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Long lived quasi-stationary states (QSSs) are a signature character-
istic of long-range interacting systems both in the classical and in
the quantum realms. Often, they emerge after a sudden quench of
the Hamiltonian internal parameters and present a macroscopic life-
time, which increases with the system size. Despite their ubiquity,
the fundamental mechanism at their root remains unknown. Here,
we show that the spectrum of systems with power-law decaying cou-
plings remains discrete up to the thermodynamic limit. As a conse-
quence, several traditional results on the chaotic nature of the spec-
trum in many-body quantum systems are not satisfied in presence
of long-range interactions. In particular, the existence of QSSs may
be traced back to the finiteness of Poincaré recurrence times. This
picture justifies and extends known results on the anomalous mag-
netization dynamics in the quantum Ising model with power-law de-
caying couplings. The comparison between the discrete spectrum of
long-range systems and more conventional examples of pure point
spectra in the disordered case is also discussed.
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E quilibration is at the roots of thermodynamics and has
been verified under general conditions in a wide range of
physical systems. The current scientific literature has focused
on several aspects of this problem, starting from quantum
quenches and relaxation (1, 2), and arriving to thermalization
of integrable and quasi-integrable systems (3-5), typicality as
a foundation of quantum statistical mechanics (6-8) and many
others.

Despite the ubiquity of equilibration, or possibly due to
it, the known examples of diverging equilibration times and
recurrent behaviour have attracted wide attention in mod-
ern physics. Dynamical protocols, where the system initially
relaxes into a long-lived states and, then, undergoes actual
equilibration on a longer timescale, are commonly referred to
as metastable. The observation of various dynamical regimes,
separated by distinct timescales is the most common evidence
of metastability and is found in several classical systems and,
especially, glasses (9—11). In closed quantum systems ordi-
nary examples of metastability appear in presence of localised
states (2, 12, 13), whose energy eigenvalues are separated from
the rest of the spectrum. An analogous spectral structure
justifies the observation of metastability also in open quantum
systems (14).

Diverging equilibration times in the thermodynamic limit
are also a notorious characteristic of long-range interacting
systems. A physical system is said to be long-range when the
two-body interaction potential decays as a power law of the
distance r between its microscopic components: V(r) ~ r~%
in the large distance (r — oo) limit. If one focuses on the
thermodynamic behaviour, two main regimes appear as a
function of a. For a > d, where d is the spatial dimension

https://doi.org/10.1073/pnas.2101785118

of the system, textbook thermodynamics is well defined and
long-range interactions only alter the universal scaling close
to critical points (15). We refer to this regime (o > d) as weak
long-range interactions.

Conversely, for a < d the thermodynamic quantities be-
come non-additive, leading to apparently paradoxical predic-
tions such as ensemble in-equivalence or negative specific heat
and susceptibilities (16). In the out-of-equilibrium realm, the
most striking property of strong long-range systems is the
appearance of quasi-stationary states (QSS), i.e. metastable
configurations whose lifetime scales super-linearly with the sys-
tem size. QSSs have been mainly studied in classical systems,
such as the Hamiltonian Mean-Field model (17), where an
ensemble of plane rotators are subject to a fully connected flat
interaction (« = 0). There, QSSs are often described in terms
of the magnetisation dynamics, which, after a sudden quench
from an appropriate set of initial conditions, stabilises to a dif-
ferent value with respect to its equilibrium expectation. Then,
actual equilibration only occurs after a macroscopic time-scale
T o< N? with 8 > 0(16). Apart from this peculiar case, QSSs
are characteristic of long-range interactions (18), ranging from
gravitational (19) to electromagnetic systems (20).

The advent of cold atom experiments has largely broadened
the interest in long-range physics, due to the possibility of re-
alising non-local interactions via several different means, such
as dipolar systems (21-23), cold atoms excited into Rydberg
states (24) and trapped ions (25). In the context of meta-stable
dynamics and QSSs a crucial role is played by cold atoms con-
fined in optical resonators, where the photons are stored within
the cavity for a sufficiently long time and mediate interactions
whose range extends over the entire cavity volume (26). At the
semi-classical level, a strict relation between the dynamics of
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cold atoms into cavity systems and the one of the Hamiltonian
Mean-Field model has been demonstrated (27), designating
these devices as optimal candidates for the observation of slow
or absent equilibration.

Given this broad physical interest, as well as the univer-
sal presence of QSSs in long-range interacting systems, it is
surprising that the general mechanism at the root of their
existance has still to be identified. Indeed, while most results
concerning QSSs in classical systems derive from numerical
simulations (16), first evidences of their appearance in the
quantum realm have been rooted on an analytic approach,
which was, however, restricted to a 1/2-spin Hamiltonian with
specific boundaries of the quench protocol (28).

In the present manuscript, we are going to prove that the
absence of equilibration of long-range quantum systems is di-
rectly connected to the persistence of finite Poincaré recurrence
times also in the thermodynamic limit. Hence, the physics
of macroscopic long-range systems cannot be described by
the “traditional” thermodynamic limit procedure. This is in
agreement with well-known observations of properties, which
are common to thermodynamically large long-range systems
and finite local ones, such as the impossibility to fully disre-
gard boundary over bulk phenomena (29, 30), the existence of
concave entropy regions (31) or the presence of a macroscopic
energy gap between the ground state and the first excited
state (32, 33).

All the above features are consequences of the spectral
properties of long-range many-body systems, whose spectrum
does not become continuous in the thermodynamic limit. In-
deed, the eigenvalues of a long-range coupling matrix can be
shown to remain discrete even in the infinite components limit,
forming a pure point spectrum (34) similar to the one observed
in celebrated examples of disordered systems (35). However, at
variance with most disordered systems, the spectrum of strong
long-range interactions possesses no continuous subspace in
the thermodynamic limit, in analogy with the case of the
Anderson model at infinite disorder strength (36-38).

The paper is organised as follows: In Sec.1 we are going to
outline the general picture for equilibration in closed integrable
quantum systems. In Sec.2 a proof of the spectral discrete-
ness of long-range couplings in the thermodynamic limit is
presented in the case of the tight binding chain. Then, in
Sec. 3, the connection between this result and the vanishing of
the Poincaré recurrence times for critical quenches in generic
quantum system is explored. In Sec.4, the above picture is
employed to justify the observation of diverging equilibration
times in a long-range Ising model, quenched across its quan-
tum critical point (28). In Sec. 5 lack of equilibration is shown
in an ensemble of long-range coupled spin-waves for a generic
(non critical) quench. Finally, in Sec. 6 the conclusive remarks
are reported.

1. H-theorem and kinematical chaos

The divergence of the recurrence times for thermodynamically
large classical systems was already noticed by Boltzmann (39)
in answering Zermelo’s criticism (40) to the H-theorem (see
Ref. (41) for an historical account). Quite interestingly, a
similar dispute has successively arisen for quantum systems,
where the issue of recurrence is more severe with respect to
the classical case (42). There, the coarse grained entropy was
shown to be a quasi-periodic function and the validity of H-
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theorem was questioned (43). Eventually, these observations
were proved to be inconsequential for macroscopic quantum
systems, where the wave-function recurrence times become
exponentially large (44) in the thermodynamic limit. Hence,
the validity of the H-theorem is recovered (43).

The issue of recurrence times in quantum systems is pro-
foundly tied with the mathematical theory of quasi-periodic
functions (45, 46). This connection can be concretely explored
by considering a system with time-independent Hamiltonian A
initially prepared at ¢ = 0 in a pure state |¢)), which does not
belong to the Hamiltonian spectrum. As long as the system is
bounded, i.e. has a finite volume, the spectrum is discrete and
the Hamiltonian can be decomposed in terms of orthogonal
projectors ﬁn

which define the states
I, |¢))

In) = ————. 2]
|[TLn [4)] 12

Accordingly, any dynamical observable can be represented as

sum of time oscillating functions in the |n) states basis.
Equilibration is conveniently quantified by the fidelity

@) = gle™ " )IIP = (@) 3]

which represents the overlap between the initial state |¢)) and

its time evolution |1 (1)) = e‘th). The fidelity is obtained
as the square of the characteristic function

X(®) =Y pae " with p, = (p[Ma|).  [4]

It can be proven that the sum in Eq. (4) yields an almost
periodic function and, thus, the time evolved state will period-
ically return arbitrarily close to the initial state (46). As the
system size grows, approaching the thermodynamic limit, at
least some portions of the spectrum are expected to become
absolutely continuous and
lim x(t) =0 [5]
t— o0
due to the Riemann-Lebesgue lemma (47).

From the more general perspective of spectral theory, any
physical Hilbert space H may be decomposed into an absolutely
continuous subspace Hac, a singular continuous subspace Hsc
and a pure point subspace Hpp (H = Hac ® Hsc D Hpp). For
any initial state |¢) with vanishing projection on the pure
point subspace of the spectrum, it can be demonstrated that

<[...]>T:%/o (]t [6]

is the Cesaro’s time average (34)". These results indicate that
in closed quantum systems with continuous spectra equilibra-
tion occurs due to the decoherence of dynamical fluctuations,
either in the absolute sense, see Eq. (5), or on average, see
Eq. (6).

Furthermore, most Hamiltonians, which possess a finite
pure point subspace in the spectrum, occur in the field of dis-
ordered systems, where localised states appear whose energy

lim (f(t))r =0, where

T—o00

* A similar result holds for the expectation value of any compact operator (34).
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lies outside the continuous bulk band (36-38). There, metasta-
bility appears for those initial states whose projection in the
pure point region of the spectrum hinders the applicability of
Eq. (6). In the following, we are going to demonstrate that
the spectrum of translational invariant long-range systems is
completely constituted by a pure point subspace (with a single
accumulation point at high energy). Therefore, metastabil-
ity in long-range systems occurs for any initial state as the
conditions for Eq. (6) are never verified.

In summary, most quantum many-body systems are ex-
pected to equilibrate following roughly the same chaotic be-
haviour of classical systems and the result in Eq. (5) has
been referred to as kinematical chaos (6, 48). The aforemen-
tioned scenario has been explicitly verified in several solvable
quantum models (49-52) and is one of the fundamental as-
sumptions of the eigenstate thermalisation hypothesis (ETH)
in non-integrable quantum many-body systems (53, 54). How-
ever, this scenario does not hold for non-additive long-range
systems.

2. Spectrum of long-range systems

In the following, the lack of equilibration evidenced in long-
range quantum systems (28, 55-59) is shown to derive from the
breakdown of the kinematical chaos hypothesis. We consider
a generic Hamiltonian with long range translational invariant
couplings in one dimension

Z t(a Gitr + h.c.) —HLZa i + Hing, [7]

i=1 r=1 i=1

where the a! (a;) symbols represent the creation(annihilation)
operators of quantum particles on the i — th site of the chain
and N is the total number of sites. The bosonic or fermionic
nature of the particles nor the specific shape of the interaction
Hamiltonian f[int are crucial to our arguments.

The long-range hopping amplitudes take the form,

1 1
tr = Fﬁa [8]
N/2

where the factor N, = Zr:l r~% has to be introduced in
order to yield an extensive internal energy (60). In the large
size limit the scaling term reads

(1—a)20=2Nt ifa<1
N; '~ { 1/log(N) ifa=1 [9]
1/¢(a) if a>1.

In general, the spectrum of any interacting Hamiltonian in
Eq. (48) can be obtained by means of perturbation theory (61).
Then, the first step is to diagonalise the non-interacting Hamil-
tonian

N
(a aZ+T+hc +uZa a;.

i=1

(10]

2

Assuming periodic boundary conditions at the edge of the

chains ait+r = a; (aj_‘_L = al), the spectrum of the non-
interacting Hamiltonian Ho is obtained as e(k) = pu — t,
where
N/2-1 N/2— 1
iy = Z cos(kr)t, € [11]
r=1 a r=1

Nicold Defenu

is the Fourier coefficient of the hopping amplitudes ¢, in
Eq. (49). The periodic boundary conditions impose the usual
restriction on the particle momentum k = k, = 27n/N with
n € Z and —N/2 < n < N/2 (the lattice spacing has been
set to 1). As long as > 1 the calculation proceeds as in
the nearest-neighbour case and the thermodynamic limit of
Eq. (11) can be taken safely, substituting the discrete momen-
tum values ky with the continuous value k € [—7, 7). Accord-
ingly, the spectrum of the Hamiltonian for o > 1 becomes
continuous and the kinematical chaos hypothesis applies.

Conversely, for a < 1 the Kac normalization factor N, in
Eq. (50) diverges at large N and the thermodynamic limit
of Eq. (11) has to be carefully considered. Therefore, it is
convenient to write explicitly Eq. (11) at large N

N/2-1 N/2 -
m L Z cos(kr) _ ca €05 (2705
NWN N 2T G/N)e

lim
where the asymptotic form of the Kac normalisation in Eq. (50)
has been employed and, accordingly, the size independent
constant reads ¢, = (1 — «)2'~*. Thanks to the 1/N scaling
of the discrete momenta on the lattice, the summation in
Eq. (12) only depends on the variable /N and in the N — oo
limit the Riemann summation formula can be applied (62)

1
. - 2 2
= lim D— e, / cos (2mns) ;-
(0]

[12]

N—o0 s« [13]
Despite its simplicity, the result in Eq. (13) has profound phys-
ical implications: it proves that the spectrum of a quantum
system with long-range harmonic couplings remains discrete
also at N — oo. Indeed, at a < 1 the gap between neighbour-
ing eigenvalues wn+1 —wx labeled by the consecutive momenta
kn, kn+1 in Eq. (11) does not vanish in the thermodynamic
limit as it would for @ > 1. As a consequence, the energy
eigenvalues only depend on the integer index n € Z rather
than on the continuous momentum &

Wn = —tn. [14]

Notably, for a = 0 all the £,, coefficient vanish and the discrete
spectrum in Eq. (14) becomes fully degenerate, which is often
referred to as an essential spectrum (34).

From the perspective of disordered systems the result in
Eq. (14) is rather remarkable. Indeed, the spectrum of long-
range couplings in the thermodynamic limit is a completely
pure point spectrum with no continuous subspace. The same
situation is found in an Anderson model with infinite disorder
strength, where localisation occurs at all energy scales (36—
38). However, most examples of disordered systems feature
both continuous and pure point subspaces in the spectrum.
Accordingly, metastable configurations appears in disordered
systems only for states with finite projection on the pure point
subspace. This is not the case of long-range systems where
lack of equilibration is a ubiquitous feature of all possible
initial states. Furthermore, it is worth noting that the energies
in Eq. (14) are not dense, differently from other examples in
disordered systems (36-38). Rather, any energy eigenvalue in
Eq. (14) is isolated and the only accumulation point occurs at
the maximum energy max, w, = j, since limy, o t, — 0 as
follows from the Riemann-Lebesgue lemma (34).

It is evident that the core result in Eq. (13) would not be
altered by the nature of the particles (bosons or fermions)
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nor by most interaction terms Hin,. A simple argument to
substantiate the above claim may be obtained by an inspection
of the perturbative corrections for the eigenvalues of the H
Hamiltonian caused by the interaction term Hint

N ﬁin n’ 2

n#n’

En—B,

[15]
where |1,,) are the symmetric(antisymmetric) external product
of the single particle eigenstates |k, ) of the periodic chain and
FE,, their energy.

As long as the system is finite, the spectrum can be safely
assumed to be discrete and non-degenerate, so that the per-
turbative result in Eq. (15) will yield a good approximation to
the H spectrum for weak enough perturbations. Convention-
ally, one expects similar perturbative arguments to breakdown
in the thermodynamic limit, due to the possible divergent
contributions arising from fluctuations close to critical points.
However, this is not the case of strong long-range systems,
where the long-range tails of the couplings are known to sup-
press strong fluctuations (63). Indeed the discreteness of the
non-interacting many-body spectrum, see Eq. (13), persists in
the thermodynamic limit and the perturbative contributions
as the ones on the r.h.s. of Eq. (15) shall not develop any
singularity.

Therefore, the discreteness of the spectrum, derived in
Eq. (13), may be presumed to persist in most interacting
Hamiltonians, since one of its main consequences is to suppress
strong interaction contributions in perturbation theory. Hence,
the physics of thermodynamically large long-range systems
would be closer to the one of a finite bounded Hamiltonians,
rather than to the one of traditional many-body ensembles.
The generalisation of the result in Eq. (13) to the d > 1 case
follows the same procedure indicated in 1-dimension, as it is
shown in the SI Appendix.

3. Vanishing recurrence time in the N — oo limit

Previous section clarified that the spectrum of quantum long-
range systems remains discrete in the thermodynamic limit. It
follows that the recurrence times for these systems remain fi-
nite (43) and that the hypothesis of kinematical chaos does not
apply to power-law decaying couplings with @ < d. An analo-
gous situation occurs in the low-energy limit of the Anderson
model where the spectrum is also pure point (36-38).

Yet, this is not enough to justify the size scaling of the
QSSs lifetimes, which actually diverge in the thermodynamic
limit (28, 64). Rather, this effect is the result of the accumula-
tion of the energy levels in Eq. (13) towards the high-energy
(n — o0) limit. In order to substantiate this argument, let
us revisit the calculation of the recurrence time for a discrete
spectrum (44, 65, 66) in the light of the result in Eq. (13).
Then, following Ref. (66), one writes the fidelity in Eq. (3) as
f(t) =1 —Q(t), so that a recurrence will be achieved each
time Q(¢) ~ 0. It is convenient to assume that only a finite
number of states M contributes to Eq. (4) and all have the
same population p, = 1/M, yielding the simplified result

M

4 .2 wnmt
QW =55z Y sin® (U0, [16]
m>n=1
where wpm = wm — wn is the difference between the two

energy eigenstates. Then, one can repeat the arguments of
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Ref. (44) and relate the smallest recurrence time 7 with the
probability that a cylinder in M —1-dimensional space contains
at least one point of a regular M — 1-dimensional lattice.
The cylinder radius is R ~ /(M — 1)e/8, with ¢ any small
parameter such that Q(¢) < e, while the length is proportional
to the recurrence time itself L = /M — lw7, multiplied by
the average square frequency

1 M
2
M—1 Z Wim:-
m=2

In order for the cylinder to contain at least one point of
the regular M — 1-dimensional lattice, its volume has to be
approximately equal to one, i.e. VM — lwro(R) = 1, where
o(R) is the volume of a M — 2 dimensional sphere of radius
R, leading to

[17]

1
VM —1we(R)’

Apart from the details for the derivation of Eq. (18), which
can be found in Refs. (44, 65), its interpretation is rather
evident: the scale for the recurrence time is set by the average
level spacing w, see Eq. (17), but the net result is inversely
proportional to the volume of the (M — 2)-dimensional sphere
of radius R. Such volume vanishes as the accuracy requested
for the recurrence time is increased, i.e. ¢ — 0, but also
in the limit of infinitely many energy levels involved (M —
00). Indeed, within the conventional assumption of rational
independence between the energy eigenvalues (43), each novel
energy eigenstate introduces an independent direction to the
space of w1, and lowers the probability to find a common
recurrence time for the entire spectrum.

In general, the number of states available for a quantum
system grows with its size and accumulates at low energies.
Then, the result in Eq. (18) diverges, as o(R) vanishes in the
M — oo limit. However, based on the result in Eq. (13), the
energy eigenvalues of long-range systems do not densely fill
a continuous band. Rather as N grows the eigenstates accu-
mulate and become dense at high-energy, due to the growing
index of Fourier modes —N/2 < n < N/2. Indeed, the energy
difference between these modes becomes increasingly negligible
at large n, since the integral in Eq. (13) approaches zero in
the n — oo limit. Therefore, the conventional assumption of
rational independence for the energy levels in Eq. (16) does
not apply at large M as most of the states at high-energy are
quasi-degenerate. Accordingly, one may expect the volume
of the M-sphere in Eq. (18) to stop growing for M above a
certain (unknown) threshold M*. Within this assumption, the
formula in Eq. (18) at large M becomes

1
VMwomax

which vanishes in the large-M limit.

In summary, one may generally expect that the number of
levels M involved in the computation of the recurrence time
7, see Eq. (18), grows with the size of the system N. However,
differently from the standard case (44, 65, 66), the assumption
of rational independence for energy levels appears to not apply
to long-range quantum systems with discrete energy spectrum,
due to the accumulation of the energy eigenvalues at high-
enegy, see Eq. (14). This leads to the asymptotic behaviour in

T =

[18]

[19]

lim 7~
M — o0
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Eq. (19). Thus, the recurrence time actually decreases for long-
range couplings in the thermodynamic limit and may justify
the stability of the initial observable values characteristic of

QSSs.

4. QSSs in spin systems

Until now, the scenario connecting the appearance of the QSSs
with the peculiarity of the spectrum in long-range systems has
been presented with general arguments. In the present section,
a concrete example of the occurrence of QSSs in quantum
systems with discrete spectrum is presented. We consider the
prototypical example of quantum criticality with long-range
couplings, i.e. the long-range Ising chain. It describes quantum
1/2-spins interacting via ferromagnetic non local couplings

N N/2-1

Z Z tr0; Gwrthcrl,

i=1 r=1

Hipi = 20]

where t, is given in Eq. (49), 6/ is the u component of the

Pauli matrices and the indexes 7, run over all sites of a one
dimensional chain.

The occurrence of QSSs for the Hamiltonian in Eq. (20)
has been demonstrated for a system initially prepared in an
eigenstate of the transverse magnetization operator ( Mg, =
Zi 67), i.e. the ground state of the h — 400 Hamiltonian, and
evolved according to the h = hy = 0 Hamiltonian (28). Within
the perspective of the present work, it is rather straightforward
to extend these investigations to the general h;, hy case.

It is worth noting that the Hamiltonian in Eq. (20) can be
explicitly solved in the two opposite limits o« — 0, oo, where it
represents, respectively, the fully connected Lipkin-Meshkov-
Glick model (67) and the traditional nearest-neighbour case.
A convincing numerical analysis of the Hamiltonian in Eq. (20)
is unfeasible in the present case, since the focus is on the
thermodynamic scaling behaviour, which lies outside the avail-
able regime for standard numerical simulations. A convenient
approximate representation for the Hamiltonian in Eq. (20) is
the one obtained by a truncated Jordan Wigner (JW) trans-
formation, which reduces the problem to quadratic fermions
hopping on the one-dimensional lattice (68)

N N/2-1
HKLR = g 5 t'r C Cz+r + Cz cl+7“ - CzCH—T - CICI+T)

=1 r=1

—hz l—ZCc,

The details of the transformation from the Hamiltonian in
Eq. (20) and the one in Eq. (21) are given in Sec. A of the
Materials and Methods.

The quadratic nature of the Hamiltonian in Eq. (21) allows
its exact diagonalization in Fourier space via the Bogolyubov
transformation

21]

Cr = uk’yk + ’U*_kﬁ'ik [22]

where ¢, = % Zj ¢;e~ " and the Bogolyubov angles 6y, are
defined as

0 O A
(uk,vg) = (cos ?k,sin ?k) , with tan@, = h—kf .

(23]
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The kinetic couplings £ are given in Eq. (11) and the momen-
tum space pairing term reads

N/2-1 N/2-1

< sin(k

Ay = E sin(kr)A N E [24]
=1

In the @ — oo the mapping becomes exact and both the
fermionic and the spin models, in respectively Eq. (21) and
Eq. (20), feature two equilibrium quantum critical points at
h = h. = *1, where the minimal energy gap closes at the
critical momenta k = 0, 7 respectively. As already mentioned,
effects of long-range interactions are expected to be stronger for
homogeneous states. Then, our focus is on the quantum critical
point appearing at A = 1, which represents the transition point
between the disordered and the ferromagnetic states in the
original spin Hamiltonian. Correspondingly, the Fermi system
in Eq. (21) features a transition between a topologically trivial
state at h > 1 and a topologically non-trivial one at h < 1,
where no local order parameter occurs (69).

For 1 < a < 3 the exactness of the correspondence between
the fermion and spin Hamiltonians is lost. Thus, both the
equilibrium and the dynamical critical properties differ (68).
Yet, the existence of the quantum critical points is preserved
and the qualitative scenario for the two systems remains quite
close. As long as o > 1, the topological nature of the tran-
sition can be summarised by the small momentum limit of
the Bogolyubov angles 0. Indeed, for h > 1 the denomi-
nator of the second term in Eq. (23) remains positive and
lim;,_,g+ 6 = 0, while for h < 1 one has lim;_,y+ 0, = £,
with this last discontinuity being at the origin of the finite
integer winding number observed in the topological case, see
left panel in Fig. 1, upper and lower sub-panels respectively.
Within this perspective, it is worth noting that for h = h. =1
one has limy_,o+ 05 = £ 7, middle sub-panel in the left panel
of Fig. 1, yielding an equal superposition of electron and hole
for the critical mode (|Jux=o| = |vk=o| = 1/+/2), which is con-
ventionally interpreted as the Dirac mode originating from the
superposition of two Majorana edge states (69).

In the 0 < a < 1 regime the scenario is more compli-
cated. Indeed, the persistence of the discrete spectrum in the
thermodynamic limit, see Eq. (13), does not allow to define
a continuous theory and hinders the conventional definition
of quantum critical point in the Kitaev chain. Yet, the Bo-
golyubov angle distribution is consistent with a change of
phase also in the strong long-range regime, as it is shown on
the right panel of Fig. 1, where the different low-energy limits
n — 0 of the two phases h > 1 and h < 1 are shown. We
refer the reader to Sec. C of the Materials and Methods for
the derivation of the momentum space hopping and pairing
couplings of the Hamiltonian in Eq. (21). Up to our knowledge,
the characterisation of the h. = 1 topological phase transition
in the strong long range Kitaev chain has not been discussed
in the literature before, since the Kac rescaling factor was not
introduced in previous studies of the kitaev Hamiltonian (70).

In the present case, the presence of the Kac scaling factor is
a direct consequence of the relation between the Hamiltonian in
Eq. (21) and the original one in Eq. (20), where the Kac scaling
factor is introduced to stabilise the ferromagnetic quantum
critical point. A proper investigation of the critical properties
of this “discrete topological phase" is not presented here and
it will be the subject of following work. Our main concern
are the peculiar equilibration properties of the model, when

PNAS | August20,2021 | vol. 118 | no. 30e2101785118 | 5



z a>12 — a=175
0
3
< 0 \
U
,W - 2

™™o

[SIE]

A a=09 A

[SIE}

Fig. 1. The Bogolyubov angle of the long-range Kitaev chain as a function of the momentum, the three possible configurations h > 1, h = 1 and h < 1, corresponding to
trivial, critical and topological phases, are displayed in each panel from top to bottom. In the o > 1 case (left panel), the expression for the Bogolyubov angles tends to a
continuous function in the thermodynamic limit; its asymptotic behaviour in the k& — 0 limit is consistent with a finite winding number for h < 1 (bottom panel on the left).
Conversely, in the strong long-range regime (o« < 1) no continuous theory can be defined in the thermodynamic limit and the Bogolyubov angles are more conveniently
reported as a function of the integer index n (right panel). Even without a well defined notion of continuous limit, a clear distinction appears between the trivial phase at
h > 1 (upper panel on the right) and the “topological" one at h < 1 (lower panel on the right). It is worth noting that che characterisation of the critical phase h = 1 is not
straightforward in this case as the Bogolyubov angle 6,,—¢, which is conventionally reported as 6,,—o = 0 in the plot, is actually indeterminate (middle panel on the right).

quenched across its equilibrium critical point at A = 1. Hence,
the abrupt modification of the Bogolyubov angles distribution
for h < 1 provides a solid enough background to consider
critical those quenches, where the transverse magnetic field
abruptly changes form h; > 1 to hy < 1 at t = 0, see the right
panel in Fig. 1.

Before diving into the strong long-range case, it is conve-
nient to summarise the traditional picture for sudden quench
dynamics in the nearest-neighbour Kitaev chain. The system
is initially prepared in the transversally polarised initial state
at h = h; > 1, where (rh,) = (3, 67 /N) =~ 1. Then, the sys-
tem is evolved according to the Hamiltonian in Eq. (21) with
h = hy < 1. The explicit description of the quench dynamics
solution can be found in Sec. B of the Materials and Methods.
In line with previous QSSs investigations we are going to focus
on the evolution of the trasverse magnetization (rh,) = m(t).
The representation of the transverse magnetisation remains
local also in terms of the Fermi quasi-particles, due to the

relation
2
P N
mm—l—ﬁ E ¢; C;.

i

[25]

As long as a > 1, the time evolution of the transverse mag-
netisation is consistent with the expectations for an integrable
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system. At t = 0 the observable has its initial value and, then,
rapidly equilibrates to a different constant expectation, which
is maintained along the entire dynamics apart from few rapid
time fluctuations appearing at the Poincaré recurrence times.
The fluctuations become increasingly more uncommon as the
system approaches the thermodynamic limit, in agreement
with the expected divergence of the recurrence times discussed
in previous sections, see Fig. 2

The picture is radically altered in the a < 1 case, see Fig. 3.
At intermediate system sizes the qualitative features remain
similar to the a > 1 case, with the transverse magnetisation
rapidly moving from its initial value m4(0) ~ 1 to a differ-
ent large-time expectation, around which it steadily oscillates.
However, as the system size is increased the discrepancy with
the traditional case is noticed. At larger N the large-time
magnetisation value tends to steadily grow, approaching the
initial value m, = 1. Moreover, the time-scales of the oscilla-
tory fluctuations are not altered by the increase in the system
size, but rather manifest at almost equal time intervals at
all sizes, consistently with the existence of finite recurrence
times in the long-range systems at o < d. These observations
are consistent with the presence of QSSs in the long-range
Kitaev chain and are analogous to the picture obtained in the
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N=64 — N=256
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Fig. 2. Transverse magnetisation m (t) after a quench in the long-range Ising model
as represented by the dynamics of the long-range Kitaev chain in Eq. (21) in the
nearest neighbour (o > 3) (upper panel) and o = 1.75 (lower panel) cases. The
range of values on the y axis depends on the peculiar initial and final transverse field
values h; and h ¢, but the qualitative features of the equilibration remain the same for
all h; > 1and hy < 1. Each curve starts at the initial value m, = 1 and, after few
oscillations, equilibrates to a constant value, which persists for a time interval, which
steadily increases with the system size.

my

N=128.0
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Fig. 3. Transverse magnetisation m, (t) after a quench in the long-range Ising model
as represented by the dynamics of the long-range Kitaev chain in Eq. (21) in the
« = 0.9 (upper panel) and a = 0.4 (lower panel) cases as a function of the size
(see legend). The range of values on the y axis depends on the peculiar initial and
final transverse field values h; and h s, but the qualitative features of the equilibration
remain the same for all h; > 1 and hy < 1. As the size of the system grows
the observable large time limit changes, increasingly approaching its initial value
m, = 1, and, thus, no actual equilibrium value emerges. Moreover, even if the
amplitude of the oscillations tends to decrease in the N — oo limit, the time-scale for
such fluctuations is not altered by size modifications, in contrast with the conventional
Poincaré recurrence phenomenon occurring in Fig. 2.
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long-range Ising Hamiltonian, apart qualitative differences due
to the approximate relations between the two models (28).

5. Lack of equilibration and relation with disorder

The persistence of the initial observable expectation value
after a quench across the critical point in long-range systems
is one of the hallmarks of QSSs (16, 17, 71). As shown in the
previous sections, this phenomenon can be traced back to the
spectral discreteness of thermodynamically large long-range
systems and, specifically, to the accumulation of energy states
in the high-energy portion of the spectrum.

The derivation in Sec. 2 implies that the spectrum of long-
range Hamiltonians is entirely pure point and, accordingly,
absence of equilibration is ubiquitous in non-additive quan-
tum systems, due to the violation of the kinematical chaos
hypothesis, see Sec. 1. Indeed, the dynamics of non-additive
systems features long-lived time fluctuations, whose origin can
be traced back to the spectrum being dominated by the dense
high-energy contribution. This phenomenon is not limited to
critical quenches and observables, but it generally occurs for
any dynamical protocol in purely long-range Hamiltonians.

In this section we focus on the (lack of) equilibration ap-
pearing in long-range systems after a sudden quench of the
Hamiltonian parameters within the normal phase. We show
that absence of equilibration is a general feature of these
systems and compare our findings with a more traditional
example in the field of disordered systems.

In this perspective, it is convenient to consider the spherical
representation of the Ising Hamiltonian in Eq. (20), which is ob-
tained replacing the spin variables 6* with the operators §; and
their associated momenta p;, obeying the harmonic oscillator
commutation relations [3;, p;] = id;; and [8;, §;] = [ps, p;] = 0.
Some similarity between the harmonic oscillator variables and
the original spins is ensured by a global constraint in the
form (3. s7) = N/4. The resulting Hamiltonian describes the
celebrated spherical model, which is one of the workhorses in
the study of disordered systems (72-76), and reads

H=93 i+ g > Uussiy | Y- ). 120
i i,j

7

The parameter g controls the strength of quantum fluctuations
and the coupling matrix U;; couples all pair of sites in the linear
chain. The parameter p plays the role of an effective chemical
potential and has to be chosen in order to enforce the constraint
condition, see more details in the SI Appendix. It can be shown
that the dynamics of the spherical model actually corresponds
to the time-dependent Hartee-Fock approximation of the Ising
and O(N) rotor models (77). In this perspective, the harmonic
oscillator variables in Eq. (26) effectively represent the spin-
waves of the system.

At equilibrium, the spherical model presents a quantum
critical point at g = g., separating the normal phase at g > g.
from a magnetised one for g < g.. The magnetisation is repre-
sented by a macroscopic occupation of the lowest momentum
state, i.e. a condensate. The universal properties at this
quantum critical point correspond to the ones of quantum
O(N) rotor models in the large A limit (78, 79). Given this
relation, the spherical model has been employed to investigate
several aspects of the out-of-equilibrium dynamics of many
body systems (80), including prethermalization (81), defect
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formation (82) and dynamical phase transitions (83). These
studies have shown that the system’s observables after a sud-
den quench of one of its microscopic parameters relax to an
equilibrium value in the long time limit, both in the case of
local interactions (80, 84) and in the weak long-range case
a>1(83).

According to our picture, equilibration is not expected to
occur in the non-additive regime o < 1, where the eigenvalue
spectrum of the coupling matrix U;; = fﬁ remains dis-
crete. A straightforward proof of this fact is obtained by
studying the dynamical evolution of the system after a sudden
quench of the effective chemical potential p. The system is
initially prepared in the ground state with g > g. such that
o = 2pe. Then, at ¢ = 0 the constraint is suddenly lifted
and the effective chemical potential switches to pf = pe. The
dynamics may be characterised in terms of the evolution of
the operator expectation

w0 (58,

whose initial value A(0) = 1 is fixed by the constraint. It is
worth noting that the constraint is lifted for ¢ > 0 and, thus,
the observable A(t) evolves towards a long time expectation,
depending on the final value of the effective chemical potential
fif-

Here, we explicitly consider a quench from the normal phase
1 > pie to the vicinity of the critical point at p ~ u., but the
same qualitative picture is obtained for any initial and final
values of the effective chemical potential. Moreover, in order to
simplify both the calculations and the graphical presentation
of the results, we explicitly refer to the long-time dynamics of
the observable in Eq. (27). However, the same exact picture
on equilibration would be obtained for any relevant physical
observable and, especially, for the ground-state fidelity, see
the discussion in Sec. 1.

The relaxation dynamics of the observable A(t) can be
described in terms of its Cesaro’s average A = lmr oo (A)7.
In analogy with the discussion in Sec. 1, see Eq. (5) and Eq. (6),
the relaxation of the observable A(t) can be quantified by the
parameter

27]

QA(T) = (|A(t) — A]")r

which measures the width of dynamical fluctuations around
the mean of A. In order for the observable to equilibrate the
width of quantum fluctuations has to vanish in the long-time
limit, leading to the general criterion

28]

lim Qa(T) ~0

T—o00

[29]

which defines observable equilibration in closed quantum sys-
tems (6, 7, 85, 86). For nearest neighbours or weak long range
interactions (a > d) the excitations spectrum of the model in
Eq. (26) is (absolutely) continuous in the thermodynamic limit
and, according to the Riemann-Lebesgue lemma (62), one has
lim7r 00 Qa(T) = 0, see more details in the SI Appendix. This
is not the case for strong long-range systems («a < d), where
the complete pure point nature of the spectrum produces finite
dynamical fluctuations in thermodynamically large systems
limr 00 QA(T) #0.

The signatures of metastability are evident in Fig.4. Each
curve represents a different system size (largest at the bottom)
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Fig. 4. Evolution of the observable A(t) in Eq. (27) after a sudden quench of
the effective chemical potential from the initial value o ~ 2u. to the final value
y = pe with constant g. Panel (a) and (b) represent the evolution of the quantity
A in a system with « = 0.4, 0.95 respectively, for different system sizes N =
[27, 29,21 213] from top to bottom. At short times the dynamics is dominated
by the high-energy contributions and the evolution is close to the one of a single
harmonic oscillator, then finite size effects kick in and the oscillations of low energy
modes become visible. Increasing the system size the spectral weight accumulates
at high energy and the curve approaches the single oscillator limit.

for the case a = 0.4,0.95 (upper and lower panel respectively).
The oscillations around the average time observable A become
increasingly more regular as the system size increases, due to
the dominant contribution from the dense high-energy por-
tion of the spectrum. Then, in the thermodynamic limit the
dynamical behaviour roughly approaches the one of a single
harmonic oscillator, which represents the dense high-energy
eigenvalue. Notice that the approach to the thermodynamic
limit is slower the larger the decay rate of interactions.

Despite the quench protocol under study does not cross
the critical point, the scaling of Poincaré recurrence times
approximately obeys the conjecture presented in Sec.3. As
long as the system is finite, the dynamical evolution receives
contributions from diverse frequencies in the low-energy regime
and the dynamics is rather irregular, see the upper (red)
curves in Fig. 4. As the size of the system grows the spectrum
becomes increasingly more dense at high energy, dispersing
the contribution from the low-energy modes. As a result,
the dynamical evolution steadily approaches the one of a
single harmonic oscillator with energy wmax =~ /pif, see the
lowest (purple) curves in Fig. 4 or the thermodynamic limit
solution for the o = 0 case in the lowest panel of Fig. 5. Thus,
Poincaré recurrence times do not diverge in the thermodynamic
limit (as they would for local systems) but rather approach
their absolute minimum, which is given by the inverse of the
maximum spin-wave frequency 7 « (maxr wn)fl.

This phenomenon is particularly evident in the limit of fully
connected interactions (o — 0), where the spectrum separates
in two distinct energy levels: a non-degenerate ground-state
with energy €9 =~ —Jop and a N — 1 degenerate excited state
with energy €1 &~ 0. Then, in absence of condensation, i.e. in
the normal phase, the contribution of the ground-state can be
ignored. As a consequence, the dynamics of the a = 0 spheri-
cal model corresponds to the evolution of a single harmonic
oscillator with time dependent frequency, whose oscillation
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amplitude remains constant along the entire dynamics.

From this perspective, it is possible to provide a straight-
forward comparison with the case of disordered systems. The
fully connected coupling matrix at @ = 0 may be perturbed
with the disorder contributions w;;, which obey the Gaussian
distribution P(u;;) o exp (—N ufj/2J2), where the coupling
J represents the disorder strength. It is worth noting that the
spherical Hamiltonian in Eq. (26) with fully connected ran-
domly distributed couplings has been one of the prototypical
models for glasses, especially in its classical formulation (72, 75)
but also in the quantum case (87, 88).

As a result of disorder the infinite degeneracy of the excited
state at €1 of the Hamiltonian is removed and the spectrum
separates into an isolated ground-state plus an high energy
continuum, in analogy with the problem of a single impurity
in a crystal (72, 89, 90). The density of states of the high
energy continuous subspace of the spectrum is distributed
according to the celebrated Wigner semicircle law (91). Hence,
the computation of the quench dynamics can be pursued
directly in the thermodynamic limit, see the SI Appendix.
As for the clean case, the system is prepared at equilibrium
with po = 2pu. and, then, suddenly quenched at py = pec.
The resulting evolution for the quantity A(t) exponentially
converges to its long time average A as a result of the Riemann—
Lebesgue lemma, see Fig. 5.

- — 2J=027  —— 2J=117
25
—— 2J=05T 2J=147
—— 2J=087 2J=177
20
< aN
15
1.0
2.0
1.8
16
<

— 2J=0
1.0

10°

Fig. 5. Panel (a): evolution of the observable A(t) in Eq. (27) after a sudden
quench of the effective chemical potential from the initial value o = 2u. to the
final value p1y = p. (with constant g) in the o = 0 case at finite disorder strength
2J > 0. Each curve represents a different value of 2J ~ [0.2, 2.0]. Dynamical
fluctuations vanish in the large time limit due to the infinite Poincaré recurrence times
caused by the continuum spectrum, see Sec. 3.Lowering the disorder strength the
dynamical evolution approaches the one of a single mode, which represents the
clean (not-disordered) case and equilibration times diverge accordingly, see the Sl
Appendix (Fig. S3). Panel (b): Same as panel (a) but in absence of disorder (2.J = 0).
The dynamics exactly corresponds to a single quenched harmonic oscillator and
no-equilibration occurs.

Thus, in analogy with the weak long-range case and in
antithesis with the one of strong long-range interactions, the
measure Q4(7T) of dynamical fluctuations vanishes in the
long time limit for any finite disorder strength and for all
initial states in the normal phase. As a further proof that the
continuous nature of the spectrum, resulting from disorder,
causes equilibration in the system, we notice that the decay of
the squared amplitude Q4 (T") in Fig. 5 is roughly exponential
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Qa(T) ~ exp(—T/7eq), with a decay rate 7¢q that diverges in
the clean limit (limj_o Teq — 00), see the numerical analysis
in the ST Appendix and the result for the non-disordered case
(2J = 0) in the lower panel of Fig. 5.

The present picture for the dynamics of the quantum spher-
ical model with infinite range disordered couplings are anal-
ogous to the one found in the classical case with Langevin
dynamics, see Chap.4 of Ref. (75). Notably, the absence of
metastable dynamics for quenches inside the normal phase
or from the normal to the broken phase is common to both
the classical and the quantum realms at finite disorder. It is
worth noting that both the disordered and the clean systems
display a non-degenerate ground-state with vanishing spec-
tral measure, whose energy is separated from the rest of the
spectrum by a finite gap. Accordingly, any initial state with a
finite (macroscopic) overlap with this isolated lowest energy
state, i.e. a condensate state, presents dynamical fluctuations
due to the pure point nature of the low-energy spectrum.

6. Discussion

In the present paper, the ubiquity of long-lived metastable
states (QSSs) in the dynamical behaviour of long-range quan-
tum systems has been connected with the impossibility of
defining a continuum theory in the thermodynamic limit. In-
deed, while conventional local or weak long-range systems
develop a continuum spectrum at N — oo, the spectrum of
strong long-range translational invariant systems (a < d) re-
mains discrete. Here, this picture has been explicitly proven
for quadratic systems and conjectured to hold also for the
more general interacting case.

In order to simplify the presentation of the results, several
unnecessary assumptions have been made in the course of the
derivation. Indeed, the generalisation of the result in Eq. (13)
to the higher dimensional case or to different boundary condi-
tions (with respect to the periodic case explicitly considered)
is rather straightforward, see the SI Appendix. On the other
hand, the extension of our results to the general interacting
case presented below Eq. (15) has to be taken with some care.
In fact, long-range couplings with a < d are mostly expected
to dominate the large scale physics and, so, stabilise the per-
turbation theory result at low energies. However, the addition
of local quartic interactions, or weak nearest neighbour cou-
plings, may alter the nature of the high-energy portion of the
spectrum, introducing a continuous subspace. As a conse-
quence, equilibration may be restored for initial states whose
spectral weights are concentrated on the continuum portion
of the spectrum. The same mechanism has been described in
details for the case of weak disorder in flat interacting systems
in Sec. 5. It is worth noting that the present discussion did not
encompass the boundary case a = d = 1, which is relevant for
ion crystals, a thorough analysis of a proper effective theory
for these systems in the thermodynamic limit is presented in
Ref. (92).

On a more general perspective, the adoption of the Kac
rescaling prescription in Eq. (49) and its crucial role in the
derivation of Eq. (13) may rise doubts over the applicability
of our results to actual experimental systems, where such
rescaling may be difficult/impossible to implement. However,
as long as the scaling factor multiplies the entire Hamiltonian,
as it occurs in Eq. (21), it only amounts to a re-definition
of the time-scales of the system and does not actually alter
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Therefore, the
3) shall be

the qualitative physics of the problem (28).
discreteness of the spectrum evidenced in Eq. (1
preserved also in the unscaled case.

As discussed in the introduction, long range interactions
play a prominent role in quantum computation as well as
in quantum simulations (25, 93). Therefore, it is important
to outline the impact of the present picture on quantum an-
nealing and state preparation in long-range systems. On the
one hand, following the argument below Eq. (15), spectral
discreteness improves the stability of perturbation theory and,
so, it facilitates the derivation of optimal counterdiabatic dy-
namical protocols, capable of driving the system to a certain
target state without generating excitations (94, 95). On the
other hand, long-range couplings may prevent the existence
of such counterdiabatic driving protocols for specific target
states. Indeed, the defects generated crossing the quantum
critical point of a fully-connected quantum spins system re-
main finite for any dynamical manipulation, including the
infinitely slow drive limit (96, 97). In agreement with the slow
growth of entanglement entropy noticed in these systems (98).
As a consequence, the quantum accuracy threshold theorem
does not apply to the case of long-range correlations between
qubits (99) and the performance of quantum state preparation
on these systems strongly depends on the specific case under
study.

Recently, several investigations have been performed to
explore the ergodicity and thermalisation in long-range sys-
tems (100, 101). However, the present findings demonstrates
that the peculiar dynamical properties of these systems may
have an even more fundamental origin with respect to the
non applicability of Eigenstate thermalisation hypothesis. In-
deed, absence of thermalisation is a well known feature of
integrable (3) and quasi-integrable (102) Hamiltonians, where
the level statistics does not obey the chaotic conjecture based
on random matrix theory (103-105). Yet, the result in Eq. (13)
proves that long-range interactions evade the more basic expec-
tation of kinematical chaos (48) and present finite recurrence
times up to the thermodynamic limit. This scenario advocates
for a deep re-shaping of our current understanding of the basic
principles of thermodynamics and many-body dynamics in
quantum systems with power-law decaying couplings.

Note added: During the completion of the present
manuscript, another work appeared on the arXiv (100), where
numerical results for the spectrum of the long-range Ising
model at finite sizes have been presented. These results ap-
pear to be consistent with the theoretical picture presented in
this work.

Materials and Methods

A. Model and mapping to fermions. Our solution strategy for the
dynamics of the Hamiltonian in Eq. (20) was to relate it to the
dynamics of a quadratic Fermi Hamiltonian. This result has been
achieved by mapping Eq. (20) onto fermions using the Jordan
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Wigner (JW) transformation (69)

67 =1-2¢ele;, (30]
j—1

&Y = {H 1-2¢h,6m ](c]—cj) [31]
m=1
7j—1

57 = {H 1—2¢h,em }(cj—l-cT) [32]
m=1

where ¢, é;( are fermionic annihilation and creation operators, re-
spectively, that satisfy the canonical anticommutation relations

{¢,¢;} = 0 and {6176;} = ;5. This renders Eq. (20) in the
fermionic form
N N/2 itr—1
SN (e -a) | TT (-zehen)| (e, + enn)
i=1 r=1 n=i+1

7hz (1-2¢fe;) 33]

The Hamiltonian in Eq. (33) cannot be exactly solved, due to
the presence of higher-than-quadratic-order terms in the fermionic
operators. We employ the approximation

i+r—1

H (1-2ehen) =1, [34]

n=1i+1

for every r > 2, neglecting the string operators in the first line of
Eq. (33). This truncated JW transformation leads to the quadratic
Hamiltonian in Eq. (21), which we referred to as the long-range
Kitaev chain. The model in the o — oo limit reduces to the
paradigmatic Kitaev chain at equal nearest-neighbours hopping
and pairing strengths, which exactly represents the problem of the
nearest-neighbour Ising model.

The Hamiltonian Eq. (21) is translation invariant and is thus
more conveniently represented in Fourier space as

B.z.

H= Z [(éTék —é_ ch

k

Wek + @fel  + e pe)A], [35]

where £, = h— i), and Ay, is given in Eq. (24) . The diagonalization
of the Hamiltonian in Eq. (35) can be readily performed by the
Bogolyubov transformation in Eq. (23).

B. Quench Dynamics. In Figs.2 and 3 the dynamical evolution of
the system has been studied after a quench from the ground state of
the Hamiltonian in Eq. (21) far in the transverse magnetised phase,
i.e. h; > 1, with 6 =~ 0 independently on k. Then, the system
is evolved according to the final Hamiltonian with h = hy < 1
(hy = 0.4 in the figures, but the same qualitative picture has been
verified for several other values of h; and hy).

The dynamics of the system has been obtained via the Heisen-
berg equations of motion for the original creation and annihilation
operators, i0;é, = [ék,I:I] Latter equations can be cast into a
matrix evolution for the Bogolyubov coefficients,

o () =2 (2 20) (). 136]

For a time independent Hamiltonian the solution is simply obtained
diagonalising the time evolution via the matrix

cos %k sin %
U= e 7, [37]
— sin -5 COSs 7

which is a unitary matrix. The unitary transformation U brings
Hj, to diagonal form with eigenvalues dwy, it follows that the

coefficients defined as
+
() e
Sk Vg
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evolve as simple plane waves ski (t) = s(0)eT™kt. Then, we can
deduce the evolution operator for the Bogolyubov coefficients

up(t) u(0)
(et =20 (0k(0)) 9
with
cos(wgt) — i cos(Oy) sin(wt i sin 0y, sin(wgt
E(t) :( ( kilinﬁk sirs(fzit) (et cos(wkt)—i—;’ccos(Gkksizl(wkt))
[40]

which yielded the numerical curves shown in Figs.2 and 3.

C. Power-law couplings. Let us re-consider the Fourier transform of
the long-range couplings in the Hamiltonian in Eq. (21). For oo > 1
the normalisation only introduces a finite coefficient No = (&) in
the thermodynamic limit, which fixes the equilibrium critical point
of the model at h§ = %1 irrespective of the value of .

Thus, one can directly consider the N — oo limit of the Fourier
transform of the hopping and pairing couplings in Eq. (21)

;o1 = cos(kr) Re[Li (eik)]
@ e T @ -
<1 - sin(kr) Im[Li (eik)]
M@ e T @ -

where the ¢(a) normalization forces the Fourier coefficient fx—g to
be 1 and the momentum now takes continuous values k € [—, 7.

In the a < 1 case the k = 0 term in the hopping amplitudes
diverges in the thermodynamic limit and so does the Kac’s scaling
term according to Eq. (50). Therefore, the analytical computation
of the summations in Eq. (11) and Eq. (24) in the N — oo limit
requires particular care. One can rewrite the momentum space
couplings as

N N
| N_q

2
. Ca cos(kr Ca cos(2mmr /N
tk:ﬁz T(a):ﬁ (Ta/) [43]
r=1 (ﬁ) r=1 (ﬁ)
N1 X1
A, = ca sin(kr)  ca sin(2rmr/N) [44)

N Z TN ¢
(%) = &)
where we employed the explicit form for the lattice momenta with

periodic boundary conditions

2mm
N

where m € Z. Using the Right-hand Rectangular Approximation

Method, the summations can be approximated with the integrals

1

~ 2 cos (2mma

tm = Ca/ 7( p )dx
0 T

1
A, — cn /2 sin (2rmax) de.
0

ma

k

[45]

[46]

(47)

The above formulas become exact in the N — oo limit. In order
to obtain the result in Eq. (46) and Eq. (47), we have taken the
continuous limit of the spatial variable x = r/N, leaving the integra-
tion boundaries over x finite. The difference with the “traditional"
thermodynamic limit procedure is striking, as in the present case
the momentum space variable k, cannot be considered continuous
anymore, but it remains discrete and labeled by the integer values m.
Inserting the results in Eq. (46) and Eq. (47) into the expression for
the Bogolyubov angles in Eq. (23), one finds the discrete functions
shown in the right panel of Fig.1 for h > 20, h = 1 and h = 0.4,
respectively from top to bottom. For comparison the Bogolyubov
angles obtained by the continuous spectra of the Kitaev chain at
a ~ 12 and o = 1.75 are shown on the left panel.
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A. Discrete spectrum of long-range systems in d-
dimension
In the following, we are going to extend the arguments of Spectrum

of Long-Range Systems to the d dimensional case. Let us consider
the d-dimensional version of the Hamiltonian in Eq. (7)

L/2-1
Z b7 ]l(a aj + h.c.) +uZaTal+Hmt, [48]
li-7]=1

where the dz (a;) symbols represent the creation(annihilation) opera-
tors of quantum particles on the sites at position i of a d-dimensional
lattice. Neither the nature (bosonic or fermionic) of the particles nor

the specific shape of the interaction Hamiltonian I:Iint are crucial
to our arguments.
The long-range hopping amplitudes take the form,

po_ 11
B No |R|o

(49]

where R is the distance between the sites at positions 7 and j in
the d-dimensional space. The factor No = Zé |R|=* has to be
introduced in order to yield an extensive internal energy for the
system (60). In the thermodynamic limit the normalisation factor
scales according to

Lo—d if a<d
Nt o < 1/ log(L ifa=d [50]
1 if a > d.

where L is the linear size of the systems. Then, in the large L limit
for a < d, the Fourier transform of the kinetic couplings reads

- f(k1ta,- -+ kqla) f( 27m181, :
chew (IR|/L)=

27rndsd)

+s

alds7

[51]

where £,,, with p = {1,---,d}, are the discrete coordinates of
the sites of the d-dimensional lattice, k, = 2wn, /L are the corre-
sponding momentum vector components and f({k,£,}) is a lattice
dependent function. Then, the Riemann summation formula can be
applied independently to each lattice direction ¢, /L — s, and the
continuous d-dimensional integral on the right hand side. of Eq. (51)
is obtained. The net result is analogous to the d = 1 case, since for
each set of d integers {n, }, which label the momentum, one obtains
a different result for the kinetic coupling tz. It is worth noting
that depending on the peculiar shape of the function f({k.¢.})
(and, then, on the specific lattice symmetries) a finite number of
degeneracies may occur. As long as these degeneracies are finite,
they do not hinder the application of the perturbative argument
below Eq. (15) in the main text, which also applies to d > 1.

Quantum spherical model with infinite range couplings

Static. In order to investigate the interplay between long-range cou-
plings and disorder it is convenient to focus on the quantum ex-
tension of the Spherical model introduced by Berlin and Kac (106).
The model consists of a set of quantum harmonic oscillators, whose
average position is constrained (78). The interplay between the
zero point quantum fluctuations of the problem and the constraint
gives rise to a quantum critical point, whose salient properties
depend on the spatial dimension and the interaction shape. Our
interest in this problem is justified by the fact that its free energy
exactly corresponds to the one of quantum O(N)-symmetric ro-
tors in the N/ — oo limit (78, 79). In presence of in-homogeneity,
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such as disorder, the exact correspondence between the spherical
model and the large-N limit of O(N') does not hold, but universal
scaling both in and out of equilibrium are expected to remain the
same (83, 107-109).

Therefore, the quantum spherical model represents a privileged
tool to investigate the qualitative features caused by long-range
interactions in quantum dynamics. Its Hamiltonian reads

g R 1 . R N
HZinZQ—FEZUUSZSJ—"_“ ZS?—Z s [52}
T ]

K2
where the §; and p; are canonically conjugate hermitian operators on
the one-dimensional lattice, with harmonic oscillator commutation
relations [8;,p;] = id;,; (with & = 1). The strength of quantum
fluctuations depends on the magnitude of the coupling g, which
tends to delocalize the exctiations in the system. For g = 0, the
Hamiltonian in Eq. (52) represents the zero temperature limit of the
classical spherical model (107). The Lagrange multiplier x has to be

chosen in order to satisfy the spherical constraint <Zl §f> = %.
The spherical model Hamiltonian in Eq. (52) is more conveniently

represented in the diagonal basis of the coupling matrix Uj;, yielding
1
H=2% "0+ > uis} [53]
2 A 29 A

with frequencies wi = 2g(pn + Ux/2), where Uy are the eigenvalues
of the matrix U;;, which are labeled by the index A. The operators
P (8)) are projection of the real space vector operators (p1,- - ,Pn)
onto the eigenvectors associated with the eigenvalues Uy. It is worth

noting that in the translational invariant case U;; = Uj;_;| the
diagonal basis of U;; is obtained by the Fourier transform of the
vector operator (p1,- - ,PN)-

It is straightforward to apply the well-known definitions of the
harmonic oscillator creation (a) and annihilation (a) operators and

obtain
1
H:ZM (aiax+§>4 [54]
A

Accordingly, the spherical constraint has to be evaluated in the
harmonic oscillators’ ground state |0) = H 5 |A,0), yielding

0%

k3

_ Ve Z 2 [55]
N S \/2/1, —+ U/\

In order to deal both with the clean and disordered case it is

convenient to rewrite the constraint equation in terms of the density

of states p(e) = ZA d(e — Uy)/N, which reduces the constrain

condition to

2p(e)de 1
V2ite g

Following Eq. (56), the existence of the quantum phase transition
can be inferred along the same lines as in the theory of Bose-Einstein
condensation (79). Indeed, lowering the strength of quantum fluctu-
ations reduces the value of the Lagrange multiplier p until the value
pe = —miny Uy /2 = —Ux~ /2, where the integral on the right hand
side of Eq. (56) attains its maximum. As long as this maximum
is infinite, the constraint condition in Eq. (56) can be satisfied up
to the g — 0 limit. However, if the integral on the left hand side
of Eq. (56) remains finite at p = pe, it exists a coupling strength
value gc, given by

[56]

1 2p(e)de
V¢ V2pc +e’

such that for g < gc Eq. (56) cannot be applied in its present form.
Then, one has to allow for a finite macroscopic population of the
lowest lying eigenstate (5x«) # 0, which may be interpreted as a
finite magnetization/condensation (78).

Therefore, the existence of the critical point at gc is solely
determined by the low-energy behaviour of the density of states. As
in the main text, we consider long-range couplings of the form U;; =

_Jo 1 i izati = —a
N T with the Kac normalization No = Er:l r~%(60). As

[57]

12 | hitps://doi.org/10.1073/pnas.2101785118

long as a > 1 the density of states converges to a continuous function
in the thermodynamic limit and the low energy scaling of the density
2—«

of states reads p(e) &~ (¢ — pc) @—1. Given the aforementioned low-
energy scaling of the density of states the critical coupling gc is only
finite for o < 3.

Then, the transition persists for any o < 3 and, especially, for
a < 1, where the density of states does not converge to a continuous
function in the thermodynamic limit, but rather remains a set of
discrete energy levels. In this perspective, it is particularly instruc-
tive to consider the simplest a = 0 case, i.e. U;; = —Jo/N VY i, 5.
With this definition the interaction energy has two possible eigen-
values in a finite chain of N sites, a non-degenerate ground state
Usx=o = —Jo(l —1/N) = eo and a N — 1 degenerate excited state
with energy Uxso = Jo/N = e1. As a consequence, the density of
states becomes
6(e—e N -1
%“!‘76(5_51)7 [58]
so that in the thermodynamic limit the spectral weight accumulates
at large energy (€1 > €0) and the contribution of the ground-state
becomes negligible. Inserting Eq. (58) into Eq. (57) immediately
yields the result g. = Jo/4 as expected for the mean-field spherical
model (90). A similar phenomenon occurs for any 0 < o < 1. There,
at finite sizes, the eigenstates €, > €¢ are non degenerate, but, ap-
proaching the thermodynamic limit, they accumulate at high energy,
where the level splitting vanishes. Hence, the thermodynamic limit
behaviour in the entire range 0 < a < d resembles the one of the
flat interactions o = 0 case, since the sum in Eq. (55) is dominated
by the dense (and degenerate) high energy contribution.

pe) =

4 a=015
- ) a=025
el o a=03
4 a=045
0 ¢ a=055
2201 o ¢ a=065
g a=075
3 o ¢ a=085
L. =095
— 2.1f
Vo 21 .
i
2.10 v 0
2.05 2
' ;
v '
v §
2,00 F-mmmm e e L.

Fig. 6. The finite size scaling of the critical coupling g. for several values of a €
[0.15, 0.95] from top to bottom. All results converge to the same limit g. = 1/4
(grey dashed line) irrespectively on the « value (we set Jo = 1 in the plot). This
proves that the integral in Eq. (55) is always dominated by the dense accumulation
point at high energy, whose eigenvalue is max Uy = 0 independently on c.

A first indication of this phenomenon is already visible in the
finite size scaling of the critical coupling obtained via Eq. (57),
which converges to the (o = 0) flat interactions result gc = Jo/4
irrespectively of the a value, see Fig. 6. The dynamical counterpart
of this phenomenon is discussed in the following section and in Lack
of Equilibration and Relation with Disorder, see the main text. In
particular, Fig. 4 of the main text displays the dynamical evolution
of the observable <ZZ 42)/N, which is shown to converge to the
«a = 0 result, see the lower panel of Fig. 5.

Within this perspective, it is interesting to investigate the inter-
play between long-range interactions and disorder in the spectrum
of quantum systems. Thus, we perturb the flat coupling matrix
with small Gaussian contribution

Jo

U;j = N s with  P(uj) ~ exp(fNu?j/2J2) [59]
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where Jg > J. The spectrum of the coupling matrix distributed
according to Eq. (59) has been extensively studied and it is know to
split in a continuous part, which obeys the celebrated semi-circular
law (91), plus an isolated state, in analogy with the problem of a
single impurity in a crystal (72, 89, 90). In conclusion, the density
of states for the matrix eigenvalues in the large N limit reads

8( ) 2 VeEie?
ple) = po(e) + “—2 with po(e) = o le] < e1
0 if |€‘ > e
[60]
where eg = —Jg — J2/J0 and €1 = 2J. A graphical representation

of the density of states is given in Fig. 7.

0.00

€0 —€1 €1
£

Fig. 7. The density of states for the coupling matrix U, ; in Eq. (59) is shown and
compared with the clean case in Eq. (58) (gray dashed lines). The presence of
disorder shifts the ground state energy of the small amount J2/J0 and it splits the
N — 1 degeneracy of the high energy portion of the spectrum.

In summary, the summation in Eq. (55) can be cast into a
continuous integral in the thermodynamic limit only for o > d, while
the spectral discreteness, evidenced in the main text, causes the
summation to remain discrete. The gaps in such discrete spectrum
gradually reduce approaching the high-energy limit n — oo or
increasing the coupling range. In particular, in the fully connected
limit @ — 0 the entire spectrum is constituted by two levels, the
non-degenerate ground state at eg = —Jp and a N — 1 degenerate
excited state at 1.

In this perspective, the case of disordered fully connected cou-
plings lies in between the short-range and the long-range cases.
Indeed, at least in the weak disorder limit J < Jp, the spectrum
still presents a single low-energy state with energy g = —Jo sep-
arated by the remaining part by a finite gap A/Jy = (J/Jo — 1)2.
On the other hand, the disorder lifts the degeneracy in the high
energy portion of the spectrum and produces a continuous density
of states in the range € € [—2J,2J]. Accordingly, the dynamical
properties of the disordered model are expected to resemble the
ones of a short-range interacting system rather than the ones in the
strong long range regime, at least as long as the initial state is not
magnetised.

A. Dynamics. The dynamics of the spherical model may be solved
exactly as it corresponds to the dynamics of an ensemble of quantum
harmonic oscillators with the addition of the constraint equation,
which should be enforced at all times. However, in order to in-
vestigate how the system approaches equilibrium, we consider the
simplified dynamics, where the constraint (2:Z §Z2) is suddenly lifted
at t = 0 and the system is let free to evolve toward its unconstrained
equilibrium.

Within this perspective, the system reduces to an ensemble of
free harmonic oscillators with time dependent frequency, whose
dynamics may be solved analytically (110-112). As a consequence,
the dynamical state (s, t) in the representation of the coordinate

Nicold Defenu

s can be expressed as

B(s,t) = Y antn(s,t),

where a,, are time independent constants and the dynamical eigen-
states are given by

e L (1 N awe z
ot = o= (e ) Hn(ﬁ&(t)

[61]

> e—i(n-&-%)k(t)'

(62]

The effective frequency €2(t) as well as the overall phase A(t) can
be expressed in terms of the effective width &(t)

R0 A
Q(t)f—z@ 262(0) and )\(t),/ STIT08 [63]

Hence, the exact time evolution of each harmonic oscillator is
described by a single real function, which is the effective width &(¢)
and satisfies the Ermakov-Milne equation
) ) 1
£+ w60) = gy
Our focus is on the dynamics induced by a sudden lift of the
constraint, where the effective chemical potential of the spin waves
is suddenly changed (at t = 0) from the initial value p; = 2uc to
the final value py = pc and the system is let free to evolve. Within
this dynamical protocol, the frequency of the eigenmodes is simply
quenched from wq,x to we » and the solution of Eq. (64) is given by

[64]

&) = A/ 1+ e sin? ((Uf’/\t) [65]
with the parameter
2
w
= 22) -1 [66]
we, A

Due to the dissolution of the constraint the average square displace-
ment of the spin-waves will evolve towards a expectation

4 1 2
an=5{D%) =5 D a0
A

i

(67]

Inserting into the equation above the explicit solution in Eq. (65)
and performing some straightforward manipulations, one obtains
29 ex

_ 1 -
Aty=A—- — —_— = COS(?UJf’)\t) where A=

lim (A)7.
N £ 2 im (A)r

T— o0
[68]

The long time expectation of the observable A, i.e. A, has been
defined in terms of the Cesaro’s average as done in Eq. (6) of the
main text.
It is convenient to define the quantity
1

t)y=At) —A=——
xa(t) (t) N o

Ex COS(ZOJfVAt) [69]

which quantifies dynamical fluctuations around the observable av-
erage. According to the definitions in closed (integrable) quantum
systems, the observable A(t) is said to equilibrate if the long-time
Cesaro’s average of its squared fluctuation vanishes (6, 7, 86)
lim (x4@®)|®)7 = lim Qa(T)~0 [70]
T—o00 T— o0

Then, the equilibration of the observable A (but also of all relevant
physical observables in the problem) follows from the same argument
outlined in Spectrum of Long-Range Systems for the fidelity of
a quantum system. Indeed, for any traslational invariant weak-
long range interacting system the spectrum becomes absolutely
continuous in the thermodynamic limit and the Riemann-Lebesgue
lemma implies lim;— o0 x4 (t) — 0, which ensures the vanishing of

dynamical fluctuations also outside the Cesaro’s average.
More in general, for a quantum system whose initial state has
no overlap on any pure point portion in the spectrum, equilibration
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Fig. 8. Left panel: the average width of dynamical fluctuations for a fully connected system with Gaussian random couplings, after a quench from the equilibrium state at
i = 2pc to pur = pe. The equilibration of the system is clearly visible from the exponential decay of this quantity. As the intensity of disorder is reduced, the exponential tails
shift to longer times, until it finally disappears in the 2.J — 0 limit, where no relaxation is possible, due to the discrete nature of the spectrum. Right panel: in agreement with
the previous discussion, the equilibration time of the system defined by Eq. (72) diverges as the system approaches the zero disorder limit.

in the sense of Eq. (70) is ensured by the Wiener’s theorem (34).
Given these considerations, it is possible to explicitly consider the
thermodynamic limit of Eq. (67) for a strong long-range interacting
system. There, increasing the system size N the eigenmodes A of
the Hamiltonian will tend to accumulate at high energy, as the
spectrum becomes dense close to wg x ~ /2ur according to the
result in Eq. (13) of the main text. Since most of the contribution
to the summation in Eq. (67) comes from the high-energy region
with constant frequency, the dynamics of a thermodynamically large
long-range system approaches the one of a single quenched harmonic
oscillator, see Fig.4 in the main text.

In the flat interactions case (o = 0), the spectrum consists of a
single infinite degenerate eigenstate, so that the dynamics of the
system exactly correspond to a single harmonic oscillator, see the
lower-panel in Fig.5. The addition of weak disorder according to
Eq. (59) completely disrupts the above picture as it restores spectral
continuity (72, 89, 90), yielding

2gesp(s)
_og V 2“1 - S

Since p;, pue > 2J for any state in the system, the integrand in
Eq. (71) is continuous. Hence, the Riemann-Lebesgue lemma is
applicable, leading to the conclusion that lim¢ 00 xa(t) = 0 VJ >
0. The consequence of this phenomenon are clearly visible in the
upper panel of Fig.5 in the main text, where the observable A(t) is
found to equilibrate for any finite disordered strength.

Interestingly, the decay of the amplitude of dynamical fluctua-
tions for disordered systems is exponential, leading to the definition
of equilibration time Teq

xaA(t) =— cos (wa,st) ds. [71]

Qa(T) = Re~T/7ea, [72]

A numerical analysis as a function of the disorder strength J re-
veals that, as expected, the equilibration time 7¢q is monotonically
decreasing as a function of the disorder strength, see Fig. 8.

Despite the profound differences between the definition of equili-
bration in the classical and quantum realms, the results depicted in
this section are remarkably similar to the one obtained for a classical
spherical model with disordered couplings distributed according
to Eq. (59). Indeed, the Langevin dynamics of this model do not
display any signatures of metastability at least as long as the initial
state is not magentized, see Chap. 4 of Ref. (75).

14 | hitps://doi.org/10.1073/pnas.2101785118

The present analysis has been pursued with the scope of charac-
terising the long-time equilibration dynamics of many-body quan-
tum systems. Therefore, the thermodynamic limit has generally
been taken before the long-time limit. However, the same conclusion
could have been obtained considering the long time limit average of
dynamical fluctuations for a finite system, which yields (6, 7, 86)

1
lim T) x — 73
T— o0 @a(l) dest (73}
where dog roughly corresponds to the number of modes participating
to the dynamics (it should be bare in mind that for a finite system
the entire spectrum is discrete and only a finite number of modes
exist). As the thermodynamic limit is approached, the spectrum
becomes continuous and eigenvalues becomes dense in any arbitrarily
small energy range. Then, in the continuous limit one shall have
degg — 00 for any dynamics involving initial states in the continuous
spectrum. On the other hand, for long-range systems with a < d
no continuous theory may be defined, as the only dense region in
the spectrum occurs around the energy maximum, where infinitely
many degenerate eigenvalues are forming, violating the assumption
of non-degenerate energy gaps at the foundations of Eq. (73) (85).
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