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Scaling of the behavior of a nanodevice means that the device function (selectivity) is a unique smooth and
monotonic function of a scaling parameter that is an appropriate combination of the system’s parameters. For
the uniformly charged cylindrical nanopore studied here these parameters are the electrolyte concentration,
¢, voltage, U, the radius and the length of the nanopore, R and H, and the surface charge density on the
nanopore’s surface, 0. Due to the non-linear dependence of selectivites on these parameters, scaling can
only be applied in certain limits. We show that the Dukhin number, Du = |o|/eRc ~ |o|\% /eR (Ap is the
Debye length), is an appropriate scaling parameter in the nanotube limit (H — o). Decreasing the length
of the nanopore, namely, approaching the nanohole limit (H — 0), an alternative scaling parameter has
been obtained that contains the pore length and is called the modified Dukhin number: mDu ~ Du H/Ap ~
|o|ApH/eR. We found that the reason of non-linearity is that the double layers accumulating at the pore
wall in the radial dimension correlate with the double layers accumulating at the entrances of the pore near
the membrane on the two sides. Our modeling study using the Local Equilibrium Monte Carlo method and
the Poisson-Nernst-Planck theory provides concentration, flux, and selectivity profiles, that show whether the
surface or the volume conduction dominates in a given region of the nanopore for a given combination of the
variables. We propose that the inflection point of the scaling curve may be used to characterize the transition

point between the surface and volume conductions.

I. INTRODUCTION

When the function of a device is determined by a few
well-defined variables, aj,as,..., it is often possible to
group them into a composite parameter, £, that deter-
mines the device’s behavior by itself. This scaling pa-
rameter is a well-defined function of the independent vari-
ables: £ = £(ay,aq,...). Let F be the device function, an
observable property of the device. Scaling of the device
function means that F'is a smooth unambiguous function
of the scaling parameter: F = f [{(a1,a2,...)].

Nanopores are located in a membrane and connect two
bath electrolytes. They facilitate the controlled move-
ment of ions from one side of the membrane to the other
side. Tunable input parameters of this device are the
radius of the pore, R, the length of the pore (or, the
width of the membrane), H, the voltage applied across
the membrane, U, the surface charge on the wall of the
nanopore, o, ionic concentrations in the baths, ¢, and
properties of the electrolyte, like ionic valences, z;, and
radii, R;, for example (i indexes the ionic species). The
measurable output parameters are the currents carried
by the ionic species, I;.

The structural properties of the nanopore (charge pat-
tern and geometry) determine what is a practical choice
for the device function. In the case of a uniformly charged
nanopore (o < 0 is constant) studied here (cation) selec-
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tivity defined as
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is an appropriate device function and the in focus of our
interest. It is an unambiguous function of the currents
and is well-measurable via the reversal potential. For
1:1 electrolytes, if this number is &~ 0.5, the pore is non-
selective, while if it is 1, the pore is perfectly cation se-
lective. Note that S_ =1— 5.

In a previous paper,! we introduced the scaling pa-
rameter £ = R/(A\y/z|z—|) that was related to the \/R
ratio, where A\ is a characteristic screening length of
the electrolyte for which the Debye length is an obvious
choice:

—1/2
Ap = ce? Zz%- (2)
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where k is Boltzmann’s constant, T' is the absolute tem-
perature (it is 298.15 K in this work), e is the elementary
charge, v; is the stoichiometric coefficient of ionic species
i, ¢ is the salt concentration (¢; = v;c is the bath con-
centration of species i), € is the dielectric constant of the
solvent (it is 78.45 in this work), and g is the permittiv-
ity of vacuum.

The Debye length depends on the square root of the
concentration, A\p ~ 1/4/¢, and characterizes the width
of the double layer (DL) formed at the charged wall of
the nanopore. Another choice! for the screening length
is the one obtained from the Mean Spherical Approxima-
tion (MSA)2 2 denoted by Aysa. While the effect of the
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choice A = A\wvga was analyzed in our previous work,! we
use the Debye length in this paper. Some result using
Aumsa is shown in Fig. 1 of the Supporting Information
(SI).

We showed! that in a pore with a bipolar charge pat-
tern (positive/negative) an obvious device function is the
ratio of currents at forward- and reverse-biased values of
voltage (rectification) and it scales with . In another
paper,® we showed that in a pore with a transistor-like
charge pattern (positive/negative/positive) the ratio of
currents in open and closed states (switching) scales with
Ap/R for a 1:1 electrolyte.

In these papers/ 2 we studied nanopores with dimen-
sions small enough that regions in the pore with very
small ionic concentrations (depletion zones) form and
determine device behavior. The regions of a nanopore
along the z-axis can be considered as resistors connected
in series. If the resistance of one segment is large due
to the low concentration of an ionic species there (deple-
tion zone), then the resistance is large for the whole pore
for that ionic species. Rectification of a bipolar nanopore,
for example, is based on the fact that the depletion zones
are deeper at one sign of the voltage than at the opposite
sign. A depletion zone for a given ionic species in a given
region may form if that ionic species is the coion with
respect to the surface charge in that region.

The formation of DLs, their overlap, and the resulting
exclusion of coions are also key factors determining selec-
tivity. If the DL at the wall is wide compared to the pore
radius (Ap > R), the DLs overlap and a bulk electrolyte
is not formed around the centerline. The concentration
of the coion is small not only close to the surface but also
at the centerline. The coions are depleted, counterions
are in excess, and the surface conduction dominates.

If the width of the DL is small compared to the pore
radius (Ap < R), the DL is restricted to the region close
to the surface and the region along the centerline contains
enough coions so they can carry current in that region. In
the region where both coions and counterions are present,
volume conduction dominates.

Between the two limiting cases both surface and vol-
ume conductions are present and our negative pore is not
perfectly cation selective (S is in between 0.5 and 1 for
the 1:1 electrolyte considered here).

The calculations reported in Ref. [ were performed for
a fixed value of the surface charge (o = £1 ¢/nm?) and of
the pore length (H = 6 nm), so the ¢ scaling parameter
did not contain ¢ and H. Here, we pursue a scaling
parameter that also includes ¢ and H in addition to R
and c.

Changing pore length H at a fixed R means chang-
ing the aspect ratio of the pore, H/R (see Fig. ). We
will start from the infinitely long pore, where H and U
do not appear as variables, and decrease the pore length
approaching small H/R values. The H/R — oo and
H/R — 0 limits are called the nanotube and nanohole
limits, respectively. While the nanotube limit is well
known for example in PET nanopores®, the nanohole
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FIG. 1. Pore geometries from the nanotube limit, H/R — oo,
to the nanohole limit, H/R — 0.

limit can also achieved by increasing the radius of the
pore or by using a very thin membrane, graphene, for
example”®. We show that the DLs formed at the en-
trances of the pore near the surfaces of the membrane
have a serious effect on the behavior of the pore in gen-
eral, and on scaling specifically.

1. MODEL OF THE NANOPORE

A cylindrical nanopore of length H and radius R spans
a membrane that separates two baths. The cylindrical
wall of the nanopore and the flat parallel walls confining
the membrane are assumed to be hard. The z dimension
is the one perpendicular to the membrane along the pore.
Because the system has rotational symmetry about the
z axis, the other relevant coordinate is the radial one, r,
which represents the distance from the z axis (Fig. [J).

The electrolyte is modeled in the implicit solvent
framework, namely, the interaction potential between
two hard-sphere ions is defined by Coulomb’s law in a
dielectric background when the ions are not overlapped:

e’} if 7 <R+ Rj
wi;(r') = 1 zzje?
dmege T

S if >R+ Rj (3)
where R; is the radius of ionic species 7, and 1’ is the
distance between two ions. Here, we consider only 1:1
electrolytes, namely, z4 = 1 and z_ = —1. For the ionic
radii, we use Ry = R_ = 0.15 nm. A uniform negative
surface charge o is placed on the wall of the nanopore.
The description of the methods with which we study
this model is included in the Appendix. Both methods
are based on the Nernst-Planck (NP) transport equa-

tion2-10:
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where j;(r), D;(r), ¢;(r), and p;(r) are the flux density,
the diffusion coefficient profile, the concentration profile,
and the electrochemical potential profile of ionic species
i, respectively. To make use of this equation, we need
a relation between the concentration profile, ¢;(r), and
the electrochemical potential profile, u;(r). Note that we



ignore the motion of the solvent here due to the relatively
small pore radii and voltages.

In one method, we relate the concentration profile,
¢i(r), to the electrochemical potential profile, u;(r), with
the Poisson-Boltzmann (PB) theory. This continuum
theory is known as the Poisson-Nernst-Planck (PNP) the-
ory.

The other method is based on a Monte Carlo (MC)
technique that is an adaptation of the Grand Canoni-
cal Monte Carlo (GCMC) method to a non-equilibrium
situation, where p;(r) is not constant system-wide: the
system is not in global equilibrium, only in local equilib-
rium. The method is called the Local Equilibrium Monte
Carlo (LEMC) technique, while it is called NP+LEMC
when we couple it to the NP equation.

We also study the nanotube limit (H — o), where the
length of the pore is much larger than its radius. This
limit can be estimated from simple equilibrium calcula-
tions because in an infinitely long nanotube the electric
field (the driving force of the ion transport) is constant,
so the flux density is proportional to the concentration,
Ji(r) ~ ¢;(r), due to the NP equation (Eq.H]). Currents,
therefore, are proportional to the cross-sectional integrals
of the concentrations:

I; zzie/Aji(r)da ~ /Aci(r)da. (5)

The concentration profile can be calculated from equi-
librium simulation that corresponds to the zero-voltage
limit (slope conductance).

The H — oo limit of NP4+LEMC can be computed
from equilibrium GCMC simulations, where the tube is
infinite in the sense that a periodic boundary condition
is applied in the z direction. Insertions/deletions of neu-
tral ion pairs (a cation and an anion) connect the tube to
the bath of a fixed chemical potential (g4 + p—)/2 that
corresponds to the prescribed salt concentration.tt12 In
addition to the concentration profiles, ¢;(z,r), the sim-
ulations directly provide the average numbers of ionic
species in the tube, (IV;), from which selectivity follows.

The equilibrium and H — oo limit of PNP can be
computed by solving the PB equation

() gen o

with the boundary conditions that d®(r = 0)/dr = 0
and ®(R) = @, where @ is a prescribed potential at the
wall. The surface charge is computed from the boundary
condition of d®(r)/dr at r = R. The concentrations are
obtained from ¢;(r) = ¢; exp (—z;e®(r)/kT), where ¢; is
the bulk concentration of ionic species i. While analytic
solutions are available for the limits of dominant bulk
conduction (R < Ap) and dominant surface conduction
(Ap < R)22726 we are bound to solving the PB equation
numerically in between.
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FIG. 2. Radial concentration profiles (obtained by averaging
over the pore in the z direction) for various combinations of
o and Ap/R for fixed H = 6 nm, R = 1 nm, and U = 200
mV. Different columns have different values of Ap/R, while
different rows have different values of 0. The concentrations
that correspond to the Ap/R = 1.762, 0.962, and 0.304 values
are ¢ = 0.03, 0.1, and 1 M, respectively. Blue and red curves
refer to the cations and the anions, respectively. The curves
are mirrored to r = 0 for better visualization, while strictly
speaking r>0.

Il. RESULTS

Before we study scaling, we briefly analyze how the sys-
tem behaves in the radial and axial directions, namely,
how the concentration profiles behave in these dimen-
sions.

A. Radial dimension: double layer formation/overlap near
the pore wall

Figure 2] illustrates the effect of the two relevant pa-
rameters (o and Ap/R) for fixed values of R, H, and U.
The surface charge produces the separation of counteri-
ons and coions (DL formation), while the Ap/R param-
eter accounts for the degree of overlap of the DL. The
figure shows radial concentration profiles to depict the
interplay of these two effects.

The columns correspond to different A\p/R values (a
larger A\p /R value means stronger DL overlap), while the
rows correspond to different surface charges (a larger |o]
value results in a stronger separation of cation and anion
profiles).
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FIG. 3. (A) Axial concentration profiles (obtained by averaging over the pore in the r direction) for various pore lengths
(H =2, 6, 18 nm) for 0 = —0.1 ¢/nm?, R = 1 nm, and ¢ = 0.1 M as obtained from NP+LEMC simulations using 200 mV
voltage. Filled and open symbols refer to cations and anions, respectively. The dashed and solid horizontal orange lines indicate
the cation and anion profiles for the H — oo limit. (B) Axial concentration profiles for various voltages for pore length H = 6
nm. Solid and dashed lines refer to cations and anions, respectively. The shaded grey area indicates the pore region.

As we go from left to right (decreasing Ap/R), the
gap between the cation and anion profiles around the
centerline r ~ 0 decreases (note the log scale). As we go
from top to bottom (increasing |o|), the gap between the
cation and anion profiles near the wall (r ~ R) increases.

This implies that the two parameters have two rela-
tively distinct effects. The Ap/R parameter rather de-
termines the behavior in the middle of the pore, while o
rather determines the behavior in the DL. It is common
to express this distinction in terms of volume (or bulk)
and surface conductions. The DL region (if exists) is
responsible for the surface conduction, while the bulk re-
gion in the middle (if exists) is responsible for the volume
conduction. With Ap/R and o, therefore, we have two
parameters with which we can tune the weights of the
volume and surface conductions in the total conduction.

These two effects, however, separate only in the nan-
otube limit (H — oo0) that physically can be corre-
sponded to a finite but long nanopore, where the in-
fluence of the DLs at the entrances of the nanopore is
negligible in the middle of the nanopore. Voltage can
also modify the DLs at the membrane’s two sides: it cre-
ates DLs of opposite signs on the two sides that, in turn,
also modify the ionic distributions inside the pore. If the
pore is short, therefore, these effects must be taken into
account.

B. Axial dimension: the effect of pore entrances inside
the pore

Considering the axial dimension, our main question
is how the length of the pore influences the concentra-
tion profiles in the pore, and, consequently, selectivity.

Fig.BIA shows the profiles for different values of the pore
length. The cation concentration is larger in the H — oo
limiting case than in the H = 18 nm case (the anion con-
centration, at the same time, is smaller). This is because
charge neutrality is enforced in the GCMC simulations
for H — oo, while the finite pore does not have to be
charge neutral.

The pore charge of a short pore is only partly neu-
tralized by the excess counterions inside the pore; it is
partly neutralized by the excess cations accumulated at
the entrances of the pore in the DLs near the membrane.
This accumulation is larger if o is larger. Because the
ions are charged hard spheres, volume exclusion works
against ions entering the pore and ion accumulation out-
side (where there is more space) is advantageous and min-
imizes free energy.

This counterion accumulation is shown in Fig. by
the curves for U = 0 mV. When voltage is increased, an
excess cation accumulation can be observed on the right
hand side, while an excess anion accumulation on the left
hand side of the pore. This pair of charge accumulations
of opposite signs creates a “dipole field” and arises be-
cause the electric field of the ions produces a counterfield
against the applied field. More details about the origin of
this “dipole field” can be found in the Appendix (Fig. [LTl),
where it is explained that a larger charge accumulation
is obtained both for shorter pores and for larger volt-
ages. This is clearly seen from the concentration profiles
of Fig. [3 as well.

As the pore length is decreased further from H = 18
nm, the concentration profiles of both cations and anions
elevate in the pore, because the DLs contain more charge
in the case of short pores and the stronger counterion ac-
cumulation has a larger effect inside the pore. This mod-



ifies the imbalance of cations and anions in the pore for
different H values results in varying selectivity. Similarly,
increasing voltage increases the degree of charge separa-
tion between the two sides of the membrane (Fig.BB). By
the same mechanism, the changed DL structure on the
two sides of the membrane changes the electric field in-
side the pore, and, consequently, ionic distributions and
selectivity.

In both panels of Fig. [Bl the axial profiles have been
obtained by normalizing with the cross section of the cell.
Thus, the concentration profiles characterize the density
of ions at a given z, not the quantity of ions. The quan-
tity of ionic charge in the DLs outside the pore, there-
fore, is much larger than implied by this figure. Keeping
this in mind, however, the figure shows the trends and
describes the H dependence (panel A) and the U depen-
dence (panel B) of the ionic profiles.

If we want to assess how the pore entrances influence
the interior of the pore, we can use the relation of the
screening length to the pore length, Ap/H, to quantify
this effect. The charge accumulation at the entrance cre-
ates a double layer in the axial dimension that “pene-
trates” the pore. The degree of penetration and whether
it reaches the middle of the pore can be characterized,
at least, as a first approximation, with the ratio Ap/H.
If \p/H > 0.5, the DLs extending axially from the two
sides overlap in the middle, a phenomenon we call “bridg-
ing”.

From these analyses, we can see that the picture gets
complicated as we go from the infinite pore to shorter
pores and larger voltages. Every parameter has an effect
that also influences the effects of other parameters. In
the following, we try to cut a path through this jungle
and provide a systematic analysis of the effects of all
parameters. Because the nanotube limit is the simplest
one, it is reasonable to start our analysis with that case.

C. The Dukhin number is the scaling parameter in the
nanotube limit

Because there is a monotonic relationship between
ionic selectivity and the ratio of surface and volume con-
ductances that are present in the nanopore at the same
time, the Dukhin numbert”1? defined as

Du= — (7)

offers itself to be the scaling parameter we are after. This
definition of Du contains exactly those variables that we
want to see in our scaling parameter, o, R, and c, al-
though H is missing.

Du was originally introduced by Bikerman2® to char-
acterize the ratio of the surface and volume conductances
focusing on electrokinetic phenomena. Later, Dukhin
adopted the idea (see Ref. 21 and references therein) to
study electrophoretic phenomena. Although the name
Bikerman number also occurs in the literature, Lyklema
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FIG. 4. Selectivity curves obtained by scanning the surface
charge, o, for an infinitely long nanopore (H — oo, nanotube
limit) as functions of the Dukhin number (Egs. [0 and []).
The curves have been obtained by numerically solving the PB
equation (Eq.[d) for different values of Ap/R. The indicated
values correspond to 1:1 electrolytes of concentrations ¢ =
0.01, 0.1, and 1 M for pore radius R = 1 nm. Filled and open
symbols indicate the results of GCMC simulations for hard-
sphere ions (Eq. ) for these concentrations. The filled and
open symbols correspond to GCMC simulations for R = 1
and 2 nm, respectively. The inflection points of the PB and
GCMC curves are indicated as Dus,. The estimated values
are Dues =~ 0.37 and 0.546 for GCMC and PB, respectively.

introduced the name Dukhin number to salute Dukhin.22
The Dukhin number (and a characteristic length called
Dukhin length, Ip, = Du R) was used in several model-
ing studies describing nanopores, more specifically, when
volume and surface transport processes competed inside
the pore A7 19:23-33

The definition in Eq. [ is in agreement with the tra-
ditional definition of Bikerman because it can be com-
puted from the ratio of the surface excess of the cations,
|o|2r RH assuming perfect exclusion of the anions, and
the number of charge carriers assuming a bulk electrolyte
in the pore, 2cR?*mH (the factor 2 is needed because both
cations and anions carry current).

For a 1:1 electrolyte, the Debye length can be written
as A4 = 1/(87lgc) = 1/(I5c), where If; = 87l and Ip =
e? /AmegekT is the Bjerrum length. The Dukhin number
then can be rewritten in the form

ol

D
h eR

(8)
that makes it possible to relate quantities with the di-
mensions of distance to each other. We may also use
other variations for the screening length that may de-
pend on electrolyte properties (z; and R;) such as the
MSA screening length! or on confinement3?.

Figure [l shows the selectivity (Eq.[d) as a function of
Du (log scale for Du). The figure includes results from PB



calculations (lines) and GCMC simulations (symbols). In
the case of PB, the Debye length and pore radius are
coupled, so the curves for different Ap/R values collapse
onto one single curve. The deviations for the small Ap/R
value are due to to the imprecision of the numerical meth-
ods applied). This problem only appeared at higher con-
centration values as the slope of the different functions
(®(r),ci(r)) became larger. The figure also shows the
Du values of the inflection points of the curves denoted
as Du,,. This value is estimated as Dus, ~ 0.546 for PB.

The inflection point belongs to selectivity Sy ~ 0.75
and have a special role in our analysis. Fig. 4] and later
figures show that the selectivity curves can be fitted with
sigmoid curves

0.5
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where & = lg(Du) and x¢ defines the inflection point (lg
denotes logarithm of base 10). The shape of the curves
is very similar (the parameter k is in the same ballpark
between 2.5 and 4), so the major difference is that the
selectivity curves are shifted along with the lg(Du) axis
as H, U or any other parameter is changed.

This way, we reduced the problem to the examination
of the shift of the inflection point denoted as Dugy. For the
nanotube, therefore, Dus, = limpy_,o Dug(H). Because
we have a good scaling for H — oo , the Du,, values
have a special role: we can relate the cases for finite
pores to this limit. If we divide Du with Dug, we shift
the selectivity curve into Du* = Du/Dug = 1, where

Du
Du* = —
" DUQ

is a rescaled Dukhin number.

The Dug inflection point, of course, depends on ev-
ery parameter and the model (NP4+LEMC or PNP). Our
purpose is to map this dependence in a way that is useful
and consumable for the reader (the number of variables
is large).

For GCMC, for example, Du,, ~ 0.37 as shown by
Fig.[@ The deviation between PB and GCMC is twofold.
First, the ions are point-like in PB, while they have fi-
nite size in the GCMC simulation (Eq. Bl). Second, the
GCMC (and LEMC) simulations include all the electro-
static correlations that are beyond the mean-field (BMF)
treatment of PB (and PNP). For the 1:1 electrolyte stud-
ied here, the electrostatic BMF correlations are relatively
weak, so the main source of the deviation between PB
and GCMC is the finite size of particles.

This statement is supported by Fig. M that shows
GCMC results for various Ap/R ratios obtained from
simulations for R = 1 and 2 nm using various concentra-
tions. The points obtained for R = 2 nm (open symbols)
are closer to the PB curves because the finite size of ions
has less importance in the wide pore.

The difference between PB and GCMC can also be
seen in Fig. Blthat shows concentration profiles (top row)

and selectivity profiles (bottom row) defined as

~

i (r) = J+(r)

Ct (7”)
=R+ 0 (10)
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where j;(r) and j_(r) are the z-components of the flux
profiles for the cation and the anion, respectively, aver-
aged over the pore in the z dimension (from —H/2 to
H/2). Tt is a quantity that depends on r and charac-
terizes to what degree a region of the pore at a distance
r from the z axis contributes to the “global” selectiv-
ity, S4+. Note that the average of sy (r) is not equal to
Sy, but we can draw conclusions from the shapes of the
curves nevertheless.

The columns of Fig. [l refer to different selectivities
corresponding to specific scaled Dukhin numbers, Du”.
These different Du* values correspond to different com-
binations of ¢ and Ap/R. If Ap/R is small (red curves),
for example, larger o values are needed to achieve the
same selectivity. Red curves for sy (r) rise to a higher
value at the wall due to the increased o, but they de-
crease (the cy(r) and c_(r) profiles get closer to each
other) in the centerline of the pore resulting in the same
global selectivity, Sy, as, for example, the black curves.
In the case of the black curves, \p/R is large, so the DL
overlap is strong. As a consequence, a smaller surface
charge is sufficient to get the same selectivity.

The difference between the PB and GCMC curves is
apparent. Because the centers of the ions are confined
into a cylinder with the radius R — R; (R; = 0.15 nm),
the ionic profiles do not extend to the wall. If we replot
the figure by normalizing » with R — R; instead of R,
we obtain a much better agreement (see Fig. 2 of the SI).
The R— R; radius can be considered an “effective” radius
of the pore that the centers of the hard-sphere ions can
reach.

D. Scaling for finite pores

If we start decreasing the pore length (voltage is U =
200 mV), the DLs at the entrances of the pore “pene-
trate” the pore and modify the ionic distributions inside
the pore as shown in Fig. BA (“bridging”). This mod-
ifies the mutual effects of the parameters on selectivity,
so also the shift of the Sy (Du) function with respect to
Duy. This is shown in Fig. [6l where the pore length de-
creases from left to right and different colors in a panel
belong to different concentrations.

The curves are shifted to the right, so shorter pores
require larger surface charges to produce the same selec-
tivity. The curves for lower concentrations (at a given
H) are also shifted to the right so electrolytes with more
extended diffuse layers enhance the effect of the small
length of the pore and also require larger surface charges
to produce the same selectivity.

The main conclusion of this figure is that Du is not an
appropriate scaling parameter for finite pores.
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fixed (R = 1 nm and U = 200 mV). The symbols have been obtained from NP+LEMC simulations (GCMC for H — o) for
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Fig. [0 shows the inflection point, Dug normalized by
the H — oo value, Du, as a function of Ap/R (Fig.[A)
and Ap/H (Fig.[dB). So, the limiting value Dug/Dus, =
1 corresponds to the nanotube limit. Fig. [AA shows
the data as functions of Ap/R for different aspect ra-
tios H/R. With increasing Ap/R, we have wider DLs
for a fixed R, so these wider DLs extend into the pore

changing nanotube behavior and shifting the inflection
point. With increasing H/R (indicated by the arrow in
the figure), we approach the nanotube limit, so the values
of Dug/Duy decrease for a fixed Ap/R approaching the
Dup/Dus = 1 limit. The lines are fitted power functions.
Unfortunately, we were not able to find any pattern in
the exponent.
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points of small ¢ and small H (Eq. IT).

If we plot the results as functions of Ap/H, on the
other hand, we can characterize the two limiting cases
quantitatively (Fig. [@B). For a fixed pore radius R = 1
nm, the curves of a given color correspond to a given
concentration. As Ap/H decreases, we approach the nan-
otube limit. Either the pore becomes long enough for a
given electrolyte so that the pore entrances do not dis-
turb the ions’ behavior in the middle of the pore, or the
electrolyte becomes more concentrated so that the DLs
extend less into the pore. The system approaches this
limiting case with different trends depending on concen-
tration. At large concentration (¢ = 1 M, purple curve)
the curve approaches the Duy/Dus, = 1 limit faster as it
was already seen in Fig. [TA.

The more interesting case is the nanohole limit
(H/R — 0 with constant R) where the curves seem to
collapse onto a line, at least, for concentrations with De-
bye lengths smaller than R. It is important that the slope
of the line is 1, so it can be given by the equation

g (3&2) —b+lg (%D) (11)

where b is a fittable parameter. The resulting value is
b =~ 1.4. For the NP+LEMC simulations (Dus = 0.37),
the inflection point in the H/R — 0 limit for R = 1 nm
and U = 200 mV can be expressed as

A
Dug = 9.29%. (12)

Now if we want to bring the selectivity curves onto each
other, namely, we want the scaling to work, we need to
divide Du by this Dug to define a new scaling parameter

that we call the modified Dukhin number:

1 H lo|iEAp H
mDu =Du-— = ————,
B Ap eRp
where the 8 parameter depends on R and U. We have
the most data for U = 200 mV, so at this point, we can
state the existence of the above scaling parameter only
in the large voltage limit.

(13)

The selectivity curves as functions of this modified
Dukhin number are shown in Fig. [§] for the same cases
included in Fig. It is seen that the new scaling pa-
rameter works quite well for short pores: it brings the
curves for different concentrations together and also the
curves for different pore lengths because the inflection
points are close to 1. As H is increased (H = 18 nm
and H — o0), the curves become more separated and
the inflection points are shifted.

The advantage of the mDu parameter is that it con-
tains H so it can account for the length of the pore.
Unfortunately, it is not appropriate for the long pores
(H — 00). The question arises whether we can construct
a scaling parameter that is appropriate for both long and
short pores. At this point of our research, we have only a
heuristic formula for the scaling parameter (let us denote
it with Du’) that is based on the two limits:

Du= lim Du’ and mDu = lim Du’.  (14)

H—o0 H—0

This implies that Du’ can be written as a mix of the two
limiting cases. The parameter that tuned how strongly
the DLs at the entrances influence the pore interior is
Ap/H, so we propose the following equation for the “uni-
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fixed (R = 1 nm and U = 200 mV). The symbols have been obtained from NP4+LEMC simulations (GCMC for H — o) for
different concentrations, while the lines are fitted sigmoid curves (Eq. [).

versal” scaling parameter:

1
Du =Du——. (15)

AD
1+a(e) i
If H is large, the a(c)\p/H term can be neglected next
to 1, so we recover Du. If H is small, 1 can be neglected
next to a(c)\p/H, so we recover mDu. The adjustable
a(c) parameter depends on the concentration, although
we found it independent of concentration in the case of
PNP.

In any case, by plotting S, against Du’ we obtain a
scaling that works for every value of H investigated (see
Fig. 3 of the SI). This statement is valid rigorously only
for U = 200 mV and R = 1 nm because that is the case
that we investigated in detail. We are confident that Du’
can be mixed for other values of R as well, but we are
not so sure about voltage.

Voltage dependence has been studied with the PNP
theory. The results are shown in Fig. The general
trend is that Dug/Dus, depends on U?: the lines in Fig.
are quadratic fits. The dependence on voltage is stronger
at small concentrations, when the ionic diffuse layer is ex-
tended over a large space influencing the behavior inside
the pore and voltage can distort this more diffuse DL
more efficiently. Phrasing in a different way, voltage pro-
duces more extended positive/negative DLs (shown in in
Fig. BB) for dilute electrolytes.

Also, the effect of voltage is stronger if the pore is
shorter. This is because the charge in the DLs is larger
in the case of the shorter pore (see Fig. BIA and the Ap-
pendix for more detailed discussion) and the DLs can
extend into the pore more deeply and can modify the
ionic distributions.

Summarized, the interplay of the various parameters
of the system (U, R, H, ¢, and o) is so intricate that it is

0 50 100
U/mv

150 200 250 300

FIG. 9. The inflection point of the Sy (Du) curves, Dug, nor-
malized by Dus as a function of voltage, U, as obtained from
PNP calculations for different pore lengths, H, and concen-
trations, ¢ (pore radius is fixed at R = 1 nm). The lines are
quadratic fits.

difficult to come up with a “universal” scaling parameter.
However, we can draw conclusions for the behavior of the
nanopore for other combinations of the parameters on
the basis of knowledge about the behavior for a specific
parameter set.
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E. Volume and surface conduction vs. scaling

The Dukhin number was originally introduced as a pa-
rameter characterizing the ratio of the surface and vol-
ume conductions. This works well in the limiting cases
when either volume conduction or surface conduction
dominates, e.g., for Du < 1 or Du > 1, or, equivalently,
for Sy =~ 0.5 or Sy ~ 1. In this work, however, we are
interested in the domain in between, when the nanopore
may contain both a region where rather the surface con-
duction dominates (near the wall) and a region where
rather volume conduction dominates (in the middle of
the pore around the centerline).

In this domain (around the inflection point), it is not
obvious from the “global” selectivity value (Sy) or the
Dukhin number alone to what degree surface and volume
conductions are present in the two respective regions of
the pore (close and far from the surface). For example,
if we have a large selectivity value S; = 0.85, it does not
necessarily mean that there is no volume conduction in
the pore. Similarly, if we have a mildly selective value
S = 0.65, it does not necessarily mean that there is no
surface conduction.

If we want more information, we need to look into the

“black box” and investigate concentration and selectiv-
ity profiles as we already did in Fig. [l for the nanotube
limit. In Fig.[El we already observed that the same selec-
tivity can be achieved in different ways depending on the
relation of A\p/R and o. Different combinations of these
parameters can produce the same Du, and, consequently,
the same Sy, but the corresponding profiles behave dif-
ferently. Larger surface charge enhances separation of
the cation and anion profiles near the wall, while large
Ap/ R value enhances DL overlap in the centerline of the
pore.

Figure [0 shows similar results for a finite pore (H = 6
nm). The top row shows selectivity and concentration
profiles for two simulations that, due to scaling, produce
about the same “global” selectivity, S; = 0.787 (blue)
and 0.757 (red). The blue curve is for a smaller surface

charge (¢ = —0.1 e¢/nm?) and a smaller concentration
(¢ = 0.025 M), while the red curve is for a larger surface
charge (0 = —0.5 ¢/nm?) and a larger concentration (¢ =

1 M) for fixed R.

The s (r) curves (left panel) show that approximately
the same Sy value can be achieved in two ways. In the
case of the blue curve, the DL overlaps (small ¢, large
Ap) so the coion (anion) is excluded over the whole cross



section and selectivity is at a high level even if o is rel-
atively small. In the case of the red curve, the DL over-
laps less (large ¢, small A\p) so a less selective bulk region
is formed in the middle, but the larger surface charge
(0 = —0.5 ¢/nm?) produces a large counterion-coion sep-
aration near the wall and pulls up selectivity there.

The bottom panels show results for two simulations
that produce approximately the same “global” selectivi-
ties, Sy = 0.77 (blue) and 0.772 (red) for the same con-
centration (¢ = 0.1 M). The blue curve is for a smaller

surface charge (¢ = —0.25 e/nm?) and a smaller pore
radius (R = 2 nm), while the red curve is for a larger
surface charge (¢ = —0.5 e/nm?) and a larger pore ra-

dius (R =4 nm).

The s (r) curves (left panel) show similar behavior to
those in the top panel. In the case of the blue curve,
the DL overlaps (small R) so there is less space for the
formation of a bulk region in the middle. Therefore, the
selectivity is uniformly large even if o is relatively small.
In the case of the red curve, the degree of overlap of the
DL is smaller (large R) so a less selective bulk region
is formed in the middle, but the larger surface charge
(0 = —0.5 ¢/nm?) produces a large counterion-coion sep-
aration near the wall and pulls up selectivity there.

Looking into the “black box”, however, is usually not
possible in experiments. Therefore, for a rule of thumb to
decide whether volume or surface conduction dominates
in a state point, we propose using the inflection point.

The inflection point offers itself as a transition point
separating “rather non-selective” and “rather selective”
regions. The derivative of the S} curve as a function of
lg(Du) (or any suitable scaling parameter) is maximal in
the inflection point where small changes in Du lead to
relatively large changes in selectivity.

IV. SUMMARY

Scaling is a useful property of nanodevices, because we
can estimate the device function from prior knowledge
on its behavior for some well-measurable combination of
the input parameters. Or, vice versa, we can estimate
a missing not-so-well-measurable input parameter (pore
charge, for example) from measurements for the selec-
tivity. Therefore, scaling may help us in solving inverse
problems.

Starting from our previous work,? where we fixed the
surface charge and the pore length for a bipolar nanopore
(the device function is the rectification), we started this
study with the ambition to include additional input pa-
rameters in the scaling parameter such as o. The pa-
rameters ¢, R, o have effects in the radial dimension of
the nanopore. They tune the degree of charge separation
in the DL near the pore wall and the degree of overlap
of the DLs. These three parameters compose into the
Dukhin number that turns out to be an appropriate scal-
ing parameter for the infinitely long pore (the nanotube
limit).
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Including H and U in the parameter set, however, we
switch on axial effects that proved to be extremely im-
portant for short pores. The DLs that appear at the
entrances of the nanopore near the membranes on the
two sides change the electric field inside the pore, and,
thus, the behavior of the ions. Consequently, they change
selectivity.

The interplay of the radial and axial effects, however,
is not trivial and in most cases they are hard to sepa-
rate. Therefore, finding a “universal” scaling parameter
turned out to be a difficult if not insurmountable task. In
this work, we followed the strategy of fixing some param-
eters and studying the effect of others, and, focusing on
the limiting cases (nanotube and nanohole). With this
procedure, we were able to describe the dependence of
scaling in term of the shift of the inflection point on the
respective parameters.

In the nanohole limit, at least, for large voltage, we
proposed a modified Dukhin number that includes H and
depends on Ap instead of A}, that is, it depends on /¢
instead of c.

The inflection point of the S; (Du) curve has a special
role in our treatment. It may characterize the transi-
tion point that separates the “rather selective” and the
“rather non-selective” state points.

For electrolytes containing multivalent ions (2:2, 2:1,
and 3:1, for example) interesting phenomena beyond the
mean-field treatment may occur due to strong ionic corre-
lations such as overcharging and charge inversion.22 Ionic
correlations may also be enhanced by using a solvent of
smaller dielectric constant. These will be reported in
subsequent publications.
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Appendix A: Computational methods

In this work, we use two procedures that have the
common denominator that both apply the NP transport
equation?1? to compute the ionic flux. The difference is
that the two procedures use different methods to relate
ci(r) to pi(r).

The LEMC method38 is a particle simulation technique
devised for a non-equilibrium situation, where y;(r) is not
constant globally. We divide the simulation into small



volume elements, V¢, and assume local thermodynamic
equilibrium in each, namely, we assign pf* values to each.
Then, we perform particle displacements and particle in-
sertions/deletions with the same acceptance criteria as
we do in a GCMC simulation, but with the volume, par-
ticle number (N?), and chemical potential of the volume
element in which we peform an MC step. Therefore, the
LEMC technique is an adaptation of the GCMC tech-
nique for a system that is not at equilibrium globally.

The resulting method, coined NP+LEMC, solves the
problem iteratively on the basis of the scheme

pe ] S Pl 5 5] = pfn+ 1], (A1)
where ¢*[n] is the concentration in volume element V¢
obtained from an LEMC simulation in the nth iteration.
The chemical potential for the next [n+1]th iteration is
obtained by assuming that the flux j& computed from it
and from ¢ [n] satisfies the continuity equation, V-j; = 0.
Details are found in Refs.

The importance of the LEMC technique is that it can
take into account the correlations between ions beyond
the mean-field approximation including the finite size of
ions.

In the PNP theory, we relate ¢;(r) to u,(r) via the
Poisson-Boltzmann (PB) theory where the ions are mod-
eled as point charges interacting with the average electri-
cal potential, ®(r), exerted by all the ions in the system.
In this mean-field approach, the electrolyte is assumed to
be an ideal solution with the electrochemical potential

pi(r) = pd + kTInc;(r) + ze®(r),

where 1 is a reference chemical potential independent
of the location. Note that an excess chemical potential
us*(r), is added to this expression when ionic correlations
are taken into account as they are in the LEMC method.
Poisson’s equation and the continuity equation are also
satisfied in the solution of the PNP theory.

Here, we solve the system with the Scharfet-
ter-Gummel scheme#? A 2D finite element method is
used with 20—60 thousand elements in a triangular mesh.
Details are found in Ref. 41,

The constant o surface charge is assured via a Neu-
mann boundary condition in PNP, while fractional point
charges are placed on a rectangular grid of width 0.2 nm
in LEMC.

In both methods, appropriate boundary conditions
were applied in the two baths at the wall of the cylinder
that confines the finite simulation cell. Dirichlet bound-
ary conditions were applied for ®(r); the difference of
the applied potential on the two sides of the membrane
specifies the applied voltage, U.

In the main text, we show that DLs with opposite signs
are formed at the entrances of the pore on the two sides of
the membrane. This “dipole field” exerts a counterfield
against the applied voltage that is computed by solving
Laplace’s equation with the Dirichlet boundary condi-
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FIG. 11. Axial mean potential profiles as provided by
NP+LEMC simulations. In addition to the total, we show the
applied electrical potential produced by the electrodes repre-
sented by the Dirichlet boundary conditions and the “ionic
term” produces by all the charges in the system (ions and
pore charges). The top panel shows the results for two val-
ues of H for U = 200 mV, while the bottom panel shows the
results for two values of U for H = 6 nm.

tions on the two half-cylinders on the two sides of the
membrane (P = 0 on the left hand side, while ® = U on
the right hand side). The ionic counterfield is necessary
because the total mean electrical potential must be close
to horizontal in the baths with small slopes due to the
condition that the resistance of the baths is small. This
is shown in Fig. [l for two different pore lengths (top
panel) and voltages (bottom panel).

If we denote the degree of charge separation in the DLs
with @, we can write that U ~ HQ; the “dipole field”
counterbalances the applied field. A larger voltage then
creates a stronger charge separation: larger U requires
larger Q. A shorter pore, H, for the same U also requires
larger @) to obtain the same dipole field in the baths.

Bath concentrations were assumed to be the same on
the two sides of the membrane, ¢, though the method-
ology would be able to handle asymmetrical systems as
well. In the 1:1 electrolyte considered here cy =c_ = ¢
in both baths.

For the diffusion coefficient profile, D;(r), we use a
piecewise constant function, where the value in the baths
is 1.334 x 1072 m?s—! for both ionic species, while it is



the tenth of that inside the pore, DY, as in our earlier

works 12394142 Thege particular choices do not qualita-
tively affect our conclusions.
In this model calculation, where Ry = R_ and

D, (r) = D_(r) for a 1:1 electrolyte, so S+ = 0.5 exactly
for a perfectly non-selective pore (o = 0, for example).
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