2102.00135v6 [cs.LG] 6 Apr 2022

arxXiv

Noname manuscript No.
(will be inserted by the editor)

Policy Mirror Descent for Reinforcement Learning: Linear Convergence, New
Sampling Complexity, and Generalized Problem Classes

Guanghui Lan

Submitted: Feb 5, 2021; Revised: Oct 26, 2021; Accepted: April 5, 2022.

Abstract We present new policy mirror descent (PMD) methods for solving reinforcement learning (RL) prob-
lems with either strongly convex or general convex regularizers. By exploring the structural properties of these
overall highly nonconvex problems we show that the PMD methods exhibit fast linear rate of convergence to
the global optimality. We develop stochastic counterparts of these methods, and establish an O(1/¢) (resp.,
O(1/€%)) sampling complexity for solving these RL problems with strongly (resp., general) convex regularizers
using different sampling schemes, where € denote the target accuracy. We further show that the complexity for
computing the gradients of these regularizers, if necessary, can be bounded by O{(log, €)[(1 —y)L/ ] ?log(1/e)}

(resp., O{(log, €)(L/€)*/?}) for problems with strongly (resp., general) convex regularizers. Here v denotes the
discounting factor. To the best of our knowledge, these complexity bounds, along with our algorithmic develop-
ments, appear to be new in both optimization and RL literature. The introduction of these convex regularizers
also greatly enhances the flexibility and thus expands the applicability of RL models.

1 Introduction

In this paper, we study a general class of reinforcement learning (RL) problems involving either covex or strongly
convex regularizers in their cost functions. Consider the finite Markov decision process M = (S, A, P, c,v), where
S is a finite state space, A is a finite action space, P : § x § x A — R is transition model, ¢ : S x A — R is
the cost function, and v € (0,1) is the discount factor. A policy 7 : A x & — R determines the probability of
selecting a particular action at a given state.

For a given policy m, we measure its performance by the action-value function (Q-function) Q™ : S x A — R
defined as

Q" (s,a) = B [333% 7 [e(se.ar) + 1™ (s1)]
| S0 = S,a0 = a,at ~ 7T('|St),8t+1 ~ 7)('|3tvat)] : (1'1)

Here h™ is a closed convex function w.r.t. the policy =, i.e., there exist some p > 0 s.t.
™ (s) = [P (s) + (W)™ (5,-), 7 (-[s) — 7' (-|s))] > pD7 (s), (1.2)

where (-, ) denotes the inner product over the action space A, ()™ (s,-) denotes a subgradient of h(s) at 7,
and DT, (s) is the Bregman’s distance or Kullback—Leibler (KL) divergence between 7 and 7’ (see Subsection [I]]
for more discussion).

Clearly, if K™ = 0, then Q™ becomes the classic action-value function. If A" (s) = uD7,(s) for some pu > 0,
then Q™ reduces to the so-called entropy regularized action-value function. The incorporation of a more general
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convex regularizer h™ allows us to not only unify these two cases, but also to greatly enhance the expression

power and thus the applicability of RL. For example, by using either the indicator function, quadratic penalty or

barrier functions, 1™ can model the set of constraints that an optimal policy should satisfy. It can describe the

correlation among different actions for different states. h™ can also model some risk or utility function associated

with the policy m. Throughout this paper, we say that h™ is a strongly convex regularizer if u > 0. Otherwise,

we call ™ a general convex regularizer. Clearly the latter class of problems covers the regular case with h™ = 0.
We define the state-value function V™ : § — R associated with 7 as

V7(s) = E [0 7 [e(st,ae) + h™ (st)]

| so =s,at ~m(-|st), si41 ~ P(|st,ar)]. (1.3)

It can be easily seen from the definitions of Q™ and V™ that

Vﬂ-(s) = ZaGA 71-(a|5”)Qﬂ-(5”7a) = <Q7r(37 ')771-("5»7 (1'4)
Q"(s,a) = c(s,a) + " (s) + 7>y cs P(s'|s,a)VT(s'). (1.5)

The main objective in RL is to find an optimal policy 7 : S x A — R s.t.
V™ (5) < V7(s),Vn(-|s) € Apgp, Vs € S. (1.6)

for any s € S. Here A| 4 denotes the simplex constraint given by

Ay ={p e RS pi=1,p > 0} ¥s €S, (1.7)

By examining Bellman’s optimality condition for dynamic programming ([3] and Chapter 6 of [19]), we can
show the existence of a policy 7* which satisfies (L6) simultaneously for all s € S. Hence, we can formulate
(4] as an optimization problem with a single objective by taking the weighted sum of V™ over s (with weights
ps>0and ) _gps =1):

ming Esp[V7(s)]

st 7([s) € A4, Vs €S. (1.8)

While the weights p can be arbitrarily chosen, a reasonable selection of p would be the stationary state distri-
bution induced by the optimal policy 7*, denoted by v* = v(r*). As such, problem (L) reduces to

ming {f(7) := Esu+ [V ()]}

s.t. 7T(~|S) S A‘A|,V8 e€s. (19)

It has been observed recently (eg., [14]) that one can simplify the analysis of various algorithms by setting p to
v*. As we will also see later, even though the definition of the objective f in (L9) depends on v* and hence the
unknown optimal policy 7*, the algorithms for solving (L8) and (L3) do not really require the input of 7*.
Recently, there has been considerable interest in the development of first-order methods for solving RL
problems in () -(L3). While these methods have been derived under various names (e.g., policy gradient,
natural policy gradient, trust region policy optimization), they all utilize the gradient information of f (i.e.,
Q@ function) in some form to guide the search of optimal policy (e.g., [2TLOL7T20l6L23L15]). As pointed out
by a few authors recently, many of these algorithms are intrinsically connected to the classic mirror descent
method originally presented by Nemirovski and Yudin [I7,2L[16], and some analysis techniques in mirror descent
method have thus been adapted to reinforcement learning [20,23122]. In spite of the popularity of these methods
in practice, a few significant issues remain on their theoretical studies. Firstly, most policy gradient methods
converge only sublinearly, while many other classic algorithms (e.g., policy iteration) can converge at a linear
rate due to the contraction properties of the Bellman operator. Recently, there are some interesting works
relating first-order methods with the Bellman operator to establish their linear convergence [4L[5]. However, in a
nutshell these developments rely on the contraction of the Bellman operator, and as a consequence, they either
require unrealistic algorithmic assumptions (e.g., exact line search [4]) or apply only for some restricted problem
classes (e.g., entropy regularized problems [5]). Secondly, the convergence of stochastic policy gradient methods
has not been well-understood in spite of intensive research effort. Due to unavoidable bias, stochastic policy
gradient methods exhibit much slower rate of convergence than related methods, e.g., stochastic Q-learning.
Our contributions in this paper mainly exist in the following several aspects. Firstly, we present a policy
mirror descent (PMD) method and show that it can achieve a linear rate of convergence for solving RL problems
with strongly convex regularizers. We then develop a more general form of PMD, namely approximate policy
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mirror descent (APMD) method, obtained by applying an adaptive perturbation term into PMD, and show
that it can achieve a linear rate of convergence for solving RL problems with general convex regularizers. Even
though the overall problem is highly nonconvex, we exploit the generalized monotonicity [6LI3,11] associated
with the variational inequality (VI) reformulation of (L8)-([T9) (see [§] for a comprehensive introduction to VI).
As a consequence, our convergence analysis does not rely on the contraction properties of the Bellman operator.
This fact not only enables us to define h™ as a general (strongly) convex function of 7 and thus expand the
problem classes considered in RL, but also facilitates the study of PMD methods under the stochastic settings.

Secondly, we develop the stochastic policy mirror descent (SPMD) and stochastic approximate policy mirror
descent (SAPMD) method to handle stochastic first-order information. One key idea of SPMD and SAPMD is
to handle separately the bias and expected error of the stochastic estimation of the action-value functions in our
convergence analysis, since we can usually reduce the bias term much faster than the total expected error. We
establish general convergence results for both SPMD and SAPMD applied to solve RL problems with strongly
convex and general convex regularizers, under different conditions about the bias and expected error associated
with the estimation of value functions.

Thirdly, we establish the overall sampling complexity of these algorithms by employing different schemes
to estimate the action-value function. More specifically, we present an O(|S||A|/ue) and O(|S||A|/€%) sampling
complexity for solving RL problems with strongly convex and general convex regularizers, when one has access
to multiple independent sampling trajectories. To the best of our knowledge, the former sampling complexity is
new in the RL literature, while the latter one has not been reported before for policy gradient type methods. We
further enhance a recently developed conditional temporal difference (CTD) method [12] so that it can reduce the
bias term faster. We show that with CTD, the aforementioned O(1/ue) and O(1/€?) sampling complexity bounds
can be achieved in the single trajectory setting with Markovian noise under certain regularity assumptions.

Fourthly, observe that unless h™ is relatively simple (e.g., h™ does not exist or it is given as the KL divergence),
the subproblems in the SPMD and SAPMD methods do not have an explicit solution in general and require
an efficient solution procedure to find some approximate solutions. We establish the general conditions on the
accuracy for solving these subproblems, so that the aforementioned linear rate of convergence and new sampling
complexity bounds can still be maintained. We further show that if 4™ is a smooth convex function, by employing
an accelerated gradient descent method for solving these subproblems, the overall gradient computations for h™
can be bounded by O{(log, €)\/(1 —~v)L/ulog(1/¢)} and O{(log, €) \/L_/e}, respectively, for the case when h” is
a strongly convex and general convex function. To the best of our knowledge, such gradient complexity has not
been considered before in the RL and optimization literature.

This paper is organized as follows. In Section 2] we discuss the optimality conditions and generalized mono-
tonicity about RL with convex regularizers. Sections Bl and [l are dedicated to the deterministic and stochastic
policy mirror descent methods, respectively. In Section [§] we establish the sampling complexity bounds un-
der different sampling schemes, while the gradient complexity of computing VA™ is shown in Section [6l Some
concluding remarks are made in Section [7

1.1 Notation and terminology

For any two points 7(-[s),7’(:|s) € A 4|, we measure their Kullback-Leibler (KL) divergence by

KL(n(-|s) | 7' (5)) = 34 4 7(als) log —;:}(‘;'Q).

Observe that the KL divergence can be viewed as is a special instance of the Bregman’s distance (or prox-
function) widely used in the optimization literature. Let the distance generating function w(x(:|s)) := >_ . 4 7(als) logm(als) 0.
The Bregman’s distance associated with w is given by

D7(s) = w(m(-]s)) = [w(@'([s)) + (Vw(x'(]s)), 7 (s) — 7 (|5))]
=Y qea [r(als)logn(als) — 7' (als) log ' (als)
—(1 +logn’(als))(n(als) — 7’ (als))]
= ¥ ,cam(als) log ZEE, (1.10)

1 It is worth noting that we do not enforce m(a|s) > 0 when defining w(m(:|s)) as all the search points generated by our
algorithms will satisfy this assumption.
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where the last equation follows from the fact that ), 4(7(als) — 7’(als)) = 0. Therefore, we will use the KL
divergence KL(7(+|s) || 7’ (:|s)) and Bregman’s distance DT, (s) interchangeably throughout this paper. It should
be noted that our algorithmic framework allows us to use other distance generating functions, such as | - H% for
some p > 1, which, different from the KL divergence, has a bounded prox-function over A 4.

2 Optimality Conditions and Generalized Monotonicity

It is well-known that the value function V7 (s) in [IL3]) is highly nonconvex w.r.t. w, because the components of
7(-|s) are multiplied by each other in their definitions (see also Lemma 3 of [I] for an instructive counterexample).
However, we will show in this subsection that problem (.9 can be formulated as a variational inequality (VI)
which satisfies certain generalized monotonicity properties (see [6], Section 3.8.2 of [I3] and [I1]).

Let us first compute the gradient of the value function V7 (s) in ([I3]). For simplicity, we assume for now
that h™ is differentiable and will relax this assumption later. For a given policy 7, we define the discounted state
visitation distribution by

50(8) := (1= 7) X720 7' Pr7 (se = sls0), (2.1)

where Pr™(s¢ = s|so) denotes the state visitation probability of s; = s after we follow the policy 7 starting at state
s0. Let P™ denote the transition probability matrix associated with policy 7, i.e., P" (4, j) = >_ c 4 7(ali)P(jli, a),
and e; be the i-th unit vector. Then Pr™(s; = s|so) = el (P™)’es and

d5y(s) = (1=7) X720 7' edy (PT)"es (2:2)

Lemma 1 For any (so,s,a) € S X S x A, we have

G = $d7,(5) [Q" (5,0) + VAT (s,a)],

where VR™ (s,-) denotes the gradient of h™ (s) w.r.t. .

Proof. 1t follows from (4] that

ov’™
67"(‘5‘55)) - 877(2’\5) Za’GA 7T(a‘l|'SO)Q7T(507a‘l)

) Q™ (so,a’
= Ywea | B0 (s0.) 4 m(a|s0) 25 (o) |

Also the relation in (LH) implies that

Q™ (s0,a’) _ Oh™(s0) oV (
aw(z(\]s()l = 87r(aT2) + 7 ges P(s']s0,a) aw(a\ss)

Combining the above two relations, we obtain

L 5 e [ B Q7 (s0,0') + m(a]0) G|
7 weam(d|s0) Xges P(sls0,d) %Z:a(fs,))
= s 2oreo VP (st = xs0)
Ve | SO (@) + (o) Sl
= L Yres @ (0) {Suea |42 Q7 (@ )] + $25B }

= 25, () [Q(5,0) + 2]
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where the second equality follows by expanding %{ffg recursively, and the third equality follows from the

definition of dZ,(s) in (), and the last identity follows from %:((ilf)) =0 for  # s or @’ # a, and % =0

for x # s. n

In view of Lemma[ll the gradient of the objective f(w) in (I.9) at the optimal policy ©* is given by

of(m* o " s * o o
BT{EG‘Q) =FEgymrr |:—<;/7T(a(|s()]):| = L Esgmue [dsO (s)[Q™ (s,a) + Vh (s,a)]}

=20 () (P ) es [Q (s,a) + VAT (s,0)]

= %(V*)Tes [Qﬂ* (s,a) + \v/ 5 (s,a)]

= 150" (5) [Q" (s,a) + VA (s,0)], (2.3)
where the third identity follows from (23 and the last one follows from the fact that (v*)7(P™ )t = (v*)7 for

any ¢ > 0 since v* is the steady state distribution of 7*. Therefore, the optimality condition of ([L9) suggests us
to solve the following variational inequality

Eovv [(@Q (5,) + VA" (5,2),m(:[s) = 7" (1s))] = 0. (2.4)

However, the above VI requires h™ to be differentiable. In order to handle the possible non-smoothness of h™,
we instead solve the following problem

Egp- [(Q”* (s,),7(|s) — 7 (:|s)) + A" (s) — ™ (s)} > 0. (2.5)

It turns out this variational inequality satisfies certain generalized monotonicity properties thanks to the fol-
lowing performance difference lemma obtained by generalizing some previous results (e.g., Lemma 6.1 of [9]).

Lemma 2 For any two feasible policies m and ', we have

V7 5) = V() = By [(ATG 7 (1)) + 07 () = 175

where

A" (s a) == Q" (s',a) — VT (s'). (2.6)

Proof. For simplicity, let us denote f’rl(so) the random process (st,at,st41), t > 0, generated by following
the policy 7’ starting with the initial state sg. It then follows from the definition of V7 that

VT () =V (s)
= Eerr ) [ S22 (st ae) + 07 ()] = V7 (s)

=Ber (o) [Etoio 7 le(st, ar) + B (s) + V7 (se) - Vw(St)]} —V7(s)

@ By [0 7 [elst 1) + B (50) + 4V (s5041) = V7 (51)]

+ ng’(s) [VT(s0)] = V7 (s)

(] oo P ™ ™
2 Eewr o) [ 20207 elst,06) + B (50) + 2V (s141) = V7 (50)]]

= Egrr (s [S20 7' [e(st, ar) + 17 (st) + 7V (st41) = V7 (51)
R (s¢) — h”(st)]}

QB [z;ﬁ o [QW(% ar) — V™ () + b (s¢) — h”(st)H 7
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where (a) follows by taking the term V" (so) outside the summation, (b) follows from the fact that E../ [V (s0)] =
V7™ (s) since the random process starts with so = s, and (c) follows from (I.3)). The previous conclusion, together
with (Z6) and the definition df in (Z1]), then imply that

Vs V()
= 15 Sves Lweadd ()7 (@ls) [AT(s, ) + ™ (') = 17 ()]

s Soesd () [(A7(, ), (1s) + 7 () = ()]

which immediately implies the result. n

We are now ready to prove the generalized monotonicity for the variational inequality in (2.3]).

Lemma 3 The VI problem in (Z3) satisfies

Ea [(Q7(5.).m(1s) = 7 (1s)) + () = b7 (5)]
= Esue [(1 =) (V7 (5) = V™ (5))]. (2.7)

Proof. Tt follows from Lemma [ (with 7’ = 7*) that
(L= V™ () = VT(3)] = By g [(AT(5, ), 7" (1) + 07 () = 07 (51)]
Let e denote the vector of all 1’s. Then, we have

<A7T(Sl7 ')77T*('|5/)> QF(5/7 ) - Vﬂ'(sl)eﬂr*('lsl»

Q™(s ), m(1s) = V(s

Q™(s, ), m (1s") = (Q7(s', ), m(-1s")

Q™(s, ), m(Is") = m(:Is)), (2.8)
where the first identity follows from the definition of A™(s’,-) in (Z8]), the second equality follows from the fact

that (e,7*(:|s’)) = 1, and the third equality follows from the definition of V™ in (3). Combining the above two
relations and taking expectation w.r.t. v*, we obtain

=
=
=
=

(1= Eamse V7 () = V7 (5)]
= Bz [{Q %, )om (18") = (1) + 1 (1) = (6"
=Egup- [(Qﬂ'(& D, 75 (s) = w(]8)) + h™ (s) — h”(s)} ,

where the second identity follows similarly to (Z3) since v* is the steady state distribution induced by 7*. The
result then follows by rearranging the terms. n

Since V™(s) — V™ (s) > 0 for any feasible policity «, we conclude from Lemma [3 that
Eunue [(Q"(5,7),m(1s) = 7" (1)) +A7(s) = ™ ()] = 0.
Therefore, the VI in (Z3) satisfies the generalized monotonicity. In the next few sections, we will exploit the

generalized monotonicity and some other structural properties to design efficient algorithms for solving the RL
problem.

3 Deterministic Policy Mirror Descent

In this section, we present the basic schemes of policy mirror descent (PMD) and establish their convergence
properties.



Title Suppressed Due to Excessive Length 7

3.1 Prox-mapping

In the proposed PMD methods, we will update a given policy = to 7+ through the following proximal mapping:

7 (|s) = argmin n[(G™(s,-),p(-|s)) + hP(s)] + DR(s)- (3.1)
p(-[s)EA 4
Here n > 0 denotes a certain stepsize (or learning rate), and G™ can be the operator for the VI formulation,
e.g., G"(s,-) = Q" (s,-) or its approximation.

It is well-known that one can solve ([B]) explicitly for some interesting special cases, e.g., when h”(s) =0 or
hP(s) = 7D%, (s) for some 7 > 0 and given mg. For both these cases, the solution of B boils down to solving
a problem of the form

* . A
p* = argmin 2 (gip; + pilog pi)
p(-[s)EA 4
for some g € R Tt can be easily checked from the Karush-Kuhn-Tucker conditions that its optimal solution
is given by
* A

pi = exp(~g:) /[ 2] exp(g0)] (3.2)
For more general convex functions h”, problem (3] usually does not have an explicit solution, and one can
only solve it approximately. In fact, we will show in Section [f] that by applying the accelerated gradient descent
method, we only need to compute a small number of updates in the form of ([B.2) in order to approximately
solve ([BJ) without slowing down the efficiency of the overall PMD algorithms.

3.2 Basic PMD method

As shown in Algorithm [I each iteration of the PMD method applies the prox-mapping step discussed in
Subsection [3] to update the policy 7. It involves the stepsize parameter 1, and requires the selection of an
initial point 7. For the sake of simplicity, we will assume throughout the paper that

mo(als) = 1/]A|, Va € A, Vs € S. (3.3)
In this case, we have
Dry(s) = Y ,eqm(als)logm(als) +log | Al <log|Al, Vr(|s) € A4 (3.4)

Observe also that we can replace Q7* (s, -) in (B3] with A™ (s, a) defined in ([2.6) without impacting the updating
of mp11(s,-), since this only introduces an extra constant into the objective function of (B3H).

Algorithm 1 The policy mirror descent (PMD) method

Input: initial points 7wy and stepsizes n > 0.
for k=0,1,...,do

Trt1(s|s) = argmin {m[(Q’T’“ (s,),p(:|s)) + AP (s)] + D, (8)} Vs €S, (3.5)
p(-ls)€A| 4

end for

Below we establish some general convergence properties about the PMD method. Different from the classic
policy iteration or value iteration method used in Markov Decision Processes, our analysis does not rely on
the contraction properties of the Bellman’s operator, but on the so-called three-point lemma associated with
the optimality condition of problem (33) (see Lemma M. Our analysis also significantly differs from the one
for the classic mirror descent method in convex optimization (see, e.g., Chapter 3 of [13]). First, the classic
mirror descent method requires the convexity of the objective function, while the analysis of PMD utilizes the
generalized monotonicity in Lemma Bl Second, the classic mirror descent utilizes the Lipschitz or smoothness
properties of the objective function, while in the PMD method, we show the progress made in each iteration of
this algorithm (see Lemma [B]) by using the performance difference lemma (c.f., Lemma[2) and the three-point
lemma (c.f., Lemmald]). As a result, we make no assumptions about the smoothness properties of the objective
function at all.

The following result characterizes the optimality condition of problem (1)) (see Lemma 3.5 of [13]). We add
a proof for the sake of completeness.
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Lemma 4 For any p(-|s) € A| 4|, we have
(@ (), 7Tk+1(' |s) — ('|8)> + AT (s) = BP(s)] + Dt (s)
Proof. By the optimality condition of (3.3,
me[Q (s,) + ()™ (5,)] + VD& (s,-), p(|s) = miia (1s)) 2 0, Vp(:ls) € A4,

where (h')™+! denotes the subgradient of h at ., and VDz*"(s,-) denotes the gradient of D+ (s) at T ;.
Using the definition of Bregman’s distance, it is easy to verify that

Dr,(s) = Dy (s) +(VDriH (5,), p(ls) = w1 (15)) + Dy, () (3.6)
The result then immediately follows by combining the above two relations together with (I.2). =
Lemma 5 For any s € S, we have
VThtl(s) < VTR (s), (3.7)
Q7 (s,), g1 (t]s) — mi(c]s)) + R 1 (s) — A (s) = VT (s) — VTE(s). (3.8)
Proof. 1t follows from Lemma [ (with 7’ = 741, 7 = 7, and 7 = 73,) that
VTt (s) — VT (s)
= 125, e [(ATH(, ), mepa (1) + AT (sT) — BT (s)] (3.9)
Similarly to (2.8), we can show that
(AT () g (1) = QT (8, ) = V(s e, mpga (0]8))
= (Q™(s',), mppa (18") = VA ()
= (Q™ (s, ), 1 (18") = mi(-]s)).-
Combining the above two identities, we then obtain
VTl (g) — VT (5) = 1i.y]ES SR [(Qﬂk(s/v Dy g1 (18 = mi([s")
+hTE (") — B (8] (3.10)
Now we conclude from Lemma [ applied to ([B.35) with p(-|s’) = 7 (-|s’) that
(@™ ('), g (18") = mi (") + R4 (s) = W™ (s)
< = [+ mep) DRg,, (87) + D (s)]. (3.11)
The previous two conclusions then clearly imply the result in [B1). It also follows from BI1) that
B g1 [(QT(S, ) mupa (1sT) = mi () + ™ (') — h™4(s")]
< ds" () [(Q™ (5, ), g1 (o) = mi(cfs)) + R4 (5) — BT (5)]

< (=) KQ™ (s, ), meg1 (t]s) — mi(]s)) + T (s) = A7 (s)] (3.12)
where the last inequality follows from the fact that ds***(s) > (1 — ) due to the definition of ds*** in ).
The result in (B7) then follows immediately from ([BI0) and the above inequality. m

Now we show that with a constant stepsize rule, the PMD method can achieve a linear rate of convergence
for solving RL problems with strongly convex regularizers (i.e., u > 0).

Theorem 1 Suppose that n, =n for any k > 0 in the PMD method with
1
L+np=> . (3.13)
Then we have
F(rk) = F(*) + 12D 7)< AF [ (o) — F() + 1 log A]

for any k > 0, where .
Dy, %) 1= Egmpe [DF. (5)]. (3.14)



Title Suppressed Due to Excessive Length 9

Proof. By Lemma [ applied to (B3] (with n, =7 and p = 7*), we have
nl{Q™ (s,), mhs1 (s) = 7" (-|s)) + h™¥1 (5) = b (s)] + DRx* (s)
< Dx,.(s) = (L+nu)Dx, ., (s),
which, in view of (B8], then implies that
(@™ (5, ), mi(-|s) = 7" (s)) + h™ (s) = ™ (5)]
+ [V (s) = VT (s)] 4+ DRkt (s) < DR, (s) = (14 np) DR, (5)-
Taking expectation w.r.t. v* on both sides of the above inequality and using Lemma[Bl we arrive at
s [1(1 = 1) (V™ (5) = V7 (5))] + nBgmn [V () = VT (5)] + Ema [D1H ()]
< Ean [DF, (5) = (1+ m) DR, (5).

Noting V™1 (s) — V7 (s) = V™+1(s) — V™ (s) — [V™(s) — V™ (s)] and rearranging the terms in the above
inequality, we have

s [n(V™ (5) = V7 (8)) + (14 ) DR, ()] + Eso [D7E 4 (5)]
< AE i [n(V™(5) = VT (5)) + 2D, (s)], (3.15)
which, in view of the assumption ([BI3) and the definition of f in ()

Frign) = F(7) + 2B D7, (5)]
<7 [(F(m0) = £(5) + 15 Esmae DT, ()]

Applying this relation recursively and using the bound in ([34) we then conclude the result. m

According to Theorem [l the PMD method converges linearly in terms of both function value and the
distance to the optimal solution for solving RL problems with strongly convex regularizers. Now we show that
a direct application of the PMD method only achieves a sublinear rate of convergence for the case when pu = 0.

Theorem 2 Suppose that np = n in the PMD method. Then we have

f(mo)—f(m™)]+log | A
F(mpsn) — f(n) < nylf( () 77()(k)+ - g Al

for any k > 0.

Proof. Tt follows from (BI5) with p = 0 that

B [0(V™4 (5) = V™ (5)) + D, ., (8)] + Eam [DFS (5))]
< nyEsmp= [Vﬂ'k (s) — V7r* (S)] + Esour [D:; (5)]

Taking the telescopic sum of the above inequalities and using the fact that V™*+1(s) < V7™ (s) due to [B1) , we
obtain

(k= DL =) B [V (5) = VT ()] < Bomae [y (V™ (5) = V7 (5)) + DF, (s)],
which clearly implies the result in view of the definition of f in (LJ) and the bound on DZ, in (34). m

The result in Theorem [2] shows that the PMD method requires O(1/(1 —+)e) iterations to find an e-solution
for general RL problems. This bound already matches, in terms of its dependence on (1—+) and ¢, the previously
best-known complexity for natural policy gradient methods [I]. We will further enhance the PMD method so
that it can achieve a linear rate of convergence for the case when p = 0 in next subsection.
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3.3 Approximate policy mirror descent method

In this subsection, we propose to enhance the basic PMD method by adding adaptively a perturbation term
into the definition of the value functions or the proximal-mapping.

For some 7 > 0 and a given initial policy mo(als) > 0, Vs € S,a € A, we define the perturbed action-value
and state-value functions, respectively, by

Q7 (s,a) =B [37720 7" [e(st, ar) + h7 (st) + D7, (s1)]
| so =s,a0 = a,a; ~ 7(:|st), sg+1 ~ P(-|se, ae)], (3.16)

V7 (s) == (Q7 (s,-), m(:|s)). (3.17)
Clearly, if 7 = 0, then the perturbed value functions reduce to the usual value functions, i.e.,
Q0 (s,a) = Q" (s,a) and V§ (s) =V7"(s).
The following result relates the value functions with different 7.

Lemma 6 For any given 7,7’ > 0, we have

VI (s) = VI (s) = T=5 gy [DF, ()] (3.18)
As a consequence, if T > 1 > 0 then
V7 (5) < VI (s) < Vi (s) + 52 log |Al. (3.19)

Proof. By the definitions of V; and dj, we have

Vi (s)

=FE [Z?io yt[c(st, at) + h™ (st) + D7, ()] | so = s,ar ~ 7(+|st), se41 ~ P(:|st, at)]

=K [Z?io ’yt[c(sh ar) +h™(s¢) + 7' DE (8)] | s0 = s,at ~ 7(|st), se41 ~ P(-|st, at)]
+E [Z;io ’yt(T — T’)Dﬁn ()] | so =s,at ~ m(-|st), se41 ~ 73(-|st,at)]

=Vi(s)+ %Eswdg (D7, ()],

which together with the bound on D, in (8:4) then imply BI9). ]

As shown in Algorithm [2] the approximate policy mirror descent (APMD) method is obtained by replacing
Q™" (s,-) with its approximation Q7F (s, ) and adding the perturbation 73, D7, (s¢) for the updating of 74 ; in the
basic PMD method. As discussed in Subsection B.I] the incorporation of the perturbation term does not impact
the difficulty of solving the subproblem in ([3:20). In fact, the APMD method can be viewed as a general form of
the PMD method since it reduces to the PMD method when 7, = 0. In fact, the perturbation parameter 7, used
to define the action-value function Q7F(s,-) is not necessarily the same as the one used in the regularization
term 7, DY, (s¢), yielding more flexibility to the design and analysis for this class of algorithms.

Algorithm 2 The approximate policy mirror descent (APMD) method

Input: initial points 7o, stepsizes 1 > 0 and perturbation 7, > 0.
for k=0,1,...,do

myi(ls) = argmin {ne[(QFE (s,),p(1s)) + b7 (s) + 7D, (s0)] + D5, ()} Vs € S. (3.20)
p(-[s)EA| 4

end for

Our goal in the remaining part of this subsection is to show that the APMD method, when employed with
proper selection of 7, can achieve a linear rate of convergence for solving general RL problems. Note that in the
classic mirror descent method, adding a perturbation term into the objective function usually would not improve
its rate of convergence from sublinear to linear. However, the linear rate of convergence in PMD depends on the
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discount factor rather than the strongly convex modulus of the regularization term, which makes it possible for
us to show a linear rate of convergence for the APMD method.

First we observe that Lemma [3] can still be applied to the perturbed value functions. The difference between
the following result and Lemma[3 exists in that the RHS of ([21) is no longer nonnegative, i.e., V7 (s)— V7 (s) #
0. However, this relation will be approximately satisfied if 7 is small enough.

Lemma 7 The VI problem in (Z7) satisfies
Eanur [(QF(s,),m(ls) = 7" (1)) + 7 () = A7 (5) + 7{DF, (5) = DF, ()]

= B [(1 =) (VF (5) = V& (5))]. (3.21)

Proof. The proof is the same as that for Lemma [3] except that we will apply the performance difference
lemma (i.e., Lemma[2) to the perturbed value function V. n

Next we establish some general convergence properties about the APMD method. Lemma B below charac-
terizes the optimal solution of (B:20) (see, e.g., Lemma 3.5 of [13]).

Lemma 8 Let 7y 1(¢|s) be defined in (Z20). For any p(-|s) € A4, we have
+
Me[(Q7¢ (s,7), g1 (t]s) — p(:[s)) + h" (s) — R (s)]
+ 0k [Drg T (st) — DRy (s0)] + Dy ™ (s) < DR (s) — (1 +nmg) DRy, (5)-
Lemma [0 below is similar to Lemma [Bl for the PMD method.
Lemma 9 For any s € S, we have
Q7 (s,7), mhga (c]s) — mi(c[s)) + ™ (s) — B™*(s)
+ 7 [Dre ' () = Db ()] = Vi (s) = VAE(s). (3.22)

Proof. By applying Lemma 2] to the perturbed value function V;* and using an argument similar to (10),
we can show that

VR (s) = Vil (s) = 135 B, _gmen [(Q7E(S' ), mega (ls)) — mi(1s7))
+h”k+1 (s") = W (s") 4+ 7 [Dri " (s) — DRE(s)]] - (3.23)
Now we conclude from Lemma B with p(-|s’) = 7,(+|s") that
QT (', ) mys (18') — T (1s')) + BT (') — B (')
+ 7 [Dry T (8") = Db ()] < =5 [(L+ meme) D7, (87) + D ()], (3:24)
which implies that

By qmen (QTE(s, ), meg1 (ls") = m(-|s))) + A1 (sT) — B7E(s)
DR () — DR ()]
< d" T (s) [(QTF (5,), M1 (o]s) = m(c]s)) + AT (s) — AT (s)
+7,[Drg ™ (s) — Dz (5)]]
< (L= [Q7E(s,), Thra (ls) = mr(:ls)) + AT+ (s) — ™ (s)
+7[D7e ™ (s) — Dk (s)]] (3.25)
where the last inequality follows from the fact that d5*™(s) > (1 — v) due to the definition of ds**' in ().
The result in [3:22) then follows immediately from (3.23)) and the above inequality. m

The following general result holds for different stepsize rules for APMD.

Lemma 10 Suppose 1+ npm, = 1/v and 1, > 7y 41 in the APMD method. Then for any k > 0, we have

Esv= [VT;cIj_tl (5) Tk+1 (5) Tk+1 D;Trk+1 (5)]

< B [V (5) = VA, () + 125 DR, (s)] + 2%t log | A. (3.26)
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Proof. By Lemma [l with p = 7*, we have

e [(QFE (5, mesa () = 7" (13) + W™ () = ™ (s)]
+ mr[DRE (s1) = DR (s0)] + DR (9)
< DF (s) - (14 Uka)DmH] (s)-

Moreover, by Lemma [0]

(@7k(5,°), M1 (o]s) = m(c]s)) + AT (s) = h™ (s) + [ D™ (s¢) — Dxg (s1)]
> VA (s) = Vi (s)-

Combining the above two relations, we obtain
e [(QFE (5,).mkC1s) = 7 (1)) + K™ (5) = 1™ ()] + meru[DFs (s2) = DT, (s0)]
+ VA (8) = VAH ()] + DR () < DR () = (L miemi) DR, (s).
Taking expectation w.r.t. v* on both sides of the above inequality and using Lemma[7] we arrive at
B [ (1 = 9) (VI (5) = Vi, ()] 4 kB [V (5) = VI (s)]
+ o [DFL ()] < Baar [DF, (5) = (L4 o) DR, (5)]

Noting V7 *'(s) — Vik(s) = Vi (s) — VT’;* (s) = [VEE(s) — VT’,’:(S)] and rearranging the terms in the above
inequality, we have

B [ (VA5 (5) = VA, (5)) + (1+ mei) DR, (5) + Dre* (s)]
< VB [VAE(5) = VI ()] + Emne [DF, (5)]: (3.27)
Using the above inequality, the assumption 7, > 7,11 and (B19), we have
B i (VS (5) = VAL, () + (14 mimi) Dy () + DR (s)]
< B [y (Ve () = V2 () + D7, ()] + =2 Tog | A, (3.28)
which implies the result by the assumption 1+ n,7 = 1/7. =

We are now ready to establish the rate of convergence of the APMD method with dynamic stepsize rules to
select 1, and 7, for solving general RL problems.

Theorem 3 Suppose that 7, = To’yk for some 10 > 0 and that 1 + np7, = 1/~ for any k > 0 in the APMD method.
Then for any k > 0, we have

Fm) = 1) <98 [£(m0) = (57) + 70 (125 + &) log 1Al (3.29)
Proof. Applying the result in Lemma [I0 recursively, we have

s [V (5) = VA ()] < 4 B [VIX (5) = VI (5) + 125 D7, (5)]
+ Zle % log |AJ.

Noting that Vi*(s) > V™(s), VA (s) < V™ (s) + 12 log|A|, and V7 (s) > V™ (s) due to (BIR), and that
VZo(s) = V7™ (s) due to D32(s) = 0, we conclude from the previous inequality that

Esmr [V (8) = V™ ()] < V¥ Egnse [v’m(s) V™ (s) + 12 D7, ()]

+[e

- w} log | A (3.30)
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The result in (3:229) immediately follows from the above relation, the definition of f in (9], and the selection
of 7. n

According to ([329), if 79 is a constant, then the rate of convergence of the APMD method is O(k~y*). If
the total number of iterations k is given a priori, we can improve the rate of convergence to O(’yk) by setting
70 = 1/k. Below we propose a different way to specify 7, for the APMD method so that it can achieve this
O(¥*) rate of convergence without fixing k a priori.

We first establish a technical result that will also be used later for the analysis of stochastic PMD methods.

Lemma 11 Assume that the nonnegative sequences { Xy }k>0,{Yi k>0 and {Z;}r>o satisfy

X1 <Xk + (Ye — Yig) + Zg. (3.31)
Let us denote | = ﬂog,y %-‘ IfY,=Y- 2~ (LB/U+1) 4nq Zy =17 - 2~ (Lk/U+2) for some Y >0 and Z > 0, then

X <27 (X0 + v + 1245). (3.32)

Proof. Let us group the indices {0, ..., k} into p = |k/l]+1 epochs with each of the first p—1 epochs consisting
of [ iterations. Let p =0,...,p be the epoch indices. We first show that for any p=0,...,p— 1,

Xp <27P(Xo+Y + 1%5). (3.33)

This relation holds obviously for p = 0. Let us assume that (3:33)) holds at the beginning of epoch p ad examine
the progress made in epoch p. Note that for any indices k = pl,. .., (p+1)l—1in epoch p, we have Y}, = y .2~ (P+1)
and Z = Z -2~ P*2)_ By applying B3] recursively, we have

1 — 1
Xpry < Xpi + Yo = Yopry + Zpt Xio V'

1

l 1—
=7 Xpt + Y(pt1)1 + Zpi 1Jy
_ 9—( )
<A Xy +Y 270Dy 220
1 o—(p+2) Z.0—(P+2)
<gXpt+Y- 2 + =
< 2p(X0+Y+ )—l—Y 2~ (:D+2)+Z27(2+2)

<27 (X0 +Y + ﬁ%

where the second inequality follows from the definition of Z,,; and 4! > 0, the third one follows from 4! < 1/4, the
fourth one follows by induction hypothesis, and the last one follows by regrouping the terms. Since k = (p—1)I+k
(mod 1), we have

mo k — i

Xp <AF (med l)X(ﬁfl)l +Z(571)lzi=o(m0d )=y
<271 (x, +Y+ﬁ)+

— 9~ (p— 1)(X0—|—Y—|—

Z.o—(P+1)
e

4(1 7))

which implies the result. =
We are now ready to present a more convenient selection of 7, and 7 for the APMD method.

Theorem 4 Let us denote | := ﬂogw H f T, = 2~ (KUY gnd 1+ MeTEr = 1/7, then

f(Wk) _ f(ﬂ'*) < Z*Lk/lj [f(ﬂ'O) f(ﬂ' )+ 210g|.A\]

Proof. By using Lemma [0 and Lemma [T (with X, = Eguy«[Vi*(s) — VZ (s) + %Dg; (s)] and Vi =
12 log|A[), we have

By [V () = VA () + 125 D5, (5)]
<2 WU LB e VIS () = Vay () + 125 D5, ()] + 2L .
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Noting that V7 (s) > V™ (s), VA (s) < V™ (s)+ 125 log |A], V7 (s) > V™ (s) due to (BIR), and that V7 (s) =

V7™ (s) due to D79 (s) = 0, we conclude from the previous inequality and the definition of 75, that

B [V™*(s) = V™ (5) + 12 D7, (5)]

<o W Ry V7 ()~ VA () + 125 DF, (s)] + 1Sl | 4 melom Al

<27 W B [V (s) - V() + ZpElALL

In view of Theorem @ a policy 7 s.t. f(7) — f(7*) < e will be found in at most O(log(1/e¢)) epochs and hence
at most O(llog(1/e)) = O(log, (¢)) iterations, which matches the one for solving RL problems with strongly

convex regularizers. However, for general RL problems, we cannot guarantee the linear convergence of DZ;Z . (s)
since its coefficient 75, will become very small eventually. By using the continuity of the objective function and
the compactness of the feasible set, we can possibly show that the solution sequence converges to the true
optimal policy asymptotically as the number of iterations increases. On the other hand, the rate of convergence
associated with the solution sequence of the PMD method for general RL problems cannot be established unless
more structural properties of the RL problems can be further explored.

4 Stochastic Policy Mirror Descent

The policy mirror descent methods described in the previous section require the input of the exact action-value
functions Q™*. This requirement can hardly be satisfied in practice even for the case when P is given explicitly,
since Q™" is defined as an infinite sum. In addition, in RL one does not know the transition dynamics P and
thus only stochastic estimators of action-value functions are available. In this section, we propose stochastic
versions for the PMD and APMD methods to address these issues.

4.1 Basic stochastic policy mirror descent

In this subsection, we assume that for a given policy 7, there exists a stochastic estimator QK g g,

Eg, [Q™ %] = Q™, (4.1)
Eg, [I1Q™ % — Q™3] < o, (4.2)
Q™ — Q™ [l < sk, (4.3)

for some o, > and ¢, > 0, where &, denotes the random vector used to generate the stochastic estimator QT kS
Clearly, if o}, = 0, then we have exact information about Q™. One key insight we have for the stochastic PMD
methods is to handle separately the bias term ¢, from the overall expected error term o, because one can
reduce the bias term much faster than the total error. This makes the analysis of the stochastic PMD method
considerably different from that of the classic stochastic mirror descent method. While in this section we focus
on the convergence analysis of the algorithms, we will show in next section that such separate treatment of bias
and total error enables us to substantially improve the sampling complexity for solving RL problems by using
policy gradient type methods.

The stochastic policy mirror descent (SPMD) is obtained by replacing Q@™ in ([B.) with its stochastic
estimator Q™% i.e.

mipa(ls) = argmin {@(p) = me[(Q7 4 (s,), p(1s)) + H7(5)] + D, (s) }. (4.4)
p(|8)EA|4
In the sequel, we denote {f;) the sequence of random vectors &, ..., ¢ and define

8y, 1= Q™ Q. (4.5)



Title Suppressed Due to Excessive Length 15

By using the assumptions in (£I) and (£3) and the decomposition

<Q7rk,£k (87 ')77Tk('|8) _ ﬂ_*(|3)> = <Q7Tk (57 -)77Tk(-|8) - 7r*(|8)>
+(Q™(s,) — Q™ (s, ), i (-]s) — 7" (]s))
+ <Q7rk,5k (s,-) — Q™ (s,-), mp(-|s) — 7" (|5)),

we can see that

Ee, [(Q™%* (s, ), m(s) = 7" (1)) | €re,_y1]
> (Q™ (s, ), m(t]s) — 7 (:|s)) — 20k (4.6)

Similar to Lemma Bl below we show some general convergence properties about the SPMD method. Unlike
PMD, SPMD does not guarantee the non-increasing property of V7*(s) anymore.

Lemma 12 For any s € S, we have
VT (5) = V) < (@7 s ) mi (1) = () + 7 () = 7 ()
+ DR (s) + el (4.7)
Proof. Observe that (3.I0) still holds, and hence that

VTt (s) — VT (s)

= 15, e [(Q7(8, ) w1 (1s) = mi (1)) + BT (') — R (s)]

= 2B, e (@7 (5, ), mia (1) = mi (1)) + B4 () — 7 (s)
—(6k g1 (+18") = m(:s))]

< B, s (@78 () ma (1) — mi(1)) + B0 (1) — A ()
b lma (1) = me Gl + 2Ll

< 25K, e {(Qﬂk’gk (' )y mrg1 (fs") = mr(-|s))) + ™51 (s7) — 7R (s)

P
+ D7Tk+1( /) + M || 2k||ooi| , (4.8)

where the first inequality follows from Young’s inequality and the second one follows from the strong convexity
of DX* w.r.t. to ||-||1. Moreover, we conclude from Lemma [ applied to @) with Q™ replaced by Q™* ¢+ and

7Tk+1

p(-|s') = m,(-]s") that
(5 (s, ), T (1) = mi (1)) 70 () = W7 (s) 4 - DFE ()
< —-[(1+ mp) DxE, ()] <0,
which implies that
By pren [(Q7 94 ('), mia (18') = m(1s) A7 () = W™ () 4 DAL, ()]
<A77 (5) [{QM 4 (5,), i () = mi (1) + A2 ) — AT (s) 4 2 DFE (5)]
< (1=7) [(QT (5, ), i (1s) = mi () + K™ (8) = ™ (s) 4 - DFE (5)]

where the last inequality follows from the fact that ds***(s) > 1 — v due to the definition of d5*™* in (2I)). The
result in ([£7) then follows immediately from (€8] and the above inequality. m

We now establish an important recursion about the SPMD method.
Lemma 13 For any k > 0, we have
Eep [f(mes1) = F(77) + (5= + ) D(mpg, 7))
< e, () = F(7%) + D, 7)) + 201 + 2%,
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Proof. By applying Lemma @ to (3) (with Q* replaced by Q™ and p = 7*), we have
M [(Q™ % (5,), mhsa ([s) — 77 (]s)) + AT (s) — b (s)] + DFEY (s)
< DR, () = (L+ men) DR,y (9),
which, in view of (@1, then implies that
(Q7 5 (5,1, mu(ls) = (18)) K7™ (5) = B () + V™44 (5) = Vo4 )
< A DI (s) — (& + wDE,,, (s) + Bl

Taking expectation w.r.t. {57 and v* on both sides of the above inequality, and using Lemma [3]and the relation
in (46), we arrive at

Eam ey [(1= 1)V () = VT (8)) 4 V02 () = V™ (s)]
< B g [ LD (s) - (% +u)DI, (s)] + 26, + a2y ’;)

Noting V™41 (s) = V™ (s) = V741 (s) = V™ (s)—[V™(s)—V™ (s)], rearranging the terms in the above inequality,
and using the definition of f in (I3)), we arrive at the result. L]

We are now ready to establish the convergence rate of the SPMD method. We start with the case when
1> 0 and state a constant stepsize rule which requires both ¢ and oy, & > 0, to be small enough to guarantee
the convergence of the SPMD method.

Theorem 5 Suppose that n, = n = 1,;—: in the SPMD method. If ¢ = 2~ (LK/H+2) g a',% = 2~ (Lk/1]+2) for any
k>0 with | := [log. (1/4)], then

Efrk 11[ (mx) — f(7r )+ D(Wlm )]
<27 [(mo) = f(n*) + 5 (ulog |l + § + 525)] - (4.9)
Proof. By Lemma [I3] and the selection of 7, we have

B¢ [f (Tg1) = f(77) + $25D(mp 41, 77)]

< 1[Ee,yy [F(me) = F) + 1 Dl )] + 200+ ok,

which, in view of Lemma [[T] with X}, = Beryo iy [f(mp) — f(m™) + ﬁ'D(ﬂ'kﬂT*) and Z;, = 2¢;, + %, then implies
that

Eﬁykfl'\ [f(ﬂ—k) - f(Tr*) + T—H_VID(TFIC: ﬂ—*)
<yl {f(ﬁo) —f(7) + %‘T*) +iG5+ m)}

<A [fmo) (%) + i (ulog AL+ § + 555) .

We now turn our attention to the convergence properties of the SPMD method for the case when p = 0.

Theorem 6 Suppose that n, = n for any k > 0 in the SPMD method. If ¢, << and o < o for any k > 0, then we
have

* [f (o) = f ()] log | Al 2 2
Eep.rlf (mr) = [(r)] < TERS0 + 508 105 s (4.10)
where R denotes a random number uniformly distributed between 1 and k. In particular, if the number of iterations k

is given a priori and 1 = (%W)lm, then

* f(mo)—f(n* V2log|A|
Ee,, rRIf(mRr) — f(7")] < % + 12T§ + ﬁ%- (4.11)



Title Suppressed Due to Excessive Length 17

Proof. By Lemma/[I3] and the fact that u = 0, we have

Eém [f(ﬂ'k-&-l) - f(ﬂ'*) + %D(Wk+1771'*)]
< e ((7) = (7)) + D 7)] + 201 + 530

Taking the telescopic sum of the above relations, we have

(1=7) T8 ey [£(m0) = £(57)] < W(F(mo) = £(57)) + Do, m*)] + 2hs + 502

Dividing both sides by (1 —«)k and using the definition of R, we obtain the result in (£I0). m

We add some remarks about the results in Theorem [6l In comparison with the convergence results of SPMD
for the case p > 0, there exist some possible shortcomings for the case when p = 0. Firstly, one needs to output
a randomly selected mr from the trajectory. Secondly, since the first term in ([£I]]) converges sublinearly, one
has to update w1 at least O(1/e) times, which may also impact the gradient complexity of computing VA™ if
Tr+1 cannot be computed explicitly. We will address these issues by developing the stochastic APMD method
in next subsection.

4.2 Stochastic approximate policy mirror descent

The stochastic approximate policy mirror descent (SAPMD) method is obtained by replacing Q7 in (320)

Tk

with its stochastic estimator Q7] Sk As such, its updating formula is given by

T (1) = argmin {n[(QTH (s,),p(1s)) + K7 () + kDT, (s0)] + DE (s) } (4.12)
p(-[8)EA| 4

With a little abuse of notation, we still denote §;, := Q:,f’g’“ — Q7F and assume that

Eg, [Q7 %] = QFF, (4.13)
Ee, [[1Q7F % — Q7 13%] < o, (4.14)
197 — Q7¢lloo < sk, (4.15)

for some o), > and ¢ > 0. Similarly to (&) we have
Egk[(Q”’"f’“(& Dok (18) =7 L)) [ €pepy1)
> (Q7¢ (s,), i (t]s) — 77 (]s)) — 2k (4.16)
Lemma [T4] and Lemma [T5 below show the improvement for each SAPMD iteration.

Lemma 14 For any k > 0, we have

V;;kﬂ(s) V;';;k (s) < Qﬂk,ﬁk( )77Tk+1('|5) — 1 (-]8)) 4 RTEH () — K% (s)

* 2
i [DEE (5) = D ()] + 2 DEe (s) 4 B0l (4.17)

Proof. The proof is similar to the one for Lemma [I2] except that we will apply Lemma 2 to the perturbed
value functions V7 instead of V™. n

Lemma 15 If 1 4+ ng7, = 1/v and 1, > 7,41 in the SAPMD method, then for any k > 0,

ESNV*{UC} [V‘Iz;):_tl (5) Tk+1 (5) + 1Tk D;Trk+1 (5)]
By gy VIVAR(5) = VL (5) + 125 D7, (5)]

+ Pt log |A| + 26, + %

29Ty " (4 18)
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Proof. By Lemma [§ with p = n* and Q7F replaced by Qi,f’f’“, we have
(QTE 4 (5,2), Thar (1) = 7 (-]8)) + A1 (s) = ™ ()
+ 7k [DIs (s) = D7, ()] + & Dai™ (s)
> 771 DF ( ) 77% +Tk) 7Tk+1(8)7

which, in view of ([{I7), implies that

<er'rk;5k (5,)s 1 (-|s) = 7 (|s)) + h™* (s) — W (s) + T[Dxk(s) — D;rr; (s)]

5 2
+ VIR (s) = VER(s) < 52 DT (5) — (G +70) DR (5) + el

Taking expectation w.r.t. {7 and v* on both sides of the above inequality, and using Lemma [ and the relation

in (£I6]), we arrive at
Egve g (L= (VEE(s) = VA ()] + B gy VAT (5) = ViH (5)]

2
SEsapr 2Erk7 [ D;rk (5) ( lk + Tk)Dﬂ'k+1 (5)] + 2, + Q?fiky)'

Noting Vi* (s) — Vik (s) = ViF (s) — VI (s) — [Vi*(s) — VI (s)] and rearranging the terms in the above
inequality, we have

ESNV 1k [ T”H—l ('S) Tk (S) + ( + Tk) Th41 (8)]
2
B IV (5) — VE ()] 4 B0 [ DB ()] 2 +

which, in view of the assumption 7, > 711 and ([BI9), then implies that

VT (s) = Vit (s) < (QRE (5, ) mua (]s) — mi(fs)) + AT (5) = A7 (s)

* 2
+ Tk [DEE () — DRy ()] 4 2 DEit (s) + bl (4.19)

The result then immediately follows from the assumption that 1+ n,7, = 1/4. n
We are now ready to establish the convergence of the SAPMD method.

Theorem 7 Suppose that ny, = % in the SAPMD method. If T, = 2~ (Lk/U+1) , S =27 (Lk/”Jﬂ) and

\/vlogIA\
or = 4= (UR/U+2) it 1= [logv(1/4)-|, then
* — og|A
Eep,_y, (k) = ()] < 27 [f(mo) — f(n™) + PEEEE 4 0 ). (4.20)

Proof. By Lemma [IH] and the selection of 73, ¢, and o}, we have

ESNV*,SUC] [ 72.;;?:11 (S) Tk+1 (S) + 1Tk D:k-u (S)]
S EsNu*,ﬁrk,l" [V[V‘I’kk ('S) VTk (8) + 1Tk Dﬂ- (8)]]
+ T log | A| 4 (2 + YpEAl - (/1) (4.21)

Using the above inequality and Lemma [ (with X}, = Egu,« ¢, V[VAF (s) — VI (s) + %Dﬁ:(s)]], Y, =
12 log|A| and Z; = (2 + 7”0;‘}”)2 (LF/1+2)) " we conclude

Eor gy (Vi (s) = Vi () + 725 DR, ()]

_ g * log |A log | A log | A|
<2 B [V () = VAT (9) + 5] + O + oy + sy

_ o—lk/1] m oy 17y/log | A| 5
=2 {Esnw VR (s) = Vi, () + 50=57 + s
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Noting that V7 (s) > V™ (s), VA (s) < V™ (s)+ 125 log |A], V7 (s) > V™ (s) due to (BIR), and that V7 (s) =

V7™ (s) due to D79 (s) = 0, we conclude from the previous inequality and the definition of 75, that

E VT (s) = VT ()] < 27 BB (V7O (s) = VT () + RSB 4 o5

1=V

s~v* € —17 [

from which the result immediately follows. n

A few remarks about the convergence of the SAPMD method are in place.

First, in view of Theorem [1 the SAPMD method does not need to randomly output a solution as most
existing nonconvex stochastic gradient descent methods did. Instead, the linear rate of convergence in (£20) has
been established for the last iterate 7, generated by this algorithm. The convergence for the last iterate indicates
that the SAMPD method will continuously improve the policy deployed by the system for implementation and
evaluation. This is not the case for the convergence of the average or random iterate, since the average iterate
will not be implemented and evaluated, and the convergence of the random iterate does not warrant continuous
improvement of the generated policies.

Second, both Theorems[§ and [7] allow us to establish some strong large-deviation properties associated with
the convergence of SPMD and SAPMD. Let us focus on the SAPMD method. For a given confidence level
A € (0,1) and accuracy level e > 0, if the number of iterations k satisfies

Lk/1] > log {% {f (mo) = f(r) + B + 2<15—7>} } ’

then by (£20) and Markov’s inequality, we have

Prob{f(m) — f(r*) > e} < L27 W/ [f(mo) — f(x") + HEB 4 B <

In other words, with probability greater than 1 — X\, we have f(m;) — f(7*) < e. On the other hand, it is more
difficult to derive a similar large deviation result for SPMD directly applied to unregularized problems (c.f.
Theorem [@)). Due to the sublinear rate of convergence and random selection of output, we need to run the
algorithm for a few times to general several candidate solutions and apply a post-optimization procedure to
choose from these candidate solutions in order to improve the the reliability of the algorithm (see Chapter 6 of
[13] for more discussions).

5 Stochastic Estimation for Action-value Functions

In this section, we discuss the estimation of the action-value functions Q™ or QT through two different approaches.
In Subsection 5.1l we assume the existence of a generative model for the Markov Chains so that we can estimate
value functions by generating multiple independent trajectories starting from an arbitrary pair of state and
action. In Subsection[5.2] we consider a more challenging setting where we only have access to a single trajectory
observed when the dynamic system runs online. In this case, we employ and enhance the conditional temporal
difference (CTD) method recently developed in [I2] to estimate value functions. Throughout the section we
assume that

<

(s,a) € S x A, (5.1)
thSGSﬂTEAIA‘. (52)

G

5.1 Multiple independent trajectories

In the multiple trajectory setting, starting from state-action pair (s,a) and following policy 7, we can generate
M, independent trajectories of length T}, denoted by

Cli = Cli(57a) = {(56 = 87‘17(;) = a); (57;170&)7‘ c (s'ifkfha"ifkfl)hi = 17' . ‘7Mk'

Let & := {(}c (s,a),i=1,...,My,s € §,a € A} denote all these random variables. We can estimate Q™ in the
SPMD method by

QT (s,0) = g 2000 Xyl ' o' le(shy af) + T (s)].
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We can show that Q™#:&k satisfy (LI)-([E3) with

= 7y~ Tk
gk:% and ok

_ Ei+}’3 [Vm n %\\:‘IHU} 7 (5.3)

for some absolute constant x > 0 (see Proposition [1 in the Appendix). By choosing T}, and M, properly, we
can show the convergence of the SPMD method employed with different stepsize rules as stated in Theorems [l

and

Proposition 1 Suppose that n = 1,;—}7 in the SPMD method. If Ty, and My, are chosen such that

Ty, (Lk/lj+10g2 cth +2) and M, > (5+E)2K((110§EY|)52"A|)+1)2Lk/”+4

with | := [log7(1/4)-|, then the relation in ([f.9) holds. As a consequence, an e-solution of (L), i.e., a solution T
s.t. B[f(7) — f(=*) + ﬁD(ﬁyﬂ'*)] < ¢, can be found in at most O(log, €) SPMD iterations. In addition, the total
number of samples for (st,at) pairs can be bounded by

o( |S]IA|log | A log(|S||A]) log, (1/2) log, E)

n(1—=7)%€ (5.4)

Proof. Using the fact that fyl < 1/4, we can easily check from (G3) and the selection of T}, and M}, that
EI)-@E3D) hold with ¢, = 27 (F/U+2) and o7 = 27 (Lk/U+2) Suppose that an e-solution 7 will be found at the
k iteration. By ([@9), we have

[k/1) <logo{[f(m0) = f(x*) + 15 (nlog |A] + § + 527)]e 1},

which implies that the number of iterations is bounded by O(I|k/l]) = O(log, €). Moreover by the definition of
Ty, and M}, the total number of samples is bounded by

K/l ¢ c+h
[SILAIL LA L (p + log, SEE 4 2) EHgp+4)
- 2 k o o o o
_ (9{|S||A|l2(U€/H + log, ftg)(c-&-h) K((llogfy\gllA\)+1)2Lk/lJ} _ O(\SHAU g |A|log(|S||-A]) log, (1/2) log., € ).

n(l—v)%

=

To the best of our knowledge, this is the first time in the literature that an O(log(1/e)/€) sampling com-
plexity, after disregarding all constant factors, has been obtained for solving RL problems with strongly convex
regularizers, even though problem (9] is still nonconvex. The previously best-known sampling complexity
for RL problems with entropy regularizer was O(|S||A|?/€) [20], and the author was not aware of an O(1/¢)
sampling complexity results for any RL problems.

Below we discuss the sampling complexities of SPMD and SAPMD for solving RL problems with general
convex regularizers.

Proposition 2 Consider the general RL problems with p = 0. Suppose that the number of iterations k is given a

priori and ny, = (%W)l/? If Ty > T =log, gt;ﬁ%; and My, = 1, then an e-solution of problem of (I.9), i.e.,

a solution © s.t. B[f(7) — f(7*)] < €, can be found in at most O(log |A|/[(1 —~)°¢?]) SPMD iterations. In addition,
the total number of state-action samples can be bounded by

S|| Al log |A|1
(’)(‘ Il (\101%7|) 6\ 0g, € ). (5.5)

Proof. We can easily check from (5.3]) and the selection of T} and M, that (£I)-(E3) holds with ¢, = €/3

and o} = 2(;—2 + 2((15jj))22 ). Using these bounds in ([@I0), we conclude that an e-solution will be found in at most
T 4le/3)*+(e+h)?/(A—)]log |Al | yf(mo)—f ()]
b= T (/3 TR (5-6)
iterations. Moreover, the total number of samples is bounded by |S||A|Tk and hence by (5.1). m

We can also establish the iteration and sampling complexities of the SAPMD method, in which we estimate

Q7 by

Qﬂk7£k (8 a) - Mk Z zt 0 7 [C(S; a%) + R (8%) + TkDg(IJC (8%)]
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Since 70 > 7y, similar to (53), we can show that QT satisfy [@I3)-(@I5) with

o T o )
o = <c+h+7011i>§|¢4\)7  and o2 = 2(c+h(4i7l)’;())2g|v4\) (v*Tk 4 n(log<lf4\]\cAl)+1)) (5.7)
for some absolute constant x > 0.
iti - 1 — 1 o—(lk/UU+D)
Proposition 3 Suppose that ny o and Ty, mQ in the SAPMD method. If T}, and My, are

chosen such that

c+h+7o log |A c+h+70 log |AD?k(log(IS||AD+1) 4 [k/1]43
T > § (/1] +log, SIS 4 4y gpa a, > LEHhETologlAD nCos(SIAD L) g[K/1+
with | 1= [log,y(l/él)], then the relation in ([{.20) holds. As a consequence, an e-solution of (I.9), i.e., a solution T s.t.
E[f(7) — f(7*)] <€, can be found in at most O(log, €) SAPMD iterations. In addition, the total number of samples
for (st,at) pairs can be bounded by

S|| Al log? | A| log(| S]] A]) 1o lo
OIS I8 LA o1 o, 1/2) o (5.8)

Proof. Using the fact that 4! < 1/4, we can easily check from (BT) and the selection of T}, and M, that
([II3)- (@I5) hold with ¢, = 2~ (1F/U+2) and o7 = 4= (*/U+2) Suppose that an e-solution 7 will be found at the
k iteration. By ([@20), we have

[F/1) < logy{[f(mo) — f(rn") + 22 4 o5 jety,

which implies that the number of iterations is bounded by O(I|k/l]) = O(log, €). Moreover by the definition of
T). and M}, the number of samples is bounded by

k L h =07 2
S| |4l Z]L)k:/llJ-‘rl[%(p + log, c+h+1‘rgiyog | A +4) (e+h+T log Ivzll\)_:)(iogﬂs\\A|)+1)4p+3]

7. c+h og |A|\ (¢+h og |A])? log(|S||A k
_ O{|$||.A|12(U€/ZJ +10g2 c+ +1Tilyg| ‘)(C+ +70l ?1‘7L))21 g(|S]| |)4U€/”}
S]1-A| log” | A log(|S||A]) log,, (1/2) log., ¢

=O( e ):

=

To the best of our knowledge, the results in Propositions 2] and [B] appear to be new for policy gradient
type methods. The previously best-known sampling complexity for policy gradient methods for RL problems
was O(|S||A*/e*) (e.g., [20]) although some improvements have been made under certain specific settings (e.g.,
[25]). Observe that the sampling complexity in (5I6) is slightly better than the one in (B.3]) in the logarithmic
terms. In fact, one can possibly further improve the dependence of the sampling complexity on v in (&3] by a
factor of 1/(1 — v) by allowing a slightly worse iteration complexity than the one in (5.6]). This indicates that
one needs to carefully consider the tradeoff between iteration and sampling complexities when implementing
PMD type algorithms.

5.2 Conditional temporal difference

In this subsection, we enhance a recently developed temporal different (TD) type method, i.e., conditional
temporal difference (CTD) method, and use it to estimate the action-value functions in an online manner. We
focus on estimating Q™ in SPMD since the estimation of QT in SAPMD is similar.

For a given policy 7, we denote the Bellman operator

T"Q(s,a) :=c(s,a) + h™(s) + ESIES P(s'|s,a) Za/GA 7(a'|s")Q(s, ). (5.9)
The action value function Q™ corresponding to policy 7 satisfies the Bellman equation
Q" (5,a) =T"Q" (s,a). (5.10)

We also need to define a positive-definite weighting matrix M™ € R™*" to define the sampling scheme to
evaluate policies using TD-type methods. A natural weighting matrix is the diagonal matrix M”™ = Diag(v(7))®
Diag(w), where v(r) is the steady state distribution induced by 7 and ® denotes the Kronecker product.
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Assumption 1 We make the following assumptions about policy m: (a) v(mw)(s) > v for some v > 0, which holds
when the Markov chain employed with policy m has a single ergodic class with unique stationary distribution, i.e.,
v(r) = v(r)P™; and (b) 7 is sufficiently random, i.e., w(s,a) > = for some ™ > 0, which can be enforced, for
example, by adding some corresponding constraints through h™.

Note that Assumption [[la) is widely accepted for evaluating policies using TD type methods in the RL
literature, and that Assumption [IIb) requires that 7 assigns a non-zero probability to each action. We will
discuss how to possibly relax these assumptions, especially Assumption [Ilb) later in Remark []

In view of Assumption [l we have M™ = 0. With this weighting matrix M™, we define the operator F™ as
F™(0) := M" (0 —T70),

where T™ is the Bellman operator defined in (B.9). Our goal is to find the root 6* = Q™ of F(0), i.e., F(6*) = 0.
We can show that F' is strongly monotone with strong monotonicity modulus bounded from below by Ay, :=
(1 = Y)Amin(M™). Here Amin(A) denotes the smallest eigenvalue of A. It can also be easily seen that F™ is
Lipschitz continuous with Lipschitz constant bounded by Amax := (1 — ) Amax(M™), where Amax(A) denotes
the largest eigenvalue of A.

At time instant ¢ € Z4, we define the stochastic operator of F'™ as
FT(0,¢e) = ((e(st,ar), 0) — c(se,a) — h(se) — (e(ses1, ae1), 01)) e(se, ar),

where (¢ = (st, at, st+1,at4+1) denotes the state transition steps following policy m and e(s¢, a+) denotes the unit
vector. The CTD method uses the stochastic operator F”(HMQ) to update the parameters 6; iteratively as
shown in Algorithm [B It involves two algorithmic parameters: o > 0 determines how often 6; is updated and
B¢ > 0 defines the learning rate. Observe that if o = 0, then CTD reduces to the classic TD learning method.

Algorithm 3 Conditional Temporal Difference (CTD) for evaluating policy =

Let 61, the nonnegative parameters o and {8;} be given.
fort=1,...,7 do

Collect « state transition steps without updating {6;}, denoted as {¢},¢?, ..., (P}
Set
Brp1 = 01 — BeF™ (0:,C2). (5.11)
end for

When applying the general convergence results of CTD to our setting, we need to handle the following
possible pitfalls. Firstly, current analysis of TD-type methods only provides bounds on E[||6; — 6.||3], which
gives an upper bound on E[[|§; — Q™||2,] and thus the bound on the total expected error (c.f., [#2)). One
needs to develop a tight enough bound on the bias ||E[0:] — 0«||cc (c.f., (£3))) to derive the overall best rate of
convergence for the SPMD method. Secondly, the selection of o and {3:} that gives the best rate of convergence
in terms of E[||6; — 6+]|3] does not necessarily result in the best rate of convergence for SPMD, since we need to
deal with the bias term explicitly.

The following result can be shown similarly to Lemma 4.1 of [12].

Lemma 16 Given the single ergodic class Markov chain C117 co CT C§7 ., CS .., there exists a constant C' > 0 and
p € [0,1) such that for every t,a € Z with probability 1,

IF™(6:) — E[F™ (01, ¢)[Cre—1y]ll2 < Cp (|6 — 67 2.
We can also show that the variance of F™ is bounded as follows.

E[||F™(0s,¢8) — BIET (01, ¢8)[¢pe—17 113]
< 2(149)°E[|16:]13] + 2(¢ + )?
< A(1+7)’E[16: — 0%113] + 10%115 + 2(c + )*. (5.12)

The following result has been shown in Proposition 6.2 of [12].
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Lemma 17 If the algorithmic parameters in CTD are chosen such that

log (1/Amin)+log(9C) _ 2
a2 STy and B = 1o (5.13)

with to = 8 max{AZ .y, 8(1 +7)?}/A2 ., then

*112 2(to+1) (to+2) 01 —6"| 12to%
Ell0+1 = 07112] < =m0t~ T T o) (e )
where = + v + 2 + 2(c + an = 1 — + ——FA—<——_. Moreover, we have
h A1+ 7)?R? + 1|67|3 + 2(c + F)? and R? = 8]6r — 0.3 + 2UCIt2@HRT] -y, h

E[||6; — 0*||§] < R? for any t > 1.

We now enhance the above result with a bound on the bias term given by ||E[0¢1+1] —6%||2. The proof of this
result is put in the appendix since it is more technical.

Lemma 18 Suppose that the algorithmic parameters in CTD are set according to Lemma[I7 Then we have

w12 _ (to—1)(to—2)(to—3)[161 =072 | 8CR%*p™ , C>R>p>**
IEO:41] - 07112 < “Go—Da46 2yt =3) T 4 + — 22—

We are now ready to establish the convergence of the SMPD method by using the CTD method to estimate
the action-value functions. We focus on the case when p > 0, and the case for p = 0 can be shown similarly.

Proposition 4 Suppose that n. = 1,;—:’ in the SPMD method. If the initial point of CTD is set to 01 = 0 and the
number of iterations T' and the parameter o in CTD are set to

T, = t0(3§2Lk/lJ+2)2/3 + (4t(2)§22Lk/lj+2)1/2 _|_2402 A7-2 2Lk/lJ+2 (5.14)
ap = maX{Q(L%J + 2) log, i+ log,, %7 (L’lc +2) logp 3 +log, 3é"ﬁ2} (5.15)

where | := ﬂogw(l/él)-‘ and 0 = \/_f then the relation in [f-9) holds. As a consequence, an e-solution of (L3),
i.e., a solution 7 s.t. E[f(7) — f(m )+ = D(7,77)] < €, can be found in at most O(log, €) SPMD iterations. In
addition, the total number of samples for (s¢,at) pairs can be bounded by

n2/3 o2
O{(log, 3)(log, 1) (log,, #i#) (L ars + \/u(l — + ot (5.16)

Proof. Using the fact that ' < 1/4, we can easily check from Lemma [I7, Lemma [I8 and the selection of
T and o that (@I)-@3) hold with ¢, = 2~ (*/U+2) and 67 = 27 (LF/U+2) Suppose that an e-solution 7 will be
found at the k iteration. By (), we have

[k/1] <loga{[f(m0) = f(x") + 25 (nlog |A] + 3 + 527)] '},

which implies that the number of iterations is bounded by O(I|k/1]) = O(log,, €). Moreover by the definition of
T} and ay, the number of samples is bounded by

S5 10T = Oflog, 3 UM (p1og, 4 + log, S 100>/ 22%0/° + 100272 4 o3 A2, 27)}
— Oflog,, 3 ([F/1] log, & + log, 4miz) (106322 F/1/3 4y, galF/U/2 4 52 -2 olk/U)y

. n2/3 2
= O{log, 3 (log, ¢ log, 3 +log, #4t) (G2 S5gers + ety + o)

The following result shows the convergence properties of the SAMPD method when the action-value function
is estimated by using the CTD method.

Proposition 5 Suppose that n, = 'yT’Y and T, = mg (Lk/U+Y) in the SAPMD method. If the initial point of
CTD is set to 01 = 0, the number of iterations T is set to
Ty, = to(30217/1+2)2/3 4 (443024lF/UF2)1/2 | 9452 422 4lk/UF2, (5.17)

and the parameter o in CTD is set to ([518), where | := ﬂogw(l/él)-‘ and 0 = %}fgl“‘l‘, then the relation in
[Z-20) holds. As a consequence, an e-solution of {L9), i.e., a solution @ s.t. B[f(7) — f(7™)] < ¢, can be found in at
most O(log., €) SPMD iterations. In addition, the total number of samples for (st,ai) pairs can be bounded by

2
O{(log'y 2)(10g2 e)(logp mm)((l ¥)e + (1— 7)2/12 )} (518)
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Proof. The proof is similar to that of Proposition Ml except that we will show that (£I)-(Z3) hold with
o = 27 (WF/U+2) anq o} = 4= (Lk/U+2)  Moreover, we will use (#20) instead of (@A) to bound the number of
iterations. [

To the best of our knowledge, the complexity result in (5I6) is new in the RL literature, while the one in
(BI8) is new for policy gradient type methods. It seems that this bound significantly improves the previously
best-known O(1/¢?) sampling complexity result for stochastic policy gradient methods (see [25] and Appendix
C of [I0] for more explanation).

Remark 1 In this subsection we focus on the more restrictive assumption M™ > 0 in order to compare our results
with the existing ones in the literature. Here we discuss how one can possibly relax this assumption.

If v(m)(s) - m(s,a) = 0 for some (s,a) € S X A, one may define the weighting matrix M™ = (1 —\)Diag(v(7)) ®
Diag(n) + %I for some sufficiently small A € (0,1) which depends on the target accuracy for solving the RL
problem, where n = |S| X |A|. As a result, the algorithmic frameworks of CTD and SPMD, and their convergence
analysis are still applicable to this more general setting. Obviously, the selection of A will impact the efficiency
estimate for policy evaluation.

An alternative approach that can relax Assumption [IIb), would be to first run the enhanced CTD method
to the following equation

V7T(s) =2 m(als)[c(s,a) + R (s) + 7 X yes P(sls, a) V7 (s7)]
to evaluate the state-value function V™. Then we estimate the action-value function Q™ by using (L), i.e.,
Q" (s,a) =c(s,a) + A" (s) +~ ZS’GS P(s'|s,a)V™(s).

In order to use the above identity, we need to define an estimator of P(s'|s,a) by using a uniform policy
mo(-|s) := {1/]A4],...,1/]A]}. The sample size required to estimate the transition kernel from a single trajectory
is an active research topic (see [24] and references therein). Current research has been focused only on bounding
on the total error for estimating P(s'|s,a) for a given sample size, and there do not exist separate and tighter
bounds on the bias for these estimators. Therefore, it is still not evident whether the same sampling complexity
bounds in Propositions @] and [Bl can be maintained using this alternative approach to relax the assumption of
non-zero probability to each action.

Remark 2 For problems of high dimension (i.e., n = |S| x |A| is large), one often resorts to a parametric
approximation of the value function. In this case it is possible to define a more general operator F™(0) :=
oM™ (@0 — T™90) for some feature matrix @ to evaluate the value functions (see Section 4 of [I2] for a discus-
sion about CTD with function approximation). Unless the column space of @ spans the true value functions,
an additional bias term will be introduced into the computation of gradients, resulting into an extra error term
in the overall rate of convergence of PMD methods. In other words, these methods can only be guaranteed to
converge to a neighborhood of the optimal solution. Nevertheless, the application of function approximation
will significantly reduce the dependence of gradient computation on the problem dimension, i.e., from |S| x |A]
to the number of columns of &.

6 Efficient Solution for General Subproblems

In this section, we study the convergence properties of the PMD methods for the situation where we do not
have exact solutions for prox-mapping subprobems. Throughout this section, we assume that h”™ is differentiable
and its gradients are Lipschitz continuous with Lipschitz constant L. We will first review Nesterov’s accelerated
gradient descent (AGD) method [I8], and then discuss the overall gradient complexity of using this method for
solving prox-mapping in the PMD methods. We will focus on the stochastic PMD methods since they cover
deterministic methods as certain special cases.
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6.1 Review of accelerated gradient descent
Let us denote X = A 4| and consider the problem of
min{e(z) := ¢(z) + x(2)}, (6.1)
where ¢ : X — R is a smooth convex function such that
nsDir < (@) = [B(') + (Vo(a') - )] < Bl — o' 1.
Moreover, we assume that y : X — R satisfies
x(@) = [x(a") + (X (@), @ = 2")] > ux D

for some p, > 0. Given (x¢—1,yt—1) € X x X, the accelerated gradient method performs the following updates:

= (1 = q)yi—1 + qrae—1, (6.2)

xt = arg I?(in{rt[<v¢(£t)7 ) + uy Dz, + x(2)] + Dz, . }, (6.3)
rE

yr = (1= pe)ye—1 + pre, (6.4)

for some ¢; € [0,1], 7+ > 0, and p; € [0,1] .

Below we slightly generalize the convergence results for the AGD method so that they depend on the distance
D3, rather than &(yo) —®(z) for any z € X. This result better fits our need to analyze the convergence of inexact
SPMD and SAPMD methods in the next two subsections.

Lemma 19 Let us denote pg := pg + px and to := |21/Le/pe — 1]. If

2 t
p_{t-%l t<t0q_{t+_1 tStOr— 3L, t<to
t= Y=Y \/us/Ly—pa/Lg Tt = 1 )
Vias/Ly o.w. ST, oW 7\/%?7#@ 0.w.
then for any x € X,
P(y) — P(x) + pe Dz, < () Dy, (6.5)

where
t—1
e(t) == 2L¢min{(1— ,/;@/qu) ﬁ} (6.6)

Proof. Using the discussions in Corollary 3.5 of [I3] (and the possible strong convexity of x), we can check
that the conclusions in Theorems 3.6 and 3.7 of [I3] hold for the AGD method applied to problem (G.1). It then
follows from Theorem 3.6 of [13] that

AL DT vt =1,... to. (6.7)

P(yt) — P(z) + %Dik < t(t+1)

Moreover, it follows from Theorem 3.7 of [I3] that for any ¢ > o,

D)~ 0(2) + 10D, < (1= \ua/Ly)  [#(un,) - B(a) + pa D5, |

t—1
<2(1-/no/Ls)  LoDi,,

where the last inequality follows from (677) (with ¢t = to) and the facts that

X Pt 2 o t 2 t—1
B> 52 2 pe and gpgy = [[io(1 = 757) < (1= ke /Lg)

for any 2 <t < tg. The result then follows by combining these observations. =
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6.2 Convergence of inexact SPMD

In this subsection, we study the convergence properties of the SPMD method when its subproblems are solved
inexactly by using the AGD method (see Algorithm[4]). Observe that we use the same initial point 7o whenever
calling the AGD method. To use a dynamic initial point (e.g., v;) will make the analysis more complicated since
we do not have a uniform bound on the KL divergence Dy, for an arbitrary vg. To do so probably will require
us to use other distance generating functions than the entropy function.

Algorithm 4 The SPMD method with inexact subproblem solutions
Input: initial points mg = vo and stepsizes 1 > 0.
for k=0,1,...,do
Apply T AGD iterations (with initial points z¢g = yo = 7o) to

mepr(l9) = argmin {@4(p) = nel(Q7H 5 (s, ), p(-|s)) + K (s)] + Db, ()} (6.5)
p(-ls)€A| 4

Set (Tp41,Vk41) = (YT +1, TT), +1)-
end for

In the sequel, we will denote g;, = &(T},) to simplify notations. The following result will take place of Lemma[]
in our convergence analysis.

Lemma 20 For any 7(-|s) € X, we have

ne[(Q% (5,), g1 (]s) — 7(:[s)) + A+ (s) — A7 (s)]
+ DT”“+1 (s)+ (1 + ung) le(S) < Dy, (s) + ex log | Al. (6.9)

Moreover, we have

M[(Q™ % (s, -), My 1 ([s) — mx(c]s)) + AT (s) — ™ (s))]
+ Dy () + (14 pme) Dol (s) < (ex + miy ) log Al (6.10)

Proof. It follows from Lemma [I9 (with ug =1+ un;, and Ly = L) that
D (mpg1) — Pr(m) + (14 pm) DY, (s) < e, D7 (s) < e log| Al

Using the definition of ®;, we have

m[(Q’”“g"(s s Teg1(s) = w(|s)) + R (s) — B7(s)]
Dy (s) = Dg, (s) + (14 ung) D3, ., (s) < e log|Al,

which proves (6.9). Setting = = 7 and 7 = w4 respectively, in the above conclusion, we obtain

M [(Q™ %k (s,), w1 (18) — g (-|s)) + K™+ (s) — B (s)]
+ Dy (s) + (14 png) Dok, (s) < Dyk(s) + ey log | Al
(14 pne) Doit (s) < e log | Al

Then ([6.10) follows by combining these two inequalities. m

Proposition 6 For any s € S, we have

VT () = VT (s) < (Q™ % (s,), mh g1 () = mi(-]s)) + AT () = h™ (s)
. . S 2 —1
+ 5 DR () BT+ s ok ) 108 1Al

- %Eswclfkﬂ [k vk (-Is) = m(-1s"))]. (6.11)
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Proof. Similar to ([48), we have
VT (5) = VT (s)
= LB, _grees [(Q 6 (), miga (1) = mi(81) + A0 (1) — 7 (s
— Ok g1 (18) = ok ([8")) = (G o ([5") = mr(15"))]
< LB, e (@7 (, ) miga (16') = mi(1s) + AT () — A7 ()
+ oo e (ls) = o (-ls)IT + % — (6> o (t]s") — 7"k('|31)>}
< PLE, e [(@78 () g (18') = m(CIs)) + B4 () — K7 (<)
Dot (s) + elelloe (5,0 (') - 7rzc(-IS’)>} : (6.12)
It follows from (G.I0) that
(QE% (5, ), mpp 1 (fs) = me([s)) + AT (5) = BT (s)

.t { T (s) (L4 pg) DEAEL(s) — (e + ot 1)log|A|} <o, (6.13)

which implies that

B, i [(Q(5 ), M (1) = mi(1s) + A7 () = ()
+o (DR () = (e + oty ) log A1) |

< AT () (@ (s, )y i a (1s) = i (15)) 4+ A7 (5) = ()
i (DE )~ (e + it loglA) |

< (1=7) (@ (5,)s 1 (1s) = mp (1)) + B () = A7+ ()

+77lk ( 71'k+1(3) (e + 1_5;277; 1)log|_,4|>} ,

where the last inequality follows from the fact that d*™(s) > (1 — v) due to the definition of d3*** in (2.
The result in ([EI1) then follows immediately from (612) and the above inequality. ]

We now establish an important recursion about the inexact SPMD method in Algorithm @l
Lemma 21 Suppose that ni, = n = % and g, < ep_q for any k > 0 in the inexact SPMD method, we have

Eﬁm [f(Thqr) = F(77) + %’D(W}CJ’,]_, )]

< ’Y[ng,ﬂ [f(ﬂ'k) _ f(ﬂ'*) + %D(?Tkyﬂ'*)] + M + o k 4 (1+(’Y1)1(’3Y%2\)A|5k 1

Proof. By (69) (with p = 7*), we have

(Q% (5,), M1 () — 77 ([s)) + A1 (5) = b (s) + ;L DI+ (s)
< LD (s) = (& + w)Diy,, () + & log | A,
which, in view of (@), then implies that
(@8 (5,), m (s) = " ([s)) + ™ (5) = AT () + VT4 (5) — VT ()
<A D ()~ (& + D5, () + Bl (e + ) log A

k—1
1 17ES fod TR [0k, vk (-]8") = 7 (-]s"))].




28 Guanghui Lan

Taking expectation w.r.t. {57 and v* on both sides of the above inequality, and using Lemma [3and the relation
in (46), we arrive at

Eer gy [(1= (V™ (5) = VT (5)) 4 V701 (5) = V™ ()]

* * 2
S Eswu*,{pﬂ [%Dg—k (8) - 77% + M)ng+1 (8)] + 2<k + Q?lefy)

- 2
+ (1—1)% (ex + l:ﬁnklﬂ ) log | A] + T— k-

Noting V™+1(s) = V™ (s) = V™+1(s) = V™ (s)— [V (s)— V™ (s)], rearranging the terms in the above inequality,
and using the definition of f in ([IL9)), we arrive at

B¢ [f(mhgn) = F(7) + (5= + 0)D(opgr, )] < Egp [V(F (i) = f(7")) + 5-D(vg, 7]

2(2— ) n o2 Ef_
+ 1jy =+ 2(ij) + (11”% (e + 1+;n;71)10g|"4|'

The result then follows immediately by the selection of n and the assumption e, <ep_1. (]
We now are now ready to state the convergence rate of the SPMD method with inexact prox-mapping. We
focus on the case when p > 0.

Theorem 8 Suppose that n, =n = % in the inezact SPMD method. If ¢, = (1 —7)27(%/”'*'2), 0,% = o~ ([k/1+2)

and e, = (1 — 7)227(“]“'1)/”"'2) for any k>0 with | := [log,y(l/él)], then
Eﬁykfl'\ [f(ﬂ—k) - f(Tr*) + %D(ka ﬂ—*)]
<27 W [f(mo) = F(n*) + 5 (ulog | A] + 2320 4 2 4 unn(ip)oslAl) (6.14)

Proof. The result follows as an immediate consequence of Proposition 2I] and Lemma [I11 m

In view of Theorem[8] the inexact solutions of the subproblems barely affect the iteration and sampling com-
plexities of the SPMD method as long as g, < (1 —7)22_(L(k+1)/”+2). Notice that an e-solution of problem (I.9)),
i.e., a solution 7 s.t. E[f(7) — f(7*)] < ¢, can be found at the k-th iteration with

[k/1) <loga{e ' [f(m0) — f(x") + 125 (4ulog |A| + 5 + £25)]}.
Also observe that the condition number of the subproblem is given by
Lye . L(=v)

e +1 Iz
Combining these observations with Lemma [T9 we conclude that the total number of gradient computations of
h can be bounded by

k/l k/l _ +1
IS tog(Lnfer) = 10 [ H D og A2

= O{i([k/1))*/ 252 Tog =t}

~ 0{ttog, 1008 1) EED tog L) |

6.3 Convergence of inexact SAPMD

In this subsection, we study the convergence properties of the SAPMD method when its subproblems are solved
inexactly by using the AGD method (see Algorithm [l).

Algorithm 5 The Inexact SAPMD method
Input: initial points mg = vo, stepsizes 1, > 0, and regularization parameters 75 > 0.
for k=0,1,...,do
Apply T AGD iterations (with initial points g = yo = 7o) to

mea(l) = argmin {Bi() = nel(QE S (5, p(19) + W7(s) + mDE, ()] + DE, (5)}. (6.15)
p(-[)€A 4

Set (Thy1,Vk41) = (YT +1, TT, +1)-
end for
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In the sequel, we will still denote ¢, = £(T}) to simplify notations. The following result has the same role as
Lemma 20 in our convergence analysis.

Lemma 22 For any 7(-|s) € X, we have
e [(Q7F " (5,-), mga (fs) — 7T(~| )) + "™ (s) = BT (s) + 7 (Drg  (s) — Dx, (5))]
+ Dmc+1 (s) + (1 + 1mi) Dy, D1 (s) < Dy, (s) + e log | A (6.16)
Moreover, we have
M [(QT % (5,), mhy 1 (1) = mi () + AT+ (s) = ™ () + 74 (D () — DRe (s))]
+ Dyt (s) + (L4 mime) Dol () < (e + ) log 1AL (6.17)

Proof. The proof is the same as that for Lemma 20 except that Lemma [[9 will be applied to problem (6.15)
(with pg = 14 7, and Ly, = L). m

Lemma 23 For any s € S, we have

V;;k“ (s) _ V;;;k (8) < ﬂk,fk (s ) 7Tk+1('|'9) — 7Tk('|3)> 4 TR (s) — Rk (s)
+ Tk( mo ' (s) — Dx,.(5))

85112
+ DWHI( )+ 775(1}67) + (1— 'v)nk (ex + 1-&-7’?c 1;71@ 1)log|.A|
- ﬁEs oqrir [0k vk (1) = i (1'))]. (6.18)

Proof. The proof is similar to that for Lemmal[f with the following two exceptions: (a) we will apply Lemmal[2
(i.e., the performance difference lemma) to the perturbed value functions V7 instead of V" to obtain a result

similar to (6.12); and (b) we will use use (6.I7) in place of ([G.I0) to derive a bound similar to ([G.I3). m

Lemma 24 Suppose that 1 + np1, = 1/v and e, < ep_1 in the SAPMD method. Then for any k > 0, we have

E

s~U* €Tk [V‘Iz;):_tl (5) Tk+1 (5) + 1Tk D;Trk+1 (5)]
SESNV*,EM 1 [W[V;;;k(s) VTT;; (5) + 1Tk Dﬂ ( )]
+ e log 4| + 200 4 i
+ (1317)5551” log|Al. (6.19)
Proof. By (610) (with p =7"), we have
<Q:If£k (s,), g1 (v]8) — 7 (-]8)) + RTF+1(s) — X (s)
+ Tk:[ 7rk+1 (St) _ D:; (St)] + D7Tk+1 )
7 D (5) = (5 +Tk>ka+1<s> + £ log A

which, in view of ([G.I8), implies that

QT8 (s,), mp (-|s) — 7 (-|s)) + ™ (s) — h™ (s) + 74[DT* (s¢) — DE. (s¢)]
PO W0

5 _
D7 (5) = (& + ) D, (s) + Beliilee v (o) 4 et ) log |4

— Mk Tk—1Mk—1

- 1i7ES fod” i [(O, vr (- |5 ) —Wk('|3) ].

Taking expectation w.r.t. £, and v* on both sides of the above inequality, and using Lemma Bl (with h™
replaced by h™ + 7, D7, (s¢) and Q™ replaced by QF) and the relation in (L6]), we arrive at

Esnwr g (L= 1) (VA (8) = VA ()] + B 4 [VaT (5) = VAE ()]
2
< Eu g [ DR (8) = G+ 70) D7y ()] + 200 + 1255
+ T Ok T ) log Al + £
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Noting ViE (s) — Vi (s) = ViFH(s) — VI (s) — [V (s) — V¥ (s)] and rearranging the terms in the above
inequality, we have

ESNU* £"k"[ 7Tk+1 (8) VTk (8) +( b +T/€) Vik+1 (8)]
2
<AEgr oy VAR () = VI ()] 4 B gy [ D, (5)] + 2320 4 ek

2(1—7)
+ s ok + ) los AL (6.20)
The result then follows from 1 + n, 7, = 1/, the assumptions 7, > 7311, e < e and BI19). =
= L=, — 1 o—(lk/l+1) — o—(lk/1]+2)
Theorem 9 Suppose that np = S the SAPMD method. If 7, = mZ , Sk 2 s
_~)2 .
or = 4= (WR/U+2) gnd g = % with | := [log7(1/4)-|, then
Ef’—k,l] [f(ﬂ-k) - f(ﬂ—*)]
— K/l 3y/log[A] | 5(2— 5/log [A
<27 W f(mo) — f(n*) + s (RLEA 4 2@ ) o SvieelAly), (6.21)
Proof. The result follows as an immediate consequence of Lemma 4] Lemma [IIl and an argument similar
to the one to prove Theorem [ m

In view of Theorem [@ the inexact solution of the subproblem barely affect the iteration and sampling
complexities of the SAPMD method as long as g, < % Notice that an e-solution of problem (L.9), i.e., a
solution 7 s.t. E[f(7) — f(7*)] < ¢, can be found at the k-th iteration with

/1) < logy{e™ [f(mo) — f(x") + 25 (L2 4+ 1)}

Also observe that the condition number of the subproblem is given by

L L(1— k/l
‘rkﬁzlf%l = (‘rk B = (I_W)L ’leg|A|2L /J+1'

Combining these observations with Lemma [I9 we conclude that the total number of gradient computations of
h can be bounded by

k/t) [ Ly k/t) /L L(1—)?
EL 5 Tknkﬁ’l log(Luk/ex) = ZEZE=/OJ Tknzl;l log 2’72((1+”YY))7'1C

= O{LR/[(1 =7 L]/ 2212 log L0203

= 0{ 1og, )/ Etog 22 |

7 Concluding Remarks

In this paper, we present the policy mirror descent (PMD) method and show that it can achieve the linear and
sublinear rate of convergence for RL problems with strongly convex or general convex regularizers, respectively.
We then present a more general form of the PMD method, referred to as the approximate policy mirror descent
(APMD) method, obtained by adding adaptive perturbations to the action-value functions and show that it can
achieve the linear convergence rate for RL problems with general convex regularizers. We develop the stochastic
PMD and APMD methods and derive general conditions on the bias and overall expected error to guarantee
the convergence of these methods. Using these conditions, we establish new sampling complexity bounds of RL
problems by using two different sampling schemes, i.e., either using a straightforward generative model or a
more involved conditional temporal different method. The latter setting requires us to establish a bound on
the bias for estimating action-value functions, which might be of independent interest. Finally, we establish the
conditions on the accuracy required for the prox-mapping subproblems in these PMD type methods, as well
as the overall complexity of computing the gradients of the regularizers. In the future, it will be interesting
to study how to incorporate exploration into policy mirror descent to handle rarely visited states and actions.
Moreover, since this paper focuses on the theoretical studies, it will be also rewarding to derive simplified PMD
algorithms and conduct numerical experiments to demonstrate possible advantages of the proposed algorithms.

Acknowledgement: The author appreciates very much Caleb Ju, Sajad Khodaddadian, Tianjiao Li, Yan Li
and two anonymous reviewers for their careful reading and a few suggested corrections for earlier versions of
this paper.
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Appendix A: Concentration Bounds for loc-bounded Noise

We first show how to bound the expectation of the maximum for a finite number of sub-exponential variables.

Lemma 25 Let || X|[,, = inf{t > 0 : exp(|X|/t) < exp(2)} denote the sub-ezponential norm of X. For a given
sequence of sub-exponential variables {X;}7_, with E[X;] < v and ||Xin1 < o, we have

E[max X;] < Co(logn + 1) + v,
3

where C' denotes an absolute constant.



32 Guanghui Lan

Proof. By the property of sub-exponential random variables (Section 2.7 of [?]), we know that Y; = X; —E [X;]
is also sub-exponential with [|Y;||,,, < C1|X;l|,,, < C1o for some absolute constant C1 > 0. Hence by Proposition
2.7.1 of [?], there exists an absolute constant C' > 0 such that E[exp(\Y;)] < exp(C?02)?), V|| < 1/(Co). Using
the previous observation, we have

exp(E[AmaxY;]) < E[exp()\maXY)] <E[X, exp(AY;)] < nexp(C202X\?), VA < &5,
which implies E[max; Y;] < logn/A + C%0?), V|\| < 1/(Co). Choosing A = 1/(Co), we obtain E [max; Y;

]
Co(logn+1). By combining this relation with the definition of Y;, we conclude that E[max; X;] < E[max; Y;]+v
Co(logn+1) 4 v.

<
<

Proposition 7 For 5k = QTS — QT € RIS‘X‘AI, we have
k h)? T
Be, (1% 2] < SEL [ + - (log(IS114)) + 1)]
where k > 0 denotes an absolute constant.

Proof. To proceed, we denote 5§7a = Qkbk (s,a) — Q™ (s,a), and hence

Ee, |Q™ — Q™ |[% = Eg, [ _max (5”)]

Note that by definition, for each (s a) pair, we have M, independent trajectories of length T}, starting from
(s,a). Let us denote Z; := Z;‘F’“g ~y [ (s4,al) 4+ h™* (5%)], i=1,..., M. Hence,

Q5 (s0) = 5 T S ot [elohad) + 7 (s1)] = o DM 2,

k 1 M, +h o+h
58,(1 = M Zl:kl(zz - Qﬂ-k(sva))7 Zi - Qﬂ-k(sya) S [_ ftg: ftg]

Since each Z; — Q™ (s,a) is independent of each other, it is immediate to see that Ysq := (65,)? is a sub-

exponential with [|Ys.al[,,, < % Also note that

72 =1 7h)\2
Ee, [Ys.a] = Ee, [(0%0)°) = Var(s8,a) + (Bot )* < fCHA + SEH 2T

(C—;)hg);k + E‘lH_};;Q 7?Tx  we conclude that

Thus in view of Lemma 23] with o = (1(C+h)

W, and v = a

E[|5¥]|2] = E] max (65,)%] = E[ max Yid]

s€S,ac A s€S,acA
C(T+h)? (e+h)? (c+h)? 2T,
< =yeir (g (SIIAD + 1) + 552 + (10527

Appendix B: Bias for Conditional Temporal Difference Methods

Proof of Lemma [I8]
Proof. For simplicity, let us denote 6; = E[0¢], ¢; = (¢f,...,¢Y) and (a1 = (C1y--+,Gt). Also let us denote

6F == F™(6;) —E[F™ (6, ¢i)I¢re—17) and of = E¢r,_ [6F]. Tt follows from Jensen’s ienquality and Lemma [[7] that
[0: — 0712 = |Ec,_,, [0e] — 0"]l2 < B¢, [0 — 07 [l2] < R. (7.1)
Also by Jensen’s inequality, Lemma [T6] and Lemma [I7] we have

158 N2 = B¢,y 167 T2 < B,y (1167 2]
< Cp®Ee;,_, [lI0: — 0%[|2] < CRp®. (7:2)
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Notice that
0141 = 0 — BeF™ (04, ¢)
=0 — BLF™(01) + Be[F™(0:) — F7 (01, <))

Now conditional on (f;_17, taking expectation w.r.t. ¢ on (B.11]), we have E[0¢+1[Cri—17] = 0r — Be F™ (0¢) + Biof .
Taking further expectation w.r.t. C[t—ﬂ and using the linearity of F, we have ;41 = 6; — ﬂtF”(ét) —|—6t5f7 which
implies

1041 — 0%[13 = (10 — 0° — BeF™ (0:) + Bedf |13
= (|6 — 07|13 — 28:(F™ (8:) = 5, 6 — 0%) + BE || F™(6:) — o7 |13
< [16s — 0713 — 2B,(F™(8:) — 5F .6, — 0%) + 287 [ F7(8:) 13 + (167 13]-
The above inequality, together with (), (C2]) and the facts that
F™(0:),00 — 0%) = (F™(6;) — F™(67), 0, — 0") > Aminl|0: — 67 |3
IET(0)ll2 = [ F7 () — F™(67)l2 < Amax]|0: — 7|2,
then imply that

[10e+1 — 0%[3 < (1 — 2Bt Amin + 267 Aax) |10 — 07 ||5 + 28,CR*p™ + 287 C* R*p**
< (1= 27)110: — 07113 + 28:CR?p® + 287 C* R p*°, (7.3)

where the last inequality follows from
A‘Z
2(Bt/1min - B?Agnax) - 2Bt (Amin - /Bt/lgnax) - 2Bt (Amin - m)

240 3
> 26t(/1min T Amint ) = QﬂtAmm = TFto—1

0

1 t=0, .
due to the selection of ; in (B.I3). Now let us denote I} := 5 or equivalently, I} :=
(I-=)t1 t2>1,

(to—1)(to—2)(to—3) Dividing both sides of (Z3) by I} and taking the telescopic sum, we have

(t+to—1)(T+to—2) (t+t0—3))

2
i1 — 073 < 161 — 6%|3 +2CR*p™ | B 4202 R Y L
Noting that

t ; 2
t B _ (i+to—2) (i+tp—3) 2y (i+to—2)
Zi:l i — me Ez 1 (tz f)(to 12)(1(5)0 3) < min(ztoil)(to_Q)(tO_:;)

2(t+to—1)°
3Amin(to—1)(t0—2)(to—3)’
S s 4y i (i+to—3) < 2(thto—2)°
i=1 T; = AZ_(to—1)(to—2)(to—3) — AZ_ (to—1)(to—2)(to—3)’
we conclude
o %112 to—1)(to—2)(to—3) 2 2(t+to—1)2
H9t+l -0 ”2 = (t+t(nn 1)()t(+0tn )2()(0t+t0 3) H91 — 9 ”2 + 2CR pa 3Amm(tg-to 02)(1_”0 3

2 2a 2(t+to—2)
+2C%R%p Az (t+t0—i)(t+to—3)
(to—1)(to—2)(to—3) SCR C2R?p*™
= (t+t001)(t+0t0 2)(0t+t0 3)”91 -0 ”2+ p + = )

min

from which the result holds since 6; = 6. n
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