
Holographic universal relations among transport

coefficients

Shesansu Sekhar Pal

Department of Physics, Utkal University, Bhubaneswar, 751004, India

shesansuATgmail.com

Abstract

In this paper, we show universal relations among the transport coefficients by calcu-
lating the electrical conductivity, thermal conductivity and thermo-electric conductivity in
the presence of a chemical potential and magnetic fields for Einstein-Maxwell-dilaton-axion
system in arbitrary but even dimensional bulk spacetime as well as for Einstein-DBI-dilaton-
axion system in 3 + 1 dimensional bulk spacetime. Moreover, we have also obtained a new
hyperscale violating black hole solution with finite charge density and magnetic fields but
with a trivial dilaton field at IR.
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1 Introduction

It is known from the studies of AdS/CFT correspondence that the charged black holes in
gravitational theory corresponds to states at finite temperature with nonzero charge density
or non-zero chemical potential in the dual field theory [1]. The black hole is made charged
via the Maxwell field which is dual to the current of a global U(1) symmetry in the dual
field theory. The AdS/CFT correspondence has been used to understand the transport
coefficients of holographic matter at finite temperature with a finite density and magnetic
field in [2, 3]. Studies of holographic matter is reviewed, recently, in [4]. It is suggested in
[5] that in the low frequency limit, the transport coefficients can be calculated by evaluating
some geometric quantities at the horizon.

The longitudinal electrical conductivity of Einstein-Maxwell-dilaton-axion system with
explicit break down of the spatial translational symmetry is computed for AdS spacetime in
[6]. Based on the result of computation, it is suggested in [7] to write it as

σL = (µL)d−3w0

(
g
(
TH
µ
,
k

µ

))d−3 [
1 +

(d− 2)2w0µ
2

ψ0k2L2

]
, (1)

A prescription is given to calculate the transport coefficients with momentum dissipation for
holographic matter at the horizon in [8] and it matches with the computation made in [6].
Further studies are made in [9, 10]. We have calculated the longitudinal thermo-electric and
thermal conductivity and the result reads as

αL = (µL)d−1
(
g
(
TH
µ
,
k

µ

))d−2 [
4π(d− 2)w0

ψ0k2L2

]
,

κL = (µL)d−1
(
g
(
TH
µ
,
k

µ

))d−1 (
16π2TH
ψ0k2

)[
1 +

(d− 2)2w0µ
2

ψ0k2L2

]−1
(2)

where the form of the function g(x, y) is to be determined by solving it

µL g
(
TH
µ
,
k

µ

)
=
rh
L

(3)

in terms of the size of the horizon, rh, and the horizon size has to be determined by solving
eq(70) by setting the magnetic field to zero. It just follows that generically it is not possible to
separate the incoherent production of the particle-hole pairs from the momentum dissipation
due to lattice effects.

AdS spacetime: In this paper, we have revisited the charged AdS black holes solutions
with planar horizon in arbitrary spacetime dimensions in Einstein-Maxwell-dilaton-axion
system and found that the celebrated Wiedemann-Franz relation, unfortunately, does not
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hold. However, there exists a relation among the transport coefficients. The relation involves
electrical conductivity, thermo-electric conductivity, thermal conductivity, chemical potential
and the temperature, which reads as

µ2

k2
κLσL
THα2

L

=
ψ0L

2

(d− 2)2w0

= constant (4)

This relation involves quantities which are defined at the horizon such as transport co-
efficients and the chemical potential at the boundary (the behavior of the gauge potential)
means the above product is not necessarily universal [11]. This is true as it works only for
the AdS spacetime.

Universal relations: As soon as we turn on the magnetic field the transport coefficients
takes the form as written in eq(50) and eq(51). It is easy to notice that the non-vanishing
behavior of longitudinal electrical conductivity, thermo-electric and thermal conductivities
are governed directly by chemical potential, momentum dissipation and temperature, re-
spectively. However, the non-vanishing behavior of transverse conductivities are governed
by temperature, chemical potential and magnetic field.

In fact, it follows upon closer inspection that the transport coefficients evaluated at the
horizon are not all independent. There exists an interesting relation among the transport
coefficients

TH
α11(rh)

κ12(rh)

α12(rh)

σ11(rh)
= 1 , (5)

which in turn gives a relation that involves all the transport coefficients except the longitu-
dinal thermal conductivity at the horizon

TH
[
σ11σ12(α

2
11 − α2

12)− α11α12(σ
2
11 − σ2

12)
]

= σ11κ12(σ
2
11 + σ2

12) . (6)

It says the off-diagonal component of the thermal conductivity matrix, which is the transverse
thermal conductivity, can be determined completely in terms of the electrical and thermo-
electric conductivities. It holds irrespective of the precise detail of the black hole spacetime.
We have checked that the relation eq(5) also holds for the Einstein-DBI-dilaton-axion system
studied in [13, 14].

We also show relations

σ11(rh)

α12(rh)

ϑ11(rh)

ρ11(rh)
= − ρ

16πGB
= TH

ϑ11(rh)

ρ11(rh)

α11(rh)

κ12(rh)
= −

(
Q

Vd−1B

)
,

TH
α12(rh)

σ11(rh)

ϑ12(rh)

κ12(rh)
=

(
16πGB

ρ

)
=
κ12(rh)

α11(rh)

ϑ12(rh)

κ12(rh)
=

(
Vd−1B

Q

)
, (7)
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where ϑ11, ϑ12, ρij and Q are the Seebeck coefficient, Nernst response, resistivity coefficients
and the electric charge, respectively. It is interesting to note that the relation eq(7) follows
from eq(5) via the duality relation.

New black hole solution: In order to include the effect of the charge density at finite
temperature at IR, it is suggested in [15, 16] to include more than one U(1) gauge fields. In
this paper, we present a new class of solution at non-zero temperature and charge density in
the presence of magnetic field by considering only one gauge field. Moreover, we do not need
a non-trivial profile of the dilaton at IR. The solution is characterized by two exponents z
and γ. Non-zero value of γ essentially describes the scale violation.

The paper is organized as follows. In section 2, we shall present the Einstein-Maxwell-
dilaton-axion system and calculate the currents after including the geometric and gauge
fields fluctuations. In section 3, we shall calculate the transport coefficients. In section 4,
we shall introduce a transformation that interchanges the charge density with the magnetic
field and study its impact on the transport coefficients. We prove the relation eq(5) and
eq(7). In section 5, we study the behavior of the transport coefficients versus temperature
and the magnetic field for AdS spacetime as well as for the scale violating spacetime. The
thermodynamics of the AdS spacetime is studied in the Appendix A. The relations among
the transport coefficients, i.e., eq(5) and eq(7) are proved for the planar black holes in the
Einstein-DBI-dilaton-axion system in Appendix B.

2 The system

The system that we shall be considering for our study of the transport coefficients at finite
chemical potential and magnetic field in arbitrary spacetime dimensions is as follows.

The action that we shall be considering involves metric, dilaton, (d−1) number of axions,
gauge field which takes the following form in d+ 1 spacetime dimensions

Sbulk =
1

2κ2

∫
dd+1x

√
−g
[
R− 2Λ− 1

2
(∂φ)2 − V (φ)− W (φ)

4
FMNF

MN

− Ψ(φ)

2

(
(∂χ1)

2 + (∂χ2)
2 + · · ·+ (∂χd−1)

2

)]
. (8)

We shall take d to be odd. The equation of motion that follows for the metric tensor are

RMN −
Ψ(φ)

2

(
∂Mχ1∂Nχ1 + ∂Mχ2∂Nχ2 + · · ·+ ∂Mχd−1∂Nχd−1

)
− W (φ)

2
FM

LFNL +

W (φ)

4(d− 1)
gMNF

KLFKL −
[V (φ) + 2Λ]

(d− 1)
gMN −

1

2
∂Mφ∂Nφ = 0. (9)
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For the gauge field

∂M
[√
−gW (φ)FMN

]
= 0, where FMN = ∂MaN − ∂NaM . (10)

The equation of motion associated to the scalar field is

∂M

(√
−g∂Mφ

)
−
√
−gdV (φ)

dφ
−
√
−g
2

dΨ(φ)

dφ

[
(∂χ1)

2 + (∂χ2)
2 + · · ·+ (∂χd−1)

2
]

−
√
−g
4

dW (φ)

dφ
FMNF

MN = 0. (11)

The equation of motion associated to axions, χi’s, are

∂M

(√
−gΨ(φ)∂Mχi

)
= 0, for i = 1, 2, · · · , (d− 1). (12)

Solution: To read out the solution of the above equations, let us take the following ansatz
of the metric and other matter fields as follows

ds2d+1 = −gtt(r)dt2 + gxx(r)
(
dx21 + · · ·+ dx2d−1

)
+ grr(r)dr

2, φ = φ(r), χi = kxi,

F = a′t(r)dr ∧ dt+B (dx1 ∧ dx2 + dx3 ∧ dx4 + · · ·+ dxd−2 ∧ dxd−1) . (13)

We shall consider the case for which d− 1 is even, it means d odd. In what follows we shall
write gtt(r) = U1(r) gxx(r) = h(r) and grr(r) = 1

U2(r)
. After a bit of calculations with such

a choice of the geometry allows us to write the Ricci tensor as follows

Rtt =
(d− 1)U2h

′U ′1
4h

+
U2U

′′
1

2
− U2U

′2
1

4U1

+
U ′1U

′
2

4
,

Rrr =
(d− 1)h′2

4h2
+
U ′21
4U2

1

− (d− 1)h′U ′2
4hU2

− U ′1U
′
2

4U1U2

− (d− 1)h′′

2h
− U ′′1

2U1

,

Rij = −δij
[

(d− 3)U2h
′2

4h
+
U2h

′U ′1
4U1

+
U2h

′′

2
+
h′U ′2

4

]
. (14)

Equation of motion: The equation of motion associated to geometry are

Rtt −
W (d− 2)

2(d− 1)
U2a

′2
t +

(V + 2Λ)

(d− 1)
U1 −

WU1B
2

4h2
= 0,

Rij −
Ψ

2
k2δij −

WU2

2(d− 1)U1

ha
′2
t δij −

(V + 2Λ)

(d− 1)
hδij −

WB2

4h
δij = 0,

Rrr +
(d− 2)

2(d− 1)

W

U1

a
′2
t −

(V + 2Λ)

(d− 1)U2

− 1

2
φ′2 +

WB2

4h2U2

= 0, (15)
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writing it out explicitly gives

(d− 1)U2h
′U ′1

4h
+
U2U

′′
1

2
− U2U

′2
1

4U1

+
U ′1U

′
2

4
− W (d− 2)

2(d− 1)
U2a

′2
t +

(V + 2Λ)

(d− 1)
U1 −

WU1B
2

4h2
= 0,

(d− 3)U2h
′2

4h
+
U2h

′U ′1
4U1

+
U2h

′′

2
+
h′U ′2

4
+

Ψ

2
k2 +

WU2

2(d− 1)U1

ha
′2
t +

(V + 2Λ)

(d− 1)
h+

WB2

4h
= 0,

(d− 1)h′2

4h2
+
U ′21
4U2

1

− (d− 1)h′U ′2
4hU2

− U ′1U
′
2

4U1U2

− (d− 1)h′′

2h
− U ′′1

2U1

+

(d− 2)

2(d− 1)

W

U1

a
′2
t −

(V + 2Λ)

(d− 1)U2

− 1

2
φ′2 +

WB2

4h2U2

= 0. (16)

These equations yield a constraint equation

2h2
(

2U1(V + 2Λ) + U2(Wa′2t − U1φ
′2)

)
= −(d− 1)

[
2h(k2U1ψ + U2h

′U ′1) + U1(B
2W + (d− 2)U2h

′2)
]

(17)

The equation of motion for the gauge potential can be solved and it gives

a′t(r) = ρ

√
U1(r)√

U2(r)W (φ(r))h
d−1
2 (r)

, (18)

where ρ is a constant and which upon integration gives

µ = At(r =∞) = ρ
∫ ∞
rh

dr

√
U1(r)√

U2(r)W (φ(r))h
d−1
2 (r)

. (19)

This allows the charge susceptibility as [5]

χe ≡
ρ

µ
=

∫ ∞
rh

dr

√
U1(r)√

U2(r)W (φ(r))h
d−1
2 (r)

−1 . (20)

The equation of motion of the dilaton field is

∂r

(√
U1U2h

d−1
2 φ′

)
−
√
U1√
U2

h
d−1
2

[
dV (φ)

dφ
+
d− 1

2
k2
dψ(φ)

dφ
− dW (φ)

dφ

U2

2U1

a′2t

+
(d− 1)B2

4h2
dW (φ)

dφ

]
= 0. (21)
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Hawking temperature: If we construct a black hole solution then the temperature as-
sociated to it takes the following form

TH =
1

4π

(
U ′1
√
U2√
U1

)
rh

, (22)

where rh is the size of the horizon.
The Bekenstein-Hawking entropy density is

s =
h

d−1
2 (rh)

4G
. (23)

2.1 Fluctuation and equations

Let us fluctuate the background geometry and the matter as

gMN −→ g
(0)
MN +HMN , FMN −→ F

(0)
MN + fMN , χi −→ χ

(0)
i + δχi, (24)

where the superscript (0) in each field denotes background solution and the other part
corresponds to fluctuation. Under such a fluctuation, the Ricci tensor changes to leading
order in fluctuation as

RMN −→ R(0)
MN +R

(1)
MN , (25)

where

R
(1)
MN =

1

2

[
∇(0)
K ∇

(0)
N HK

M +∇(0)
K ∇

(0)
M HK

N −∇(0)
K ∇(0)KHMN − g(0)KL∇(0)

M ∇
(0)
N HKL

]
. (26)

The covariant derivatives, ∇(0)
K , are defined with respect to the unperturbed metric g

(0)
KL.

The resulting fluctuating equation of motions associated to geometry and gauge fields
are

R
(1)
MN − W

2

[
F

(0)
MKF

(0)
NLg

(0)KRHRSg
(0)SL + F

(0)
MKfNLg

(0)KL + F
(0)
NLfMKg

(0)KL
]
−HMN

(V + 2Λ)

(d− 1)

+
W

4(d− 1)
HMNF

(0)KLF
(0)
KL +

W

2(d− 1)
g
(0)
MN

[
F (0)KLfKL − F (0)R

LF
(0)SLHRS

]
− ψ

2
∂Mχ

(0)
i ∂Nδχi −

ψ

2
∂Mδχi∂Nχ

(0)
i = 0,

∂K

[√
−g(0)W

( [
HMKg(0)NL −HMLg(0)NK

]
F

(0)
MN + fMNg

(0)MKg(0)NL +

1

2
g(0)RSHRSF

(0)
MNg

(0)MKg(0)NL
)]

= 0. (27)

The superscript indices on metric fluctuations are defined as HMN ≡ −g(0)MKHKLg
(0)LN .
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Traceless fluctuation: For our purpose, we shall consider only traceless fluctuation to
geometry (g(0)RSHRS = 0), which can be written in the following way

ds2 = −U1(r)dt
2 +

1

U2(r)
dr2 + h(r)

(
dx21 + · · ·+ dx2d−1

)
+ 2Gti(t, r)dtdx

i

+ 2Gri(r)dx
idr, χi = k xi + δχi(r),

F = a′t(r)dr ∧ dt+B (dx1 ∧ dx2 + dx3 ∧ dx4 + · · ·+ dxd−2 ∧ dxd−1)
+ ∂tai(t, r)dt ∧ dxi + ∂rai(t, r)dr ∧ dxi, (28)

where the fluctuating part of the metric and other fields shall be considered infinitesimally.
We shall consider the fluctuation to have the following structure [12]

ai(t, r) = −Eit+ ai(r) + ξi t at(r),

Gti(t, r) = h(r)hti(r)− t ξi U1(r),

Gri = h(r)hi(r), (29)

where ξi’s are related to thermal gradients along the spatial directions. The advantage of
using such a traceless perturbation is that it is easier to decouple the fluctuating metric
components from the rest. With such form of the fluctuation of the geometry and matter
fields, the non-zero Ricci tensor components R

(1)
ti and R

(1)
ri reads as

R
(1)
ti = −1

2
hU2h

′′
ti + h′ti

[
hU2U

′
1

4U1

− (d+ 1)

4
U2h

′ − 1

4
hU ′2

]

− hti

(
h′U2U

′
1

4U1

+
(d− 3)

4h
U2h

′2 +
1

4
h′U ′2 +

1

2
U2h

′′
)

+ tξi

[
(d− 1)

4h
U2h

′U ′1 −
U2U

′2
1

4U1

+
1

4
U ′1U

′
2 +

1

2
U2U

′′
1

]
,

R
(1)
ri = −hri

[
(d− 3)U2h

′2

4h
+
U2h

′U ′1
4U1

+
h′U ′2

4
+
U2h

′′

2

]
+ ξi

[
U ′1
2U1

− h′

2h

]
. (30)

This results in the equation of motion for the ht1 and ht2 as

−1

2
hU2h

′′
t1 − h′t1

[
B2W + 2k2hψ + 3dU2h

′2 + 2hh′U ′2
8h′

+

h2

4(d− 1)U1h′

(
2U1(V + 2Λ) + U2(Wa′2t − U1φ

′2)

)]
+ ht1

[
B2W

2h
+
k2ψ

2

]

+
BW

2h
(E2 − ξ2at)−

1

2
BU2Whr2a

′
t −

1

2
U2Wa′ta

′
1 = 0,
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−1

2
hU2h

′′
t2 − h′t2

[
B2W + 2k2hψ + 3dU2h

′2 + 2hh′U ′2
8h′

+

h2

4(d− 1)U1h′

(
2U1(V + 2Λ) + U2(Wa′2t − U1φ

′2)

)]
+ ht2

[
B2W

2h
+
k2ψ

2

]

− BW

2h
(E1 − ξ1at) +

1

2
BU2Whr1a

′
t −

1

2
U2Wa′ta

′
2 = 0, (31)

where we have used eq(16). The equation of motion associated to the other components
of the metric fluctuation simply follows by looking at eq(31). As an example, the equation
of motion for ht3 follows from the first equation of eq(31) with the following substitution:

ht1 → ht3, (E2, ξ2)→ (E4, ξ4), hr2 → hr4. (32)

Similarly, the equation of motion for ht4 follows from the second equation of eq(44) with
the following substitution:

ht2 → ht4, (E1, ξ1)→ (E3, ξ3), hr1 → hr3. (33)

Most importantly, ht1, ht2, hr1 and hr2 decouples from the rest of the metric fluctuations.
The equation of motion of other components of the fluctuating metric hti follows, simi-

larly. The equation of motion of the fluctuating gauge field reads as

∂r

[√
U1U2Wh

d−3
2

(
a′iδ

in −Bhriδijδmnεjm +
U2

U1

a′tδ
inhti

)]
+

√
U1

U2

Wh
d−5
2 Bδijξiδ

mnεjm = 0.(34)

2.2 Currents

Electric currents: The radially conserved electric currents for the Einstein-Maxwell-
dilaton-axion system are

J1(r) = −
√
U1U2

(16πG)
Wh

d−3
2

[
a′1 +Bhr2 +

h

U1

a′tht1

]
− ξ2

(16πG)
MJ(r),

J2(r) = −
√
U1U2

(16πG)
Wh

d−3
2

[
a′2 −Bhr1 +

h

U1

a′tht2

]
+

ξ1
(16πG)

MJ(r),

MJ(r) = −B
∫ r

rh

√
U1

U2

Wh
d−5
2 , (35)

The other components of the radially conserved currents can be written by following the
prescription as written down in eq(32) and eq(33).
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Heat currents: Let us consider quantities, Q1(r) and Q2(r), which has the structure as
follows

Q1(r) =
U

3
2
1

√
U2

(16πG)
h

d−3
2 ∂r

(
hht1
U1

)
− at(r)J1(r)

Q2(r) =
U

3
2
1

√
U2

(16πG)
h

d−3
2 ∂r

(
hht2
U1

)
− at(r)J2(r), (36)

It follows that the radial gradient of Q1(r) and Q2(r) can be calculated using the fluc-
tuating equation of motion for ht1(r) and ht2(r) as written down in eq(31) as well as the
equation of motion of U1(r), U2(r) and h(r) as written in eq(16), which results in

∂rQ1 =
BW

16πG

√
U1

U2

h
d−5
2 (E2 − ξ2At) +

ξ2
16πG

MJ(r)a′t(r) ≡M1(r),

∂rQ2 = − BW

16πG

√
U1

U2

h
d−5
2 (E1 − ξ1At)−

ξ1
16πG

MJ(r)a′t(r) ≡M2(r). (37)

The radially conserved heat currents can be constructed as follows

Q1(r) = Q1(r)−
∫ r

rh

dxM1(x), Q2(r) = Q2(r)−
∫ r

rh

dxM2(x). (38)

One can similarly construct the other radially conserved heat currents along the other
spatial directions.

2.2.1 Currents at the horizon

In order to calculate the currents at the horizon, we need to find out the behavior of fields
at the horizon. Essentially, we want to put the in-falling boundary conditions at the horizon
and are as follows:

a1(r) = −E1

U0

Log(r − rh) +O(r − rh), a2(r) = −E2

U0

Log(r − rh) +O(r − rh),

ht1(r) = Uhr1(rh)− ξ1
(
U1(r)

h(r) U0

)
Log(r − rh) +O(r − rh),

ht2(r) = Uhr2(rh)− ξ2
(
U1(r)

h(r) U0

)
Log(r − rh) +O(r − rh), (39)

where U(r) ≡
√
U1(r)U2(r) = U0(r − rh) + · · ·. Note, U0 is independent of r and respects

the relation U0 =
√
U

(0)
1 U

(0)
2 as we demand that the function U1(r) and U2(r) at the horizon

10



has the form as follows:

U1(r) = U
(0)
1 (r − rh) +O(r − rh)2, U2(r) = U

(0)
2 (r − rh) +O(r − rh)2. (40)

This allows us to write he temperature as

TH =

√
U

(0
1 U

(0)
2

4π
≡ U0

4π
, (41)

Electric currents at the horizon: The currents at the horizon with the help of the
in-falling boundary condition reads as

(16πG)J1(rh) =

[
Wh

d−3
2

(
E1 −Bht2 −

ρ

Wh
d−3
2

ht1

)]
rh

(16πG)J2(rh) =

[
Wh

d−3
2

(
E2 +Bht1 −

ρ

Wh
d−3
2

ht2

)]
rh

, (42)

(16πG) Q1(rh) = −U0h
d−1
2 (rh)ht1(rh), (16πG) Q2(rh) = −U0h

d−1
2 (rh)ht2(rh). (43)

In order to calculate the currents at the horizon in terms of the electric fields and the
thermal gradients, we need to know the behavior of ht1 at the horizon. It can be calculated
with the help of eq(17) and the first equation of eq(31). This resulted in the following
fluctuating equation

−1

2
hU2h

′′
t1 − h′t1

[
(d+ 1)U1U2h

′ − hU2U
′
1 + hU1U

′
2

4U1

]
+ ht1

[
B2W

2h
+
k2ψ

2

]

+
BW

2h
(E2 − ξ2at)−

1

2
BU2Whr2a

′
t −

1

2
U2Wa′ta

′
1 = 0 (44)

Upon inspection, the behavior of this differential equation with the help of the in-falling
boundary condition at the horizon gives[

ξ1
2
U0 + ht1

(
B2W

2h
+
k2ψ

2

)
+
BW

2h
E2 −

Bρ

2h
d−1
2

ht2 +
E1ρ

2h
d−1
2

]
rh

= 0 (45)

Similarly, the differential equation obeyed by ht2(r) is

−1

2
hU2h

′′
t2 − h′t2

[
(d+ 1)U1U2h

′ + h(U1U
′
2 − U2U

′
1)

4U1

]
+ ht2

[
B2W

2h
+
k2ψ

2

]

− BW

2h
(E1 − ξ1at) +

1

2
BU2Whr1a

′
t −

1

2
U2Wa′ta

′
2 = 0, (46)
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The behavior of this differential equation with the help of the in-falling boundary condi-
tion at the horizon gives[

ξ2
2
U0 + ht2

(
B2W

2h
+
k2ψ

2

)
− BW

2h
E1 +

Bρ

2h
d−1
2

ht1 +
E2ρ

2h
d−1
2

]
rh

= 0 (47)

We can solve for the equations eq(45) and eq(47) and the behavior of ht1(rh) and ht1(rh)
at the horizon reads as

ht1(rh) = −
[

1

B4hdW 2 + hd+2k4ψ2 +B2h3(ρ2 + 2hd−2k2Wψ)
×

[E1h
(d+5)/2k2ρψ +BE2h

3(ρ2 +B2hd−3W 2 + hd−2k2Wψ) +

ξ1U0h
d+1(B2W + hk2ψ) + ξ2BU0ρh

(d+5)/2]

]
rh

,

ht2(rh) =

[
1

B4hdW 2 + hd+2k4ψ2 +B2h3(ρ2 + 2hd−2k2Wψ)
×

[BE1h
3(ρ2 +B2hd−3W 2 + hd−2k2Wψ) + E2h

(d+5)/2k2ρψ +

ξ1BU0ρh
(d+5)/2 + ξ2U0h

d+1(B2W + hk2ψ)]

]
rh

. (48)

3 Transport quantities

The electric currents and the heat currents at the horizon can be written in terms of the
electrical conductivity, thermo-electric and thermal conductivity as follows

J1(rh) = σ11(rh)E1 + σ12(rh)E2 + THα11(rh)ξ1 + THα12(rh)ξ2,

J2(rh) = σ21(rh)E1 + σ22(rh)E2 + THα21(rh)ξ1 + THα22(rh)ξ2,

Q1(rh) = THα11(rh)E1 + THα12(rh)E2 + THκ11(rh)ξ1 + THκ12(rh)ξ2,

Q2(rh) = THα21(rh)E1 + THα22(rh)E2 + THκ21(rh)ξ1 + THκ22(rh)ξ2. (49)

Similar expressions exists for other currents. The transport coefficients takes the following
form

σ11(rh) = σ22(rh) =
1

16πG

[
ψk2h

d−3
2

(ρ2h2−d +Wψk2 +W 2B2h−1)

ψ2k4 +B2h−1(ρ2h2−d + 2Wψk2 +W 2B2h−1)

]
rh

σ12(rh) = −σ21(rh) =
1

16πG

[
ρBh−1

(ρ2h2−d + 2Wψk2 +W 2B2h−1)

ψ2k4 +B2h−1(ρ2h2−d + 2Wψk2 +W 2B2h−1)

]
rh

12



α11(rh) = α22(rh) = α11(rh) = α22(rh)

=
1

16πG

[
4πρψk2

ψ2k4 +B2h−1(ρ2h2−d + 2Wψk2 +W 2B2h−1)

]
rh

α12(rh) = −α21(rh) = α12(rh) = −α21(rh)

=
1

16πG

[
4πBh

d−3
2

(ρ2h2−d +Wψk2 +W 2B2h−1)

ψ2k4 +B2h−1(ρ2h2−d + 2Wψk2 +W 2B2h−1)

]
rh

κ11(rh) = κ22(rh) =
1

16πG

[
16π2THh

d−1
2

(ψk2 +WB2h−1)

ψ2k4 +B2h−1(ρ2h2−d + 2Wψk2 +W 2B2h−1)

]
rh

κ12(rh) = −κ21(rh) =
1

16πG

[
16π2THρB

ψ2k4 +B2h−1(ρ2h2−d + 2Wψk2 +W 2B2h−1)

]
rh

(50)

The thermal conductivity is defined as the response of the heat current to the thermal
gradient for zero electric current, κij = κij − TH(ασ−1α)ij

κ11(rh) = κ22(rh) =

[
κ11 − TH

(α2
11 − α2

12)σ11 + 2α11α12σ12
σ2
11 + σ2

12

]
rh

=
1

16πG

[
16π2THWh

d−1
2

(ρ2h2−d +Wψk2)

B2W 2ρ2h1−d + (ρ2h2−d +Wψk2)2

]
rh

κ12(rh) = −κ21(rh) =

[
κ12 + TH

(α2
11 − α2

12)σ12 − 2α11α12σ11
σ2
11 + σ2

12

]
rh

= − 1

16πG

[
16π2BTHW

2ρ

B2W 2ρ2h1−d + (ρ2h2−d +Wψk2)2

]
rh

. (51)

Interestingly, the Nerst coefficient reads as

ν ≡ α12(rh)

Bσ11(rh)
=

4π

ψk2
. (52)

The Seebeck coefficient and the Nernst response is defined as ratio of the electric field
to the thermal gradient in the absence of electrical current, ϑ = −σ−1 · α. The Seebeck
coefficient ϑ11 and the Nernst response ϑ12 reads as

ϑ11(rh) = −σ11(rh)α11(rh) + σ12(rh)α12(rh)

σ2
11(rh) + σ2

12(rh)
= −4πρ

h 3−d
2 (ρ2h2−d +Wψk2 +W 2B2h−1)

B2W 2ρ2h1−d + (ρ2h2−d +Wψk2)2


rh

,

ϑ12(rh) = −σ11(rh)α12(rh)− σ12(rh)α11(rh)

σ2
11(rh) + σ2

12(rh)
= −4πB

[
W 2ψk2

B2W 2ρ2h1−d + (ρ2h2−d +Wψk2)2

]
rh

(53)
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Let us also mention the resistivity matrix

ρ11(rh) ≡
σ11(rh)

σ2
11(rh) + σ2

12(rh)
= (16πG)

h 3−d
2 ψk2(ρ2h2−d +Wψk2 +W 2B2h−1)

B2W 2ρ2h1−d + (ρ2h2−d +Wψk2)2


rh

= −(16πG)

[
ψk2

4πρ
ϑ11(r)

]
rh

,

ρ12(rh) ≡ − σ12(rh)

σ2
11(rh) + σ2

12(rh)
= −(16πG)ρB

[
h2−d(ρ2h2−d +Wψk2 +W 2B2h−1)

B2W 2ρ2h1−d + (ρ2h2−d +Wψk2)2

]
rh

= (16πG)

Bh 1−d
2

4π
ϑ11(r)


rh

.

(54)

It simply follows that

ϑ11(rh)

ρ11(rh)
= − 1

(16πG)

(
4πρ

ψ(φ(rh))k2

)
,

ϑ12(rh)

κ12(rh)
=

16πG

TH

(
ψ(φ(rh))k

2

4πρ

)
. (55)

4 A transformation

Let us consider a transformation, inspired from [2] for d = 3, in which the charge density
and the magnetic field gets interchanged. For generic d, the transformation reads as

ρ→ B W (φ(rh)) h
d−3
2 (rh), B → ρ

W (φ(rh)) h
d−3
2 (rh)

. (56)

It is easy to see that under such a transformation the quantity ρB as well as B2W 2h−1 +
ρ2h2−d evaluated at the horizon remains invariant whereas ρ/B → (B/ρ)W 2hd−3. This
transformation is interpreted in [2] as particle vortex duality.

Under such a transformation, eq(56), the transport coefficients transforms as

σ11(rh)↔
ρ11(rh)

(16πG)2
(W (φ(rh)))

2 hd−3(rh), σ12(rh)↔ −
ρ12(rh)

(16πG)2
(W (φ(rh)))

2 hd−3(rh),

α11(rh)↔ −
ϑ12(rh)

(16πG)
W (φ(rh)) h

d−3
2 (rh), α12(rh)↔ −

ϑ11(rh)

(16πG)
W (φ(rh)) h

d−3
2 (rh),

κ11(rh)↔ κ11(rh), κ12(rh)↔ −κ12(rh) (57)

If we impose of either the condition σ11(rh) = ρ11(rh)
(16πG)2

(W (φ(rh)))
2 hd−3(rh) or σ12(rh) =

− ρ12(rh)
(16πG)2

(W (φ(rh)))
2 hd−3(rh) then it provides an interesting relation among the electrical

conductivities
σ2
11(rh) + σ2

12(rh) = (W (φ(rh)))
2 hd−3(rh) (58)
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It is an equation of a circle and this relation holds for non-zero values of electrical con-
ductivities. More importantly, it relates the sum of squares of electrical conductivities with
the geometrical quantities. If we demand that the longitudinal electrical conductivity as well
as the transverse electrical conductivity remain positive, which happens for positive values
of ψ, then eq(58) will be an equation for a semi-circle.

The meaning of the condition σ11(rh) = ρ11(rh)
(16πG)2

(W (φ(rh)))
2 hd−3(rh) or

σ12(rh) = − ρ12(rh)
(16πG)2

(W (φ(rh)))
2 hd−3(rh) essentially relates the charge density, magnetic field

and the geometric quantities as ρ = B W (φ(rh)) h
d−3
2 (rh).

The special point: At ρ = B W (φ(rh)) h
d−3
2 (rh), we can show that as long as W (φ(rh))

and ψ(φ(rh)) are positive the following relation holds

σ2
11(rh) < σ2

12(rh) for h(rh)ψ(φ(rh))k
2 <
√

2W (φ(rh))B
2

α2
11(rh) < α2

12(rh) generically

κ211(rh) > κ212(rh) generically. (59)

We can also show

α2
11(rh)− α2

12(rh)

α2
11(rh)α12(rh)

= −(16πG)

(
2
σ12(rh)

σ11(rh)

)
, κ12(rh) = −TH

α11(rh)α12(rh)

σ11(rh)
. (60)

4.1 Universal relations

After closer inspection of the transport coefficients as written in eq(50) reveals an interesting
universal relation among the different components of the transport quantities. It follows that
the ratio of specific transport coefficients are

α12(rh)

σ11(rh)
=

(
4πB

ψk2

)
rh

, TH
α11(rh)

κ12(rh)
=

(
ψk2

4πB

)
rh

(61)

Upon combining these relations, we get

TH
α11(rh)

κ12(rh)

α12(rh)

σ11(rh)
= 1. (62)

It is universal in the sense that it does not depend on the number of spacetime dimensions
(d ≥ 3). However, for these relations to work we need to have non-zero magnetic field.

The transport coefficients for the Einstein-DBI-dilaton-axion system for d = 3 has been
calculated in [13] and [14]. The relation among the transport coefficients, i.e., eq(62) is
respected for the DBI case too. It essentially suggests us to make a conjecture that the
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relation eq(62) does not depend on the nature of the matter field. However, this claim need
to be checked by looking at other systems.

The universal relation as written down in eq(62) can be re-written as

TH
[
σ11(rh)σ12(rh)(α

2
11(rh)− α2

12(rh))− α11(rh)α12(rh)(σ
2
11(rh)− σ2

12(rh))
]

= σ11(rh)κ12(rh)(σ
2
11(rh) + σ2

12(rh)). (63)

It essentially says that the transport coefficient, κ12(rh), is not an independent quantity
rather is completely determined by the electrical and thermo-electric coefficients. Moreover,
the relation eq(62) or eq(63) does not depend on explicitly on either the nature of the
geometry or the form of couplings, even though each transport coefficients does.

The quantity α11(rh)
κ12(rh)

α12(rh)
σ11(rh)

under the transformation eq(56) transforms as

α11(rh)

κ12(rh)

α12(rh)

σ11(rh)
→ −ϑ12(rh)

κ12(rh)

ϑ11(rh)

ρ11(rh)
=

1

TH
, (64)

where in the last equality, we have used the value of transport coefficients evaluated in eq(51),
eq(53) and eq(54). Hence, it follows that the relation eq(62) predicts another relation under
eq(56)

−TH
ϑ12(rh)

κ12(rh)

ϑ11(rh)

ρ11(rh)
= 1 (65)

This is in agreement with the second equation of eq(55). There also exists interesting rela-
tions that follows eq(55) and eq(61) and reads as

σ11(rh)

α12(rh)

ϑ11(rh)

ρ11(rh)
= − 1

16πG

(
ρ

B

)
= TH

ϑ11(rh)

ρ11(rh)

α11(rh)

κ12(rh)
,

TH
α12(rh)

σ11(rh)

ϑ12(rh)

κ12(rh)
= 16πG

(
B

ρ

)
=
κ12(rh)

α11(rh)

ϑ12(rh)

κ12(rh)
. (66)

The electric charge is defined as

Q =
∫
dd−1xJ0, where J0 = −W (φ)

16πG

√
−gF r0 =

ρ

16πG
, (67)

where we have used the solution to gauge potential. Denoting
∫
dd−1x ≡ Vd−1, gives Q =

Vd−1ρ
16πG

. This results in

σ11(rh)

α12(rh)

ϑ11(rh)

ρ11(rh)
= − 1

Vd−1

(
Q

B

)
= TH

ϑ11(rh)

ρ11(rh)

α11(rh)

κ12(rh)
,

TH
α12(rh)

σ11(rh)

ϑ12(rh)

κ12(rh)
= Vd−1

(
B

Q

)
=
κ12(rh)

α11(rh)

ϑ12(rh)

κ12(rh)
. (68)
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5 Special case: At UV

An exact solution: The differential equation obeyed by the metric components eq(16)
and the dilaton equation eq(21) can be solved and the solution reads as

ds2d+1 =
r2

L2

[
−f(r)dt2 + dx21 + · · ·+ dx2d−1

]
+

L2

r2f(r)
dr2, φ(r) = constant,

W = w0, ψ = ψ0, V = 0, A′t(r) =
Ld−1ρ

w0rd−1
,

f(r) = − 2ΛL2

d(d− 1)
− B2L6w0

4(d− 4)r4
− k2L4ψ0

2(d− 2)r2
+
c1
rd

+
ρ2L2d

2w0(d− 1)(d− 2)r2(d−1)
, (69)

where the constant, c1, is related to the mass of the black hole. Upon setting the cosmological
constant as 2Λ = −d(d−1)

L2 , the temperature of the black hole is related to the size of the
horizon as

TH =
drh

4πL2

[
1− B2L6w0

4dr4h
− k2L4ψ0

2dr2h
− ρ2L2d

2w0d(d− 1)r
2(d−1)
h

]
. (70)

Thermodynamic Quantities: Various thermodynamic quantities like entropy (S), charge
(Q), energy (E), free energy (F), magnetization (m) and magnetic susceptibility (χB) are as
follows:

S =
Vd−1
4G

rd−1h

Ld−1
, Q =

Vd−1
16πG

ρ,

E =
Vd−1
16πG

[
(d− 1)rdh
Ld+1

− (d− 1)B2w0

4(d− 4)

rd−4h

Ld−5
− (d− 1)k2ψ0

2(d− 2)

rd−2h

Ld−3
+

ρ2

2(d− 2)w0

Ld−1

rd−2h

]
,

F = − Vd−1
16πG

[
rdh
Ld+1

+
3B2w0

4(d− 4)

rd−4h

Ld−5
+

k2ψ0

2(d− 2)

rd−2h

Ld−3
+

ρ2

2(d− 1)(d− 2)w0

Ld−1

rd−2h

]
,

m = −
(
∂F

∂B

)
β

=
(d− 1)Vd−1
32πG(d− 4)

Bw0
rd−4h

Ld−5
χB(B = 0) =

(d− 1)Vd−1
32πG(d− 4)

w0

(
rd−4h

Ld−5

)
B=0

(71)

The energy is calculated by assuming that it obeys the first law of thermodynamics. The
thermodynamic quantities are calculated in the Appendix A by using counter term method
for d = 3, d = 5 and d = 7. The result matches with that given in eq(71).

Transport coefficients with vanishing Magnetic field: Without the magnetic fields,
the longitudinal transport coefficients takes the following form with the choice 16πG = 1

σ11(rh) = σ22(rh) = h
d−3
2 (rh)

[
W +

ρ2h2−d

ψk2

]
rh

,
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α11(rh) = α22(rh) =

[
4πρ

ψk2

]
rh

,

κ11(rh) = κ22(rh) = 16π2TH

 h
d−1
2

ψk2(1 + ρ2h2−d

Wψk2
)


rh

,

ϑ11(rh) = −

 4πρ

Wψk2

 h
3−d
2

1 + ρ2h2−d

Wψk2


rh

. (72)

It follows that in the absence of magnetic field, the thermo-electric conductivity is a
constant at UV. Moreover, the electrical conductivity for an asymptotically AdS spacetime
is computed in [6] without the scalar field φ. Let us compare our results with theirs by
setting h(r) = r2/L2. Without the scalar field φ, the gauge field can be integrated to give,
A′t = ρ

Wh
d−1
2

. In the present case, the chemical potential, µ, is related to the charge density
as

ρLd−1 = w0µ(d− 2)rd−2h . (73)

It means for a fixed charge density, the chemical potential changes with the horizon size
in a power law type. This essentially gives ρ2(h(rh))

2−dL2 = (d − 2)2µ2w2
0. Hence, the

longitudinal electrical conductivity becomes

σL ≡ σ11(rh) = σ22(rh) = w0

(
rh
L

)d−3 [
1 +

(d− 2)2w0µ
2

ψ0k2L2

]
(74)

This precisely matches with the results reported in [6] for w0 = 1, ψ0 = 1. It also
follows that for d = 3 the longitudinal electrical conductivity is completely determined by
the chemical potential and the momentum dissipation. Recall, from the solution of axion,
χ, the quantity k can be interpreted as the source term. Hence, the longitudinal electrical
conductivity for d = 3 is fully determined by the source term of the gauge potential and the
axion. The thermo-electric and the thermal conductivities are

αL ≡ α11(rh) = α22(rh) =
4πµ(d− 2)w0

ψ0k2L

(
rh
L

)d−2
,

κL ≡ κ11(rh) = κ22(rh) =

[
16π2THw0r

d−1
h

Ld−3((d− 2)2µ2w2
0 + w0ψ0k2L2)

]

=
16π2TH
ψ0k2

(
rh
L

)d−1 [
1 +

(d− 2)2w0µ
2

ψ0k2L2

]−1
,

ϑL = ϑ11(rh) = − 4πρ

w0ψk2

(
rh
L

)3−d
[
1 +

(d− 2)2w0µ
2

ψ0k2L2

]−1
. (75)

The temperature has the following dependence on the chemical potential and the size of
the horizon
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TH =
drh

4πL2

[
1− ψ0k

2L4

2dr2h
− µ2(d− 2)2L2w0

2d(d− 1)r2h

]
. (76)

The size of the horizon, rh, can solved in terms of temperature, TH , chemical potential,
µ, and the dissipation parameter, k, which then allows us to express the result of electrical
conductivity as written in eq(74), completely in terms of temperature, TH , chemical potential,
µ, and the dissipation parameter, k. On solving

rh
L

= µL

2π

d

(
TH
µ

)
+

√√√√ (d− 2)2

2d(d− 1)

w0

L2
+

4π2

d2

(
TH
µ

)2

+
ψ0

2d

(
k

µ

)2
 , (77)

where we have taken the higher size of the horizon. This gives the transport coefficients as

σL = (µL)d−3w0

(
g
(
TH
µ
,
k

µ

))d−3 [
1 +

(d− 2)2w0µ
2

ψ0k2L2

]
,

αL = (µL)d−1
(
g
(
TH
µ
,
k

µ

))d−2 [
4π(d− 2)w0

ψ0k2L2

]
,

κL = (µL)d−1
(
g
(
TH
µ
,
k

µ

))d−1 (
16π2TH
ψ0k2

)[
1 +

(d− 2)2w0µ
2

ψ0k2L2

]−1
,

ϑL = − 4πρ

w0ψk2
(µL)3−d

(
g
(
TH
µ
,
k

µ

))3−d [
1 +

(d− 2)2w0µ
2

ψ0k2L2

]−1
(78)

where the function

g
(
TH
µ
,
k

µ

)
=

2π

d

(
TH
µ

)
+

√√√√ (d− 2)2

2d(d− 1)

w0

L2
+

4π2

d2

(
TH
µ

)2

+
ψ0

2d

(
k

µ

)2
 . (79)

For d = 3, something special happens, it is possible to separate the incoherent particle-
hole pairs from the momentum dissipation due to lattice only for the longitudinal electrical
conductivity.

A holographic relation: There exists a relation among the transport coefficients. This
follows from eq(72)

µ2

k2
κLσL
THα2

L

=
W (φ(rh))ψ(φ(rh))h

d−2(rh)(∫∞
rh

√
U1(r)√

U2(r)W (φ(r))h
d−1
2 (r)

)2 (80)

For AdS spacetime as written in eq(69)this gives

µ2

k2
κLσL
THα2

L

=
ψ0L

2

(d− 2)2w0

= constant. (81)
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With Magnetic field: Let us calculate the transport coefficients in the presence of
magnetic field for an asymptotically AdS spacetime with h(r) = r2/L2. The charge density
and the chemical potential are related as given in eq(73).

The transport coefficients reads with the choice 16πG = 1 as

σ11(rh) = σ22(rh) =

 k2w0ψ0L
2

(
(d− 2)2w0µ

2 + ψ0k
2L2 + B2L4w0

r2
h

)
ψ2
0k

4L4 + B2L4w0

r2
h

(
(d− 2)2w0µ2 + 2ψ0k2L2 + B2L4w0

r2
h

)
(rhL

)d−3

σ12(rh) = −σ21(rh) =

 (d− 2)µBLw2
0

(
(d− 2)2w0µ

2 + 2ψ0k
2L2 + B2L4w0

r2
h

)
ψ2
0k

4L4 + B2L4w0

r2
h

(
(d− 2)2w0µ2 + 2ψ0k2L2 + B2L4w0

r2
h

)
(rhL

)d−4

α11(rh) = α22(rh) = α11(rh) = α22(rh)

=

 4πµ(d− 2)w0ψ0k
2L3

ψ2
0k

4L4 + B2L4w0

r2
h

(
(d− 2)2w0µ2 + 2ψ0k2L2 + B2L4w0

r2
h

)
(rhL

)d−2

α12(rh) = −α21(rh) = α12(rh) = −α21(rh)

= 4πBw0L
2


B2L4w0

r2
h

+ (d− 2)2w0µ
2 + ψ0k

2L2

ψ2
0k

4L4 + B2L4w0

r2
h

(
(d− 2)2w0µ2 + 2ψ0k2L2 + B2L4w0

r2
h

)
(rhL

)d−3
,

κ11(rh) = κ22(rh)

= 16π2THL
2

 ((d− 2)2w0µ
2 + ψ0k

2L2)
B2

r2
h

(d− 2)2w2
0L

4µ2 + ((d− 2)2w0µ2 + ψ0k2L2)2

(rh
L

)d−1
κ12(rh) = −κ21(rh)

= −

 16π2BTHµ(d− 2)w0L
3

B2

r2
h

(d− 2)2w2
0L

4µ2 + ((d− 2)2w0µ2 + ψ0k2L2)2

(rh
L

)d−2
. (82)

The temperature in the presence of magnetic reads as

TH =
drh

4πL2

[
1− B2w0L

6

4dr4h
− k2ψ0L

4

2dr2h
− µ2(d− 2)2L2w0

2d(d− 1)r2h

]
. (83)

In principle, we can solve the size of the horizon as function of the temperature, chemical
potential, magnetic field and the dissipation parameter. However, even for the case d = 3,
the expression of the size of the horizon becomes too messy. So, instead of finding the precise
dependence of the transport coefficients on these parameters, we shall plot these coefficients.
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Introducing dimensionless variables (b, ρ̃, xh, k̃, tH µ̃) as

b ≡ BL
√
w0, ρ̃ ≡ ρL

√
w0

, xh ≡
rh
L
, k̃ ≡ kL, µ̃ = µ

√
w0 (84)

leads to

tH ≡ THL =
dxh
4π

[
1− b2

4dx4h
− k̃2ψ0

2dx2h
− ρ̃2

2d(d− 1)x
2(d−1)
h

]

σ̃11 ≡
σ11(xh)

w0

=
σ22(xh)

w0

=

 k̃2ψ0

(
(d− 2)2µ̃2 + ψ0k̃

2 + b2

x2
h

)
ψ2
0 k̃

4 + b2

x2
h

(
(d− 2)2µ̃2 + 2ψ0k̃2 + b2

x2
h

)
xd−3h

σ̃12 ≡
σ12(xh)

w0

= −σ21(xh)
w0

=

 (d− 2)µ̃b
(

(d− 2)2µ̃2 + 2ψ0k̃
2 + b2

x2
h

)
ψ2
0 k̃

4 + b2

x2
h

(
(d− 2)2µ̃2 + 2ψ0k̃2 + b2

x2
h

)
xd−4h

α̃11 ≡
α11(xh)√
w0L

=
α22(xh)√
w0L

=
α11(xh)√
w0L

=
α22(xh)√
w0L

=

 4πµ̃(d− 2)ψ0k̃
2

ψ2
0 k̃

4 + b2

x2
h

(
(d− 2)2µ̃2 + 2ψ0k̃2 + b2

x2
h

)
xd−2h

α̃12 ≡
α12(rh)√
w0L

= −α21(rh)√
w0L

=
α12(rh)√
w0L

= −α21(rh)√
w0L

= 4πb


b2

x2
h

+ (d− 2)2µ̃2 + ψ0k̃
2

ψ2
0 k̃

4 + b2

x2
h

(
(d− 2)2µ̃2 + 2ψ0k̃2 + b2

x2
h

)
xd−3h ,

κ̃11 ≡
κ11(rh)

L
=
κ22(rh)

L
= 16π2tH

 ((d− 2)2µ̃2 + ψ0k̃
2)

b2

x2
h
(d− 2)2µ̃2 + ((d− 2)2µ̃2 + ψ0k̃2)2

xd−1h

κ̃12 ≡ κ12(rh) = −κ21(rh) = −16π2tH

 bµ̃(d− 2)
b2

x2
h
(d− 2)2µ̃2 + ((d− 2)2µ̃2 + ψ0k̃2)2

xd−2h .(85)

It follows from the expression of the electrical transport coefficients that for positive
values of ψ0 the insulating behavior of AdS spacetime is ruled out. We have plotted the
transport coefficients versus temperature, tH , by setting ψ0 to be negative in fig(1) and
fig(2). Once, we set ψ0 to be negative then it follows that the transport coefficients can
become negative as well, whose interpretation is not clear to the author. For completeness,
we have, also, plotted the transport coefficients versus temperature, tH , by setting ψ0 to be
positive in fig(3) and fig(4).
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(a) (b)

(c) (d)

Figure 1: (a) Longitudinal electrical conductivity (b) transverse electrical conductivity (c)
longitudinal thermo-electrical conductivity (d) transverse thermo-electrical conductivity are
plotted versus temperature, tH , by fixing k̃ = 1, ρ̃ = 2, ψ0 = −8, d = 3 for different values
of magnetic field, b.
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(a) (b)

(c) (d)

Figure 2: (a) Longitudinal thermal conductivity (b) transverse thermal conductivity (c) Hall
angle conductivity (d) transverse Lorentz ratio conductivity are plotted versus temperature,
tH , by fixing k̃ = 1, ρ̃ = 2, ψ0 = −8, d = 3 for different values of magnetic field, b.
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(a) (b)

(c) (d)

Figure 3: (a) Longitudinal electrical conductivity (b) transverse electrical conductivity (c)
longitudinal thermo-electrical conductivity (d) transverse thermo-electrical conductivity are
plotted versus temperature, tH , by fixing k̃ = 1, ρ̃ = 2, ψ0 = 1, d = 3 for different values of
magnetic field, b.
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(a) (b)

Figure 4: (a) Longitudinal thermal conductivity (b) transverse thermal conductivity are
plotted versus temperature, tH , by fixing k̃ = 1, ρ̃ = 2, ψ0 = 1, d = 3 for different values of
magnetic field, b.

5.1 At IR

An exact solution without magnetic field: An exact real valued solution at IR follows
in the absence of magnetic field upon choosing the potential V , the couplings, geometry,
gauge potential and the dilaton as

V (φ) = v0, ψ(φ) =
8r2h

(d− 2)k2
≡ ψ0r

2
h

k2
, W (φ) =

w0

r2h
r

2z(d−2)
d−1 ,

φ(r) =

√
2z
√

2(d− 1)− z(d− 2)
√
d− 1

Log r, A′t(r) = −4r2h(2(d− 1)− z(d− 2))

(d− 2)ρ r3
,

U1 = r2(
d(z−1)−2z+1

d−1
)

(
1−

(
rh
r

)2
)
, U2(r) = r2(

2(d−1)+z
d−1

)

(
1−

(
rh
r

)2
)
,

h(r) = r
−2z
d−1 , w0 = − (d− 2)ρ2

4(2(d− 1)− z(d− 2))
(86)

where v0 is constant and arbitrary. The geometry is now described by Lifshitz dynamical
exponent z [18] and hyperscale violating parameter γ = 2(d+z−1)

d−1 ≡ θ
d−1 [19] and reads as

ds2 = r
−2(d+z−1)

d−1

[
−r2zf(r)dt2 + r2dxidxi +

dr2

r2f(r)

]
, f(r) = 1−

(
rh
r

)2

(87)

The scale violating parameter, γ, for the Einstein-Maxwell-dilaton-axion system is not an
independent parameter rather depends on the number of spatial dimensions as well as on
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the Lifshitz dynamical exponent, z, whereas for the Einstein-DBI-dilaton-axion system [14],
it is a free parameter.

In order to have a real valued solution, there is a constraint on the dynamical exponent
and it should be 0 ≤ z ≤ 2(d−1)

d−2 for d ≥ 2. The Hawking temperature for such a black hole
is given by

TH =
rzh
2π
. (88)

The chemical potential for the scale-violating solution eq(86) reads as

µ = −
[

4r2h(2(d− 1)− z(d− 2))

(d− 2)ρ

] ∫ ∞
rh

dr

r3
= −2[2(d− 1)− z(d− 2)]

(d− 2)ρ
(89)

Hence, the conductivities are

σ11(rh) = σ22(rh) = h
d−3
2 (rh)

W

16πG

[
1 +

ρ2h2−d

Wψk2

]
rh

=
w0

16πG
rz−2h

[
1 +

ρ2

w0ψ0

]
,

= (2πTH)
z−2
z

w0

16πG

[
1 +

ρ2

w0ψ0

]
,

α11(rh) = α22(rh) =
1

16πG

[
4πρ

ψ0r2h

]
=

ρ

4Gψ0

(2πTH)−
2
z ,

κ11(rh) = κ22(rh) =
1

16πG

 16π2THh
d−1
2

ρ2h2−d

W
+ ψk2


rh

=
1

2Gr2h(
ρ2

w0
+ ψ0)

=
1

2Gψ0(1 + ρ2

w0ψ0
)
(2πTH)−

2
z . (90)

Interesting relations: Given the exact result of the longitudinal electrical conductivity,
thermo-electrical conductivity and the thermal conductivity, we can calculate the ratio be-
tween temperature times the thermal conductivity with the electrical conductivity and it
reads as

THκ11(rh)

σ11(rh)
=

4

w0ψ0

= constant. (91)

There exists another interesting relation, which is the ratio between the thermal conduc-
tivity with the thermo-electrical conductivity and it reads as

κ11(rh)

α11(rh)
=

2

ρ(1 + ρ2

w0ψ0
)

= constant. (92)
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The entropy density and the specific heat at constant charge density has the following
dependence on the dynamical exponent

s =
r−zh
4G

=
1

8πG
T−1H , Cρ ∼ −T−1H . (93)

The negative specific heat suggests this phase at IR is an unstable phase. The energy of
the system obtained via the first law of thermodynamics has a logarithmic dependence on
temperature

E = −Vd−1
8πG

[
Log(2πTH) +

(
2(d− 1)− z(d− 2)

(d− 2)

)
Logρ

]
. (94)

5.2 An exact solution with magnetic field

A gravitational solution at finite temperature that breaks the scaling symmetry is obtained in
[19]. The scaling symmetry is broken with the help of a dilaton field that goes logarithmically.
Essentially, it is the back reaction of the dilaton field breaks the scaling symmetry of the
geometry. The gravitational solution at finite temperature and with finite charge density is
obtained with the help of more than one U(1) gauge fields in [15, 16]. In this model the
magnetic field is included in [17].

In this subsection, we shall obtain a gravitational solution at finite temperature, finite
chemical potential in the presence of a constant magnetic field. The interesting point about
the solution is that it will be generated by solving the necessary equations for constant
dilaton field and with one U(1) gauge potential. More importantly, the geometry obtained
will break the scaling symmetry.

We can solve eq(16) to find an exact solution with a magnetic field and it takes the
following form

ds2 = r−2γ
[
−r2zf(r)dt2 + r2(z−γ)dx2i +

dr2

r2f(r)

]
,

φ(r) = φ0, V (φ) = −v0, ψ(φ) = ψ0, W (φ) = w0,

A′t(r) =
ρ

w0

r−1−(d−2)(z−2γ), (95)

where φ0, v0, ψ0 and w0 are constants. The function

f(r) =
v0

d(d− 1)(z − 2γ)2
r−2γ

[
1−

(
rh
r

)d(z−2γ)]
− ψ0k

2

2(d− 2)(z − 2γ)2
r−2(z−γ)

[
1−

(
rh
r

)(d−2)(z−2γ)
]

+
ρ2

2w0(d− 1)(d− 2)(z − 2γ)2
r−zd+2γ(d−1)

r
(d−2)(z−2γ)
h

[
1−

(
rh
r

)(d−2)(z−2γ)
]

− B2w0

4(d− 4)(z − 2γ)2
r−2(2z−3γ)

[
1−

(
rh
r

)(d−4)(z−2γ)
]
. (96)
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Note, in order to have a non-singular solution, we shall be restricting z 6= 2γ. The Hawking
temperature for such a case is

TH =
1

4π(z − 2γ)

[
v0r

z−2γ
h

(d− 1)
− B2w0

4
r
−3(z−2γ)
h − ρ2

2w0(d− 1)
r
−(2d−3)(z−2γ)
h − ψ0k

2

2rz−2γh

]
. (97)

The chemical potential

µ =
ρ

w0(d− 2)(z − 2γ)
r
−(d−2)(z−2γ)
h (98)

The entropy, charge and the energy of the system is

S =
Vd−1
4G

r
(d−1)(z−2γ)
h , Q =

Vd−1
16πG

ρ

E =
Vd−1

16πG(z − 2γ)

[
v0r

d(z−2γ)
h

d
− B2w0(d− 1)

4(d− 4)
r
(d−4)(z−2γ)
h

+
ρ2

2w0(d− 2)
r
−(d−2)(z−2γ)
h − ψ0k

2(d− 1)

2(d− 2)
r
(d−2)(z−2γ)
h

]
. (99)

It follows that the free energy, F = E − THS − µQ, reads as

F = − Vd−1
16πG(z − 2γ)

[
v0r

d(z−2γ)
h

d(d− 1)
+

3B2w0

4(d− 4)
r
(d−4)(z−2γ)
h

+
ρ2

2w0(d− 1)(d− 2)
r
−(d−2)(z−2γ)
h +

ψ0k
2

2(d− 2)
r
(d−2)(z−2γ)
h

]
(100)

From which follows the zero field magnetic susceptibility

χB = −∂2BF =
w0Vd−1r

(d−4)(z−2γ)
h

32πG(d− 4)(z − 2γ)
×(

2(d− 1)v0r
2z
h + r4γh ((d− 1)2ψ0k

2 + (d− 7)(d− 2)2w0µ
2(z − 2γ)2)

2v0r2zh + r4γh ((d− 1)ψ0k2 − (d− 2)2w0µ2(z − 2γ)2)

)
B=0

.(101)

The null energy condition: The null energy condition states that for any null vector uM ,
the energy momentum tensor obeys TMNu

MuN ≥ 0. Using the Einstein’s equation motion,
it is easy to show RMNu

MuN ≥ 0, where RMN is the Ricci tensor. For the present case, we
get w0 ≥ 0 and ψ0 ≥ 0.
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Transport coefficients: The transport coefficients with the choice 16πG = 1 are

σ11(rh) = σ22(rh) =

 ψ0k
2r

(d−3)(z−2γ)
h (ρ2r

−2(d−2)(z−2γ)
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h )
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0k

4 +B2(ρ2r
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h )
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 ρBr
−2(z−2γ)
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0k
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]
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h )

ψ2
0k

4 +B2(ρ2r
−2(d−1)(z−2γ)
h + 2w0ψ0k2r

−2(z−2γ)
h + w2

0B
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−2(z−2γ)
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
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κ11(rh) = κ22(rh)

=

16π2THw0r
(d−1)(z−2γ)
h

(ρ2r
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h + w0ψ0k

2)

B2w2
0ρ
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h + w0ψ0k2)2
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2
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. (102)

The precise temperature dependence of the transport coefficients are very difficult to find.
However, for small magnetic field and charge density, the size of the horizon is related to the
temperature as

r
(z−2γ)
h =

1

2a

[
TH ±

√
T 2
H + 4ab

]
+O(ρ2, B2), (103)

where a = v0
4π(d−1)(z−2γ) and b = ψ0k2

8π(z−2γ) . In which case, the temperature dependence of the
transport coefficients for d = 3 to leading order in charge density and magnetic fields are as
follows:

σ11(rh) = σ22(rh) = w0 +
(ρ2 −B2)

ψ0k2

 2a

TH ±
√
T 2
H + 4ab

2

+O(ρ4, B4),

σ12(rh) =
2w0ρB

ψ0k2

 2a

TH ±
√
T 2
H + 4ab

2

+O(ρ4, B4),

α11(rh) =
4πρ

ψ0k2
− 8πρB2

ψ2
0k

4

 2a

TH ±
√
T 2
H + 4ab

2

+O(ρ4, B4),
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α12(rh) =
4πw0B

ψ0k2
+

4πρ2B

ψ2
0k

4

 2a

TH ±
√
T 2
H + 4ab

2

+O(ρ4, B4),

κ11(rh) =
16π2TH
ψ0k2

TH ±
√
T 2
H + 4ab

2a

2

+O(ρ2, B2),

κ12(rh) =
16π2THρB

ψ2
0k

4
+O(ρ2, B2). (104)

6 Conclusion

In this paper, we have revisited the Einstein-Maxwell-dilaton-axion system and have studied
thermodynamics as well as the transport coefficients associated to an electrically, magnet-
ically charged black hole at finite temperature with planar horizon in arbitrary but even
dimensional bulk spacetime. A new black hole solution is obtained at IR which share prop-
erties similar to that of the scale violating solutions like entropy depends on the scale violating
parameter as well as on the Lifshitz dynamical exponent through the horizon. One of the
distinguishing feature of the new solution is that there is no need to have a logarithmic profile
of the dilaton, instead a constant form of the dilaton will help us to generate the solution.

We have shown that there exists dimensionless ratios involving the transport coefficients
and reads as

TH
α11(rh)

κ12(rh)

α12(rh)

σ11(rh)
= 1,

σ11(rh)

α12(rh)

ϑ11(rh)

ρ11(rh)
= − ρ

16πGB
= TH

ϑ11(rh)

ρ11(rh)

α11(rh)

κ12(rh)
,

TH
α12(rh)

σ11(rh)

ϑ12(rh)

κ12(rh)
=

16πGB

ρ
=
κ12(rh)

α11(rh)

ϑ12(rh)

κ12(rh)
(105)

which holds irrespective of the detailed structure of the solution. We have checked that
such a relation also holds even for an electrically, magnetically charged black hole at finite
temperature with the planar black holes in d = 3 for Einstein-DBI-dilaton-axion system.
This is discussed in Appendix B.

7 Appendix: A

In this section, we shall present the result of the on-shell value of the action for the Einstein-
Maxwell-dilaton-axion system. This is very much essential to find the thermodynamic po-
tential in grand canonical ensemble. Once, we have the thermodynamic potential, we can
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calculate all the thermodynamic quantities. In particular, we are interested to find the mag-
netization of the system. It is computed by taking the derivative of the grand potential with
respect to the magnetic field for constant temperature,

M = − 1

Vd−1β

(
∂I

∂B

)
β

, (106)

where I, β, B are the grand potential, inverse temperature and magnetic field respectively.
Vd−1 =

∫
dd−1x is volume of the spatial directions, xi’s.

The Gibbon-Hawking term is

SGH = − 1

κ2

∫
ddx
√
−γK (107)

where K is the trace of the extrinsic curvature and γab is the induced metric. The extrinsic
curvature is defined as Kab = −1

2
(∇anb +∇bna), where na is the unit vector normal to the

boundary.
The sum of the on-shell value of the bulk action and the Gibbon-Hawking term gives

Sbulk + SGH =
(d− 2)Vd−1

2κ2

(
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√
gtt√
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2

xx
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g′xxg
d−3
2

xx

)IR
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(
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g′tt√
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2

xx

)UV
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κ2
β
∫
dr
√
gttgrrg

d−3
2

xx

[
ψ

2
k2 +

W

2gxx
B2

]
. (108)

The counter terms required to find a well defined on-shell bulk action on the boundary
are

Sct1 =
α1

2κ2

∫
ddx
√
−γ =

α1Vd−1
2κ2

β
(√

gttg
d−1
2

xx

)UV
,

Sct2 =
α2

κ2

∫
ddx
√
−γ∂µχi∂νχigµν =

α2Vd−1
κ2

(d− 1)k2β
(√

gttg
d−3
2

xx

)UV
. (109)

where αi’s are constants and the spacetime index is denoted by upper case Latin index M ,
which can d + 1 values. Here, we shall take M = (µ, r), where the Greek index, µ, takes
only d values, i.e., defined for the field theory directions.

For the present case, we shall set the metric components as gtt = U1(r) = r2

L2f(r) gxx =

h(r) = r2

L2 and grr(r) = 1
U2(r)

= L2

r2f(r)
. The couplings are being set as ψ(φ(r)) = ψ0 and

W (φ(r)) = w0, where ψ0 and w0 are constants. The finite term in the sum of the bulk term,
Gibbon-Hawking term and the counters gives

S ≡ Sbulk + SGH + Sct1 + Sct2,

= − V2
2κ2

β
(c1rh +B2w0L

6 − k2r2hψ0L
4)

L4rh
, for d = 3, α1 = − 4

L
, α2 =

ψ0L

4
,

(110)

31



where Vd−1 =
∫
dd−1x is volume of the spatial directions, xi’s. However, for d = 5, we need

to add other counter terms

Sct3 =
α3

κ2

∫
ddx
√
−γFµνF µν =

α3Vd−1
κ2

(d− 1)B2β
(√

gttg
d−5
2

xx

)UV
,

Sct4 =
α4

κ2

∫
ddx
√
−γ(∂µχi∂νχig

µν)2 =
α4Vd−1
κ2

(d− 1)2k4β
(√

gttg
d−5
2

xx

)UV
, (111)

and for d = 7, we need some more counter terms

Sct5 =
α5

κ2

∫
ddx
√
−γ(∂µχi∂νχig

µν)(FρσF
ρσ) =

α5Vd−1
κ2

(d− 1)2B2k2β
(√

gttg
d−7
2

xx

)UV
,

Sct6 =
α6

κ2

∫
ddx
√
−γ(∂µχi∂νχig

µν)3 =
α6Vd−1
κ2

(d− 1)3k6β
(√

gttg
d−7
2

xx

)UV
. (112)

The on-shell value of the action for d = 5 and d = 7 gives

S ≡ Sbulk + SGH + Sct1 + Sct2 + Sct3 + Sct4 + Sct5 + Sct6,

= − V4
2κ2

β
(3c1 − 3B2rhw0L

6 − k2r3hψ0L
4)

3L6
for d = 5, α1 = − 8

L
, α2 =

ψ0L

12
, α3 =

w0L

8
,

α4 =
ψ2
0L

3

1152

= − V6
2κ2

β
(15c1 − 5B2r3hw0L

6 − 3k2r5hψ0L
4)

15
for d = 7, α1 = −12

L
, α2 =

ψ0L

20
, α3 =

w0L

24
,

α4 =
ψ2
0L

3

4800
, α5 =

w0ψ0L
3

2880
, α6 =

ψ3
0L

5

576000
. (113)

The quantity, c1, can be easily calculated from the condition, f(rh) = 0. The grand
potential, I, when expressed in terms of the chemical potential reads as

I = −
(
V2
4G

)(
r2h
L2

)(
4r4h − 3B2w0L

6 + r2hL
2(µ2w0 + 2k2L2ψ0)

12r4h −B2w0L6 − r2hL2(µ2w0 + 2k2L2ψ0)

)
for d = 3,

= −
(
V4

12G

)(
r4h
L4

)(
24r4h + 18B2w0L

6 + r2hL
2(9µ2w0 + 4k2ψ0L

2)

40r4h − 2B2w0L6 − r2hL2(9µ2w0 + 4k2L2ψ0)

)
for d = 5,

= −
(
V6

20G

)(
r6h
L6

)(
60r4h + 15B2w0L

6 + r2hL
2(25µ2w0 + 6k2ψ0L

2)

84r4h − 3B2w0L6 − r2hL2(25µ2w0 + 6k2L2ψ0)

)
for d = 7,

(114)

where we have used the relation 2κ2 = 16πG. Various thermodynamic quantities can be
calculated from the free energy. The entropy is defined as

S = β

(
∂I

∂β

)
µ

− I =
V2r

2
h

4GL2
for d = 3,
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=
V4r

4
h

4GL4
for d = 5,

=
V6r

6
h

4GL6
for d = 7. (115)

The charge is defined as

Q = − 1

β

(
∂I

∂µ

)
β

=
V2w0µrh
16πGL2

, for d = 3,

=
3V4w0µr

3
h

16πGL4
, for d = 5,

=
5V6w0µr

5
h

16πGL6
, for d = 7. (116)

Energy is defined as

E =

(
∂I

∂β

)
µ

− µ

β

(
∂I

∂µ

)
β

=
V2

32πGrhL4

(
4r4h +B2w0L

6 + r2hL
2(w0µ

2 − 2k2ψ0L
2)
)
, for d = 3,

=
V4

96πGL6

(
24r5h − 6B2rhw0L

6 + r3hL
2(9w0µ

2 − 4k2ψ0L
2)
)

for d = 5,

=
V6

160πGL8

(
60r7h − 5B2r3hw0L

6 + r5hL
2(25w0µ

2 − 6k2ψ0L
2)
)

for d = 7. (117)

Magnetic moment is defined as

m = − 1

β

(
∂I

∂B

)
β

= −Bw0V2L
2

16πGrh
, for d = 3,

=
V4Bw0rh

8πG
, for d = 5,

=
V6Bw0r

3
h

16πGL2
, for d = 7. (118)

It is easy to notice that the dissipation parameter, k, enters, directly into the expression
of energy. It also comes into all the thermodynamic quantities via the size of the horizon.
The magnetic susceptibility is defined as the ratio of the magnetic moment per unit volume
times the applied magnetic field

χ =
1

V

(
∂m

∂B

)
β

= − w0L
2

16πGrh
, for d = 3,

=
w0rh
8πG

, for d = 5,

=
w0r

3
h

16πGL2
, for d = 7, (119)
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where V is the appropriate volume in the corresponding spacetime. It simply follows that
the magnetic susceptibility is negative for d = 3, whereas positive for d = 5 and d = 7.
Note that the magnetic susceptibility depends on the temperature, magnetic field, chemical
potential and the dissipation parameter, k, through the size of the horizon, rh, in a very
non-trivial way.

It is easy to see that the thermodynamic quantities obey the following relation

I

β
= E − TS − µQ. (120)

The temperature of the system is

TH =
drh

4πL2

[
1− B2L6w0

4dr4h
− k2L4ψ0

2dr2h
− ρ2L2d

2w0d(d− 1)r
2(d−1)
h

]
. (121)

The condition for the inflection point with respect to the size of the horizon is

∂TH
∂rh

= 0 =
∂2TH
∂r2h

. (122)

Restricting to d = 3, and introducing dimensionless variable (b, ρ̃, xh, k̃, tH , tcrit) as

b = BL
√
w0, ρ̃ =

ρL
√
w0

, xh =
rh
L
, k̃ = kL, tH = THL, tcrit = TcritL (123)

gives the condition on the size of the horizon and ψ0 as

xh = xcrit =
(b2 + ρ̃2)

1
4

√
2

, ψ0 = ψcrit = −6
√
b2 + ρ̃2

k̃2
(124)

At this value the critical temperature is

tcrit =

√
2

π
(b2 + ρ̃2)

1
4 . (125)

The temperature, tcrit, is interpreted to be the temperature for which the turning points
appear or disappear in the temperature versus the size of the horizon graph and xcrit represent
the size of that black hole.

The Hawing-Page phase transition temperature occurs at

tHP =
4b2 − 2ρ̃2 − ψ0k̃

2

(√
12b2 + ψ2

0 k̃
4 − 4ρ̃2 − ψ0k̃

2

)
π
(√

12b2 + ψ2
0 k̃

4 − 4ρ̃2 − ψ0k̃2
) 3

2

(126)

In order to have a real valued Hawing-Page phase transition temperature, the following
condition need to be imposed on the dimensionless magnetic field, charge density and the
dissipation parameter

12b2 + ψ2
0 k̃

4 ≥ 4ρ̃2. (127)
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Figure 5: The figure is plotted for dimensionless Hawking temperature, tH , vs the di-
mensionless size of the horizon, xh, for AdS4 black hole. The parameters are set as:
b = 2, d = 3, ρ̃ = 1, k̃ = 2. The tcritc is plotted as a horizontal green line.

8 Appendix B: Transport for DBI system

The transport coefficients for Einstein-DBI-dilaton-axion system for d = 3 is calculated in
[13, 14] and restoring the factor of 16πG reads as

(16πG)σ11(rh) = (16πG)σ22(rh)

=

 k2TbhZ2ψ[TbZ2(ρ
2 +B2Z2

1) + k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]

k4ψ2(B2 + h2Z2
2) + TbB2Z2[TbZ2(ρ2 +B2Z2

1) + 2k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]


rh

(16πG)σ12(rh) = −(16πG)σ21(rh)

=

 BρTb[T
2
b Z

2
2(ρ2 +B2Z2

1) + 2Tbk
2Z2ψ

√
ρ2 + Z2

1(B2 + h2Z2
2) + k4ψ2]

k4ψ2(B2 + h2Z2
2) + TbB2Z2[TbZ2(ρ2 +B2Z2

1) + 2k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]


rh

(16πG)THα11(rh) = (16πG)THα22(rh)

=

 k2TbU0ρh
2Z2

2ψ

k4ψ2(B2 + h2Z2
2) + TbB2Z2[TbZ2(ρ2 +B2Z2

1) + 2k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]


rh

(16πG)THα12(rh) = −(16πG)THα21(rh)

=

 BTbhU0Z2[TbZ2(ρ
2 +B2Z2

1) + k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]

k4ψ2(B2 + h2Z2
2) + TbB2Z2[TbZ2(ρ2 +B2Z2

1) + 2k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]


rh

(16πG)THκ11(rh) = (16πG)THκ22(rh)

35



=

 U2
0h[k2ψ(B2 + h2Z2

2) +B2TbZ2

√
ρ2 + Z2

1(B2 + h2Z2
2)]

k4ψ2(B2 + h2Z2
2) + TbB2Z2[TbZ2(ρ2 +B2Z2

1) + 2k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]


rh

(16πG)THκ12(rh) = −(16πG)THκ21(rh)

=

 ρBTbU
2
0h

2Z2
2

k4ψ2(B2 + h2Z2
2) + TbB2Z2[TbZ2(ρ2 +B2Z2

1) + 2k2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2)]


rh

(128)

This gives the longitudinal thermal conductivity as

(16πG)κ11(rh) = (16πG)κ22(rh) = (16πG)

[
κ11 − TH

((α2
11 − α2

12)σ11 + 2α11α12σ12)

σ2
11 + σ2

12

]
rh

=

 16π2THh
[
Tbρ

2Z2

√
ρ2 + Z2

1(B2 + h2Z2
2) + k2ψ(ρ2 + h2Z2

1Z
2
2)
]

[2k2Tbρ2Z2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2) + T 2

b ρ
2Z2

2(ρ2 +B2Z2
1) + k4ψ2(ρ2 + h2Z2

1Z
2
2)]


rh

(129)

The right hand side need to be evaluated at the horizon. The transverse thermal conductivity
takes the following form

(16πG)κ12(rh) = −(16πG)κ21(rh) = (16πG)

[
κ12 + TH

((α2
11 − α2

12)σ12 − 2α11α12σ11)

σ2
11 + σ2

12

]
rh

= −

 16π2THBTbρh
2Z2

1Z
2
2

2k2Tbρ2Z2ψ
√
ρ2 + Z2

1(B2 + h2Z2
2) + T 2

b ρ
2Z2

2(ρ2 +B2Z2
1) + k4ψ2(ρ2 + h2Z2

1Z
2
2)


rh

.

(130)

It is easy to show using U0 = 4πTH

α12(rh)

σ11(rh)
=

(
4πB

ψk2

)
rh

, TH
α11(rh)

κ12(rh)
=

(
ψk2

4πB

)
rh

(131)

Upon combining these relations, we get

TH
α11(rh)

κ12(rh)

α12(rh)

σ11(rh)
= 1. (132)
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The electric charge is defined as Q =
∫
dd−1xJ0, where

J0 = Tb

Z1(φ)

√
−det

(
Z2(φ)gMN + λFMN

)
32πG

[(
Z2(φ)g + λF

)−1 r0

−
(
Z2(φ)g + λF

)−1 0r
]
.

(133)
Using the solution to gauge potential as given in [14], gives the electric charge Q = V2

16πG
ρ.

It is easy to show that the longitudinal component of the resistivity matrix is related to the
longitudinal component of the Seebeck coefficient as

ρ11(rh) ≡
σ11(rh)

σ2
11(rh) + σ2

12(rh)
= −(16πG)

[
ψk2

4πρ
ϑ11(r)

]
rh

, where

ϑ11(rh) = −σ11(rh)α11(rh) + σ12(rh)α12(rh)

σ2
11(rh) + σ2

12(rh)
(134)

This gives the relation

σ11(rh)

α12(rh)

ϑ11(rh)

ρ11(rh)
= − 1

V2

(
Q

B

)
= TH

ϑ11(rh)

ρ11(rh)

α11(rh)

κ12(rh)
. (135)
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