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1 Abstract: Recently, Pennisi and Ruggeri [J Stat Phys 179, 231-246 (2020)] consider the classical limit of the
2 relativistic theory of moments associated with the Boltzmann-Chernikov equation truncated at a tensorial index
s N+ 1 and they proved that there exists a unique possible choice of the moments in the classical case for a given
4 N both for monatomic and polyatomic gases. In particular, in polyatomic gases, there exists a new hierarchy of
s moments that is more general than the one considered in the recent literature. As consequence, when N = 2, in the
¢  classical limit, there is a theory with 15 fields. In this paper, we consider this system of moments, and we close
7 the system using the maximum entropy principle. It is shown that the theory contains as a principal subsystem the
s previously polyatomic 14 fields theory, and in the monatomic limit, in which the dynamical pressure vanishes, the
s differential system converges instead to Grad 13-moments system to the 14 moments theory proposed by Kremer
1o [Annales de 'LLH.P. Physique théorique, 45, 419-440 (1986)].

1 Keywords: Extended thermodynamics; Maximum entropy principle; Rarefied polyatomic gas; Moments equation;

2 1. Introduction

It is well known that when the Knudsen number K, is very high, the appropriate theory of the monatomic gas is
the Boltzmann equation’

Of Lo 0 _
T el <o) 0

where the state of the gas can be described by the distribution function f(x, &, ), being x = (x;), & = (&), the space
coordinates, the microscopic velocity and the time, respectively, and Q denotes the collisional term. A huge literature
exists on the Boltzmann equation in which very important mathematical contributions were given by Cercignani [1,2].
Associating to the distribution function, we can construct macroscopic observable quantities that are called moments
(m is the atomic mass)?:

Fklkz___kn(X,t):mjl;Sf(X, g,l‘)fklsz...fknd(:, kl,kg,...,kn:1,2,3 and n:0,1,2,...

As usual, the repeated indices denote the summation.

2 When n = 0, we have the mass density F = p.
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As a consequence of the Boltzmann equation (1), we have an infinite hierarchy of moment equations that are in the

form of balance laws:
OFy ks k, n OF k1 ky..knkop

ot Oxy

n+1

= Pkiky..kp» n=0,1,... 2)

where

Piiky.ky = mﬁ# O(f) éxxy - - - &k, dC, P=P, =Pu=0.

Instead, for small K,,, the continuum approach with the classical constitutive equations of Navier—Stokes and
Fourier (NSF) gives a satisfactory theory and is applicable for a more large class of fluids, such as polyatomic and
dense gases.

Beyond the assumption of the local thermodynamic equilibrium which determines the application range of the
the NSF theory, the Rational Extended Thermodynamics (RET) has been developed [3-5]. In the theory, dissipative
fluxes, such as viscous stress and heat flux, are adopted as independent variables in addition to the usual hydrodynamic
variables, and we assume a system of balance equations with local-type constitutive equations. More precisely,
the main idea of RET is to consider for sufficient large Knudsen number a structure of balance laws that have the
form dictated by the moments (2) truncated at some level. The main problem is in this case that we need a closure
procedure. The first approach was pure phenomenological which adopts the structure of moments but forgets that
the F’s are moments of a distribution function. The phenomenological closure was obtained by using the universal
principles of continuum thermomechanics—(I) the Galilean invariance and the objectivity principle, (1I) the entropy
principle, and (II1) the causality and thermodynamic stability (i.e., convexity of the entropy)—to select admissible
constitutive equations.

The first paper with this procedure was given by Liu and Miiller [6] motivated by a paper of Ruggeri [7]
considering 13 moments of the form (2) with n = 0, 1,2, 3 and taking only the trace of the triple tensor with respect
two indexes: (F, F, ks Pk Fiy «)- It was surprising that the macroscopic closure obtained only by adopting the
previous universal principles gives the same system obtained by Grad [8] using a complete different closure at kinetic
level. Successively, Kremer presented a refined model with 14 fields (monatomic ET14) [9] by adopting a new scalar
field F j jx in addition to the previous 13 fields: (F, Fx,, Fi ky> Fiykks F j jkk)-

For the case with many fields such as (2) truncated at a tensorial order N, to avoid the complexity of the
phenomenological approach, the so-called molecular extended thermodynamics has been proposed in which the
macroscopic quantities are moments of the distribution function [10]. For the closure, we adopt as technique the
variational procedure of Maximum Entropy Principle (MEP) introduced first in the theory of moments by Kogan [11]
and resumed in 13 moments by Dreyer [12] and for many moments in the first edition of Miiller and Ruggeri book in
which it was proved that the closed system is symmetric hyperbolic [10]. See also on this subject the contribution of
Boillat and Ruggeri [13] in which they proved that in the molecular approach the MEP closure is equivalent to the
closure using an entropy principle.

The first relativistic version of the modern RET was give by Liu, Miiller and Ruggeri (LMR) [14] considering
the Boltzmann-Chernikov relativistic equation [15—17]:

paf = 0. 3)
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in which now the distribution function f depends on (x?, pﬁ ), where x® are the space-time coordinates, p® is

the four-momentum p,p® = m’c?, 8, = 3/0x%, c denotes the light velocity, m the mass in the rest frame and

a,B =0,1,2,3. The relativistic moment equations associated with (3), truncated at tensorial index N + 1, are now:

6aA(l[l/1'“(l/n — I(ll"‘(l’n with n = 0’ e N (4)
with
Aawl”'“n — m’f_l jﬂ‘{% fp(lpafl . .pa/n dP, 1(1/1»--&;1 — mn_l . Qp(ll .. .p(ln dP’ (5)
and
p— dpl dp2 dp3
= —po .

When N = 1, we have the relativistic Euler system, and when N = 2, we have the LMR theory of a relativistic gas
with 14 fields *:

0aA” =0, 0,A% =0, 0,APY =17,  (By=0,1,2,3;1%,=0). (6)

The surprising results was that the LMR theory converges, in the classical limit, to the monatomic ET 4 theory by
Kremer for monatomic gas not the Grad theory (ET13) as was expected [3,18,19].

For many years, the applicability range of RET was only limited to monatomic gases both in the classical and
relativistic regime. For rarefied polyatomic gases, after some previous tentatives [20,21], Arima, Taniguchi, Ruggeri
and Sugiyama [22] proposed a binary hierarchy of field equations with 14 fields (polyatomic ET}4) because now
there is also, as a new field, the dynamical pressure relating to the relaxation of the molecular internal modes which is
identically to zero in monatomic gases:

or or _,

o dx;

aFj (9F,'j

— — 0,

ot + ox;

dF;j  OFj Gy | Gk

/ k — P i _ = O’ 7

ot Axy Y ot Oxy @
oGy | Gk
o + e Oui-

where F(= p) is the mass density, F;(= pv;) is the momentum density, G;; = pv> + 2ps is two times the energy
density, F;; is the momentum flux, and Gy is the energy flux. As usual v; denotes the components of velocity and
€ is the internal energy. Fj; and Gy are the fluxes of F;; and Gy;, respectively, and P;; (Py # 0) and Qy; are the
productions with respect to F;; and Gy;, respectively. In the parabolic limit, this theory converges to the NSF theory,
and in the monatomic singular limit, it converges to the Grad system [4,5,23]. This hierarchy was justified at kinetic
level in [24-26] using the same form of Boltzmann equation (1) but with a distribution function f (x,&,,7) that
depends on a non-negative internal energy parameter I, that takes into account the influence of the internal degrees

3 When n = 0, the tensor reduces to A?. Moreover, the production tensor in the right-side of (5) is zero for n = 0, 1, because the first 5

equations represent the conservation laws of the particles number and the energy-momentum, respectively.

4 In the monatomic case, from (5), we have A”ﬁ = ¢2A? and therefore only 14 equations of (6) are independent.
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of freedom of a molecule on energy transfer during collisions [27,28]. The theory with many moments was also
developed in [24,26,29]:

kb | OFhikekibai _
ot 8)(:]( = Tkiky...ky>

n+1 (8)
Gk, ky.. ko n OG ik, ky.. K1

ot oxy,

= Qllkyky...kp>
m+1

with the following definition of moments of polyatomic gases (£2 = |&*> = & JE):

—+00
Futsty =m [ [ f08 D) i, 0(T) T d
—~+ 00
Priky.ky = mf O(f)éx, &xy - - -éx, (T) dT di,
+oo
Glikiky.. ke = f f +ZI (Xs Gt 1) épéry .. én, o(I)dI dg,
—+00
Qltkyky.. iy = fRS ; (m&® +21) O(f) &k, - - - &k, @(T) AT dE,

where ¢(T) is the state density corresponding to I, i.e., (I )dT represents the number of internal state between I
and 7 + d7. We need to remark that the two blocks of hierarchies in (8) are not separated because the last fluxes in
both hierarchies together with the productions terms are functions to be determined by the closure of all densities
(Fkyky..kps Glikyky.. Ky, )- The index n = 0,1,...,Nand m = 0,1,..., M. Moreover, P = Py, = Qy = 0 since the
first 4 equations of the F~ hierarchy and the first scalar equation of G’s hierarchy represent the mass, momentum and
energy conservation, respectively. It was studied in [26] that the physically meaning full choice of the truncated order
N and M, in the sense of the Galilean invariance and the characteristic velocity, is M = N — 1.

Recently, Pennisi and Ruggeri first constructed a relativistic version of polyatomic gas in the case of N = 2
[30]. Then, in [19], they studied the classical limit of generic moments equations (4) for a fixed N both in monatomic
gas of which moments are (5) and in polyatomic gas of which moments are given by:

+-00 I
mn]ngf fpoz a|_..pan (1—|—nﬁ)<p(f)dfdP,

I
Ial L/ — c \ﬁl;?’ i Qpﬂ/l... n (1+nﬁ)90(])dfdp,

mn—1

A(mq ‘ap —

with a distribution functions f(x?, p#, I') depends on the extra energy variable I similar to the classical one. They
proved that there is a unique possible choice of classical moments for a prescribed truncation index N of (4). In
particular, for N = 2, in the monatomic case, we have in the classical limit the monatomic 14-moment equations by
Kremer [9] according with the old results of [18]. Instead, in the polyatomic case, for N = 2, we have, as classical
limit, 15 moments in which, in addition to the previous polyatomic 14-moment equations (7), one equation for a
mixed type moment Hy,,,,, defined by

Hitm = 2Giimm — Fiimm 9

is involved. For many moments, the new hierarchy contains, in addition to the F’s and G’s hierarchies (8) with
n=20,1,...Nandm =0, 1,...N — 1, more complex N + 1 hierarchies for mixed type of moments (see [19]). For
more details on RET beyond the monatomic gas, see the new book of Ruggeri and Sugiyama [5].
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The aim of the present paper is to study the closure of the most simple case of this new hierarchy, that is the

system with 15 equations (ETy5):

oF  OFy

E + 6_xk - 0,

oF, | OFx

ot Oxy ’

OFi; | OFijy . 9Gu , G _

ot oxy, S ot Oxy, 7
Gui , IGuix _ O

ot Oxy "

OH jm n OH jmmi
ot Oxy,

= Ritmm>

(10)

where Hjjmi is the flux of Hy,,,,, given by (9), and Ry, is the production with respect to Hyjyy,. In the following,
after presenting a equilibrium properties of the distribution function, we close the system (10) by means of MEP. As
the collisional term, we introduce the generalized BGK model for a relaxation processes of molecular internal modes

[25]. We show that the derived closed set of the moment equations involves the polyatomic ET14 theory as a principal
subsystem, the monatomic ET14 theory in the monatomic singular limit, and the NSF theory as its parabolic limit.

2. Molecular Extended Thermodynamics with 15-field

First, we recall the equilibrium distribution function for polyatomic gas that was deduced first in the polytropic
case (p, &, p, T denote as usual the equilibrium pressure, the equilibrium specific internal energy, the mass density and
the absolute temperature, while kp is the Boltzmann constant and the constant D = 3 + f;, where f; are the degree of

freedom; in the monatomic gas D = 3)

k Dk
p=—"pl, &=-2T
m 2 m

in [24,28] and in the present case of non polytropic gas

kp
p=plp.T)=—pT,  e=ep(T)

in [25,31]:

fe = K1,

where fg is the Maxwellian distribution function and fé is the distribution function of the internal mode:

3/2 2
Kk_ P _m _mC ;1 I
e = m(2ﬂkBT) eXp( ZkBT)’ e =2 eXp( ksT )’

with A(T) is the normalization factor (partition function):

—+00
A(T):fo o(DePrlar,  Br =1/ (kgT),

and we have put with C; = & —v; (C* = C;C;) the peculiar velocity.

(1)

(12)

(13)

(14)

15)
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The specific internal energy is the moment of fg as follows:

—+00
e=ep(T) = eN(T) +&l(T) = %f f (mC? 4+ 21) fr o(T) dIdC, (16)
R3 JO

where 8§ and sIE are the equilibrium kinetic (translational) and internal specific energies defined by

1 o0 1 3k
K(ry = — c? IdIdC:—f cirkac =227
) =5 [ [ mcreetn) 35 ) mCrEdc =S5,

1 e 1t kg ,dlogA(T) 1n
1 1 B2
T)=- I I)dIidC = — Ifodl = —T"——,
b=~ [ [ zhetr) o[ rrtar =t
where the following relation is taking into account by (14), and (15)
f fre(I)dl = 1. (18)
0

The partition function is obtained by integrating (17), if the caloric equations of state is given. Then the measure
¢(T) is determined via the inverse Laplace transformation of (15). Vice versa, if the partition functions A(7T) is
given, for example, by a statistical-mechanical analysis, we obtain the equilibrium energies of internal mode from
(17) (see for more details [25]).

It was proved in [25] that

1 (> 2,
il 2fldr = ;’—24 + (1), (19)
where
! del (T)
A E
el = mg, and ¢l = T

is the specific heat of the internal mode. We remark that the relation between the pressure and the translational
internal energy is as follows:

2
pP= §PSE(T)-

The specific entropy density in equilibrium is expressed by
s=s(0,T) = s"(o,T) +5(T),

with its translational part sX and internal part s’ which are given by

k oo
sK(p. T) E——Bf felog ff o(I)dIdC,
P JIR3 Jo
T3/2 SK T 1 3/2
zlﬁlog— + E( )—@10 - n 5
m P T m m \ 2nkp

I kg oo !
s(T)=-— felog fr o(I)dIdC,
P Jr3 Jo

kp SE(T)
—log A(T .
g A(T) + —
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e 2.1. System of balance equations for 15 fields

The macroscopic quantities in (10) are defined as the moments of f as follows:

[ [l & et ara

F ijk f tf jf k

. 1
o f (me? +21)| & |fel(T)drdz, (20)
Gk ik

Hllmm oo ( )
Hllmmi) fRf (mg? +41)¢ fo(I)d1de,

and the production terms

too méicj
| on = [ [ | me+2me |otnetnazag e
Ritmm R §;2 + 4I) f

Since the intrinsic (velocity independent) variables are the moments in terms of the peculiar velocity C; instead
of &;, the velocity dependence of the densities is obtained as follows:

F =p,

Fi = pv;,

Fij = Fij+pvivj,

Gy = G+ pv*,

Gui = Gui + Gyvi + Fyvi + Fyvi + pv?vi,

Hipm = By + 4Givi +2G1p* + 4F; jvivj + pvt,

(22)
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where a hat on a quantity indicates its velocity independent part. The conventional fields, i.e.,

—+ 0o —+ 0o

mass density : o= f f mf o(I)dIdC = f f mffg ¢(I)dIdC,

R3 Jo R3 Jo

1 oo 1 oo
velocity : Vi = —f f méif o(I)dIde = —f f méifg o(I)dIdE,

P IR Jo P JIr3 Jo

-+ 00
specific internal energy density : e=ek+& = Zi f f (mC*+21)f (I)dIdC,
o Jr3 Jo

1 oo
specific translational energy density : &K = % f f mC?f eo(I)drdc,
£ JR3 JO

1 oo
specific internal energy density : el = - f f Ife(I)drdc, (23)
P JR3 Jo
o 2 x_ 1 SR
total nonequilibrium pressure : P = 3Pe =3 mC~f ¢(I)dIdC,
R3 Jo
. 1 P
dynamic pressure : [MM=P-p= 3 mC=(f - fg) ¢(I)dIdC,
R3 Jo
-+ 00
shear stress : Tiijy = —f f mCCjy f ¢(I)dIdC,
R3 Jo
1 e,
heat flux : g = - (mC? +21)Ci f ¢(I)dIdC,
2 R3 JO

are related to the intrinsic moments as follows:
Gy = 2pe = 2p(8K +81), Fy=3P=3(p+I11), F@D = —0j)» Gui = 2qi, (24)
where the temperature of the system T is introduced through the caloric equation of state
e=¢g(T). (25)

Let us decompose the intrinsic part of Hjj, into the equilibrium part and the nonequilibrium part A as follows:

—+00 2
Hippm = fRS fo (mC? +41)C*f o(I)dIdC = 12%(5 +4y") 4+ A,

where

I _ P
y = ;8E(T)

and A is defined by

—+ o0
A:fR}fo (mC* +41)C*(f - f&) ¢(I) dIdC. (26)
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Similarly, the velocity dependences of the fluxes and productions are obtained as follows:

Fijx = Fijk + F,-jvk + ijvi + FkiVj + pvivjvg,

Guit = Guix + Guivi + Guvi + 2F vy + 2F vy + 2E v + Fyd? + Guvivi + pv*viv,

Hippmke = Hitmmk + Hiimmvi + 4G uivi + 2Guv® + 4Guvivic + 4F jvivy + 26 v + AFpv?vi + 4F jvivjvi + pv*og,
Py = by @
Qui = 2viPy + Oui.

Ritmm = 4vivPij + 4v;Qui + Ripm.

The velocity dependences in (22) and (27) take the system (10) Galilean invariant in agreement with the general

theorem on Galilean invariance for a generic system of balance laws (see [32]).
The constitutive quantities are now the following moments

—~+00
Fije = f f mCiC;Cy f ¢(I)dIdC,
R3 JO
A oo
Glh‘k:ff (mC* +2I)CiCy f o(T) dIdC,
R3 JO
—+00
Ak = f f (mC? +41) C*Cy f o(I) dIdC,
R3 JO

that is needed to be determined for the closure of the differential system together with the production terms P;;, Qy;
and Rypyyn-

2.1.1. Nonequilibrium distribution function derived from MEP

To close the system (10), we need the nonequilibrium distribution function f, which is derived from the MEP.
According with the principle, the most suitable distribution function f of the truncated system (10) is the one that
maximize the entropy

—+oo
h=—ks f flog f¢(I) dIdg,
R3 Jo

under the constraints that the density moments F, F;, F;;, Gy, Gy, Hyymm are prescribed as in (20). Therefore the best
approximated distribution function f5 is obtained as the solution of a variational problem of the following functional

—-+00
L=k [ [ fopfe(r)ara
+-00 +-00
+2 (F - f mf o(T) dIdf,‘) + A (F,- - f méif o(I)dI dé‘) (28)
R3 Jo R3 JO
oo o0
+ﬂij(Fij_L3£ mf,'fjf(p(f)dfdg)—l-ﬂ(Gu—jl;3j(; (m§2+2f)f90(f)dfd§)
oo +o0
vuou= [ [ e+ 2n)er ey azag) v c(Hum - [ [ (n o+ a1) s () arag).

where A, A;, A;j, 4, ;, and £ are the corresponding Lagrange multipliers of the constraints. As L is a scalar
independent of frame proceeding as in [32], we can evaluate the right side of (28) in the rest frame of the fluid
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(vi = 0), and in this way we have the following velocity dependence of the Lagrange multipliers (according with the
general theorem given in [32]):

A=1- ;l v; + ;lijViVj —|—,&v2 —,&,-vzvi + Zv4,
A = ;1 2flijvj - 20v; + 3/3,’\12 - 42112111',
Aij = Aij = 2fuvi + 4lviv
t]A ﬂllAzgl] (29)
u= =i +20v7,
i = fii — 4vi,
(=2
The distribution function f, which satisfies s.L/6f = 0, is
f15 = exp (—1 - kﬂ/\’/) , with
? (30)

A . 27 27 4T\ .
X = A+ Cii + CiCdy; + (c2 + Z)ﬁ - (C2 - ;)Ctﬁi - (C2 - ;)025.

Taking into account that, in equilibrium, fi5 coincides with the equilibrium distribution function (13), we can
easily see that the equilibrium components of the Lagrange multipliers are given by

1

1 V2 Vi
Ae=g\8t5 | Aipg=-7 Aug =0, Aip, =0, pe= T

T T Hig =0, g=0, (31

where g(= €g(T) + p/p — T's) is the chemical potential. We remark that Ag, A;,, ug in (31) are the Lagrange
multipliers of the Euler system, and those are the main field symmetrize the Euler system as was proved first by
Godunov (see [4,33]).

We observe that the highest power of peculiar velocity in y in (30), is even, i.e., C*. The highest power is same
with the highest tensorial order of the system, and it is revealed in [19] that the highest tensorial order of the system
obtained in the classical limit is always even, i.e., 2N. This fact indicates that, in principle, the moments can be
integrable with the distribution function f5 (concerning the integrability of moments see [13]). Nevertheless, for the
non-linear moment closure, there is the problematic that was noticed first by Junk [34] that the domain of definition
of the flux in the last moment equation is not convex, the flux has a singularity, and the equilibrium state lies on the
border of the domain of definition of the flux. To avoid this difficulties in the molecular extended thermodynamics
approach, we consider, as usual, the processes near equilibrium. Then, we expand (30) around an equilibrium state in
the following form:

m
fis —fE( s )
27 27 47 (32)
+CiAi+C C/l,,+(c2+ m) +(02+;)Ciﬂi+(cz+;)c2z,

where a tilde on a quantity indicates its nonequilibrium part. In the following, for simplicity, we use the notation
f instead of fis. Although the expansion of the exponential (30) is truncated at the first order with respect to the
nonequilibrium variables, there exists the possibility to construct RET theories wit high expansion as was presented
first by Brini and Ruggeri in [35]. The high order expansion has the advantage to have a larger domain of hyperbolicity
[36,37] and to reduce the magnitude of the sub-shock formation in the shock structure [38].
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Inserting (32) into (23) and (26), we obtain the following algebraic relation for Lagrange multipliers:

1o ap o ap
5/11,FE+NG +ZA,., =0,

3. 0E AE
LFE +,u,G”U =0,

Ap +

AE A|E Q|E
/lGll + 3 /l”Gllmm + /J llmm + (( Ilmmnn + 3Jllmm + 2J ) 0
k
AE N 1E B
AFE o+ ArsF o+ Gy + T (Flfy + 2357) = =~ (1163 = 07 ). (33)

LGE

CEN | ER kg
lltj+'u’( llmmlj+2Jlll] +J ) -2— q]’

40

llImmnn

+ 2 JE!

lImm

A(Fh, + 200 + 1111

3 (EL Vot (L + 3T 2 ) 4 (P

kkllmmnn limm

k
pagiey o oy
m
where E with a quantity indicates the moment evaluated by the equilibrium distribution function, and
FLIE AE pE e
Terkyy = Glikiigky = Fltyhok, = fw f 2Ck Cry -+ Cr fe I ¢(T) dIdC,

—+o00
"ZE
klkz ke jl;3 f mCy, Cr, -+~ Cy, fE ( ) (I) drdcC.

Taking into account the moments of fé, i.e., (18), (17) and (19), we obtain the following relation:

(E (M
Fklkz ky Fk1k2~~~k 4
FIE _ I M
Ty, =25 oY Fhikgk
2|E Al M
Jk1k2 k{ (C +y )Fk1k2 ke

where £ ]1:’1 & . 1s the equilibrium moments for monatomic gas defined by
1K2...Kr

Fll:[kz f fRCr Cy, ... CrdC. (34)

Since fg is the Maxwell distribution (14), F /i"ll k.. ATE easily obtained, e.g.,

2

M = P> FIAJ/I = poij, F,]Mr; = % (6ij5rs +6irdjs + 6i56jr) >
M P
Flijrs = 7p_2 (6ij6rs + 6ird js + 0isdjr) ,
4
M p
Fkkllmmnn 945 3

P

From (33), the intrinsic nonequilibrium Lagrange multipliers are evaluated as functions of (o, T, I, oy, gi, A)
up to the first order with respect to the nonequilibrium fields, I1, o, ¢; and A. Instead of A, it may be useful to
introduce the following nonequilibrium field

- 1 P
M= —— 1211y + 1) - EA}. 35
3<4é£+5>{ 01 2a) )
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Then, we obtain as solution of (33):

1= + I,
2¢lpT 8T
:(N+$pq
Coprr(2el +5)7"
2_ﬂ}@d+ﬂn_%ﬂ+0ﬁ
! 42l pT 2T
< Tij) (36)
Ayin = —2L
ij) 2PT 4
3 3
. - ’
oo " apr
fi =~ a q
CopT (el +5) 7"
7=-L 11

Inserting (31) and (36) into (29), we can write down the explicit form of the Lagrange multipliers. As is well known,
the multipliers coincide with the main field

u' = (4,4, Aij, 1 i, £) (37)

by which the system (10) becomes symmetric hyperbolic. Therefore we heave the well-posed Cauchy problem (local
in time) [13,39], and in some circumstances for small initial data, there exists global smooth solutions for all time
(see [4,5] and references therein).

2.2. Constitutive equations

By using the distribution function (32) with (36), we obtain the constitutive equations for the fluxes up to the
first order with respect to the nonequilibrium variables as follows:

N 2
Fije = 215 (qkdij + ;0 + qid jx),
A I 172 I p I P I p
Guij = (2y + 5);51']' + (2y + 7);H5,‘j — (2@‘, + S)EHéij - (2y + 7);0—(ij)’ (38)
1 Al
N p2y' +2¢,+7
H =20m———qi.
lImmk 0 26‘{,+5 qdk

2.3. Nonequilibrium temperatures and generalized BGK model

2.3.1. Nonequilibrium temperatures

We recall that £X and &/ given in (23) are not equilibrium variables since these are the moments of the
nonequilibrium distribution function (instead, the sum of the two is an equilibrium value). Then, we can define two

nonequilibrium temperatures (HK N ) such that, by inserting in the equilibrium state function instead of 7', we obtain

the non equilibrium internal energies (X, &), i.e.:

_ ks gl =&l (6. (39)

o = o (6F) = 2400%,
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Recalling 2pX = 3 and (17) with (39), the total nonequilibrium pressure is expressed with 6% from (12); as
follows:

k
P =plp.0) = =2

pHK .
Since P = p + I, we have the following relations between the nonequilibrium temperature 6% and the dynamical
pressure I1:

GK:T(1+%).

Moreover, we have the relation among three temperatures from (16) and (25) as follows:
ep(0') —ep(T) = ex(T) — 5 (6%).

2.3.2. Generalized BGK model

In polyatomic gases, we may introduce two characteristic times corresponding to two relaxation processes
caused by the molecular collision:

(i) Relaxation time 7g: This characterizes the relaxation process within the translational mode (mode K) of
molecules. The process shows the tendency to approach an equilibrium state of the mode K with the distribution
function fX having the temperature X, explicit expression of which is shown below. However, the internal mode /
remains, in general, in nonequilibrium. This process exists also in monatomic gases.

(ii) Relaxation time 7 of the second stage: After the relaxation process of the translational mode K, two modes,
K and I, eventually approach a local equilibrium state characterized by fr with a common temperature 7. Naturally
we have assumed the condition: 7 > 7.

To describe the above two separated relaxation processes, We adopt the generalized BGK collision term [40,41]
(see also [25,42,43]) which treats the translational relaxation and internal relaxation separately is as follows:

0(f) = -2 (f = FX) = (7~ fe). 0)

1
=

where the distribution functions fX is

with

2.3.3. Production terms

From the generalized BGK model (40), the production terms given by (21) are evaluated as follows:

N 3 A 1 1 A 1 1
pyp=-=IL Py = (— + —)ij), Qui = -2 (— + _)Qi’
T TK T TK T
1 1 1 IT 1)
Ritmm = —(— 4 —)A + —En(lzy’ + 12—3—).
Tk T TK P 4



Version March 18, 2024 submitted to Fluids 14 of 22

Since we consider linear constitutive equations, we neglect the quadratic term in the last expression of (41):

11 11
(O + )= -12(/ + )2 +3(4@{,+5)£(— + —)H.
pT p\T Tk

N 1 1
Ritmm = _(_ + -
TK T

12
) A+ =L
TK P
o 2.4. Closed field equations

Using the constitutive equations above, we obtain the closed system of field equations for the 15 independent
fields (p, Vi, T, H, O_(ij% qi, A) :

Tt g low) =0,

% + 0%_ {[p+ 1161 = oipy + pyivy} = 0,

gt [P +3)+ o)+ a% {2qi + [p(2" +5) +211] vi = 20yv1 + prPvif = 0,
(%{3 (p+11) +pv2] i a%k {%;%Qk +5(p +IT)vk — 20y v +pv2vk} = —g,

0 0 2 1 1
5 oan tevavp) + s {mqa@»k +2[p + Ivd jye = oy vie = 20wy vy +Pv<iv_i>vk} = (E + ;) Ty

g {Zq,- + [p(2y1 +5)+ 21_1] vi = 2074y Vi +pv2vi] +

9 1 P’ I p p 2@,',+5 ( 1 P ) 1 14
+—d2y +5) 6+ (29 +T)ETToy - £ —2 "~ [12I1(y' + 1) - EA |60 — (23" +7) Eoys
6xk{(y )p i+ (2y )p 3Gl 13 O +1) PG (2y )p (iky w

Al

2 ¢, +3
+ ———qviSik + 4———(qivk + qevi) + (p + TV 6 + (2 +7)p + 411 | v
2d+541 10ik 26,’,+5(q' K+ qivi) + (p pi [( Y )p ] iVk

11 1 1 1 1
— oy = 20y Vivi — 2oy +PV2V1V/<} =-2—v;+2 (* + *) onvi—2 (* + *) qi»
T TK T TK T

9 2
; {3% (4" +5) + A+ 8vigi + 2% [p(2y' +5) + 2IT] - dvivjojy +pv4} +

5p(4el +7)

42 {ZOP(26’{,+2y1+7)qk+5(4yl+7)[;vk+20(y1+2)£nvk— (el 19

2 1211(y + 1 —BA}V
Oxy p(2€‘{1+5) [ (v ) » k

422l +7)

P
—4(2' +7) Eayvi +
(2 )p R A VY

(qu2 + 2q,~vivk) — 40'(,-k>v2v,- —doijpvivivk +2 [p(2y1 +7)+ 4H] vzvk +pv4vk}

I1 1 1 1 1 1 1 12
=-h?= +4(* + *)V(,‘Vj)O’(,‘j)#’S(f + 7)\1,'5][—(* + 7)A+ 7£(y1+ ])H.
T TK T TK T TK T TK P

where, from (35),

A= 35{4()}14- 1)IT- (42 + 5)11}. (43)

o In conclusion: The system (42) formed by 15 equations in the 15 unknown is closed with the provided equilibrium
o7 State function (12) and relaxation times T and Tg.

% We remark that the field equations of p, v;, T',IT and o7; ) are same with the ones of polyatomic 14 field theory
% and the presence of A involves only the last two equations of (42) .

w0 2.5. Entropy density, flux and production

The entropy density # satisfies the entropy balance equation:

oh 0
a[ + 8)61 (hvl + 901) )
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where ¢; is the non-convective entropy flux and . is the entropy production which are defined below.
By adopting (32) with (36), we obtain the entropy density within second order with respect to the nonequilibrium

variables
320 +3)_, 3(4el+5) ., 1

o
h =ps — [1- - — —— OOy — ——————— (.
P Sf’{,pT 16pT 4pT Py (Ze‘l)_l’_s)pZTq’ql

(44)

This means that the entropy density is convex (in the limit of the approximation), it reaches the maximum at
equilibrium and the system (42) provides the symmetric form in the main field components. Similarly, the entropy
flux is obtained as follows:

—+o0
%‘:_kf f Ciflogf o(I)dIdC
R3 JO
1 2 2 | R

it Gy - ——— T+ —qiT],
1" orel 5170 T prod v 5 T pr?

The entropy production X according with the symmetrization theorem [4,5,39] is obtained as scalar product between
the main field given by (37) and the production vector given by (21). By taking into account (41) and (36), we have

A R . .
= %H = Aapoajy + 2figi + A
320 +3) 1 34l +5) (1 1)\~ 1 (1
:M_HZ_FM — 4|+ —
4pT T 8pT

S=u-f=%=w-f

—+

2p 11
TK T

2pT a )Cliqz'.

1
w7 + ;)ff<ij>ff<ij> + T

281+ 5)
It is noteworthy that the entropy production is positive provided the relaxation times are together with &/ > 0.

2.6. Characteristic velocities

The differential system (42) is particular case of a generic balance law system:

du 0 Fi(u)
ot Oxi

= f(u),

and it is well known that the characteristic velocity V associated with a hyperbolic system of equations can be
obtained by using the operator chain rule (see [4]):

8% — =V, (%l - no, -0,
where n; denotes the i-component of the unit normal to the wave front, f is the production terms and ¢ is a differential
operator.
Let us consider only one dimensional space-variable, and the system (42) reduces to only 7 scalar equations for
the 7 unknown (p,v = v, T,IL,0 = 011y, ¢ = q1,A). After some cumbersome calculations, it is possible to prove
that the system has the following 7 characteristic velocities evaluated in equilibrium:

vil) =y _ylst ksp y@ o ynd ks 1.
m m
v =y =y =, (45)

=~

v =y JZET, v(7>:v+U};t,/@T,
m m
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with
1
Ulst = \/86 T8, 4 11) — 13 + 442, {6422 (2, + 16) + 8972, — 482} 4349,  (46)
e, -0 +1) e \/ Hloiate )
2nd __ 1 A PN _ _ A A2(n A
U — 82,(7¢, + 11) = 13 = 42, {6423 (2, + 16) + 8972, — 482} + 349, (47)

V6(4e, - 1)(e, +1)

where &, = 3/2 + 6{ is the dimensionless specific heat. It is easy to prove that U};t given by (46) and U%“d by (47)
are real because &, = 3/2, and therefore the characteristic velocities (45) are all real in agreement that any symmetric
systems are hyperbolic.

Note that the fastest velocity U };t > U%“d is larger than the corresponding one of the polyatomic ET4 theory,
and this indicates that the subcharacteristic condition [44] is satisfied due to the convexity of entropy (44). In the limit
of monatomic gases (¢, = 3/2), U };t ~ 2.27655 and U%“d ~ 1.16218, which coincide with the ones of monatomic
ET4. In the limit that &, — oo, U}Z_St — /3 which is same with the one predicted by polyatomic ET4 in this limit.
Recalling the general discussion of the dependence of the characteristic velocities on the degrees of freedom [26],
this is the value of the characteristic velocity of monatomic ET theory with 10 moments (ET}¢) in which (F, F;, F;)
are the only independent fields. On the other hand, in this limit, U%nd — V5/3 is different from the one of ET 4
but is same with the equilibrium sound velocity (the characteristic velocity of Euler system) of monatomic gases in
which (F, F;, Fy;) are the only independent fields. While, Ul%:”d of ET14 approaches to 1 which is the characteristic
velocity of ET theory with 4 moments (ET4) in which (F, F;) are the only independent fields.

In the case of the polytropic gas of which equations of state are given in (11), &, = D/2, the normalized
characteristic velocities U };t, U %“d depend only on the degrees of freedom D. The dependences are shown in Fig. 1.

w® 24 T T T T ”g T T T T
NSJ ETy NS‘ 13_Euler(monat0mlc)_
22 1 12F ET.s 1
A \ETis 1 1-_ J
2'0'_ h AN 1 1 0_ET4 ......................................................................... i
~ S ]

L ETPOIY ~ F . — —_—
18k —-— 09t _ — ETH” ]
L ET) 0.8 1
L2030 40 %0 310 20 30 40 30
D D

Figure 1. Dependence of the normalized characteristic velocities U }ES‘ (left) and U%“d (right) with respect to D. The
solid and dashed lines are the normalized characteristic velocities of ET |5 and polyatomic ET 4. The limit value of
the normalized characteristic velocities of D — 3 and D — oo are indicated with dotted lines. In the limit that D — 3,
U}t and U2 of ET 5 coincide with the monatomic ET/4. In the limit that D — oo, both of UL of ET|s and ET 4
approach to the one of monatomic ET}¢, and U%“d of ETy5 and ET4 approach, respectively, to monatomic Euler and
ET4.
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2.7. Maxwellian iteration and phenomenological coefficients

The NSF theory is obtained by carrying out the Maxwellian iteration [45] on (42) in which only the first order
terms with respect to the relaxation times are retained. Then we obtain

48t v 2060 45 kg 0T
Im=- Y, iy = 2pTem, | = —pTy—— — —, 48
Preel Toax, T T Ploge T TP T o (48)
and
16¢L p? T\ dv
A=-tp—2 "1 ’+1(1+—)—, (49)
A2l 43 p (y ) Tk | Ox
where
[ S S | 1
Tor - Tq - TA - TK T
Recalling the definition of the bulk viscosity v, shear viscosity u, and heat conductivity « in the NFS theory:
ov; 3\/(,' oT
H:——, ..:2_’ i = —K—, 50
Y ox; Tij) = Ky % %= Koo (50)
we have from (48)
48! 200 +5
Cv U= pTo, K= Cv—p‘rq. (51)

v = 7,
6l +97

We note that A and IT is not present in the conservation laws of mass, momentum and energy. In particular, (49)
indicates with (43)

II=o.

This result seems similar to the case of monatomic ET4 in which the nonequilibrium scalar field is equal to O in the
Maxwellian iteration [9].

As usual in the BGK model, the Prandtl number predicted by the present model is not satisfactory. To avoid this
difficulty, one possibility is to regard the relaxation times 7, 7~ and 7,4 as functions of p and T, and estimate them by
using the experimental data on v, u and «. On the other hand, 7o and 7 are not related to such phenomenological
coefficients and the kinetic theory is needed for their estimation, or we may determine these relaxation times as
parameters to have a better agreement with some experimental data as it has been usually done for the bulk viscosity.

Summarizing we have the following result: With the Maxwellian iteration procedure, the hyperbolic system (42)
converges (in similar way of the 14 fields theory) to the classical parabolic system of NFS formed by the first five
equations of (42) with the constitutive equations (50) with bulk and shear viscosities and heat conductivity related to
the relaxation times by (51).

2.8. Principal subsystem

The concept of the principal subsystem for a general system of hyperbolic system of balance laws was introduced
in [44]. By definition, some components of the main field are put as a constant and the corresponding balance laws
are deleted. In this way, we have a small set of the field equations from a large set of the field equations that has the
property that the entropy principle is preserved and the sub-characteristic conditions are satisfied, i.e., the spectrum of



138

139

140

141

142

143

144

145

146

147

148

Version March 18, 2024 submitted to Fluids 18 of 22

characteristic eigenvalues of the small system is contained in the spectrum of the larger one. As consequence, in the
moments theory, the maximum characteristic velocity increases with the number of moments [13].

In the present case, the polyatomic ET4 is obtained as a principal subsystem of ET;s under the condition { = 0,
i.e., from (36)7,

I1=0,
or, in other words,
A=12211(y + 1),
o
and (42)7 is ignored.

2.9. Monatomic gas limit

The monatomic gases are described in the limit &/ — 0 (y/ — 0) and therefore 65 — 0. In the limit, the equation
for Il obtained by subtracting (42)3 from (42)4 becomes

— vy — (52)

ot Oxy, o

11 11 1
g ol —( + %)H.
I 0xg

This is the first-order quasi-linear partial differential equation with respect to I'l. As it has been studied in [23], the
initial condition for (52) must be compatible with the case of monatomic gas, i.e., I1(0,x) = 0, and, assuming the
uniqueness of the solution, the possible solution of Eq. (52) is given by

I1(z,x) =0 (foranyt). (53)

If we insert the solution (53) into (24) and (38) with y/ = 0 and éﬂ = 0, the velocity independent moments are

expressed by the velocity independent moments of monatomic gas ¥ zA]/Izz . which are given in (34) as follows:

-1,

[M
ij = Poij = oj) = Fij,

)

9

2 oM
ik =3 (qi6 j + a0k + aidij) = Fij.
Gll = Fll = 2p8K = 3p = F‘II}/I,

Gui = Fui = 2q; = F}],

A 5p2 1 )4 A M
Guij = 751']' + §A5ij —7;f’<ij> = Fyjs
A P’ . oM

Hllmm = 15; +A= Gllmm = Fllmm’

N p .
Hyppmk = 28;% =F .

Then, the F’s hierarchy coincides with the monatomic F’s hierarchy and G’s and H’s hierarchies coincide with the
corresponding monatomic F’s hierarchy. This indicates that, in this singular limit, solutions of ET5 converge to
those of monatomic 14 theory by Kremer [9].

It may be remarkable that, from this coincidence, we can set the inessential phenomenological constants appear
in monatomic ET4 theory [9] as zero. Therefore, the molecular approach can determine the constitutive equations
without arbitrariness except for the production terms, although the phenomenological approach can provide the theory
for the gas with generic equations of state, e.g., the theory for degenerate Fermi and Bose gases [9].
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3. Dispersion Relation

The dependences of the phase velocity and the attenuation per wavelength on the frequency are studied.

3.1. Phase velocity and attenuation factor

Let us confine our study within one-dimensional problem, that is, a plane longitudinal wave propagating in
x-direction. Therefore, considering the symmetry of the wave, we have the following form:

v o 0 0 q
Vi = 0 , 0-<ij) = 0 —%0‘ 0 , qi = 0 . (54)
0 0 0 -ic 0

Moreover, we study a harmonic wave for the fields u = (p, v, T1T,11,0,q, A) with the angular frequency w and the
complex wave number k such that

u= wei(wt—kx), (55)

where w is a constant amplitude vector. From Eq. (10) with (54) and (55), the dispersion relation k = k(w) is
obtained by the standard way [3]. The phase velocity v,; and the attenuation factor « are calculated as the functions
of the frequency w by using the following relations:

Vph = @ = —Im(k).

Re(k)’
In addition, it is useful to introduce the attenuation per wavelength @ ,:

2 Im(k
a(w) =ad = ph® -2 m ),
w Re(k)

where A is the wavelength.
Let us introduce the following dimensionless parameters:

O =10, Tx= LY
T
Then the dispersion relation depends on these parameters with dimensionless specific heat of internal mode 6‘1,
We emphasize that k = k(w) does not depend on p, and its temperature dependence is determined through the
dimensionless specific heat that can be determined from statistical mechanics or experimental data.
As an example, we adopt Tx = 0.001 which indicates the existence of the slow relaxation of internal mode

[42,46,47]. We show the dependence of the phase velocity normalized by the equilibrium sound velocity cp:

200+ 5kp
C(): —_T9
20043 m

and the attenuation per wavelength on the dimensionless frequency in Fig. 2 in the case with ¢/ = 2. Around
Q ~ 10°(w ~ 71), we can observe a change of vp, and a peak of @,. Since this is due to the relaxation of internal
mode relating to I'l, both of the predictions by ET4 and ET5 coincide each other. Around () ~ 103 (= f'}l ), we can
observe a steep change of v, and a large peak of ;. Since this is due to the relaxation of o, g and A, the difference
between two theories emerges.
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2-0 T T T T T T T T T T T T

Vp/z/c()

0.0

L Tiuul L1l Ll L1l L1l L Tl +a il Ll Ll Ll Ll I
107! 10 10! 102 10° 10* 107! 10° 10! 102 103 10*
g g
Figure 2. Typical dependence of the dimensionless phase velocity v,/ co (left) and the attenuation per wavelength
a, (right) on the dimensionless frequency () predicted by the ET|5 and polyatomic ET 4 theories.

4. Conclusions

According to the general results of Pennisi and Ruggeri [19], the classical limit of the relativistic theory of
moments provides more complex hierarchy than the F’ and G’ binary hierarchy. In this paper, we have studied the
case of N = 2 in which the classic limit dictates 15 fields for a non-polytropic polyatomic gas. We have obtained the
closure using the MEP. The closed field equations include the classical NSF theory as its parabolic limit and converge
to the monatomic ET4 theory obtained by Kremer [9] in the monatomic singular limit. Moreover, we proved that the
polyatomic ET 4 theory is a principal subsystem of the present one, and according to the general results, the spectrum
of characteristic velocities of ET 5 includes the spectrum of eigenvalues of ETy4. Finally, we have evaluated the
dispersion relation proving that, in the low-frequency region, the predictions by ET14 and ET5 theories coincide with
each other, while, in the high-frequency region, the difference between two theories emerges due to the existence of
the additional higher order moment.

We finally remark that, in the present approach, we treat the internal modes as a whole; however, in principle,
we can generalize the theory with two internal modes, one for the rotational and one for the vibrational motion of a
molecule, as was done in the paper [42,43].

Acknowledgments

This paper is dedicated to the memory of Carlo Cercignani. The work has been partially supported by
GNFM/INdAM (TR).

Author Contributions: All authors were fully involved in substantial conception and design of the paper; drafting the article and
revising it critically for important intellectual content; final approval of the version to be published.

Funding: This work was partially supported by JSPS KAKENHI Grant Numbers JP18K13471 (Takashi Arima).

Conflicts of Interest: The authors declare no conflict of interest.

References

1 Cercignani, C.; Mathematical Methods in Kinetic Theory; Springer US, 1969.

2. Cercignani, C.; The Boltzmann Equation and Its Applications; Springer-Verlag, New York, 1988.

3. Miiller, 1.; Ruggeri, T. Rational Extended Thermodynamics, 2nd ed.; Springer: New York, NY, USA, 1998.

4 Ruggeri, T.; Sugiyama, M. Rational Extended Thermodynamics beyond the Monatomic Gas; Springer: Heidelberg, Germany,
2015.

5. Ruggeri, T.;, Sugiyama, M. Classical and Relativistic Rational Extended Thermodynamics of Gases; Springer: Heidelberg,
New York, Dordrecht, London, ISBN 978-3-030-59143-4, 2021.



190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

21

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

Version March 18, 2024 submitted to Fluids 21 of 22

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

24.
25.

26.
217.
28.
29.

30.
31.

32.
33.
34.

35.

36.

Liu, I-S.; Miiller, I. Extended thermodynamics of classical and degenerate ideal gases. Arch. Rat. Mech. Anal. 1983, 83,
285-332.

Ruggeri, T. Symmetric-hyperbolic system of conservative equations for a viscous heat conducting fluid. Acta Mech. 1983,
47, 167-183.

Grad, H. On the kinetic theory of rarefied gases. Commun. Pure Appl. Math. 1949, 2, 331-407.

Kremer, G. M. Extended Thermodynamics of ideal Gases with 14 Fields. Ann. Inst. Henri. Poincaré, 1986, 45, 419—440.
Miiller, I.; Ruggeri, T. Extended Thermodynamics. st edn.; Springer-Verlag: New York, 1993.

Kogan, M.N. Rarefied Gas Dynamics; Plenum Press: New York, NY, USA, 1969.

Dreyer, W. Maximisation of the entropy in non-equilibrium. J. Phys. A: Math. Gen. 1987, 20, 6505-6517.

Boillat, G.; Ruggeri, T. Moment equations in the kinetic theory of gases and wave velocities. Continuum Mech. Thermodyn.
1997, 9, 205-212.

Ruggeri, T.; Liu, I-S.; Miiller, I. Relativistic thermodynamics of gases. Ann. of Phys. 1986, 169, 191-219.

Chernikov, N. A. Microscopic foundation of relativistic hydrodynamics, Acta Phys. Polonica 1964, 27, 465-489.

Synge, J.L. The Relativistic Gas. Amsterdam North Holland, 1957.

Cercignani, C.; Kremer, G. M. The Relativistic Boltzmann Equation: Theory and Applications. Basel-Boston: Birkhduser
Verlag, 2002.

Dreyer, W.; Weiss, W. The classical limit of relativistic extended thermodynamics. Ann. Inst. Henri Poincaré 1986, 45,
401-418.

Pennisi, S.; Ruggeri, T. Classical Limit of Relativistic Moments Associated with Boltzmann—Chernikov Equation: Optimal
Choice of Moments in Classical Theory. J. Stat. Phys. 2020, /79, 231—246.

L.-S. Liu, Extended thermodynamics of fluids and virial equations of state. Arch. Rat. Mech. Anal. 1985, 88, 1-23
Kremer, G. M. Extended thermodynamics of non-ideal gases. Phys. A 1987, 144 156 —178.

Arima, T.; Taniguchi, S.; Ruggeri, T.; Sugiyama, M. Extended thermodynamics of dense gases. Continuum Mech.
Thermodyn. 2011, 24, 271-292.

Arima, T.; Taniguchi, S.; Ruggeri, T.; Sugiyama, M. Monatomic rarefied gas as a singular limit of polyatomic gas in
extended thermodynamics. Phys. Lett. A 2013, 377, 2136-2140.

Pavi¢, M.; Ruggeri, T.; Simi¢, S. Maximum entropy principle for rarefied polyatomic gases. Phys. A 2013, 392, 1302-1317.
Ruggeri, T. Maximum entropy principle closure for 14-moment system for a non-polytropic gas. Ricerche di Matematica,
2020, 1-16.

Arima, T.; Mentrelli, A.; Ruggeri, T. Molecular extended thermodynamics of rarefied polyatomic gases and wave velocities
for increasing number of moments. Ann. Phys. 2014, 345, 111-140.

Borgnakke, C.; Larsen, P.S. Statistical collision model for Monte Carlo simulation of polyatomic gas mixture. J. Comput. Phys.
1975, 18, 405-420.

Bourgat, J.-F.; Desvillettes, L.; Le Tallec, P.; Perthame, B. Microreversible collisions for polyatomic gases. Eur. J. Mech.
B/Fluids 1994, 13, 237-254.

Arima, T.; Ruggeri, T.; Sugiyama, M.; Taniguchi, S. Monatomic gas as a singular limit of polyatomic gas in molecular
extended thermodynamics with many moments. Ann. Phys. 2016, 372, 83—-109.

Pennisi, S.; Ruggeri, T. Relativistic extended thermodynamics of rarefied polyatomic gas. Ann. Phys. 2017, 377, 415-445.
Bisi, M.; Ruggeri, T.; Spiga, G. Dynamical pressure in a polyatomic gas: Interplay between kinetic theory and extended
thermodynamic. Kinet. Relat. Mod. 2017, 11, 71-95.

Ruggeri, T. Galilean invariance and entropy principle for systems of balance laws. The structure of extended thermodynamics.
Continuum Mech. Thermodyn. 1989, 1, 3-20.

Godunov, S. K. An interesting class of quasi-linear systems. Sov. Math. Dokl. 1961, 2, 947-949.

Junk, M. Domain of Definition of Levermore’s Five-Moment System. J. Stat. Phys. 1998, 93, 1143-1167.

Brini, F.; Ruggeri, T. Entropy principle for the moment systems of degree @ associated to the Boltzmann equation. Critical
derivatives and non controllable boundary data. Continuum Mech. Thermodyn. 2002 , /4, 165-189.

Brini, F.; Ruggeri, T. Second-order approximation of extended thermodynamics of a monatomic gas and hyperbolicity
region. Continuum Mech. Thermodyn. 2020 , 32, 23-39.



238

239

240

242

243

244

245

248

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

Version March 18, 2024 submitted to Fluids 22 of 22

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

Brini, F.;; Ruggeri, T. Hyperbolicity of first and second order extended thermodynamics theory of polyatomic rarefied gases.
Int. J. Non-Linear Mech. 2020, /24, 103517.

Mentrelli, A; Ruggeri T. Shock structure in extended thermodynamics with second order maximum entropy principle closure.
Continuum Mech. Thermodyn. 2020, https://doi.org/10.1007/s00161-020-00892-2.

Ruggeri, T.; Strumia, A. Main field and convex covariant density for quasi-linear hyperbolic systems: Relativistic fluid
dynamics. Ann. I’IHP Sec. A 1981, 34, 65-84.

Struchtrup, H. The BGK model for an ideal gas with an internal degree of freedom. Transp. Theory Stat. Phys. 1999, 28,
369-385.

Rahimi, B.; Struchtrup H. Capturing non-equilibrium phenomena in rarefied polyatomic gases: A high-order macroscopic
model. Phys. Fluids 2014, 26, 052001.

Arima, T.; Ruggeri, T.; Sugiyama, M. Rational extended thermodynamics of a rarefied polyatomic gas with molecular
relaxation processes. Phys. Rev. E 2017, 96, 042143.

Arima, T., Ruggeri, T., Sugiyama, M., Extended Thermodynamics of Rarefied Polyatomic Gases: 15-Field Theory
Incorporating Relaxation Processes of Molecular Rotation and Vibration, Entropy, 2018, 20, 301.

Boillat, G.; Ruggeri, T. Hyperbolic principal subsystems: entropy convexity and subcharacteristic conditions, Arch. Rat.
Mech. Anal. 1997, 137, 305-320.

Ikenberry, E.; Truesdell, C. On the pressure and the flux of energy in a gas according to Maxwell’s kinetic theory. J. Ration.
Mech. Anal. 1956, 5, 1-54.

Arima, T.; Taniguchi, S.; Ruggeri, T.; Sugiyama, M. Dispersion relation for sound in rarefied polyatomic gases based on
extended thermodynamics. Continuum Mech. Thermodyn. 2013, 25, 727-737.

Arima,T.; Sugiyama,M. Dispersion relation of a rarefied polyatomic gas with molecular relaxation processes based on
extended thermodynamics. AIP Conf. Proc. 2019, 2132, 130007.

© 2024 by the authors. Submitted to Fluids for possible open access publication under the terms and conditions of the Creative

Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/licenses/by/4.0/.

	1 Introduction
	2 Molecular Extended Thermodynamics with 15-field
	2.1 System of balance equations for 15 fields
	2.1.1 Nonequilibrium distribution function derived from MEP

	2.2 Constitutive equations
	2.3 Nonequilibrium temperatures and generalized BGK model
	2.3.1 Nonequilibrium temperatures
	2.3.2 Generalized BGK model
	2.3.3 Production terms

	2.4 Closed field equations
	2.5 Entropy density, flux and production
	2.6 Characteristic velocities
	2.7 Maxwellian iteration and phenomenological coefficients
	2.8 Principal subsystem
	2.9 Monatomic gas limit

	3 Dispersion Relation
	3.1 Phase velocity and attenuation factor

	4 Conclusions
	References

