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We study pumping of magnons to the Dirac points of magnon’s Brillouin zone of a ferromagnet on
a honeycomb lattice. In particular, we consider second-order Suhl process, when due to interaction
between magnons, a pair of magnons is created due to absorption of two electromagnetic wave
quanta. We introduce a bosonic analog of the Cooper ladder for the magnon pair, which is shown to
enhance the pairing of magnons at the Dirac points. As a result of pairing of the Dirac magnons, the
system becomes unstable towards formation of a magnetic state with zero or reduced magnetization
- the Dirac magnon paired state. In this case the resonant frequency of the pump equals to that of
energy of the Dirac points. Our estimates suggest that the Dirac magnon paired state can be found
in the CrBr3 or CrCl3 ferromagnet below in vicinity of the Curie temperature.

PACS numbers:

Magnons are fluctuations about the spontaneous mag-
netic order. Typically two types of magnons are distin-
guished based on the magnetic structure, ferromagnetic
or antiferromagnetic. The two have different low-energy,
low-momentum dispersion, regardless of the lattice struc-
ture of the magnetic structure. Ferromagnetic magnons
are quadratic in momentum, while antiferromagnetic are
linear (for example, see [1–3]). Recently, because of the
progress made in topological properties of fermions, a
topology tool has been applied to understand intrinsic
transport properties of magnons. With that details of
the lattice structure became important. Certain lattices,
for example, pyrochlore [4, 5], kagome [5–9], and honey-
comb [10–19], allow for natural magnons’s momentum-
pseudospin locking. In ferromagnets such locking results
in Dirac crossing points (degeneracies) at some particu-
lar high-energy and finite-momentum points in magnon’s
Brillouin zone. It is convenient to call magnons at such
crossing points as the Dirac magnons [11]. As a result of
the locking, certain types of the Dzyaloshinskii-Moriya
interaction, allowed by the lattice symmetry, result in
various transverse responses of magnons to the tempera-
ture gradient, such as magnon thermal Hall [4, 6, 13] and
Nernst effects [9], and to fictituous gauge fields [15], such
as the magnon Hall effect.

In this Letter we find another unique Dirac magnons
property revealed under the second-order Suhl magnon
pumping process [1, 3, 20, 21]. A single Dirac magnon
can’t be created in a process of absoroption of one pump-
ing field quanta. This is because such magnon is located
at non-zero momentum in the Brillouin zone, and there is
no way to conserve the momentum in the process of ab-
soroption, as the experimentally relevant pumping field
has a zero wave vector. However, a pair of magnons with
opposite momenta can be created when two pump field
quanta are absorbed. Such processes are known as the
second-order Suhl processes (see Fig. 1B). We show that
this process is not present in linearized spin-wave theory
of magnons, but appears when the interaction between

the magnons is included to the consideration. The fre-
quency of the pump can scan the entire Brillouin zone
of the magnons, and the absorption of two magnons can
happen at any frequency. However, as we show in this
Letter, the pump’s frequency equal to the energy of the
Dirac points is the resonant due to the magnon rescat-
tering processes of the Cooper ladder type (see Fig. 2B).
This is because at such frequency, the system can acco-
modate the largest amount of magnon pairs with opposite
momenta and frequencies (see Fig. 1B). For frequencies
away from the Dirac points, the pairing of two magnons
is parametrically weakened by the rescattering processes.
The resonance corresponds to an instability of the system
towards formation of a zero magnetization state. Below,
we refer to such resonance as the Dirac magnons paired
state. We hope Dirac magnons paired state can be ex-
perimentally observed in ferromagnets with spins on py-
rochlore lattice [4], or layered kagome [8] and honeycomb
lattices [17–19]. In particular, based on our estimates, we
predict that it can be observed in the honeycomb CrBr3

ferromagnet [17] below in vicinity of the Curie tempera-
ture.

To demonstrate the effect, let us study a model of insu-
lating ferromagnet in which spins of length S are located
on the sites of honeycomb lattice (see Fig. 1A). Near
neighbor spins interact with each other via ferromagnetic
Heisenberg exchange interaction. Ferromagnetic order is
assumed to be in z-direction, this can be achieved by ap-
plying a small magnetic field in z− direction. There is
a pumping field which is perpendicular to the order, and
which oscillates with a frequency Ω and has a zero wave
vector. Hamiltonian of the system reads,

H = −J
∑
〈ij〉

SiSj + Γ
∑
i

[Sxi cos(Ωt) + Syi sin(Ωt)] , (1)

where J > 0 is the exchange couping energy and Γ is
the pump’s intensity. In order to study the spin-waves,
we use the Holstein-Primakoff presentation of spin op-
erators in terms of bosons, namely for A atoms (there
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are two atoms in the unit cell, A and B) operators

S±i = Sxi ± iSyi and Szi read as S+
i =

√
2S − a†iaiai,

S−i = a†i

√
2S − a†iai, and Szi = S − a†iai, with [ai, a

†
j ] =

δi,j boson commutation relation. The same is performed

for the B atoms with the help of bi and b†i boson opera-
tors.

In the space of elements of the honeycomb’s unit cell,
in which case the boson operators are defined by Ψ†k =

(a†k, b
†
k), the Hamiltonian of non-interacting spin-waves

reads as

H0 = SJ

∫
k

Ψ†k

[
3 −γk
−γ∗k 3

]
Ψk ≡

∫
k

Ψ†k[Ĥ0]kΨk, (2)

where γk =
∑
i=1,2,3 e

ikτi = 2e
i kx
2
√

3 cos
(
ky
2

)
+ e
−i kx√

3 is

the nearest-neighbor hopping element see left part of the
Fig. 1, and

∫
k
≡
∫

dk
(2π)2 for two-dimensional system. Di-

agonalization gives energy spectrum of non-interacting
magnons, ε±;k = SJ (3± |γk|) with corresponding wave
functions ϕ± = 1√

2
[∓ γk
|γk| , 1]T. At special K = (0,− 4π

3 )

and K′ = (0, 4π
3 ) points the spectrum is linear and is

described by the Dirac Hamiltonian. The energy of
magnons at these points is ε±;k = 3SJ . Terms quar-
tic in boson operators describe interactions between the
magnons. Normal ordered interaction reads

Hint = −J
∫
{k}

δ{k}γk4−k3
a†k1

b†k3
ak2

bk4
(3)

+
J

4

∫
{k}

δ{k}

[
γ∗k3

a†k1
b†k3

ak2
ak4

+ γk3
a†k2

a†k4
ak1

bk3

]
+
J

4

∫
{k}

δ{k}

[
γk1

a†k1
b†k3

bk2
bk4

+ γ∗k1
b†k2

b†k4
ak1

bk3

]
,

where δ{k} ≡ δk1−k2,k4−k3
short notation was used, and∫

{k} stands for integration over all momenta. The in-

teraction is instanteneous in time. Hamiltonian in mo-
mentum space describing pump field with a frequency Ω
is

Hpump =
Γ
√
S√
2

[
(a0 + b0)e−iΩt + (a†0 + b†0)eiΩt

]
, (4)

where a0 ≡ ak=0 and the same for b0. In order to un-
derstand the effect of the pumping field Eq. (4) on the
magnons described by Eq. (2) and (3), we study the
system in the Keldysh time space. This space compli-
cates the analysis but gives a clear understanding of all
relevant processes. We promote boson fields ak, bk to
Ψα;k;ε,Ψβ;k;ε fields, in which frequency ε was explicitly

used, and a†k, b
†
k to Ψ̄α;k;ε, Ψ̄β;k;ε. Furthermore, the fields

are promoted to classical (cl) and quantum components
(q) components in accord with the Keldysh technique
(see Supplemental Material [22] for details and, for ex-
ample, [23]). Let us show how to conveniently capture

τ1τ2

τ3
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y -

+
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ky
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FIG. 1: A. Schematics of the honeycomb lattice. Vectors

connecting the nearest neighbor cites are τ1 = 1
2

(
1√
3
, 1
)

,

τ2 = 1
2

(
1√
3
,−1

)
, and τ3 = 1√

3
(−1, 0). B. kx = 0 slice of

spectrum of free magnons. Dashed lines describe examples of
different pairs with k, Ω + ε and −k, Ω− ε momenta and fre-
quency, for pump’s frequency Ω = 3SJ . C. Magnon spectra
below in vicinity of the Dirac point: original (red) linear spec-
trum of free magnons and spectrum of magnon pairs (blue)
with a threshold kth defined in Eq. (10).

the process of absorption of the pumping field Eq. (4) by
the magnons.

We write the advanced part of the Lagrangian describ-
ing non-interacting magnons defined by Eq. (2) with
ε = Ω frequency and k = 0 momentum,

LA
0,Ω =

∑
m,n

Ψ̄cl
m,0,ΩL̂A

mn,0,ΩΨq
n,0,Ω − Γ

√
S
∑
n

Ψq
n,0,Ω, (5)

where L̂A
mn,k,Ω = (Ω − i0)δmn − [Ĥ0]mn,k is the La-

grangian density desribing corresponding non-interacting
magnons, and m,n = {α, β} are the indeces describing
pseudospin. We now want to get rid of the terms linear
in Ψq

n,0,Ω in the action with the following shift,

Ψ̄cl
α,0,Ω → Ψ̄cl

α,0,Ω + xA, Ψ̄cl
β,0,Ω → Ψ̄cl

β,0,Ω + yA, (6)

where xA and yA are obtained to be

xA =
LA
βα,0,Ω − LA

ββ,0,Ω

LA
αβ,0,ΩLA

βα,0,Ω − LA
ββ,0,ΩLA

αα,0,Ω

Γ
√
S, (7)

yA =
LA
αβ,0,Ω − LA

αα,0,Ω

LA
αβ,0,ΩLA

βα,0,Ω − LA
ββ,0,ΩLA

αα,0,Ω

Γ
√
S. (8)

The same procedure is performed for the retarded part
of the action to take care of the −Γ

√
S
∑
n Ψ̄q

n,0,Ω lin-
ear term. See [22] for more details. After the shifts are
performed, the non-interacting action is the same as the
one without the linear terms. Even the Keldysh part
of the action does not get affected. However, the shifts
drastically modify terms describing magnon-magnon in-
teractions Eq. (3). In particular, new terms in the bilin-
ear part of the Hamiltonian describing magnons with any
frequency and momentum, rather than the pumped ones
with Ω and k = 0, appear. Our calculations show (see
[22] for details) that there is no way to obtain terms of

the ∝ Ψ̄
cl/q
n,k,εΨ

q/cl
m,k,ε type, but new terms describing pair-

ing [20] of two magnons, i.e. of the ∝ Ψ̄
cl/q
n,k,Ω+εΨ̄

q/cl
m,−k,Ω−ε
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type, appear. Physically, they originate due to the ab-
sorbtion of two pump’s quanta, and describe a sub-
sequent creation of a magnon pair with k,Ω + ε and
−k,Ω− ε momenta and energies (see Fig. 1B).

Let us now understand what will the creation of
a magnon pair do to the system. Our calculations

show that in the extended space of magnons, Φ̄
cl/q
k,ε =

1√
2
(Ψ̄

cl/q
α,k,Ω+ε, Ψ̄

cl/q
β,k,Ω+ε,Ψ

cl/q
α,−k,Ω−ε,Ψ

cl/q
β,−k,Ω−ε), the spec-

trum of a pair of magnons is given by a solution of the
following secular equation,

det


ζ + ε SJγk −∆2γ0 ∆2γk
SJγ∗k ζ + ε ∆2γ∗k −∆2γ0

−∆2γ0 ∆2γk ζ − ε SJγk
∆2γ∗k −∆2γ0 SJγ∗k ζ − ε

 = 0, (9)

where ζ = Ω−3SJ is introduced for brevity, γ0 = 3, and

where the pairing strength ∆2 = J
4

(
Γ
√
S

3SJ

)2

for ζ = 0,

and ∆2 = J
4

(
Γ
√
S

6SJ

)2

for ζ = ±3SJ and otherwise ac-

cording to the shift Eq. (6), was defined. The equation
is the boson analog of the Bogoliubov-de Gennes Hamil-
tonian in fermion systems. The difference is in the struc-
ture of signs of the frequencies ε on the main diagonal in
Eq. (9). The spectrum reads

ε2±;k = (ζ ± SJ |γk|)2 −∆4(γ0 ∓ |γk|)2. (10)

Therefore, the system of pumped interacting magnons
will become unstable when ε2±;k < 0 is satisfied. Let
us analyze different parts of the spectrum for such an
instability.

Let us first study a special case when pump’s frequency
is Ω = 3SJ for which ζ = 0. Then, at the Γ = (0, 0) point

|γk| ≈ 3− k2

4 , then ε2+;k = (SJ)2
(

3− k2

4

)2

− 36∆4. For

the instability to occur at the Γ point, the intensity of the
pump should become larger than the exchange coupling
energy. However, experimentally reasonable assumption
is SJ > ∆2 which means it is impossible to make the
system unstable at the Γ point. On the other hand, at

the K and K′ we approximate |γk| ≈
√

3
2 k, and get for

the spectrum ε2±;k ≈ (SJ)2 3
4k

2 − 9∆4. From here we
observe that the solution is always unstable for momenta

smaller than the threshold value of kth = 2
√

3∆2

SJ , i.e. for
k < kth. For schematics see Fig. 1C.

Having pumped the magnons to the Dirac points, let us
now study their rescattering processes. In the first order
in interaction Eq. (3) we get Hartree-Fock type correc-
tions shown in Fig. 2A to the magnon’s dispersion [24].
See SM for the details of their derivation. Interaction Eq.
(3) treated to second order contributes to the magnon’s
life-time [16]. Here we study how the pairing interaction
strength ∆2 gets renormalized by the interaction. For
that we contstruct a boson analog of the Cooper ladder
shown in Fig. 2B. Our calculations show (see [22] for

= +

Ω-ε,

Ω+ε,

-k

+k

a

a

a a

ab
=

a

a

a a

ab
+

Δaa

a

a

a

a
2

Δ ij
2Σ

ij

A B

FIG. 2: A. Hartree-Fock corrections to the dispersion of
magnons. Wavy lines stand for the interaction defined in
Eq. (3). B. Graphic equation for the pairing interaction
strength. Here empty triangle stands for the initial pair-
ing interaction strength ∆2

ij defined in accordance with Eq.

(9), ∆2
aa = ∆2

bb = −∆2γ0, and ∆2
ab = (∆2

ba)∗ = ∆2γk.
Black tringle is intermediately renormalized pairing interac-
tion strength, and lined triangle is the overall renormalized
pairing interaction strength.

details) that the operator structure of ∆2 given in Eq.
(9) gets reproduced at each step of the ladder. Then,
summing up the ladder, we replace ∆2 for ζ = 0 with

∆2 → ∆2

1− J
J̃

[
1

4S + π
8S

(
T

3SJ̃

)2
] , (11)

where J̃ = J
[
1− π

4S

(
T

3SJ

)2]
includes the Hartree-Fock

corrections. The integral defining a step of the ladder is
counting the number of pairs which can be created for
a given frequency. Clearly the pairing of Dirac magnons
is enhanced due to the rescattering processes. The mi-
nus sign in the denominator in Eq. (11) is due to the
repulsive nature of the last two terms in Eq. (3). Our
estimates suggest that for honeycomb lattice CrBr3 or
CrCl3 S = 3

2 ferromagnet [17], the tendency is such that
at temperatures below in vicinity of the Curie tempera-
ture, i.e. T ' Tc ∼ 3SJ , the expression for the renor-
malized pairing strength Eq. (11) diverges. This signals
a transition to a new state, which we call Dirac magnons
paired state. It seems natural that the transition occurs
below in vicinity of the Curie temperature, as there are
plenty of magnons in the system and their rescattering
processes are known to become important [16, 17, 24]. If
the spin is made more classical by increasing its length
S, the denominator in Eq. (11) does not become singular
for any temperature.

Let us study the effect of Dzyaloshinskii-Moriya inter-
action of the HDMI = D

∑
〈〈ij〉〉 νij [Si ×Sj ]z type on the

pairing. Here D is a constant, 〈〈ij〉〉 notation counts
second-nearest neighbors, and νij = ±1 is defined by the
green dashed arrows in Fig. 1A (see SM for more de-
tails). In the vicinity of the Dirac points, i.e ζ = 0, the
spectrum of magnon pairs is now

ε2± = (SJ)2 3

4
k2 + χ2 − 9∆4, (12)
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where χ = 3
√

3SD. We conclude that if |χ| ≥ 3∆2 there
will be no instability in the system. In unpumped fer-
romagnet such Dzyaloshinskii-Moriya interaction opens
up a gap at the Dirac points in the spectrum of the
magnons. Then, for the Dirac magnons paired state to
occur, pumping strength should overcome this gap.

When ζ < 0 only ε2+;k can become less than zero and
cause instability of the system. For example, close to

the Γ point, we expand |γk| ≈ 3− k2

4 and obtain for the

threshold kth =
√

Ω
SJ

∆2

SJ of the instability. When 3SJ >

ζ > 0 only ε2−;k can become less than zero. Performing
the same approximations as for the ζ < 0 case, we get for

the threshold value of the momentum kth = 6∆2√
SJ(3SJ−ζ)

for 3SJ − ζ > 3
2∆2, i.e. away from the Γ point, and

kth = 2
√

6∆√
SJ

for 3SJ − ζ < 3
2∆2 - in the vicinity of the

Γ point. Rescattering processes shown in Fig. 2B result
for the 3SJ > ζ > 0 case in

∆2 → ∆2

1 + 3
16πS ln

(
SJΛ2

4(3SJ−ζ)

)
+ i 3

16S

, (13)

where Λ is the high-frequency cut-off. Therefore, as Ω→
6SJ , the pairing of magnons vanishes. We think that this
might be natural, as the one pump quanta absorption is
the most effective at Ω = 6SJ , and the two pump quanta
absorption channel must thus get closed.

In addition to studied rescattering processes, one needs
to include magnon decay rate, which originates due to
interactions in second-order perturbation theory, to the
main diagonal in the secular equation Eq. (9). Then
the threshold value is going to be decreased by the decay
rate. In particular, [16] showed (see Fig. 2 there) that
the decay rate, which is 1

τ ∝ T 2, for a honeycomb lat-
tice ferromagnet is the smallest for the Dirac magnons
and is the largest for the ε+;k magnons in the vicinity
of the Γ point. Therefore, the threshold value for the
Dirac magnon paired state instability does not get dras-
tically modified by the decay rate. All in all, from Eq.
(11) and discussions above we conclude that the Dirac
magnon paired state can become the most unstable for
temperatures below in vicinity of the Curie temperature.

There are two corollaries which can be made on the na-
ture of the Dirac magnon paired state. First of all, when
the conditions for the instability are met (divergence of
Eq. (11)), there is going to be an absorption peak at
frequency equal to Ω = 3SJ corresponding to the Dirac
magnon paired state. If the system is finite and isolated,
the exponential growth of the Dirac magnons pairs in
time can’t last forever, and it will be stopped by inter-
actions between the magnons, effects which are beyond
studied in the present letter. Secondly, it can be deduced
that the Dirac magnon paired state is the instability of
a ferromagnet towards formation of a zero or reduced
magnetization state. The energy to flip one spin in the

unit cell equals 6S2J , and absorption of a pair of Dirac
magnons corresponds to 6SJ energy. Then, for integer
spins it is possible to flip the spin by creating appropriate
number of Dirac magnon pairs. For example, for S = 1
absorption of one pair of Dirac magnons flips the spin,
for S = 2 it is four pairs of Dirac magnons, and so on.
For half-odd-integer spins, the magnetization can’t be re-
duced to zero. To start thinking about such state, one
can imagine dynamically generated antiferromagnetic or-
der on the honeycomb lattice. However, such antiferro-
magnetic order will be fluctuating in time between dif-
ferent configurations with zero magnetization. Unlike in
the experiment [25], we restrain ourselves from calling the
Dirac magnon paired state as the Bose-Einstein conden-
sate (BEC) of Dirac magnons, instead, we hypothesise
that it is a condensate of Dirac magnon pairs. Detailed
understanding of the nature of the new state is a question
for future research.

In passing, let us discuss another possiblity of pumping
the magnons. First note that in the honeycomb lattice
there are two energy branches at the Γ point correspond-
ing to ε+;0 = 6SJ and ε−;0 = 0, which are connected by
Ω = 6SJ frequency. Therefore, one can excite a sin-
gle magnon by a pump Eq. (4) with a frequency via
a ε−;0 + Ω → ε+;0 process. Pumping a single magnon
will not make the system unstable in a sense of Eqs. (9)
and (10). However, an additional rescattering of the ex-
cited magnon with frequency ε+;0 in to a pair of Dirac
magnons, via ε+;0 + ε−;0 → ε+;K + ε−;K′ (schematically)
processes, might create the Dirac magnons paired state
and may cause an instability in the system. This pump-
ing scheme is the parametric pumping similar to the one
in the experiment [25]. It is possible that the Dirac
magnon paired state is also going to occur in such pump-
ing scheme. However, it is going to coexist with unpaired
magnons at ε+;k = 6SJ and ε−;k = 0 energy. This is an-
other question for future research.

To conclude, we studied second-order Suhl processes in
a honeycomb ferromagnet and showed that under certain
conditions the resonant pump’s frequency corresponds to
the energy of the Dirac points, causing an instability of
the ferromagnet. This is because, as is schematically
shown in Fig. 1B, the system can accomodate the largest
ammount of magnon pairs, and their rescattering pro-
cesses of the Cooper ladder type shown in Fig. 2B result
in a pole structure Eq. (11), which can become singu-
lar as a function of temperature. We deduced that the
instability is towards formation of zero or reduced magne-
tization state, and called it as the Dirac magnons paired
state. We estimated that the CrBr3 or CrCl3 ferromag-
net might show this Dirac magnon paired state below in
vicinity of the Curie temperature.
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SUPPLEMENTAL MATERIAL FOR ”DIRAC MAGNONS PAIRING VIA PUMPING”

FERROMAGNET ON A HONEYCOMB LATTICE

τ1τ2

τ3

x

y -

+

FIG. 1: Schematics of the honeycomb lattice. Ferromagnetic order is assumed to be in the z− direction. Vectors connecting

the nearest neighbor cites are τ1 = 1
2

(
1√
3
, 1
)

, τ2 = 1
2

(
1√
3
,−1

)
, and τ3 = 1√

3
(−1, 0). Green dashed lines correspond to the

sign convention of the νij = ±1, which enter the Dzyaloshinskii-Moriya interaction.

We study spins of the length S on the honeycomb lattice. The spins interact via the ferromagnetic Heisenberg
interaction. We assume the order to be in z-direction, and wish to understand the spin waves about the order. We
follow standard procedure discussed, for example, in books on magnetism [1–3]. Holstein-Primakoff bosons for the
spin operators S± = Sx ± iSy, and Sz read

S+ =
√

2S − a†aa, S− = a†
√

2S − a†a, Sz = S − a†a. (1)

Exchange interaction is

Hex = −J
∑
〈ij〉

(
Sxi S

x
j + Syi S

y
j + Szi S

z
j

)
= −J

∑
〈ij〉

(
1

2
S+
i S
−
j +

1

2
S−i S

+
j + Szi S

z
j

)
, (2)

where 〈..〉 stands for the nearest-neighbor interaction. We are assuming S > 1 so that 1
S expansion applies. This

allows us to drop out higher orders of interaction between magnons. Hamiltonian of interacting spin-waves reads,

Hsw =− JS
∑
〈ij〉

(
a†i bj + b†jai

)
+ 3JS

∑
〈ij〉

(
a†iai + b†jbj

)
(3)

+
J

4

∑
〈ij〉

a†iaiaib
†
j +

J

4

∑
〈ij〉

aib
†
jb
†
jbj +

J

4

∑
〈ij〉

a†ia
†
iaibj +

J

4

∑
〈ij〉

a†i b
†
jbjbj − J

∑
〈ij〉

a†iaib
†
jbj . (4)

Fourier transform of the Hamiltonian reads as

Hsw ≈ −JS
∫
k

(
γka
†
kbk + γ∗kb

†
kak

)
+ 3JS

∫
k

(
a†kak + b†kbk

)
− J

∫
{k}

δk1−k2,k4−k3γk4−k3a
†
k1
b†k3

ak2bk4 (5)

+
J

4

∫
{k}

δk1−k2,k4−k3

[
γ∗k3

a†k1
b†k3

ak2
ak4

+ γk3
a†k2

a†k4
ak1

bk3

]
+
J

4

∫
{k}

δk1−k2,k4−k3

[
γk1

a†k1
b†k3

bk2
bk4

+ γ∗k1
b†k2

b†k4
ak1

bk3

]
,

where γk =
∑
i=1,2,3 e

ikτi = 2e
i kx
2
√

3 cos
(
ky
2

)
+ e
−i kx√

3 is the dispersion (see Fig. 1 for defintions of τi vectors) ,

{k} ≡ k1,k2,k3,k4, and δk1,k2
≡ 2πδ(k1 − k2) is the delta-function. Note that the two first lines of the interaction

are written in the convenient for conjugation way. The last line is already Hermitian conjugate to itself. The interaction
is instantaneous in time. This implies certain frequency dependence, for example,

− J
∫
{k}

δk1−k2,k4−k3

∫
ε1,ε2,ε3,ε4

a†ε1;k1
b†ε3;k3

aε2;k2
bε4;k4

δε1−ε2,ε4−ε3 (6)

=− J
∫
{k}

δk1−k2,k4−k3

∫
ε1,ε3,ω

a†ε1;k1
b†ε3;k3

aε1−ω;k2bε3+ω;k4 . (7)
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In the space of unitary cell, in which case the boson operators are defined by Ψ†k = (a†k, b
†
k) the Hamiltonian of

linear spin-waves reads as

Ĥ = JS

[
3 −γk
−γ∗k 3

]
, (8)

diagonalization immediatly gives energy spectrum,

ε±k = JS (3± |γk|) (9)

with corresponding wave functions

ϕ+ =
1√
2

[
− γk
|γk|
1

]
, ϕ− =

1√
2

[ γk
|γk|
1

]
, (10)

Green function is

G
R/A
αβ (ε,k) =

ϕ+,kϕ
†
+,k

ε− ε+,k ± i0
+

ϕ−,kϕ
†
−,k

ε− ε−,k ± i0
, (11)

where α and β are pseudospins. Green function can be presented in a more convenient way

G
R/A
αβ (ε,k) =

1

2

(
1

ε− ε+,k ± i0
+

1

ε− ε−,k ± i0

)
− 1

2

(
1

ε− ε+,k ± i0
− 1

ε− ε−,k ± i0

)[
0 γk

|γk|
γ∗k
|γk| 0

]
. (12)

The pumping is

Hpump = Γ
∑
i

[Sxi cos(Ωt) + Syi sin(Ωt)] =
Γ

2

∑
i

[
S+
i e
−iΩt + S−i e

iΩt
]

(13)

≈
√

2S
Γ

2

∑
i

[
aie
−iΩt + a†ie

iΩt
]

+
√

2S
Γ

2

∑
i

[
bie
−iΩt + b†ie

iΩt
]
. (14)

For the sake of discussion, we also consider Dzyaloshinskii-Moriya interaction

HDMI = D
∑
〈〈ij〉〉

νij [Si × Sj ]z, (15)

where 〈〈ij〉〉 stands for the next-nearest neighbor interaction, and νij = ±1 depending on the direction of interaction
with the signs defined by green dashed arrows in Fig. (1). In Holstein-Primakoff boson representation of spins, the
DMI becomes

HDMI = SD

∫
k

ξk

(
a†kak − b

†
kbk

)
, (16)

where ξk = 2
[
sin(ky)− 2 sin

(
ky
2

)
cos
(√

3kx
2

)]
.

KELDYSH FORMALISM

We stress that in the hindsight, the Keldysh technique is certainly not the only choice for the problem at hand. It
seems that Matsubara frequency space should work equally well. However, as the system under study is pumped and
formally out-of-equilibrium, we decided to be on a safe side and follow non-equilibrium field theory technique - the
Keldysh technique. Here we briefly outline steps of the Keldysh technique, which we utilized in analysis of the system.
For a detailed review of the Keldysh formalism see book [23], which is going to be followed below. When considering
the action of non-interacting magnons, the integral over the Keldysh contour is split as usual in to forward Ψ̄+,Ψ+

and backward Ψ̄−,Ψ− parts. For example, a part containing non-interacting Hamiltonian transforms as∫
C
dtΨ̄(t)ĤΨ(t) =

∫ +∞

−∞
dtΨ̄+(t)ĤΨ+(t)−

∫ +∞

−∞
dtΨ̄−(t)ĤΨ−(t) =

∫ +∞

−∞
dt
[
Ψ̄cl(t)ĤΨq(t) + Ψ̄q(t)ĤΨcl(t)

]
, (17)
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where

Ψcl/q =
1√
2

(
Ψ+ ±Ψ−

)
, (18)

and the same for Ψ̄ fields. The action of non-interacting magnons is

iS = i

∫ +∞

−∞
dtΨ̄(t)

[
0

[
G−1

]A[
G−1

]R [
G−1

]K
]

Ψ(t) (19)

where

Ψ =

[
Ψcl

Ψq

]
, Ψ̄ =

[
Ψ̄cl Ψ̄q

]
, (20)

and
[
G−1(ε)

]R/A
= ε ± i0 − Ĥ is the inverse Green function in the Fourier space. Note that the [G−1]K is the

quantum-quantum component of the action, and the classical-classical component of the action is absent. The Green
function is

〈Ψ(t)Ψ̄(t′)〉S = i

[
GK(t− t′) GR(t− t′)
GA(t− t′) 0

]
, (21)

where in particular

〈Ψcl(t)Ψ̄cl(t′)〉S =
∑
ε

iGK(ε)e−iε(t−t
′), (22)

〈Ψcl(t)Ψ̄q(t′)〉S =
∑
ε

iGR(ε)e−iε(t−t
′), (23)

〈Ψq(t)Ψ̄cl(t′)〉S =
∑
ε

iGA(ε)e−iε(t−t
′). (24)

In frequency space

〈Ψcl(ε1)Ψ̄cl(ε2)〉S = iGK(ε1)δε1,ε2 , (25)

〈Ψcl(ε1)Ψ̄q(ε2)〉S = iGR(ε1)δε1,ε2 , (26)

〈Ψq(ε1)Ψ̄cl(ε2)〉S = iGA(ε1)δε1,ε2 , (27)

where δε1,ε2 = 2πδ(ε1 − ε2) is the delta-function. The Green function must satisfy unity identity (here everywhere
multiplication assumes convolution in time),[

0
[
G−1

]A[
G−1

]R [
G−1

]K
] [

GK GR

GA 0

]
= 1, (28)

which gives us a condition on GK function [
G−1

]R
GK +

[
G−1

]K
GA = 0, (29)

which means [
G−1

]K
= −

[
G−1

]R
GK

[
G−1

]A
. (30)

With the parametrization

GK = GRF − FGA, (31)

where F is the distribution function, we get[
G−1

]K
=
[
G−1

]R F − F [G−1
]A
. (32)
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This is the kinetic equation determining distribution function.
The pumping field is described by

√
2SΓ

2

∫
C
dt
(
Ψe−iΩt + Ψ̄eiΩt

)
= Γ
√
S

∫ +∞

−∞
dt
(
Ψqe−iΩt + Ψ̄qeiΩt

)
. (33)

This might update the Hamiltonian and the Green functions. To check this, we can use the following identity,∫
d[Ψ̄,Ψ]e−

∑
ij Ψ̄iÂijΨj+

∑
i(Ψ̄iJi+J̄iΨi) =

1

detÂ
e
∑
ij J̄i(Â

−1)ijJj (34)

and since there is no q-q element in the Â−1 matrix, the pumping field will not enter the final result of integration.
However, the corresponding classical fields and consequently Green functions are going to be affected by the pumping
fields. We are going to go over that in the next subsection.

Now let us include interactions between magnons. Schematically, general four-boson interaction rewritten in terms
of Keldysh fields is ∫

C
dtΨ̄1Ψ2Ψ̄3Ψ4 =

∫ +∞

−∞
dtΨ̄+

1 Ψ+
2 Ψ̄+

3 Ψ+
4 −

∫ +∞

−∞
dtΨ̄−1 Ψ−2 Ψ̄−3 Ψ−4 (35)

=
1

2

∫ +∞

−∞
dt
(
Ψ̄cl

1 Ψcl
2 + Ψ̄q

1Ψq
2

) (
Ψ̄cl

3 Ψq
4 + Ψ̄q

3Ψcl
4

)
(36)

+
1

2

∫ +∞

−∞
dt
(
Ψ̄cl

1 Ψq
2 + Ψ̄q

1Ψcl
2

) (
Ψ̄cl

3 Ψcl
4 + Ψ̄q

3Ψq
4

)
(37)

where 1, 2, 3, 4 indeces stand for a general frequency-momentum-spin variable. Under relabelling, the two terms after
second equality sign double each other, but for the sake of generality kept as they are.

Shifting the pump field away

Lagrangian describing non-interacting magnons with the pump’s frequency Ω and momentum k = 0 is schematically
written as

L0,Ω =
∑
m,n

Ψ̄q
m,0,ΩL̂

K
mn,0,ΩΨq

n,0,Ω +
∑
m,n

Ψ̄cl
m,0,ΩL̂A

mn,0,ΩΨq
n,0,Ω +

∑
m,n

Ψ̄q
m,0,ΩL̂

R
mn,0,ΩΨcl

n,0,Ω (38)

− Γ
√
S
∑
n

Ψq
n,0,Ω − Γ

√
S
∑
n

Ψ̄q
n,0,Ω, (39)

where L̂K/R/A
mn,0,Ω is the Lagrangian density corresponding to Keldysh, retarded or advanced part correspondingly. For

example L̂R/A
mn,k,Ω = (Ω± i0)δmn − [Ĥ0]mn,k. The advanced part of the Lagrangian is

LA
0,Ω =

∑
m,n

Ψ̄cl
m,0,ΩL̂A

mn,0,ΩΨq
n,0,Ω − Γ

√
S
∑
n

Ψq
n,0,Ω, (40)

in which we would like to shift away terms linear in Ψq
n,0,Ω. We achieve it with

Ψ̄cl
α,0,Ω → Ψ̄cl

α,0,Ω + xA, (41)

Ψ̄cl
β,0,Ω → Ψ̄cl

β,0,Ω + yA, (42)

with

xA =
LA
βα,0,Ω − LA

ββ,0,Ω

LA
αβ,0,ΩLA

βα,0,Ω − LA
ββ,0,ΩLA

αα,0,Ω

Γ
√
S, (43)

yA =
LA
αβ,0,Ω − LA

αα,0,Ω

LA
αβ,0,ΩLA

βα,0,Ω − LA
ββ,0,ΩLA

αα,0,Ω

Γ
√
S. (44)
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For the retarded analog of the Lagrangian,

LR
0,Ω =

∑
m,n

Ψ̄q
m,0,ΩL

R
mn,0,ΩΨcl

n,0,Ω − Γ
√
S
∑
n

Ψ̄q
n,0,Ω, (45)

in which we would like to shift away terms linear in Ψ̄q
n,0,Ω. We achieve it with

Ψcl
α,0,Ω → Ψcl

α,0,Ω + xR, (46)

Ψcl
β,0,Ω → Ψcl

β,0,Ω + yR, (47)

with

xR =
LR
βα,0,Ω − LR

ββ,0,Ω

LR
αβ,0,ΩLR

βα,0,Ω − LR
ββ,0,ΩLR

αα,0,Ω

Γ
√
S, (48)

yR =
LR
αβ,0,Ω − LR

αα,0,Ω

LR
αβ,0,ΩLR

βα,0,Ω − LR
ββ,0,ΩLR

αα,0,Ω

Γ
√
S. (49)

PUMPING TO THE DIRAC POINTS WITH A Ω = 3SJ FREQUENCY PUMP

Two quanta pumping to Dirac points

Here we discuss off-resonance pumping, when the frequency of the pump is half the band-width, namely Ω = 3SJ .
There are no mass-shell states with k = 0 at this frequency. Thus, there is no possibility to pump single magnon to
this point, but due to the interactions, there is a possibility to pump a pair of magnons. See Fig. 2 for the schematics
of the process of absorption of two pump field quanta. This processes is known in the literature as the second-order
Suhl process [3, 20] One can see it by absorbing the pumping field by shifting corresponding classical (only) fields,

Ψ̄cl
α,0,Ω → Ψ̄cl

α,0,Ω −
Γ
√
S

3SJ
, (50)

Ψcl
α,0,Ω → Ψcl

α,0,Ω −
Γ
√
S

3SJ
. (51)

The shift means that a physical state with corresponding quantum numbers acquires a classical value. For example,
if it was a Bose-Einstein condensate we were talking about, it would mean that the magnon accumulate in the
state. However, since the shifted state is off-shell, one would not expect any magnon accumulation in it. Instead,
the magnons can rescatter from this virtual state to the on-shell states according to the frequency and momentum
conservation. To describe these effects, we notice that the interaction part of the action will be affected by the shift.

iSinteraction;1 = −iJ
4

∫
{ω}

∫
{k}

γk4
a†k1

ak2
a†k3

bk4
δk1−k2,k4−k3

δω1−ω2,ω4−ω3
(52)

→ −iJ
8

∫
{ω}

∫
{k}

γk4

(
Ψ̄cl
α;k1;ω1

Ψ̄cl
α;k3;ω3

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄cl
α;k3;ω3

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψ̄cl
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

)
δk1−k2,k4−k3

δω1−ω2,ω4−ω3

− iJ
8

∫
{ω}

∫
{k}

γk4

(
Γ
√
S

3SJ

)2

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (53)

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3

− iJ
8

∫
{ω}

∫
{k}

γk4

(
Γ
√
S

3SJ

)2

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (54)

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψ̄q
α;k1;ω1

Ψ̄cl
α;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3 .
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Regarding cubic terms, in experimentally relevant limit of
(

Γ
√
S

3SJ

)2

< 1 they can be ignored. They will contribute to

the interaction between magnons, but will have
(

Γ
√
S

3SJ

)2

< 1 small factor as compared to the original interaction. It

is not possible to generate ∝ Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

or ∝ Ψ̄q
α;k1;ω1

Ψcl
β;k2;ω2

or other similar terms as they all sum up to zero.

This cancellation occurs between all terms in the interaction (between ∝ −J and ∝ J
4 terms in the interaction). We

give an example of such cancellation in the end of this subsection.

Ω-ε, -k

Ω+ε,+kΩ

Ω

FIG. 2: Schematics of two pump quanta absoroption. Here the dashed lines correspond to the pump field, while the wavy line
to interaction between the magnons.

Below we list four remaining terms in the interaction.

iSinteraction;2 = −iJ
4

∫
{ω}

∫
{k}

γ∗k3
a†k1

ak2
b†k3

ak4
δk1−k2,k4−k3

δω1−ω2,ω4−ω3
(55)

→ −iJ
8

∫
{ω}

∫
{k}

γ∗k3

(
Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψq
α;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
α;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψq
α;k2;ω2

Ψcl
α;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
α;k4;ω4

)
δk1−k2,k4−k3

δω1−ω2,ω4−ω3

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψcl
α;k2;ω2

Ψq
α;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (56)

− iJ
8

∫
{ω}

∫
{k}

γ∗k3

(
Γ
√
S

3SJ

)2

Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψq
α;k2;ω2

Ψcl
α;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (57)

− iJ
8

∫
{ω}

∫
{k}

γ∗k3

(
Γ
√
S

3SJ

)2

Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3 ,
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and

iSinteraction;3 = −iJ
4

∫
{ω}

∫
{k}

γk1
a†k1

bk2
b†k3

bk4
δk1−k2,k4−k3

δω1−ω2,ω4−ω3
(58)

→ −iJ
8

∫
{ω}

∫
{k}

γk1

(
Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
β;k2;ω2

Ψq
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

Ψcl
β;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψq
β;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
β;k2;ω2

Ψcl
β;k4;ω4

)
δk1−k2,k4−k3

δω1−ω2,ω4−ω3

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψcl
β;k2;ω2

Ψq
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (59)

− iJ
8

∫
{ω}

∫
{k}

γk1

(
Γ
√
S

3SJ

)2

Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψq
β;k2;ω2

Ψcl
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (60)

− iJ
8

∫
{ω}

∫
{k}

γk1

(
Γ
√
S

3SJ

)2

Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3 ,

and

iSinteraction;4 = −iJ
4

∫
{ω}

∫
{k}

γ∗k2
b†k1

ak2
b†k3

bk4
δk1−k2,k4−k3

δω1−ω2,ω4−ω3
(61)

→ −iJ
8

∫
{ω}

∫
{k}

γ∗k2

(
Ψ̄cl
β;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

+ Ψ̄cl
β;k1;ω1

Ψ̄q
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄cl
β;k1;ω1

Ψ̄cl
β;k3;ω3

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄q
β;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

)
δk1−k2,k4−k3

δω1−ω2,ω4−ω3

− iJ
8

∫
{ω}

∫
{k}

γ∗k2

(
Γ
√
S

3SJ

)2

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (62)

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψ̄cl
β;k1;ω1

Ψ̄q
β;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3

− iJ
8

∫
{ω}

∫
{k}

γ∗k2

(
Γ
√
S

3SJ

)2

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (63)

− iJ
8

∫
{ω}

∫
{k}

γ0

(
Γ
√
S

3SJ

)2

Ψ̄q
β;k1;ω1

Ψ̄cl
β;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3 .
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There is also ∝ −J interaction term, which also gets shifted accordingly.

iSinteraction;5 = iJ

∫
{ω}

∫
{k}

γk4−k3
a†k1

ak2
b†k3

bk4
δk1−k2,k4−k3

δω1−ω2,ω4−ω3
(64)

→ iJ
1

2

∫
{ω}

∫
{k}

γk4−k3

(
Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

)
δk1−k2,k4−k3δω1−ω2,ω4−ω3

+ iJ
1

2

∫
{ω}

∫
{k}

γk4

(
Γ
√
S

3SJ

)2

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω (65)

+ iJ
1

2

∫
{ω}

∫
{k}

γ−k3

(
Γ
√
S

3SJ

)2

Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

+ iJ
1

2

∫
{ω}

∫
{k}

γk4

(
Γ
√
S

3SJ

)2

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

δ−k2,k4δΩ−ω2,ω4−Ω (66)

+ iJ
1

2

∫
{ω}

∫
{k}

γ−k3

(
Γ
√
S

3SJ

)2

Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

. (67)

Collecting now terms quadratic in fields, we get for the pump

Hpump (68)

=
J

4

(
Γ
√
S

3SJ

)2 ∫
{k}

[
− γk4

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω − γk4

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω

− γ∗k3
Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

− γ∗k3
Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

+ γ0Ψcl
α;k2;ω2

Ψq
α;k4;ω4

δ−k2,k4δΩ−ω2,ω4−Ω + γ0Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3

+ γ0Ψcl
β;k2;ω2

Ψq
β;k4;ω4

δ−k2,k4
δΩ−ω2,ω4−Ω + γ0Ψ̄cl

β;k1;ω1
Ψ̄q
β;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

]
.

Let us now demonstrate that indeed terms of the ∝ Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

type sum up to zero and, hence, can’t be
generated by the pump process. Recall, that overall there are five interaction terms listed in this subsection. We refer
to them in the order they have appeared. From the first interaction term we have

J

8

∫
{ω}

∫
{k}

γk4

(
Ψ̄cl
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄cl
α;k3;ω3

Ψq
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄q
α;k3;ω3

Ψcl
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψq
α;k2;ω2

Ψ̄cl
α;k3;ω3

Ψcl
β;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄cl
α;k3;ω3

Ψcl
β;k4;ω4

)
δk1−k2,k4−k3δω1−ω2,ω4−ω3

→ J

4

∫
{ω}

∫
{k}

γ0Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

δk1,k2δω1,ω2 . (69)

From the second interaction term we have

J

8

∫
{ω}

∫
{k}

γ∗k3

(
Ψ̄cl
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄cl
β;k3;ω3

Ψq
α;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄q
β;k3;ω3

Ψcl
α;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψq
α;k2;ω2

Ψ̄cl
β;k3;ω3

Ψcl
α;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄cl
β;k3;ω3

Ψcl
α;k4;ω4

)
δk1−k2,k4−k3

δω1−ω2,ω4−ω3

→ J

4

∫
{ω}

∫
{k}

γ0Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

δk1,k2
δω1,ω2

. (70)
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From the fifth interaction term we have

− J 1

2

∫
{ω}

∫
{k}

γk4−k3

(
Ψ̄cl
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄cl
β;k3;ω3

Ψq
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄q
β;k3;ω3

Ψcl
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψq
α;k2;ω2

Ψ̄cl
β;k3;ω3

Ψcl
β;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

Ψ̄cl
β;k3;ω3

Ψcl
β;k4;ω4

)
δk1−k2,k4−k3δω1−ω2,ω4−ω3

→ −J
2

∫
{ω}

∫
{k}

γ0Ψ̄q
α;k1;ω1

Ψcl
α;k2;ω2

δk1,k2δω1,ω2 . (71)

Three terms sum up to zero. The same can be proven for the other combinations of the same type.

Hartree-Fock corrections

FIG. 3: Hartree-Fock corrections to the magnon dispersion.

In order to understand possible instabilities in the system due to the magnon pair creation, we also need to take
in to account Hartree-Fock corrections to the magnon dispersion [16, 24]. They are expected to give temperature
dependent correction, and, thus, might be important when discussing the experimental details. For example, let us
pick the first interaction term,

〈iSinteraction;1〉 =− iJ
8

∫
{ω}

∫
{k}

γk4〈Ψ̄cl
α;k1;ω1

Ψ̄cl
α;k3;ω3

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄cl
α;k3;ω3

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψ̄cl
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

〉δk1−k2,k4−k3
δω1−ω2,ω4−ω3

.

(72)

We found that for the task at hand it is more convenient to come back to time domain rather to work in frequency
domain. In this way, equal-time commutation relations

[Ψcl
n;k1

(t), Ψ̄cl
m;k2

(t)] = δn,mδk1,k2 (73)

are written in the most transparent way. For example, picking the first term in Eq. (72),

J

8

∫
{ω}

∫
{k}

γk4
〈Ψ̄cl

α;k1;ω1
Ψ̄cl
α;k3;ω3

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

〉δk1−k2,k4−k3
δω1−ω2,ω4−ω3

(74)

=
J

8

∫
t

∫
{k}

γk4
Ψ̄cl
α;k1

(t)Ψq
β;k4

(t)〈Ψ̄cl
α;k3

(t)Ψcl
α;k2

(t)〉δk1−k2,k4−k3
(75)

+

∫
t

∫
{k}

γk4
Ψ̄cl
α;k3

(t)Ψq
β;k4

(t)〈Ψ̄cl
α;k1

(t)Ψcl
α;k2

(t)〉δk1−k2,k4−k3
(76)

=
J

4

∫
t

∫
k

γkΨ̄cl
α;k(t)Ψq

β;k(t)

∫
q

[
−1 + i

∫
ε

GK
αα(ε; q)

]
(77)

=
J

4

∫
t

∫
k

γkΨ̄cl
α;k(t)Ψq

β;k(t)

∫
q

[nB(ε+;q) + nB(ε−;q)] , (78)

where we used F(ε) = 1 + 2

e
ε
T −1

≡ 1 + 2nB(ε) identity, and where −1 in the
[
−1 + i

∫
ε
GK
αα(ε; q)

]
factor is due to the
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commutation relations. Now picking the second term in Eq. (72),

J

8

∫
{ω}

∫
{k}

γk4
〈Ψ̄cl

α;k1;ω1
Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

〉δk1−k2,k4−k3
δω1−ω2,ω4−ω3

(79)

=
J

8

∫
t

∫
k

Ψ̄q
α;k(t)Ψcl

α;k(t)

∫
q

∫
ε

iGK
βα(ε; q)γq +

J

8

∫
t

∫
k

γkΨ̄q
α;k(t)Ψcl

β;k(t)

∫
q

[
−1 + i

∫
ε

GK
αα(ε; q)

]
(80)

=− J

8

∫
t

∫
k

Ψ̄q
α;k(t)Ψcl

α;k(t)

∫
q

|γq| [nB(ε+;q)− nB(ε−;q)] +
J

8

∫
t

∫
k

γkΨ̄q
α;k(t)Ψcl

β;k(t)

∫
q

[nB(ε+;q) + nB(ε−;q)] . (81)

Third term in Eq. (72) reads,

J

8

∫
{ω}

∫
{k}

γk4
〈Ψ̄cl

α;k1;ω1
Ψ̄cl
α;k3;ω3

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

〉δk1−k2,k4−k3
δω1−ω2,ω4−ω3

(82)

=
J

4

∫
t

∫
k

Ψ̄cl
α;k(t)Ψq

α;k(t)

∫
q

∫
ε

iGK
βα(ε; q)γq (83)

=− J

4

∫
t

∫
k

Ψ̄cl
α;k(t)Ψq

α;k(t)

∫
q

|γq| [nB(ε+;q)− nB(ε−;q)] . (84)

Finally, the last term in Eq. (72) reads,

J

8

∫
{ω}

∫
{k}

γk4
〈Ψ̄q

α;k1;ω1
Ψ̄cl
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

〉δk1−k2,k4−k3
δω1−ω2,ω4−ω3

(85)

=− J

8

∫
t

∫
k

Ψ̄q
α;k(t)Ψcl

α;k(t)

∫
q

|γq| [nB(ε+;q)− nB(ε−;q)] +
J

8

∫
t

∫
k

γkΨ̄q
α;k(t)Ψcl

β;k(t)

∫
q

[nB(ε+;q) + nB(ε−;q)] , (86)

which essentially doubles the second term in Eq. (72). Collecting all the four terms, we get

〈iSinteraction;1〉 =− iJ
4
I1

∫
t

∫
k

γkΨ̄cl
α;k(t)Ψq

β;k(t)− iJ
4
I2

∫
t

∫
k

Ψ̄cl
α;k(t)Ψq

α;k(t) (87)

− iJ
4
I2

∫
t

∫
k

Ψ̄q
α;k(t)Ψcl

α;k(t)− iJ
4
I1

∫
t

∫
k

γkΨ̄q
α;k(t)Ψcl

β;k(t), (88)

where

I1 =

∫
q

[
−1 + i

∫
ε

GK
αα(ε; q)

]
=

∫
q

[nB(ε+;q) + nB(ε−;q)] , (89)

I2 =

∫
q

∫
ε

iGK
βα(ε; q)γq = −

∫
q

|γq| [nB(ε+;q)− nB(ε−;q)] . (90)

Expressions for the three other interaction terms, i.e. 〈iSinteraction;2,3,4〉, are similar to the obtained one. Fifth
interaction is

〈iSinteraction;5〉 =i
J

2

∫
{ω}

∫
{k}

γk4−k3〈Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψq
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄q
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄cl
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψq
α;k2;ω2

Ψcl
β;k4;ω4

+ Ψ̄q
α;k1;ω1

Ψ̄cl
β;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

〉δk1−k2,k4−k3
δω1−ω2,ω4−ω3

(91)

=i
J

2

∫
t

∫
k

I3(k)Ψ̄cl
α;k(t)Ψq

β;k(t) + i
J

2
I1

∫
t

∫
k

γ0Ψ̄cl
β;k(t)Ψq

β;k(t) (92)

+i
J

2

∫
t

∫
k

I∗3 (k)Ψ̄q
β;k(t)Ψcl

α;k(t) + i
J

2
I1

∫
t

∫
k

γ0Ψ̄q
β;k(t)Ψcl

β;k(t) (93)

+i
J

2

∫
k

I∗3 (k)Ψ̄cl
β;k(t)Ψq

α;k(t) + i
J

2
I1

∫
t

∫
k

γ0Ψ̄q
α;k(t)Ψcl

α;k(t) (94)

+i
J

2

∫
t

∫
k

I3(k)Ψ̄q
α;k(t)Ψcl

β;k(t) + i
J

2
I1

∫
t

∫
k

γ0Ψ̄q
α;k(t)Ψcl

α;k(t) (95)
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New integral appeared above is

I3(k) =

∫
q

∫
ε

iGK
αβ(ε; q)γk−q = −

∫
q

γk−qγq
|γq|

[nB(ε+;q)− nB(ε−;q)] . (96)

Overall, we have for the Hartree-Fock corrections

5∑
j=1

〈iSinteraction;j〉 =− iJ
2

∫
t

∫
k

[I1γk − I3(k)] Ψ̄cl
α;k(t)Ψq

β;k(t)− iJ
2

(I2 − I1γ0)

∫
t

∫
k

Ψ̄cl
α;k(t)Ψq

α;k(t) (97)

− iJ
2

(I2 − I1γ0)

∫
t

∫
k

Ψ̄q
α;k(t)Ψcl

α;k(t)− iJ
2

∫
t

∫
k

[I1γk − I3(k)] Ψ̄q
α;k(t)Ψcl

β;k(t) (98)

− iJ
2

∫
t

∫
k

[I1γ
∗
k − I∗3 (k)] Ψ̄cl

β;k(t)Ψq
α;k(t)− iJ

2
(I2 − I1γ0)

∫
t

∫
k

Ψ̄cl
β;k(t)Ψq

β;k(t) (99)

− iJ
2

(I2 − I1γ0)

∫
t

∫
k

Ψ̄q
β;k(t)Ψcl

β;k(t)− iJ
2

∫
t

∫
k

[I1γ
∗
k − I∗3 (k)] Ψ̄q

β;k(t)Ψcl
α;k(t). (100)

Integrals are

I2 − I1γ0 = −
∫
q

(γ0 + |γq|)nB(ε+;q)−
∫
q

(γ0 − |γq|)nB(ε−;q) ≈ −
(

T

3SJ

)2
π

2
γ0, (101)

and

I1γk − I3(k) =

∫
q

(
γk +

γk−qγq
|γq|

)
nB(ε+;q) +

∫
q

(
γk −

γk−qγq
|γq|

)
nB(ε−;q) ≈

(
T

3SJ

)2
π

2
γk, (102)

which are approximated at low temperatures, T < 3SJ , under assumption that only the ε−;q magnon band contributes
to the integrals. At temperatures T ∼ 3SJ (in the vicinity of the Curie temperature) both magnon bands will
contribute, and, hence, the magnitude of integrals increase.

We then get Hartree-Fock corrected Hamiltonian describing the magnons

Ĥ = JS

[
1− π

4S

(
T

3SJ

)2
] [

3 −γk
−γ∗k 3

]
≡ J̃S

[
3 −γk
−γ∗k 3

]
, (103)

where J̃ = J
[
1− π

4S

(
T

3SJ

)2]
. Exactly this Hamiltonian will be used below when calculating the ladder equation.

Instability due to pumping

We neglect the Hartree-Fock corrections by setting T = 0. Collecting all generated pumping terms, we construct a
secular equation for Ω = 3SJ ,

det


Ω + ε− 3SJ SJγk −∆2γ0 ∆2γk

SJγ∗k Ω + ε− 3SJ ∆2γ∗k −∆2γ0

−∆2γ0 ∆2γk Ω− ε− 3SJ SJγk
∆2γ∗k −∆2γ0 SJγ∗k Ω− ε− 3SJ

 = 0. (104)

The Hamiltonian is similar to that of the BdG model, but only due to the presence of the anomalous terms. The
frequency structure is different because of the boson commutation relation the fields obey in our case. We get

ε2± = (Ω− 3SJ ± SJ |γk|)2 −∆4(γ0 ∓ |γk|)2. (105)

Let us study the effect of Dzyaloshinskii-Moriya interaction Eq. (15) on the magnon pairing in the vicinity of the
Dirac points, i.e. for ζ = 0. This is motivated by the fact that the DMI is the largest at the Dirac points. The secular
equation is now

det


χ+ ε SJγk −3∆2 0
SJγ∗k −χ+ ε 0 −3∆2

−3∆2 0 χ− ε SJγk
0 −3∆2 SJγ∗k −χ− ε

 = 0, (106)
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where χ = 3
√

3SD, and |γk| ≈
√

3
2 k. The spectrum of magnon pairs is now

ε2± = (SJ)2 3

4
k2 + χ2 − 9∆4. (107)

We conclude that if |χ| ≥ 3∆2 there will be no instability in the system. In unpumped ferromagnet such Dzyaloshinskii-
Moriya interaction opens up a gap at the Dirac points in the spectrum of the magnons. Then, for the Dirac magnons
paired state to occur, pumping should overcome this gap.

Ladder equation

= +

Ω-ε,

Ω+ε,

-k

+k

a

a

a a

ab
=

a

a

a a

ab
+

Δaa

a

a

a

a
2

Δ ij
2Σ

ij

FIG. 4: Graphic equation for the pairing interaction strength. Here empty triangle stands for the initial pairing interaction
strength ∆2

ij defined in accordance with Eq. (104), ∆2
aa = ∆2

bb = −∆2γ0, and ∆2
ab = (∆2

ba)∗ = ∆2γk. Black tringle is
intermediately renormalized pairing interaction strength, and the wavy lines stand for the interaction. Lined triangle is the
overall renormalized pairing interaction strength.

The action describing the pump is

iSpump = −i
∫
t

Hpump →− i
∫
{ε}

∫
{p}

J

4
3

(
Γ
√
S

3SJ

)2

Ψ̄cl
α;p1;ε1Ψ̄q

α;p3;ε3δp1,−p3δε1−Ω,Ω−ε3 (108)

+ i

∫
{ε}

∫
{p}

J

4
γp1

(
Γ
√
S

3SJ

)2

Ψ̄cl
α;p1;ε1Ψ̄q

β;p3;ε3
δp1,−p3

δε1−Ω,Ω−ε3 (109)

− i
∫
{ε}

∫
{p}

J

4
3

(
Γ
√
S

3SJ

)2

Ψ̄cl
β;p1;ε1Ψ̄q

β;p3;ε3
δp1,−p3δε1−Ω,Ω−ε3 (110)

+ i

∫
{ε}

∫
{p}

J

4
γ∗p1

(
Γ
√
S

3SJ

)2

Ψ̄cl
β;p1;ε1Ψ̄q

α;p3;ε3δp1,−p3
δε1−Ω,Ω−ε3 (111)

where by right arrow we mean picking a particular term from the overall expression. Below, as an example, we wish
to see how structure of Eq. (108) gets renormalized by the interactions. For that we construct a ladder equation
shown in Fig. 4. It turns out that only

iSinteraction = −i
∫
t

Hinteraction → −i
J

4

∫
{ω}

∫
{k}

γk4Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

δk1−k2,k4−k3δω1−ω2,ω4−ω3 (112)

part of the interaction can reproduce selected by us part of the pump. Contraction of the interaction Eq. (112) with
the first term, namely Eq. (108), in the pump’s Hamiltonian, gives the following expression

〈Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
α;p1;ε1Ψ̄q

α;p3;ε3〉 (113)

= 〈Ψcl
β;k4;ω4

Ψ̄cl
α;p1;ε1〉〈Ψ

cl
α;k2;ω2

Ψ̄q
α;p3;ε3〉Ψ̄

cl
α;k1;ω1

Ψ̄q
α;k3;ω3

+ 〈Ψcl
α;k2;ω2

Ψ̄cl
α;p1;ε1〉〈Ψ

cl
β;k4;ω4

Ψ̄q
α;p3;ε3〉Ψ̄

cl
α;k1;ω1

Ψ̄q
α;k3;ω3

(114)

= −[GK
βα(k4;ω4)GR

αα(k2;ω2)δk4,p1
δω4,ε1δk2,p3

δω2,ε3 +GR
βα(k4;ω2)GK

αα(k2;ω4)δk2,p1
δω2,ε1δk4,p3

δω4,ε3 ]Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

.

(115)
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Contraction of the interaction Eq. (112) with the second term in the pump’s Hamiltonian, namely Eq. (109), results
in the following expression

γp1
〈Ψ̄cl

α;k1;ω1
Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
α;p1;ε1Ψ̄q

β;p3;ε3
〉 (116)

= −γp1
[GK

αα(k2;ω2)GR
ββ(k4;ω4)δk2,p1

δω2,ε1δk4,p3
δω4,ε3 +GR

αβ(k2;ω2)GK
βα(k4;ω4)δk2,p3

δω2,ε3δk4,p1
δω4,ε1 ]Ψ̄cl

α;k1;ω1
Ψ̄q
α;k3;ω3

.

(117)

Contraction of the interaction Eq. (112) with the third term, namely Eq. (110), in the pump’s Hamiltonian, gives
the following bracket

〈Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
β;p1;ε1Ψ̄q

β;p3;ε3
〉 (118)

= 〈Ψcl
β;k4;ω4

Ψ̄cl
β;p1;ε1〉〈Ψ

cl
α;k2;ω2

Ψ̄q
β;p3;ε3

〉Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

+ 〈Ψcl
α;k2;ω2

Ψ̄cl
β;p1;ε1〉〈Ψ

cl
β;k4;ω4

Ψ̄q
β;p3;ε3

〉Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

(119)

= −[GK
ββ(k4;ω4)GR

αβ(k2;ω2)δk4,p1δω4,ε1δk2,p3δω2,ε3 +GR
ββ(k4;ω2)GK

αβ(k2;ω4)δk2,p1δω2,ε1δk4,p3δω4,ε3 ]Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

.

(120)

Contraction of the interaction Eq. (112) with the second term in the pump’s Hamiltonian, namely Eq. (111), results
in the following expression

γ∗p1
〈Ψ̄cl

α;k1;ω1
Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
β;p1;ε1Ψ̄q

α;p3;ε3〉 (121)

= −γ∗p1
[GK

αβ(k2;ω4)GR
βα(k4;ω2)δk4,p3

δω4,ε3δk2,p1
δω2,ε1 +GR

αα(k2;ω2)GK
ββ(k4;ω4)δk2,p3

δω2,ε3δk4,p1
δω4,ε1 ]Ψ̄cl

α;k1;ω1
Ψ̄q
α;k3;ω3

.

(122)

Summing all four contributions, we get

〈(iSinteraction)(iSpump)〉 →
(
J

4

)2
(

Γ
√
S

3SJ

)2 ∫
{ω}

∫
{k}

γk4

∫
{ε}

∫
{p}

δk1−k2,k4−k3
δω1−ω2,ω4−ω3

δp1,−p3
δε1−Ω,Ω−ε3

(123)

× (−3〈Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
α;p1;ε1Ψ̄q

α;p3;ε3〉+ γp1
〈Ψ̄cl

α;k1;ω1
Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
α;p1;ε1Ψ̄q

β;p3;ε3
〉

(124)

− 3〈Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
β;p1;ε1Ψ̄q

β;p3;ε3
〉+ γ∗p1

〈Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

Ψcl
α;k2;ω2

Ψcl
β;k4;ω4

Ψ̄cl
β;p1;ε1Ψ̄q

α;p3;ε3〉)
(125)

=

(
J

4

)2
(

Γ
√
S

3SJ

)2{∫
k

∫
ε

3γ−k
[
GK
βα(−k; Ω− ε)GR

αα(k; Ω + ε) +GR
βα(−k; Ω− ε)GK

αα(k; Ω + ε)
]

(126)

−
∫
k

∫
ε

[
|γk|2GK

αα(k; Ω + ε)GR
ββ(−k; Ω− ε) + γ2

kG
K
βα(k; Ω + ε)GR

αβ(−k; Ω− ε)
]}

(127)

×
∫
{k}

∫
{ω}

Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

(128)

+

(
J

4

)2
(

Γ
√
S

3SJ

)2{∫
k

∫
ε

3γ−k
[
GK
ββ(−k; Ω− ε)GR

αβ(k; Ω + ε) +GR
ββ(−k; Ω− ε)GK

αβ(k; Ω + ε)
]

(129)

−
∫
k

∫
ε

[
|γk|2GK

ββ(k; Ω + ε)GR
αα(−k; Ω− ε) + γ2

−kG
K
αβ(k; Ω + ε)GR

βα(−k; Ω− ε)
]}

(130)

×
∫
{k}

∫
{ω}

Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

. (131)

It can be shown that the two terms simply double each other. We will be using

GK(k; ε) = GR(k; ε)Fε −FεGA(k; ε) (132)

identity, and a generalization of GR(k; ε)−GA(k; ε) = −2πiδ(ε− εk) identity for the honeycomb lattice.
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Case of Ω = 3SJ̃

Let us calculate the step of the ladder for the Ω = 3SJ̃ . Recall, that J̃ = J
[
1− π

4S

(
T

3SJ

)2]
. First integral reads

∫
k

∫
ε

3γ−k
[
GK
βα(−k; Ω− ε)GR

αα(k; Ω + ε) +GR
βα(−k; Ω− ε)GK

αα(k; Ω + ε)
]

(133)

=
i

2

∫
k

3|γk|
[ Fε+;k

2Ω− 6SJ̃ − 2SJ̃ |γk|+ i0
−

Fε−;k

2Ω− 6SJ̃ + 2SJ̃ |γk|+ i0

]
= − i

4SJ̃

∫
k

3
[
Fε+;k

+ Fε−;k

]
. (134)

Here and below ε±k = J̃S (3± |γk|), unperturbed energy of the magnons. Second integrals reads∫
k

∫
ε

[
|γk|2GK

αα(k; Ω + ε)GR
ββ(−k; Ω− ε) + γ2

kG
K
βα(k; Ω + ε)GR

αβ(−k; Ω− ε)
]

(135)

= − i
2

∫
k

|γk|2
[ Fε+;k

2Ω− 6SJ̃ − 2SJ̃ |γk|+ i0
+

Fε−;k

2Ω− 6SJ̃ + 2SJ̃ |γk|+ i0

]
=

i

4SJ̃

∫
k

|γk|
[
Fε+;k

−Fε−;k

]
. (136)

Summing the two, we get∫
k

∫
ε

3γ−k
[
GK
βα(−k; Ω− ε)GR

αα(k; Ω + ε) +GR
βα(−k; Ω− ε)GK

αα(k; Ω + ε)
]

(137)

−
∫
k

∫
ε

[
|γk|2GK

αα(k; Ω + ε)GR
ββ(−k; Ω− ε) + γ2

kG
K
βα(k; Ω + ε)GR

αβ(−k; Ω− ε)
]

(138)

= − i

4SJ̃

∫
k

[
(3 + |γk|)Fε+;k

+ (3− |γk|)Fε−;k

]
(139)

≈ − i

4SJ̃

[
6 +

π

3

(
T

SJ̃

)2
]
, (140)

where∫
k

[
(3 + |γk|)Fε+;k

+ (3− |γk|)Fε−;k

]
≈
∫
k

[
6 + 2

3− |γk|

e
SJ̃(3−|γk|)

T − 1

]
= 24

√
3 +

1

8π

(
4T

SJ̃

)2 ∫ ∞
0

zdz

ez − 1
(141)

= 6 + 3π

(
T

3SJ̃

)2

, (142)

where
∫
k

6 = 6
(2π)2

∫ 2π

0
dkx

∫ 2π

0
dky = 6 is an integral over the period of the magnon’s dispersion defined by γk =

2e
i kx
2
√

3 cos
(
ky
2

)
+ e
−i kx√

3 . The integral counts all available for pairing magnon states. Second term above can be

neglected as it is always small, T � SJ . We used

Fε = coth
( ε

2T

)
= 1 +

2

e
ε
T − 1

, (143)

and

(3 + |γk|)Fε+;k
+ (3− |γk|)Fε−;k

= 6 +
2 (3 + |γk|)

e
SJ̃
T (3+|γk|) − 1

+
2 (3− |γk|)

e
SJ̃
T (3−|γk|) − 1

≈ 6 +
2 (3− |γk|)

e
SJ̃
T (3−|γk|) − 1

, (144)

which is a natural approximation, as only the low-energy magnons with ε−;k dispersion can contribute to the integral.
The ε+;k are exponentially suppressed at small temperatures. Then we have for the step of the ladder,

〈(iSinteraction)(iSpump)〉 ≈ −2
i

4SJ̃

(
J

4

)2
(

Γ
√
S

3SJ

)2 [
6 + 3π

(
T

3SJ̃

)2
]∫
{k}

∫
{ω}

Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

(145)
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Summing the original pumping term, the first step of the ladder, and iterating the steps further, we get,

iSpump + 〈(iSinteraction)(iSpump)〉 (146)

=− i3J
4

(
Γ
√
S

3SJ

)2 [
1 +

1

4S

J

J̃
+

π

8S

J

J̃

(
T

3SJ̃

)2
]∫
{k}

∫
{ω}

Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

δk1,−k3
δω1−Ω,Ω−ω3

(147)

→ −i3J
4

(
Γ
√
S

3SJ

)2
1

1− 1
4S

J
J̃
− π

8S
J
J̃

(
T

3SJ̃

)2

∫
{k}

∫
{ω}

Ψ̄cl
α;k1;ω1

Ψ̄q
α;k3;ω3

δk1,−k3δω1−Ω,Ω−ω3 , (148)

clearly there is an enhancement of pairing.

Case of Ω 6= 3SJ

Here we demonstrate that for Ω 6= 3SJ each step of the ladder acquires an imaginary part. Besides, we are going
to show that the pumping gets suppressed by the rescattering processes described by the ladder as the frequency
approaches 6SJ . To see the general tendency of the renormalization of the pairing strength away from the Dirac
points, we disregard Hartree-Fock corrections to the magnon dispersion. We have for the step of the ladder,

M(Ω) ≡
∫
k

∫
ε

3γ−k
[
GK
βα(−k; Ω− ε)GR

αα(k; Ω + ε) +GR
βα(−k; Ω− ε)GK

αα(k; Ω + ε)
]

(149)

−
∫
k

∫
ε

[
|γk|2GK

αα(k; Ω + ε)GR
ββ(−k; Ω− ε) + γ2

kG
K
βα(k; Ω + ε)GR

αβ(−k; Ω− ε)
]

(150)

=
i

2

∫
k

|γk|
[

(3 + |γk|)Fε+;k

2Ω− 6SJ − 2SJ |γk|+ i0
−

(3− |γk|)Fε−;k

2Ω− 6SJ + 2SJ |γk|+ i0

]
(151)

=
i

4
PV

∫
k

|γk|
[

(3 + |γk|)Fε+;k

ζ − SJ |γk|
−

(3− |γk|)Fε−;k

ζ + SJ |γk|

]
(152)

+
i

4

(
− iπ

2

)∫
k

|γk|δ(ζ − SJ |γk|)(3 + |γk|)Fε+;k
− i

4

(
− iπ

2

)∫
k

|γk|δ(ζ + SJ |γk|)(3− |γk|)Fε−;k
, (153)

where PV is the principal value of the integral, and where ζ = Ω− 3SJ . The imaginary part for ζ > 0 is evaluated as

− iπ

2

∫
k

|γk|δ(ζ − SJ |γk|)(3 + |γk|)Fε+;k
+
iπ

2

∫
k

|γk|δ(ζ + SJ |γk|)(3− |γk|)Fε−;k
(154)

= − iπ
2

ζ

(SJ)2

(
3 +

ζ

SJ

)
F (3SJ + ζ)

∫
k

δ(ζ − SJ |γk|), (155)

where we kept the integral as it is. The imaginary part is non-zero and works towards weakening of the pairing
between magnons.

Let us estimate the step of the ladder when the pump frequency is Ω = 6SJ −α and α is small. Then ζ = 3SJ −α,

we approximate |γk| ≈ 3− k2

4 , and we write for the step of the ladder

Im [M(Ω)] ≈ 1

4
PV

∫
k

|γk|
(3 + |γk|)Fε+;k

ζ − SJ |γk|
≈ 9

2
PV

∫
k

1

−α+ SJ k
2

4

=
9

2πSJ
PV

∫ Λ2

0

dz

z − α 4
SJ

≈ 9

2πSJ
ln

(
SJΛ2

4α

)
,

(156)

Re [M(Ω)] ≈ π

4

∫
k

|γk|δ(ζ − SJ |γk|)(3 + |γk|)Fε+;k
≈ 9

2SJ
. (157)

We then get for the renormalization of the pairing

∆2 → ∆2

1 + 3
16πS ln

(
SJΛ2

4α

)
+ i 3

16S

. (158)

Importantly, for frequencies away from the Dirac points, the structure of the renormalization due to the rescattering
processes drastically changes. Namely, the sign of each ladder changes as compared to the Dirac magnons case, and,
as a result, there is no way for the divergency to occur. Moreover, away from Ω = 6SJ , the pairing is only weakly
suppressed by the rescattering processes. However, when pump’s frequency Ω approaches 6SJ , α → 0, the pairing
vanishes.
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Example: shifting the rescattered field away for Ω = 6SJ

When pump’s frequency is Ω = 6SJ there is a resonant absorption of magnons. This can be see from

LR/A
αβ,0,ΩL

R/A
βα,0,Ω − L

R/A
ββ,0,ΩL

R/A
αα,0,Ω = 0 ∓ i0 for non-interacting magnons. Upon inserting life-time of magnons at

ω = 6SJ and k = 0, the quantity becomes finite, imaginary and can be large. Let us call it

LR/A
αβ,0,ΩL

R/A
βα,0,Ω − L

R/A
ββ,0,ΩL

R/A
αα,0,Ω = ∓ i

2τ6
(6SJ ± i

2τ6
). (159)

Also

LR/A
βα,0,Ω − L

R/A
ββ,0,Ω = ∓ i

2τ6
, (160)

LR/A
αβ,0,Ω − L

R/A
αα,0,Ω = ∓ i

2τ6
, (161)

and, hence, we get

LR/A
βα,0,Ω − L

R/A
ββ,0,Ω

LR/A
αβ,0,ΩL

R/A
βα,0,Ω − L

R/A
ββ,0,ΩL

R/A
αα,0,Ω

=
1

6SJ ± i
2τ6

. (162)

Therefore, the shift of the ω = 6SJ , k = 0 fields reads as

Ψ̄cl
n;0;6SJ → Ψ̄cl

n;0;6SJ +
Γ
√
S

6SJ − i
2τ6

, (163)

Ψcl
n;0;6SJ → Ψcl

n;0;6SJ +
Γ
√
S

6SJ + i
2τ6

. (164)

For physically relevant scenario, 6SJ > 1
2τ6

, thus, we can neglect the inverse life-time, and recover the claim made in
the Main Text.
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