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Abstract: Recently, Pennisi and Ruggeri [J Stat Phys 179, 231–246 (2020)] consider the classical limit of the1

relativistic theory of moments associated with the Boltzmann-Chernikov equation truncated at a tensorial index2

N + 1 and they proved that there exists a unique possible choice of the moments in the classical case for a given3

N both for monatomic and polyatomic gases. In particular, in polyatomic gases, there exists a new hierarchy of4

moments that is more general than the one considered in the recent literature. As consequence, when N = 2, in the5

classical limit, there is a theory with 15 fields. In this paper, we consider this system of moments, and we close6

the system using the maximum entropy principle. It is shown that the theory contains as a principal subsystem the7

previously polyatomic 14 fields theory, and in the monatomic limit, in which the dynamical pressure vanishes, the8

differential system converges instead to Grad 13-moments system to the 14 moments theory proposed by Kremer9

[Annales de l’I.H.P. Physique théorique, 45, 419-440 (1986)].10

Keywords: Extended thermodynamics; Maximum entropy principle; Rarefied polyatomic gas; Moments equation;11

1. Introduction12

It is well known that when the Knudsen number Kn is very high, the appropriate theory of the monatomic gas is
the Boltzmann equation1

∂ f
∂t

+ ξi
∂ f
∂xi

= Q( f ), (1)

where the state of the gas can be described by the distribution function f (x, ξ, t), being x ≡ (xi), ξ ≡ (ξi), t the space
coordinates, the microscopic velocity and the time, respectively, and Q denotes the collisional term. A huge literature
exists on the Boltzmann equation in which very important mathematical contributions were given by Cercignani [1,2].
Associating to the distribution function, we can construct macroscopic observable quantities that are called moments
(m is the atomic mass)2:

Fk1k2...kn(x, t) = m
∫
�3

f (x, ξ, t) ξk1ξk2 . . . ξkn dξ, k1, k2, . . . , kn = 1, 2, 3 and n = 0, 1, 2, . . .

1 As usual, the repeated indices denote the summation.
2 When n = 0, we have the mass density F = ρ.
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As a consequence of the Boltzmann equation (1), we have an infinite hierarchy of moment equations that are in the
form of balance laws:

∂Fk1k2...kn

∂t
+
∂Fk1k2...knkn+1

∂xkn+1

= Pk1k2...kn , n = 0, 1, . . . (2)

where
Pk1k2...kn = m

∫
�3

Q( f ) ξk1ξk2 . . . ξkn dξ, P = Pk1 = Pkk = 0.

Instead, for small Kn, the continuum approach with the classical constitutive equations of Navier–Stokes and13

Fourier (NSF) gives a satisfactory theory and is applicable for a more large class of fluids, such as polyatomic and14

dense gases.15

Beyond the assumption of the local thermodynamic equilibrium which determines the application range of the16

the NSF theory, the Rational Extended Thermodynamics (RET) has been developed [3–5]. In the theory, dissipative17

fluxes, such as viscous stress and heat flux, are adopted as independent variables in addition to the usual hydrodynamic18

variables, and we assume a system of balance equations with local-type constitutive equations. More precisely,19

the main idea of RET is to consider for sufficient large Knudsen number a structure of balance laws that have the20

form dictated by the moments (2) truncated at some level. The main problem is in this case that we need a closure21

procedure. The first approach was pure phenomenological which adopts the structure of moments but forgets that22

the F′s are moments of a distribution function. The phenomenological closure was obtained by using the universal23

principles of continuum thermomechanics—(I) the Galilean invariance and the objectivity principle, (II) the entropy24

principle, and (III) the causality and thermodynamic stability (i.e., convexity of the entropy)—to select admissible25

constitutive equations.26

The first paper with this procedure was given by Liu and Müller [6] motivated by a paper of Ruggeri [7]27

considering 13 moments of the form (2) with n = 0, 1, 2, 3 and taking only the trace of the triple tensor with respect28

two indexes: (F, Fk1 , Fk1k2 , Fk1kk). It was surprising that the macroscopic closure obtained only by adopting the29

previous universal principles gives the same system obtained by Grad [8] using a complete different closure at kinetic30

level. Successively, Kremer presented a refined model with 14 fields (monatomic ET14) [9] by adopting a new scalar31

field F j jkk in addition to the previous 13 fields: (F, Fk1 , Fk1k2 , Fk1kk, F j jkk).32

For the case with many fields such as (2) truncated at a tensorial order N̄, to avoid the complexity of the33

phenomenological approach, the so-called molecular extended thermodynamics has been proposed in which the34

macroscopic quantities are moments of the distribution function [10]. For the closure, we adopt as technique the35

variational procedure of Maximum Entropy Principle (MEP) introduced first in the theory of moments by Kogan [11]36

and resumed in 13 moments by Dreyer [12] and for many moments in the first edition of Müller and Ruggeri book in37

which it was proved that the closed system is symmetric hyperbolic [10]. See also on this subject the contribution of38

Boillat and Ruggeri [13] in which they proved that in the molecular approach the MEP closure is equivalent to the39

closure using an entropy principle.40

The first relativistic version of the modern RET was give by Liu, Müller and Ruggeri (LMR) [14] considering
the Boltzmann-Chernikov relativistic equation [15–17]:

pα∂α f = Q. (3)
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in which now the distribution function f depends on (xα, pβ), where xα are the space-time coordinates, pα is
the four-momentum pαpα = m2c2, ∂α = ∂/∂xα, c denotes the light velocity, m the mass in the rest frame and
α, β = 0, 1, 2, 3. The relativistic moment equations associated with (3), truncated at tensorial index N + 1, are now3:

∂αAαα1···αn = Iα1···αn with n = 0 , · · · , N (4)

with

Aαα1···αn =
c

mn−1

∫
R3

f pαpα1 · · · pαn dP, Iα1···αn =
c

mn−1

∫
R3

Q pα1 · · · pαn dP, (5)

and

dP =
dp1 dp2 dp3

p0 .

When N = 1, we have the relativistic Euler system, and when N = 2, we have the LMR theory of a relativistic gas
with 14 fields 4:

∂αAα = 0, ∂αAαβ = 0, ∂αAαβγ = Iβγ, (β, γ = 0, 1, 2, 3; Iαα = 0) . (6)

The surprising results was that the LMR theory converges, in the classical limit, to the monatomic ET14 theory by41

Kremer for monatomic gas not the Grad theory (ET13) as was expected [3,18,19].42

For many years, the applicability range of RET was only limited to monatomic gases both in the classical and
relativistic regime. For rarefied polyatomic gases, after some previous tentatives [20,21], Arima, Taniguchi, Ruggeri
and Sugiyama [22] proposed a binary hierarchy of field equations with 14 fields (polyatomic ET14) because now
there is also, as a new field, the dynamical pressure relating to the relaxation of the molecular internal modes which is
identically to zero in monatomic gases:

∂F
∂t

+
∂Fi

∂xi
= 0,

∂F j

∂t
+
∂Fi j

∂xi
= 0,

∂Fi j

∂t
+
∂Fi jk

∂xk
= Pi j,

∂Gll

∂t
+
∂Gllk

∂xk
= 0, (7)

∂Glli

∂t
+
∂Gllik

∂xk
= Qlli.

where F(= ρ) is the mass density, Fi(= ρvi) is the momentum density, Gll = ρv2 + 2ρε is two times the energy
density, Fi j is the momentum flux, and Gllk is the energy flux. As usual vi denotes the components of velocity and
ε is the internal energy. Fi jk and Gllik are the fluxes of Fi j and Glli, respectively, and Pi j (Pll , 0) and Qlli are the
productions with respect to Fi j and Glli, respectively. In the parabolic limit, this theory converges to the NSF theory,
and in the monatomic singular limit, it converges to the Grad system [4,5,23]. This hierarchy was justified at kinetic
level in [24–26] using the same form of Boltzmann equation (1) but with a distribution function f (x, ξ, t,I) that
depends on a non-negative internal energy parameter I, that takes into account the influence of the internal degrees

3 When n = 0, the tensor reduces to Aα. Moreover, the production tensor in the right-side of (5) is zero for n = 0, 1, because the first 5
equations represent the conservation laws of the particles number and the energy-momentum, respectively.

4 In the monatomic case, from (5), we have Aαββ = c2Aα and therefore only 14 equations of (6) are independent.
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of freedom of a molecule on energy transfer during collisions [27,28]. The theory with many moments was also
developed in [24,26,29]:

∂Fk1k2...kn

∂t
+
∂Fk1k2...knkn+1

∂xkn+1

= Pk1k2...kn ,

∂Gllk1k2...km

∂t
+
∂Gllk1k2...knkm+1

∂xkm+1

= Qllk1k2...km ,
(8)

with the following definition of moments of polyatomic gases (ξ2 = |ξ|2 = ξ jξ j):

Fk1k2...kn = m
∫
�3

∫ +∞

0
f (x, ξ, t,I) ξk1ξk2 . . . ξkn ϕ(I) dI dξ,

Pk1k2...kn = m
∫
�3

∫ +∞

0
Q( f )ξk1 ξk2 . . . ξkn ϕ(I) dI dξ,

Gllk1k2...km =

∫
�3

∫ +∞

0

(
mξ2 + 2I

)
f (x, ξ, t,I) ξk1ξk2 . . . ξkm ϕ(I) dI dξ,

Qllk1k2...km =

∫
�3

∫ +∞

0

(
mξ2 + 2I

)
Q( f ) ξk1ξk2 . . . ξkm ϕ(I) dI dξ,

where ϕ(I) is the state density corresponding to I, i.e., ϕ(I)dI represents the number of internal state between I43

and I+ dI. We need to remark that the two blocks of hierarchies in (8) are not separated because the last fluxes in44

both hierarchies together with the productions terms are functions to be determined by the closure of all densities45

(Fk1k2...kn , Gllk1k2...km). The index n = 0, 1, . . . ,N and m = 0, 1, . . . ,M. Moreover, P = Pk1 = Qll = 0 since the46

first 4 equations of the F’ hierarchy and the first scalar equation of G’s hierarchy represent the mass, momentum and47

energy conservation, respectively. It was studied in [26] that the physically meaning full choice of the truncated order48

N andM, in the sense of the Galilean invariance and the characteristic velocity, isM = N − 1.49

Recently, Pennisi and Ruggeri first constructed a relativistic version of polyatomic gas in the case of N = 2
[30]. Then, in [19], they studied the classical limit of generic moments equations (4) for a fixed N both in monatomic
gas of which moments are (5) and in polyatomic gas of which moments are given by:

Aαα1···αn =
c

mn−1

∫
R3

∫ +∞

0
f pαpα1 · · · pαn

(
1 + n

I

m c2

)
ϕ(I) dI dP ,

Iα1···αn =
c

mn−1

∫
R3

∫ +∞

0
Q pα1 · · · pαn

(
1 + n

I

m c2

)
ϕ(I) dI dP,

with a distribution functions f (xα, pβ,I) depends on the extra energy variable I similar to the classical one. They
proved that there is a unique possible choice of classical moments for a prescribed truncation index N of (4). In
particular, for N = 2, in the monatomic case, we have in the classical limit the monatomic 14-moment equations by
Kremer [9] according with the old results of [18]. Instead, in the polyatomic case, for N = 2, we have, as classical
limit, 15 moments in which, in addition to the previous polyatomic 14-moment equations (7), one equation for a
mixed type moment Hllmm defined by

Hllmm = 2Gllmm − Fllmm (9)

is involved. For many moments, the new hierarchy contains, in addition to the F′s and G′s hierarchies (8) with50

n = 0, 1, . . .N and m = 0, 1, . . .N − 1, more complex N + 1 hierarchies for mixed type of moments (see [19]). For51

more details on RET beyond the monatomic gas, see the new book of Ruggeri and Sugiyama [5].52
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The aim of the present paper is to study the closure of the most simple case of this new hierarchy, that is the
system with 15 equations (ET15):

∂F
∂t

+
∂Fk

∂xk
= 0,

∂Fi

∂t
+
∂Fik

∂xk
= 0,

∂Fi j

∂t
+
∂Fi jk

∂xk
= Pi j,

∂Gll

∂t
+
∂Gllk

∂xk
= 0,

∂Glli

∂t
+
∂Gllik

∂xk
= Qlli,

∂Hllmm

∂t
+
∂Hllmmk

∂xk
= Rllmm,

(10)

where Hllmmk is the flux of Hllmm given by (9), and Rllmm is the production with respect to Hllmm. In the following,53

after presenting a equilibrium properties of the distribution function, we close the system (10) by means of MEP. As54

the collisional term, we introduce the generalized BGK model for a relaxation processes of molecular internal modes55

[25]. We show that the derived closed set of the moment equations involves the polyatomic ET14 theory as a principal56

subsystem, the monatomic ET14 theory in the monatomic singular limit, and the NSF theory as its parabolic limit.57

2. Molecular Extended Thermodynamics with 15-field58

First, we recall the equilibrium distribution function for polyatomic gas that was deduced first in the polytropic
case (p, ε, ρ, T denote as usual the equilibrium pressure, the equilibrium specific internal energy, the mass density and
the absolute temperature, while kB is the Boltzmann constant and the constant D = 3 + fi, where fi are the degree of
freedom; in the monatomic gas D = 3)

p =
kB

m
ρT , ε =

D
2

kB

m
T (11)

in [24,28] and in the present case of non polytropic gas

p = p(ρ, T ) =
kB

m
ρT , ε ≡ εE(T ) (12)

in [25,31]:

fE = f K
E f I

E , (13)

where f K
E is the Maxwellian distribution function and f I

E is the distribution function of the internal mode:

f K
E =

ρ

m

(
m

2πkBT

)3/2

exp
(
−

mC2

2kBT

)
, f I

E =
1

A(T )
exp

(
−
I

kBT

)
, (14)

with A(T ) is the normalization factor (partition function):

A(T ) =
∫ +∞

0
ϕ(I)e−βEIdI, βE = 1/(kBT ), (15)

and we have put with Ci = ξi − vi (C2 = C jC j) the peculiar velocity.59
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The specific internal energy is the moment of fE as follows:

ε = εE(T ) = εK
E (T ) + εI

E(T ) =
1

2ρ

∫
�3

∫ +∞

0
(mC2 + 2I) fE ϕ(I) dIdC, (16)

where εK
E and εI

E are the equilibrium kinetic (translational) and internal specific energies defined by

εK
E (T ) =

1
2ρ

∫
�3

∫ +∞

0
mC2 fE ϕ(I) dIdC =

1
2ρ

∫
�3

mC2 f K
E dC =

3
2

kB

m
T ,

εI
E(T ) =

1
ρ

∫
�3

∫ +∞

0
I fE ϕ(I) dIdC =

1
m

∫ +∞

0
I f I

E dI =
kB

m
T 2 d log A(T )

dT
,

(17)

where the following relation is taking into account by (14)2 and (15)∫ ∞

0
f I
E ϕ(I) dI = 1. (18)

The partition function is obtained by integrating (17)2 if the caloric equations of state is given. Then the measure60

ϕ(I) is determined via the inverse Laplace transformation of (15). Vice versa, if the partition functions A(T ) is61

given, for example, by a statistical-mechanical analysis, we obtain the equilibrium energies of internal mode from62

(17)2 (see for more details [25]).63

It was proved in [25] that

1
m2

∫ ∞

0
I2 f I

EdI =
p2

ρ2 ĉI
v + εI

E(T )
2, (19)

where

ĉI
v = m

cI
v

kB
, and cI

v =
dεI

E(T )

dT

is the specific heat of the internal mode. We remark that the relation between the pressure and the translational
internal energy is as follows:

p =
2
3
ρεK

E (T ).

The specific entropy density in equilibrium is expressed by

s = s(ρ, T ) = sK(ρ, T ) + sI(T ),

with its translational part sK and internal part sI which are given by

sK(ρ, T ) ≡ −
kB

ρ

∫
�3

∫ +∞

0
fE log f K

E ϕ(I) dIdC,

=
kB

m
log

(
T 3/2

ρ

)
+
εK

E (T )

T
−

kB

m
log

 1
m

(
m

2πkB

)3/2 ,

sI(T ) ≡ −
kB

ρ

∫
�3

∫ +∞

0
fE log f I

E ϕ(I) dIdC,

=
kB

m
log A(T ) +

εI
E(T )

T
.
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2.1. System of balance equations for 15 fields64

The macroscopic quantities in (10) are defined as the moments of f as follows:
F
Fi

Fi j

Fi jk

 =
∫
�3

∫ +∞

0
m


1
ξi

ξiξ j

ξiξ jξk

 f ϕ(I) dIdξ,


Gll

Glli

Gllik

 =
∫
�3

∫ +∞

0
(mξ2 + 2I)


1
ξi

ξiξk

 f ϕ(I) dIdξ, (20)

 Hllmm

Hllmmi

 = ∫
�3

∫ +∞

0
(mξ2 + 4I) ξ2

 1
ξi

 f ϕ(I) dIdξ,

and the production terms

f ≡


Pi j

Qlli

Rllmm

 =
∫
�3

∫ +∞

0


mξiξ j

(mξ2 + 2I)ξi

(mξ2 + 4I) ξ2

 Q( f ) ϕ(I) dIdξ. (21)

Since the intrinsic (velocity independent) variables are the moments in terms of the peculiar velocity Ci instead
of ξi, the velocity dependence of the densities is obtained as follows:

F = ρ,

Fi = ρvi,

Fi j = F̂i j + ρviv j,

Gll = Ĝll + ρv2,

Glli = Ĝlli + Ĝllvi + F̂livl + F̂llvi + ρv2vi,

Hllmm = Ĥllmm + 4Ĝllivi + 2Ĝllv2 + 4F̂i jviv j + ρv4,

(22)
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where a hat on a quantity indicates its velocity independent part. The conventional fields, i.e.,

mass density : ρ =

∫
�3

∫ +∞

0
m f ϕ(I) dIdC =

∫
�3

∫ +∞

0
m fE ϕ(I) dIdC,

velocity : vi =
1
ρ

∫
�3

∫ +∞

0
mξi f ϕ(I) dIdξ =

1
ρ

∫
�3

∫ +∞

0
mξi fE ϕ(I) dIdξ,

specific internal energy density : ε = εK + εI =
1

2ρ

∫
�3

∫ +∞

0
(mC2 + 2I) f ϕ(I) dIdC,

specific translational energy density : εK =
1

2ρ

∫
�3

∫ +∞

0
mC2 f ϕ(I) dIdC,

specific internal energy density : εI =
1
ρ

∫
�3

∫ +∞

0
I f ϕ(I) dIdC, (23)

total nonequilibrium pressure : P =
2
3
ρεK =

1
3

∫
�3

∫ +∞

0
mC2 f ϕ(I) dIdC,

dynamic pressure : Π = P− p =
1
3

∫
�3

∫ +∞

0
mC2( f − fE) ϕ(I) dIdC,

shear stress : σ〈i j〉 = −

∫
�3

∫ +∞

0
mC〈iC j〉 f ϕ(I) dIdC,

heat flux : qi =
1
2

∫
�3

∫ +∞

0

(
mC2 + 2I

)
Ci f ϕ(I) dIdC,

are related to the intrinsic moments as follows:

Ĝll = 2ρε = 2ρ(εK + εI), F̂ll = 3P = 3(p + Π), F̂〈i j〉 = −σ〈i j〉, Ĝlli = 2qi, (24)

where the temperature of the system T is introduced through the caloric equation of state

ε = εE(T ). (25)

Let us decompose the intrinsic part of Hllmm into the equilibrium part and the nonequilibrium part ∆ as follows:

Ĥllmm =

∫
�3

∫ +∞

0

(
mC2 + 4I

)
C2 f ϕ(I) dIdC = 12

p2

ρ
(5 + 4yI) + ∆,

where
yI =

ρ

p
εI

E(T )

and ∆ is defined by

∆ =

∫
�3

∫ +∞

0

(
mC2 + 4I

)
C2( f − fE) ϕ(I) dIdC. (26)
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Similarly, the velocity dependences of the fluxes and productions are obtained as follows:

Fi jk = F̂i jk + F̂i jvk + F̂ jkvi + F̂kiv j + ρviv jvk,

Gllik = Ĝllik + Ĝllivk + Ĝllkvi + 2F̂likvl + 2F̂klvlvi + 2F̂ilvlvk + F̂ikv2 + Ĝllvivk + ρv2vivk,

Hllmmk = Ĥllmmk + Ĥllmmvk + 4Ĝllikvi + 2Ĝllkv2 + 4Ĝllivivk + 4F̂i jkviv j + 2Ĝllv2vk + 4F̂ikv2vi + 4F̂i jviv jvk + ρv4vk,

Pi j = P̂i j, (27)

Qlli = 2vlP̂il + Q̂lli,

Rllmm = 4viv jP̂i j + 4viQ̂lli + R̂llmm.

The velocity dependences in (22) and (27) take the system (10) Galilean invariant in agreement with the general65

theorem on Galilean invariance for a generic system of balance laws (see [32]).66

The constitutive quantities are now the following moments

F̂i jk =

∫
�3

∫ +∞

0
mCiC jCk f ϕ(I) dIdC,

Ĝllik =

∫
�3

∫ +∞

0
(mC2 + 2I)CiCk f ϕ(I) dIdC,

Ĥllmmk =

∫
�3

∫ +∞

0

(
mC2 + 4I

)
C2Ck f ϕ(I) dIdC,

that is needed to be determined for the closure of the differential system together with the production terms Pi j, Qlli67

and Rllmm.68

2.1.1. Nonequilibrium distribution function derived from MEP69

To close the system (10), we need the nonequilibrium distribution function f , which is derived from the MEP.
According with the principle, the most suitable distribution function f of the truncated system (10) is the one that
maximize the entropy

h = − kB

∫
�3

∫ +∞

0
f log f ϕ(I) dIdξ,

under the constraints that the density moments F, Fi, Fi j, Gll, Glli, Hllmm are prescribed as in (20). Therefore the best
approximated distribution function f15 is obtained as the solution of a variational problem of the following functional

L ( f ) = − kB

∫
�3

∫ +∞

0
f log f ϕ(I) dIdξ

+ λ

(
F −

∫
�3

∫ +∞

0
m f ϕ(I) dIdξ

)
+ λi

(
Fi −

∫
�3

∫ +∞

0
mξi f ϕ(I) dIdξ

)
(28)

+ λi j

(
Fi j −

∫
�3

∫ +∞

0
mξiξ j f ϕ(I) dIdξ

)
+ µ

(
Gll −

∫
�3

∫ +∞

0

(
mξ2 + 2I

)
f ϕ(I) dIdξ

)
+ µi

(
Glli −

∫
�3

∫ +∞

0

(
mξ2 + 2I

)
ξi f ϕ(I) dIdξ

)
+ ζ

(
Hllmm −

∫
�3

∫ +∞

0

(
mξ2 + 4I

)
ξ2 f ϕ(I) dIdξ

)
,

where λ, λi, λi j, µ, µi, and ζ are the corresponding Lagrange multipliers of the constraints. As L is a scalar
independent of frame proceeding as in [32], we can evaluate the right side of (28) in the rest frame of the fluid
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(vi = 0), and in this way we have the following velocity dependence of the Lagrange multipliers (according with the
general theorem given in [32]):

λ = λ̂ − λ̂ivi + λ̂i jviv j + µ̂v2 − µ̂iv2vi + ζ̂v4,

λi = λ̂i − 2λ̂i jv j − 2µ̂vi + 3µ̂iv2 − 4ζ̂v2vi,

λi j = λ̂i j − 2µ̂ivi + 4ζ̂viv j,

µ = µ̂ − µ̂ivi + 2ζ̂v2,

µi = µ̂i − 4ζ̂vi,

ζ = ζ̂.

(29)

The distribution function f , which satisfies δL/δ f = 0, is

f15 = exp
(
−1 −

m
kB
χ

)
, with

χ = λ̂+Ciλ̂i +CiC jλ̂i j +

(
C2 +

2I
m

)
µ̂+

(
C2 +

2I
m

)
Ciµ̂i +

(
C2 +

4I
m

)
C2ζ̂.

(30)

Taking into account that, in equilibrium, f15 coincides with the equilibrium distribution function (13), we can
easily see that the equilibrium components of the Lagrange multipliers are given by

λE =
1
T

(
−g +

v2

2

)
, λiE = −

vi

T
, λllE = 0, λ〈i j〉E = 0, µE =

1
2T

, µiE = 0, ζE = 0, (31)

where g(= εE(T ) + p/ρ − T s) is the chemical potential. We remark that λE , λiE , µE in (31) are the Lagrange70

multipliers of the Euler system, and those are the main field symmetrize the Euler system as was proved first by71

Godunov (see [4,33]).72

We observe that the highest power of peculiar velocity in χ in (30)2 is even, i.e., C4. The highest power is same
with the highest tensorial order of the system, and it is revealed in [19] that the highest tensorial order of the system
obtained in the classical limit is always even, i.e., 2N. This fact indicates that, in principle, the moments can be
integrable with the distribution function f15 (concerning the integrability of moments see [13]). Nevertheless, for the
non-linear moment closure, there is the problematic that was noticed first by Junk [34] that the domain of definition
of the flux in the last moment equation is not convex, the flux has a singularity, and the equilibrium state lies on the
border of the domain of definition of the flux. To avoid this difficulties in the molecular extended thermodynamics
approach, we consider, as usual, the processes near equilibrium. Then, we expand (30) around an equilibrium state in
the following form:

f15 = fE

(
1 −

m
kB
χ̃

)
,

χ̃ = λ̃+Ciλ̃i +CiC jλ̃i j +

(
C2 +

2I
m

)
µ̃+

(
C2 +

2I
m

)
Ciµ̃i +

(
C2 +

4I
m

)
C2ζ̃,

(32)

where a tilde on a quantity indicates its nonequilibrium part. In the following, for simplicity, we use the notation73

f instead of f15. Although the expansion of the exponential (30) is truncated at the first order with respect to the74

nonequilibrium variables, there exists the possibility to construct RET theories wit high expansion as was presented75

first by Brini and Ruggeri in [35]. The high order expansion has the advantage to have a larger domain of hyperbolicity76

[36,37] and to reduce the magnitude of the sub-shock formation in the shock structure [38].77
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Inserting (32) into (23) and (26), we obtain the following algebraic relation for Lagrange multipliers:

λ̃ρ+
1
3
λ̃llF̂E

ll + µ̃ĜE
ll + ζ̃ĤE

llmm = 0,

λ̃iF̂E
i j + µ̃iĜE

lli j = 0,

λ̃ĜE
ll +

1
3
λ̃llĜE

llmm + µ̃ĤE
llmm + ζ̃

(
F̂E

llmmnn + 3Ĵ1|E
llmm + 2Ĵ2|E

ll

)
= 0,

λ̃F̂E
i j + λ̃rsF̂E

i jrs + µ̃ĜE
lli j + ζ̃

(
F̂E

llmmi j + 2Ĵ1|E
lli j

)
= −

kB

m

(
Πδi j −σ〈i j〉

)
, (33)

λ̃iĜE
lli j + µ̃i

(
F̂E

llmmi j + 2ĴE|1
lli j + ĴE|2

i j

)
= −2

kB

m
q j,

λ̃
(
F̂E

llmm + 2ĴE|1
ll

)
+

1
3
λ̃ll

(
F̂E

llmmnn + 2ĴE|1
llmm

)
+ µ̃

(
F̂E

llmmnn + 3ĴE|1
llmm + 2ĴE|2

ll

)
+ ζ̃

(
F̂E

kkllmmnn + 4ĴE|1
llmmnn + 4ĴE|2

llmm

)
= −

kB

m
∆,

where E with a quantity indicates the moment evaluated by the equilibrium distribution function, and

Ĵ1|E
k1k2···ks

= ĜE
llk1k2···ks

− F̂E
llk1k2···ks

=

∫
�3

∫ +∞

0
2Ck1Ck2 · · ·Cks fE I ϕ(I) dIdC,

Ĵ2|E
k1k2···kt

=

∫
�3

∫ +∞

0
mCk1Ck2 · · ·Ckt fE

(
2I
m

)2

ϕ(I) dIdC.

Taking into account the moments of f I
E , i.e., (18), (17) and (19), we obtain the following relation:

F̂E
k1k2···kr

= F̂M
k1k2···kr

,

Ĵ1|E
k1k2···ks

= 2
p
ρ

yI F̂M
k1k2···ks

,

Ĵ2|E
k1k2···kt

= 4
p
ρ

(
ĉI

v + yI2
)

F̂M
k1k2···kt

,

where F̂M
k1k2...kr

is the equilibrium moments for monatomic gas defined by

F̂M
k1k2...kr

= m
∫
R3

f K
E Ck1Ck2 . . .Ckr dC. (34)

Since f K
E is the Maxwell distribution (14)1, F̂M

k1k2...kr
are easily obtained, e.g.,

F̂M = ρ, F̂M
i j = pδi j, F̂M

i jrs =
p2

ρ
(δi jδrs + δirδ js + δisδ jr) ,

F̂M
lli jrs = 7

p3

ρ2 (δi jδrs + δirδ js + δisδ jr) ,

F̂M
kkllmmnn = 945

p4

ρ3 .

From (33), the intrinsic nonequilibrium Lagrange multipliers are evaluated as functions of (ρ, T , Π,σ〈i j〉, qi, ∆)
up to the first order with respect to the nonequilibrium fields, Π, σ〈i j〉, qi and ∆. Instead of ∆, it may be useful to
introduce the following nonequilibrium field

Π̃ =
1

3(4ĉI
v + 5)

{
12Π(yI + 1) −

ρ

p
∆
}

. (35)
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Then, we obtain as solution of (33):

λ̃ =
3(ĉI

v − yI)

2ĉI
vρT

Π +
3(4yI + 5)

8ρT
Π̃,

λ̃i =
(2yI + 5)p

p2T (2ĉI
v + 5)

qi,

λ̃ll = −
3(2ĉI

v + 3)
4ĉI

v pT
Π −

3(yI + 1)
2pT

Π̃,

λ̃〈i j〉 =
σ〈i j〉

2pT
,

µ̃ =
3

4ĉI
v pT

Π −
3

4pT
Π̃,

µ̃i = −
ρ

p2T (2ĉI
v + 5)

qi,

ζ̃ =
ρ

8p2T
Π̃.

(36)

Inserting (31) and (36) into (29), we can write down the explicit form of the Lagrange multipliers. As is well known,
the multipliers coincide with the main field

u′ ≡ (λ, λi, λi j, µ, µi, ζ) (37)

by which the system (10) becomes symmetric hyperbolic. Therefore we heave the well-posed Cauchy problem (local78

in time) [13,39], and in some circumstances for small initial data, there exists global smooth solutions for all time79

(see [4,5] and references therein).80

2.2. Constitutive equations81

By using the distribution function (32) with (36), we obtain the constitutive equations for the fluxes up to the
first order with respect to the nonequilibrium variables as follows:

F̂i jk =
2

2ĉI
v + 5

(qkδi j + q jδik + qiδ jk),

Ĝlli j = (2yI + 5)
p2

ρ
δi j + (2yI + 7)

p
ρ

Πδi j − (2ĉI
v + 5)

p
ρ

Π̃δi j − (2yI + 7)
p
ρ
σ〈i j〉,

Ĥllmmk = 20
p
ρ

2yI + 2ĉI
v + 7

2ĉI
v + 5

qk.

(38)

2.3. Nonequilibrium temperatures and generalized BGK model82

2.3.1. Nonequilibrium temperatures83

We recall that εK and εI given in (23) are not equilibrium variables since these are the moments of the
nonequilibrium distribution function (instead, the sum of the two is an equilibrium value). Then, we can define two
nonequilibrium temperatures (θK , θI) such that, by inserting in the equilibrium state function instead of T , we obtain
the non equilibrium internal energies (εK , εI), i.e.:

εK = εK
E (θ

K) =
3
2

kB

m
θK , εI = εI

E(θ
I). (39)
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Recalling 2ρεK = 3P and (17) with (39)1, the total nonequilibrium pressure is expressed with θK from (12)1 as
follows:

P = p(ρ, θK) =
kB

m
ρθK .

Since P = p + Π, we have the following relations between the nonequilibrium temperature θK and the dynamical
pressure Π:

θK = T
(
1 +

Π
p(ρ, T )

)
.

Moreover, we have the relation among three temperatures from (16) and (25) as follows:

εI
E(θ

I) − εI
E(T ) = εK

E (T ) − ε
K
E (θ

K).

2.3.2. Generalized BGK model84

In polyatomic gases, we may introduce two characteristic times corresponding to two relaxation processes85

caused by the molecular collision:86

(i) Relaxation time τK : This characterizes the relaxation process within the translational mode (mode K) of87

molecules. The process shows the tendency to approach an equilibrium state of the mode K with the distribution88

function f K having the temperature θK , explicit expression of which is shown below. However, the internal mode I89

remains, in general, in nonequilibrium. This process exists also in monatomic gases.90

(ii) Relaxation time τ of the second stage: After the relaxation process of the translational mode K, two modes,91

K and I, eventually approach a local equilibrium state characterized by fE with a common temperature T . Naturally92

we have assumed the condition: τ > τK .93

To describe the above two separated relaxation processes, We adopt the generalized BGK collision term [40,41]
(see also [25,42,43]) which treats the translational relaxation and internal relaxation separately is as follows:

Q( f ) = −
1
τK

( f − f K) −
1
τ
( f − fE), (40)

where the distribution functions f K is

f K =
ρI(I)

m

(
m

2πkBθK

)3/2

exp
(
−

mC2

2kBθK

)
,

with

ρI(I) =

∫
�3

m f dξ.

2.3.3. Production terms94

From the generalized BGK model (40), the production terms given by (21) are evaluated as follows:

P̂ll = −
3
τ

Π, P̂〈i j〉 =

(
1
τK

+
1
τ

)
σ〈i j〉, Q̂lli = −2

(
1
τK

+
1
τ

)
qi,

R̂llmm = −

(
1
τK

+
1
τ

)
∆ +

1
τK

p
ρ

Π
(
12yI + 12 − 3

Π
p

)
.

(41)
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Since we consider linear constitutive equations, we neglect the quadratic term in the last expression of (41):

R̂llmm = −

(
1
τK

+
1
τ

)
∆ +

12
τK

p
ρ

(
yI + 1

)
Π = −12(yI + 1)

p
ρ

Π
τ
+ 3(4ĉI

v + 5)
p
ρ

(
1
τ
+

1
τK

)
Π̃.

2.4. Closed field equations95

Using the constitutive equations above, we obtain the closed system of field equations for the 15 independent
fields (ρ, vi, T , Π,σ〈i j〉, qi, ∆) :

∂ρ

∂t
+

∂

∂xi
(ρvi) = 0,

∂ρv j

∂t
+

∂

∂xi

{
[p + Π]δi j −σ〈i j〉 + ρviv j

}
= 0,

∂

∂t

{
p(2yI + 3) + ρv2

}
+

∂

∂xi

{
2qi +

[
p(2yI + 5) + 2Π

]
vi − 2σ〈li〉vl + ρv2vi

}
= 0,

∂

∂t

{
3 (p + Π) + ρv2

}
+

∂

∂xk

{
10

2ĉI
v + 5

qk + 5(p + Π)vk − 2σ〈lk〉vl + ρv2vk

}
= −

3Π
τ

,

∂

∂t
(−σ〈i j〉 + ρv〈iv j〉) +

∂

∂xk

{
2

1 + ĉv
q〈iδ j〉k + 2[p + Π]v〈iδ j〉k −σ〈i j〉vk − 2σ〈k〈i〉v j〉 + ρv〈iv j〉vk

}
=

(
1
τK

+
1
τ

)
σ〈i j〉,

∂

∂t

{
2qi +

[
p(2yI + 5) + 2Π

]
vi − 2σ〈li〉vl + ρv2vi

}
+

+
∂

∂xk

(2yI + 5)
p2

ρ
δik + (2yI + 7)

p
ρ

Πδik −
p
ρ

2ĉI
v + 5

3(4ĉI
v + 5)

(
12Π(yI + 1) −

ρ

p
∆
)
δik − (2yI + 7)

p
ρ
σ〈ik〉

+
2

2ĉI
v + 5

qlvlδik + 4
ĉI

v + 3
2ĉI

v + 5
(qivk + qkvi) + (p + Π)v2δik +

[
(2yI + 7)p + 4Π

]
vivk

−σ〈ik〉v2 − 2σ〈lk〉vlvi − 2vlvkσ〈il〉 + ρv2vivk

 = −2
Π
τ

vi + 2
(

1
τK

+
1
τ

)
σ〈il〉vl − 2

(
1
τK

+
1
τ

)
qi,

∂

∂t

{
3

p2

ρ

(
4yI + 5

)
+ ∆ + 8viqi + 2v2[p(2yI + 5) + 2Π] − 4viv jσ〈i j〉 + ρv4

}
+

+
∂

∂xk

 20p
ρ(2ĉI

v + 5)

(
2ĉI

v + 2yI + 7
)

qk + 5
(
4yI + 7

) p2

ρ
vk + 20(yI + 2)

p
ρ

Πvk −
5p(4ĉI

v + 7)

3ρ
(
4cI

v + 5
) [

12Π(yI + 1) −
ρ

p
∆
]

vk

− 4
(
2yI + 7

) p
ρ
σ〈ik〉vi +

4(2ĉI
v + 7)

2ĉI
v + 5

(
qkv2 + 2qivivk

)
− 4σ〈ik〉v2vi − 4σ〈i j〉viv jvk + 2

[
p(2yI + 7) + 4Π

]
v2vk + ρv4vk


= −4v2 Π

τ
+ 4

(
1
τK

+
1
τ

)
v〈iv j〉σ〈i j〉 + 8

(
1
τK

+
1
τ

)
viqi −

(
1
τK

+
1
τ

)
∆ +

12
τK

p
ρ

(
yI + 1

)
Π.

(42)

where, from (35),

∆ = 3
p
ρ

{
4(yI + 1)Π − (4ĉI

v + 5)Π̃
}

. (43)

In conclusion: The system (42) formed by 15 equations in the 15 unknown is closed with the provided equilibrium96

state function (12) and relaxation times τ and τK .97

We remark that the field equations of ρ, vi, T , Π and σ〈i j〉 are same with the ones of polyatomic 14 field theory98

and the presence of ∆ involves only the last two equations of (42) .99

2.5. Entropy density, flux and production100

The entropy density h satisfies the entropy balance equation:

∂h
∂t

+
∂

∂xi
(hvi + ϕi) = Σ,



Version March 18, 2024 submitted to Fluids 15 of 22

where ϕi is the non-convective entropy flux and Σ is the entropy production which are defined below.101

By adopting (32) with (36), we obtain the entropy density within second order with respect to the nonequilibrium
variables

h =ρs −
3(2ĉI

v + 3)
8ĉI

v pT
Π2 −

3(4ĉI
v + 5)

16pT
Π̃2 −

1
4pT

σ〈i j〉σ〈i j〉 −
ρ

(2ĉI
v + 5)p2T

qiqi. (44)

This means that the entropy density is convex (in the limit of the approximation), it reaches the maximum at
equilibrium and the system (42) provides the symmetric form in the main field components. Similarly, the entropy
flux is obtained as follows:

ϕi = − k
∫
�3

∫ +∞

0
Ci f log f ϕ(I) dIdC

=
1
T

qi +
2

pT (2ĉI
v + 5)

q jσ〈i j〉 −
2

pT (2ĉI
v + 5)

qiΠ +
1

pT
qiΠ̃,

The entropy production Σ according with the symmetrization theorem [4,5,39] is obtained as scalar product between
the main field given by (37) and the production vector given by (21). By taking into account (41) and (36), we have

Σ =u′ · f = Σ̂ = û′ · f̂ =
λ̂ll

3
Π − λ̂〈i j〉σ〈i j〉 + 2µ̂iqi + ζ̂∆

=
3(2ĉI

v + 3)
4ĉI

v pT
1
τ

Π2 +
3(4ĉI

v + 5)
8pT

(
1
τK

+
1
τ

)
Π̃2 +

1
2pT

(
1
τK

+
1
τ

)
σ〈i j〉σ〈i j〉 +

2ρ
p2T (2ĉI

v + 5)

(
1
τK

+
1
τ

)
qiqi.

It is noteworthy that the entropy production is positive provided the relaxation times are together with ĉI
v ≥ 0.102

2.6. Characteristic velocities103

The differential system (42) is particular case of a generic balance law system:

∂u
∂t

+
∂Fi(u)
∂xi = f(u),

and it is well known that the characteristic velocity V associated with a hyperbolic system of equations can be
obtained by using the operator chain rule (see [4]):

∂

∂t
→ −Vδ,

∂

∂xi
→ niδ, f → 0,

where ni denotes the i-component of the unit normal to the wave front, f is the production terms and δ is a differential104

operator.105

Let us consider only one dimensional space-variable, and the system (42) reduces to only 7 scalar equations for
the 7 unknown (ρ, v = v1, T , Π,σ = σ〈11〉, q = q1, ∆). After some cumbersome calculations, it is possible to prove
that the system has the following 7 characteristic velocities evaluated in equilibrium:

V(1) = v −U1st
E

√
kB

m
T , V(2) = v −U2nd

E

√
kB

m
T ,

V(3) = V(4) = V(5) = v,

V(6) = v + U2nd
E

√
kB

m
T , V(7) = v + U1st

E

√
kB

m
T ,

(45)
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with

U1st
E =

1√
6(4ĉv − 1)(ĉv + 1)

√
8ĉv(7ĉv + 11) − 13 +

√
4ĉv

{
64ĉ2

v(ĉv + 16) + 897ĉv − 482
}
+ 349, (46)

U2nd
E =

1√
6(4ĉv − 1)(ĉv + 1)

√
8ĉv(7ĉv + 11) − 13 −

√
4ĉv

{
64ĉ2

v(ĉv + 16) + 897ĉv − 482
}
+ 349, (47)

where ĉv = 3/2 + ĉI
v is the dimensionless specific heat. It is easy to prove that U1st

E given by (46) and U2nd
E by (47)106

are real because ĉv = 3/2, and therefore the characteristic velocities (45) are all real in agreement that any symmetric107

systems are hyperbolic.108

Note that the fastest velocity U1st
E > U2nd

E is larger than the corresponding one of the polyatomic ET14 theory,109

and this indicates that the subcharacteristic condition [44] is satisfied due to the convexity of entropy (44). In the limit110

of monatomic gases (ĉv = 3/2), U1st
E ∼ 2.27655 and U2nd

E ' 1.16218, which coincide with the ones of monatomic111

ET14. In the limit that ĉv → ∞, U1st
E →

√
3 which is same with the one predicted by polyatomic ET14 in this limit.112

Recalling the general discussion of the dependence of the characteristic velocities on the degrees of freedom [26],113

this is the value of the characteristic velocity of monatomic ET theory with 10 moments (ET10) in which (F, Fi, Fi j)114

are the only independent fields. On the other hand, in this limit, U2nd
E →

√
5/3 is different from the one of ET14115

but is same with the equilibrium sound velocity (the characteristic velocity of Euler system) of monatomic gases in116

which (F, Fi, Fll) are the only independent fields. While, U2nd
E of ET14 approaches to 1 which is the characteristic117

velocity of ET theory with 4 moments (ET4) in which (F, Fi) are the only independent fields.118

In the case of the polytropic gas of which equations of state are given in (11), ĉv = D/2, the normalized119

characteristic velocities U1st
E , U2nd

E depend only on the degrees of freedom D. The dependences are shown in Fig.1.

mon

10
mon

Euler (monatomic)

Figure 1. Dependence of the normalized characteristic velocities U1st
E (left) and U2nd

E (right) with respect to D. The
solid and dashed lines are the normalized characteristic velocities of ET15 and polyatomic ET14. The limit value of
the normalized characteristic velocities of D→ 3 and D→ ∞ are indicated with dotted lines. In the limit that D→ 3,
U1st

E and U2nd
E of ET15 coincide with the monatomic ET14. In the limit that D→ ∞, both of U1st

E of ET15 and ET14

approach to the one of monatomic ET10, and U2nd
E of ET15 and ET14 approach, respectively, to monatomic Euler and

ET4.
120
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2.7. Maxwellian iteration and phenomenological coefficients121

The NSF theory is obtained by carrying out the Maxwellian iteration [45] on (42) in which only the first order
terms with respect to the relaxation times are retained. Then we obtain

Π = −pτ
4ĉI

v

6ĉI
v + 9

∂vk

∂xk
, σ〈i j〉 = 2pτσ

∂v〈i
∂x j〉

, qi = −pτq
2ĉI

v + 5
2

kB

m
∂T
∂xi

, (48)

and

∆ = −τ∆
16ĉI

v

2ĉI
v + 3

p2

ρ

(
yI + 1

) (
1 +

τ

τK

)
∂vl

∂xl
, (49)

where

1
τσ

=
1
τq

=
1
τ∆

=
1
τK

+
1
τ

.

Recalling the definition of the bulk viscosity ν, shear viscosity µ, and heat conductivity κ in the NFS theory:

Π = −ν
∂vi

∂xi
, σ〈i j〉 = 2µ

∂v〈i
∂x j〉

, qi = −κ
∂T
∂xi

, (50)

we have from (48)

ν =
4ĉI

v

6ĉI
v + 9

pτ, µ = pτσ, κ =
2ĉI

v + 5
2

pτq. (51)

We note that ∆ and Π̃ is not present in the conservation laws of mass, momentum and energy. In particular, (49)
indicates with (43)

Π̃ = 0.

This result seems similar to the case of monatomic ET14 in which the nonequilibrium scalar field is equal to 0 in the122

Maxwellian iteration [9].123

As usual in the BGK model, the Prandtl number predicted by the present model is not satisfactory. To avoid this124

difficulty, one possibility is to regard the relaxation times τ, τσ and τq as functions of ρ and T , and estimate them by125

using the experimental data on ν, µ and κ. On the other hand, τ∆ and τK are not related to such phenomenological126

coefficients and the kinetic theory is needed for their estimation, or we may determine these relaxation times as127

parameters to have a better agreement with some experimental data as it has been usually done for the bulk viscosity.128

Summarizing we have the following result: With the Maxwellian iteration procedure, the hyperbolic system (42)129

converges (in similar way of the 14 fields theory) to the classical parabolic system of NFS formed by the first five130

equations of (42) with the constitutive equations (50) with bulk and shear viscosities and heat conductivity related to131

the relaxation times by (51).132

2.8. Principal subsystem133

The concept of the principal subsystem for a general system of hyperbolic system of balance laws was introduced134

in [44]. By definition, some components of the main field are put as a constant and the corresponding balance laws135

are deleted. In this way, we have a small set of the field equations from a large set of the field equations that has the136

property that the entropy principle is preserved and the sub-characteristic conditions are satisfied, i.e., the spectrum of137
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characteristic eigenvalues of the small system is contained in the spectrum of the larger one. As consequence, in the138

moments theory, the maximum characteristic velocity increases with the number of moments [13].139

In the present case, the polyatomic ET14 is obtained as a principal subsystem of ET15 under the condition ζ = 0,
i.e., from (36)7,

Π̃ = 0,

or, in other words,

∆ = 12
p
ρ

Π
(
yI + 1

)
,

and (42)7 is ignored.140

2.9. Monatomic gas limit141

The monatomic gases are described in the limit εI → 0 (yI → 0) and therefore ĉI
v → 0. In the limit, the equation

for Π obtained by subtracting (42)3 from (42)4 becomes

∂Π
∂t

+ vk
∂Π
∂xk

= −

(
1
τΠ

+
∂vk

∂xk

)
Π. (52)

This is the first-order quasi-linear partial differential equation with respect to Π. As it has been studied in [23], the
initial condition for (52) must be compatible with the case of monatomic gas, i.e., Π(0, x) = 0, and, assuming the
uniqueness of the solution, the possible solution of Eq. (52) is given by

Π(t, x) = 0 (for any t). (53)

If we insert the solution (53) into (24) and (38) with yI = 0 and ĉI
v = 0, the velocity independent moments are

expressed by the velocity independent moments of monatomic gas F̂M
i1i2···in

which are given in (34) as follows:

F̂i j = pδi j −σ〈i j〉 = F̂M
i j ,

F̂i jk =
2
5
(qiδ jk + q jδik + qkδi j) = F̂M

i jk,

Ĝll = F̂ll = 2ρεK = 3p = F̂M
ll ,

Ĝlli = F̂lli = 2qi = F̂M
lli ,

Ĝlli j =
5p2

ρ
δi j +

1
3

∆δi j − 7
p
ρ
σ〈i j〉 = F̂M

lli j,

Ĥllmm = 15
p2

ρ
+ ∆ = Ĝllmm = F̂M

llmm,

Ĥllmmk = 28
p
ρ

qk = F̂M
llmmk.

Then, the F’s hierarchy coincides with the monatomic F’s hierarchy and G’s and H’s hierarchies coincide with the142

corresponding monatomic F’s hierarchy. This indicates that, in this singular limit, solutions of ET15 converge to143

those of monatomic 14 theory by Kremer [9].144

It may be remarkable that, from this coincidence, we can set the inessential phenomenological constants appear145

in monatomic ET14 theory [9] as zero. Therefore, the molecular approach can determine the constitutive equations146

without arbitrariness except for the production terms, although the phenomenological approach can provide the theory147

for the gas with generic equations of state, e.g., the theory for degenerate Fermi and Bose gases [9].148
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3. Dispersion Relation149

The dependences of the phase velocity and the attenuation per wavelength on the frequency are studied.150

3.1. Phase velocity and attenuation factor151

Let us confine our study within one-dimensional problem, that is, a plane longitudinal wave propagating in
x-direction. Therefore, considering the symmetry of the wave, we have the following form:

vi ≡


v
0
0

 , σ〈i j〉 ≡


σ 0 0
0 − 1

2σ 0
0 0 − 1

2σ

 , qi ≡


q
0
0

 . (54)

Moreover, we study a harmonic wave for the fields u = (ρ, v, T , Π,σ, q, ∆) with the angular frequency ω and the
complex wave number k such that

u = wei(ωt−kx), (55)

where w is a constant amplitude vector. From Eq. (10) with (54) and (55), the dispersion relation k = k(ω) is
obtained by the standard way [3]. The phase velocity vph and the attenuation factor α are calculated as the functions
of the frequency ω by using the following relations:

vph =
ω

Re(k)
, α = −Im(k).

In addition, it is useful to introduce the attenuation per wavelength αλ:

αλ(ω) = αλ =
2πvphα

ω
= −2π

Im(k)
Re(k)

,

where λ is the wavelength.152

Let us introduce the following dimensionless parameters:

Ω = τω, τ̂K =
τK

τ
.

Then the dispersion relation depends on these parameters with dimensionless specific heat of internal mode ĉI
v.153

We emphasize that k = k(ω) does not depend on ρ, and its temperature dependence is determined through the154

dimensionless specific heat that can be determined from statistical mechanics or experimental data.155

As an example, we adopt τ̂K = 0.001 which indicates the existence of the slow relaxation of internal mode
[42,46,47]. We show the dependence of the phase velocity normalized by the equilibrium sound velocity c0:

c0 =

√
2ĉI

v + 5
2ĉI

v + 3
kB

m
T ,

and the attenuation per wavelength on the dimensionless frequency in Fig. 2 in the case with ĉI
v = 2. Around156

Ω ∼ 100(ω ∼ τ−1), we can observe a change of vph and a peak of αλ. Since this is due to the relaxation of internal157

mode relating to Π, both of the predictions by ET14 and ET15 coincide each other. Around Ω ∼ 103(= τ̂−1
K ), we can158

observe a steep change of vph and a large peak of αλ. Since this is due to the relaxation of σ, q and ∆, the difference159

between two theories emerges.160
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Figure 2. Typical dependence of the dimensionless phase velocity vph/c0 (left) and the attenuation per wavelength
αλ (right) on the dimensionless frequency Ω predicted by the ET15 and polyatomic ET14 theories.

4. Conclusions161

According to the general results of Pennisi and Ruggeri [19], the classical limit of the relativistic theory of162

moments provides more complex hierarchy than the F’ and G’ binary hierarchy. In this paper, we have studied the163

case of N = 2 in which the classic limit dictates 15 fields for a non-polytropic polyatomic gas. We have obtained the164

closure using the MEP. The closed field equations include the classical NSF theory as its parabolic limit and converge165

to the monatomic ET14 theory obtained by Kremer [9] in the monatomic singular limit. Moreover, we proved that the166

polyatomic ET14 theory is a principal subsystem of the present one, and according to the general results, the spectrum167

of characteristic velocities of ET15 includes the spectrum of eigenvalues of ET14. Finally, we have evaluated the168

dispersion relation proving that, in the low-frequency region, the predictions by ET14 and ET15 theories coincide with169

each other, while, in the high-frequency region, the difference between two theories emerges due to the existence of170

the additional higher order moment.171

We finally remark that, in the present approach, we treat the internal modes as a whole; however, in principle,172

we can generalize the theory with two internal modes, one for the rotational and one for the vibrational motion of a173

molecule, as was done in the paper [42,43].174
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