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Abstract—In this paper, we analyze the impact of information
freshness on supervised learning based forecasting. In these
applications, a neural network is trained to predict a time-
varying target (e.g., solar power), based on multiple correlated
features (e.g., temperature, humidity, and cloud coverage). The
features are collected from different data sources and are subject
to heterogeneous and time-varying ages. By using an information-
theoretic approach, we prove that the minimum training loss is
a function of the ages of the features, where the function is not
always monotonic. However, if the empirical distribution of the
training data is close to the distribution of a Markov chain, then
the training loss is approximately a non-decreasing age function.
Both the training loss and testing loss depict similar growth
patterns as the age increases. An experiment on solar power
prediction is conducted to validate our theory. Our theoretical
and experimental results suggest that it is beneficial to (i) combine
the training data with different age values into a large training
dataset and jointly train the forecasting decisions for these age
values, and (ii) feed the age value as a part of the input feature
to the neural network.

I. INTRODUCTION

Recently, the proliferation of artificial intelligence and cyber
physical systems has engendered a significant growth in ma-
chine learning techniques for time-series forecasting applica-
tions, such as autonomous driving [1], [2], energy forecasting
[3]–[5], and traffic prediction [6]. In these applications, a
predictor (e.g., a neural network) is used to infer the status
of a time-varying target (e.g., solar power) based on several
features (e.g., temperature, humidity, and cloud coverage).
Fresh features are desired, because they could potentially
lead to a better forecasting performance. For example, recent
studies on pedestrian intent prediction [1] and autonomous
driving [2] showed that prediction accuracy can be greatly
improved if fresher data is used. Similarly, it was found in
[4], [5] that the performance of energy forecasting degrades as
the observed feature becomes stale. This phenomenon has also
been observed in other applications of time-series forecasting,
such as traffic control [7] and financial trading [8].

Age of information (AoI), or simply age, is a performance
metric that measures the freshness of the information that a
receiver has about the status of a remote source [9]. Recent
research efforts on AoI have been focused on analyzing and
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s2,t
<latexit sha1_base64="1U3fF3AGPBrpHSRIH+bwpkJDQ34=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuBLSwCNhYRjAfkBxhb7OXLNnbO3bnhHDkR9hYKGLr77Hz37hJrtDEBwOP92aYmRckUhh03W+nsLG5tb1T3C3t7R8cHpWPT9omTjXjLRbLWHcDargUirdQoOTdRHMaBZJ3gsnd3O88cW1ErB5xmnA/oiMlQsEoWqljBlntCmeDcsWtuguQdeLlpAI5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LFU04sbPFufOyIVVhiSMtS2FZKH+nshoZMw0CmxnRHFsVr25+J/XSzG88TOhkhS5YstFYSoJxmT+OxkKzRnKqSWUaWFvJWxMNWVoEyrZELzVl9dJu1b13Kr3UK80bvM4inAG53AJHlxDA+6hCS1gMIFneIU3J3FenHfnY9lacPKZU/gD5/MHCJePVg==</latexit><latexit sha1_base64="1U3fF3AGPBrpHSRIH+bwpkJDQ34=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuBLSwCNhYRjAfkBxhb7OXLNnbO3bnhHDkR9hYKGLr77Hz37hJrtDEBwOP92aYmRckUhh03W+nsLG5tb1T3C3t7R8cHpWPT9omTjXjLRbLWHcDargUirdQoOTdRHMaBZJ3gsnd3O88cW1ErB5xmnA/oiMlQsEoWqljBlntCmeDcsWtuguQdeLlpAI5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LFU04sbPFufOyIVVhiSMtS2FZKH+nshoZMw0CmxnRHFsVr25+J/XSzG88TOhkhS5YstFYSoJxmT+OxkKzRnKqSWUaWFvJWxMNWVoEyrZELzVl9dJu1b13Kr3UK80bvM4inAG53AJHlxDA+6hCS1gMIFneIU3J3FenHfnY9lacPKZU/gD5/MHCJePVg==</latexit><latexit sha1_base64="1U3fF3AGPBrpHSRIH+bwpkJDQ34=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuBLSwCNhYRjAfkBxhb7OXLNnbO3bnhHDkR9hYKGLr77Hz37hJrtDEBwOP92aYmRckUhh03W+nsLG5tb1T3C3t7R8cHpWPT9omTjXjLRbLWHcDargUirdQoOTdRHMaBZJ3gsnd3O88cW1ErB5xmnA/oiMlQsEoWqljBlntCmeDcsWtuguQdeLlpAI5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LFU04sbPFufOyIVVhiSMtS2FZKH+nshoZMw0CmxnRHFsVr25+J/XSzG88TOhkhS5YstFYSoJxmT+OxkKzRnKqSWUaWFvJWxMNWVoEyrZELzVl9dJu1b13Kr3UK80bvM4inAG53AJHlxDA+6hCS1gMIFneIU3J3FenHfnY9lacPKZU/gD5/MHCJePVg==</latexit><latexit sha1_base64="1U3fF3AGPBrpHSRIH+bwpkJDQ34=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuBLSwCNhYRjAfkBxhb7OXLNnbO3bnhHDkR9hYKGLr77Hz37hJrtDEBwOP92aYmRckUhh03W+nsLG5tb1T3C3t7R8cHpWPT9omTjXjLRbLWHcDargUirdQoOTdRHMaBZJ3gsnd3O88cW1ErB5xmnA/oiMlQsEoWqljBlntCmeDcsWtuguQdeLlpAI5moPyV38YszTiCpmkxvQ8N0E/oxoFk3xW6qeGJ5RN6Ij3LFU04sbPFufOyIVVhiSMtS2FZKH+nshoZMw0CmxnRHFsVr25+J/XSzG88TOhkhS5YstFYSoJxmT+OxkKzRnKqSWUaWFvJWxMNWVoEyrZELzVl9dJu1b13Kr3UK80bvM4inAG53AJHlxDA+6hCS1gMIFneIU3J3FenHfnY9lacPKZU/gD5/MHCJePVg==</latexit>

Predictor

(X1,t��1(t),�1(t))
<latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0oVBC9dJ9yiu0YvM1nKtPtm6dzI=">AAACAXicbVDLSgNBEOz1GWPU6NXLYBASiGHXix4FPXiMYB6QLMvsZJIMmZ1dZnqFsOQDvPgrXjwo4k9482+cPA4xsaChpqqb6a4wkcKg6/44G5tb2zu7ub38fuHg8Kh4XGiaONWMN1gsY90OqeFSKN5AgZK3E81pFEreCke3U7/1xLURsXrEccL9iA6U6AtG0UpBsVRuB5lXJXjRveMSaeCVsTKpkqVXxXa5NXcGsk68BSnBAvWg+N3txSyNuEImqTEdz03Qz6hGwSSf5Lup4QllIzrgHUsVjbjxs9kxE3JulR7px9qWQjJTlycyGhkzjkLbGVEcmlVvKv7ndVLsX/uZUEmKXLH5R/1UEozJNBnSE5ozlGNLKNPC7krYkGrK0OaXtyF4qyevk+ZlzXNr3oMLOTiFMyiDB1dwA/dQhwYweIZXeIcP58V5cz7ncW04i9xO4A+cr1/YCZcy</latexit><latexit sha1_base64="0oVBC9dJ9yiu0YvM1nKtPtm6dzI=">AAACAXicbVDLSgNBEOz1GWPU6NXLYBASiGHXix4FPXiMYB6QLMvsZJIMmZ1dZnqFsOQDvPgrXjwo4k9482+cPA4xsaChpqqb6a4wkcKg6/44G5tb2zu7ub38fuHg8Kh4XGiaONWMN1gsY90OqeFSKN5AgZK3E81pFEreCke3U7/1xLURsXrEccL9iA6U6AtG0UpBsVRuB5lXJXjRveMSaeCVsTKpkqVXxXa5NXcGsk68BSnBAvWg+N3txSyNuEImqTEdz03Qz6hGwSSf5Lup4QllIzrgHUsVjbjxs9kxE3JulR7px9qWQjJTlycyGhkzjkLbGVEcmlVvKv7ndVLsX/uZUEmKXLH5R/1UEozJNBnSE5ozlGNLKNPC7krYkGrK0OaXtyF4qyevk+ZlzXNr3oMLOTiFMyiDB1dwA/dQhwYweIZXeIcP58V5cz7ncW04i9xO4A+cr1/YCZcy</latexit><latexit sha1_base64="77pGzA3e+feo6kstu9EFGuQ2cFY=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMuMG7ss6MJlBfuAdhgyaaYNzWSG5I5Qhn6AG3/FjQtF3PoB7vwb03YWtfVA4OScc0nu8WPBNdj2j5Xb2Nza3snvFvb2Dw6PiscnbR0lirIWjUSkuj7RTHDJWsBBsG6sGAl9wTr++Gbmdx6Z0jySDzCJmRuSoeQBpwSM5BVL5a6XOlUMl/1bJoB4Thkq0ypeulVMyq7Zc+B14mSkhDI0veJ3fxDRJGQSqCBa9xw7BjclCjgVbFroJ5rFhI7JkPUMlSRk2k3ny0zxhVEGOIiUORLwXF2eSEmo9ST0TTIkMNKr3kz8z+slENTdlMs4ASbp4qEgERgiPGsGD7hiFMTEEEIVN3/FdEQUoWD6K5gSnNWV10n7qubYNefeLjXqWR15dIbOURk56Bo10B1qohai6Am9oDf0bj1br9aH9bmI5qxs5hT9gfX1C2JzmJs=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit><latexit sha1_base64="47mJO6VIy/kgrqm0D/s+bNhDdKY=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapmIYJcFXbisYB/QDkMmzbShmQfJHaEM/QA3/oobF4q49QPc+Tem7Sxq64HAyTnnktzjxVJosO0fa219Y3NrO7eT393bPzgsHB23dJQoxpsskpHqeFRzKULeBAGSd2LFaeBJ3vZGN1O//ciVFlH4AOOYOwEdhMIXjIKR3EKx1HFTUsFw0bvlEqhLSlCeVPDCrWxSdtWeAa8SkpEiytBwC9+9fsSSgIfAJNW6S+wYnJQqEEzySb6XaB5TNqID3jU0pAHXTjpbZoLPjdLHfqTMCQHP1MWJlAZajwPPJAMKQ73sTcX/vG4Cfs1JRRgnwEM2f8hPJIYIT5vBfaE4Azk2hDIlzF8xG1JFGZj+8qYEsrzyKmldVoldJfdXxXotqyOHTtEZKiGCrlEd3aEGaiKGntALekPv1rP1an1Yn/PompXNnKA/sL5+AWOzmJ8=</latexit>

(X2,t��2(t),�2(t))
<latexit sha1_base64="zM5wbOGS3dsCbf/ZTz1ZILVFnhc=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMtMEeyyoAuXFewD2mHIpGkbmskMyR2hDP0AN/6KGxeKuPUD3Pk3pu0sauuBwMk555Lc40eCa7DtHyuzsbm1vZPdze3tHxwe5Y9PWjqMFWVNGopQdXyimeCSNYGDYJ1IMRL4grX98c3Mbz8ypXkoH2ASMTcgQ8kHnBIwkpcvFDteUi1juOzdMgHEqxahNC3jpVvJpOyKPQdeJ05KCihFw8t/9/ohjQMmgQqiddexI3ATooBTwaa5XqxZROiYDFnXUEkCpt1kvswUXxiljwehMkcCnqvLEwkJtJ4EvkkGBEZ61ZuJ/3ndGAY1N+EyioFJunhoEAsMIZ41g/tcMQpiYgihipu/YjoiilAw/eVMCc7qyuukVa04dsW5vyrUa2kdWXSGzlEROega1dEdaqAmougJvaA39G49W6/Wh/W5iGasdOYU/YH19Qtoc5ii</latexit><latexit sha1_base64="zM5wbOGS3dsCbf/ZTz1ZILVFnhc=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMtMEeyyoAuXFewD2mHIpGkbmskMyR2hDP0AN/6KGxeKuPUD3Pk3pu0sauuBwMk555Lc40eCa7DtHyuzsbm1vZPdze3tHxwe5Y9PWjqMFWVNGopQdXyimeCSNYGDYJ1IMRL4grX98c3Mbz8ypXkoH2ASMTcgQ8kHnBIwkpcvFDteUi1juOzdMgHEqxahNC3jpVvJpOyKPQdeJ05KCihFw8t/9/ohjQMmgQqiddexI3ATooBTwaa5XqxZROiYDFnXUEkCpt1kvswUXxiljwehMkcCnqvLEwkJtJ4EvkkGBEZ61ZuJ/3ndGAY1N+EyioFJunhoEAsMIZ41g/tcMQpiYgihipu/YjoiilAw/eVMCc7qyuukVa04dsW5vyrUa2kdWXSGzlEROega1dEdaqAmougJvaA39G49W6/Wh/W5iGasdOYU/YH19Qtoc5ii</latexit><latexit sha1_base64="zM5wbOGS3dsCbf/ZTz1ZILVFnhc=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMtMEeyyoAuXFewD2mHIpGkbmskMyR2hDP0AN/6KGxeKuPUD3Pk3pu0sauuBwMk555Lc40eCa7DtHyuzsbm1vZPdze3tHxwe5Y9PWjqMFWVNGopQdXyimeCSNYGDYJ1IMRL4grX98c3Mbz8ypXkoH2ASMTcgQ8kHnBIwkpcvFDteUi1juOzdMgHEqxahNC3jpVvJpOyKPQdeJ05KCihFw8t/9/ohjQMmgQqiddexI3ATooBTwaa5XqxZROiYDFnXUEkCpt1kvswUXxiljwehMkcCnqvLEwkJtJ4EvkkGBEZ61ZuJ/3ndGAY1N+EyioFJunhoEAsMIZ41g/tcMQpiYgihipu/YjoiilAw/eVMCc7qyuukVa04dsW5vyrUa2kdWXSGzlEROega1dEdaqAmougJvaA39G49W6/Wh/W5iGasdOYU/YH19Qtoc5ii</latexit><latexit sha1_base64="zM5wbOGS3dsCbf/ZTz1ZILVFnhc=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMtMEeyyoAuXFewD2mHIpGkbmskMyR2hDP0AN/6KGxeKuPUD3Pk3pu0sauuBwMk555Lc40eCa7DtHyuzsbm1vZPdze3tHxwe5Y9PWjqMFWVNGopQdXyimeCSNYGDYJ1IMRL4grX98c3Mbz8ypXkoH2ASMTcgQ8kHnBIwkpcvFDteUi1juOzdMgHEqxahNC3jpVvJpOyKPQdeJ05KCihFw8t/9/ohjQMmgQqiddexI3ATooBTwaa5XqxZROiYDFnXUEkCpt1kvswUXxiljwehMkcCnqvLEwkJtJ4EvkkGBEZ61ZuJ/3ndGAY1N+EyioFJunhoEAsMIZ41g/tcMQpiYgihipu/YjoiilAw/eVMCc7qyuukVa04dsW5vyrUa2kdWXSGzlEROega1dEdaqAmougJvaA39G49W6/Wh/W5iGasdOYU/YH19Qtoc5ii</latexit>

(Xm,t��m(t),�m(t))
<latexit sha1_base64="OdtmkN9KMwNAWS9HmKSAuGxTGnQ=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapkRwS4LunBZwT6gHYZMmmlDk5khuSOUoR/gxl9x40IRt36AO//GtJ1FbT0QODnnXJJ7/FhwDbb9Y62tb2xubed28rt7+weHhaPjlo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDP1249MaR6FDzCOmSvJIOQBpwSM5BWKpY6XygqGi94tE0A8WYLypIIXbmWTsqv2DHiVOBkpogwNr/Dd60c0kSwEKojWXceOwU2JAk4Fm+R7iWYxoSMyYF1DQyKZdtPZMhN8bpQ+DiJlTgh4pi5OpERqPZa+SUoCQ73sTcX/vG4CQc1NeRgnwEI6fyhIBIYIT5vBfa4YBTE2hFDFzV8xHRJFKJj+8qYEZ3nlVdK6rDp21bm/KtZrWR05dIrOUAk56BrV0R1qoCai6Am9oDf0bj1br9aH9TmPrlnZzAn6A+vrF4DCmVM=</latexit><latexit sha1_base64="OdtmkN9KMwNAWS9HmKSAuGxTGnQ=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapkRwS4LunBZwT6gHYZMmmlDk5khuSOUoR/gxl9x40IRt36AO//GtJ1FbT0QODnnXJJ7/FhwDbb9Y62tb2xubed28rt7+weHhaPjlo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDP1249MaR6FDzCOmSvJIOQBpwSM5BWKpY6XygqGi94tE0A8WYLypIIXbmWTsqv2DHiVOBkpogwNr/Dd60c0kSwEKojWXceOwU2JAk4Fm+R7iWYxoSMyYF1DQyKZdtPZMhN8bpQ+DiJlTgh4pi5OpERqPZa+SUoCQ73sTcX/vG4CQc1NeRgnwEI6fyhIBIYIT5vBfa4YBTE2hFDFzV8xHRJFKJj+8qYEZ3nlVdK6rDp21bm/KtZrWR05dIrOUAk56BrV0R1qoCai6Am9oDf0bj1br9aH9TmPrlnZzAn6A+vrF4DCmVM=</latexit><latexit sha1_base64="OdtmkN9KMwNAWS9HmKSAuGxTGnQ=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapkRwS4LunBZwT6gHYZMmmlDk5khuSOUoR/gxl9x40IRt36AO//GtJ1FbT0QODnnXJJ7/FhwDbb9Y62tb2xubed28rt7+weHhaPjlo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDP1249MaR6FDzCOmSvJIOQBpwSM5BWKpY6XygqGi94tE0A8WYLypIIXbmWTsqv2DHiVOBkpogwNr/Dd60c0kSwEKojWXceOwU2JAk4Fm+R7iWYxoSMyYF1DQyKZdtPZMhN8bpQ+DiJlTgh4pi5OpERqPZa+SUoCQ73sTcX/vG4CQc1NeRgnwEI6fyhIBIYIT5vBfa4YBTE2hFDFzV8xHRJFKJj+8qYEZ3nlVdK6rDp21bm/KtZrWR05dIrOUAk56BrV0R1qoCai6Am9oDf0bj1br9aH9TmPrlnZzAn6A+vrF4DCmVM=</latexit><latexit sha1_base64="OdtmkN9KMwNAWS9HmKSAuGxTGnQ=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWapkRwS4LunBZwT6gHYZMmmlDk5khuSOUoR/gxl9x40IRt36AO//GtJ1FbT0QODnnXJJ7/FhwDbb9Y62tb2xubed28rt7+weHhaPjlo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDP1249MaR6FDzCOmSvJIOQBpwSM5BWKpY6XygqGi94tE0A8WYLypIIXbmWTsqv2DHiVOBkpogwNr/Dd60c0kSwEKojWXceOwU2JAk4Fm+R7iWYxoSMyYF1DQyKZdtPZMhN8bpQ+DiJlTgh4pi5OpERqPZa+SUoCQ73sTcX/vG4CQc1NeRgnwEI6fyhIBIYIT5vBfa4YBTE2hFDFzV8xHRJFKJj+8qYEZ3nlVdK6rDp21bm/KtZrWR05dIrOUAk56BrV0R1qoCai6Am9oDf0bj1br9aH9TmPrlnZzAn6A+vrF4DCmVM=</latexit>

X1,t
<latexit sha1_base64="Sj+KWrEgv29rp+xgSgk0VM3Fi0w=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/PvUuC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wczjY9g</latexit><latexit sha1_base64="Sj+KWrEgv29rp+xgSgk0VM3Fi0w=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/PvUuC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wczjY9g</latexit><latexit sha1_base64="Sj+KWrEgv29rp+xgSgk0VM3Fi0w=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/PvUuC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wczjY9g</latexit><latexit sha1_base64="Sj+KWrEgv29rp+xgSgk0VM3Fi0w=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/PvUuC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wczjY9g</latexit>

X2,t
<latexit sha1_base64="1WHJSatr63DUkSkBArGtSllL+Qw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCPZY8OKxgm0DbSib7bZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstY+yE1XArFWyhQcj/RnEah5J1wcjv3O09cGxGrB5wmPIjoSImhYBSt5Pv9rHZFcNYvV9yquwBZJ15OKpCj2S9/9QYxSyOukElqTNdzEwwyqlEwyWelXmp4QtmEjnjXUkUjboJsce+MXFhlQIaxtqWQLNTfExmNjJlGoe2MKI7NqjcX//O6KQ7rQSZUkiJXbLlomEqCMZk/TwZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrlU9t+rdX1ca9TyOIpzBOVyCBzfQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwBNRWPYQ==</latexit><latexit sha1_base64="1WHJSatr63DUkSkBArGtSllL+Qw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCPZY8OKxgm0DbSib7bZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstY+yE1XArFWyhQcj/RnEah5J1wcjv3O09cGxGrB5wmPIjoSImhYBSt5Pv9rHZFcNYvV9yquwBZJ15OKpCj2S9/9QYxSyOukElqTNdzEwwyqlEwyWelXmp4QtmEjnjXUkUjboJsce+MXFhlQIaxtqWQLNTfExmNjJlGoe2MKI7NqjcX//O6KQ7rQSZUkiJXbLlomEqCMZk/TwZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrlU9t+rdX1ca9TyOIpzBOVyCBzfQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwBNRWPYQ==</latexit><latexit sha1_base64="1WHJSatr63DUkSkBArGtSllL+Qw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCPZY8OKxgm0DbSib7bZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstY+yE1XArFWyhQcj/RnEah5J1wcjv3O09cGxGrB5wmPIjoSImhYBSt5Pv9rHZFcNYvV9yquwBZJ15OKpCj2S9/9QYxSyOukElqTNdzEwwyqlEwyWelXmp4QtmEjnjXUkUjboJsce+MXFhlQIaxtqWQLNTfExmNjJlGoe2MKI7NqjcX//O6KQ7rQSZUkiJXbLlomEqCMZk/TwZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrlU9t+rdX1ca9TyOIpzBOVyCBzfQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwBNRWPYQ==</latexit><latexit sha1_base64="1WHJSatr63DUkSkBArGtSllL+Qw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCPZY8OKxgm0DbSib7bZdutnE3YlQQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstY+yE1XArFWyhQcj/RnEah5J1wcjv3O09cGxGrB5wmPIjoSImhYBSt5Pv9rHZFcNYvV9yquwBZJ15OKpCj2S9/9QYxSyOukElqTNdzEwwyqlEwyWelXmp4QtmEjnjXUkUjboJsce+MXFhlQIaxtqWQLNTfExmNjJlGoe2MKI7NqjcX//O6KQ7rQSZUkiJXbLlomEqCMZk/TwZCc4ZyagllWthbCRtTTRnaiEo2BG/15XXSrlU9t+rdX1ca9TyOIpzBOVyCBzfQgDtoQgsYSHiGV3hzHp0X5935WLYWnHzmFP7A+fwBNRWPYQ==</latexit>

Xm,t
<latexit sha1_base64="32t1KJWzLVmkZqYAVfdEGLa3byg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/P40uC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wePbY+c</latexit><latexit sha1_base64="32t1KJWzLVmkZqYAVfdEGLa3byg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/P40uC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wePbY+c</latexit><latexit sha1_base64="32t1KJWzLVmkZqYAVfdEGLa3byg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/P40uC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wePbY+c</latexit><latexit sha1_base64="32t1KJWzLVmkZqYAVfdEGLa3byg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4kJKIYI8FLx4r2DbQhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tks75d29/YPDytFx2ySZZrzFEploP6SGS6F4CwVK7qea0ziUvBOOb2d+54lrIxL1gJOUBzEdKhEJRtFKvt/P40uC036l6tbcOcgq8QpShQLNfuWrN0hYFnOFTFJjup6bYpBTjYJJPi33MsNTysZ0yLuWKhpzE+Tze6fk3CoDEiXalkIyV39P5DQ2ZhKHtjOmODLL3kz8z+tmGNWDXKg0Q67YYlGUSYIJmT1PBkJzhnJiCWVa2FsJG1FNGdqIyjYEb/nlVdK+qnluzbu/rjbqRRwlOIUzuAAPbqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wePbY+c</latexit>

Ŷt<latexit sha1_base64="mH+iPXnKqu6f018QAAqaRnFySmQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKnd6IInnsY79ccavuAmSdeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFvTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDGt+JlSSIldsuShMJcGYzJ8nA6E5Qzm1hDIt7K2EjaimDG1EJRuCt/ryOmldVT236t1fV+q1PI4inME5XIIHN1CHO2hAExhIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gCdNo+l</latexit><latexit sha1_base64="mH+iPXnKqu6f018QAAqaRnFySmQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKnd6IInnsY79ccavuAmSdeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFvTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDGt+JlSSIldsuShMJcGYzJ8nA6E5Qzm1hDIt7K2EjaimDG1EJRuCt/ryOmldVT236t1fV+q1PI4inME5XIIHN1CHO2hAExhIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gCdNo+l</latexit><latexit sha1_base64="mH+iPXnKqu6f018QAAqaRnFySmQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKnd6IInnsY79ccavuAmSdeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFvTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDGt+JlSSIldsuShMJcGYzJ8nA6E5Qzm1hDIt7K2EjaimDG1EJRuCt/ryOmldVT236t1fV+q1PI4inME5XIIHN1CHO2hAExhIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gCdNo+l</latexit><latexit sha1_base64="mH+iPXnKqu6f018QAAqaRnFySmQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ie0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb+d++4lrI2L1gNOE+xEdKhEKRtFKnd6IInnsY79ccavuAmSdeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFvTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDGt+JlSSIldsuShMJcGYzJ8nA6E5Qzm1hDIt7K2EjaimDG1EJRuCt/ryOmldVT236t1fV+q1PI4inME5XIIHN1CHO2hAExhIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gCdNo+l</latexit>

{x1,i, . . . , xm,i, �1,i, . . . , �m,i, yi}K
i=1
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Transmitters

. . .

. . .

Training data

Fig. 1: System Model.

optimizing the AoI in, e.g., communication networks [10]–
[16], remote estimation [17], [18], and control systems [19],
[20]. However, the impact of AoI on supervised learning
based forecasting has not been well-understood, despite its
significance in a broad range of applications. Recently, an
age of features concept was studied in [21], where a stream
of features are collected progressively from a single data
source and, at any time, only the freshest feature is used
for prediction. Meanwhile, in many applications, the fore-
casting decision is made by jointly using multiple features
that are collected in real-time from different data sources
(e.g., temperature readings from thermometers and wind speed
measured from anemometers). These features are of diverse
measurement frequency, data formats, and may be received
through separated communication channels. Hence, their AoI
values are different. This motivated us to analyze the per-
formance of supervised learning algorithms for time-series
forecasting, where the features are subject to heterogeneous
and time-varying ages. The main contributions of this paper
are summarized as follows:
• We present an information theoretic approach to interpret the

influence of age on supervised learning based forecasting.
Our analysis shows that the minimum training loss is a
multi-dimensional function of the age vector of the features,
but the function is not necessarily monotonic. This is a key
difference from the non-decreasing age metrics considered
in earlier work, e.g., [12], [19], [22] and the references
therein.

• Moreover, by using a local information geometric analysis,
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we prove that if the empirical distribution of training data
samples can be accurately approximated as a Markov chain,
then the minimum training loss is close to a non-decreasing
function of the age. The testing loss performance is analyzed
in a similar way.

• We compare the performance of several training approaches
and find that it is better to (i) combine the training data with
different age values into a large training dataset and jointly
train the forecasting decisions for these age values, and (ii)
add the age value as a part of the feature. This training
approach has a lower computational complexity than the
separated training approach used in [23], where the fore-
casting decision for each age value is trained individually.
Experimental results on solar power prediction are provided
to validate our findings.

II. SYSTEM MODEL

Consider the learning-based time-series forecasting system
in Fig. 1, which consists of m transmitters and one receiver.
The system time is slotted. Each transmitter l takes measure-
ments from a discrete-time signal process sl,t. The processes
s1,t, . . . , sm,t contain useful information for inferring the
behavior of a target process Yt. Transmitter l progressively
generates a sequence of features Xl,t from the process sl,t.
Each feature Xl,t = f(sl,t−τ , sl,t−1−τ , . . . , sl,t−b+1−τ ) is a
function of a finite-length time sequence from the process
sl,t, where b is the length of the sequence and τ is the
processing time needed for creating the feature. The processes
s1,t, . . . , sm,t may be correlated with each other, and so are
the features X1,t, . . . , Xm,t. The features are sent from the
transmitters to the receiver through one or multiple channels.
The receiver feeds the features to a predictor (e.g., a trained
neural network), which infers the current target value Yt.

Due to transmission errors and random transmission time,
freshly generated features may not be immediately delivered
to the receiver. Let Gl,i and Dl,i be the creation time and
delivered time of the i-th feature of the process sl,t, respec-
tively, such that Gl,i ≤ Gl,i+1 and Gl,i ≤ Dl,i. Then, Ul(t) =
max{Gl,i : Dl,i ≤ t} is the creation time of the freshest
feature that was generated from process sl,t and has been
delivered to the receiver by time t. At time t, the receiver uses
the m freshest delivered features (X1,U1(t), . . . , Xm,Um(t)),
each from a transmitter, to predict the current target Yt. The
age of the features generated from process sl,t is defined as

∆l(t) = t− Ul(t) = t−max{Gl,i : Dl,i ≤ t}, (1)

which is the time elapsed since the creation time Ul(t) of the
freshest delivered feature Xl,Ul(t) up to the current time t. If
∆l(t) is small, then there exists a fresh delivered feature that
was created recently from process sl,t. The evolution of ∆l(t)
over time is illustrated in Fig. 2.

The predictor is trained by using an Empirical Risk Min-
imization (ERM) based supervised learning algorithm, such
as logistic regression and linear regression. A supervised
learning algorithm consists of two phases: offline training
and online testing. In offline training phase, the predictor

t

∆l(t)

Gl,0 Dl,0 Gl,1 Dl,1 Gl,i Dl,i

Fig. 2: Evolution of the age ∆l(t) in discrete-time.

is trained by minimizing an expected loss function under
the empirical distribution of a training dataset. Each entry
(x1,i, . . . , xm,i, δ1,i, . . . , δm,i, yi) of the training dataset con-
tains m features (x1,i, . . . , xm,i), the age values of the features
(δ1,i, . . . , δm,i), and the target yi. In Section IV, we will see
that it is important to add the age values into training data.
In online testing, the trained predictor is used to predict the
target in real-time, as explained above.

The goal of this paper is to interpret how the age processes
∆m(t) = (∆1(t), . . . ,∆m(t)) of the features affect the per-
formance of time-series forecasting.

III. PERFORMANCE OF SUPERVISED LEARNING FROM AN
INFORMATION THEORETIC PERSPECTIVE

In this section, we introduce several information theoretic
measures that characterize the fundamental limits for the
training and testing performance of supervised learning. Based
on these information theoretic measures, the influence of
information freshness on supervised learning based forecasting
will be analyzed subsequently in Section IV.

Let Xm = (X1, . . . , Xm) represent a vector of m random
features, which takes value xm = (x1, . . . , xm) from the finite
space Xm = X1 ×X2 × . . .×Xm. As the standard approach
for supervised learning, ERM is a stochastic decision problem
(Xm,Y,A, L), where a decision-maker predicts Y ∈ Y
by taking an action a = ψ(Xm) ∈ A based on features
Xm ∈ Xm. The performance of ERM is measured by a loss
function L : Y × A 7→ R, where L(y, a) is the incurred
loss if action a is chosen when Y = y. For example, L is
a logarithmic function Llog(y, PY ) = − logPY (y) in logistic
regression and a quadratic function L2(y, ŷ) = (y − ŷ)2 in
linear regression. Let PXm,Y and PX̃m,Ỹ , respectively, denote
the empirical distributions of the training data and testing data,
where X̃m and Ỹ are random variables with a joint distribution
PX̃m,Ỹ . We restrict our analysis in which the marginals PXm

and PX̃m are strictly positive.

A. Minimum Training Loss

The objective of training in ERM-based supervised learning
is to solve the following problem:

HL(Y |Xm) = min
ψ∈Ψ

EXm,Y∼PXm,Y
[L(Y, ψ(Xm))], (2)

where Ψ is the set of allowed decision functions and
HL(Y |Xm) is the minimum training loss. We consider a case



that Ψ contains all functions from Xm to A. Such a choice
of Ψ is of particular interest for two reasons: (i) Since Ψ is
quite large, HL(Y |Xm) provides a fundamental lower bound
of the training loss for any ERM based learning algorithm. (ii)
When Ψ contains all functions from Xm to A, Problem (2)
can be reformulated as

HL(Y |Xm)

= min
ψ(xm)∈A,
∀ xm∈Xm

∑
xm∈Xm

PXm(xm)EY∼PY |Xm=xm [L(Y, ψ(xm))]

=
∑

xm∈Xm

PXm(xm) min
ψ(xm)∈A

EY∼PY |Xm=xm [L(Y, ψ(xm))],

(3)

where, in the last step, the training problem is decomposed
into a sequence of separated optimization problems, each
optimizing an action ψ(xm) for given xm ∈ Xm. For the
considered Ψ, HL(Y |Xm) in (2) is termed the generalized
conditional entropy of Y given Xm [24]. Similarly, the
generalized (unconditional) entropy HL(Y ) is defined as [24]–
[26]

HL(Y ) = min
a∈A

EY∼PY
[L(Y, a)]. (4)

The optimal solution to (4) is called Bayes action, which is
denoted as aPY

. If the Bayes actions are not unique, one
can pick any such Bayes action as aPY

[27]. The generalized
conditional entropy for Y given Xm = xm is [24]

HL(Y |Xm = xm) = min
a∈A

EY∼PY |Xm=xm [L(Y, a)]

= min
ψ(xm)∈A

EY∼PY |Xm=xm [L(Y, ψ(xm))].

(5)

Substituting (5) into (3), yields the relationship

HL(Y |Xm) =
∑

xm∈Xm

PXm(xm) HL(Y |Xm = xm). (6)

We assume that entropy and conditional entropy discussed in
this paper are bounded. We also need to define the generalized
mutual information, which is given by

IL(Y ;Xm) = HL(Y )−HL(Y |Xm). (7)

Examples of the loss function L and the associated generalized
entropy HL(Y ) were discussed in [21], [24]–[26].

B. Testing Loss

The testing loss, also called validation loss, of supervised
learning is the expected loss on testing data using the trained
predictor. In the sequel, we use the concept of generalized
cross entropy to characterize the testing loss. The generalized
cross entropy between Y and Ỹ is defined as

HL(Ỹ ;Y ) = EY∼PỸ
[L(Y, aPY

)] , (8)

where aPY
is the Bayes action defined above. Similarly, the

generalized conditional cross entropy between Ỹ and Y given

X̃m = xm is

HL(Ỹ ;Y |X̃m = xm) = EY∼PỸ |X̃m=xm

[
L(Y, aPY |Xm=xm )

]
,

(9)

where aPY |Xm=xm is the Bayes action of a predictor that
was trained by using the empirical conditional distribution
PY |Xm=xm of the training data and PỸ |X̃m=xm is the em-
pirical conditional distribution of the testing data. Using (9),
the testing loss of supervised learning can be expressed as

HL(Ỹ ;Y |X̃m) =
∑

xm∈Xm

P̃X̃m(xm)HL(Ỹ ;Y |X̃m = xm), (10)

which is also termed the generalized conditional cross entropy
between Ỹ and Y given X̃m.

IV. IMPACT OF INFORMATION FRESHNESS ON SUPERVISED
LEARNING BASED FORECASTING

In this section, we analyze the training and testing loss
performance of supervised learning under different age values.
It is shown that the minimum training loss is a function of the
age, but the function is not always monotonic. By using a
local information geometric approach, we provide a sufficient
condition under which the training loss can be closely approxi-
mated as a non-decreasing age function. Similar conditions for
the monotonicity of the testing loss on age are also discussed.

A. Training Loss under Constant AoI
For ease of understanding, we start by analyzing the mini-

mum training loss under a constant AoI, i.e, ∆m(t) = δm, for
all time t. The more practical case of time-varying AoI will
be studied subsequently in Section IV-B.

Markov chain has been a widely-used model in time-series
analysis [28]–[30]. Define Xm

t−τm = (X1,t−τ1 , . . . , Xm,t−τm)
for τm = (τ1, . . . , τm), where Xl,t−τl is the feature generated
from transmitter l at time t−τl. If Yt ↔ Xm

t−τm ↔ Xm
t−τm−µm

is a Markov chain for all µm, τm ≥ 0 (assume the Markov
chain is also stationary), then by using the data processing
inequality [25], one can show that the minimum training
loss HL(Yt|Xm

t−δm) is a non-decreasing function of the age
vector δm. However, practical time-series signals are rarely
Markovian [31]–[34] and, as a result, the minimum training
loss HL(Yt|Xm

t−δm) is not always a monotonic function of δm.
To develop a unified framework for analyzing the minimum

training loss HL(Yt|Xm
t−δm), we consider a relaxation of

the Markov chain model, called ε-Markov chain, which was
proposed recently in [21].

Definition 1. ε-Markov Chain: [21] Assume that the distribu-
tions PY |X , PZ|X , and PX are strictly positive. Given ε ≥ 0,
a sequence of random variables Y,X, and Z is said to be an
ε-Markov chain, denoted as Y ε←→ X

ε←→ Z, if

Dχ2

(
PY,X,Z ||PY |XPZ|XPX

)
≤ ε2, (11)

where Dχ2(PY ||QY ) is Neyman’s χ2-divergence, given by

Dχ2(PY ||QY ) =
∑
y∈Y

(PY (y)−QY (y))2

QY (y)
. (12)



The inequality (11) can be also expressed as

Iχ2(Y ;Z|X) ≤ ε2, (13)

where Iχ2(Y ;Z|X) is the χ2-conditional mutual information.
If ε = 0, then Y

ε←→ X
ε←→ Z reduces to a Markov chain.

Hence, ε-Markov chain is more general than Markov chain.
For ε-Markov chain, a relaxation of the data processing

inequality is provided in the following lemma:

Lemma 1 (ε-data processing inequality). [21] If Y ε←→ X
ε←→

Z is an ε-Markov chain and HL(Y ) for the loss function L
is twice differentiable in PY , then we have (as ε→ 0)

IL(Y ;Z|X) = O(ε2), (14)

HL(Y |X) ≤ HL(Y |Z) +O(ε2). (15)

By using Lemma 1, the training loss performance of su-
pervised learning based forecasting is characterized in the
following theorem. For notational simplicity, the theorem is
presented for the case of m = 2 features, whereas it can be
easily generalized to any positive integer value of m.

Theorem 1. Let {(X1,t, X2,t, Yt), t ≥ 0} be a stationary
stochastic process.

(a) The minimum training loss HL(Yt|X1,t−δ1 , X2,t−δ2) is a
function of δ1 and δ2, determined by

HL(Yt|X1,t−δ1 , X2,t−δ2) = f1(δ1, δ2)− f2(δ1, δ2), (16)

where f1(δ1, δ2) and f2(δ1, δ2) are two non-decreasing
functions of δ1 and δ2, given by

f1(δ1, δ2)

=HL(Yt|X1,t, X2,t)

+

δ1−1∑
k=0

IL(Yt;X1,t−k, X2,t−δ2 |X1,t−k−1, X2,t−δ2)

+

δ2−1∑
k=0

IL(Yt;X1,t, X2,t−k|X1,t, X2,t−k−1), (17)

f2(δ1, δ2)

=

δ1−1∑
k=0

IL(Yt;X1,t−k−1, X2,t−δ2 |X1,t−k, X2,t−δ2)

+

δ2−1∑
k=0

IL(Yt;X1,t, X2,t−k−1|X1,t, X2,t−k). (18)

(b) If HL(Y ) is twice differentiable in PY , and

Yt
ε←→ (X1,t−τ1 , X2,t−τ2)

ε←→ (X1,t−τ1−µ1
, X2,t−τ2−µ2

)

is an ε-Markov chain for all µl, τl ≥ 0, then f2(δ1, δ2) =
O(ε2) and hence (as ε→ 0)

HL(Yt|X1,t−δ1 , X2,t−δ2) = f1(δ1, δ2) +O(ε2). (19)

Proof. See Appendix A.

According to Theorem 1, the minimum training loss
HL(Yt|Xm

t−δm) is a function of the age vector δm. In ad-
dition, HL(Yt|Xm

t−δm) is the difference between two non-
decreasing functions of δm. Furthermore, the monotonicity of
HL(Yt|Xm

t−δm) is characterized by the parameter ε in the ε-
Markov chain Yt

ε←→ Xm
t−τm

ε←→ Xm
t−τm−µm . If ε is small,

then the empirical distribution of training data samples can be
accurately approximated as a Markov chain. As a result, the
term f2(δm) is close to zero and HL(Yt|Xm

t−δm) tends to be
a non-decreasing function of δm. On the other hand, for large
ε, HL(Yt|Xm

t−δm) is unlikely monotonic in δm.
As depicted later in Figs. 3-4, the training loss can indeed

be non-monotonic on δm. This finding suggests that it is
beneficial to investigate non-monotonic age penalty functions,
which are more general than the non-decreasing age penalty
metrics studied in, e.g., [12], [19], [22].

B. Training Loss under Dynamic AoI

In practice, the AoI ∆m(t) varies dynamically over time,
as shown in Fig. 2. Let P∆m denote the empirical distribution
of the AoI in the training dataset and ∆m be a random vector
with the distribution P∆m . In the case of dynamic AoI, there
are two approaches for training: (i) Separated training: the
Bayes action for the AoI value ∆m = δm is trained by only
using the training data samples with AoI value δm [23]. The
minimum training loss of separate training for ∆m = δm is
HL(Yt|Xm

t−δm), which has been analyzed in Section IV-A. (ii)
Joint training: the training data samples of all AoI values are
combined into a large training dataset and the Bayes actions
for different AoI values are trained together. In joint training,
the AoI value can either be included as part of the feature,
or be excluded from the feature. If the AoI value is included
in the training data (i.e., as part of the feature), the minimum
training loss of joint training is HL(Yt|Xm

t−∆m ,∆m). If the
AoI value is excluded from the training data, the minimum
training loss of joint training is HL(Yt|Xm

t−∆m). Because
conditioning reduces the generalized entropy [24], [25], we
have

HL(Yt|Xm
t−∆m ,∆m) ≤ HL(Yt|Xm

t−∆m). (20)

Hence, a smaller training loss can be achieved by including
the AoI in the feature. Moreover, similar to (6), one can get

HL(Yt|Xm
t−∆m ,∆m) =

∑
δm

P∆m(δm)HL(Yt|Xm
t−δm). (21)

Therefore, the minimum training loss of joint training is
simply the expectation of the training loss of separated
training. Our experiment results show that joint training can
have a much smaller computational complexity than separated
training (see the discussions in Section V-D). Therefore, we
suggest to use joint training and add AoI into the feature.

The results in Theorem 1 can be directly generalized to the
scenario of dynamic AoI. In particular, if the age processes
of two experiments, denoted by subscripts c and d, satisfy a



sample-path ordering1

∆m
c (t) ≤ ∆m

d (t), ∀ t, (22)

then, similar to (19), one can obtain (as ε→ 0)

HL(Yt|Xm
t−∆m

c
,∆m

c ) ≤ HL(Yt|Xm
t−∆m

d
,∆m

d ) +O(ε2). (23)

Next, we show that (23) can be also proven under a weaker
stochastic ordering condition (26).

Definition 2. Univariate Stochastic Ordering: [35] A random
variable X is said to be stochastically smaller than another
random variable Z, denoted as X ≤st Z, if

P (X > x) ≤ P (Z > x), ∀x ∈ R. (24)

Definition 3. Multivariate Stochastic Ordering: [35] A set
U ⊆ Rm is called upper if zm ∈ U whenever zm ≥ xm and
xm ∈ U . A random vector Xm is said to be stochastically
smaller than another random vector Zm, denoted as Xm ≤st
Zm, if

P (Xm ∈ U) ≤ P (Zm ∈ U), for all upper sets U ⊆ Rm.
(25)

Theorem 2. If {(Xm
t , Yt), t ≥ 0} is a stationary random

process, Yt
ε←→ Xm

t−τm
ε←→ Xm

t−τm−µm is an ε-Markov chain
for all µm, τm ≥ 0, HL(Y ) is twice differentiable in PY ,
and the empirical distributions of the training datasets in two
experiments c and d satisfy

∆m
c ≤st ∆m

d , (26)

then (23) holds.

Proof. See Appendix B.

According to Theorem 2, if ∆m
c is stochastically smaller

than ∆m
d , then the minimum training loss of joint training in

Experiment c is approximately smaller than that in Experiment
d, where the approximation error is of the order O(ε2).

C. Testing Loss under Dynamic AoI

Let PY denote the space of distributions on Y and
relint(PY ) denote the relative interior of PY , i.e., the subset
of strictly positive distributions.

Definition 4. β-neighborhood: [36] Given β ≥ 0, the β-
neighborhood of a reference distribution QY ∈ relint(PY) is
the set of distributions that are in a Neyman’s χ2-divergence
ball of radius β2 centered on QY , i.e.,

NYβ (QY ) =
{
PY ∈ PY : Dχ2(PY ||QY ) ≤ β2

}
. (27)

Theorem 3. Let {(Xm
t , Yt), t ≥ 0} be a stationary stochastic

process.
(a) If the empirical distributions of training data and testing

data are close to each other such that

Dχ2

(
PỸt,X̃m

t−∆̃m ,∆̃
m ||PYt,Xm

t−∆m ,∆m

)
≤ β2, (28)

1We say xm ≤ zm, if xl ≤ zl for every l = 1, 2, . . . ,m.

then the testing loss is close to the minimum training loss,
i.e.,

HL(Ỹt;Yt|X̃m
t−∆̃m , ∆̃

m) =HL(Yt|Xm
t−∆m ,∆m) +O(β),

(29)

provided that the testing loss is bounded.
(b) In addition, if HL(Y ) is twice differentiable in PY ,

Yt
ε←→ Xm

t−τm
ε←→ Xm

t−τm−µm is an ε-Markov chain
for all µm, τm ≥ 0, and the empirical distributions of
the testing datasets in two experiments c and d satisfy
∆̃m
c ≤st ∆̃m

d , then the corresponding testing loss satisfies

HL(Ỹt;Yt|X̃m
t−∆̃m

c
, ∆̃m

c ) ≤HL(Ỹt;Yt|X̃m
t−∆̃m

d

, ∆̃m
d )

+O(max{ε2, β}). (30)

Proof. See Appendix C.

As shown in Theorem 3, if the empirical distributions of
training data and testing data are close to each other, then the
minimum training loss and testing loss have similar growth
patterns as the AoI grows.

V. CASE STUDIES

We provide several case studies using a real-world solar
power prediction task. A Long Short-Term Memory (LSTM)
neural network is used as the prediction model. Four cases
are studied: (i) training loss under constant AoI, (ii) sensitivity
analysis of input sequence length b under constant AoI, (iii)
training loss under dynamic AoI, and (iv) testing loss under
dynamic AoI.

A. Experimental Setup

1) Environment: We use Tensorflow 2 [37] on Ubuntu
16.04, and a server with two Intel Xeon E5-2630 v4 CPUs and
four GeForce GTX 1080 Ti GPUs to perform the experiments.

2) Dataset: A real-world dataset from the probabilistic
solar power forecasting task of the Global Energy Forecasting
Competition (GEFCom) 2014 [38] is used for evaluation.
The dataset contains 2 years of measurement data for 13
signal processes, including humidity, thermal, wind speed and
direction, and other weather metrics, as explained in [38].
Feature Xl,t = (sl,t, . . . , sl,t−b+1) of signal l is a time
sequence of length b. The task is to predict the solar power at
an hourly level. We have used two different AoI values δ1 and
δ2, where 6 features are of the AoI δ1 and 7 features are of the
AoI δ2. In jointly training, we use an aggregated dataset with
samples of constant AoI δ1 = δ2 ranging from 1 to 48 (hours).
The first year of data is used for training and the second year
of data is used for testing. During preprocessing, both datasets
are normalized such that the training dataset has a zero mean
and a unity standard derivation.

3) Prediction Model: A Long Short-Term Memory (LSTM)
neural network is used for prediction. It composes of one
input layer, one hidden layer with 32 LSTM cells, and one
fully-connected (dense) output layer. The object of training is
to minimize the expected quadratic loss under the empirical
distribution of the training samples. In other words, empirical
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Fig. 3: Training loss vs. AoI δ1 = δ2 =
δ, where the input length is b = 6, 12,
and 24.
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Fig. 5: Training loss vs. input length b,
where the AoI is δ1 = δ2 =2, 4, 8, and
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Fig. 6: Training loss under dynamic AoI ∆1(t) = ∆2(t), where the input length
is b = 12 and 24. Three training approaches are illustrated: (i) separated training,
(ii) joint training with AoI as part of feature, and (iii) joint training without using
AoI as part of feature.
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Fig. 7: Testing loss and training loss vs.
dynamic AoI ∆1(t) = ∆2(t), where the
input length is b = 12.

mean square error (MSE) 1
K

∑K
i=1(yi − ŷi)

2 is minimized,
where K is the number of training data entries, yi is the actual
label, and ŷi is the predicted label. All the experimental results
are averaged over multiple runs to reduce the randomness that
occurs during the training of LSTM. This training setting and
the hyper-parameters of Tensorflow 2 training algorithm are
consistently used across all evaluations. Note that in theoretical
analysis, we have considered that Ψ consists of all possible
functions from Xm to A. In practice, neural networks cannot
represent such a large function space and the trained weights
of the neural network may not be globally optimal. Hence, the
training loss (MSE) in the experimental study is larger than
the minimum training loss analyzed in our theory, but their
patterns should be similar.

B. Training Loss under Constant AoI

We start with the scenario of separated training, where the
AoI is the same across all input features, i.e., δ1 = δ2 = δ. As
shown in Fig. 3, the training loss is not a monotonic function of
AoI δ. Moreover, with the increase of input sequence length b,
the training loss becomes close to a non-decreasing function.
However, with the increase of input sequence length b, the
training loss tends to be close to a non-decreasing function.

This phenomenon can be interpreted by using Shannon’s high-
order Markov model for information sources [39]. Specifically,
the feature process Xl,t can be approximated as a Markov
chain model with order b, where the approximation error
reduces as the order b grows. Because of this, the training
loss is far away from an increasing function of the AoI when
b = 6 or 12, and is nearly an increasing function of the AoI
when b = 24.

Next, we consider a more general case where δ1 and δ2
can have different values. The results are shown in Fig. 4,
where both δ1 and δ2 affect the training loss in accordance to
Theorem 1.

C. Sensitivity Analysis of Input Sequence Length b Under
Constant AoI

With the increase of input length sequence b, the training
loss is expected to decrease, because conditioning reduces the
generalized conditional entropy. To show this, we evaluate the
training loss for a wide range of input lengths, as shown in
Fig. 5. The observations are two-folded. First, for a given AoI
value, the training loss is a non-increasing function of the input
length b. Second, even with the increase of input length, a



larger AoI leads to a larger training loss. The observed pattern
agrees with our theoretical analysis.

D. Training Loss under Dynamic AoI

In the separated training method considered above, one
predictor (i.e., an LSTM neural network) is trained for every
AoI value. Hence, a number of predictors are needed. Training
these predictors may incur a huge computational cost, which
would be impractical for prediction tasks with huge datasets.
As discussed in Section IV-B, joint training is a better ap-
proach, where a single predictor is trained by jointly using
the input samples of different AoI values. As plotted in Fig.
6, if the AoI is excluded from the feature, joint training has
a significant performance degradation compared to separated
training as described in (20). However, with AoI as a part of
the input feature, joint training has comparable performance
as separated training, which agrees with the relationship in
(21). For a wide range of AoI values, the performance of
joint training is slightly better than separated training because
it uses all training data where separated predictor can only
be trained on the data with certain AoI. This phenomenon is
in alignment with data augmentation [40]. In current training
dataset for jointly training, we mainly focus on small AoIs
so the joint model may not be as good as separated training
for very large AoI values. But such long AoI is rare in real-
world applications. Thus, the idea of appending AoI to the
input features is a good idea for time-varying AoI.

E. Testing Loss under Dynamic AoI

Training loss and testing loss are compared in Fig. 7 for joint
training under dynamic AoI. One can observe that the testing
loss is not monotonic in AoI, but it has a growing trend that
is similar to the training loss. In addition, the testing loss is
larger than the training loss, which is caused by the difference
between the empirical distributions of training and testing
datasets. Such a difference is quite normal in machine learning,
which occurs, for instance, if the datasets for training/testing
are not sufficiently large or if there is concept shift [41].

VI. CONCLUSION

In this paper, we have presented a unified theoretical frame-
work to analyze how the age of correlated features affects the
performance in supervised learning based forecasting. It has
been shown that the minimum training loss is a function of
the age, which is not necessarily monotonic. Conditions have
been provided under which the training loss and testing loss
are approximately non-decreasing in age. Our investigation
suggests that, by (i) jointly training the forecasting actions
for different age values and (ii) adding the age value into
the input feature, both forecasting accuracy and computational
complexity can be greatly improved.
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APPENDIX A
PROOF OF THEOREM 1

Part (a): By the definitions of generalized conditional en-
tropy and generalized mutual information, one can obtain

HL(Y |X1, X2, Z1, Z2)

=HL(Y |Z1, Z2)− IL(Y ;X1, X2|Z1, Z2)

=HL(Y |X1, X2)− IL(Y ;Z1, Z2|X1, X2), (31)

which yields

HL(Y |Z1, Z2) = HL(Y |X1, X2)+IL(Y ;X1, X2|Z1, Z2)

−IL(Y ;Z1, Z2|X1, X2).
(32)

Now, if we replace Z1, Z2, X1, X2, and Y in (32) with
X1,t−k−1, X2,t−δ2 , X1,t−k, X2,t−δ2 , and Yt, respectively, then
(32) becomes

HL(Yt|X1,t−k−1, X2,t−δ2)

=HL(Yt|X1,t−k, X2,t−δ2)

+ IL(Yt;X1,t−k, X2,t−δ2 |X1,t−k−1, X2,t−δ2)

− IL(Yt;X1,t−k−1, X2,t−δ2 |X1,t−k, X2,t−δ2). (33)

Equation (33) is valid for any value of t and k. Therefore,
taking summation of HL(Yt|X1,t−k−1, X2,t−δ2) from k = 0
to δ1 − 1, we get

HL(Yt|X1,t−δ1 , X2,t−δ2)

=HL(Yt|X1,t, X2,t−δ2)

+

δ1−1∑
k=0

IL(Yt;X1,t−k, X2,t−δ2 |X1,t−k−1, X2,t−δ2)

−
δ1−1∑
k=0

IL(Yt;X1,t−k−1, X2,t−δ2 |X1,t−k, X2,t−δ2). (34)

Similarly, we can establish that

HL(Yt|X1,t, X2,t−δ2)

=HL(Yt|X1,t, X2,t)

+

δ2−1∑
k=0

IL(Yt;X1,t, X2,t−k|X1,t, X2,t−k−1)

−
δ2−1∑
k=0

IL(Yt;X1,t, X2,t−k−1|X1,t, X2,t−k). (35)

Combining (34) and (35), we get (16).

Because, mutual information is a non-negative term, one can
observe from (17) that for a fixed δ2, the functions f1(δ1, δ2)
is a non-decreasing function of δ1. Moreover, f1(δ1, δ2) can
be written in another form as

f1(δ1, δ2)

=HL(Yt|X1,t, X2,t)

+

δ2−1∑
k=0

IL(Yt;X1,t−δ1 , X2,t−k|X1,t−δ1 , X2,t−k−1)

+

δ1−1∑
k=0

IL(Yt;X1,t−k, X2,t|X1,t−k−1, X2,t). (36)

From the above equation, it is also observed that for a fixed
δ1, the functions f1(δ1, δ2) is a non-decreasing function of
δ2. Therefore, (17) and (36) imply that f1(δ1, δ2) is a non-
decreasing function of δ1 and δ2. Similarly, from (18), we can
deduce that f2(δ1, δ2) is a non-decreasing function of δ1 and
δ2.

Part (b): Because HL(Y ) is twice differentiable in PY and
Yt

ε←→ (X1,t−τ1 , X2,t−τ2)
ε←→ (X1,t−τ1−µ1

, X2,t−τ2−µ2
) is

an ε-Markov chain for all µl, τl ≥ 0, by using Lemma 1,



f2(δ1, δ2) satisfies

f2(δ1, δ2) =

δ1−1∑
k=0

O(ε2) +

δ2−1∑
k=0

O(ε2)

= O(ε2). (37)

This concludes the proof.

APPENDIX B
PROOF OF THEOREM 2

By using Theorem 1 and substituting Equation (19) into
(21), we obtain

HL(Yt|Xm
t−∆m ,∆m) = E∆m∼P∆m [f1(∆m)] +O(ε2). (38)

The expectations in the above equation exist as en-
tropy and conditional entropy are considered bounded and
HL(Yt|Xm

t−∆m ,∆m) ≤ HL(Yt) < ∞. Moreover, f1(δm) is
a non-decreasing function of δm. Therefore, as ∆m

c ≤st ∆m
d ,

we get [35]

E∆m
c ∼P∆m

c
[f1(∆m

c )] ≤ E∆m
d ∼P∆m

d
[f1(∆m

d )]. (39)

By using (38) and (39), we obtain

HL(Yt|Xm
t−∆m

c
,∆m

c ) ≤ HL(Yt|Xm
t−∆m

d
,∆m

d ) +O(ε2). (40)

This concludes the proof.

APPENDIX C
PROOF OF THEOREM 3

Part (a): First, we provide the following lemma.

Lemma 2. If

Dχ2

(
PỸ ,X̃ ||PY,X

)
≤ β2, (41)

then

PX̃(x) = PX(x) +O(β), ∀x ∈ X , (42)

PỸ |X̃(y|x) = PY |X(y|x) +O(β), ∀y ∈ Y,∀x ∈ X . (43)

In addition, if HL(Ỹ ;Y |X̃) is bounded, then

HL(Ỹ ;Y |X̃) = HL(Y |X) +O(β). (44)

Proof. See Appendix D.

Using Lemma 2, we prove part (a) of Theorem 3. Because
the condition (28) holds and the testing loss is assumed
bounded, if we replace X, Y, X̃ , and Ỹ in (44) with
(Xm

t−∆m , ∆m), Yt, (X̃m
t−∆̃m , ∆̃

m), and Ỹt, then (44) be-
comes (29).

Part (b): By using Theorem 2 and (29), we get

HL(Ỹt;Yt|X̃m
t−∆̃m

a
, ∆̃m

a ) ≤HL(Ỹt;Yt|X̃m
t−∆̃m

b

, ∆̃m
b )

+O(β) +O(ε2), (45)

where O(β) + O(ε2) = O(max{ε2, β}). This concludes the
proof.

APPENDIX D
PROOF OF LEMMA 2

Because

Dχ2(PỸ ,X̃ ||PY,X) ≥ Dχ2(PX̃ ||PX), (46)

from (41), we have

Dχ2(PX̃ ||PX) ≤ β2. (47)

By using the definition of Neyman’s χ2-divergence, from
inequality (47), we can show (42). Now, from inequality (41),
we get

∑
x∈X
y∈Y

[
PỸ |X̃(y|x)PX̃(x)− PY |X(y|x)PX(x)

]2
PY |X(y|x)PX(x)

≤ β2. (48)

Substituting (42) into the above inequality and after some
algebraic operations, we have

∑
x∈X
y∈Y

PX(x)

[
PỸ |X̃(y|x)− PY |X(y|x)

]2
PY |X(y|x)

≤ O(β2). (49)

From (48), it is simple to observe that PY |X(y|x) 6= 0 and
PX(x) 6= 0 for all x ∈ X and y ∈ Y . Because PX(x) 6=
0, ∀x ∈ X , we can further obtain

∑
y∈Y

[
PỸ |X̃(y|x)− PY |X(y|x)

]2
PY |X(y|x)

≤ O(β2)

PX(x)
,∀x ∈ X . (50)

An equivalent representation of the above inequality is that
there exists a function C : Y 7→ R such that for all x ∈ X
and y ∈ Y ,

PỸ |X̃(y|x)− PY |X(y|x) =
O(β)√
PX(x)

C(y)
√
PY |X(y|x)

=O(β), (51)

where ∑
y∈Y

C2(y) ≤ 1. (52)

Equation (51) implies (43).

Define a function g(PỸ |X̃=x) as

g(PỸ |X̃=x) =HL(Ỹ ;Y |X̃ = x)−HL(Y |X = x)

=EỸ∼PỸ |X̃=x
[L(Y, aPY |X=x

)]−HL(Y |X = x)].

(53)

In this lemma, we assume that conditional cross entropy
HL(Ỹ ;Y |X̃) is bounded. Also, conditional entropy HL(Y |X)
is considered bounded in this paper. Thus, g(PỸ |X̃=x) is
bounded for all x ∈ X . By the definition of conditional entropy



and conditional cross entropy, we obtain

g(PỸ |X̃=x)

=
∑
y∈Y

(
PỸ |X̃(y|x)− PY |X(y|x)

)
L(y, aPY |X=x

)

=O(β). (54)

The last equality is obtained by substituting the value of
PỸ |X̃(y|x) from (43). Substituting (53) into (54), we get

HL(Ỹ ;Y |X̃ = x) = HL(Y |X = x) +O(β). (55)

By using (42) and (55), yields

HL(Ỹ ;Y |X̃) =
∑
x∈X

PX̃(x)HL(Ỹ ;Y |X̃ = x)

=
∑
x∈X

(PX(x) +O(β))HL(Ỹ ;Y |X̃ = x)

=
∑
x∈X

PX(x)HL(Ỹ ;Y |X̃ = x) +O(β)

=
∑
x∈X

PX(x) (HL(Y |X = x) +O(β)) +O(β)

=
∑
x∈X

PX(x)HL(Y |X = x) +O(β)

=HL(Y |X) +O(β). (56)

This concludes the proof.
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