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We study the effect of discrete symmetries on charge and heat pumping through non-interacting
Floquet systems when spatial symmetry (SS) is broken. Particle-hole symmetry (PHS) implies that
the pumping of charge (heat) is an odd (even) function of the chemical potential. If PHS is broken,
the product of PHS and SS produces even (odd) charge (heat) pumping. Simultaneous breaking of
PHS and SS can be due to the coupling to the leads, even if the latter is spatially symmetric. This
provides a very simple criterion for reversing (or maintaining) the direction of the flow. We illustrate
these results by considering two variants of the Su-Schrieffer-Heeger model under a time-periodic
perturbation.

I. INTRODUCTION

Quantum pumping consists of coherently transporting
heat or charge between macroscopic reservoirs using a
periodic drive - the pump. By exchanging energy with
the drive, carriers can be transported across reservoirs
even in the absence of any temperature or voltage bias.

The pumping of charge was first understood in the
so-called adiabatic limit1,2, where the ratio between the
driving period, T = 2π/Ω, and the time taken by carriers
to traverse the sample, τ , is large, i.e. 2π/Ωτ � 1. As τ
is proportional to the linear sample size, L, the adiabatic
approximation eventually breaks down and one has to re-
sort to a fully time dependent modeling using scattering
Floquet theory3,4 or a non-equilibrium Green’s functions
approach4–9 . Since then, quantum charge pumps have
found applications in quantum metrology10,11, single-
photon or electron emitters12,13 and quantum informa-
tion processing14.

It has long been noted that pumping is only allowed
when spatial symmetry is broken3,15. However, a system-
atic understanding of how symmetry affects the pumping
of heat and charge is still incomplete. In this article, we
take a step further in this direction by showing that some
symmetry properties leave a signature on the oven/odd
dependence of the charge and heat pumped, within a cy-
cle, on the reservoirs chemical potential. Specifically, we
show that if inversion symmetry along the direction of
the current is broken and particle-hole symmetry (PHS)
holds, or if only the product of the two holds, charge and
heat pumping then depend on the chemical potential in
qualitatively different ways: the pumped charge or heat
in one cycle can either be an even or odd function of the
chemical potential. We extend these findings to composi-
tions of the above symmetries with unitary symmetries.
This result provides a very simple criterion for reversing
(or maintaining) the direction of the flow.

We illustrate our findings in two variants of the period-
ically driven Su-Schrieffer-Heeger (SSH) chain16,17 cou-
pled to two wide-band reservoirs15. Symmetry break-
ing can either be induced by the coupling to the leads

or by explicitly breaking spatial symmetry, for instance,
through a spatially non-uniform drive of the 1D conduc-
tor. As an example of a composite symmetry, we intro-
duce a special form of PHS, acting in space-time domain,
which affects differently the two model variants.

The paper is organized as follows. We define the setup
in Section II and recall the charge and energy currents
within the Floquet Green’s function formalism. In Sec-
tion III we discuss the relevant symmetries, how they
apply to the Floquet scattering matrix and Green’s func-
tion, and derive their implications for the transmission
probabilities. In Section IV we derive their implications
for the average pumped heat and charge per cycle. We
present examples in Section V. We summarize and dis-
cuss the implications of our findings in Section VI.

II. CHARGE AND ENERGY PUMPING

We consider a typical transport setup consisting of two
macroscopic metallic leads connected by a mesoscopic
system, S, to which the driving is applied. The total
Hamiltonian is given by

H (t) = HS (t) +
∑
l=R,L

(Hl +Hl−S) , (1)

where the Hamiltonian of the system, HS (t) =∑
αβ ĉ

†
αHS;αβ (t) ĉβ , is assumed to be quadratic, with ĉ†α

and ĉα the fermionic creation and annihilation operators,
with a periodic single-particle Hamiltonian, HS (t) =
HS (t+ T ). The Hamiltonians, Hl, for the right and
left (l = R, L) leads are time independent and non-
interacting, and the same applies to the system-lead cou-
pling term, Hl−S. Under these conditions, the retarded
Green’s function of the system verifies Dyson’s equa-
tion, [i∂t −HS (t)]GR =

∑
l ΣRl .GR, where ΣRl (t, t′) =∫

dω
2π e
−iω(t−t′)ΣRl (ω) is the time-translational invariant

retarded self-energy induced by lead l. Under periodic
driving, it is convenient to define the Floquet Green’s
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function15:

G(m) (ε) = 1
T

∫ T

0
dt

∫ +∞

−∞
dτei(m~Ωt−ετ)GR (t, t+ τ) .

(2)

Assuming there are no bound-states, at large times after
the periodic drive has been turned on, a recurrent state
is attained and observables become periodic with driving
period6. Here, we are concerned with the average charge
Jcl , and energy, Jel , currents leaving lead l over one driv-
ing cycle, defined as Jc/el = limτ→∞

∫ τ+T
τ

dt
T J

c/e
l (t). In

terms of the Floquet Green’s function, average currents
are given by6,15

Jcl = −|e|
h

∑
m∈Z

∫
dε
{
T

(m)
ll̄

(ε) fl̄ (ε)− T
(m)
l̄l

(ε) fl (ε)
}
,

(3)

Jel = 1
h

∑
m∈Z

∫
dε
{

(m~Ω + ε)T (m)
ll̄

(ε) fl̄ (ε)

−εT (m)
l̄l

(ε) fl (ε) +m~ΩT (m)
ll (ε) fl (ε)

}
, (4)

where, T (m)
ll′ (ε) = tr

[
G(m) (ε) Γl′ (ε)G†(m) (ε) Γl (ε+m~Ω)

]
is the transmission probability for a fermion leaving
l′ with energy ε and arriving at l after absorbing
m energy quanta (photons) from the driving field.
Γl (ε) = i

[
ΣRl (ε)− ΣAl (ε)

]
is the hybridization matrix

of lead l, and we introduced the notation R̄ = L and
L̄ = R. fl (ε) denotes the Fermi-Dirac distribution
function at lead l at temperature 1/β. The first term
of Eq.(4) describes the energy absorbed by l when an
electron leaves l̄ with energy ε and absorbs m photons;
the second term is the energy lost by l when a electron
with energy ε is transmitted to l̄; and the last term is
the energy gained when an electron is reflected back to l
having absorbed m photons.

In the following, we set the reservoirs to the same
chemical potential, µl = µ, and consider the total charge
transferred in one cycle between the leads, Q = 2π

Ω J
c
L.

Charge conservation ensures that JcL = −JcR. We also
consider the total energy generated in one cycle, Et =
2π
Ω (JeL + JeR), and the energy pumped between leads,
E∆ = 2π

Ω (JeL − JeR) , as functions of the leads’ chemical
potential. For convenience, we study the derivatives of
these quantities with respect to µ,

Q′ (µ) =
∫

βdε

4 cosh2
[
β(ε−µ)

2

]Q(0)′ (ε) , (5)

E ′t/∆ (µ) =
∫

βdε

4 cosh2
[
β(ε−µ)

2

]E(0)′
t/∆ (ε) , (6)

where the corresponding zero-temperature expressions

read

Q(0)′ (ε) = − |e|Ω~
∑
m∈Z

[
T

(m)
LR (ε)− T (m)

RL (ε)
]
, (7)

E(0)′
t/∆ (ε) = 1

h

∑
m∈Z

{∑
l

[
T

(m)
Ll (ε)± T (m)

Rl (ε)
]
m

+ (1∓ 1) ε

~Ω

[
T

(m)
LR (ε)± T (m)

RL (ε)
]}

. (8)

The heat current follows from (4) as the transport of
ε− µ instead of ε,

Jhl = Jel −
µ
|e|J

c
l . (9)

So, the heat transported per cycle is given by Qt = Et
and Q∆ = E∆ − µ

|e|2Q.
Expressions (3) and (4) have also been derived using

the Floquet scattering matrix approach3. We shall next
study how the system’s symmetries affect the transmis-
sion probabilities: first, by considering the scattering ma-
trix; later on, within the Green’s function formalism. The
latter allows us to integrate out the leads and obtain a
non-hermitian Hamiltonian for the system, for which a
recently proposed set of symmetries18 applies.

III. SYMMETRIES

We employ the Altland-Zirnbauer (AZ) classification
of hermitian operators according to discrete symme-
tries19–21 and consider the transformation, H (t) →
HX (t), of the full Hamiltonian (of S and leads), under
the symmetry transformation, X. The equalitiy HX = H
holds whenever the symmetry X is present.

Time-reversal and particle-hole transformations read
HT (t) = U†TH∗ (−t)UT and HC (t) = −U>CH∗ (t)U∗C ,
respectively, where UX are suitable unitary matrices.
We also consider x-axis inversion, 〈x|HP (t) |x′〉 =
U†P 〈−x|H (t) |−x′〉UP , where x is the coordinate along
the propagation direction of the current. As in one di-
mension x-axis inversion coincides with parity symmetry
(PS), we denote this transformation as P . However, the
arguments below are valid for any symmetry transforma-
tion that inverts the x-axis.

We also consider the half-period time translation trans-
formation, HΠ (t) = U†ΠH (t+ T/2)UΠ. Finally, for a
generic local unitary transformation, K, acting only on
the unit cell, HK (t) = U†KH (t)UK . A particular case is
that of the local operator, U, which reads, in real space,
U|x〉 = σ3(−1)x|x〉, and will be used in Section V.

A. Symmetries of the Floquet scattering matrix

The implications of the above symmetries for the trans-
port properties can be obtained most simply within the
Floquet scattering matrix approach3,22. We next discuss
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the symmetry properties of the Floquet scattering ma-
trix in general terms, where the asymptoptic form of the
wave function far from a scatterer assumes a plane-wave
form.

We view the Floquet function

ψ(x, t) =
∑
n

φn(x)e− i
~Ete−inΩt , (10)

with quasi-energy E, as a superposition of states with
energies E+n~Ω. For a scattering state, the spatial part
of the Floquet functions, φn(x), takes the form of plane
waves far from the scatterer:

φn(x→ −∞) = Ane
ikx + Cne

−ikx (11)
φn(x→ +∞) = Dne

ikx +Bne
−ikx . (12)

The Floquet scattering matrix, S(E + n′~Ω, E + n~Ω),
relates the Fourier amplitudes of the incoming waves with
the outgoing ones:[

Cn′
Dn′

]
= S(E + n′~Ω, E + n~Ω)

[
An
Bn

]
. (13)

We may think of the column vectors as having all entries
n ∈ Z. Then, the S matrix has four blocks:

S =
[
SLL(n′, n) SLR(n′, n)
SRL(n′, n) SRR(n′, n)

]
, (14)

and we rewrite (13) as[
C∗

D∗

]
= S

[
A∗

B∗

]
. (15)

Probability conservation implies SS† = 1. The relation
between the S matrix and the above transmission prob-
abilities is

T
(m)
ll′ (ε) = |Sll′(ε+m~Ω, ε)|2 . (16)

We present in Appendix A the derivation of the following
symmetry properties of the scattering matrix:

1. TRS implies that

S> = S . (17)

2. PHS implies that

S∗(E + n′~Ω, E) = S(−E − n′~Ω,−E) . (18)

3. Parity symmetry implies that

SLL(n′, n) = SRR(n′, n) , (19)
SLR(n′, n) = SRL(n′, n) . (20)

4. Symmetry under UΠC operator, where U|x〉 =
σ3(−1)x|x〉, in real space, implies that

S(ν)∗(E + n′~Ω, E) =

S(−ν)(−E − n′~Ω,−E)(−1)n
′
.

(21)

From the above symmetry properties of the scatter-
ing matrix and Eq.(16), the symmetry properties of the
transmission probabilities can be obtained.

B. Green’s functions and their symmetries

We now analyse the symmetry properties of the
Green’s functions that follow from those of the Hamil-
tonian. Since the total system evolves unitarily, the
transformed Green’s function is given by GRX (t, t′) =
−iΘ (t− t′) T e−i

∫ t

t′
dτ HX(τ). Using the transformations

HX , the transformed Green’s functions read (see Ap-
pendix B)

GRT (t, t′) = U†T
[
GR (−t′,−t)

]>UT , (22)
GRC (t, t′) = −U>C

[
GR (t, t′)

]∗ U∗C , (23)
〈x|GRP (t, t′) |x′〉 = 〈−x|U†PG

R (t, t′)UP |−x′〉 . (24)

The equalitiy GRX (t, t′) = GR (t, t′) holds whenever the
symmetry X is present.

If the unitary matrices, UX , do not mix degrees
of freedom of the system with those of the leads,
we may define Green’s functions restricted to the de-
grees of freedom solely within the system as GRS =∑
α,β∈S |α〉 〈α|GR |β〉 〈β|. Then, GRS follows the same

transformation rules and obeys

[i∂t −HX,S (t)]GRX,S (t, t′) =∫
dτ

∑
l=R,L

ΣRX,l (t, τ)GRX,S (τ, t′) , (25)

where ΣRX,l is the transformed self-energy of lead l that
transforms as GRX,S.

We note that when ΣRl (t, t′) = δ (t− t′) ΣRl (t),
the Green’s function can be written as GRS (t, t′) =
−iΘ (t− t′) T e−i

∫ t

t′
dτ Z(τ), where Z = HS (t)+

∑
l ΣRl (t)

can be identified with an effective non-hermitian Hamil-
tonian, which transforms as ZT (t) = U†TZ> (−t)UT
and ZC (t) = −U>CZ∗ (t)U∗C . The symmetries associ-
ated with these transformations also arise in Markovian
environments23, and were recently proposed under the
nomenclature TRS† and PHS†, respectively, in Ref.18.

In the following, we drop the label S and refer to GR
as the Green’s function of the system.

Using Eq.(2) and the transformation rules (22-24) it is
straightforward to show that

GT ;(m) (ε) = U†T
[
G(−m) (ε+m~Ω)

]>UT , (26)
GC;(m) (ε) = −U>C

[
G(−m) (−ε)

]∗U∗C , (27)
〈x| GP ;(m) (ε) |x′〉 = U†P 〈−x| G(m) (ε) |−x′〉UP . (28)

In turn, Eqs. (26-28) can be used to deduce the transfor-
mation properties of the transmission probabilities. The
details of the derivation are given in Appendices B and
C. They read

T
(m)
T ;ll′ (ε) =T (−m)

l′l (ε+m~Ω) , (29)

T
(m)
C;ll′ (ε) = T

(−m)
ll′ (−ε) , T

(m)
P ;ll′ (ε) = T

(m)
l̄l̄′

(ε) . (30)
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Eq.(29) can be also obtained from Eqs(16) and (17). And
Eq.(30) can be obtained from Eqs(16), (18), (19)-(20).

IV. IMPLICATIONS FOR TRANSPORT

A. Parity and particle-hole symmetry

We now derive the implications of the above symme-
tries for transport. It has long been known that charge,
energy, or heat pumping requires inversion symmetry
breaking3,15. If the x-axis inversion leaves the full Hamil-
tonian, H, invariant, then the Green’s function remains
invariant, GP ;(m) (ε) = G(m) (ε), whereas the hybridiza-
tions are interchanged, ΓP ;l (ε) = Γl̄ (ε). In this case,
T

(m)
ll′ (ε) = T

(m)
l̄l̄′

(ε), which can also be derived from
Eqs.(16), (19)-(20). This symmetry property implies that
Q′ (µ) = Q′∆ (µ) = 0, so no transport of charge or heat
occurs.

However, if the system plus reservoirs are invariant un-
der PHS, then GC;(m) (ε) = G(m) (ε) and ΓC;l (ε) = Γl (ε).
This implies (see Appendix C)

T
(m)
ll′ (ε) = T

(m)
C;ll′ (ε) = T

(−m)
ll′ (−ε) , (31)

which also follows from Eqs.(16) and (18). From Eqs.(5)-
(8), we now obtain

Q′ (µ) = Q′ (−µ) , Q′t/∆ (µ) = −Q′t/∆ (−µ) , (32)

Then, Q (µ) is an odd function and Qt/∆ (µ) are even.
This is because Q′(µl) even implies Q(µl) odd plus a
constant. That this constant is zero can be seen by con-
sidering either the limit µl → −∞, where no available
particles exist, or the opposite limit µl → ∞, where the
fermionic states are all occupied and, therefore, Pauli
blocked.

B. Composition of symmetries

It may happen that both x-axis inversion and PHS are
broken while their product, PC, still holds as a symmetry.
In that case, T (m)

ll′ (ε) = T
(m)
PC;ll′ (ε) = T

(−m)
l̄l̄′

(−ε), and
from Eqs.(5)-(8),

Q′ (µ) = −Q′ (−µ) , (33)
Q′t (−µ) = −Q′t (µ) , Q′∆ (µ) = Q′∆ (−µ) . (34)

In this case the pumped charge (heat) is an even (odd)
function of µ and the total heat absorbed is even.

Composition with other unitary symmetry leads to the
same even/odd pumping relations versus µ. Consider, for
instance, the half-period time translation, Π, the generic
unitary symmetry implemented by an unitary operator,
U, that acts locally on the unit cells. Under the compo-
sition ΠC, we have GΠC;(m) (ε) = (−1)m U†ΠGC;(m) (ε)UΠ

and ΓΠC (ε) = U†ΠΓC (ε)UΠ, implying T
(m)
ΠC;ll′ (ε) =

T
(m)
C;ll′ (ε). Therefore, for a system invariant under ΠC,

both Q′ (µ) and Q′t/∆ (µ) have the same properties un-
der µ→ −µ as a system invariant under C. In the same
way, one can show that invariance under the combination
ΠPC, yields the same results as invariance under PC.

More generally, for X = U,Π,UΠ, invariance under
the combination XP , XC and XPC, yields the same
results as invariance under P , C and PC, respectively.
An account of the symmetries and their effects of the
different pumping quantities is given in Table I.

C. The role of time reversal symmetry

For the transmission probability, time reversal sym-
metry (TRS) implies T (m)

ll′ (ε) = T
(−m)
l′l (ε+m~Ω) [see

Eqs.(16), (17) and (29) ]. Although these probabilities
are the same, these two processes will happen at differ-
ent rates due to the different occupation numbers of ener-
gies ε and ε+m~Ω in the equilibrium distribution of the
leads. Therefore, only for f (ε+m~Ω) = f (ε), which re-
quires infinite temperature (f (ε) = 1

2 ), can TRS be used
to infer qualitative features of transport quantities. It is
then easy to show that breaking TRS allows for pumping
between infinite temperature leads whereas all currents
vanish in the time-symmetric case (see Appendix D).

Symmetry Pumping
PHS PS PC Q(µ) Q∆/t(µ) Model example
C P PC 0 0/even Zxy (hom)

UΠC P PUΠC 0 0/even [Zzx]ν=0 (hom)
C - - odd even/even Zxy (inhom)

UΠC - - odd even/even [Zxy]ν=0 (inhom)
UΠC - - odd even/even [Zzx]ν=0 (inhom)

- - PC even odd/even [Zzx]ν 6=0 (hom)

TABLE I. Model symmetries and parity of charge and heat
pumping. PS denotes x-axis inversion, and PC the compo-
sition of PHS and PS. Examples are included where PHS is
implemented by a transformation XC with X = UΠ [See
Eqs.(48)-(49)] .

V. EXAMPLES

To illustrate the results above, we consider two ver-
sions of the SSH model for spinless fermions, illuminated
by monochromatic radiation with angular frequency Ω.
We study a finite chain with N/2 two-atom lattice cells,
depicted in Fig.1-(upper panel), coupled to two infinite
wide-band leads.

In the wide-band approximation, the real part of the
self-energy vanishes and the imaginary part becomes
energy-independent15. This simplification allows to com-
pute the Green’s function in a rather explicit way. Re-
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calling the definition of the effective Hamiltonian, we ob-
tain Z (t) = H (t)− i

2 (ΓL + ΓR), where H(t) is the time-
periodic single-particle Hamiltonian. The eigenstates of
this operator obey the Floquet equation,

i~∂t|φε(t)〉 = [Z(t)− ε] |φε(t)〉 , (35)

with ε the quasi-energy. The time Fourier series for the
Floquet state reads

|φε(t)〉 =
∑
n∈Z

e−inΩt|Φn(ε)〉 . (36)

Expanding the effective Hamiltonian as Z(t) =∑
n Zne

inωt, the Fourier components of the Floquet
state, |Φn(ε)〉, satisfy the equation∑

n∈Z
[ Zn−m − n~Ωδn,m ] |Φn(ε)〉 = ε|Φm(ε)〉 . (37)

Because Z(t) is not hermitian, the quasi-energies are, in
general, complex-valued. The Floquet states with ε and
ε+ ~ω are the physically the same, so it is assumed that
−~ω/2 < <(ε) ≤ ~ω/2. One must also consider the left
eigenstates, φ+

ε (t), satisfying the Floquet equation

−i~∂t〈φ+
ε (t)| = 〈φ+

ε (t)| [ Z(t)− ε ] , (38)

whose Fourier time components obey∑
n∈Z
〈Φ+

n (ε)| [ Zm−n −m~Ωδn,m ] =ε〈Φ+
m(ε)| , (39)

and satisfy the normalization condition∑
n〈Φ+

n (ε)|Φn(ε)〉 = 1. The orthonormality and
completeness of the right- and left- eigenvector basis
works out for the lattice sites |i〉 as∑

ε

∑
m∈Z

∣∣Φ+
m(ε)

〉
〈Φm(ε)| = 1. (40)

Using this relations, we obtain the Green’s function for
Floquet systems as

G(m)(E) =
∑
ε

∑
n

∣∣Φ+
m+n(ε)

〉
〈Φn(ε)|

E − ε− n~Ω . (41)

The two versions of the SSH model we shall consider
read, in momentum space, as:

Hxy(k, t) = [cos k + ν +A cos(Ωt), sin k, 0] · ~σ , (42)
Hzx(k, t) = [sin k, 0, cos k + ν +A cos(Ωt)] · ~σ , (43)

where the three Pauli matrices ~σ act on sublattice space
and k is the Bloch wave vector over lattice cells. Hxy
and Hzx only differ through a rotation in ~σ space, there-
fore, they belong in the same symmetry class BDI. Note
that, for an infinite chain, both Hamiltonians obey PS
as UPH(−k, t)U†P = H(k, t), with UP = σ1 for Hxy, and
UP = σ3 for Hzx.

For the chains in Fig.1, the total self-energy then reads

Σ = − i2 γL|1〉〈1| −
i

2 γR|N〉〈N | , (44)

where |j〉 denotes the state at site j. We note that |1〉 is
the first site of the cell at x = 1 and |N〉 is the second
site of the cell at x = N/2. In the following we shall take
γL = γR = γ.

A finite chain described by Zxy = Hxy(t) + Σ still en-
joys PS. When applying the parity transformation, we
note that if the cell x = (|1〉, |2〉) then the parity transfor-
mation means that we take the cell −x = (|N − 1〉, |N〉).
Using UP = σ1 we get

UPΣ(−x)U†P = − i2γσ1 [ |N − 1〉〈N − 1|+ |2〉〈2| ]σ1

= − i2γ (|N〉〈N |+ |1〉〈1|) = Σ(x) . (45)

Zxy also has PHS with UC = σ3. Therefore, charge
pumping does not occur in an homogeneous xy chain.

For the finite zx chain, described by Zzx = Hzx(t)+Σ,
Σ breaks both PS and PHS. This is because, although
Hzx admits UP = σ3 and UC = σ1, we have

UPΣ(−x)U†P 6= Σ(x) , UCΣ∗U†C 6= −Σ . (46)

Nevertheless, the product of PS and PHS holds:

UPUCΣ∗(−x)U†CU
†
P = −Σ(x) . (47)

This PC symmetry then ensures that Eqs. (33)-(34) hold.
So, Q(µ) and Qt (µ) are even, while Q∆ (µ) is odd.

We now consider the inhomogeneous system where two
halves of the chain are illuminated with different ampli-
tudes, as depicted in Fig.1-(upper-right panel). Here,
both parity and the PC symmetry are explicitly broken
by the non-uniform illumination of the chain. In the case
of the xy chain, PHS still holds, and Q(µ) is an odd
function while Qt/∆ (µ) is even.

The inhomogeneous zx chain is invariant under a XC
transformation when ν = 0, with X = UΠ, where, in
real space, U|x〉 = σ3(−1)x|x〉. In momentum space,
U = σ3 ⊗ (k → k + π). Setting UC = 1, XC transforms
the Hamiltonian as

X [H∗zx(−k, t)]ν X
−1 = − [Hzx(k, t)]−ν , (48)

XΣ∗X−1 = −Σ . (49)

Therefore, PHS, implemented by XC, holds for ν = 0
and renders Q(µ) odd and Qt/∆ (µ) even. Because the
homogeneous zx chain, for ν = 0, enjoys both the above
PC symmetry and the PHS of Eqs. (48) and (49), no
charge or heat pumping occurs. We note, for the sake of
completeness, that the inhomogeneous xy chain also en-
joys a similar PHS for ν = 0, but with U|x〉 = (−1)x|x〉.

Table I summarizes these results for the model systems
considered. Some representative cases of charge and heat
pumping are also illustrated in Figure 1, exhibiting the
even/odd parity identified above. Note that for the in-
homogeneous zx chain with ν 6= 0, neither the charge
(black line in the second row right panel) or heat (bot-
tom panels red line) pumping are odd or even, as none
of the above discussed symmetries exist.
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FIG. 1. Homogeneous (left upper panel) and inhomoge-
neous (right upper panel) setups, consisting of illuminated
SSH chains coupled to wide-band leads. Second row: charge
pumped in the homogeneous zx chain (left panel) and inho-
mogeneous (right panel) setups. Third row: heat pumping
in the homogeneous zx setup. Bottom row: heat pumping in
the inhomogeneous zx setup. ~Ω = 2π/1.6, γ = 0.5, N = 10.

VI. SUMMARY

In summary, we have discussed the role of discrete sym-
metries on the pumping of charge, energy or heat. PHS
causes the charge (heat) pumping to be an odd (even)
function of the chemical potential. On the other hand,
the composition of PS and PHS causes the charge (heat)
pumping to be an even (odd) function, and the total heat
absorbed to be even.

For the case where the exact symmetry is broken the

curves do not depart significantly from even/odd func-
tions, as shown in Fig 1 for the zx chain with ν = 0.5. We
then expect that if the symmetries do not exactly hold
(because of interactions, for instance), the charge/heat
pumped currents would still resemble even or odd func-
tions, as we predict, as long as the system remains well
described by a low energy particle-hole symmetric Hamil-
tonian.

These results provide simple practical criteria to con-
trol the direction of the charge or heat flows, following
the symmetry properties of physical setups.
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Appendix A: Symmetry properties of Floquet
scattering matrix

We now prove the symmetry properties of the Floquet
scattering matrix presented in the main text.

1. TRS: There exists a unitary matrix, UT , such that
UTψ∗(x,−t) has the same quasi-energy, E. Com-
plex conjugation with t → −t does not change the
time-dependent exponentials, but the spatial part
is modified as

UTφ∗n(x→ −∞) = A∗nUT e−ikx + C∗nUT eikx (A1)
UTφ∗n(x→ +∞) = D∗nUT e−ikx +B∗nUT eikx , (A2)

(here it is assumed that UT acts on the spinor form
of the plane waves). This operation inverts the di-
rection of propagation of the plane waves. We then
write[
A∗n′

B∗n′

]
= S(E + n′~Ω, E + n~Ω)

[
C∗n
D∗n

]
, (A3)

Then, from (A3) and (13) we see that[
A∗

B∗

]
= S

[
C∗

D∗

]
⇔ S>

[
C∗

D∗

]
= S

[
C∗

D∗

]
.

(A4)

Thus, S> = S.

2. PHS: There exists a unitary matrix, UC , such that
the state UCψ∗(x, t) has quasi-energy −E. Note
that complex conjugation changes both the time
and spatial dependence of the exponentials, there-
fore, the direction of propagation of the waves is not
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changed. The state UCψ∗(x, t) has the asymptotic
behavior:∑
n

(
A∗nUCe−ikx + C∗nUCeikx

)
e

i
~EteinΩt

as x→ −∞ ,

∑
n

(
D∗nUCe−ikx +B∗nUCeikx

)
e

i
~EteinΩt

as x→∞ .

(A5)

The waves ‘n” have energy −E − n~Ω. Taking the
energy labels into account and the definition of the
S matrix, we write[
C∗n′

D∗n′

]
= S(−E − n′~Ω,−E − n~Ω)

[
A∗n
B∗n

]
,

(A6)

and comparing with Eq.(13) we get

S∗(E + n′~Ω, E + n~Ω) =
S(−E − n′~Ω,−E − n~Ω) .

(A7)

In particular, for the case n = 0, we obtain Eq.(18).

3. Parity: There exists a unitary matrix, UP , such
that the function Pψ(−x, t) has the same quasi-
energy, E. The function Pψ(−x, t) then obeys

UPφn(x→ −∞) = DnUP eikx +BnUP e−ikx (A8)
UPφn(x→ +∞) = AnUP eikx + CnUP e−ikx , (A9)

so, we write[
D

C

]
= S

[
B

A

]
⇔ σ1Sσ1 = S , (A10)

where σ1 acts on the (L,R) subspace. The blocks
of the S matrix in (14) then obey Eqs.(19)-(20).

Appendix B: Green’s function under symmetry
transformations

We first consider the total Hamiltonian, i.e. system
+ leads, H (t) = 1

2C
†H (t)C, with H† (t) = H (t),

and obtain the transformation properties of the total
Green’s function. In this case, the evolution of the op-
erator C under the transformed Hamiltonian, HX (t) =
1
2C
†HX (t)C, is

∂tCX (t) = i [HX (t) ,C (t)] = −iHX (t)C (t) , (B1)

and thus

CX (t) = UX (t, 0)C , (B2)

with

UX (t, t′) =
{
T e−i

∫ t

t′
dτ HX(τ) for t > t′

UX (t′, t)† for t′ > t
, (B3)

yielding the retarded Green’s function

GRX (t, t′) = −iΘ (t− t′)UX (t, t′) . (B4)

Under time reversal,

HT (t) = U†TH
∗ (−t)UT , (B5)

and therefore

GRT (t, t′) =− iΘ (t− t′) T e−i
∫ t

t′
dτ HT (τ)

=U†T

[
−iΘ (t− t′) T e−i

∫ −t′

−t
dτ H(τ)

]>
UT

=U†T
[
GR (−t′,−t)

]>UT , (B6)

where T and T̄ are, respectively, the forward-time or-
dered and backward-time ordered operators.

Under charge conjugation,

HC (t) =− U>CH> (t)U∗C , (B7)

we get

GRC (t, t′) =− iΘ (t− t′) T e−i
∫ t

t′
dτ HC(τ)

=− U>C

[
−iΘ (t− t′) T

t∏
τ=t′

e−iH(t)∆t

]∗
U∗C

=− U>C
[
GR (t, t′)

]∗ U∗C . (B8)

Under time translation by half a period we have,

HΠ (t) =U†ΠH
(
t+ T

2

)
UΠ , (B9)

which yields

GRΠ (t, t′) =− iΘ (t− t′) T e−i
∫ t

t′
dτ HΠ(τ)

=U†Π

[
−iΘ (t− t′) T

t∏
τ=t′

eiH(t+ T
2 )∆t

]
UΠ

=U†Π

[
GR

(
t+ T

2 , t
′ + T

2

)]
UΠ . (B10)

Finally, under x-coordinate inversion,

〈x|GRR (t, t′) |x′〉 = 〈−x|U†RG
R
R (t, t′)UR |−x′〉 . (B11)

If the unitary matrices, UX , do not mix degrees
of freedom of the system with those of the leads, we
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may consider Green’s functions restricted to degrees of
freedom solely within the system by defining GRS =∑
α,β∈S |α〉 〈α|GR |β〉 〈β|. However, rather than respect-

ing Eq.(B4), the Green’s function obeys

[i∂t −HX,S (t)]GRX,S (t, t′) =∫
dτ

∑
l=R,L

ΣRX,l (t, τ)GRX,S (τ, t′) , (B12)

where ΣRX,l is the transformed self-energy obeying the
same GRX,S. In the following, as in the main text, we drop
the the label S and refer to GR as the Green’s function
of the system.

For periodically driven systems, the Floquet retarded
Green’s function is defined as

GRmm′ (ε) = (B13)
1
T

∫ T

0
dtei(Ωm−Ωm′ )t

∫
dτGR (t, t+ τ) e−i(ε+Ωm′ )τ ,

where Ωm = mΩ, m ∈ Z. There is some re-
dundancy in the definition of this quantity, since
GRm+k,m′+k (ε− Ωm) = GRm,m′ (ε), which is lifted by
defining the Floquet Green’s function given in the main
text by

G(m) (ε) =GRm0 (ε) . (B14)

Nevertheless, it is useful to consider GRmm′ (ε) for deriving
intermediate expressions.

Under the time reversal transformation we have

GRT,mm′ (ε) =

= 1
T

∫ >
0
dtei(Ωm−Ωm′ )t

∫
dτGRT (t, t+ τ) e−i(ε+Ωm′ )τ

= U†T
[
GRm′m (ε)

]>UT , (B15)

using t − τ = t′ + nT , n ∈ Z. Similarly, for charge
conjugation

GRC,mm′ (ε) = −U>C
[
GR−m−m′ (−ε)

]∗ U∗C , (B16)

and for the time translation by half a period,

GRΠ,mm′ (ε) = (−1)m+m′ U†ΠG
R
mm′ (ε)UΠ. (B17)

Using the definition of the Floquet Green’s function, we
obtain the transformations given in the main text.

Appendix C: Transmission Probabilities under
symmetry transformations

1. T , C and P

Using the transformation properties of G(m) (ε) and
Γl (ε), the transmission probabilities under T transform
as
T

(m)
T ;ll′ (ε) =

=tr
[
G>(−m) (ε+ Ωm) Γ>l′ (ε)G†T(−m) (ε+ Ωm)G>l (ε+ Ωm)

]
=T (−m)

l′l (ε+ Ωm)∗ , (C1)
and, similarly, under C,

T
(m)
C;ll′ (ε) =

=tr
[
G∗C,(−m) (−ε) Γ∗C,l′ (−ε)G

†∗
C(−m) (−ε) Γ∗C,l (−ε− Ωm)

]
=T (−m)

ll′ (−ε) . (C2)
Invariance under x-axis inversion implies that the

Green’s function is invariant but the hybridization ma-
trices are mapped onto each other, i.e.,

GP ;(m) (ε) =G(m) (ε) , (C3)
ΓP,l (ε) =Γl̄ (ε) . (C4)

In this case,

T
(m)
ll′ (ε) = tr

[
G(m) (ε) Γl̄′ (ε)G

†
(m) (ε) Γl̄ (ε+m~Ω)

]
= T

(m)
l̄l̄′

(ε) . (C5)

Appendix D: The Role of Time Reversal

We here consider the role of time reversal symmetry on
the charge and energy currents. Introducing the trans-
formation of the transmission probability, given in the
main text, into the expression for the particle current,
we obtain

Jcl = −|e|
h

∑
m∈Z

∫
dε

1
2

{
T

(m)
ll̄

(ε) fl̄ (ε)

−T (−m)
ll̄

(ε+m~Ω) fl (ε)
}

= −|e|
h

∑
m∈Z

∫
dε

1
2

{
T

(m)
ll̄

(ε) [fl̄ (ε)− fl (ε+m~Ω)]
}
.

(D1)
Similarly, for the energy current,

Jel = 1
h

∑
m∈Z

∫
dε
{

(m~Ω + ε)T (m)
ll̄

(ε) [fl̄ (ε)− fl (m~Ω + ε)]

+1
2m~ΩT (m)

ll (ε) [fl (ε)− fl (ε+m~Ω)]
}
. (D2)

Therefore, for the pumping setup fl (ε) = f (ε), we find
that only in the infinite temperature case can the time-
reversed processes happen with the same probability. In
that case fl (ε) = 1

2 and Jcl = Jel = 0.
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