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Abstract

In contrast to the many theoretical studies on the transmission of human-mosquitoes malaria infec-
tion, few studies have considered a multiple structure model formulations including (i) the chronological
age of humans and mosquitoes population, (ii) the time since humans and mosquitoes are infected and
(iii) humans waning immunity (i.e., the progressive loss of protective antibodies after recovery). Such
structural variables are well documented to be fundamental for the transmission of human-mosquitoes
malaria infections. Here we formulate an age-structured model accounting for the three structural
variables. Using integrated semigroups theory, we first handle the well-posedness of the model pro-
posed. We also investigate the existence of model’s steady-states. A disease-free equilibrium always
exists while the existence of endemic equilibria is discussed. We derive the threshold Ry (the basic
reproduction number). The expression of the Ry obtained here particularly highlight the effect of
above structural variables on key important epidemiological traits of the human-vector association.
This includes, humans and mosquitoes transmission probability and survival rates. Next, we derive
a necessary and sufficient condition that implies the bifurcation of an endemic equilibrium. In some
configuration where the age-structure of the human population is neglected, we show that, depending
on the sign of some constant Ch;s given by the parameters, a bifurcation occurs at Rg = 1 that is either
forward or backward. In the former case, it means that there exists a (unique) endemic equilibrium
if and only if Ry > 1. In the latter case, no endemic equilibrium exists for Ry < 1 small enough, a
unique exists if Ry > 1 while multiple endemic equilibria exist when 0 < Rg < 1 close enough to 1.

Key words. Vector-borne diseases; Malaria; Basic reproduction number; Age-structured model; Bi-
furcation analysis.

1 Introduction

More than one century ago, Ross [49] introduced the first mathematical model for the transmission of
malaria. The latter model was refined later by MacDonald [39]. This vector-borne disease is still a wide
subject of study in epidemiology, see e.g. [4] and the references therein. Most mathematical models about
the transmission dynamic of malaria use ordinary differential equations [6, 7, 8, 15, 19, 22, 24, 36, 37, 46,
52, 55, 56, 60].

Besides the age dependence of the natural mortality rate of the human population, age also plays an
important role in the transmission dynamic of malaria. Indeed, while more than 400 000 deaths occurred
in 2019 due to malaria infections, about 67% were among the youngest population, i.e. less than 5 years
old [59]. Furthemore, it is becoming clear that the human infectious reservoir is also age-dependant, with
5 to 15 year-old children representing the most important source of infection to mosquitoes [10, 21]. It is
then crucial to take into account an age-structure in the host population as in [1, 23, 38].



Another key factor is the time since a human host is infected. It is particularly relevant since the
production of gametocytes (sexual forms of malaria parasites) within a human host is strongly related
to the time since the host is infected [17]. Moreover, there is a clear relationship between gametocyte
density and the transmission probability per bite from human to mosquito [9].

Recent works [3, 51] emphasized the importance of mosquitoes senescence as part of the modelling pro-
cedure in mosquito populations (see also [35]). In the literature, considering chronological age-structured
mosquitoes was only taken into account in [48]. This consideration is important since mosquitoes live on
average 14 days [8, 48], while the extrinsic incubation period [44] is in average 11-12 days [8]. Hence a
mosquito that become infected at the end of its lifespan, will probably never infect any human. The prob-
ability of transmission from mosquitoes to humans should consequently depend both on the chronological
and infection ages of mosquitoes.

In the literature, age-structured models may incorporate additional structures such as body size, space
or more general phenotypic trait, see e.g. [16, 31, 50, 54, 58] and the references therein for a survey of
such models. However, epidemiological models including both infection and chronological age are not so
common in the literature (see [5, 14, 25, 27, 29, 32, 34, 47, 62] for an exhaustive list). In a context of
vector-borne infectious diseases, and more precisely focusing on malaria transmission, models with both
chronological and infection age structures have never been considered until now. The present model takes
into account these structures simultaneously in humans and mosquitoes populations. Moreover, we also
consider the time since an human recovered as another continuous variable to account for a potential
waning immunity (i.e., the progressive loss of protective antibodies after recovery).

In this paper, we first handle the well-posedness of the model. To this end, we use integrated semi-
groups theory, whose approach was introduced in [2, 11, 33, 43, 53]. We also refer to [40] and the references
therein for more details. Note that this framework was successfully used [5] in a context of a population
with double structure. However, in our case, the shape of the force of infection and more precisely the fact
that it has a singularity when the total population of humans is zero, makes the analysis much more deli-
cate. We use a classical fixed point argument in an appropriate L' space combined with some estimates of
the populations. One could also proceed with the classical method, that is, use solutions integrated along
the characteristics and work with nonlinear Volterra equations. We refer to the monographs [26, 41, 57]
on this method.

We also investigate the existence of steady-states, that are time-independent solutions of the model.
A disease-free equilibrium clearly always exists while the existence of endemic equilibria is discussed. We
derive the threshold R (the basic reproduction number) and a necessary and sufficient condition that
implies the existence of an endemic equilibrium. While it is difficult to exploit in the general case, we
then focus on a particular case where the age-structure of the human population is neglected, and the
latter condition becomes explicit. We show that, depending on the sign of a constant Chis given by the
parameters, a bifurcation occurs at Ry = 1 that is either forward or backward (see e.g. [7, 19, 30, 52]
for more details on such bifurcations). In the former case, it means that there exists a (unique) endemic
equilibrium if and only if Ryp > 1. In the latter case, no endemic equilibrium exists for Rg < 1 small
enough, a unique exists if Ry > 1 while multiple endemic equilibria exist when 0 < Ry < 1 close enough
to 1.

The integrated semigroups framework allows us to linearize the system around each equilibrium and
obtain linear Cp-semigroups. Using spectral theory, we are able to prove the local stability of the disease-
free equilibrium under the condition Ry < 1, while it is unstable whenever Ry > 1 (see e.g. [20, 57] for
more results on this topic).

The paper is structured as follows: we first introduce the model and define the outputs and models
parameters. Next, we state and discuss main results that will be obtained in this work. These include the
existence and uniqueness of bounded solutions, the disease invasion process and the bifurcation —forward
and backward— of an endemic equilibrium in some special cases. Numerical simulations are provided to
illustrate above main results. Finally, details on the proof of the main results of this work complete the

paper.



2 Description of the model

2.1 Model overview

At time t > 0, the density of humans with age a > 0, that are susceptible to the infection is denoted
by Sp(t,a). These individuals can become infected due to bites of infected mosquitoes with a rate
Am—h(t, a), called the force of infection of mosquitoes to humans with age a. Infected humans population
is additionally structured by the time since infection, so that I;(¢,a,7) denotes the density at time ¢
of individuals of age a that have been infected for a duration 7 > 0. During their infection, humans
can either recover at a time since infection 7 with rate y,(a, 7), or die from the infection with the rate
vp(a, 7). At time ¢, humans R(¢,a,n) with age a, that have recovered from the infection for a duration
7, are temporarily immunized and lose their immunity at rate kj(a,n). Each human may also die due to
natural causes with an age-dependent rate pp(a). The flux of newborn humans is assumed constant to
Ay

At time ¢, susceptible mosquitoes of age a, denoted by S, (¢, a), become infected by taking contami-
nated blood from infected humans at rate Ay, (¢, a), called the force of infection of humans to mosquitoes
with age a. The mosquito population that have been infected for a duration 7, I,,,(¢,a,7), may die from
the infection at rate vp,(a,7). As for the human population, the age-dependent natural death of the
mosquitoes is fi,,(a) while the flux of newborn mosquitoes is assumed constant to A,,. The human-
mosquitoes infection life cycle is shown is Figure 1. The total number of humans and mosquitoes at time
t are respectively given by

:/ Sh(t, a)da+/ / In(t,a,7)da dT—I—/ / Ry(t,a,n)da dn,
0 o Jo o Jo
/ Sm tada+/ / m(t,a,7)da dr.

The force of infection from mosquitoes to humans with age a is given by:

Am—h(t,a) = Sh t a / / 0Bm (s, 7)In(t, s, 7)ds dr. (1)

and describes the number of newly mfected human with age a at time t. It consists of the probability that
human with age a encountered by a mosquito is susceptible Sy (t,a)/Np(t) and the infection efficiency
of the mosquito population [;° [ 08 (s,7)Im(t, s, 7)ds d7. The latter efficiency takes into account (i)
6 the number of human bitten by mosquito by unit of time and (ii) £,,(s,7) the probability of disease
transmission from one bite of infected mosquito (with age a and which is infected since a time 7) to a
human. Similarly, the force of infection from human to mosquitoes with age a is given by:

Mo (@) = SN]Et( a / / 08, (s, ™) In(t, 5, 7)ds dr, 2)

where f1,(s, 7) is the probability of disease transmission from human with age s (and infected since a time
7) to a mosquito for each bite.

and

2.2 The mathematical model

Based on the above notations, the model considered reads as:

(% Y 2 ) Sh(t7 a) = f()oo kh(av n)Rh(ta a, 77)d77 - Mh(a)sh(tv a’) - Am%h(tq a)
(%—1—%4—%) In(t,a,7) = —(pn(a)+vp(a,7) +yp(a, 7)) In(t,a, 1),
(% + % + (‘%) Rh(tﬂ a, 77) = _<Nh(a) + kh(a7 n))Rh(ta a, 77)7 (3)
(% + %) Sm(t,a) = —pm(a)Sn(t,a) — Apom(t,a),
(% + % + 8%) In(t,a,7) = —(um(a) 4+ vm(a,7)In(t,a,71),
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Figure 1: Flow diagram illustrating the interactions between humans (subscript h) and
mosquitoes (subscript m). Newborns humans are recruited at a constant rate Aj. Natural death
rate of humans aged a is pp(a), and if infected since time 7, the disease induced mortality is vj(a, ).

The force of infection from mosquitoes to humans at time t — N (t fo 1o~ 0Bm(s )I’]’{,(t ft)T) ds dr —
is defined as the product of the probability that mosquitoes aged s and infected since time 7 remain
infectious Ip,(t,s,7)/Nm(t), the number of mosquito bites per human per time 0N, (t)/Np(t) and the
probability of disease transmission from mosquitoes to humans (,,(s, 7). Humans aged s and infected
since time 7 recover from the disease at rate vy(s,7), get temporary infection immunity which they lose
at rate kp(s,n) after a duration n of recovery. Newborns mosquitoes are generated at rate A,,. Natural
death rate of mosquitoes aged a is p,(a), and if infected since time 7, the disease induced mortality is
Vm(a, 7). The force on infection from humans to mosquitoes at time t — [ [ 084 (s T)Ihti(s)ﬂds dr —
is defined as the product of the probability of disease transmission from human aged s and infected since
time 7 to the mosquito (s, 7), mosquitoes biting rate 6 and the probability that human is infectious

Ih(t, S, T)/Nh(t).

for each (¢,a,7,n) € (0,00)%. System (3) is associated to the following boundary conditions:

Sp(t,0) = Ay, S (t,0) = A,

In(t,a,0) = Mpon(t,a), I(t,0,7) =0,

Rh(t a,0) = fooo Yu(a, T)Ip(t, a,7)dT, Rp(t,0,m) =0, (4)
I,(t,a,0) = Mom(t,a), I,(t,0,7) =0

and the initial conditions (at ¢ = 0):

{ Sp(0,a) = Spola), I4(0,a,7) = Ipo(a,T), Ry(0,a,m) = Rpo(a,n), (5)
Sm(0,a) = Smola), In(0,a,7) = Inola,T1),

for each (a,n,7) € R3. The summary of all notations used in the latter model can be found in Table 1.

3 Main results

In this section we will state the main results of this work. This include the existence and uniqueness of
bounded solutions, the disease invasion process and the bifurcation of an endemic equilibrium in some
special cases.



] Category \ Description \ Unit ‘

Notations
t Time Tu
a Chronological age Tu
T Time since infection Tu
n Time since recovery for humans Tu
States variables
Sh(t,a),Sn(t,a) Susceptible humans and mosquitoes No unit
I (t,a,7), I, (t,a,7) | Infected humans and mosquitoes No unit
Ry (t,a,n) Recovered humans No unit
Np(t), N (1) Total humans and mosquitoes populations No unit
Parameters
Ay, Humans recruitment rate Tu !
A Mosquitoes recruitment rate Tu~!
pn(a) Humans death rate Tu!
pn (@ Mosquitoes death rate Tu™?!
vp(a,T) Humans death rate induced by the infection Tu~?
Vm(a, T) Mosquitoes death rate induced by the infection Tu~?
Yr(a, T) Recovery rate of humans infections Tu~?
kn(a,n) Rate at which humans lose their immunity Tu!
Br(a, ) Disease transmission probability from humans to mosquitoes | No unit
Bm(a,T) Disease transmission probability from mosquitoes to humans | No unit
0 Biting rate of mosquitoes Tu~!

Tu=time unit; h=human; m=mosquitoes

Table 1: Main notations, state variables and parameters of the model.

3.1 Existence and uniqueness of bounded solutions

Here we handle the well-posedness of (3) with an integrated semigroups approach under the following
general assumption

Assumption 3.1 1. Recruitment rates Ay, A, and biting rate 6 are positive constants;

2. Mortality rates satisfy pn € LL(Ry), vy € LL(RL), pm € LL(Ry),vm € L(R2) and are such
that there exists a constant g > 0 so that pp(a) > po and py,(a) > po for each a € Ry ;

3. Transmission rates satisfy By € L (R2), B, € L (R2);
4. the rates yy, and ky, belong to LL(R2);

5. The initial condition is such that Spo € LL(Ry), Ino € LL(RY), Ruo € L(R%), Smo € LY (R4),
Imo € L(R3), with [;° Sho(a)da >0 and [~ Spo(a)da > 0.

To state our first main result, let us introduce the Banach space
X =L"Ry) x L'(R3) x LY(R%) x LY(Ry) x LY(R2),
endowed with the product norm. Its positive cone is defined by
Xy = LL(Ry) x LL(R) x LL(B3) x LL(Ry) x L} (RY).
We also consider the space
Xe = {(Sh; In, Ri, Sy L) € X 2 [|Snllps + [allzs + [ Rallzr = €}

The existence and uniqueness of bounded solutions of (3) reads as follows.



Theorem 3.2 (existence, uniqueness and boundedness) Suppose that Assumption 3.1 holds. Let

_ < Ay, )
ee (0, .
tnllLee + vnlloee + |knllzoe + [l Lo

Then Problem (3) generates a globally defined strongly continuous semiflow {U(t)}+>0 on Xy N Xz. For
each uo = (Sh0,Ih,0, Rn0, Sm,0, Im,0) € Xy N Xz, the total population of humans and mosquitoes at time
t satisfy the following inequalities:

A
Nu(t) < Np(0)e ot + /Th (1 — e Hoty, (6)
0
Ap,
Ny (t) > N, (0)e~UlbnlzoetllvnllLee)t 4 1 — e~ UlunlizeotlvallLee)t) 7
(£) = Nu(0) T+ Tl ) @)
A
N (t) < Ny (0)eH0f 4+ = (1 — e~ Hot) | (8)
Ho
Nm(t) > Nm(())e*(”HmHLOO+\|Vm||L°°)t + Am <1 - e*(||#m||Loo+||Vm||L°°)t) ) (9)
lanllLoe + [[vmll Lo

Each population is bounded as follows:

. Ap Ap o Ay,
lim sup ||.Sy(¢, - < —, limsup||In(t, -, - < —, limsup||Ry(t, -, - < —, (10
HOOPH n( )HLl(R+) = o HOOPH h( )HLl(Ri) 10 t_mP” h( )||L1(Ri) 100 (10)
lim sup ||.Sy, (¢, -) || < ==, limsup|[In(t,-, )| < A (11)

m\l,* 1 > m\l, "y 2y > — -
t—>oop L (®+) o t—)oop LH®3) Mo
Moreover, the following estimates hold:
a An0| Bl oo 2 y (el oe + [lvn][ o)
liminf Sy(t,a) > Apex —/ s) + + ds |, 12
minf Sy(t,a) > Ap p( ; [Mh( ) o (12)
litrginf Sm(t,a) > Ay, exp (—/ [ (8) + 0| Br |l L] d5> , (13)
> 0

for each a > 0. Finally, for each t > 0 we have
U(t)UO = (Sh(tv ')7 Ih(ta ) ')7 Rh(ta ) ')7 Sm(t7 ')7 Im(ta ) ))>

where components satisfy the following Volterra integral formulation:

a JEC SEC 0Bm (&) Im (t+s—€,¢,7)d¢dr
-/ (uh(£)+ 00 — )dE
I (Jo" kn(s,m)Ru(t + s — a,s,m)dn) AOCER ds
a Joo Joo 08m (&§,7)Im (t+s—a,&,7)dedT
= Jo' ( 1n(s)+=0—0 — )ds
+Ape 7’ Na(tte=a) ; t>a,
Sult,a) = ft( 15° J5° 08m (C,7) Im (£,¢,m)dCdr
—Js llh((l“rg*t)Jr' J m6, m\s,6, )d£
f(;5 (fooo kh(a+8 _t777)Rh(87a+3 _t777)d77) € N (®) ds
a JS° JS° 0Bm (€,7)Im (t+s—a,€,7)dedT
+Sho(a t)e_ Ja-t (Mh(s)+ e Np (tFs=a) )ds. a>t
70 - b) - 9
a 0 J§° 0Bp (&) I (ths—a,€,m)dEdT
Ame Jo (Mm(s)—’—fo . oy (e )ds t>a
Sm(t,a) = " o ’ ’
_ ra _fé)o _fé)o 08y, (&,7)Ip (t+s—a,&,7)dedT
Jaoi{ pm(s)+ Ny, (i ts—a) ds
Sm,o(a—t)e h ;oa>t,




(Sh(t T,a— ’T fo (pn(s+a—7)+vp (s+a—T,8)+vn(s+a— ’TS))dS)

In(t,a,7) = (/ / 0B (8,8) I (t — 7,5 §)d8d£> t>1, a>rT,

IhO(a T t)e f_rit(p,h(s—&—a T)+Vh(s+a—T,s)+’yh(s+a—T,s))ds; a>71>t

<Szvi#f0 Jo~ 0Bk (s, E)In(t — 7, 5,€)ds dg)

I, (t,a,7) = X (e Jo (pm (s+a— T)J”’m(Ha T’S))ds> s t>T a>T,

Io(a = t,7 = t)e” Jrelpmlstarmimoramnelds, g > 7 > ¢,

(Jomla —n,7)In(t — n,a —n,7)dr) e~ Jo bnlsrammhn(stamnads, 4 5 po g > g,
Rpola—t,n—t)e” ff,lt(uh(8+a—n)+kh(8+a—ms))d8; a>n>t.

Rh(tv a, 77) = {

3.2 The disease invasion process

We see that there always exists a disease-free equilibrium denoted by
Eog= (Sp,I) =0,R) = 0,89, 12, = 0)

where

SY(a) = Ape™ Jo un(s)ds S0 (a) = Ape™ Jo pm (s)ds Va € Ry.

Note that
Wh(a) —e f(]a :u'h(s)ds7 ﬂ-m(a) =e foa l"’m(s)ds

are survival rates, from birth until age a, for humans and mosquitoes respectively, in absence of disease.
Therefore, SP(a) and S9,(a) are average number of humans and mosquitoes aged a in a disease-free
environment.

The number of new infections in humans that one human causes through his/her infectious period is
given by R%, where Ry is the basic reproduction number characterized as the spectral radius based on
the next generation operator approach [13, 28]. However, we set the following technical assumption:

Assumption 3.3 we suppose that By, and By, are not identically zero on the set {(s+71,7): (s,7) € R%r}

Note that biologically the age is always larger than the time since infection. Consequently, the latter
assumption only implies that infected humans and mosquitoes will be infectious at some point of the
infection.

We find that, under Assumptions 3.1 and 3.3, the basic reproduction number is given by

A m 00 o)
Rz Amly < 6 / / Knonl&r)gdr x [T [T (e ar
Ap [o° mh(s o Jo

mosquito/human ratio

transmission rate from mosquito to human  per bite transmission rate from human to mosquito
where

ICh*)m(éa 7-) :/Bh(T + 57 ) fO Vh U+§7U)+’Yh(a+§70) Wh(é_ + T)

fo Th(s

_ — Jo vm(o+€,0)do ﬂ-m(g + T)
Km%h(fa T) /Bm(T + 55 7')6 71‘000 Wm(s)ds .

Here, Kp—m (&, 7) describes the infectiousness of a human with age £ + 7 and time since infection 7.
It quantifies the proportion of the bites by susceptible mosquitoes on infectious humans, with age £ + 7



and time since infection 7, that infect mosquitoes. More precisely, it is given by the product between
Br(T + &, 7) the disease transmission probability, and

e Jo (Vh(a+f70)+’yh(a+§,a))daw
Jo mn(s)ds

that is the survival rate of an infected human with age £ + 7 and time since infection 7. Similarly,
Kr—n (&, 7) is the infectiousness of a mosquito with age £+7 and time since infection 7, i.e., the proportion
of the bites by infectious mosquitoes, with age £ + 7 and time since infection 7, that infect susceptible
humans. Once multiplying /., (£, 7) by mosquitoes biting rate and integrating over all chronological
and infection ages £ and 7 it gives the vectorial capacity (or the the ability of the vector to transmit the
disease).

From above notations, we now state our disease invasion threshold criterion as follows

Theorem 3.4 (stability of Ey) Under Assumptions 5.1 and 3.3 we have:
1. if Ro > 1, then Ey is unstable;

2. if Ro < 1, then Ey is locally asymptotically stable.

3.3 Existence and bifurcation of an endemic equilibrium

Let
= (Sp(a), Iz(a, 7), Ry(a,n), Sy, (a), I, (a, 7)) > 0

be an endemic equilibrium of (3). Setting

Ny _/0 s,j(a)da+/0 /0 I3 (a,7)da dT+/O /0 Rj(a,m)da dn

S R
N*
h

and
*

— *_
Sh_N;‘;’ h_N*,

we find that a necessary and sufficient condition for the existence of E* is given by

1= R§(L+ [5°f5 (J5 vals,7)in(s,7)d7) exp (— [ pn(€)dE) ds da)2
Jo© J7° Bm(a,r) eXP( Jo' pm(s)ds— [ v (sta—7,s)ds+(T—a) [7° [ 08 (5,€)ij (s,€)ds dg)da dr
fooo J2° Bm(a,7) exp(— [ pm(s)ds— [y vm(s+a—T,s)ds)
(fo [ 0Bm(a o= Jo pm(9)ds— [ v (sta—T,)ds+(r—a) [5° [ 0Bh(s.€)if (s.6)ds dE 5, dT)

YA +5° (fo vp S,T)i;;(s T)d’l’) exp( NS E)d{)ds da
m An [57 exp( Jo mn(s ds)da
Xfooofooeﬁh(aﬁ)exp (—fo pn(s+a—7)+vp(s+a—r,8) +’yh(s+a—7',s))ds)

X [ Oa " ZZ( -7 S)ds + foa_T (f()s Vh(s, 7')2'}2(5, T)dT) e I 1 (€)dE

+ T (e mla — 7 =, )i (a — 7 — n,7)dr) e Jo ln(stamrom ki (st “*T*”vS”dS] da dr.

The above condition has only 7; as unknown, but is though difficult to exploit, particularly because i
depends both on a and 7. To go further, we additionally assume that:

Assumption 3.5 up, vy, Vh, kn and By, do not depend on humans age, i.e., up(a) = pup, vp(a,7) = vp(1),
Yr(a, ) = (7)), kn(a,n) = kr(n) and Br(a, ) = Br(T).



First, let us note that under Assumption 3.5, the previous necessary and sufficient condition for the
existence of E* simplified. Indeed, we find that an endemic equilibrium of (3) exists if and only if there
exists K > 0 such that

f (R(z)v K ) =1

with f defined by

(14)

K fooo Vh(T)Wh(T)e_ foT(Vh(S)-i-’Yh(S))dsdT)
Kh

f(R,K)=R (1 +

(/ Oo / " o, ) (@) 7 (o HaT s @K 5 05 o) (s)e” RO s g df)
0 T

1— K [ mp(r)e o (9 +m(s)ds (1 +(r) J5° T (e Jo kh(s)dsd??) dr

>< T
fOOO f:o Bm(a, T)?Tm(a)ef fo Vm(3+a77',s)dsda dr

Next, let us also introduce the following bifurcation constant

_ fooo Bh('f—)ﬂ'h(’]’)e_ foT(Vh(S)-Wh(S))dsdT
s Ooﬂm a, T)Tmla)e lo ”M(S-‘ra—T,s)dsda dr
Joo )7

> 7 G kn(s))d T mn ) n ()t (s)ds [(Vr(T)
/ yp(T)e™ Jo \HhTERLS Sd7'+/ e~ Jo TRIT)WR{S)TTR(S))AS —1)dr. (15)
0 0

bif

/ / QBm(a, T)(T — (I)?Tm(a)e_ foT Vm(5+a—'r,s)dsda dr
0 T

[th

We then have the following existence and bifurcation result of endemic equilibrium
Theorem 3.6 (Bifurcations) Let Assumptions 3.1 and 3.5 be satisfied. It comes:

1. if Cpir > 0, then there is a backward bifurcation at Ro =1, i.e. for Ry < 1 close enough to 1, there
exists two endemic equilibria;

2. if Crir < 0, then there is a forward bifurcation at Rg = 1, i.e. for Rg > 1 close enough to 1,
there exists a unique endemic equilibrium and for Rg < 1 close enough to 1, there is no endemic
equilibrium,

3. if Ro > 1 then there exists at least one endemic equilibrium of (3). Moreover, if Cpie > 0, then
whenever Ryg = 1, there is also an endemic equilibrium;

4. suppose that the following condition holds:

/0"" () exp < /OT(Vh(S) n %(s))ds) <”h(7) _ 1) dr <0 (16)

th

then there exists an endemic equilibrium if and only if Ro > 1, and in that case the equilibrium is
UnIque.

Note that when the condition (16) is satisfied, we systematically have Chi < 0. For example, the
condition (16) holds if the humans death rate induced by the infection is small enough, i.e. sup, vy(7) <
Kn-

Details on the proof of our main results are given after some numerical simulations to qualitatively
illustrate such results.



4 Numerical simulations

In this section we show some numerical simulations, by using finite volume numerical schemes (imple-
mented with the Julia Programming Language) to illustrate bifurcation results of the endemic equilibrium
of Model (3) under Assumptions 3.1-3.5. We randomly set the parameters, with the only purpose to il-
lustrate the bifurcations results. Note that the parametrisation of the model, with existing data on the
rates will be addressed in a further work. First we fix the following parameters:

Ap =84x10°, pm(a) =20, vp(a) =01, vy(a,7) =25 6=3.65x10%

2
for each (a,7) € R7,

() = {0 ifref001, {0 tneo1, o 0L ey

50 else 40 else Ve
and
Bular) = .
m\@, T) = 7=02)?
085 458 -0 e,

Now, we may observe that the bifurcation constant Ch;s defined by (15), depends on pp but not on A,,.
We thus consider two cases:

1. up = 0.022 which leads to Cpir = —1.34 < 0 and a forward bifurcation occurs at Ry = 1 according
to Theorem 3.6 (2);

2. pp = 0.002 which leads to Chif = 4 > 0 and a backward bifurcation occurs at Rg = 1 according to
Theorem 3.6 (1).

Moreover, the threshold Ry := R% can be written as a linear function of A,,, which will be considered
as bifurcation parameter. Then, injecting it into the necessary and sufficient condition f(Rp, K) = 1
(ensuring the existence of an endemic equilibrium) allows us to draw the bifurcation figures (see Figure
2). We remind here that K > 0 necessary implies, by definition, that I}, # 0.

2o Bifurcation diagram Bifurcation diagram

15

0.5 1

0.0

0
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 0.2 r; 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
Ro Ro

Figure 2: Forward bifurcation when p; = 0.022 (left) and backward bifurcation when uj, = 0.002 (right).

4.1 Forward bifurcation

Let us fix pp = 0.022. As mentioned above, a forward bifurcation occurs at Ry = 1, which means that
whenever Ry < 1, then the disease-free equilibrium FEj is locally asymptotically stable by Theorem 3.4
and no endemic equilibrium exists. Asymptotically, the disease will go extinct (see Figure 3 left, where
A =7 x 10% and Ry =~ 1.16). However, if Ry > 1, then FEj is unstable by Theorem 3.4 and an endemic
equilibrium exists by Theorem 3.6. The disease will asymptotically persist and under Assumption 3.5 the
solution of (3) will converge to the endemic equilibrium E* (see Figure 3 right, where A, = 5 x 10 and
Ry =~ 0.83). Note that in Figure 3 (as well as Figure 4), both axes are in log;, scale with time in z-axis
and the total population of infected in y-axis for both humans and mosquitoes.
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CaseRp>1 Case Rp<1

— Humans
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-10

-15

logio(Total infected populations)

logio(Total infected populations)
&

1 2 1
logio(Time) logio(Time)

Figure 3: Case of forward bifurcation: either convergence to the endemic equilibrium when Ry > 1 (left)
or to the disease-free equilibrium when Ry < 1 (right).

4.2 Backward bifurcation

Here we fix pp = 0.002, where a backward bifurcation occurs at Ry = 1. It implies that whenever Ry > 1,
the disease-free equilibrium is unstable and there exists a unique endemic equilibrium. Asymptotically,
the solutions converge to this endemic equilibrium (see Figure 4 top left, where A,, = 7.4 x 107 and
Ry ~ 1.12). However, contrary to the forward bifurcation, there exists a threshold Rj < 1 (numerically
Rj ~ 0.29) such that: if Ry < Rfj, then there is no endemic equilibrium and under Assumption 3.5, the
solutions of (3) converge to the disease-free equilibrium Ey (see Figure 4 top right, where A, = 107 and
Ro ~ 0.15).

When Rj < Rp < 1, then there exist at least two endemic equilibria with the corresponding two values
of K. We set A, = 2.5 x 107, so that Ry ~ 0.38 € [R},1]. Considering two sets of initial conditions
for (In,0,Im,0) and under Assumption 3.5, the solutions of (3) will either converge to one of the endemic
equilibria (see Figure 4 bottom left), or to the disease-free equilibrium Ej (see Figure 4 bottom right).

5 Proof of Theorem 3.2: existence and uniqueness of bounded solu-
tions

In this section, under Assumption 3.1, we handle the well-posedness of (3) with an integrated semigroups
approach.
5.1 Integrated semigroup formulation

We introduce the space
X; =R x L'(R,),

and the linear operators Ay 1 : D(Ap1) C X1 — Xy and Ay, 1 0 D(Am,1) C X1 — Xi be defined by

NUNEEPRRNCNEEY

AN —¢' —pund)’ "\ 8 —¢' = um¢)’

where the domain D(Ap, 1), D(Apm,1) of operators Ay 1, Ay are D(Ap1) = D(Apmi) = {0r} x WHHRY).
By Assumption 3.1 on mortality rates, we find that if A\ € C is such that ®(\) > —ug, then X €

p(An1) N p(Ap1) (with p(A) the resolvent of any operator A), and we have the following explicit formula
for the resolvent of Ay (with k € {h,m}):

A A 1(C>:<0> _ e Rn@as o [ y(ge @ eEgs (17
A= a0 (() = () = ola) = e + [ utsge s

for (c,7)T € X. Now, we introduce the space

Xy = L'(Ry) x L' (R),

11



Case Ro<Rg

0
Case Rp>1 —
2
o
8 =]
— o
a >
g7 2-100
s a
é‘ﬁ E — Humans
iy ] —— Mosquitoes
E 5 Humans “g q
o Mosquitoes = 200
£ 8
s ]
£ E
a2 £
o
2 300
1 0 1 2 3 7 -1 0 1 2 3 4
log10(Time) log10(Time)

Case Ry <Rp<1

Case Ry <Rg<1

-100¢

—— Humans
—— Mosquitoes

Humans

Mosquitoes

-200¢

logyo(Total infected populations)
logio(Total infected populations)

-300¢

1 0 i 2 3 z I 0 i 2 3 3
logio(Time) logio(Time)

Figure 4: Case of backward bifurcation: either convergence to the endemic equilibrium when Ry > 1 (top
left) or to the disease-free equilibrium when Ry < R§ < 1 (top right). In the case R§ < Ry < 1 and
considering two different initial conditions: either convergence to an endemic equilibrium (bottom left)
or to the disease-free equilibrium (bottom right).

and the subspaces Y;,Y; C L'(R%) by
Oy Jp
Vi, = LYR%): -5 € L'Ry), - € L'(R
= {eeri@): Ferm. e tmn),
for k € {r,n}. Note that if we define the norms || - ||z on Y} by
lelle = el + 110apllr@2) + 10kellL1®2)s Yo € Vi,

then (Y, - [|x) becomes a Banach space. Denoting by C}(R%) the set of all compactly supported C'-
function in R?, we see that C}(R%) C Y}, for each k € {r,n}. Since C!(R%) is dense in L*(R?), then Y;
and Y, are also dense in L' (R%). Moreover, for each ¢ € C}(R2) MY}, we have

1200, M rrryy < ”8a90||L1(R3L)7 and  [¢(,0)|l 1y < Hakso“Ll(Ri)y
for k € {r,n}. With these estimates, the following trace lemma holds true.

Lemma 5.1 There exists a unique linear operator I; € L(Yy, L*(R4)) for each i = 1,2 and k € {7,n}
such that for all oy € CL(RZ)NY, :

I kor = ¢k (0, ), s por = @i(-, 0).

We can now define the linear operators Apo : D(Ap2) C Xo — Xo, Ap3z @ D(Ap3) C X2 — Xo and
Am’g : D(Amg) C X2 — X2 by

Ornvwy) ) _ —Ily ¢ Orimy) ) _ —Il 0
Am( ¢ )‘Q@m—&¢4%+%+%m>’A“< ¢+)‘(@¢—%mﬂ%+mw»
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and

0L1(R+)> _ < —Ily -9 )
Am,2 ( ¢ =04 — 07 — (i + vm)® )’

where D(Ap2) = D(Amp2) = {OLl(R+)} x (Yr Nker(Il; ;) and D(Ap3) = {OLI(R+)} x (Y, Nker(Ily )).
We find that for A € C such that #(\) > —puo, we have X € p(Ap2) N p(Ans) N p(Am,2), and for each
(¥1,92)T € X3 we have the following explicit formula for the resolvent:

_ (U OLl(R+)) B 1 <1/11> _ <0L1(R+))
()\I Ah,?) <w2> ( ¢1 ) (AI Ah,3) wQ ¢2 ) (18)
1 ({1 Op1(r
(= Ap2) 1( >:< <+>>
’ o ®3

if and only if
p1(a, 7) = L4 (7) {wl(a — T)exp (_ /T(Mh(a +s—T1)+uvpla+s—71,8)+p(a+s—T, s))ds)
0

—i—/Ong(a—i—s—T,s)eXp (—/T(,uh(a—l—f—ﬂf)+yh(a+§—7,§)+7h(a+§—7,§))d§> ds] ,

#l01) = T [wlm— >exp( [nta+s - )+kh(a+s—n,s))ds>

+/ Yala+s—ms exp< /nuhws 0,€) + na+ € - nf))d§> ]

0
and

p3(a,7) = 1yq(7) [1/; (a—T)eXp< /(,uma+8—7')+l/m(a+s—7' s))ds)
+/T¢(a+s—fsexp< /Tuma+£—75)+um(a+§—¢g))dg> }

0
We now consider the Banach space

XZX]XXQXXQXX1><X2

and its positive cone
X+ = X1’+ X X27+ X X27+ X XL_;'_ X X2’+

endowed with the usual product norm and define the linear operator A : D(A) C X — X by:
D(A) = D(Ah’l) X D(A}LQ) X D(Ahyg) X D(AmJ) X D(Amyg), A = diag(AhJ,AhVQ,Ah’g,AmJ, Amg).

We set Xog = D(A), the closure of D(A), which is given by

Xo = ({0r} x L'(R4)) x ({011, )} X Ll(IR{i))2 x ({0r} x L'(R4)) x ({0p1gy} x L'(R%)),

so that D(A) is not dense in X, and we define its positive cone X = X N X . Importantly, note that
the nonlinear part of (3) is not well defined on Xy due to the term Nj(¢) and consequently is not locally
Lipschitz continuous. To fix this, we set

U(t) = (OR7 Sh(ta ‘)7 Olelh(t7 "y ')7 0L17Rh(t7 Yy ')7 ORa Sm(ta ')7 OLlaIm(t7 Yy ))T ) (19)

and we define the space
Xe ={u(t) € Xo: T(u(t)) > e} C Xo,

13



where 7 : X — X is the operator defined by
T(u(t)) = [1Sn(t: @y + Halt )@z ) + 1R 5 )l 2 @2),

for each u(t) € X defined by (19). Note that X.—¢ corresponds to the space Xg = D(A). We can now
define the nonlinear operator F. : X, — X by

Ap
S) [0 [0, (5,7) n(t, 5, 7)ds d7
0
F(u(t)) = Jo ’vh07715h<a‘,7>d7 |
A
Sl o0 1 0 (s, 7) It 5, 7)ds dr
SJ(fnh((tij) fooo fooo 06n (s, 7)In(t, s, 7)ds dr
0

that is well defined for each £ > 0. Then (3) rewrites as the following non-densely defined abstract Cauchy

problem:

%(t) — Aut) + F-(u(t)), £ >0, u(0) = it € Xo.s. (20)

where
a0 = (0,4.0,0, In.0,0, Ry 0,0, S0, 0, Im0) ", (21)

for e > 0.

5.2 Well-posedness

Using the above semigroup formulation, we now give the proof of Theorem 3.2. The proof is split into
several steps.

Step 1: we start by proving the existence of positive solutions on some interval [0, 7). From (17)-(18),
we see that (A, D(A)) is a closed linear operator such that (—pug,00) C p(A) with D(A) = Xy. Moreover,
using the explicit formula (17)-(18) of the resolvent, we obtain

1
A — Ay )1 - - M — A 5) 1 < M — Ay )t < ~—
IO = A) ™, < s IOT = Ak2) ™ < s IOV = A) ™l < (s

for each k € {h,m}. It then follows that A is a Hille-Yosida operator and generates a locally Lipschitz
continuous integrated semigroup, denoted by {Sa(t)}+>0 C L(X). We also clearly see that A is resolvent
positive, i.e. Sa(t)X4+ C X, whence the semigroup {S4(t)}+>0 is positive. The rest of the proof consists
on a fixed point argument. First, let ug = (Sh0, 11,0, R0, Sm,05 Im,0) € Xy N&Xz, m = 2||ug||x and e = /2.
Then consider the constant w > 0 defined by

mo
W= max{ || Bullzoe, || Bml Lo }-

It follows that the linear operator A“ defined by A“ = A —wl is also a Hill-Yosida operator and generates
a locally Lipschitz continuous integrated semigroup, denoted by {Saw(t)}:>0 C L£(X) which is positive.
Now define the set

By, ={ue X :|ullx <m}.

14



We can readily check that F, € C*°(X., X) and there exists k& > 0 such that for every (u,u;,us) €
(X. N Xy N By)3, we have the following Lipschitz and positivity properties

| Fe(u1) — Fe(uo)|lx < k|lur — ual|x, F?(u) := F:(u) + wu € X

Now, let the constant

1 1
T= min{ ) n(2) } >0,
2(k +w) " |lpnllze + vnllLe + IkrllLe + |vnllLe +w

and define {7 4u),(t)}:>0 the Co-semigroup generated by the linear operator (A“)o : D(4g) C X — X,

that is the part of A in Xo. It follows that [|7( gy, (t)ullx < [Jul|xe” (Bo+Am—n)t for each t > 0 and u € X.
Let the space
Z:=CY%0,7],X. N X1 N By),

be equipped with the metric

d(n,w2) = mace (jua(t) ~ua(t))), V(ur,2) € 2°,

Let G : Z — C°([0,7], X)) be the operator defined by

Gu)(1) = Tpaw ()i + T (Sae # P4(w) (),

with 4y € Xz defined by (21) and where * denotes the convolution product, i.e.

(Sgw x F( /SAwt—SFw( (s))ds.

Since F“(u) € L*((0,7), X), it follows by the Kellermann-Hieber theorem [33] (see also [40, Theorem 3.2,
p. 133]) that the map ¢ — (Saw * F¥(u))(t) is continuously differentiable and satisfies:

)

t
H (S % F( >><t>H < [t ) o) s < b+ ) ma )l < Tk )
X 0 SE

for each ¢ € [0,7]. The fact that {T{4v),(t)}i>0 is a Co-semigroup induces that G(Z) C C([0,7], X) and

G is well-defined. Moveover, by definitions of m and 7 we deduce that G(Z) C C([0, 7], By,). Now, using
the following approximation formula [40, Proposition 3.4.8, p. 122]
d t
3 (Saw x FP(w)(t) = Him [ Tae),(t = AN — A) Y (u(s))ds (22)
—0 Jo

and the positivity properties of F“ and {S4«(t)}+>0, we deduce that G(Z) C C(]0, 7], X4+ N By,). We now
prove that G(u)(t) € X, for each v € Z and t € [0, 7]. Letting the constant

Ch = |lpnllzee + [[vnllLee + [krllLe + [nll e + w-

we see that

0
L o0y (@) Sho(a — t)etCn
0
L,00) (1) 10,0y () Ino(a — t, 7 — ) Cn
0

T g, (BT , > _
(4 )0( )UO(U’ T) o l[t,oo) (T)l[O,a] (T)Rh,()(a —t, 7= t)e tCn

o O O O

15



By definition of G, we can compute |7 (G(u)(t)) as follows:

T(G(u(t)) = (/too Snola — t)da + /too /Tm(lh,o(a —t,7 —t) + Rpola —t,7 — t))dad7-> e~ tCn

> (IS0
—71Ch,
Y

L1 @®y) + IHnoll iz ) + ||Rh,o||L1(Ri)) e

>ce
for each ¢ € [0, 7], since up € Az. By definition of 7, it comes that for each ¢ € [0, 7] and u € Z we have
T(Gu(t) > <.

Consequently we have proved that G(u)(t) € X, for each ¢t € [0, 7], whence G(Z) C Z and G preserves
the space Z. For each (ug,us) € Z2, the following computations:

|G (u1) = Gug)l[z = max [|G(ur(t)) — G(ua(t)) | x

te(0,7]
i (S (Pl = F(u)) (0]
r(l-+0) s (8 — wa(0)

)

= max
te[0,7]

IN

IN

T(k—l—w)Hul — UQHZ

IN

—l|u1 —u
92 1 2(| 2
induce that G is a 1/2-shrinking operator. The Banach-Picard theorem then 1mphes the existence and

uniqueness of a mild solution u € C([0,7), X. N X ) for the Cauchy problem (20). We remind that a mild
solution of (3) or (20) is a continuous function u € C([0, ), X() such that

/tu(s)ds € D(A), Vt >0 and u(t) = up + A/tu(s)ds + /S F.(u(s))ds, Vt > 0.
0 0 0

This solution is defined by (19) and satisfies the Volterra integral formulation as stated in Theorem 3.2.

Step 2: we prove Theorem 3.2 for initial conditions in D(A). Let 4y € D(A). The mild solution u is
thus clearly continuously differentiable and becomes classical: i.e. u € C*([0,7), X. N X, ) and is solution
to the PDE problem (3)-(4)-(5). After integration, we notice that the following inequality holds true

[e.e] o0 [ee]
Nit) =M [ (@) Sit@) + Ralta)da= [T [T @)+ ) It e ridadr. (23)
0 o Jo
By the positivity of solutions, it follows that
N () < Ap = poNi(t),  Nup(t) = Ap — (lenlle + [[vall L) Nn(t)

and inequalities (6)-(7) comes from the use of Gronwall inequality. It also follows that

A
) — N> T e_(uhm+||yhm)t+< h > 1 — e~(lnllzoo+lmnlloo)t
(u(t)) = Na(t) = T(ito) lnllzoe + [l o ( )

for each ¢t € [0, 7). By assumption on &, we know that

_ Ap Ay
€< <
inllzoe + [vnllLee + IvnllLee + EnllLee — lluallzee + |vnlle
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so there exists a constant ¢ > 0 such that

Ay,

=¢c+c
tenllzoe + [lvnl Lo

whence

Ap . Ay, _ ¢
T(u(t)) > + (T i) — ( )) o= (lian oo Hlvnllzoo)
Q sl oo + [Vl Lo (fo) [i2n |l + [[vn | Lo

>Etec (1 _ e—(nuhnmo+||uh||mo>t> + (T (ag) — 2)e~Unllzoetlivalizoo)t > =

since T (iig) > & by assumption. We then deduce that u € C*([0,7), Xz N X} ). From here, we define the
operator G : Z — C%([0,7], X)) where

_ R d .
G(u)(t) = Tiawy, (o + 7 (Saw * F<(w)) (1),
for each u € Z := go([o,j],Xng+ NBy,). Proceeding as in Step 1, we can show that G is a 1/2-shrinking
operator with G(Z) C Z. Since ug € Xz, we can readily use some standard time extending properties of
the solution to extend the solution u over a maximal interval [0, tmax) With tymax > 0. We remark that,
using integrations, the inequality

N () = Ay — /0 " (@) Sn(t, @) da — /0 - /0 T ion(a) + (0, 7)) Inm(t 0, T)da dr, (24)

is satisfied, which induces the fact that
Ny () < Am = poNe(t),  Np(t) = Am = ([pmllzee + [Vl o) N (2),
whence the inequalities (8)-(9) hold true. We deduce that

A A
limsup Nj(t) < —2, limsup N, () < — (25)

)
t—00 Ko t—00 1o

and that the inequalities (10)-(11) are satisfied by positivity of the solutions. Using these estimates, it
readily follows (see e.g. [45, Theorem 6.1.4, p. 185]) that the solution is global, i.e. tpnax = oo and
u € CY(Ry, X=N X ). Finally, from (3) we see that

o 0 9
(E)t + a@) Sm(t,a) > — (,um(a) + HHﬁhHLoo(Rgr)) Sm(t,a), Sm(t,0) = Ay, VY(t,a) € RY

which leads to (13). Moreover, we see on one hand that

0 0 N,
(5 + 50 ) Su(t. = = (1@ + G Bmlieqeny ) $1(00) - $00.0) = A ¥it0) € B

On the other hand, we deduce from (7)-(8) that

A Am
h lim inf N, (¢) < =2
t—o00 J%)

lim sup Ny (t) > ,
e A P PA P
These two latter points combined together imply that (12) is satisfied.
Step 3: we now prove Theorem 3.2. Suppose now that 4y € Xo so that u € C([0,7), X. N X}) is
a mild solution to (20). Since D(A) = Xy, it follows that there exists a sequence of initial conditions
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{af}r>0 C D(A)N such that limy_,eo ||(4f — do)||x = 0. For each k > 0, there exists a unique solution
up € CH(Ry, XzN X4) to (3)-(4)-(5) with initial condition 4f. For each t € [0,7) we can compute

Jo(0) = a0 = S0 (B10 = Sann (905 + 4 (Sae x PO = S0+ PO

X
~ ~k 1 k
< Jlitg — a1 + 5 max fuls) — w¥(s)llx.
s€[0,7]
whence
lu—u¥)|z = max [Ju(t) —u*(t)||x < 2|a — aglx — 0.
te[0,7] k—0
Writing

we see that

T(u(t)) > T(u"(t)) = [Ju(t) = u"(1)]|x.
On one hand we obtain
T(u(t)) > & = [Ju(t) = u* (1) x,
and on the other hand we have
Ap

| 1nllLoe + |Vl
Ap,

1wl oo + [Vl Lo

_ HT(% _ ﬂg)H o= (lnll oo +lvallLoo )t
X

T (u(t)) >T (ak)e Umnllzoe+lvnlzoe)t 4

(1 N e—(\\uh\\Lm+\\uh\\Lw>t) — Jlu(t) — uF (@) x

> T (fg)emllzsetlonllze)t |

(1 _ e_(”'u,hHLoo-f—”Vh“Loo)t) — |Ju(t) — Uk(t)HX

Letting k goes to infinity, it respectively follows that T (u(t)) > & whence u € C([0,7), Xz N X4, and the
inequality (6) holds for each t € [0, 7) since we have

17 (@0 — a5)llx < llao — agllx — 0.
k—o0
Similarly, from
T(u(t)) T (u"(6)) + u(t) — u* (1) x

ST(ﬂg)efuot + iih (1 — efuot) + |lu(t) — uk(t)HX
0
<T (tig)e ot + T (tig — fblg)e_’“’t + 2}1 (1 — e_’“)t) + Jlu(t) — v ()| x,
0

we see that (7) holds for each t € [0, 7). The inequalities (8)-(9) are proved similarly by using the operator
T : X — X defined by

T((®) = 1ISm(t: e,y + Hm(t, - MLree)y,

for each u(t) € X defined by (19). As in Step 2, we deduce that the solution u is global, i.e. u €
C(R4, XzN X, ) and the above estimates then hold for each ¢t > 0. It follows that u satisfies (25) and
(10)-(11) hold true by positivity. Finally, from these estimates and using the Volterra integral formulation
of the solution u as stated in Theorem 3.2, we can show that the inequalities (12)-(13) hold, which ends
the proof of Theorem 3.2.
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6 The basic reproduction number and proof of Theorem 3.4

Here we derive the basic reproduction number R of Model (3) and give details on the stability results of
the disease-free equimibrium E°.

Let € > 0. The linearised system of (3) around Ej is:

{gg(t) = Au(t) + Dg, F-(u(t))
u(0) = o € D(A)

where Dg, F. : Xo — X denotes the differential of F, around Ej and is defined by

0
0 - NO fo fo 0B (8, 7) L (s,7)ds dr - 0
S S (a Jo~ kn(a,n)Ru(a,n)
0 IS 5T 0Bm (s, ) I (s, 7)ds dr 0
I 0 0
- 0 fooo Yr(a, 7)1y (a, 7)dT
DEoFa Rh = 0 + .
0 0 0
Sm 00 [0 0
0 Jo~ 0Bn(s,7)In(s, T)ds dr
0o 0o 0
I, fo 081 (s, 7)1 (s, 7)ds dr 0

0

that we decompose into
Dg,F. = (Dg F:)1 + (DEy F:)2

with - ~
Ny = / Sp(a)da = Ah/ e Jo mne)dsqq,
0 0

Note that since N,? > 0, then the differential operator Dg,F; is well-defined on Xo = D(A) whatever
e > 0.

6.1 The basic reproduction number R, of Model (3)

We derive the Rg in several steps.
Step 1: we begin by computing the next generation operator (see [13, 28]). Let

(07 Sh7 07 Ih7 07 Rh7 07 SU; 07 IU)T S XO

be a solution of (26), that is the linearized system of the model (3) around the disease-free equilibrium
Ey. It follows that (I, I,,) satisfy the following equations:

it gt ai) In(t.a,7) = = (un(a) + vn(a,7) + e, 7)) Int, a,7),
2+ 2+ D)Lt a,7) = —(pm(a) + vimla, 7)) In(t, a,7),
t 0) = Bh(t a) Ih(t,O,T) = O, Ih(O,a ) = Ih O(G T)
Im( ,a,0) = By,(t,a), I,(t,0,7) =0, In(0,a,7) = I o(a,7)

where By, and B,, respectively denote the number of newly infected humans and mosquitoes, and are
defined as:

By(t,a) = fo m ds fo fO 0Bm (8, 7)Ln(t, s, 7)dsdr,
B(t,a) Wfo Jo~ 0Bk (s, 7)1 (2, s, 7)dsdr,
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with 7y (a) = e Jo #1995 and 7, (a) = e~ Jo #m()ds the survival probabilities, from birth until age a, for
humans and mosquitoes respectively, in absence of disease. As a result, (I, I,,) are given by the following
Volterra integral formulation:

Bu(t —T1,a —T)e” Jo (un(s+a—7)+vi(s+a—T,5)+yn(s+a— TS))ds Vt>71, Va>T,
I (t a ) = Iho(a T —t)e f: (un(s+a—7)+vp(s+a—7,8)+vn (s+a— TS))dS Va > 7 > t,

)
Bm(t — 70— 7')6 f tm (s+a—T7)+vm (s+a— Ts))ds Vit > T Ya > T,
I (t a ’7') = Imo(a - t)e ST (pm(s+a—7)+vm (s+a— ’TS))dS Ya > T >t

Therefore, B, and B,, rewrite as

Bh(taa) 7Th / / Hﬁm S T) = Jo (um(o+s—T)+vm(o+s— 7—0))dUB (t - 7,8 — T)dS dr + f() h(t a)
fO 7Th dS
~ / / 0m(7 + & )e o limlot O vmloteoNdop (1 — 7 £)de dr + fou(t,a)
Jo~ mn(s)ds Jo Jo
and
B(t,a)
Am7Tm / / eﬁh s T) — Jo (pn(o+s—7)+vp(o+s—7,0)+yn(0+s— TO'))dO'Bh(t —T,5— T)dS dr
Ah fO 7Th dS
+ fo m(t a)
At (a) / / 08 (1 + €, 7)e = Jo (un(o+&)+vn(o+€,0)+yn(0+E, N Ry (t —7,6)dE dT + fom(t, a)
Ah Jo~ mh(s)ds

where fy 5, and fo,, encounter for the initial data. Now, we see that the functions
(Bn(t): Bin(t)) = (Ba(t, ), Bm(t, ) € L' (R4)?

satisfy the following equations:
Balt) = / Ga(7) (Bun(t = 7))d7 + fon(t, ),
Bult) = / Gon () Ba(t — 7)) + fom(t, )

where the linear operators Gh(T) and G,,(7) belong to L(L'(R,)), and are defined by:

(@u(rB)0) = e Do [ B+ e (e om oo ie ey
0

AAme/ By (7 + €, 7)e I3 mnloa©+m (e +60)tmle+€0)do p(¢)de
th 7Th ds

for each (a,7) € R2 and B € L'(R;). Note that these operators G, (1) and Gy, (7) are called the
net reproduction operators (see [28]), that map the density of newborns to the density of their children
produced at 7 time later. It then follows (see [13, 28]), that the next generation operator is given by:

7 (5) @ = ({605 o

T o7 I5 B+ € mem Tl (e (k67 By (€)dg d
%1’0 JoS Bu(r +&,7)e = Jo (o +Otvnlot0)tm(otéo)do B (€)de dr

(G (7)B)(a) =
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Step 2: from the next generation operator G, we deduce that that the basic reproduction number
Ry is defined by the spectral radius of G, denoted by r,(G). In order to compute this spectral radius, we
define the operator G2 = Go G € L((L*(R4))?). First we know that

RO = To‘(g) =V TO'(QQ)- (27)
Consequently, it remains to compute 7,(G2). We see that
G*(B1, By)" = (Hp(B1), Hn(B2))"

for each (By, Bs) € L'(Ry)?, with Hj, and H,, the linear operators on L'(R,) respectively by:

Hy,(B)(a) = Ah(Af&W;;(f(LifjlsV (/Ooo /OOO Bu(T +&,7)e” f(;—(Nh(0'+f)+l’h(0'+fva)+"/h(0'+57U))d0'B(§)d£ d¢>
0
x ( /D h /0 T B+ 1) IS (e (ke (g dT>
and

X (/ OO / ) B (7 + €, 7)e~ Jo (e +O)Fvm(0+6.0)do B(¢) d¢ dT) '
0 0

It follows from (27) that

Ro = V7o(G?) = Vmax{ro(Hp), 7o (Hm)} (28)
Step 3: now we compute 7,(Hp). For this end, let us define the sets
Q= {€>0: /OO Bu(r + €,7)e—MnlizooHinlzoo il )rg 0 (29)
0
and ~
Qn={£>0: / B (T + €&, T)e*(HMm”LE’"*H”mHLC"’)TdT > 0}. (30)
0

Then, under Assumption 3.3, we have
Qp # 0, Qum # 0.
Next, we define the restriction of Hy to L'(Q) denoted by Hj, € L(L*(Q,)):
Hy,(B)(s) = 1q,(s)Ha(B)(s)

for each s € Q, B € LY(Q,), where Q, satisfies (29) and with

B e Q
B(s) = (s) a.e. s€Qy,
0 else.

From Assumption 3.1, it is clear that Hy, is a compact and positive operator on L!(Qj). Moreover, since
Qp, # 0, it follows that Hj, is irreducible, i.e.

Hy(f)(s) >0 ae. s€Qy, VfeL()\{0}
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that is, sends the positive cone L (R;) on the subset of L1 (Ry) of functions almost everywhere strictly
positive. It follows from [12, Theorem 3| that its spectral radius is positive, that is: r,(Hjy) > 0. We now

observe that
Hy(mp) = Xomp,

so that A is an eigenvalue of H} associated to the eigenfunction 7, so that
ro(Hp) > Xo (31)

where
B A,,0?
An( [y mn(s)ds)?

)\0 </Oo /OO /Bh(']— + é, 7—)6_ fOT(Nh(U+§)+Vh(U+§7J)+'Yh(U+£7J))do—7rh(§)d§ dT)
0 0

X (/ / B (T +&,T)e” foT(um(0+é)+vm(0+&0))dtfﬂm(§)d§ dT) )
o Jo

It also holds that B
Hy (1, ) = Aolq,

hence g is an eigenvalue of Hj, associated to the eigenfunction 1q, m,. It follows from a version of the
Krein-Rutman theorem (see e.g. [42, Corollary 4.2.15, p. 273]) that the spectral radius of Hj, is the only
eigenvalue associated to a positive eigenfunction. Since 7, > 0 a.e. on R, we deduce that

TU(I:I}L) = )\0.

Now, since \g > 0, we see that r,(Hp) > 0 by means of (31). It follows from [42, Lemma 4.2.10, p. 269
that there exists a positive eigenfunction ¢, € L (Ry) \ {0} such that

Hy(¢n) = ro(Hp)on.

It follows that

Hy,(1q,én) = ro(Hp) 1, on

so that r,(Hy) > 0 is an eigenvalue of Hj, associated to 1q, én € L1 () \ {0}. Again, by Krein-Rutman
theorem, it follows that

T‘J(Hh) = Tg(ﬁh) = )\0.

Using the same arguments, with 7, instead of 75, we can show that
’I"U(Hm) = /\0.

Finally, using (28), it follows that
Ro=+vVXo

which ends the proof.

6.2 Proof of Theorem 3.4

This section is dedicated to the stability analysis of the disease-free equilibrium of Model (3).

Let Ap be the part of A in Xy, then denote by {T'4,(t) }+>0 the positive semigroup generated by Ap.
We know from Section 5.1 that (—pg,00) C p(Ap) and consequently s(Ag) < —po (where s(Ap) denotes
the spectral bound of Ag). Since the semigroup {74, (t)}+>0 is positive, it follows that wo({Ta,(t)}+>0) =
s(Ao) (where wy denotes the growth bound) by using [20, Theorem VI.1.15, p. 358]. Moreover, we
know that wess({T4,(t)}t>0), the essential growth bound of {T'4,(t)}i>0, satisfies wess({T4,(f)}e>0) <
wo({T'a,(t) }t>0). We then have

Wess({TAo (t)}tZO) < —po <O0.
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Step 1: we show that the operator (Dg,F:); is compact. We first rewrite it as:
(DEOFs)l = (07 _G17 G17 07 Oa Oa Oa _G27 G27 O)T

where G1,Go : Xog — L}r(]RJr). It remains to show that both operators G; and G5 are compact. To this
end, we will use the classical Rietz-Fréchet-Kolmogorov (RFK) criterion in L' (see e.g [61, Theorem X.1,
p. 275]). Let h € Ry and Z C X be a bounded subset of X(. Then there exists a positive constant
m > 0 such that |lu|x < m for each u € Z. Let T}, be the translation operator in L', i.e.

Th(¢) = &(- + h)
for each ¢ € L'(R;). We have on one hand
mb || B || Lo
TG0 = Gl < (R ) [0 (58) = SEle )2, 0

since SP € L'(R4). It implies that

sup ITh(G1(w) = G1(w)ll Ly =, O

On the other hand, by using Lebesgue theorem, we see that

sup/ G1(u)(a)da < <m9HﬁmHLm>/ SY(a)da — 0.
ueZ Jce c—00

The consequence of the two last points and the RFK criterion dwell in the compactness of G1(Z) in
Ll(R+). It proves that G; and —G; are compact. Similarly we can show that Go and —Go are also
compact. It follows that the operator (Dg,F:); is compact.

Step 2: we now show that wo ({7 A+(DEOFE)2)o}t>0) < —po, where {T(AJr (D, Fo)2)o (1) }t>0 1s the Co-
semigroup generated by (A -+ (Dg, F:)2)o, that is the part of A+ (Dg,F)2 in Xo. Let uo € Xo. By means
of the Volterra integral formulation stated in Theorem 3.2, we can compute the expression of the latter
semigroup, as follows:

T(A+(DE0FE)2)0 (t)ﬁo = (07 Sh(tv ')7 07 Ih(ta K ')7 07 Rh(ta "y ')7 07 Sm(t7 ')7 07 Im(t7 Yy ))T
where

foa (fooo kn(s,n)Rp(t + s —a, s, 77)d77) e JS ph(€)dEds Vit > q,
Sp(t,a) = fg (fooo kp(a+s—t,n)Ry(s,a+s—t, n)dn) o~ J3 mn(a+E—t)dé 4
+Shola —t)e” faa—t”"(s)ds, Va > t,
In(t,a,7) = Lig>r>y (Ih,o(a —t,7 — t)e” Jrln(stamn)tn(sta=rs)tyn(sta=rs)ds
Rh(t ) 77) B { (fooo ’Yh(a —n, T)Ih(tn_ n,a—n, T)dT) e~ f(;q(ﬂh(S+a—77)+k?h(5+a—77,8))d57 Vt >, Va >,
B Rh,O(a _ t7 n— t)e_ fnft(ﬂh(5+a_"7)+kh(3+a_7775))d3’ Ya 2 n Z t,

Sm(t7 a) = 1[t,oo) (G)Sm,O(a - t)e_ Ja um(s)ds’ Ya >n>t,
Im(t, a, T) — 1{a272t}Im,0(a —t T — t)ei f_:_t(Hm(S+a77')+l/m(8+a*7',s))ds‘

)

It follows that for each ¢ > 0 we have the following inequalities
Hn(t, 5 w2y < Mnolligzye™ 18wt ey < [Smolliw, e

and

| I (2, -, -)HLl(Ri) < ||Im70||L1(R,i)e—uot‘
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Moreover we see that

[ Ratt.amda dn < 1 Buoll e
t n

while

t o) t
| [ Ruttamaaan < il [ e =m0l dn
n

oo —pot
< llynllzee [Mnoll L2 2 yte

It follows that

e hot e kot

[R5 Mrwz) < [1Rnollpr ) + [vllzee ([ Tn,0ll 1.2 )t

for each t > 0. Finally, we need the following estimates for Sp:

00 00 t 00
/ Sh(t,a)da < HSh70||L1(R+)6_”0t + ||k‘h||Loo€_“0t/ / BMOS/ Ry(s,a+s—t,n)dn ds da
t t 0 0

2
‘ 1(R2 i e Mot
LE) |5

t
< IShollprmyye " + ||k‘h||L°<>€_“°t/0 [1Bn (8,5 )l 1 (r2 ye*"ds

< <HSh,0HL1(R+) + tllknll ool RBuoll 1 ez ) + [1Enllzoe 1yl oo [ Th0

and
t t a o0
[ suttaras [ [Teme [Ths it s 0,y ds da
0 0 0 0
t a 0
< |kh\|mo/ / e—ﬂoﬁ/ Rt — £, — € n)dy dé da
0 0 0
t
< [ 1B — sy et
0
—pot ot [
< IRnallses e + Ionll= ol (5 )
We thus get
2 .
It sy < (hollsgeoy + eV nslon sy + =l Unollagesy (5 ) ) e
t t t2
+ [[Rnollpr w2y te™ " + llvnllLee [ n ol 1 gz e <2) :
It follows that there exists a positive constant ¢ > 0 such that
HT(A'i‘(DEOFs)Z)O(t)H < C(l +t+t2)e_ﬂot

L(X)
and

wo <{T<A+<DEOFS)Q)O(t)}tZO> = lim % In (HT(AHDEOFE)Q)O(t)HE(X)> < —ho-

Step 3: we now prove Theorem 3.4. Since (Dg, F:); is a compact bounded operator by Step 1, then

it follows that
Wess <{T(A+DE0FE)O(t)}tZO> = Wess ({T(A+(DEOF5)2)0(t)}tZO>
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by using [18, Theorem 1.2]. It follows by Step 2 that

Wess <{T(A+DE()FE)0 (t)}t>0> < wp <{T(A+(DE0FE)2)O(t)}t>O> < —pp.

From [20, Corollary IV. 2.11, p. 258] we deduce that
{A e a((A+ D, Fe)o), R(A) = —po}

is finite and composed (at most) of isolated eigenvalues with finite algebraic multiplicity, where o(-)
denotes the spectrum. Consequently, it remains to study the punctual spectrum of (A + Dg, Fr)o. Using
[57, Proposition 4.19, p. 20], we know that if s((A+Dg,F:)o) < 0 then Ej is locally asymptotically stable,
while if s((A + Dg,F:)o) > 0 then Ej is unstable. We consider exponential solutions, i.e. of the form
u(t) = eMv, with 0 # v = (0, 54,0, I1,,0, Ry, 0, S1,,0,1,,) € D(A) and A € C. We obtain the following
system:

( SO

=[5 kn(a,m) Rala,n)dn — i (@)Sn(a) = K6 [ [5™ 08m(s,7) (s, 7)dls dr
(2 +2)In(a,7) = —(pnla) +vala, ) +mla, 7)) In(a, 7),

)
)

(&+2) Rutan) = —(una) + ko, m) Rila, ),
)
)

= _Mm(a)sm(a) - SQ]Y\I/(SG) f()oo fgoo Hﬂh(S,T)Ih(S,T)dS dr,
= —(tm(a) +vm(a,7))In(a, 1),

(% + 8%) I (a, T

with the boundary conditions:

Sp(0) = 0, Sp(0) = 0,
Iy(a,0) = 5]%(5) [ 08 (5, 7) In(s, 7)ds A7, 1,(0,7) =0,
Rp(a,0) = fooo Yu(a, 7)1 (a, 7)dT, Ru(0,n7) =0,
In(a,0) = 59]@%@ I 2208k (s, ) In(s, 7)ds A7, Tpn(0,7) =0

We then get

> [ 0B (s, ) (s, T)ds d -
Ih(CL,T) — S}?(a _ 7_) (fO fO B (3]\7['5 (3 T) S T> e Jo OApn(s+a—7)+vp(s+a—7,8)+yp (s+a—7,s))ds

and

T (a 7_) — g0 (a _ 7_) <f000 fOOO eﬁh(sa T)Ih(’S?T)dS dT) e Jo Otpm(sta—7)+vm(s+a—7,s))ds
m\d, m N}? .
It follows that
Tt [ " i G s
0 0 0 0

y <f0°° I 0ﬁm(a};(§fm(a, 7)ds dT>

and

[ [ et s [ [ e v v
0 0 0 0

» <fooo fooo 06 (a, 7)In(a,7)da d7>
Ny
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whence

2
1= <A( mAnt ) </ / Bm(a,T) e o rm(s)ds = [§ (Atvm(sta—7,s))ds g, d7‘>

X (/ / 5]1(0/77—)6_\[0 ,Ufh dS —fo )\+l/h(s+a T8)+’Y}L(S+a Ts))dsda dT)
0 0

which is equivalent to g(\) = 1 where g : C — R is defined by

2 [e%¢) oo
g(A) = Amf 3 </ / Bmla, 7)e™ Jo #m(s)ds = Jg Atvm(sta=—7.s))dsq, dT)
Ay, (fooo e Jo uh(S)dS> 0o Jo

X </Oo /OO Bn(a,T)e” Jo mn(s)ds =[5 (Atvn(sta—T.s)+yn(sta—7.5))ds dT> )
0 0

Since g(0) = Ry := RZ, it readily follows that if Ry > 1 then there exists A > 0 such that g(\) = 1
whence s((A + Dg,F:)o) > 0 and Ej is unstable. On the contrary, if Ryp < 1 then for each A € C such
that ®(A) > 0, we have g(\) < 1, whence s((A + Dg,F-)p) < 0 and Ej is locally asymptotically sable,
which ends the proof of Theorem 3.4.

7 Existence and stability of an endemic equilibrium

7.1 Existence of an endemic equilibrium
We know that any endemic equilibrium
:(S;LvIZﬂRh7S* *)

m’—m

must satisfy the following equations:

a 0o a JEC SSC 0Bm (&7 1), (§,7)dE dr
- dé—(a—s -
SZ(G)_/O (/0 ’“h(sva}‘;(s,n)dn)e fmes-temn| K )as

_ foa uh(s)ds—a(fo I 9ﬂ7n(~j<]7"k)lm(s,7')(ls d‘r)

+ Ah@ h ,
_re J§© J§° 081, (&, TE (€,7)dg dr
S;L(a) :Ame fo (“m(s)+ N7 )ds’
I;(a, 7_) _ (SZ(a—T) IS fs 9]%:(875)172(875)& d{) e~ f(;—(H‘h(S‘l’lI*T)‘FVh(S+G*T,8)+’Yh(8+a7T,s))dS7 (32)
h
I* (a ) (A f() fo 081 (5,€) I (5,€)ds dé) (t—a) [5° J§ sz\;rlgsﬁ)lh(s,ﬁ)ds d¢ 7f0“ ,um(S)dsff(;— Um (s+a—T,s)ds (33)
m\&; N7 7

for each a > T,

Ry (a,m) = </Ooo Yn(a —n, 7)1 (a — n,T)dT) exp <— /On(ﬂh(s +a—n)+kn(s+a— n,s))ds> . (34)

for each a > 7. We also have

Ny :/ S;(a)da—i—/ / I} (a,7)da dT+/ / R; (a,n)da dn.
0 o Jo o Jo

Let the change of variable:

i, =I/Nyp, s, = Sy/Ny, 1, = Ry /Ny (35)
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Using (32)-(35), we find that

/ h / " 08, 7)i (0. 7)da dr = ( /O h / " 0B (a, )2 (a0, 7)da d7> (36)
( / / 08y (a, 7 <(a:7)> o= i (un(sta—7) 4 (sta—7.8) fyn(s+a—r.)ds g, dr).
From (33)-(35), we deduce that
/ / Bm(a,7)I} (a,7)da dT = </ / Br(a, )iy (a, 7)da d7> (37)
" </ / 0B (, 7)™ Jo P IF (5o s)ds(r=a) 5% [ 0B (.07 (5€)d5 dE g, dr) .
0o Jr
A necessary condition for an endemic equilibrium to exist is
/000 /Oo Br(a, )iy (a,7)da dT # 0, /OOO /OO Bm(a,7)I} (a,7)da dT # 0.

Hence, by means of (35)-(36)-(37), we see that a necessary and sufficient condition is:

2 o0 00
= (%) ([T tarisito— e Bomtremtremomeramanisg, dT) .

</ / Bm(a,T) e~ Jo pm(s)ds— [ vm(s+a—7,s)ds+(7— “)/ / 00 (s (s,€)ds df) da dr.

Now let nj (a) be the total population of humans with age a at equilibrium, i.e.

ny(a) = Sp(a) + /Oa I} (a,7)dT + /Oa Ry (a,n)dn. (39)
Then we see that:
(13 (@) = —mnlani(@) ~ [ (i@ r)dr, () = Ay

whence

ny(a) = Ape” Jo mn($)ds _ /0 (/0 Vh(s,T)I;;(s,T)dT> e S m©kqs g > 0. (40)

We deduce that

Nj, = / ny(a)da = Ah/ —J5 mn()dsqq — / / (/ v(s,7)I5(s, T)dT) e S m©dqs da.
0 0

Dividing the latter equation by N; and using (35), we get

Ap fooo e Jo mn(9)dsgq
L+ [5° o (5 wa(s, )i (s, 7)d7) e JEmn@©deqs da

(41)

Ny

Moreover it follows from (39) that

*

* npla a‘* “ *
sil@ ="K~ [ mar— [*ritanan
h
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whence

sy = (LD Js (5 vils m)i(s,7)dr) e J O ds dg\ (42)
Spla f fo L s)dsdc ‘

_/‘ﬁmﬁmT‘/)</ %Uﬁﬁa—mﬂm>eij“m"H“@“%n
0 0 0

—/ (/ Vh(s,T)i;‘l(s,T)dT> o= I3 1 (€)d€ g
0 0

By setting R := R, it follows that the necessary and sufficient condition (38), with N}, s} respectively
given by (41)-(42), becomes

L= Ro (14 [;° fs (J3 vn(s,7)if (s, 7)dT) exp (— [ pn(€)dE) ds da)2
fo f.r Bm(a,T) exp(— fo fom (8)ds— fo VUm (s+a—T,s)ds+(7—a) fooo ffoo 081 (5,8)5 (s,€)ds dE)da dr
fooo [ Bm(a,7) exp(— [y tm (s)ds— [§ vm(s+a—T,s)ds)

(f() f Qﬁm fo pm(s)ds— [ vm(s+a—7,s)ds+(T—a) [5° fE 0Bk (5,8)i7 (s,6)ds d{da dr

YA 1+fo fo (fo vy, s,T)i;:(s,T)dT) exp(—fs uh(f)df)ds da (43)
" Ap fooo exp(— foa Mh(S)dS)da

X 50 [ 0Bk(a, ) exp (— [y (un(s +a—7) + vp(s +a—7,8) + (s +a—T,5))ds)
< [ o™ ia = m s [T (5 vl )i 7)dr) e @

0
+ foa_ (fo Yula —7—mn,7)ij(a—T—n, T)dT) e” f(;](“h(S+“_T_77)+kh(5+“_7_’7’5))d5} da dr

The latter condition has only ¢; as unknown, but is though difficult to exploit because i; depends both
on a and 7.

7.2 Proof of Theorem 3.6: bifurcations of an endemic equilibrium in a particular
case

Here, we assume that Assumptions 3.1 and 3.5 hold. The threshold 7?,(2) rewrites as

A, 6> R e —[¢ s)ds— [T vm(s+a—T,s)ds
'R% = < I(L: > </0 /r Bm(a,T)e Jo pm(s)ds—[fg vim(s+a—T.s)ds g, dT) (44)

X (/OO ﬁh(T)e_ fOT(“h"‘Vh(S)'i"Yh(S))dsdT) .
0

Let us recall the constant Chpir given by (15). We can now give details on the proof of Theorem 3.6 in
several steps.

Step 1: we start by reminding that a theoretical necessary and sufficient condition to get an endemic
equilibrium is given in the general case by (38). Using the change of variable (35), we see that the latter

condition becomes:

mSZGQ fT( d
1= / B (T o (ntvn(s)+yn(s))ds g (45)

</ / Bum(a, 7)e™ Jo #m(s)ds=[g vm(sta=s)ds+(7=a) [y~ 05n(s)ij, (s)ds 4 dT) .
0 T

From (35) we get

s%ﬂ—AwWﬂ%—Amﬁwm (46)



where

[ riman= ([T w@pincois) ([T ew (= [ oot wulenas) an)

is obtained from (34). Moreover, using (23), we see that
[e.o]
Ay = pn Ny —|—/ vp (7)1 (T)dT
0

whence
pn+ foS vn(T)iz (T)dr

Using (44) and setting Ry := R, it follows that the condition (45) rewrites as

Ny

| ((Bo 5 I Bl mye I pnse J§ vm(stam s (o) [ 095 dr
fooo f;’o Bm(a, 7')6_ foa Mm(S)dsda dr

« (1 Lo ”h(;)hiw)dT) [1 - ( /O h z';;(T)dT> - ( /0 h yh(f)im)dT) /0 T fo"<uh+kh<s>>d8dn] (47)

which may also be deduced from (43). We now write ij, as:

i(r) = Kexp (= [+ (6) 420030 ) (48)
0
for each 7 € R, with
*0 o0 o
K = 5h / / Bm(a, 7)1 (a,T)da dT. (49)
N}t 0 T

It is clear that, under Assumption 3.5, an endemic equilibrium of (3) exists if and only if K > 0. Thus,
the condition (47) is equivalent to
f(Ro, K) =1

with f defined by (14).
It is then necessary that K € [0, K] to have f(Rg, K) > 0 for any Ry, where K is given by:

K= [/Ooo exp <— /OT(Mh + vp(s) + ’Yh(s))d8> (1 + Y (7) /000 exp <— /On(ﬂh + kh(S))dé‘) dﬁ) dT} _1-

We observe that for any K € [0, K], it holds that [;° i} (7)dr < 1, which is necessary by (46).
Step 2: we can now prove each item stated in the theorem.

1. Using the implicit function theorem, we get
<dK> _ 9rf(0,1)
dRO |(K=0,Rp=1) 8Kf(07 1) ‘

Or,f(0,1) =1

On one hand we have
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and on the other hand:

Ry fooo f:o Bm(a,T)e” Jo' pm(s)ds o= [§ vim(s+a—7s)ds ,—(a=T)e2 K 4 dT) (50)

8Kf(R07 K) = < fooo foo /Bm (I 7_ _foa Mm(S)dse— foT Vm(s-‘:-a—T,S)dea dr

[fo vp(T)er (T)dr (1 _ 2K/ 7)dr — 2K </OOO ’Yh(T)Cl(T)dT> /Ooo e f(;](ﬂh-‘rk’h(s))dsdn)
( T)dT + (/Ooo ’Vh(T)q(T)dT) /OOO e fon(uwkh(s))dsdn” _ (1 N K [° Vhlf;)Q(T)dT)

(czRO fo f Bm(a,7)(a—T)e = Jo pm(s)dsg— [ vm(sta=Ts)ds o —(a—T)e2K g d7'>

fO f Bm a, 7' an ”m(s)dse* Jo l’m(5+a*T,s)dea dr

x [1— K/ c(r)dr — K </ ’}/h(T)Cl(T)dﬂ‘)/ e—fo"(thrkh(S))den)
0 0

with i -
er(r) = exp <— [t + vh<s>>ds> e=0 [ a@aar
0 0
We then deduce that

o fooo fTOO Bm(a,T)e™ Jo' pm(s)ds o= [§ vim(s+a—, #)4s(q — 7Yda dr

I~ S Bm(a,m)e” Jo' pm()ds o= J§ vm(sta=7.5)qq dr
+[Taw (ll() } 1) dr = [ n(r)e Fmtiaonisqr,
0 h 0

We know that a backward bifurcation occurs at Ry = 1 if and only if

dRo /|(x=0,Ry=1)

which is equivalent to dx f(0,1) > 0, i.e. Chis > 0.

8Kf(07 1) =

. Similarly, we know that a forward bifurcation occurs at Ry = 1 if and only if

dRo /' |(x=0,Ry=1)

which amounts to dx f(0,1) < 0, i.e. Chpir < 0.

. For each Ry, we see that f(Ry,0) = Rg and lim,._ 7= f(Ro, K) = 0. Consequently, if Ry > 1, then
there exists at least one solution K to f(Ry, K) = 1. Now, suppose that Ry = 1 and Chit > 0. Then
on one hand we have f(1,0) = 1 and on the other hand we have 0 f(0,1) > 0 from the first point.
Hence we have f(1,¢) > 1 for any £ > 0 small enough. Consequently there exists at least one K > 0
such that f(1,K) = 1.

. Suppose that the condition (16) holds. It follows from (50) that Ok f(Ry, K) < 0 for each Ry, so
that the function K —— f(Ry, K) is strictly decreasing on R.. Since f(Rg,0) = Ry, we readily see
that there exists an endemic equilibrium if and only if Ry > 1, and in that case the equilibrium is
unique. We can also note that a forward bifurcation occurs in this case since Chis < 0 in this case.
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