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Abstract

We study an improved holographic model for the strongly coupled nodal line
semimetal which satisfies the duality relation between the rank two tensor operators
Py ah and py* 451, We introduce a Chern-Simons term and a mass term in the
bulk for a complex two form field which is dual to the above tensor operators and
the duality relation is automatically satisfied from holography. We find that there
exists a quantum phase transition from a topological nodal line semimetal phase
to a trivial phase. In the topological phase, there exist multiple nodal lines in
the fermionic spectrum which are topologically nontrivial. The bulk geometries
are different from the previous model without the duality constraint, while the
resulting properties are qualitatively similar to those in that model. This improved
model provides a more natural ground to analyze transports or other properties of
strongly coupled nodal line semimetals.
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1 Introduction

Semimetals are critical states in the phase transition between insulators and conduc-
tors. In general, the Fermi surfaces in semimetals are of zero area and could be discrete
points (Dirac semimetal or Weyl semimetal, i.e. DSM or WSM) or nodal lines (nodal
line semimetal, i.e. NLSM). In topological semimetals these points or nodal lines are sta-
ble and could not be removed by perturbations of the system without breaking certain
symmetries.> Therefore topological semimetals exhibit lots of robust and exotic quantum
properties and have attracted enormous research interests during the past few years [2,3].

Topological semimetals are beyond the conventional Landau-Ginzburg paradigm and
are characterized by the topological properties of the wave functions of the system. Most
of the current models for topological semimetals are constructed based on the existence
of quasiparticles, where one starts from a weakly coupled band theory of an effective
Hamiltonian. An important and challenging question is whether and how the topological
structures change if the system is strongly coupled. Without a clear quasiparticle de-
scription in the strongly coupled system [4], would nontrivial topological states still exist
and if yes how could we describe them?

The holographic duality is a useful technique in describing strongly coupled systems
in quantum physics by mapping them to simple gravitational problems [4-6]. Holography
has been applied to the study of the topological nature in Weyl semimetals [7] and nodal
line semimetals [8] which uncovered lots of novel properties of topological semimetals at
strong coupling [9-24]. See [25] for a recent review on this topic.

The holographic nodal line semimetals were first studied in [8] and the key ingredients
are a source for a rank two operator ¥y*/1) and a mass deformation parameter. In [§]
a complex two form field is introduced in the bulk whose real part is dual to the above
operator ¥y*1) while the imaginary part is dual to the other rank two operator 1)y*~%).
These two operators 1¥y*¢) and 1)y~ on the field theory are not independent and

et ”aﬁﬂfyaﬁdz . However, this duality relation

_i

2
has not been considered in the holographic model of [8], where it is apparent that the

two form field in the bulk is not exactly dual to the operators ¥v**1) and 1)y*~51). In
weakly coupled nodal line semimetals, the two operators ¥v**1) and y**~°1) above are

we have the duality relation iy**~51) =

crucial to the related physics of nodal line semimetals. Therefore in holography it is
more natural to take a two form field in the bulk to be exactly dual to these rank two
operators in order to sharply describe the physics of strongly nodal line semimetals, as
the holographic model in [8] might include the physics of other rank two operators which
is not related to the featured physics of nodal line semimetals. Thus we should consider

3The nodal points or nodal lines in semimetals are the sources of the Berry curvature and give rise
to topological charges [1,2].



an improved holographic nodal line semimetal model in which the duality relation of the
rank two operators are indicated.* A similar issue has been studied in the framework
of AdS/QCD in [26] where a rank two field corresponds to vector mesons satisfying the
self-dual constraint and it turns out that the bulk action should be a first order Chern-
Simons term with a mass term. The duality of the operators on the boundary field theory
automatically follows from the bulk equation of motion.

Our strategy is to follow the constructions in [26] to improve the holographic nodal
line semimetal of [8] to include the self-duality condition to make the holographic theory
more natural. We shall focus on the zero temperature physics at which the topological
properties are most manifest, by tuning the source of the rank two operators and the mass
deformation. The bulk IR geometries vary with different emergent low energy symmetries.
We also investigate the fermionic spectral function of this improved holographic model
and multiple nodal lines of the spectral function are found. The topological invariants
of these nodal lines are also studied. From the field theoretical point of view a quantum
phase transition is triggered by the strength of external sources, which is confirmed by
studying the fermionic spectral functions. It is not obvious whether the duality constraint
might induce any different effects on the holographic model, e.g. whether the order of the
quantum phase transition might change, whether the topological state still exist and if
yes then what are the corresponding topological invariants. We find that the properties
in this improved holographic nodal line semimetal model share lots of similar physics as
the one in [§], i.e. there is no qualitative change. Therefore, our improved model serves
as a natural holographic model for strongly coupled NLSM.

The organization of this paper is as follows. In Sec. 2, we construct the improved holo-
graphic nodal line semimetal by including the self-duality condition. Zero temperature
geometries of the system are studied to uncover the phase structures and the topological
properties. In Sec. 3 we study the fermionic spectral function to uncover the Fermi sur-
face of the dual field theory. In Sec. 4 we study the topological invariants of each nodal
line of the fermionic spectal function. We conclude with discussions in Sec. 5. Some
details of calculations are collected in four appendices.

2 An improved holographic nodal line semimetal

In this section we shall first analyze the field theory of nodal line semimetals and point out
that we should consider the duality of rank two operators in the holographic construction.
Then we follow [26] to improve the holographic nodal line semimetal of [8] and study the
zero temperature solutions.

4We thank Carlos Hoyos and Elias Kiritsis for helpful discussion on this point.



2.1 Field model

Topological nodal line semimetal is realized in a Lorentz violating field theoretical model
3,8,27] with the following Lagrangian®

£ =010, = m = "bu). 2.)

where ¢ = ¢Tiy®, 4 = L[y*,4"] and by, = —b,,, is an anti-symmetric two form field. If
we turn on real by, this system describes a nodal line semimetal. The equation of motion
for the Dirac fermion is

('y“@N —-—m — ’y’“’bw)w =0. (2.2)
The Hamiltonian matrix can be obtained by writing this equation as a Schrodinger equa-
tion
aw s 0~ uv ]
iy = 1 ('y 0; —m —~ bw,)z/)EHzﬁ. (2.3)

Therefore, the band structure and the eigenstates of this Dirac system can be determined
and reveal a quantum phase transition from the nodal line semimetal phase to gapped
system by tuning the ratio between b,, and m.

However, in the four-dimensional Minkowski spacetime, the two anti-symmetric tensor
operators Yy 1) and 1y**~v%1 are not independent and are related by the duality relation

7 v i v«
YV = =5y, (2.4)

where €44y, = 1, Yy") is a pure real tensor operator while 1)7**~y%¢ is a pure imaginary
tensor operator. As a consequence, it is more natural to take the operator ¥y**~4°1 into
consideration and the action (2.1) is modified into

L= 15(7“(% —m —y"b,, + 7“”75631,)1/) ) (2.5)
Due to the duality relation of the two form operators (2.4), we turn on by, by, = —byy
and their dual part of b, i.e., b}, = —bZ, = ib,,. Here the external source b7, is set to be

pure imaginary to make the Hamiltonian real. With this choice of Lagrangian in (2.5),
the band structure, i.e. Fi = i\/(4ny + /m? + k2 + k2)? + k2 is the same as that
described with the Lagrangian of (2.1) up to a prefactor of b,, [8]. The band crossing
appears at the k. = 0 plane and forms a circle with a radius /k2 + k2 = |/16b%, — m?
when 16biy —m? > 0, while for finite k, the energy band is gapped. The model (2.5)

with the duality relation of the rank two operators (2.4) is called the improved nodal line
semimetal. In this model, there still exists a quantum phase transition from a nodal line
semimetal to a gapped phase, as shown in Fig. 1.

5Note that we work in the Minkowski metric with most plus convention. The gamma matrices are
the same as in appendix D.



Figure 1: The illustration of the band structures with k, = 0 for the nodal line semimetal
phase (left) and the gapped phase (right). In the nodal line semimetal phase, the crossing band
forms a nodal circle where the excitations can be described by the Weyl fermions. There is no
band crossing at any nonzero k..

2.1.1 From weakly coupled model to strongly coupled model

Starting from the properties of weakly coupled model for nodal line semimetal (2.5), we
will construct a holographic model for strongly coupled nodal line semimetal with the
duality relation. In holography, we use a complex anti-symmetric two form field B, to be
dual to operators ¥y*1) and ¥y**~>1). More precisely, we parameterize the complex B,
as B, = \%(Bﬂ”, + iB_W) with the real anti-symmetric fields B, and B_,, the real
and imaginary part in the By, field, i.e. By, and B_,,, duals to ¢y and "1,
respectively.

The complex two form field B, in the gravitational theory is dynamical. Note that
B, vanishes with a radial gauge. We expect the components B,,, to be consistent with
the duality condition between two tensor operators (2.4). Similar issue has been discussed
in AdS/QCD and there are many progresses in imposing this self-duality relation in the
gravitational theory. In particular, it has been proposed in [26, 28] that the action of
the two form field B,, should be of first order, in such a way that the four-dimensional
components satisfy a complex self-duality relation. The Chern-Simons term of B, to-
gether with the mass term has been used in an improved holographic QCD model [26] to
investigate the physical properties of mesons, from which the self-duality relation follows
from the equation of motion directly instead of being imposed as particular boundary
conditions.® In this paper, we follow this approach to construct the improved holographic
nodal line semimetal model that satisfies the self-duality condition.

6A kinetic term of By, in the action is also allowed to be consistent with the self-duality condition
and can be chosen to vanish without loss of generality.



2.2 Holographic model

The action of the improved holographic nodal line semimetal model is

1 12\ 1 1. «
— 5 — -T2 T2 = _abcde
S = /d a;\/_g{?‘/_i2 (R+ LQ) =g Aa<3]-"bc]-"de+Fchde> ;

( .
1 . . . —
— (Da®)"(D"®) = Vi(®) = = (iBuyHyy, — 1By Hoae ) — Va(Buy) = M[*B;, B T ,

Ui

where F,, = 0,V, — 0,V, is the vector gauge field strength, F,, = 0,4, — 0, A, is the

abede j5 the upper indexed Levi-Civita tensor, and D, =

axial gauge field strength, €
V. —iqi A, is the covariant derivative.” Note that « is the Chern-Simons coupling. Bg
is an antisymmetric complex two form field that duals to the two tensor operators ¢y*/1)

and y"**~°1, and
Habc = aaBbc + abBca + acBab - iQZAaBbc - Z-q214bBcoL - Z'(]21403(11) (27)

where ¢, is the axial charge of the two form field. 7 is the coupling strength of the two
form field. The potential terms are chosen as

A
Vi = m?|®f + ?1@\4, Vo = miB:, B, (2.8)

where m? and m3 are the mass parameters of the scalar field and the two form field. The
A term denotes the interaction between the scalar field and the two form field. It should
be noticed that in the previous holographic model [8] the self-duality of By, is absent,
where a canonical kinetic term together with the potential terms were used to describe
the dynamics of Bg. In this improved holographic nodal line semimetal model (2.6) we
follow the approach in an AdS/QCD model [26] to use the Chern-Simons term and the
mass term of B, to describe the dynamics in the gravitational theory. Different from
the AdS/QCD model [26] working in the probe limit around a pure AdS; background,
we concentrate on how this two form field together with a scalar field deforms the bulk
geometry under continuously varying boundary sources. From the viewpoint of RG flow,
this can be interpreted as a UV fixed point flows to an IR fixed point induced by the
external sources. We will also study the properties of Fermi surfaces and topological
structures of the dual filed theories.

After a variation of the total action with respect to the gauge fields, we can obtain

"Note that €gpede = \/—GEabede, With €gpeqe the Levi-Civita symbol and €gq23, = 1.



the dual consistent currents and they satisfy

Ot =0,
OuTlegn = lim F—g( = S (Fog o+ FasFor) + i1 [0°(D'®) — B(D'0)] +
r—00

— %EWBWBQBBZU) +c.t..
Here we have not explicitly shown the counterterm for simplicity and the above conser-
vation can be further simplified in the radial gauge. The point is that the last two terms
contribute only when the non-normalizable mode of the scalar filed or two form field is
switched on and it is straightforward to see that the above identities are of the same
structure of the weakly coupled theory. Thus this holographic model is expected to go
beyond the weakly coupled theory to a strongly coupled nodal line semimetal model.

2.2.1 Zero temperature solutions

We focus on the ground state of this system and make the following ansatz for the zero
temperature solution

2
ds® = u(—dt* + dz*) + d% + f(d2® + dy?),

=g, (2.9)
Bxy = _Byx = B:cha
Btz = _th - iBtz

in the coordinates {t,z,y, z,r}, where all the fields u, f, ¢, By, B, are real functions of
the radial coordinate 7. Note that the component B, is real while By, is pure imaginary.
Substituting this ansatz into the equation of motion® derived from the action (2.6), we
write down the first order differential equations of B, and B;,

M
tz 2f

B, - 27”; (m2 + A¢*)Bs, = 0.
U2

(m3 + \¢*) By, =0,
(2.10)

We make some observations and explanations at this stage.

e 3., and B,, are two independent functions of r and cannot be set to equal.

8The equations of motion for this system can be found in Appendix A.



e Close to UV AdSs boundary (r — oo), u — 72, f — r? while ¢ — 0. It is the
term 7 - m2 that controls the conformal dimension of Bg,. In the following, we will
fix m? = —3, m3 = 1 and n = 2 to make the expected conformal dimensions for
the operators which are dual to ® and B,,. For simplicity, we choose the couplings
¢1=qg=1,A=1and \; =0.1.

e With this choice of parameters, the leading order solutions of B;, and B,, are the
same close to UV boundary, i.e. By, = B,, ~ br+---. This feature follows automat-
ically from the dynamical equations of motion above and therefore the self-duality
of the two form field is imposed in holography. Note that when the self-duality con-
straint is automatically imposed on the source terms, the duality condition should be
also on the rank two tensor operators as long as we perform the variational principle
on the dual field theory correctly.’

Therefore, we impose the following boundary condition which encode the duality relation
of the rank two operators

lim r¢ =M, lim 7 'By, = lim r 'B,, =b, (2.11)

r—00 =00 r—00

where M plays the role of the source of the scalar operator 1) while b corresponds to
the external source term of the tensor operators ¥y**1) and y"**~°1.

In the remaining context of this section, we illuminate the existence of three phases
when tuning the dimensionless ratio between the external source strength of the scalar and
tensor operators in field theory, i.e., M/b. From the numerical study of the free energy
we found that the quantum phase transition is continuous, although the discontinuity
appears in the IR-region of the bulk, i.e. » — 0 in our choice of coordinates.

Topological nodal line semimetal (M /b < 0.8597)

The IR geometry of topological nodal line semimetal phase behaves as

1
U= g(11 +3V13) 72 (1 4 du ) |

/2
f: g\/1_3—2bmy07"a<1+5f 7,.041) s

¢=¢0TB,

1
B = g\/54+ 15v/13 r? (1 + 0by. 1) |

By = byyo 7 (1 + by )

(2.12)

where

(o, B, 1) = (0.183,0.228,1.273) , (8, 6by, 6byy) = (—2.616,1.720, —0.302) 6u (2.13)

9We thank Carlos Hoyos for useful discussion on this point.
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In the IR limit » — 0, ds?> and Bgdz®dz® are invariant under the transformation
(r~4t,2) — c(r't,2), (z,y) — c*/?(x,y). This implies that there is an emergent
Lifshitz-type symmetry in the deep IR region. We can set b,,0 = 1 using the scaling
symmetry in the x-y plane, i.e. the second type of scaling symmetry in appendix C. The
above emergent Lifshitz scaling symmetry can be used to set du = +1. With du = —1
the IR geometry flows to an asymptotic AdS; boundary. Therefore we can take ¢ as
the shooting parameter, which generates a class of solutions with a single dimensionless
UV parameter M /b. By continuously varying ¢ in IR, the UV geometries are the AdS
boundary with continuous M /b. We found that this type of IR geometry exist only when
M /b < 0.8597. The connection between this type of geometry and nodal line semimetal
will be discussed in section 3.

Quantum critical point ((M/b). ~ 0.8597)

The IR geometry of the quantum critical point is

u = u. (1 + du r?),

f=fert(L+0f "),

¢ = b (1466 17), (2.14)
By, = b (1 + 0bur?) |
Bay = buye 7 (1 + 8byyr?) |

with
(Ue, fer Qs Gey brze) = (2.735, 0.754 by, 0.314, 0.557, 1.437), (2.15)

and
p=1274, (du,df,ob,,6byy,) = (0.882, —2.151, 1.718, —0.254)0¢. (2.16)

The Lifshitz type symmetry also emerges at the deep IR region, i.e., the geometry is
invariant under the transformation (r=',t,z) — c(r=',t,2), (z,y) — c*/?(x,y) when
r — 0. Using this symmetry we can set ¢ = —1. We can also set b, = 1 using the
scaling symmetry in the z-y plane. We obtain a unique geometry and in UV we have a
special value of M/b ~ 0.8597. An interesting observation is that, the critical value in
this improved model is approximately half of that in the previous model [8]. Recall that
in the field theoretical models, the improved model with b,, = 1/2 produces exactly the
same band structure as the previous one in [8] with b,, = 1. The critical value (M/b).
changes correspondingly with a factor 1/2 in two models seems to also hold in holography,
although the detailed geometries in the bulk are different.

Topological trivial phase (M /b > 0.8597)



The IR geometry for the trivial phase is

3
= (1 4+ —) 2
f=r
3 3+207]
o=/5 otV (2.17)
3A+A
B, = (1 + %) by e |
1
2\/§ 3A+A1

By, = byr VRt |

We can set by = 1 using the scaling symmetries and take ¢, as the shooting parameter.
This type of IR geometry only exist for M/b > 0.8597, when we continuously tune the
shooting parameter ¢;.

The profiles of ¢, B,/u and B,,/f for parameters close to (M/b). as a function of
radial coordinate are illustrated in Fig. 2. As we gradually tune M /b these profiles change
smoothly from boundary to an intermediate scale r/b oc 107°. However, the matter fields
flow discontinuously to different types of IR profiles. Close to (M/b)., the geometry for
three phases first flows to an intermediate Lifshitz type geometry from UV and then
splits into different types of IR geometry.

M=0.85749 06 15

M=0.85970
R O N M.=0.85971
M=0.85977 0.4 1.0

1=0.85989

Figure 2: Bulk profiles for background fields as a function of the radial coordinate in three
different phases in the vicinity of critical point. Different colors are for different values of
M = M/b.

We can compare the background geometries in the holographic models with and with-
out the imposed the self-dual constraint. There is an extra dynamical component in By,
in the improved NLSM model. The profiles of ¢ and B,,,, as well as the type of the emer-
gent symmetries at low-energy are similar to the model [8] in all the three phases. Then
we come to the question what the topological properties are in this improved NLSM
model, which will be studied in the next sections where we studied the properties of
fermionic operator by probing massive fermions in the bulk.
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Finally, the dependence of the free energy density as a function of M /b in this system
is shown in Fig. 3. We find that the free energy density smoothly across the quan-
tum phase transition point as M /b increase and the first derivative of the free energy
density with respect to M /b reaches the same value in the vicinity of (M/b). from two
phases. Therefore, we conclude the topological phase transition in this improved NLSM
is a continuous phase transition, while the self-duality does not change the order of the
transition.

-2.00

-2.05
-2.10
-2.15
Q
o7 —2.20
Vb
-2.25
-2.30

-2.35

-2.40

o
3
o
o
@
S
o
®
a

0.90 0.95

SIS

Figure 3: The free energy density as a function of M/b across the critical point (the red
dot). The free energy density is continuous and smooth during the topological quantum phase
transition.

3 ARPES from probe fermion

The remaining of this paper is to provide evidence of the topological band structure
in the improved holographic nodal line semimetal and the existence of quantum phase
transition. In experiments, angle resolved photoemission spectroscopy (ARPES) has been
used to discover nodal band structure. Theoretically, this motivates us to investigate
the low-energy effective topological Hamiltonian in the holographic nodal line semimetal
phase, which is defined from the zero frequency Green’s function of the Dirac fermionic

operators, i.e., Hy(k) = —G~1(0, k) [36,37]. From the topological Hamiltonian one could
obtain the topological properties of the nodal lines.

In the following we shall use the same strategy as [8] to study the fermionic spectral
function by probing a fermion in the bulk of our model. We shall compare the results of
this improved model and the previous model without duality condition of the two form
operators.

11



3.1 Holographic fermionic spectral function

In holography, we can obtain the fermionic spectral function by probing a single fermion
in the gravitational bulk geometry [30,31]. However, in the four dimensional boundary
field theory with a five dimensional bulk dual, the Dirac fermion in the bulk corresponds
to chiral fermionic operator in the field theory [8,32,35]. To obtain a Dirac fermionic
operators in the boundary field theory with nontrivial spectral structure, in bulk we need
to consider two sets of Dirac fermions coupled with each other through the scalar field ®
and the self-dual two form field B, [8] with the following action

Sfermion = Sl + 52 + Sint + dey )

(3.1)
Sint = S’b + SB )
where Spqy is the boundary term to make the theory self-consistent and
Sl = /dSZE\/ —g \Ijl (FaDa — me> \111 s
(3.2)

Sy = /d5x\/_—g Wy (T°Dy + my) Wy

are the action for two types of free fermions with opposite signs of mass and with different
quantizations where ¥ = UiI'° and D, = V, — ig3A,, while

So = _/d5:c\/—g (P Wy + 7 & 0y ) |
(3.3)

Sp = /de\/ —g (UzBab‘T’lrab’YS‘l’2 - W;sz‘DQFab’Ys\Pl)

describe how the two types of fermions couple to the background scalar field & and the
two form field B,y, respectively. The details of the boundary term and the definitions of
gamma matrices in the bulk are shown in the appendix D. In the absence of the interaction
terms, there are two free Dirac fermions in the bulk leading to two independent sets of
chiral fermions in the field theory and therefore the interactions are necessary. These
interaction terms take similar forms as that in the field theoretical model, although there
are several other possible interaction terms. For example, one may also couple the two
fermions to By, with no insertion of ¥5. The reason for this choice is to produce the nodal
band structure and corresponding topological properties of the nodal line semimetal [8].

The equations of motion for these two fermions are

(T“Dy —my) Uy — @V, + M BT Uy = 0,

a * A * * % 1ab_ b (34)
(I'"Dy +my) Wy —ni®* Wy — ;BT = 0.
After taking the ansatz
\Pl — (_ggTT)—1/477Z)le—iUJt+ikx$+ikyy+ikzZ — (uf>—1/2wle—iwt—‘rikxx—i—ikyy—l—ikzz 7 (35)

12



where [ = 1,2 and ¢, = (r) are only functions of radial coordinate, (3.4) can be
simplified as

, 1, o s | m
(rar +- (—iwI™ + ik, I%) + N (ik T + ik, TY) + (—1)1\/—9 Uy
B
l

(771 \(/ﬁ— + 21y (( 1) \/f"}F“”y \l/gf th) 75) P31 =0

In this equation, the couplings in the second line mixed the two different fermions and

(3.6)

we have assumed that the couplings n; and 7y are real numbers. Note that comparing
with [8], the last term in (3.6) is new. However, this new term does not change the
asymptotic behaviors of this equation both in the IR and UV limits.

In the following, we introduce the necessary steps in calculating the fermionic spectral
function including the boundary conditions in both IR and UV regime [8,32]. We also
define the topological Hamiltonian and its related eigenstates in terms of the fermionic
spectral function from holography [8]. To keep the main text straightforward, we take
the NLSM phase as the example and leave details in other phases in appendix D.

The system (3.6) contains eight first order, non-homogeneous differential equations
and we shall solve them numerically with proper boundary conditions. We start from the
asymptotic IR region (r — 0), where the nonlinear (coupling) terms become irrelevant
and the equations can be analytically solved to leading order. For example in the nodal
line semimetal phase with w or k, finite, when » — 0,

1 1 1 1 Bwy B;. 1
w2 Vap ezt af S

Since 1)1, 15 are in the same order of r, then the equations can be Slmphﬁed into decoupled

(3.7)

forms describing two independent free fermions
r 1 . t - 2
I'0, + — (—iwlt + ik, T%) | ¢ = 0. (3.8)
or
Using the 2-components spinors ¥+ defined in appendix D, the first-order spinor differ-

ential equations can be simplified to second order scalar differential equations
2,.4 2,.3
ugr 2u r

0 kQ 7‘¢l+ + ]{52 T@ZJH— + ’QZ)H_ = 07 (39)

while ¢;_ is determined by . After taklng the explicit representation of the gamma

matrices introduced in the appendix D, one can obtain the leading order infalling solutions
analytically expressed as

21+
IR w27k§ Zé (1 + )
~ o | 2 3.10
¢ iR (1) (3.10)
./ w?—k2
Yo (1+)



where 2!, 2} are free constants, and the dots represent the higher order corrections with
respect to 7. Note that these IR behavior is the same as the one in [8] and this is due to
that the scaling symmetry of the IR geometry in NLSM here is the same as [§].

Close to the UV boundary, similar to the case in the IR region, several terms become
irrelevant and the equations take a simple form

(rl“ﬁﬁr—mf)wl :0, (rl“ﬁar—i—mf)z/@ =0. (3.11)

The masses determine the conformal dimensions of the fermionic operators, while our
choice of coupling forms Sy and Sp do not change the conformal dimensions. In compo-
nents the Dirac fields can be solved as

s1r" 4L rorT T4
So "+ L. To T 4L
_ 7 = 3.12
¥1 ra T 4 L V2 S3 ™ 4 . ( )
Ty T4 Sq ™+

where the coefficients s; and r; depend on the choices of 2! and 2} and can be solved
numerically.

In this paper we will focus on the case with m; = —;11

. 19 We take alternative quanti-
zation for 1, while standard quantization for vy, i.e., in both cases the dominant modes
that proportional to =™/ as the operator while the subdominant modes proportional to

r™f as the external source. The source and the response are

51 -

ve= |, w=| . (3.13)
53 r3
Sq T4

With the infalling boundary conditions (3.10) in IR, (3.6) can be solved numerically and
we can get ¥, and 1. The spinor operator 1, and the spinor source 1, are related by
(k) = —iZ(k)¢s(k) where Z(k) is a 4 x 4 matrix. To compute the matrix =(k), we need
at least four sets of linearly independent sources and repsonses which can be obtained

with four independent infalling boundary conditions at IR. We have a matrix equation
for Z(k)

M, = —i=M, (3.14)

10We expect our results are independent of the choice of m ¢ since the near horizon boundary condition
does not depend on the mass parameter. Nevertheless, it is still interesting to perform explicit numerical
study to investigate whether richer effects might appear if we vary my.
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where

Mr — ( 1 11 wf:[[) in) 7 Ms — ( 1 11 wgllj wé'V) (315)

T T S s

are 4 x 4 matrices. By right multiplying M; ! on both sides of (3.14), one obtains
E =M, M, leading to the retarded Green’s function for the fermionic operator

Gr(k) =iltM, (k)M (k). (3.16)

S

The effective Hamiltonian is defined as

-,

Hoa(k) = —G51(0, k), (3.17)

which is a generalization of topological Hamiltonian that is first introduced as a probe
to detect topological invariants in topological insulators [36,37]. We will study the topo-
logical invariants from this topological Hamiltonian in section 4.

3.2 Numerical results

In the previous subsection, we have introduced how to calculate the fermionic spectral
function from holography. In the following, we explain our numerical results.

Similar to the case without self-duality in [8], we find that there exist multiple Fermi
surfaces in the holographic nodal line semimetal phase and the dispersion close to the
Fermi surface is linear. This observation is obtained from numerical calculation of the
eigenvalues of the effective Hamiltonian (3.17) from which the band structure at k, = 0
plane in the momentum space is studied.

More precisely, since we have assumed the existence of SO(2)-symmetry in the z-y
plane, we fix k, = 0 and compute Heg(k,, k, = k, = 0) without loss of generality and the
locations of H.g = 0 indicates the nodal circle of Fermi surfaces. The four eigenvalues
appear in two pairs and can be arranged as {hy, —hy, ha, —ho} with hy, hy > 0 varies as
a function of k,. We show the effective band structure in the nodal line semimetal phase
for M/b ~ 0.0014 in Fig. 4, where the red and blue curves are used to represent two
different groups of bands. For convenience, we use “Band-1” and “Band-2” to describe
the bands in red and blue curves in the following. The most interesting observation from
this effective band structure is the existence of multiple and discrete Fermi surfaces!'! for
both energy bands indicated by band crossing at h;y = hy = 0. These Fermi surfaces
appear alternately in “Band-1” and “Band-2”, and more densely as the momentum £k,
decrease. We have checked that this characteristic band structure generically exist in

H'Multiple Fermi surfaces in holography has also been found in [38-40] for a finite density system.
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the nodal line semimetal phase, not limited to particular values of M/b. Then a natural
question arise that, are these band crossings accidental or topologically nontrivial? To
answer this question, one should study the topological invariant and we leave to the next
section.

30

20

Sy
=Y

20

ol
o

30

Figure 4: Eigenvalues of G1(0, ks, ky, = k. = 0) in the holographic NLSM phase as a function
of k,, for M /b~ 0.0014, in which blue and red curves represent two different sets of eigenvalues
separately. Therefore one concludes that multiple Fermi surfaces exist in the NLSM phase.

The existence of nodal line shaped Fermi surface is the signature of NLSM. In the
weakly coupled model, the Fermi surface appears at k, = 0, while for finite k, there
exists only gapped band structure. Fig. 4 shows that there exist multiple Fermi surfaces
at k, = 0 in the strongly-coupled NLSM. Next we will explain that there is no Fermi
surface for finite k, from the analysis of the fermionic spectral function. Note that the
fermionic spectral function is defined from the imaginary part of the retarded Green’s
function Gr(w, E), from which a Fermi surface can be identified when there is a sharp
peak in Im[Gr(w — 0, k)] [30,31]. The IR boundary condition for the fermions in the
NLSM phase is shown is appendix D.4 and one concludes that

e for k, = 0 while w — 0, the IR boundary condition is complex, which leads to the
complex Gr(w — 0,k);

e for finite k, while w — 0, the IR boundary condition is pure real and there is no
imaginary part in Gg(w — 0, k).

Therefore, there is no Fermi surface when k, # 0 since the spectral function vanishes.
In addition, it is a special case when w = 0 and we can identify the Fermi surface via
the effective Hamiltonian (3.17) that gives consistent results as that from the spectral
function.
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In the vicinity of the Fermi surface, the dispersion relation of the excitations is linear
in k,. We make a generalization for the effective Hamiltonian (3.17) to finite w < 1
case. From the locations of zeros in H.g the dispersion relation can be obtained. As
shown in Fig. 5, we choose several discrete frequencies, get the locations of zeros and
then plot these points in the dimensionless w-k, plane. We use power law functions to fit
the data and find that close to the Fermi surface in the small w region, the almost linear
function perfectly fit the data. The linear dispersion property of the excitations around
a circular Fermi surface is another evidence to indicate that the ground state is a nodal
line semimetal.

kX_ﬁ)o 998

k
1.x10° 0.0003(— =100t 0.0003(—=
b b b

1.08495 1.08500 1.08505 1.08510  1.08515 1.08520  1.08525 1.08530  1.08535
Ky

b

Figure 5: The linear dispersion around one of the multiple Fermi surfaces at kr/b = 1.085 for
M

~ 0.0014.
b

The quantum phase transition from the topological nodal line semimetal phase to
a trivial phase can also be reflected from the effective band structure. This can be
observed that the size of nodal circles kp = \/m shrink as M /b increases. > We
demonstrate the shrinking of two different Fermi surfaces in Fig. 6 where kr/b is a
smooth, monotonic decreasing function when 0 < M/b < 0.8597, which is a generic
feature for all the Fermi surfaces and indicates that multiple Fermi surfaces cannot be
removed from small perturbations of the ground state. In the topological trivial phase,
there is no Fermi surface other than kr = 0 since from the near horizon we know that the
retarded fermionic Green’s function is real for all values of spacelike k# [8,32]. Finally, kr
does not vanish at the critical point, which is different from the weakly-coupled theory.
The reason is that, even though the form of interactions in (3.3) is a general approach
to realize the nodal circle band structure, the couplings also deform the shape of the

12An interesting observation is that, the size of Fermi surfaces shrink in the holographic superfluids
when the temperature is increased, e.g. in [33,34]. In the zero temperature topological NLSM phase,
the size of Fermi surfaces shrinks as M /b changes instead of temperature.
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Figure 6: The size of fermi surfaces shrinks as M /b increases. Fermi surfaces can exist in
the nodal line semimetal phase as well as at the critical point while disappear in the trivial
phase. The sudden disappearance of Fermi surfaces can be viewed as the consequence of the
holographic quantum phase transition.

spectra. Therefore, it is reasonably expected that by fine-tuning 7; and 7., the Fermi
surface could exactly shrink to zero at the critical point.

4 'Topological invariant in nodal line semimetal

In the previous section, we have studied the effective band structure of the strongly
coupled nodal line semimetal from the topological Hamiltonian of the fermionic Green’s
function in holography. The results, especially the existence of multiple nodal lines and
linear dispersion close to each nodal line, show many similarities to the case without
self-duality [8]. In this section we will further study the topological property of these
nodal lines.

We will study the topological invariants in the holographic semimetal phase to tell
whether the nodal lines can be removed by small perturbations. In the nodal line
semimetal system, one of the topological invariants is Berry phase which is defined on a
closed path enclosing a node along the line [3,29]. By “enclosing” we mean that the path
do not touch the node and the node cannot get out of the closed loop without cutting
down the loop. The nodal line is accidental when the Berry phase associated with a
closed loop enclosing a node on this line is 0 while topological protected if the Berry
phase is 7. In the following, we will discuss the Berry phase in both field theory and
holography.
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4.1 Topological invariant in field theory

We first calculate Berry phase from the weakly coupled field theory where the eigenvalues
and eigenstates can be obtained analytically. Without loss of generality we set b,, =
1/2,m = 0 in the Lagrangian (2.5). With these parameters the system is in the nodal
line semimetal phase and the nodal line is located on the k,-k, plane with £, = 0 in
the momentum space. The choice of the closed path along which we shall compute the
Berrry phase is shown in Fig. 7. Note that we have the nodal line which is described by
the red circle, and each point on this circle is a Weyl node. We focus on one single Weyl
node and use a closed loop to enclose this point. For example, we choose k, = 0 and the
closed path can be parametrized as

(ke, k) = (kp +1sin 6, I cos 0) , with 6 € [0, 2m) . (4.1)

Since we will generalize the discussion to strongly coupled theory in which the eigenstates
can only be obtained at discrete points, we select a series of discrete points along the
path, which is illustrated in the right plot in Fig. 7. We have 6 in (4.1) with §; = 2%
with i € {1,..., N}.

B )

Figure 7: Left: The illustration of the closed path (blue curve) that encloses a Weyl node along
the nodal line (red curve). Right: A series of discrete black points are selected along the closed
path.

By making the circle discrete as above, we can define the discrete Berry phase

<ni1 |n22>

e*id’hlé =
|<ni1 |n22>|

, (4.2)

where |n;,) and |n;,) are eigenstates at two adjacent discrete points i; and iy along the
path. The total Berry phase along the closed path is then the summation of all the
discrete phases.

When k, = 0 from the Lagrangian (2.5) and the parameters we chose above, we have
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the eigenstates

T
) — (1 ko (ke — 22+ K2 kot (ko — 22+ 2 1)
- 9 Q_kx 9 ) 9

ky — 2

T
ity = (1 by — (ke — 22+ k2 ko — (ke — 2)2 + k2 )
) 2_]{733 ) ij_2 ) )

and the associated energy eigenvalues E = —\/(k, — 2)2 + k2, B = \/(k, — 2)2 + k2.

For the choice of the “discrete” circle with (4.1), we have either states with energy —I
or . By substituting (4.1) and (4.3) into (4.2) and do the summation of all the discrete
phases, we find that the nontrivial phase factor is from the point where the normalized
norm of two adjacent eigenstates becomes —1. For states with energy —I, i.e. |nf), due
to (nf(k, =2+ 0_,k, ~)|n'(k, =2+ 0., k., ~ 1)) <0 we have a phase factor 7 from
(4.2). Similarly for states with energy [, i.e. |n'’), the phase factor 7 of the Berry phase
is due to (n'f(k, = 2+ 0_,k, ~ —I)|n'f(k, = 2+ 04,k. ~ —1)) < 0. Therefore one
concludes that Berry phase associated with a closed loop enclosing the node is m, which
means that the nodal line semimetal described by (2.5) is topologically nontrivial.

4.2 Topological invariant in holography

In this subsection we compute Berry phase in the strongly coupled NLSM system from
holography. Similar to the discussion in field theory, in holography we first compute the
eigenstates of the effective Hamiltonian at a series of discrete points along a closed path
in momentum space. The choice of discrete points and the definition of Berry phase are
the same as the previous subsection for field theory, as shown in Fig. 7. Also, the Fermi
surfaces only locate at the k, = 0 plane in the momentum space since the imaginary
part of Gr(w — 0, E) vanishes for finite k., as explained in 3.2 in detail. The difference
comparing to the field model is that, now there are multiple and dense nodal lines in the

effective band structure. We should be careful that the closed loop encloses only a single
Weyl node.

Note that the IR boundary conditions become a little bit tricky in this case because k,
and k, are finite simultaneously while the SO(2) symmetry in the k,-k, plane is broken
at low energy. When k. is finite, for example in the same order compared to k,, the

k,-term in (3.6) can always be ignored since r~17%/2 < r=2.

Instead, for the discrete
points close to the k,-axis where k, is very small, in the deep IR the k,-term in (3.6) can
not ignored any more and will modify the IR boundary conditions for the bulk fermions.
However, whenever k. is nonzero one can always choose a sufficiently small r such that

the k, term dominates in (3.6). Therefore one could expect that the modification from

20



finite k, on the ingoing spinor wave will not change the Berry phase. We list the IR
boundary conditions for the cases with nonzero k, and k, = 0 in appendix D. In the
following we first show the numerical results of the eigenstates and eigenvalues along the
“discrete” circle.

We numerically show the dependence of the value of four components in the eigen-
states on momentum for the negative energy eigenvalues in Fig. 8. As shown in this
figure, each component poses sudden jump when across the k,-axis from the upper plane
to lower or vice versa. This is a common numerical result which does not depend on the
radius of the “discrete” circle. Since the eigenstates change discontinuously across the
k,-axis, we should be careful to deal with points along the k,-axis, i.e., to analyze the
eigenstates for k, = 0 cases.

07 0.0 07 07

0.6 04 0.6 0.6
05 02 05 05

0.4 0.3} s s 0.4 0.4
03F  seme—— o4 P e—— JE—— 03F  eee————
0.2 -05 0.2 0.2
0.1 -0.6] 0.1 0.1

0.0 -0.7 - - 0.0 0.0
. 5 5 : :

0.0 0.5 15 20

Jlog
EN
EN

Figure 8: The eigenstates (sy, s2, s3,54)7 of G™1(0,k) as a function of 6/ along the enclosed
loop with negative energy eigenvalues. Note that momentum is parameterized in (4.1). The
sudden jump appears in all the four components of eigenstates s; across the k. -axis i.e. at

0= %7‘(’, %w.

When there is no sudden jump in the eigenstates, the normalized norm of the adjacent
states in (4.2) is one which contributes trivial to the phase factor of the Berry phase. The
normalized norm at location of the sudden jump in the eigenstates is crucial for the phase
factor which happens at § = 7/2,37/2, similar to the case in the weakly coupled field
theory. We label the states close to this momentum according to Fig. 9.

Close to these points 6 = 7/2, 37w /2, the eigenvalues and the corresponding eigenstates
are summarized as follows in table 1, where b > a > 0. The values of a,b are not
important for analyzing the Berry phase.'® Substituting all these eigenstates into the
discrete version of Berry phase, only the inner products formed by the eigenstates in this
table give out non-vanishing phase. Similar to the case of field theory, for each band
we can compute the Berry phase for states with either positive or negative energy of
eigenvalues.

13The eigenstates are also quantitively related to the couplings 71,72, but qualitatively the same as
Fig. 8. Therefore, the Berry phase and further the existence of the topological invariant does not rely
on the choice of couplings.
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Figure 9: The diagram to illustrate the label of states which contributes nontrivially to the
discrete Berry phase. The normalized inner product given by the adjacent points in the same
upper or lower plane is one and gives a vanishing contribution to Berry phase. The net con-
tribution of nontrivial discrete Berry phase is from the combination of (k.4|kp—), (kr—|k.y),
(ks |kpy) and (kpy|kzp), which can give a minus sign.

With the states in table 1 the calculation with respect to “Band-1" gives rise to a
non-trivial phase . However, the Berry phase for the nodal lines in “Band-2" cannot be
determined due to that the norm of the adjacent states vanishes close to k, = 0.

All these features are qualitatively the same as those in the previous model [8], in-
dicating that the self-duality condition on the two form operators does not change the
topological property in the strongly coupling regime. It seems that the topological prop-
erty depends crucially on the action of the probe fermion while not the geometric back-
ground.'* This might indicate that there exist a semi-holographic description for the
probe fermion similar to the case of probes with non-interacting Dirac equation [41],
from which the topological properties might be clearly shown. It would be extremely
interesting to construct this semi-holographic description.

5 Conclusion and discussion

We have considered an improved holographic nodal line semimetal model in which the
duality relation between the rank two operators 1y*“¢) and 7"~ in the dual field
theory is satisfied. Following the approach in an AdS/QCD model [26], in holography
we chose a special Chern-Simons term together with a mass term for the two form field
to realize the duality constraint automatically. In this improved holographic nodal line
semimetal, we found that there still exists a quantum phase transition from topological
nodal line semimetal phase to the topologically trivial phase.

14This is related to the fact that the probe fermionic operators are 1/N suppressed and their contri-
butions to the geometric background is not visible at leading order.
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1) |zy) k) |kps)

Ey <0 | (b,—a,a,b)" | (a,=b,b,a)" | 3(1,-1,1,1)" 1(1,1,-1, 1)
Ey >0 (a,b,—b,a)T | (b,a,—a,b)T %(1,1,—1,1)T %(1,—1,1,1)T
Ey <0 (b,—a,a,b)" | (a,=b,b,a)" | 3(1,1,1,-1)T | $(1,-1,-1,-1)T
Ey >0 (a,b,=b,a)" | (b,a,—a,b)" | $(1,—-1,-1,-1)T | $(1,1,1,-1)

Table 1: We use Eq and Fs for eigenvalues of the states along discrete circles around “Band-1”"
and “Band-2”. The states in the table are the ones which contribute to the nontrivial phase
factor in the Berry phase. Note that here b > a > 0.

We also calculated the fermionic spectral function by probing a massive Dirac fermion
coupled in a particular way to the background field in bulk. We have found that, multiple
nodal circle of Fermi surfaces exist in the topological NLSM phase while disappear in the
trivial phase. The dispersion relation of low-energy excitations near the Fermi surfaces is
linear. By tuning the dimensionless parameter M /b, the size of each nodal circle shrinks
in the NLSM phase. These behaviors especially the discontinuity of Fermi circle in band
structure indicate that a quantum phase transition happens at the critical point. We
also computed the Berry phases in the NLSM phase and found that nodal circles are
topologically nontrivial, which confirms the topological property of NLSM phase and the
broken of topology across the quantum phase transition,

One might expect that after imposing the duality constraint new physics appears,
while we have seen that most of the features above are qualitatively similar to the holo-
graphic model in [8]. The role of the duality in the two form operators does not modify
the phase diagram qualitatively. The properties of the fermionic spectral function seems
to depend crucially on the exact form the action of the probe fermions, while not on
the geometric background. In condensed matter literature, the shear viscosity at low
temperatures has been proposed in [42] as a probe to detect the band topology and the
topological quantum phase transition. Therefore, it would be interesting to study other
physical quantities, like transports [42-47] and non-local quantities to show some special
features in this improved holographic model which serves as a natural ground to explore
physics of strongly coupled NLSM.
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A Equations of motion
The equations of motion from the action (2.6) in the main text are

1
Rab - §gab(R + 12) - Tab = 07

Vp FP + 20 Fy Fue = 0,
Vi F CYEadee(Fchde + FoeFae)

—iqi (®*D*® — (D*®)*®) + L abedepy pr (), (A1)
1
D,D*® — 94-Vy, — A\®B,B™® =0,
apeac H — m3Bay — AD* DBy = 0,
31
where
1 c 1 2 1 c 1 2 1 * *
Ty = ~ []—“ac]-“b e } i [Fach g F ] + 2 ((Da®)* Dy + (D,®)* D, )
2 4 2 4 2 (A2)

1
+ (m3 + NOP)(BioBy* + BiuB,5) — 5 ((De®)"(D°®) 4+ Vi + Va + NGBy B ) guy

is the energy-momentum tensor. We make use of the following ansatz for the zero-
temperature solutions,

d 2
ds® = u(—dt* + dz*) + % + f(dx® + dy?),

® = ¢(r), (A.3)
B:ch = _Byx = Bazya
Btz = _th = iBtz .
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The equations of motion can be explicitly written as

U” f// 1 u/2 7u/f/ f/2 8 o 2 5 9 A
U+7+§(2u2+2uf 2 ujL ¢ +3 m1¢—l— ¢ B

u” f” u o (B2 Biy B
vl () e (T + f2)_0
/! 3ul f / 2)\Bt2z QABg (b
Cb +(%+7) —<m1+)\1¢ - u2 + f2 y>a=0 (A4)
/ 77\/a 2 2 _
Btz - W(m2 + >‘¢ )B.ty =0
2uz2

There is an extra first order constraint equation which can be expressed as linear combi-
nations of the previous equations and their derivatives

O (S W 6L e Ly G (AT (BB
2 (4u2+4f2+uf +u 2u m1¢+2)\1¢ * u u? f? =0.
(A.5)

B Counterterms and on-shell action

To make the gravitational theory well behaved in variation and remove the divergence in
the on-shell action, the Gibbons-Hawking term Sqg and the counterterms S, should be
considered to construct the renormalized action

Sren = S + Sau + St s (B.l)

where

Sem = /8 dv/h (2K)

1 1 A (B2)

Ser = /8ddx\/—_h [—6 — 0?4 §|BW|2 +lnr ((5 + El)cb4 + |BW|4>]
are defined on the boundary of the bulk. K = h%V,n; is the trace of the extrinsic curva-
ture of the induced metric hyp = gap — nane with n, = (0,0,0, 0, \/La) the spacelike normal
vector, and h is the determinant of the induced metric reduced onto the hypersurface
orthogonal to n,, i.e., h = det Ay ().
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Close to the AdS boundary (r — o0), the expansions of the fields are

M? 40 23M*AN In(r) g
—r2oopr o (2 A
U = 3 7\9 "o ) 2 T T
M? 407 23MAN In(r)  fo
I T J2
Flrsoe =7 3 (9+ 180) iz Tt
¢| _ M 23M3 In(r) &2 L (B.3)
r—+00 r 60 ,,a3 7'3
1 by,
Bi.| . :br—2b3M+t—2+...
TTree r T
1 b,
B.,| b o BO) | Bz
T r
where
f _ 7_()4 4 bbmyg + 5b2M2 + 149M4 . % o M¢2
‘U183 18 1440 2 2 B4
btzQ - _b3 - bzyQ - 6

together with {b, M, ug, byyo, ¢o} are the coeflicients of the series expansions. We have
numerically checked that when b = 1 is fixed, all the coefficients of the series expansions
change smoothly by tuning M, even pass across the critical point. The free energy density

is % = —% can be expressed by these coefficients
1 (116*  8bby, 38v*M* TM*
Sos = — — e — 3 2M ¢, |, B.5
: 54(9 3 9 36 0T ¢2> (B5)

which means that the free energy density is also smooth through the phase transition as
illustrated in Fig. 3 in the main text.

C Scaling symmetries and numerical calculation

The following scaling symmetries are very useful for numerical calculations.

o {rltiwy 2} — {F1,1,%,9,2} =b{r 1, t,z,y, 2}, while {u, f, B,} — {a, f, BW} =
b=*{u, f, B, } to make ds* and B = B, dz"dx” remain unchanged according to this
transformation. This symmetry can be used to fix b to be 1.

o {z,y} — {#,4} = c{z,y} together with {f, By} — {f, Bay} = ¢ 2{f, By, } indi-
cates another scaling symmetry that is restricted in the z-y plane. This symmetry
can scale f to asymptotic to 72 near the boundary. It also makes us possible to fix
a shooting parameter in the IR region, since we can make a transformation back to
the expected coordinates.
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D Dirac system in the bulk

D.1 Vielbein and spin connection

The vielbein is a two indexed object with a tangent space index m, and a coordinate
index a. It obeys the relations e”mebﬂgab = Ny A0 Npneey = gap. For a diagonal metric
(A.3), we have

€a =V |9aal 05 (D.1)

where a does not sum. The tangent space index m is lowered or raised by Minkowski
metric 7, or ™2, while the coordinate index is lowered or raised by g, or g*.

The spin connection can be constructed from the vielbein and the Christoffel symbol

m __ 1Tb m ¢ b m
w ", =176 € — €,0ae (D.2)

The covariant derivative of the spinor can be defined as

Vo =0, — iwa@rw (D.3)

D.2 Gamma matrices and spinors

We use the Pauli matrices

(0 () () () e

to build up the gamma-matrices v* in the 4-dimensional flat space-time

0 il - 0 o —I, 0

0 2 ) ? 5 - 0. 1.2 3 2

= = = = : D.5
7 (z'IQ 0)’ 7 <—iai 0)’ oy < 0 12> (D-5)

The gamma matrices I'? in the 5-dimensional local flat space-time can be constructed
It = (T% ') = (v, -7°) . (D.6)
Gamma matrices ['* in the 5-dimensional curved space-time are
[ = e, ™. (D.7)
The Clifford algebras for the above cases are
[0 =2, {19 T8 = 2nt (1%, 1%} = 2g°. (D.5)
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The two-indexed anti-symmetrized products of gamma matrices are defined as

7

2

i

2

1

BV re —
i 5

St [T, T®=_ [T =eberl™®. (D.9)

A spinor 9 can be decomposed into the right-handed and left-handed spinors {5 1,

defined as
sz(wO*), ¢L:<£_) (D.10)

with the projection operator constructed from I'"

S TE = as (D.11)

where 104 are two-components spinors.

D.3 UV boundary terms of Dirac equations

In this part, we briefly review how to obtain the correct boundary action for a single chiral
fermion at the boundary [32,48,49]. Next, we review the generalization to combining two
opposite chiral fermions into a massive Dirac fermion with correct boundary action.

We start from the action for a single, free Dirac fermion with mass m in the bulk

Soime = [ d**12y/=g (S1"V0r — mii) (D.12)
Note that the boundary is defined at » — oo. The variation of the action is
0Spbirac = bulk term + / dz\/—gg'™ (QEL5¢R — 1Z_JR(5¢L) (D.13)
oM

where the bulk terms give the dynamical equations of motion. The last terms are located
at the AdS boundary where 1z and ¢y, as varied independently. However, because the
bulk Dirac equation is of first order, ¥z and 15, are related and only one of them can be
varied freely while the other behaves as the corresponding response. This can be achieved
by adding a proper boundary term to the original action [32,48,49].

For example, if we choose ¢r as free variable, we add

%—/ oy —gF (D.14)
oM

and the variation of the boundary field theory is

0 Stotal = 0(Sbuik + Sa) = / d*zy/=gg™" (VrovR + SURYL) - (D.15)

oM
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Alternatively, we can take 1, as the free variable by considering the boundary term
Sy = / d*x/=g9" (—rR) (D.16)
oM

leading to the alternative total variation as

dStotal = 0(Shuix + Sa) = — /é)M d*zv/=g9" (010R + YroVL) . (D.17)

For five dimensional bulk theory, we introduced two sets of coupled fermions ("), ()
n (3.1). The boundary terms we considered are a combination of (D.14) and (D.16).
Performing the variation, we end up with

Suay = [ oV =R (500 - 3l (D.13)

where the mass of (") and ¢® are m and —m, respectively. One may also notice that
there is an opposite sign comparing (D.15) and (D.17). This results in the additional
minus sign in (3.13) when identifying the 4-component fermionic operator.

D.4 IR boundary conditions

We outline the infalling boundary conditions according to different phases and choices of
k, = (w, kg, ky, k) in a table.

Phase K+ IR infalling solution
\/WQ,kz
; z A/ w2—k2 A/ w2—k2
NLSM work, #0,V k;, k, R = vor (Zi7 Zh i P 2, i ks 2)
. — R _ —2e=5 0 0 a0 T
w=k,=0k,ork,#0 =€ a (21, 2, 24, 2)
Critical | w = k, = 0, k, or k, # 0 P I T S G A
ritical | w =k, =0,k, or k, # =€ ac (zl,zg,zg,zl)
Trivial | w =%k, =0,k, or k, #0 IR _ o= (1, 2, 2 zl)T
z y v Y l 1> 29 29 1

In this table k, = \/7 in NLSM phase, k, = \/S—f at the critical point and &, =

with (uo, fo, e, fo,m) = (é(ll+3\/—) \/ 2VI3 - 2,2.735,0.754,1 + 8%)
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