we note that each state
in © can be associated with a passive state o(p) having the
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same population of energy eigenstates. In the following, we
provide a necessary and sufficient condition for the transfor-
mation between a pair of pure states in © under RPPO relative
to their respective passive distributions.

Theorem 4 An active state 1)) € D can be transformed
to another active state |¢) € D under a strictly incoherent
RPPO with respect to o(p) and o(q) if and only if p <5, q,

d-1 i9: |: d—1 e s
where [) =37, pie? i), |¢) = > im0 V@i i), and
p and ¢ are passive vectors.

Proof. Before we begin our proof, let us remark that for
the purpose of state transformations under RPPOs, the states
[0) = S50 v/Bili) and [) = 020 /pie’® [i) are equiv-
alent as |¢') = diag(e®, ... eia-1) |¢), where U(f) =
diag(e?®, ..  e?4-1) is a unitary operator corresponding to
RPPO. Unitary operation U(-) == U (0)(-)UT(6) is such that
ANolzUzo A € £, forall A € £,,. So, without loss of
generality, we can drop all the phases from |¢)) and |¢) in the
above theorem.

More formally, we can say that active states ’w(§)> S

in the set {’w(§)>}§ form an equivalence class if they can

be transformed to one another by an energy-preserving uni-
tary operation U € £, (note here that the input and output
reference probabilities are equal to p). For example, |¢)) =
S0 Vi li) and o) = 335 pie” i) belong to the
same equivalence class as [¢)') = diag(e?0, - - -, efa-1) [4),
where diag(e®®, ...  e?%i-1) is unitary operator correspond-
ing to unitary RPPO in £, .

Proof of “if” part.— We will prove the theorem using math-
ematical induction. Let us start with dim’H = d = 2. If
p1 = 0, the Hoffman majorization implies that g; = 0. There-
fore 1)) = |¢) = |0) and the transformation is trivial via the
identity operation. Let us assume that p; # 0. Now, since

(p O) <hn (g()) , there exists a Hoffman matrix R such that
1

b1
Po) _ qo
(m) =R <(J1> ’ 23)

with1/2 < a < landa = 1-— a.

a a
where R = | _

It is easy to check that the operation ®, defined via Kraus
operators L and Lo (represented in energy eigenbasis)

JJa 0 0 ,/al
L=V ™ P Ly = )
0 Jor aL 0
p1 Po
maps |1) to |¢). We need to show that this map ®,, is a RPPO.
We have
1
D, (|0X0[) = o (Ro,090 [0X0] + Ro,1q1 [1X1])  (25)

¢Mwm:imeMWHMmMm-(w



Now, let us consider an input state p(7) = ¢ [0)0] 4+ 71 [1)}1]
that is virtually cooler than the passive state () = po |0X0|+
p1 |1)(1] associated with |¢). Then, the corresponding output
state reads

p(8) = By ZZ” R ).

=0 j=0
implying that

1

5§ Iilhy

q] i=0 pi

Since R is a (symmetric) Hoffman matrix, the condition
p(F) »ye o(p) (i-e., 70/po > r1/p1) implies the condition that
p(8) =ve 0(q) (.e. so/qo > s1/q1) where o(q) = qo |0)0] +
q1 |1)X1] is the passive state associated with |¢). Therefore ®,,
maps the state p(7), which is virtually cooler than o(p), to
a state p(§), which is virtually cooler than o(g). Also, from
the form of Kraus operators, it is clear that ®,, is a strictly
incoherent operation. Now, assuming that the theorem holds
true for dim H < d — 1, we will prove that the theorem holds
true for dim H = d. Now, the two cases arise.

Case 1. Lettherebe a k (0 < k < d — 1) such that p, # 0
and px+1 = -+ = pg—1 = 0. From Hoffman majorization,
it follows that qz4+1 = --- = g4—1 = 0. Now, let the vector
(po,-++ k)T <n (qo,-++ ,qx)T. Then, from the inductive
assumption, we know there exits a RPPO <I>; on Z; (the set
of all £ x k density matrices) specified by the Kraus opera-

tors {L,}, p = 0,---, N — 1 such that Zf;ol Vpili) —
S0 /@ li). Let us consider K, = L, @ \/%dek, then
() = Zf::ol K, - K/E is a RPPO that transforms [¢)) to
|¢)-

Case 2. When py_1 # 0. Since P’ <j, ¢, from Theorem 2,
there exists a Hoffman matrix R € R(d) such that p = Rq.
From Theorem 1, we know that R = ZTEP( d) o-MT, where
T is a partition, - are probabilities and Y p (4 - = 1.
Each M7 is a d X d matrix that corresponds to a partition
7 = (71,72, 71) and can be written as M7 = ®F_ M, ,
where M., = j";il‘ ;. Let
us partition the vectors p’ and ¢ following the same partition
7= (71,72, - Tk), that is

ﬁ:(ﬁﬁa"'7ﬁm); §:(§717.-.’§Tk)'

In this notation,

M™q= (Mﬁ@' & M- )(Jﬁa"'v@‘%)
:(Mﬁ(j;'la" M (77')
= (P, 7T7'k) 7T

Further, let us similarly divide the total Hilbert space as

H == @7{‘6:17{7“ (27)
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Now, let us build the following set of operators {G7: }, where,
for each ¢, the |7;] operators Gy act on subspace H,, and are
labeled by a; € {0,---,|r| — 1}. These operators {G7i}
will be used to define Kraus operators. Letting 43 = 0 and
i = S1—1 |n| fori > 1, we define

[7i|—1

Goi=

J=0

qm+ﬂgﬁ €))

— i+ 75 (7)) (i + 3], (28)
Ppi+j

where {77} are cyclic permutations of indices from the set

{0,---, |T7;Z| — 1} and each permutation is labeled by a;. For
j=40,---,|r| — 1}, we thus have

q it+mal (j T
pit ) = | D () (29)
Ppi+j

Let us define

Gy

k k
V)= i) 6) = 16i), (30)
=1 =1

where each [1);) has disjoint support over |7;|-dimensional dis-
joint subspaces H.r,. The same is true for each |¢;). Now, we
see that

-
Gy

¥) = |¢i) -

Next, we define a map ®,, with Kraus operators

k
Gi= [T oG (1)
- i
i=1
where @ = (a1, - ,ax), a; € {0,---,|m| = 1}, |7] =

Hle |7;| and each operator in above sum has disjoint support
on total Hilbert space. From the form of the Kraus operators,
it is clear that they map incoherent states to incoherent states,
therefore ®,, constitutes a strictly incoherent operation. Now,
it is easy to see that

k k
Gélw>=,/%ZGz P) = %le
i=1 i=1
= |¢),
\TI
implying that
@, (|)(w)) ZZGTWJ YIGE =)l (32)

The complete positivity of above map is guaranteed as it
is presented in terms of Kraus operators. Now, we show
that it is also trace preserving. For this, we need to show



S 3. GE'GT = 1. We have indeed

Ly
=237 (i%ﬂ (;G>

o & | 7] ‘Til !
— -7 JLE GT7T Ti
Zm;w 2, Gl
k |Ti|—1
1 2 Qpitnt
=d )y =D = RO e ) (s + ]
. |Tz| . Pui+
T i=1 7=0 pity

Ti‘_l (—» )

Tri)j . .
> S i+ ) + 5
j=0 T

™ i=1 (Pr.)
d=1 .,
r
=Yy Dy
T =0 P
-1
= Ih (] =1Ia,
1=0

where we have used > .77 = j as well as the fact that
summing over all cyclic permutations {77} from the set
{0,---, || — 1} results in

[7i|—1

Z Quivnii () =

a;=0

= |1| (7)), (33)

Therefore the map @, with Kraus operators {GZ} forms a
completely positive trace-preserving map. The final step is to
prove that ®,, is a RPPO with respect to the reference passive
state o (p) associated with |¢)) at the input and reference pas-
sive state o(g) associated with |@) at the output. For a given T
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and for all |j) € H,, i.e., |p; + j), from Eq. (29), we have
> Ga i+ 3) i + 41 GF
k
Y (S0 ) s (3 )
m=1
ZG“

Qpitnii (J)

B Z

pﬂl"l’]

i + 5) (i + 5| Gt

i+ o (7)) (i + 70 (7))

‘7—1| 1

Z Qi+ (J)

pi + e (5)) (i + 7t (5)]

‘Tl| a=0 Priti
o, |7i|—1 Gt l |
I ; m'“i"‘ )i + 1
o |7i|—1 )
Y 12—% (Mz)ga (@) lps + 0 Cps + 11

Therefore, for an input state |i), we have

Qp([i)i]) = ZZ Gz lix
-y S
1 ‘

= ZRi,j a; 17)(

where we have used ZT oM™ = R. Now, consider an arbi-
trary input passive state p(7) = Zd_l ;i |i | >< /| that is virtually
cooler than the passive state o(p) = Zl o Di |i)(@|. Then, at
the output, we have

p(3) = @p(p dzl (Z ) 7)1

From the above equation, we have

i| G5t

rans

d—1

S S ALLE

9 = P
Since R is a (symmetric) Hoffman matrix, it follows that

r 8i _ S
7> Z+1:>i> lJrl.

Pi P+l @G Qi1
Thus the map ®, maps a passive state p() that is virtually
cooler than J(ﬁ) onto a passive state p(§) that is virtually

cooler than o(g). Hence, ®, is a RPPO. This concludes the
proof of the “if”” part of the theorem.

Proof of “only if” part.— Let us assume that there exists a
strictly incoherent RPPO ®,, such that [¢p)}¢| = @, (|¢)X]).



Since it is a strictly incoherent operation, from Refs. [54, 55],
we conclude that g < ¢. Given that p"and ¢ are passive vec-
tors, this in turn implies that p’ <;, ¢ and concludes the proof
of the theorem. m

It must be noted that the RPPO ®,, that we have constructed
in the proof satisfies ®,(c(p)) = o(g), in addition to the
requested property @, (|¢)¥|) = |¢)¢|. This makes sense
since ®,, is (strictly) incoherent and since o (p) is the incoher-
ent version of |¢) and o(q) is the incoherent version of |¢).
Now, we describe some consequences of the above theorem.

Corollary 2 The state 1), .. = ﬁ i €% i) can be
transformed to any state |¢) = Z?;()l qievili) € D us-

ing strictly incoherent RPPOs defined with respect to vectors
p={d ', d}T and ¢

Proof. Since, the vector j = {d~!,---  d~1}T <, ¢ for
any choice of ¢, the corollary follows from Theorem 4. Thus,
in the set ©, [¢) . are the most active states. They can be
converted into any active state |¢p) € ©. Since o(p) is the
maximally mixed state, the condition p(7¥) >,. o(p) boils
down to the condition that p(7) is passive. Hence, the RPPO
transforming |¢) _ into |¢) is such that it transforms any
passive state into a state that is virtually cooler that o(g), i.e.,
the passive state associated to |¢). ®

Corollary 3 Any state |¢)) = ZZ —0 \fe”l [i) € © can
be transformed to the ground state |0) using strictly inco-

herent RPPOs defined with respect to vectors p and § =
{1,0,---,0}T.

Proof. Noting that 7’ <, ¢ = {1,0,---,0}* for any vector
p, the corollary follows from Theorem 4. In the set ®, the
ground state |0) is the least active state; actually, it is the only
state in D that is passive. Since o(¢) = |0)0], the condi-
tion p(3) >, o(q) at the output implies that p(5) = |0)0]
(remember that the ground state is virtually cooler than every
other state). Hence, the RPPO transforming |¢) into |0) is
such that any input passive state that is virtually cooler than
o(p), i.e., the passive state associated to |¢), must be con-
verted into the ground state [0). m

B. Special case of qubit systems

Let us now examine the qubit case in more details. It is
known that for qubit systems, the set of strictly incoherent op-
erations and the set of incoherent operations coincide [49]. In
contrast, it is easy to see that for fixed qubit states o (p) # I/2
and o(q) # 1/2, the set of RPPOs is not equal to the set of
PPOs. However, it turns out that pure qubit active state trans-
formations can be achieved with passivity-preserving opera-
tions (there is no need to consider relative passivity-preserving
operations). The following theorem proves this assertion.

> € ® can be trans-
7)) € @ under a PPO

i),

Theorem 5 A qubit active state ‘w(é)
¢

Sformed to another qubit active state |

(v
if and only if p <y ¢, where ’¢ 9)> _o \/Pi€ bi
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{po, p1} with py > p1, and

7)) = Cico VT i), 7 =

= {qo,q1} with qo > q1.

Ql@

Proof. Let us first notice that states ’w(§)> and |o(7))

are equivalent to states [¢)) = Zzzo\/ﬁh) and |¢) =

ZLO /@i |i), respectively. Therefore it suffices to prove
above theorem for states |¢) and |¢).

We know that the passivity-preserving operations are inco-
herent operations and that incoherent operations are equiva-
lent to strictly incoherent operations for the qubit case. Then,
the existence of a passivity-preserving operation transforming
[¢)) to |¢) implies that 7' <}, ¢’ based on Refs. [54, 55], which
concludes the “only if” part of the theorem.

For the “if part”, we need to construct a map that transforms
[t)) to |¢) using the condition 7 <5, ¢'in the same way as we
constructed in the proof of Theorem 4. We apply this map on
the two extremal passive states for a qubit, namely

10 Lo
(Y -Gy o
0= \00 17\0 3
For the first extremal state, we have
290
®p(0g) = (% q) (35)
Po

The above state is passive as a > a, qo > ¢1, and thus aqy >
aqi . Similarly, for the second extremal state, we have

M_i_% 0
o (o”)=<2p0 e e ) (36)
e 0 htsh

To show that ®,(c7) is a passive state, let us consider

agy  aqy _aq _aq . G _ @
2p0  2p1 2po  2p1 ~ 2po  2p;1
_ qopP1 — Poq1

2pop1

>0

where the first inequality comes from pg > p;. In the second
inequality, we have used the fact that p’ <, ¢ implies go > po
and ¢; < p; . Since all passive states are convex mixtures
of o} and o7, this shows that the operation ®,, is a passivity-
preserving operation. m

C. Maximal extractable work from RPPOs

First, let us consider the case of pure active states from the
set ©. For such states, we have following proposition.

Proposition 8 The maximal amount of work that can be ex-
tracted from any state |¢) = 221:—01 pi € |i) in the set D
using strictly incoherent RPPOs defined with respect to vec-
tors pand ¢ = {1,0,--- ,0}T is equal to the ergotropy of the
state.



Proof.  Let us consider an arbitrary state [¢)) =
S /pie |i) in ©. From Corollary 3, we can trans-
form any state in ® to the ground states |0) using RPPO with

o(p) = ZZ o ! p; |i)i] and o(q) = |0)0|. Now, since there is
no entropy change in this process, the maximal work that can
be extracted from |¢)) using RPPOs is given by

([¥ X[ = [0X0])]
d-1

= ZpiEi — Fy.
i=0

The above equation tells us that W, is exactly equal to the
ergotropy of the states in ©. See Eq. (11) for the definition of
the ergotropy. This concludes the proof. m

The fact that we can bring |¢) to the ground state |0) and
extract W, is trivial (it would be enough to use a unitary
mapping [¢) to |0)). But what is non trivial here is that there
exists a transformation bringing |¢)) to |0) and at the same time
this transformation also maps any passive state that is virtually
cooler than o (p) to |0)0|. This follows from Corollary 3.

Wonaz = Tr[]EI

D. Monotones based on Hoffman majorization

We complete this Section by constructing some functions of
states which are monotone under RPPOs, based on the conse-
quences of Hoffman majorization. We have shown that, on
the set of states ©, the Hoffman majorization provides nec-
essary and sufficient condition for state transformations under
RPPOs. This can be exploited to construct a family of mono-
tones that can only decrease under RPPOs. Let us recall a
result on Hoffman majorization, which is stated as following
theorem.

Theorem 6 [32] Let <7 be the set of all d x d real symmetric
matrices such that for all A = (a;;) € &/, i =0, ,d—1
and k = 0,---,d — 2, 37" (ar; — ax1,5) > 0. Then,
xAxT < yAyT forall A € o if and only if x <}, y.

Using above theorem, we have following proposition.

Proposition 9 For a qudit system with Hamiltonian H =

Z E; |i)(i| with Ey < --- < Eq_1, the following func-
tions of the state |1)) = Zf;ol pie'? |i) € D are monotones
under RPPOs.

(1) function A, = Ey % — Zf OlplE * for a € (0, 00);

(2) function B, = e~ *Fo — Zi:O pZe~Fi for o € (0, 00).
These functions can therefore be labeled as resource quanti-
fiers, while resource is being activity or nonpassivity.

Proof. Let [¢) = S0 /peli) and |¢) =
Zd ! g€V ]i).  We know from Theorem 4 that if

S (q0Nul) = [éo
we know that for all A = (a;5) € &/, i = 0,---,d -1

and k = 0,---,d — 2 such that Z;:o(ak,j — agt1,5) > 0,
VAYT < $AGT forall A € . For the particular choices
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A—ﬁ—
Sy ¢2E;

and A = e O‘H, we have Zl OP2E “ <
“and Y1) pfe=oF < 0 g2e~Fi. Thus

Ao (@p(|9)%]) = AalloXS])
d—1

- GE™
=0

<E;“ =) piE"
= Ao ([0

Similarly, B, (®,(|¥)¢])) < Ba(J¥)y|). This, shows that
the functions A, and B, are monotones under RPPOs on the

set®. m

VI. CONCLUSION AND DISCUSSION

In this work, we have introduced a partial order on the set of
passive states which generalizes the natural ordering of ther-
mal states in terms of temperature. This provides us with a
way to differentiate between passive states based on their use-
fulness in a thermodynamical context and paves the way to
the notion of “virtually cooler” passive states, making a clear
connection with the notion of “virtual temperature” [29]. The
order relation of “being virtually cooler than” as we define it is
closely related to the likelihood ratio order appearing in statis-
tics [52] and can be interpreted as a relative passivity condi-
tion: a state that is passive relative to a given passive state
is also “virtually cooler than” this other state. We show that
this partial order is stronger than majorization, which is only
a preorder, in the sense that the partial order relation of “be-
ing virtually cooler than” implies a majorization relation. In
a thermodynamical context, we show that, if used as a refrig-
erator, a virtually cooler state (with respect to another state)
can cool down an external qubit system to a further extent as
compared with the cooling effected by this other state.

This leads us to analyze the class of quantum channels that
preserve this partial order relation of “being virtually cooler
than”. More specifically, given two fixed passive states p
and o, we ask when does a quantum channel map a virtually
cooler state than p to a virtually cooler cooler state than o?
We call such a channel a relative passivity-preserving chan-
nel or operation (RPPO) with respect to the two fixed passive
states p and 0. We show that RPPOs are necessarily inco-
herent operations, which cannot create quantum coherence in
the energy eigenbasis. We also compare RPPOs with the set
of passivity-preserving channels or operations (PPOs), which
are those quantum channels that output a passive state if the
input is a passive state. We show that PPOs and RPPOs are
in general two inequivalent notions. However, in case we de-
fine RPPOs by fixing both p and o to be the maximally mixed
state, then the set of RPPOs is equivalent to the set of PPOs
(this is because passive states can be defined as the states that
are virtually cooler than the maximally mixed state).

We then turn to the question of what quantum states can be
converted into what other quantum states by a strictly inco-



herent RPPO (i.e., having the extra property that all its Kraus
operators are incoherent). We show that for a special class ©
of active pure states, the interconversion ability of a strictly
incoherent RPPO is equivalent to a particular partial order re-
lation which we call Hoffman majorization. In particular, a
pure state [1)) = >, \/pie'% |i) € D can be transformed to
another pure state [¢) = >, \/g:¢’" |i) € D if and only if
P =< ¢, where both p’'and ¢ are passive vectors and <, stands
for Hoffman majorization. Here, the two passive states with
respect to which RPPOs are defined are o(p) = ), p; |i)(i
and 0(q) = >, ¢; |i)(i|. The proof of this result is construc-
tive and rather tedious. So, in order to make it more instruc-
tive, we further elaborate in Appendix C on the explicit con-
struction of a strictly incoherent RPPO implementing the de-
sired state transformation for a general qutrit case (d=3).

Just like the notion of PPOs comes with a resource theoret-
ical interpretation of the states that are not passive, it is natu-
ral from the definition of RPPOs to view the property of not
being virtually cooler than a given passive state as a distinct
resource. Accordingly, we introduce two families of resource
monotones based on Hoffman majorization, which are non-
increasing under RPPOs. It would be quite relevant to bet-
ter understand the nature of this particular resource, that is,
“not being virtually cooler than”, in a thermodynamical sce-
nario. Further, it is worth noting here that in the absence of
a heat bath, Hoffman majorization is a natural alternative for
thermo-majorization [12—14], which is meaningful only in the
presence of a heat bath.

Interestingly, things become easier for qubit state transfor-
mations (d=2) and we show that Hoffman majorization be-
comes a necessary and sufficient condition for state transfor-
mations under PPOs (it is not needed to consider RPPOs any
more). We then characterize the general passivity-preserving
operations, which are also incoherent operations, and provide
explicit forms of the Kraus-operators that comprise passivity-
preserving operations in the qubit case. However, the char-
acterization of passivity-preserving operations in arbitrary di-
mension is left open for future research. It would be very
interesting to see whether Hoffman majorization, which pre-
serves the nonincreasing nature of vectors, plays some partic-
ular role in the interconversion of pure d-dimensional states
under passivity-preserving operations as it does for qubits.

As a limiting case of passivity-preserving operations, we
also introduce the class of operations that always map any
state (passive or active) to a passive state, and denote such
operations as activity-breaking operations (ABOs). Interest-
ingly, we show that these operations admit a clean characteri-
zation in terms of measure-and-prepare channels.

Finally, let us stress that we expect the notion of virtually
cooler passive states introduced here to play an important role
in thermodynamical contexts, as illustrated in Appendix D
with the simple example of cooling an external qubit system
using energy-preserving swap operations and a passive state
for the refrigerator. It would actually be of great value to
uncover the full implications of the relation of “being virtu-
ally cooler than” in more general thermodynamical contexts.
In particular, considering the task of work extraction from a
single quantum system under some quantum channel, it will
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be very interesting to see what are the consequences of using
a virtually cooler passive state as the machine state. Impor-
tantly, to answer this question, one will need a good definition
of extractable work under quantum channels (this is briefly
discussed in Appendix E). Unlike the case where unitaries are
used for work extraction, this cannot simply be equal to the
energy change of the system. The reason behind this is the fact
that quantum channels introduce noise and this noise should
be carefully separated from the energy change in order to de-
termine the useful work. This is very intriguing as there is
no notion of temperature or thermal bath in our scenario with
passive states, so the usual separation, which is obtained by
subtracting the entropy (times the temperature) from the in-
ternal energy, is simply not viable. In other words, this calls
for a new notion of free energy which would generalize the
usual free energy F' = E — T'S in situations where no ther-
mal bath at a given temperature is considered. A tempting
possibility would be to use the notion of virtual temperatures
instead, but we leave this question open in the present work.
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Appendix A: Hoffman majorization

In this Appendix, we first review the proofs of Theorems 1
and 2 at the core of the Hoffman majorization. The proofs in
Sections A 1 and A 2 are inspired from Ref. [30]. Then, we
propose in Section A 3 an alternative condition for express-
ing Hoffman majorization that is based on what we call pas-
sive t-transforms. We show that Hoffman majorization can
also be realized with asymmetric doubly-stochastic matrices
(products of passive t-transforms) and explore in particular
the cases of two and three dimensions. This analysis is also of
independent mathematical interest.

1. Proof of Theorem 1

From the structure of the set M7 (@) it is clear that any ma-
trix M7 € MP (4 satisfies the conditions (a) to (d) listed in
Sec. IT A, which are necessary to be a Hoffman matrix. This
follows by noting that for each partition 7 = (71,72, - 7%),

M7 is a d x d matrix, written as M7 = @®F_; M,,, where
Tl ~ .
M,, = ﬁ, J)r,| is a |7¢| x |7¢| matrix of all ones and |7

is the cardinality of part ;. Now let R € R(d) be a given



Hoffman matrix. Our aim is to show that R can be written as
convex mixture of matrices M™ € MP(@,

Step 1 (Relationships between matrix elements of R). We
will first establish some relations between matrix elements of
R and in particular, R; ; > 0 for all ¢, j.

1. R;; > R; j4+1 fori < j. We prove this by induction.
This relation is trivially true for ¢ = 0 following from
condition (d). Let us assume that the relation is true
fori = k,ie, Rr; > Ry 11 fork+1 < j. Then
from condition (d) we have Ry+1 ; + Rk j+1 > Rk, ; +
Ry 11,j+1- Adding the two conditions, we get Ry 41 ; >
Rj41,j41. Thus the relation is true for 4 = k + 1. This
completes the induction.

2. Similarly, R; ; > R;_1 ; for 1 < ¢ < j. The proof is
similar to the above relation.

3. Using the condition R; ; = R;;, we have (1) R;; >
Ri+1,j for ¢ Z j, and (11) Ri,j Z Ri,j—l for 1 S ] S 1.

4. Combining all the above three points and condition (a)
that Ry q—1 > 0, we conclude that R; ; > 0 for all 4, j.

Step 2 (Finding a partition based on step 1). We find a
relevant partition recursively. Let us consider 7; = maxj
such that Rg ; > 0. If i; < d— 1, then there exists at least one
J > iy such that R; 1 ; > R;, ;. If this is not the case then
from point 3 above we have I%;, 11 ; < R;, ; for all j. Then
from the condition that 1 = » ., Ry 415 < >, Ry, j = 1
for all j, we have R;, 11 ; = R;, ;. In particular, Ry ;, 11 =
Ri, 41,0 = Ri,,0 = Ro,,. This contradicts the definition of
i1. If i1 < d — 1, then let i3 = max j such that R;, ;1 ; >
R;, ;. Now if iy < d — 1, then there exists at least one j > iy
such that R;,1; > Ry, ;. The proof of this fact is similar
as the case for ¢;. Carrying out this procedure results in an
increasing sequence 0 < 47 < ---i < d — 1. Now consider

a partition 7 = (71, -+ - , Tx ), Where
T = (17 57;1);
= (i1 + 1, ,i2);
T — (Z'k,"' ,d—].).

Step 3 (If R satisfies the conditions in its definition as
equality then so does M7):-If Ry 4y = Othen Mj, ;=0
as well as there is no sub-partition containing 0 and d — 1.
Now for ¢ < j let
M+ My o > Mz + M-

Then there exists an index m < k and a partition 7,41 =
(4 + 1, imy1) such that i = 4, + 1 and §j = dppqq
and 7,j € Tp4i1. This means that R; ; > R;_;; and
Ri7j+1 = Ri717j+1, which implies that Ri,j + Ri711j+1 >
R;_1; + R; j41. By negation of this result, it is proved that if
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R’J + R;_ 1,5+1 :Rifl,j+Ri,j+1 thenM +M 11 T
MZT 1,9 + M 7,7+1°

Step 4 (Constructing R from M7):-If M7™ constructed
above is such that R = M7 then we are done. Otherwise
from the construction of M7 above, there exists a small con-
stant « > O such that S = (R — aM™)/(1 — o) € R(d).
Let oy = maxa such that S € R(d). Let Ry = R and

M = M7, and R; = S then
Ro = (1 — O[l)Rl + OllMTl.

Note that R; satisfies all the equalities in conditions (a) to
(d) that Ry satisfies. Moreover, there is at least one inequal-
ity that Ry satisfies as strict inequality but R; satisfies as an
equality. Now decomposing R; in similar way as Ry = R, we
obtain a sequence of matrices R,,, and M ™" and constants
0<ag, - ,q, < 1such that

Ro=(1—o1)Ri +a M7 ;
Ri=(1-02)Rs+ M ;

Ry = (1 - am)Rm + amMTm

Here, the number of inequalities in R,, satisfied as equalities
strictly increase with m. But since there are only finite such
inequalities there will exist an m such that R, € MP(@)
Thus R = Ry is the convex hull of M7 (@ [30].

2. Proof of Theorem 2

Let z,y € S(d) be two passive vectors. The ‘if” part of
theorem is trivial, i.e., if x = Ry and R € R(d) then x <}, y
is trivially true. We will prove the ‘only if” part by induction.
Again, the proof presented here relies on Ref. [30]. Ford = 1,
we have © <, y implies = y and R is just 1.

Case L:-Let Y0 o, = S F 1y, for k < d. Also, let 2/ €
S(k) and =7 € S(d — k) be such that they coincide with
first & and last d — k terms of x, respectively. Define 4’ and
y" similarly. By construction 2’ <y v’ and 2" <j, y”, then
by inductive assumption there exist Hoffman matrices R’ €
R(k)and R” € R(d—k)suchthatz’ = R'yandz” = R"y".
Then, x = Ry, where R = R’ & R”. Tt is easy to see that
R € R(d).

Case 2:—Let Z 0 xl < Zf_ol y; forall k < d. Since x €
S(d), we have ZZ o @i < dxyoraxy > 1/d21 —o Ti. Now
define z = Ry, where Ry = J4/d. Therefore we have

dzyz—zo

Now there exists a Vector w = az+ (1 — a)y, where 0 <
a < 1suchthat2 0% < Zfowzforo <k<d-1

=
1ZE

i = Zd—1-
i=0



and equality for k£ = d. Moreover, there is at least one k # d
such that Zi:ol T; = Zf;ol w;, then from case 1, there exists

R € R(d) such that z = Rw, i.e.

z = R(aRoy + (1 — a)y)
=(aRo+ (1—)R)y.

Clearly aRg + (1 — a) R € R(d), which completes the proof
the theorem.

3. Hoffman majorization and passive ¢-transforms

It is known that the usual majorization relation x < y be-
tween two d-dimensional probability vectors x and y is equiv-
alent to the existence of a sequence 7 = (Ty,--- ,T;) of so-
called t-transforms such that x = Ty := Ty o --- o Tyy [32].
A t-transform T is defined as a doubly stochastic matrix that
acts nontrivially only on two components of the probability
vector and the nontrivial 2 x 2 block can be written as

()

with 0 < ¢t = 1 — % < 1. Interestingly, the existence of
a sequence of t-transforms is not specific to usual majoriza-
tion, and it can be shown to exist for other types of majoriza-
tion, such as p-majorization (see e.g. Chapter 14 of Ref.
[32] for definition). Further, the existence of a sequence of
t-transforms sometimes simplifies the mathematical analysis
[56] and it is uniquely suited to certain physical processes, see
e.g. Ref. [57]. Therefore it is natural to ask whether there also
exists a characterization of Hoffman majorization in terms of
a sequence of some special ¢-transforms. Theorem 7 answers
this question in the affirmative, building on the notion of pas-
sive t-transforms. We define a t-transform 7' as passive if, for
any 2 < k < d, it can be written as

tt
T = ]Ik—Q S¥) <t D @Hd—k’a

where 1/2 <t =1-— t < 1. Here and below we denote the
k x k identity matrix by I,. We stress that the two components
of the probability vector that are acted upon in Eq. (A1) must
be consecutive components, unlike for usual ¢-transforms. We
call T' a passive t-transform because it maps the set of passive
vectors into itself. We do not use passive t-transforms in the
context of the current paper, but we believe that this question
is of independent interest for quantum thermodynamics deal-
ing with passive states (note that passive ¢-transforms are also
studied in economics under the name of ‘altruistic transfers’,
see e.g. Ref. [32]).

(AL)

Theorem 7 Let x,y € S(d) be two passive vectors. The Hoff-
man majorization relation x <y, y holds if and only if there
exists a finite sequence T of passive t-transforms such that
x="Ty.

Proof. We note first that for z,y € S(d), the existence of
a finite sequence 7 = (11,---,T;) of passive ¢-transforms
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such that x = Ty is equivalent to the existence of a finite
sequence V = (s, ... s) of vectors in S(d) such that
s() and s+ differ in two components only, as in Eq. (A1),
and z = s <, s <, . <, s <, sUHD) =y for
some integer [. Then, the ‘if” part of the theorem is trivial, i.e,
if there exists such a finite sequence V, then x <, y.

For the ‘only if” part we will prove the theorem by induction
in the similar way as we proved Theorem 2. For d = 2, the
theorem is obvious, i.e., for z,y € S(2), then z <, y implies
r = Ry, where R is a 2 x 2 Hoffman matrix which is also a
2 x 2 passive t-transform

()

with ¢ > 1/2 and t = 1 — t. Thus the theorem is satisfied.
Now two cases arise.

Case 1:-Let = <j, y and Zf;ol T; = Zf;ol y; for k < d.
Also, let 2/ € S(k) and 2" € S(d — k) be such that they
coincide with first k£ and last d — k terms of x, respectively.
Define 3’ and y” similarly. By construction ' <j % and
x” <y y”, then by inductive assumption there exist two se-
quences 7—1 = {u(1)7 N 7u(l)} and 7—2 = {0(1)7 ce 7/0(777')}
of vectors in S(k) and S(d — k), respectively, such that
o =u® <, u® << w® < wHD = and 2 =
@ <, oM <, o< M <y s = 97 Then these
two sequences can be composed using z = (T1y/, Tay”) =
(I ® T2)(T1 ® 1y—i)(y',y"") and the theorem is satisfied for
dimension d.

Case 2:-Let YF ' &, < Sy, forall k < d. Since, g <
Yo, let us define w = aT'y + ay, where T' = (i f) &I,

1/2<t=1-t<1,and0 < a = 1—a < 1, and let us choose
a such that ¢y = wy (see e.g. Example 1). Now, we can apply
case 1 to conclude that z and w satisfying x <, w satisfy the
theorem. Note that a7+ al itself a passive ¢-transform. Thus
the theorem is also true for w and y satisfying w <, y. Com-
bining x < w and w <}, y, we conclude that z <, y implies
existence of a finite sequence V = (s, ... s(D) of vectors
in S(d) such that s and s¢*1 differ in two components
only and z = 59 <; s <, ... < s <, 5D =4,
This concludes the proof of the theorem. m

Example 1 (Construction of passive ¢-transforms) Let us
consider the two passive vectors x = (0.6,0.2,0.1,0.1)” and
y = (0.65,0.25,0.05,0.05)T such that 3\ = < S0~ vi,
where 1 < k < 4, hence x <y, y. In the following, we show
that we can always find a sequence T of passive t-transforms

such that x = Ty. Let Sy = é(} }) S = Sy @1y,
0 < a <1, and define
—0.2a + 0.65
0.2a 4+ 0.25
w:=aSy+(1—a)y= 0.05
0.05



We can choose a = 1/4 such that x¢ = wq and in particular
we have w = (0.6,0.3,0.05,0.05)T. Now, let S’ = 1&Sy®1,
0 < b <1, and define

0.6
—0.1250+ 0.3
0.125b 4 0.05

0.05

w i =bSw+ (1-b)w=

Now we choose b = 0.8 such that w| = x; and in particular,
we have w' = (0.6,0.2,0.15,0.05). Further, let S"” =Ty @
S0, 0 < ¢ <1, and define

0.6
0.2
—0.05¢+0.15
0.05¢+0.05

w’i=cS"w + (1 —c)w =

Now, we choose ¢ = 1 such that w’2’ = x9 and in particu-
lar, we have w" = (0.6,0.2,0.1,0.1)T = x. Thus x can be
obtained from y by applying the sequence

T = 5"(0.85" + 0.21,)(0.258 + 0.751,).

of passive t-transforms. Note that the above decomposition is
not unique as we could, for example, have constructed another
sequence T by first applying So = 1@ <8 g 8 g) ®1toyand
then following the above procedure starting from the highest
weight in y.

Interestingly, we see that a sequence of passive ¢-transforms
between vectors z,y € S(d) satisfying © <, y results in a
doubly-stochastic matrix that is most often asymmetric, de-
spite the fact that Hoffman matrices are symmetric. This mo-
tivates us to define yet another equivalent condition for Hoff-
man majorization relying on what we call asymmetric Hoff-
man matrices, as exposed in the following Proposition.

Proposition 10 For two passive vectors x,y € S(d), the con-
dition x < y holds if and only if there exists a doubly-
stochastic matrix Dy, such that x = Dy, y and Dopé € S(d)
forall ¢ € S§(d). We call Dy, an asymmetric Hoffman ma-
trix (as it differs from the Hoffman matrix R) and define it as a
d x d doubly stochastic matrix that satisfies a list of conditions
as follows:

app - ao(d—1)

A(d—1)(d—1)

d-1
=1} and Y75 ai; =
— 1}, is an asymmetric Hoffman matrix

a(d71)0 PN

where Zf;ol a;; =1, v5€{0,---,d
1, Vi € {0,---,d
provided it satisfies

- > Za(d vi> Vj€{0,-

=0

where equality holds for j = d — 1.

-1}
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Proof. If there exists D, such that x = D, y, then z <, y
is obvious since D, is doubly-stochastic. The fact that D, y
is a passive vector when z is a passive vector can be easily
checked by considering the action of D, on an extremal pas-
sive vector |e;). We have

d—1 J

j% S aulh) @110

k,z—o i=0

Dap lej) =

J

Z Zakl |k) 61

kl 0 =0
-1

J
1 Zakz |k

0i=

U

x>
Il

For the output vector to be passive for all j, we need that

Dan lej))k > (Dan |ej)): for all k& < I which are the con-
ditions in Proposition 10. This completes the proof of the “if”
part of the proposition.

Now, in order to prove the “only if” part of the proposition,
we assume that x <j, y. Then, from Theorem 7, we know
there is a sequence 7 = (T4, --- ,T}) of passive ¢-transforms
such that x = Ty, and we must check that that it yields an
asymmetric Hoffman matrix D, satisfying the conditions in
Proposition 10. Without loss of generality assume that the
doubly stochastic matrix corresponding to 77 is D; = [j_o &

(i f) with 1/2 < t = 1—% < 1 (see Example 1). Now, let us

assume inductively that the doubly stochastic matrix D(—1)
corresponding to 7’/ = T;_1 o - - - o T7 satisfies the conditions
in Proposition 10. Note that D’ = D; DU~V is such that
only last two rows of D’ are different from D(~1 . In fact,
Dy i thi 2 )z"’tDEzl 11)1 and D}, g EDEIZ:QI,)i"‘tD((il 111
foralli =0,---,d — 1. Itis easy to see that D’ also satisfies
the conditions in Proposition 10 and hence it is an asymmetric
Hoffman matrix. Thus x <j y implies the existence of an
asymmetric Hoffman matrix D’ such thatz = D'y. m

Let us illustrate Proposition 10 in some simple cases. In
the two-dimensional case, it is trivial to see that every passive
t—transform satisfies condition ¢ > ¢ since with ¢ > 1/2 and
t = 1 —t. In the three-dimensional case, the composition
of passive ¢-transforms on S(3) is analyzed in the following
proposition.

Proposition 11 For three dimensional case, the ordered prod-
uct of two t-transforms is passive, i.e., it maps S(d) into S(d),

if and only if both the t-transforms are passive.

Proof. The two possible choices of ordered ¢-transforms are

1
T1: ;TQZ 0
0

O o o+
S T+ oH
_ o O
» »w O
» w O

where ¢ = 1 — t and 5 = 1 — s. The possible composition of
ordered ¢t—transforms are T1o = 1175 and Sy; = ThT;.



Case 1: We have

st st
st
5 s

Tip =

O o+ o+
»
~

Let us find the action of T on extremal passive vectors.

72+St
;Tho ler) = 3 t+st | ;T le2) = |e2).
S

Ti2 |eg) =

S |+

For T |eg) to be passive, we need to have ¢ > . For T2 |e1)
to be passive, we need to have (t —¢)s > 0 and s — 5t > 0.
The first inequality is always satisfied as ¢ > ¢ and the second
inequality is always satisfied when s > 5.

Case 2: We have
t t 0
st st s
5t 5t s

So1 =

Let us find the action of S5; on extremal passive vectors.

t
321 |€0> = Slz
St

;521 \€2> = \€2>~

» » =

1
;521 |€1> = 5

For S21 |eg) to be passive, we need to have ¢ — st > 0 and
(s—3)t > 0, whichimpliest > 1/2 and s > 1/2. For So1 |e1)
to be passive, we need to have (1 —s) > 0and s —§ > 0. The
first inequality is always satisfied and the second inequality is
always satisfied when s > 5. This concludes the proof of the
proposition. m

Remark 5 As noted in Example 1, the construction of a se-
quence of passive t-transforms from the highest to the lowest
weight is not unique. This nonuniqueness is exemplified in
Proposition 11 since it may be possible to decompose a given
asymmetric Hoffman matrix as T3 or Sa1. To be complete, let
us note that it may also be the case that a given asymmetric
Hoffman matrix does not admit a decomposition in terms of
passive t-transforms. This is reminiscent of the fact that not
every doubly stochastic matrix can be written as a product of
t-transforms [32].

Appendix B: PPO for qubits

Since we have noted in Sec. III that, for qubits, passivity-
preserving operations are incoherent and moreover strictly
incoherent, we can explicitly characterize the form of qubit
passivity-preserving operations.

Remark 6 When the input and output systems S and S’ are
two-dimensional (qubit) systems, all passivity-preserving op-
erations N'g_, 5 can be expressed in terms of five (incoherent)
Kraus operators with certain constraints.
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It is shown in Ref. [58] that any strictly incoherent opera-
tion admits a Kraus decomposition with at most 5 incoherent
Kraus operators. A canonical choice for such 5 incoherent
Kraus operators is given by { K;}?_;, where

_ (a1 b1 o 0 0 __ (a3 0
Kl_(o 0)’K2_<a2 b2>’K3_<0 b3>’
o 0 b4 __ (a5 0
K4<a4 0>7K5<0 0> (Bl)
2

Here a; can be chosen as real and b; € C. Further, Z?=1 a; =
1= 221:1 |b;|? and a1by + asby = 0. It is to be noted that
the above matrices are represented in the basis fixed to de-
fine incoherent operations. Here, let us fix this reference basis
to be the energy eigenbasis. For the incoherent Kraus opera-
tors to represent a passive operation, we must impose further
restrictions and demand that ® (o)) and ® (o) are both pas-
sive states, where o) and o} are extremal qubit passive states.
These conditions are given by

af + a3 + a? > a3 + af;
af + a3 + a2 + |b|* + |ba]® > a3 + af + |b2]* + |bs|*.

The set of 5 incoherent Kraus operators together with above
constraints completely characterize qubit passivity-preserving
operations.

Now, we may also exhibit another special feature of qubit
passivity-preserving operations in terms of Stinespring dila-
tion.

Remark 7 When S is a qubit system, if a channel N is gen-
erated via

N(ps) = Trp{Use(ps ® o)}, (B2)

where Ugk is an arbitrary energy-preserving unitary opera-
tion and o g is a passive state of the environment, then N is a
passivity-preserving channel.

Proof. The Hamiltonian of an arbitrary qubit system .S can
be taken without loss of generality to be Hg = E |1) (1]. An
arbitrary energy preserving unitary Ugp on the joint system
SFE can be defined as follows

Usg [00) = |00);

Usg [01) = «|01) + 8]10) ;
Usg[10) = =% |01) + " [10);
Usg [11) = [11),

where |a]? + |82 = 1. Let og = ¢|0)(0] + @|1)(1] be a
passive state of the environmentand 0 < g=1—-—¢ < ¢ < 1.
Now, we have

(10} (0]) = Tre {Us5(0)(0] @ o)
= Tri {4 100) (00)
+4(a 101) + 6 [10))(a” (01| + 5 (10))}
= (q+alof?) 0)(0] + alB? [1)(1].



Now, using § < ¢, we have ¢+q|a|>—q|3|* > qla|?*+qlal? >
0. Thus A/(]0) (0]) is a passive state. Similarly

& (5 (00 + myan)

= £ e {g100){00] + g [11){11]
+q(a |01) + B]10))(a* (01] + 8 (10])
+g(—B* [01) + a* [10))(~ B (01] + a (10])}

_ % (q + ol + gl81) 10)(0]

+ % (7+alBI” + alaf?) [1)(1].

Again the above state is a passive state because

(¢+alel® +qlB1?) — (a+alB* + qlef?)
=(q-A— o) +|8%)
=2(¢—q)IBP* > 0.

Thus N is a passivity-preserving channel. m

Note, however, that for more than two-dimensional sys-
tems, such a channel based on a energy-preserving unitary
operation and passive environment ceases to be necessarily
passivity-preserving. In the following we construct such a
channel for a qutrit system. Let us consider the system Hamil-
tonian to be Hg = |1) (1| + 2|2)2|. Also, consider an en-
ergy preserving unitary Ugg such that Ugg |ij) = [ij) for
all 4,5 = 0,1,2 except (i = 0,7 = 2)and (i = 2,5 = 0)
for which Usg |ij) = |ji). Then, for any passive state
or = Y2 oailifil (@ > @1 > gz and Y) gq; = 1) of
environment, we have

N (10)0] + [1)41]) = Te {Us(0)(0] © o) UL

=Trg {Z i 08){0i] + g2 |20><20|}

=0
= (90 + q1) [0) (0] + g2 [2)(2] -

The above is clearly not a passive state and hence A is not a
passivity-preserving channel.

Note that some particular classes of passivity-preserving
channels have been introduced in Refs. [59, 60] in the con-
text of continuous variable quantum systems, which has the
form as Eq. (B2), where Usgp_.sr could be either energy
preserving or energy difference preserving Gaussian unitary
operation.

Appendix C: RPPO for qutrits

Here we show an example of qutrit case to illustrate the con-
struction of a desired RPPO for the pure state transformations
on®.

Example 2 A qutrit state |1)) € © can be transformed to an-
other state |¢) € D under RPPOs if p <y ¢, where 1)) =

20

2 0. . 2 e | —
i vPiei i), 1) = i Vae™ i), 7= {po.p1,p2},
and § = {qo, q1,q2}.

Proof. Again, as argued in the main text, the phase factors in
the states |¢) and |¢) can be ignored. Since p’ <}, ¢, from The-
orems 1 and 2, we have p = ZTE’P(B) a-M™q = Zle 77,
where 7 = o) M s G. We have provided M7 explicitly in
preliminary section (Sec. II). We have

q0
=0 | g1
q2

Now, we define following Kraus operator

JEOO 0

DPo
K():\/Oé.,.(l) 0 Q/g% 0
0 0 /z

such that Ko (|¢)w|) K¢ = o) |¢)¢|. Further,
2

Ko =3 T

=0 Pi

We also have

" Gi |,
Ko [i)i] K§ = A

Let us consider another vector 73 such that

(g0 +q1)/2
(q0+aq1)/2
q2

To = Q2

Now, let us introduce following Kraus operators

/ a
3ps 0 0

Kliw/OLT(z) 0 1/% 0 )
0 0 /&
0 Lo

q
JE 00
0 0 /&

Ky = /o (2

Then, we have

2
> K)ol KT = aze |9)9].
i=1

Further,




We also have

1

2po

2
Qo (2) N
D K O)O K = S5 g il
i=1

=0

2
S K K = S Z%
=1

1=0

2
Qr(2)
§jzc|2xzwkj:=—;;iqzuxzr

Let us consider another vector 73 such that

do
s =re | (@ +q2)/2
(¢1 +g2)/2
Let us define following Kraus operators
/g0
2;0 0 0
0

K3 = /a,® 0 /o

0
K4 = /O (3) 0 0 2(1;2

such that we have

4
Y K)o KT = are [6)4]-

=3

Further,

> ]

=3

We also have

4
aT
37K |0)0] K = =0 |0)0]
i=3 Po

4 2
o .
ST N K] = 2N g il
1=3 L

2p =1

4 o 2
K 12)2| KT = =22 N " g, iY
; i 12)(2] K] 2p2;z|><

Let us consider another vector 74 such that

R Q4

4:
31

5

E
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Let us define a map ®, with Kraus operators

4o
3y U 0

K5 = VO @ 0 % 0 ;
0 0 L

\/ 3p2

0

Ko = \/a 0 0 /35 |;
0 0

90
0 0 3p2
q1
K7 = VO @ 3P0 0

0
/a
0 ﬁ 0

= Varw Z T ms ()il

Ko = Wz L L ONUE

3p;
Kr = /oy Z q“ e (D)4l

where 7T5(0) = 0, 7T5(].) = ]., 75(2) = 2; 71'6(0) = 2, 7T6(].) =
0, m6(2) = 1; m7(0) = 1, m7(1) = 2, m7(2) = 0. We have,

7
> K YY) KT = oy [6)el.

=5

Further,

7
>l
=5

We also have

7 2
« N
7K )0 K = 22 g il

1=5 3]90 1=0
7 N 2

() o
> K1) K] = > i li)il;
i=5 R/ Wy

7 2
Qi (4) .
YUK 22/ K] = =2 g liYi
i=5 i=

3p2 1=0

Thus we see that ZZ:O K; |9\ K] = |¢)¢]. Moreover,

4
7 (2= 0 0
Po 4 R
Srik=| o Eha
- P1
=0 0 0 (Z?:l n)
D2



Furthermore,
7 12
O, ([ii]) = > Kq|i)i| K] = o > aiRi; i)l
a=0 v j=0

Since the operation ®,, has a similar structure as the one ap-
pearing in the Theorem 4, we conclude that ®,, is a RPPO.
This finishes the proof of the example. m

Appendix D: Thermodynamical interpretation of the relative
passivity relation

In this Appendix, we provide a thermodynamical interpre-
tation of the relative passivity relation (i.e., the fact that a
passive state is virtually cooler than another passive state)
in the context of a quantum refrigerator. Consider a passive
state p(7). With above definitions, we can consider a virtual
qubit corresponding to levels (0,d — 1) and the correspond-
ing virtual temperature (3,, defined via ro/rq_1 = ePvEv with
E, = AEq_1,, is given by

=
b= 2_; Biit1 DBy . (D1)
The virtual qubit can be characterized by two parameters,
namely, the normalization P, := 79 + rq—1 and the bias
B, := (ro — rq-1)/P, = tanh(8,E,/2). Thus B, — 1
implies 3, — oo or vanishing of the virtual temperature.
Now consider an external qubit, with a Hamiltonian Heyy =
foluoXuo| + fi|uiXuil, in a state pex; = wuo [uo)uo| +
uq |ugXuq|, where (ug,u1) > 0, ug + w3 = 1, and the en-
ergy gap is equal to 0 < f; — fo = E,. The bias By of the
external qubit is given by ug — u; and normalization is one.
If we apply an energy conserving swap on the external qubit
and the virtual qubit, then the final bias of the external qubit
becomes Bg,, = P, B, + (1 — P,)Bext (see Ref. [53] for an
easy proof). The desired final bias is Bg, — 1 in case we
want to cool the external system.

A similar analysis can be done starting from another passive
state o(p) and in this case, the final bias of the external qubit
becomes Bg, = P, B,+(1— P,)Beyt, where P, = pg+pg_1
and B, = (po — pq_1)/ P, are normalization and bias of the
new virtual qubit, respectively. In the following we will prove
that if p(7) is virtually cooler than o (p), then 8, > /.. It also
implies that p(7) can cool the external qubit further than o (p).

Proposition 12 Consider a protocol where a virtual qubit of
either p(T) or o(p) is used to cool the external qubit. If
p(7) =ve (P), then Bg, > Bay, that is, we attain a larger
bias with the virtually cooler state p(F). Denoting as F and
F the energy of the final state of the external qubit when using
state p(7) and o (p), respectively, then F < F.

Proof. To show the first part, consider
Béin — Bfin = (ro — 7a—1 — po + Pa—1)
+ (=710 — 7d4—1 + Po + Pa—1)Bext

= 2(ro — po)u1 + 2(pg—1 — ra—1)uo
>0,
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where in the last line we have used (ug, u1) > 0 and the fact
that 7 >, p, which implies 79 > pg and r4_1 < pg—1. This
completes the first part of the proposition.

For the second part, notice that the final state of the external
qubit in the two cases when the virtual qubit belongs to state
p(7) and o (p) is given by, say T and 7, respectively, where

1+ Bs, 1 — Bs,
7= g Juouo| + 5 u Y|
_ 1+Bﬁn ]-_Bﬁn
T = ——F— [uo)uo| + ——5— |u1 w1
2 2
so that
= B n*B n
F—FZ%(fo—fl)SO,

where we used the first part of the proposition and the condi-
tion that fy — f1 = —FE, < 0. This completes the proof of the
proposition. m

Appendix E: Extractable work under a quantum channel

In quantum processes where no entropy change of states is
involved, the extractable work is defined as the decrease in the
energy of the system. However, if we consider maximal work
extraction from an arbitrary state using RPPOs, we need to de-
fine the notion of extractable work for quantum channels. Tra-
ditionally, to describe thermodynamic work one needs some
notion of temperature. For example, in the resource theory
of thermodynamics [12—14], one considers an external bath at
some fixed temperature and then let the system interact with it
via energy conserving unitaries. In such a situation the maxi-
mal extractable work can be expressed in terms of the differ-
ence between min-free energies of the system and the bath.
The min-free energy Fi,i, of a system in state p and in the
presence of bath at inverse temperature [3 is given by

Fmin(p) = F[j’ +Dmin(PHPB), (El)
where pg is the thermal state of the system at inverse temper-
ature 3, Fg = E(pg) — B~1S(pg) is usual free energy of the
thermal state pg, and Dy, 1s the min-relative entropy. The
min-relative entropy is defined as

Diin(pllo) := —InTr [0, (E2)
where II,, is the projector on the support of p.

Now, we know that for processes that do not allow for en-
tropy change, the extractable work can be defined even in the
absence of the notion of temperature or heat bath. Therefore
it seems plausible to look for a notion of extractable work for
the CPTP maps that do allow for entropy change, even in the
absence of a heat bath. One possible way is to consider the fol-
lowing state transformation. Let pg be the state of the system
of interest and o 4 (p) be a fixed passive state of some ancilla
system. Let us consider yet another system S’, namely a work
storage device in a state |eq) ¢, Where |eq) is the ground state
of the Hamiltonian of the work storage device with ground



state energy being eg. Now, consider all the transformations
of the form

A(ps @ leo)eols)
=Try [USS’A (ps ® |eo)eolg ® oa(P)) Ulgal, (E3)

where Ugg’ 4 is an energy preserving unitary on the total sys-
tem S'S’ A. Then, the extractable work from pg under the pro-
cess A can be defined as the change in energy e, — eg in the

transformation pg ® |eg)(eol g/ EN ns ® |ex)ek|g . Then, the
maximization should be performed over all energy preserving
unitaries Ugg’ 4 and final state ng of the system. Although
this procedure is very general, it defines extractable work for
CPTP maps that admit a dilation over energy preserving uni-
taries. The analysis of such a notion of extractable work is
beyond the scope of the current article. Nevertheless, it raises
interesting questions, e.g., can it be shown that all RPPOs ad-
mit such a dilation? As a starting point, we provide here a
qubit example of a RPPO that admits such a dilation and dis-
cuss work extraction under this operation.

Example 3 Following the notations in the main text, let us fix
two qubit passive states o (p) and o(q) such that py = aqo +
aqi, where 1/2 > a = 1 — a. Let us consider a quantum
channel ® with Kraus operators

do q1
Li=,/a—|0)0| 4+ ,/a— |1X1]|;
1 p0|><| p1|><|

_4qo _q
Lo =,/a—|0X1|; Ls = ,/a— [1)X0].
2= Ja R o1l Ly = At 1)0

It is easy to check that Zle LILZ- = L. Moreover, for
a passive state o(F) that is virtually cooler than o(p), ie.,
0 () »ve (D), we have

o(5) i= B(o()
=0 (220 ) 10000+ (22 a2 ) .

or equivalently

()=o) Carmn):
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Thus, ® € £, 4. The channel ® can be realized using energy-
preserving unitary on the system and a qutrit ancilla as fol-
lows

®(ps) =Tra |Usa (ps ® \1><1|A)U;A ;

where Ug 4 is an energy-preserving unitary, Hs = |1)1] and
Ha = |1X1| + 2|2X2| are the Hamiltonians of the systems
S and ancilla A, respectively. In the following, we will omit
the system and ancilla labels for brevity. The unitary Ug 4 is
defined as

Usa |00) =100); Uga |12) = [12);

_q1

Usa |01) = , /aZ 01y + , [a L 10);
Po Po

Usa |10) = — /a2 101) + /a2 [10);
Po Po

Usa|02) =  JaZk j02) — a2 |11);
p1 P1

_qo0

Usa|11) = a2 j02) + , [a L |11).
P1 P1

Let [tp) g = a|0) + (1), where |a|? + |B|*> = 1. Then,

Usa [, 1) g4 :a< oL 101y + aq11o>>
Po Po
+b’< aL |02) + aq1|11>).
b1 p1
Now we perform energy measurement on the ancilla, and
the probabilities that the ancilla is in state |0), |1), and
12) are given by |a|*aqi /po. |a|*ago/po + |BI*aq1/p1, and

|B2aqo/p1, respectively. Then on an average energy increase
of ancilla is given by

2 2 2
AE, — [oFag | |BFaaq |8 ag
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Po b1 p1
2 2~
alTa a
_ lofPago _|BI*ago laf?
Po P1
_ _lalaq  |B*ag
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o _ 102 <q1+ qo) |
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AFE 4 can be understood as the average work extracted by the
RPPO ® € £, ,. In particular, if « = 0, then the average
extracted work from [1)(1] by ® is given by 1% > 0.
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