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We formulate the chiral decomposition rules that govern the electronic structure of a broad family
of twisted N +M multilayer graphene configurations that combine arbitrary stacking order and a
mutual twist. We show that at the magic angle in the chiral limit the low-energy bands of such
systems are composed of chiral pseudospin doublets which are energetically entangled with two flat
bands per valley induced by the moiré superlattice potential. The analytic analysis is supported by
explicit numerical calculations based on realistic parameterization. We further show that applying
vertical displacement fields can open up energy gaps between the pseudospin doublets and the two
flat bands, such that the flat bands may carry nonzero valley Chern numbers. These results provide
guidelines for the rational design of various topological and correlated states in generic twisted
graphene multilayers.

Graphene moiré superlattices [1, 2] have recently
emerged as a novel platform for exploring correlated
physics [3–7], energy band topology [8–12] and supercon-
ductivity [5, 13, 14]. A moiré superlattice is formed upon
combining two layers of two-dimensional (2D) materials
with lattice mismatch or relative twist of their lattices.
On one hand, the moiré superlattice potential alters the
electronic structure, e.g. flattening the energy bands to
only a few meV bandwidth at a certain value of twist
angle [2], that is responsible for the recently observed su-
perconducting and correlated insulator states [3, 13]. On
the other hand, the moiré superlattices generate pseudo-
gauge fields leading to non-trivial band topology [15–18],
which in turn results in the Chern insulator phase [19–23]
and the quantum anomalous Hall effect [12]. The inter-
play between superconductivity, electron correlation and
band topology make the moiré superlattices a marvel of
condensed matter physics.

Following the breakthrough works on twisted bilayer
graphene (TBG) [3, 13], the scope of investigations has
quickly extended to other graphene moiré superlattices
including twisted double bilayer graphene (TDBG) [6,
7, 24–27], ABC graphene/hexagonal boron nitride
(hBN) [4, 28, 29], twisted mono-bilayer graphene [21, 30],
twisted N +M graphene multilayers based on ABC- [17]
and AB-stacking [31], more complex arrangements [32–
38], and even infinite stacks of twisted layers [39].

In this work, we study a broadly defined class of
twisted N + M multilayer graphene configurations, in
which an ordered N -layer graphene is twisted with re-
spect to another ordered M -layer graphene by angle θ
(Fig. 1(a)). The two ordered counterparts, below referred
to as top and bottom, can assume energetically favorable
Bernal (ABA), rhombohedral (ABC) or mixed stacking
sequences, and thus called mixed multilayer graphene
(MMG) hereafter. Figs. 1(b) and (c) illustrate the Bernal
and rhombohedral sequences with α and β sublattices

within each monolayer being distinguished. Consider-
ing only the nearest-neighbour hoppings, the low-energy
electronic structure of MMGs in the chiral limit consists
of chiral pseudospin doublets with a conserved chirality
sum [40–42]. The bands of each doublet are described by
a pseudospin (denoting sublattice) Hamiltonian

HJ(kkk) ∝ kJ [cos(Jφkkk)σx ± sin(Jφkkk)σy], (1)

where kkk is the momentum measured from valleys KKK or
K ′K ′K ′, σx, σy are the Pauli matrices acting on graphene
sublattices, k = |kkk|, φkkk denotes the orientation of kkk, and
±J is the chirality index of a doublet in graphene valleys
K and K ′. The low-energy effective Hamiltonian of an
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FIG. 1: (a) Schematic representation of twisted N + M
multilayer graphene, and (b) Bernal and (c) rhombohedral
stacking configurations. (d) The Brillouin zones of top (blue)
and bottom (red) ordered multilayer graphene counterparts.
Black hexagons represent the moiré reciprocal lattices at val-
leys K and K′. (e) Moiré Brillouin zone plotted with relevant
high-symmetry points.
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N -layer MMG can be decomposed as follows

HeffN ∼ HJ1 ⊕HJ2 ⊕ · · · ⊕HJND
, (2)

where ND is the number of doublets that depends on the
details of the stacking sequence. The chirality indices
{Ji} fulfill

ND∑
i=1

Ji = N. (3)

The low-energy band of an MMG system described by
Eq.(2) can be read off by partitioning a stack according to
the following rules reproduced from Refs. 40, 41 for com-
pleteness: (i) Identify the longest non-overlapping seg-
ments within which there are no reversals of the stacking
sense. When there is an ambiguity in the selection of non-
overlapping segments, choose the partitioning which in-
corporates the largest number of layers. (ii) Partition it-
eratively the remaining segments of the stack into smaller
J elements, excluding layers contained within previously
identified partitions, until all layers are exhausted. Each
segment defines a J-layer partition of the stack and is
associated with a chirality J doublet. The low-energy
bands of N + M -layer MMG can be interpreted using
these rules. In our work, we derive partitioning rules
that extend this approach to twisted N +M -layer MMG
(TMMG).

Before proceeding, we define the notations in our
TMMG partitioning scheme. The bottom N -layer
(top M -layer) multilayers are divided into ND (MD)
segments, the lengths of which are J1, J2, · · · , JND

(J ′1, J ′2, · · · , J ′MD
) from bottom to the top. Segments

JND
and J ′1 which are mutually twisted are referred

to as the moiré segments. The generic partitioning
rules for TMMG are hereby given as: (i) N + M lay-
ers are divided into ND + MD − 2 common segments
J1, J2, · · · , JND−1, J

′
2, J
′
3, · · · , J ′MD

and two moiré seg-
ments JND

and J ′1. (ii) Choose the longest segment for
JND

(J ′1) if there is ambiguity between JND
and JND−1

(J ′1 and J ′2) (see the examples in Table I). Eventually,
the low-energy bands comprise two flat bands per val-
ley originating from the twisted JND

+J ′1 rhombohedral
stacking segments, ND − 1 doublets at Km (K ′m) of K
(K ′) valley and MD− 1 doublets at K ′m (Km) of K (K ′)
valley from the other segments. The chiralities of these
doublets are J1, J2,...,JND−1, J ′1, J ′2,...,J ′MD−1 if JND

> 1
and J ′1 > 1. Exceptionally, the chirality of the doublet
originating from JND−1 (J ′2) segment, next to the moiré
layers, is JND−1 − 1 (J ′2 − 1) if JND

= 1 (J ′1 = 1).
To apply these rules, we begin with the simplest cases

of twisted rhombohedral stacking multilayer graphene
(TRMG), e.g. A-AB, AB-AB, A-ABC, AB-ABC and
ABC-ABC, since no stacking sequence reversal takes
place in the top and bottom counterparts of these config-
urations. According to rule (i), there are only two moiré

TABLE I: Examples of chirality decomposition of TMMG
configurations. Two flat bands per valley generated by the
moiré segments (in bold) are not counted, while χ = 0 indi-
cates there are no other energy level besides the flat bands.
Band structures of these systems are given in the Supplemen-
tary Material.

configuration partitioning χK(Km) χK(K′m)
χK′(K

′
m) χK′(Km)

A-ABA A-AB+A 0 1
A-ABAB A-AB+AB 0 2
AB-ABA AB-AB+A 0 1
ABA-ABA A+BA-AB+A 1 1
A-ABAC A-A+BAC 0 2
ABA-ABCBA A+BA-ABC+BA 1 2
ABA-ABCBC A+BA-ABC+BC 1 2
ABA-ABCBAB A+BA-ABC+BA+B 1 2+1

segments, i.e. ND = MD = 1. Band structures of these
configurations are very similar to each other with two
flat bands per valley isolated from the remote bands by
energy gaps as in the TBG [17].

The most complex case is the twisted Bernal stacking
multilayer graphene (TBMG) owing to stacking sequence
reversal as in the examples given in Table I. For N,M <
3, TBMG systems are equivalent to TRMGs. For N ≤ 2
and M ≥ 3 (N ≥ 3 and M ≤ 2), the length of moiré
segments is fixed to J1 = N , J ′1 = 2 (J1 = 2, J ′1 = M).
The low-energy spectrum is composed of 2 flat bands per
valley resulting from a twisted N + 2 (M + 2) graphene
and (M − 2)/2 ((N − 2)/2) doublets of chirality J = 2
with even M (N); when M (N) is odd, an extra doublet
of chirality J = 1 in addition to the (M−3)/2 ((N−3)/2)
J = 2 doublets at K ′m (Km) of valley K and at Km (K ′m)
of valley K’. For N,M ≥ 3, JND

= 2, J ′1 = 2, and the
low-energy spectrum is composed with 2 flat bands per
valley resulting from the TDBG moiré segments at the
twist interface and (M − 2)/2((N − 2)/2) doublets of
chirality J = 2 for even N and M at K ′m (Km) of valley
K and atKm (K ′m) of valley K’. In the case of odd N (M)
the bottom and top counterparts contribute (N − 3)/2
((M − 3)/2) J = 2 doublets and one J = 1 doublet. Our
conclusions are in agreement with the numerical results
of Ref. 31.

Between the TBMG and TRMG limits, intermedi-
ate TMMG configurations show a rich variety of low-
energy behaviors which can be predicted using the above-
mentioned rules. Taking ABA-ABCBC [47] as an exam-
ple, BA-ABC is identified as a 2 + 3 TRMG, the remain-
ing A on the bottom layer gives a J = 1 doublet at Km

(K ′m) of valley K (K ′) and the remaining BC layers gives
a J = 2 doublet at K ′m (Km) of valley K (K ′). The low-
energy band structure of this TMMG configuration has
two sets of low-energy bands with |E| ∝ k, k2 and four
flat bands.

In order to understand and verify the partitioning
rules, we adopt the continuum model introduced by
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Bistritzer and MacDonald for deriving the effective
Hamiltonian of TMMG. As introduced in Ref. 17, the flat
bands of a TBG system originate from the zeroth pseudo
Landau levels (LL) [17] under certain gauge transforma-
tions. In particular, the energies of the zeroth pseudo
LLs are exactly zero in the chiral limit at the magical
angle [18], i.e. when the Fermi velocity of the flat bands
is exactly zero. Here, the chiral limit implies that the cou-
pling in the AA region of the moiré superlattice is set to
zero and only the nearest-neighbour interlayer coupling is
considered. We will discuss the low-energy physics at the
magic angle in the chiral limit and at valley K hereafter,
unless other conditions are explicitly specified. Follow-
ing the strategy of Ref. 17, we can divide the system into
three parts: (N − 1) layers MMG, (M − 1) layers MMG
and a TBG subsystem. Using the wave functions of two
zeroth pseudo LLs |LL0,α〉, |LL0,β〉 from TBG layers and
the basis of the other two parts, the low-energy effective
Hamiltonian of the TMMG [48] of the K valley and Km

is expressed as [43]

H̃Km

K (N +M) =

(
hb(kkk) 0

0 ht(kkk)

)
, (4)

where hb(kkk) and ht(kkk) are the effective Hamiltonians for
the N -layer and M -layer MMGs. In particular,

hb(kkk) =


· · ·

· · · h0(kkk) hνN−2
0

h†νN−2
h0(kkk) T b†L

0 T bL 0

 (5)

and

ht(kkk) =


0 T tL 0

T t†L h∆
0 (kkk) hνN+2

0 h†νN+2
h∆

0 (kkk) · · ·
· · ·

 , (6)

where h0(kkk)=−~vFkkk · σσσ and h∆
0 (kkk)=−~vF (kkk + ∆K) · σσσ

stand for the low-energy effective Hamiltonians for mono-
layer graphene of the bottom and top layers near the
Dirac point KN , kkk is measured from KN , ∆K = KNKNKN −
KMKMKM , hνi is the interlayer hopping, with

h+ =

(
0 0
t⊥ 0

)
, (7)

and h− = h†+. νi = +1 if the stacking sequence is AB,
BC, CA, νi = −1 otherwise. T t,bL is the coupling matrix
between a zeroth pseudo Landau level and the graphene
layer adjacent the TBG layers. T tL = (tl, 0) and T bL =
(0, tl) when the stacking chirality is 1, T tL = (0, tl) and
T bL = (tl, 0) if it is −1. tl is the coupling coefficient.

Without loss of generality, we choose two typical con-
figurations A-ABA and A-ABAC and derive the low-
energy effective Hamiltonians in order to demonstrate the

partitioning rules. For the A-ABA system, enumerating
the layers from left to right, we devise the following ba-
sis set {|LL0,α〉, |LL0,β〉, |α2〉, |β2〉, |α3〉, |β3〉, |α4〉, |β4〉,
|α5〉, |β5〉}, in which the effective Hamiltonian ofK valley
at Km

H+(kkk) =


0 0 0 0
0 0 T tL 0

0 T t†L h∆
0 (kkk) h−

0 0 h+ h∆
0 (kkk)

 , (8)

where T tL = (tl, 0). The effective Hamiltonian of K valley
at K ′m is

H−(kkk) =


0 0 0 0
0 0 T tL 0

0 T t†L h0(kkk) h−
0 0 h+ h0(kkk)

 . (9)

The low-energy spectrum ofH+(kkk) consists of two disper-
sionless zero-energy bands and four remote high-energy
bands. The local density of states (LDOS) of these two
zero energy levels is distributed over the α sublattice of
TBG layers A-A and the β sublattice of the second layer
B of the ABA counterpart.

To obtain the low-energy effective Hamiltonian of
Eq.(9), we apply degenerate-states perturbation theory
to the zero-energy subspace [40, 44], which includes
|LL0,α〉, two isolated site states |β3〉 and |α4〉, and a
zero energy state |β−4 〉 resulting from the hybridization
of |LL0,β〉, |α3〉, |β4〉 as

|β−4 〉 =
t√

t2 + |tl|2
(|LL0,β〉 −

|tl|
t
|β4〉). (10)

First-order perturbation theory gives

〈α4|H|β−4 〉 =
tl√

t2 + |tl|2
~vF k−, (11)

and accordingly we obtain the low-energy effective
Hamiltonian of H−(kkk) in the basis of {{|LL0,α〉, |β3〉},
{|α3〉, |β−4 〉}} as

Heff
− (kkk) =

(
0 0
0 0

)
⊕
(

0 ~ṽF k−
~ṽF k+ 0

)
. (12)

where k± = kx±+iky. The zero matrix in Eq.(12) gives
two flat bands, and their LDOS is distributed only on
the α sublattice of TBG layers A-A and the β sublattice
of the second layer B of the top stacking ABA. The sec-
ond matrix in Eq.(12) describes the well-known J = 1
massless Dirac equation with a reduced Fermi velocity
ṽF ∼ |tl|√

t2+|tl|2
vF .

The band structures of A-ABA at valleys K and K ′

are shown in Fig. 2. The numerical results are consis-
tent with the discussed low-energy effective Hamiltonians
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FIG. 2: Band structure of twisted A-ABA MMG at (a) valley
K and (b) valley K′ at the magic angle in the chiral limit.
The folded band structure of monolayer graphene is shown as
dotted lines. The band structure of twisted A-AB graphene
is shown as dashed lines. The weight projected onto the twist
layers A-AB of A-ABA is indicated by color.

Eq.(12). One can observe two flat bands separated from
the remote bands as well as a Dirac cone located at K ′m
of valley K. The Fermi velocity of the Dirac cone in the
A-ABA multilayer (blue) is reduced compared to that of
monolayer graphene (dotted lines). The results further
show that the low-energy spectrum of A-ABA can be re-
garded as the combination of A-AB (dashed lines) and
a monolayer graphene A (dotted lines), confirming the
validity of our partitioning rules.

Following the same procedure, we project [43] the
Hamiltonian of the A-ABAC configuration onto the zero-
energy states |LL0,α〉, two isolated site states |β3〉 and
|α5〉, and a zero energy state |β−4 〉 defined in Eq.(10). The
obtained low-energy effective Hamiltonian in the basis of
{{|LL0,α〉, |β3〉}, {|α5〉, |β−4 〉}} under the second-order
perturbation theory at K ′m (Km) of valley K (K ′) re-
sults in

Heff
− (kkk) =

(
0 0
0 0

)
⊕
(

0 −k2
−/2m̃

−k2
+/2m̃ 0

)
, (13)

where m̃v2
F =

t
√
t2+|tl|2
|tl|~2 . The zero matrix in Eq.(13)

gives two flat bands, and its LDOS is distributed over
the α sublattice of TBG layers A-A and the β sublattice
of the second layer B of the top stacking ABAC. The sec-
ond matrix depicts a J = 2 doublet. The band structures
of A-ABAC multilayer at valleys K and K ′ are shown in
Fig. 3. These numerical results are also consistent with
discussion of low-energy effective Hamiltonians Eq.(13),
showing two flat bands separated from the remote bands
and a quadratic dispersion Dirac cone located at K ′m of
valley K. The results further show that the low-energy
spectrum of A-ABAC can be considered as the combi-
nation of bands of an A-A bilayer (dashed lines) and a
BAC trilayer (dotted lines) graphene, which agrees with
our partitioning rules.

Isolated flat bands are often characterized by non-
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FIG. 3: Band structure of twisted A-ABAC MMG for (a)
valley K and (b) valley K′ at the magic angle in the chiral
limit. The folded band structure of BAC trilayer graphene is
shown as doted lines. The band structure of TBG is shown
as dashed lines. The weight projected onto TBG layers A-A
of A-ABAC is indicated by color.

trivial band topology such as the fragile topology [9, 10]
or non-zero valley Chern number [16, 17]. However, in
the TMMG systems the kJ -dispersive Dirac cones are
always entangled with the flat bands, which makes the
topological number ill-defined. These bands can be dis-
entangled by applying vertical electrical field, which in-
duces a finite energy gap at the Dirac points [45], thus
isolating the flat bands from the other bands. Taking
A-ABAC as an example, the band structure in the pres-
ence of an external vertically field of 4.5 mV/Å using the
chiral limit parameters [43] is shown in Fig. 4(a). One
can observe a gap opening in the J = 2 doublet at K ′m
of valley K, resulting in an isolated flat band with a val-
ley Chern number CK = 1. In Fig. 4(b) we show the
valley Chern number phase diagram as a function twist
angle θ and electric field E obtained using the realistic
parameters [43]. We see that in most of the parame-
ter space the flat bands remain energetically entangled
with the quadratic doublet for A-ABAC system with re-
alistic model parameters. However, when the twist angle
θ∼1−1.2◦, the flat bands become energetically separated
from the quadratic doublet under finite and experimen-
tally accessible electric fields, giving rise to topologically
nontrivial flat bands with different valley Chern numbers
varying from -2 to 2, which may provide a unique plat-
form to realize interaction driven topological states.

In conclusion, we have formulated partitioning rules
that allow understanding the low-energy electronic struc-
ture of a broad class of twisted mixed multilayer graphene
configurations at the magic angle in the chiral limit.
These novel systems contain both the high-mobility Dirac
fermions and flat bands that can be disentangled by
means of applied electric fields. The flat bands often
carry non-zero valley Chern numbers, which has impli-
cations for the rational design of twisted graphene mul-
tilayers hosting topological electronic phases, e.g. the
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FIG. 4: (a) Band structure of the A-ABAC twisted multilayer
at the magic angle in the chiral limit under vertical electric
field E = 4.5 mV/Å. Bands of valleys K and K′ are shown
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the isolated flat band in blue in valley K is CK = 1. (b) The
Chern number of the isolated flat band as a function of twist
angle θ and electric field E. Blanc cells means that the Chern
number is ill-defined.

quantum anomalous Hall insulator.
Note: During the preparation of our manuscript Ref. [46]
has appeared. This work studies the ab initio four-
band Wannier tight-binding model of TMMG and men-
tions the chiral decomposition of the low-energy spec-
trum without detailing the partitioning rules.
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